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Abstract

Let X = {X; : t > 0} be a super-Brownian motion in R? with d < 3. We give
a short proof of existence of the local time L7 of X and deduce a semimartingale
representation of LY which allows us to prove that fot X(f)ds = [za f(x)L§ dx
a.s. for all bounded measurable functions f. This implies that three different
notions of super-Brownian local time known in the literature are equivalent. For
d = 2 and any continuous function with compact support ¢, we give an easy

proof of the weak convergence of r~! Ort X, ((-—r?y))ds to [pu ¥(z)dzLy as

r — 00, a fact that was discovered by Cox and Griffeath [3] and Fleischmann
and Gértner [9].

1 Introduction

The local time of the super-Brownian motion X := {X,, s > 0} may be formally
defined as LY = [ [ra 60(2)Xs(dz) ds (where Jg denotes the Dirac delta function at
0 € R?), and can be interpreted as a measure of the amount of time in the interval
[0,t] during which 0 belongs to the support of X.

A rigorous meaning of super-Brownian local time was given by Adler and Lewin
in [1], where they showed that if d < 3 and {¢,} is a sequence of smooth functions
converging to &g in distributional sense, then the “approximating local times” L? “
= fg Jga () Xs(dz) ds converge in L? as e — 0. The limit L} is independent of
the particular choice of {¢.} and is called local time of super-Brownian motion.

Another way of defining the local time of super-Brownian motion is by means
of the super-Brownian occupation time, a concept that was introduced by Iscoe [10]
in the context of («, d, §)-superprocess. The occupation time is defined by Y;(B) :=
fg Xs(B)ds, for t > 0 and any Borel set B C R?. The local time £;, when it exists,
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is defined as the density of Y;(dx) with respect to the Lebesgue measure A (= dz) on
R¢. This concept of local time was studied, mainly, by Sugitani [15], Fleischmann
[8] and Krone [11]. Dynkin introduced in [6] another concept of local time, I;, and
gave conditions for existence of I; which are met by super-Brownian motion when
d<3.

In [7] Feldman and Iyer proved that the local times L; and l; are equivalent
concepts. In this note we use a semimartingale representation of local time (Theorem
3.1) to show that the three notions of local time Ly, I; and £; are equivalent.

The representation obtained in Theorem 3.1 holds not only when X is finite
measure-valued; it is also valid when X is a super-Brownian motion whose values
are infinite tempered measures on R?, and in such context one can apply formula
(4.1) to obtain the limit

im L [ Xo0)ds, e CURY, (1.1)

t—oo t 0

where C.(R?) denotes the space of real-valued continuous functions on R? with
compact support.

Cox and Griffeath [3], and independently Fleischmann and Gértner [9] proved
that, when d = 2 and Xy = A, the limit (1.1) exists and equals ( [z ¥(2)dz) &,
where £ is a non-degenerated infinitely divisible random variable. In Theorem 4.2
we give a brief proof of this result and, moreover, identify the random variable &
as the super-Brownian local time L at time ¢t = 1, a fact that was discovered by
Fleischmann [8] (for £7 instead of L) using a different method.

We conclude this section introducing notations and recalling some basic defini-
tions. The set of all finite measures defined on the Borel o-algebra B(R?) will be
denoted by M(R?). We denote by () the integral with respect to the measure p
of the function ¢ € B(R?), where B(R?) also denotes the space of Borel measurable
functions on R%. Let B = {B; : t > 0} be the d-dimensional Brownian motion, and

Sipla) i= Bale(B) = [ elalea)dy, o€ B®),  (12)
where
q(z,y) = gz —y) = Wexp(—]m —y|?/4t), t>0, z,y € RY, (1.3)

and By(R?) is the space of bounded Borel measurable functions on R?. The family of
operators {S;, t > 0} forms a semigroup of contractions with infinitesimal generator
the Laplacian A in R

A cadlag Markov process X = {X; : t > 0} with state space M(R?) will be
called super-Brownian motion if its Laplace transition functional is given by

E, {e—xt«o)} = Ble=X@)|Xg = ] = ) e Mp(RY), t>0,
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where ¢ € B(R?) is non-negative and u = u; is the unique non-negative solution of
the integral equation

t
Uy = Stgo — / Ss(ut,5)2ds, t> 0. (14)
0
We refer to [4], [5] or [13] for background on super-Brownian motion and Markov
measure-valued processes. A basic fact is the martingale problem for super-Brownian

motion (e.g. [2]), which says that for each function f € C? and ¢ > 0 the random
variable X(f) can be expressed as

X,(f) = ulf) + Mi(f) + /0 X,(Af)ds, (1.5)

where M(f) is a continuous martingale with increasing process determined by

(M(f), M(g))e =2 /0 Xo(fg)ds, t>0. (1.6)

2 Some properties of the Green’s function

For each a > 0 and € > 0 we define

Ge(z,y) :—/ e qpe(x,y)dt, x,yeRY (2.1)
0

G* := G is termed the Green’s function of Brownian motion B; it is obvious that
Ge(z,y) = GE(|lx —yl).

Lemma 2.1 The function G¢ is in L*(R?, dx) and its characteristic function ézl(z)
is (a + |z|2) 7 exp(—e|z|?). Moreover G¢ is in L*(R?, dx) for d < 3.

Proof. It is obvious that G¢ € L'(R? dx). The assertion regarding @ follows
clearly from the identity ¢;(z) = e~tll? By the Plancherel’s theorem

a2\ 2
G733 = ||c?a|r%=/ )
¢ ¢ rd \ @+ |2]?

2

) €T 2 S) 1 2
= c/ rd=1 5 drgc/ rd_l( 2) dr
0 a+r 0 a+r
1 1 2 0o
c / rd=1 < 2) d’r—i—/ rd=3dr § = e(I + II),
0 a-+r 1

for some positive constant c. The integral [ is finite due to the continuity of r —
r4=1(a+72)72 on [0, 1], whereas I1 is convergent if d < 3. This shows that G¢ is in
L*(R%, dz) for d < 3. |
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Lemma 2.2 G¢ — G% in L'(R?, dx) as ¢ — 0, and the convergence is in L?(RY, dzx)
ifd <3,

Proof. We will use the estimation
(o.9] o0
/ e % (x)dt —/ e =g, () dt'
0 €
o0 o0
/ e g (x) dt — eaﬁ/ e g (x) dt‘
0 0
o o
e‘“/ e g (x) dt — e‘“/ e g (x) dt‘
€

= - “6|/ dt+e“/ e g () dt.
0

The L' convergence follows from

G(z) = Ge(a)] =

IN

+

1G* = Gellp = /RdIG“(w)—G?(w)ldﬂ?

< ]1—6“6|/ eat/ qi(z)dzdt
—i—e“/ at/ qi(z)dzdt
Rd

= [1—e®la 4 e*(1—ea ! =207 (e* —1).

Notice that G¢ € L? for d < 3 due to Lemma 2.1. Using Plancherel’s theorem it
follows, as in the proof of Lemma 2.1, that

IG*—Ge3. = |I(G*—G2) |[32

1 1 2
< c{(l—e_g)Q/ rd=1 <2> dr
0 a+r
o0 2
—i—/ rd=5 (1 — eer dr},
L =)

for some ¢ > 0. Using the elementary inequality 1 — e™® < 2'/%, z > 0, we obtain

1 1 2 0o
a _ a2 < 1 — "€ 2/ d—1 1/4/ d—9/2
[|G* — G?|]7. < c{( e ) ; r P dr+€ 1 r dr

= {(1—e 92T+ V4T,

The integral I has already been considered in the proof of Lemma 2.1, whereas the
integral II is finite for d < 3. Letting € — 0 yields convergence in L? if d < 3. [

Lemma 2.3 AG? = aG? — ¢ for each a > 0 and € > 0.



Proof. Noting that

a > d —a —at |90 & —a d
~aG2(0) = [ @) e = ane)e = [ G areata)

from the equalities

d || d

o) =) (s~ gy ) = Bl

we arrive to the expression

4G () = —qu(z) - / e A gy (1) di.
0

From here the result follows by applying the dominate convergence theorem. [

3 A representation of the local time of super-Brownian
motion

Theorem 3.1 Let X be the super-Brownian motion with Xo = pu € Mf(]Rd), where
p < dx and dp/dx € By(R?). If d < 3, then the local time LY exist and admits the

representation:
t
L0 = 4(G*) — X,(G*) + a / X.(GY) ds + My(G®),  as. (3.1)
0

for eacht >0 and a > 0, where M (G?) is a square integrable martingale. Moreover,
for each z € RY the local time at z, L7, has the expression.

Li = (G( = 2)) = Xo(G*(- — 2)) + a/o Xs(G(- = 2)) ds + My(G*(- — 2)).

By differentiating in the usual way the Laplace functional of X one obtains

E, [ Xi(o)] = n(Sp), (3.2)

B X)) Xe(g)] = m(Sef)u(Seg) +2 /0 Sy (S ) (Serg))) dry (3.3)

for € M;y(R%), f,g € By(R?) and 0 < s,¢. From here it is easy to see that for any
non-negative f € L'(R?, dz) N L?(R?, dx) and t > 0

Eu XN < lldp/del[ol [ f]lLr, (3-4)
B, [(Xe(H)?] < e (117 +I1F1172) (3.5)

for some positive constant c(t).



Proof of Theorem 3.1. Using (1.5) and the equality AG? = aG? — ¢. that
we proved in Lemma 2.3 we obtain

t t
| Xl s = (@) = XG0 +a [ XGyds G (36)
We want to show that the sequence of random variables { fo s(qe) ds}eso converges

in L? as € — 0. To prove this it is enough to show convergence in L? of the right
hand side of (3.6). Using Lemma 2.1, (3.4), (3.5) and Jensen’s inequality it follows

that
< /0 " X(Gds /0 t XS(G“)ds>2] ( /0 "x.(Go - G“)ds) 2]

t
t/ E [(Xs(G* — G")?] ds
0
< eft) (|G = G172 + (|G = G*[72) -
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From (1.6) we obtain

B[(My(G?) = M(GM))?] = E[(M(GE — G*))’]

- /E —G))] ds
< 2t\|dﬂ/d9€HooHG?—GaH2L2,

which together with Lemma 2.2 shows that M;(G%) — M;(G®) in L? as ¢ — 0. The
L?-convergence of the remaining terms can be obtained in a similar fashion. The
last statement in Theorem 3.1 is a consequence of invariance under translation of
the Lebesgue measure. [

Remark. Consider the sequence of processes {L%¢}.q defined by L%¢ =
{ fo s(ge)ds, 0 <t <T}. Let {€,}n be a sequence of non-negative numbers that
converges to cero, and 0 < t1,...,tx <T. Then from the proof of Theorem 3.1,

k
<kY B[ -] -0
=1

0,en 0,en
E ‘(Ltle 7"'aLtk€ ) - (Lgla 7L1(€)k)

as €, — 0, i.e., the finite-dimensional distributions of {L%¢}.~¢ converge to those
of LV. Following the approach of [12] it is possible to show tightness of {L%¢}.o,
and hence weak convergence of {L%}.~o to L as ¢ — 0 in the Skorokhod space

Dior(R).

4 Two applications of the representation of super-Brownian
local time

The following theorem, together with Proposition 2.3 in [7], implies that the three
notions of super-Brownian local time referred to in the introductory section yield
equivalent concepts.



Theorem 4.1 Let X be the super-Brownian motion of Theorem 3.1 and d < 3. If
f € LY (R, dx) N L2(RY, dx) then

/Xs(f)ds: f@)Ifde as. (4.1)
0 R

for allt > 0. The expression (4.1) holds true if f is only measurable and bounded.
In particular, Ly = £¢, a.s.

Proof. We first consider the case in which f € L'(R? dz) N L?(R?, dz). In order to
work with the local time at an arbitrary point z € R%, we write (3.6) in the form

t
| Xl =2pas = uGze—2) - xGe-2)
ta [ Xu(GH - 2)) ds+ M(GE( - 2).
0

Multiplying both sides of the above expression by f(z) and integrating with respect
to z we obtain

/Ot o (/]Rd F(2)ge(- — Z)d2> ds

/Rd f(z)/o Xs(qe(- —2))dsdz
- /R GG~ 2) = XlG2(- - 2)

+a/ X,(GA(- = 2))ds + My(G2(- — 2))] d-.
0

Let us start by showing the convergence

/Ot X (/Rd f(2)ge(- — z)dz) ds — /Ot X,(f)ds (4.2)

in L?(P) when € — 0. By Jensen’s inequality and (3.5)

(ol e L
</Ot - < 1 (22l = 2)dz = f(')> d5> 2]
t/ot i <XS </R F(Z)ae(- = 2)dz - f(')>)2] ds

2
o(t) (’

E

= b
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+
Lt

(2)¢e(- = 2)dz = f()

Rd

f(2)qe(- = 2)dz = ()
R4

2
) . (4.3)
L2



Using the scaling property of the Gaussian density ¢,

F(2)qe(- = 2)dz = ()
R4

Ll

flx —2)qe(2)dz — f(z)|dx

d Rd

fl@=2)q (e 22)e2dz — f(2)
Rd

[ e dPu - | @

dx

dx

I
——

d

< [ [ a@|re=am) - e
= [ a@lre= ) = fOllpdz,

dzdx

where lim¢ o || f(- — €/22) — f(-)||z1 = 0 because f € L*(R%, dx). Since q(2)||f(- —
e22) = fOllpr < 2|Ifllp1qu(2), it follows from the bounded convergence theorem
that the first summand in the right hand side of (4.3) converges to 0 as € — 0.

For the other term in the right hand side of (4.3) we use Jensen’s inequality:

2

L / , ( [ FEade = 2)dz - f(x)fdw

/Rd (/ o —e?z) f(l')’ Q1(Z)dz>2 dx

R4
< / |f(x— 61/22) - f(x)]qu (z)dzdz
R JRdA

= [N = 22 = FOlad

F(2)ae(- = 2)d= = ()
Rd

IN

Using now that f € L?(R%,dx) we conclude as before that the second term in the
right hand side of (4.3) tends to 0 as € — 0. This finishes the proof of (4.2).

Now we will prove that

f(2) _M(G?(‘ —2)) = Xu(Ge(- = 2) + a/ Xs(Ge(- = 2)) ds + My(Ge(- - 2’))] dz
R4 L 0

converges to

£ WG 2) = X6 = 2) b [ X(GC — 2))ds + MG - z))} 2.
R4 L 0



in L?(P) when ¢ — 0. Indeed, using Jensen’s inequality, (1.6) and (3.4),

2
E < f)M(GL(- — z))dz — F)M (G (- — z))dz) ]
Rd R4

e[ f(Z)Mt(G?(-—Z)—G“(-—Z))d2>2]

< £|([ 1rGla:) [ oGz -2 - a6 - )Pisla:]

= |fHL1/ B[(M(GE(- = 2) = G(- = 2))*]| f(2)|d=

= I/l / / B(X — GO(- — 2))?)ds| f(2)|d

< Ifllpett /Rdf NG = 2) = G- = )32
= AL e®lGE = G*l7

Using again Jensen’s inequality and (3.5),

</Rd f(z) /Ot Xo(GO(- — 2))dsdz — /Rd £2) /Ot N Z))d8d2>2]
(/Rd f(2) /Oth(Gg<. e _2))d8dz)2]

< Wl [ [ BEGEe—2) = 6o = 2)asl o)z

E

= F

t
< eWllfll /R d /0 (G2 = GO = 2)|2, + [[(G2 — G- — 2)|[22)ds] (2)]d=
= DI (G — G2 + (G2 — Go2.).

The remaining moments F [(fRd (G2(- = 2)) dz — [pa f(2)u (G(- — 2)) dz) 2]

and F [(fRd 2) X (Ge(- — fRd 2) X ( Ga( z)) dz) ] can be bounded
in a similar way. Applying Lemma 2.2 we obtain that

[ xinas = [ e -2 -xie-2)
ta / X,(GO(- — 2))ds + My(GO(- — 2)))dz, as.  (4.4)
0

for all ¢ > 0, and from Theorem 3.1 we conclude that

/t Xs(f)ds = f(z)Lidz, as.
0 Rd

9



Consider now the case in which f is a bounded Borel-measurable function. Let {f,}
be a sequence in L'(R?, dz) N L2(R?, dz) with || fn|loo < ||fl|oo for each n, and such
that f, — f pointwise. Then by (4.4) we have, for each n,

| xtds = [ faelcne - ) - X6 - 2)
0 Rd
+a/ Xs(G(- — 2))ds + My (G(- — 2)))d=. (4.5)
0
We will show that

/ X.(fa)ds — / X.(f)ds in L2(P) as ¢ — 0. (4.6)
0 0

Indeed, by Jensen’s inequality and (3.5),

e e

= </ =) |

<t/ E[( — ))3ds

1 /0 ((Ss(fo — F)2 42 /0 (S, ( — 1)2)dr)ds

<t [ /R ) @)u(dz) + 2u( /0 S (Sus (o — 1))dr))ds

<t /0 (Sulf — )P + /0 S0 (Ser(fn — ))%dr)ds.

Since |(fn — f)(¥)|gs(z,y) < 2||fl|oogs(z,y), we deduce that Ss(f, — f)(z) — 0 as
n — oo. Moreover, |Ss(fn — f)(x)] < 2||f||co implies that

‘(Ss(fn—f)(w))2+ [ e (8= 1Prin| < a1+

uniformly in z, and hence

(Ss(fn — £)(2))* + /05 Sy (Ss—r(fu — f))*(x)dr — 0 as n — oo.

In this way (4.6) follows from the dominated convergence theorem.

We now prove the convergence of the right hand side of (4.5). It suffices to show
how to achieve this for two of the terms since the convergence of the remaining ones
is proved in a similar way.
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From (3.4) we obtain

E

= B

= F

= B

= F

Since |(fn(2) —

and

r 2
< fn(Z)M(G(- — 2))dz — f(2) My (G(- — z))dz> ]
R4 Rd

[ (2 = sepMaGre
L Rd

/ (ful(2) — f(2)) M (G(-

/Rd/ (fn(2) = f(2))(fa(w) — f(w))E

2
2)) M (G(- — z))d ]

i )
=) [ (Fulw) = S MG~ w)iu]
(G

M (G(- — 2)) M(G(- — w))] dzdw

/Rd Ré (fn(z / Xs(G(- ))dsdzdw]
</ )

(55< [ (- s m
F(2)G(- = 2)| < 2||f|l0eG(- — 2) and G* € L' (R, dx), we have

lim [ (falz) = F)G( — 2)dz =0

n—oo R

lim S, ( /R (fal) =SNG z)dz)2 () =0

n—oo

for any s > 0. Using this and that

" (/Rd(f“(z) AR z>d2> ()| < 4IF1 NG s,

we conclude from the dominated convergence theorem that

R fn(2)M(GO(- = 2))dz — | f(2)Mi(G*(- — 2))dz

R4
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in L?(P) as n — oo. Finally, let us show convergence of the term containing
3 X5(G*(- — 2))ds. From (3.5),

(/]Rd fn(2) /Ot Xs(G(- — 2))dsdz — /Rd £(2) /Ot XL (G — Z))dez>2]
E (/ (fu(z) = f(2)) /t X, (GO(- — Z))deZ> 2]
B /Rd/w// (fa(2) = F(@)(falw) = f(w))

(G“( ))] drdsdz dw

( </ (fu(2) — f(2))Ss Ga('z)dzd.g))z
; (/ / {/R (&)~ FENUn(w) = fw))

TAS
Sp(Sr—oG(- — 2) 95— G*(- — w)) dv dw dz} dr ds) .

E

0

It suffices to show that the sequence

/ (Fal2) — £(2)(fnlw) — F(w))
Rd Rd

rA\S
. Sp(Sr—vG(- — 2)Ss—G(- —w))dvdwdz, n €N,
0

is uniformly bounded and converges to cero. Indeed,

L, < 4yf\|go/Rd/Rd/0 Su(Soy GO (- — 2)Ss oG (- — w))(x) dv duw d

=i [ [ s A e

[ SsGo = w)9) dw g, (,) dy o
where

Sy oG- — w)(y)dw = |G| 1 = / S oG- — 2)(y)d.
R4 R4

Hence I,, < 4¢||f||2,||G||3, and the convergence of I, to cero follows from the fact

that ns
/ / / So(Sy_oG (- — 2)Ss_oG%(- — w)) () dv duw dz,
R2 JRE JO

is bounded.
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We have proved that for any bounded Borel-measurable f,

/ Xo(f)ds = / FU(G( — 2)) — X(GO( — 2)
0 Rd
—I—a/ X,(GO(- — 2))ds + My(Go( — 2))}dz,  as.,
0

for all ¢ > 0. The expression (4.1) follows from Theorem 3.1. Putting f = 1p in
(4.1), where B € B(RY), yields

t
Yt(B):/ Xs(lg)ds:/Lfdz a.s.
0 B

which means that Y;(-) < dz and that its density is precisely the local time. There-
fore £f := dY;/dx = L} a.s. for all t > 0. |

Theorem 4.2 Let X be the super-Brownian motion starting with Xo = X\ and d =
2. Then for each y € R%, t > 0 and v € C.(R?),

1 rt
L] X = as = awr

in distribution as r — oo, where L} is the local time of X. Moreover, Var(L}) =
(t?In2)/2m.

Remark. Note that the value of Var (LY) is consistent with the one obtained in
[3].

Proof of Theorem 4.2. Using the martingale problem of [14] (Proposition
1.7) it is easy to see that our theorems 3.1 and 4.1 remain valid when Xy = .
Moreover [14], for each R > 0, {R72X;(p(-/R))} has the same distribution as
{Xi/r2(p)}. Hence putting R = /2 and t = r~'s with » > 0, s > 0, we con-
clude that {TXS/T(gp(rl/Q-))} and {X;(¢)} have a common distribution, and that
the same is true for

1 rt 1 rt
s s and X, 1y,
0 0

r

By Theorem 4.1,

rt t
71“/0 7')(5/7"(7/)(7”1/2 . —T1/2y))d5 = 11ﬂ/0 TXs(w(Tlﬂ(' - y)))rds
— /RQ r(r/?(z —y))L¥dx as.
— (@) L d
R2
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Since L is a process continuous in z [15] and 1) is continuous with compact support,
it follows that a.s.

@Z)(x)Lerm/rl/Qda: — A)L] asr — oo.
R2
In Theorem 3.1 we proved that E[(L{)?] = lim_o E[(L{*)?], where

¢
LYS = / Xs(qe(- —y))ds, €>0.
0

Due to the fact that Lebesgue measure A is invariant for the Brownian motion, it
follows from (3.3) that

Elet?) = [ [ Bt - ) Xolad - )] dude

= ([ rsutat - du>2

+2/0 /0 /0 A (Sw(Su—w(qe(- — 1)) So—w(qe(- — v)))) dw dudv

- ([t —y))du)2
w2 [ [ [ A Guaal - )8 eata ) dw v

By the Chapman-Kolmogorov equation

ASu—w(qe- = ¥)Sv—w(qe(- —=9))) = Mleru—w(" = Y)etv—w(- —Y))
1

Ar(2e +u+v —2w)’

Hence

5 5 1 t t uN\v 1
E[(LY* =t — / / dw du d
[( t )] +27T/0 0 0 2€+u+'l)—2’u) wandv

1
= 24 4—{2t2 In(e+1t) +2t2In2 — 2t%In (2¢ + t)
7r
+6¢et + 4detIn2 + detIn (e +t) — et In (2€ + t)
+862In2 + 66?Ine + 262 In (e + ) — 8% In (2¢ + 1) }.

Therefore E[(L})?] = t? 4+ (t*In2)/27. The result follows noticing that E[L}*] = ¢
for all € > 0. ]

References

[1] R. J. Adler and M. Lewin (1992). Local time and Tanaka formulae for super
Brownian motion and super stable processes, Stochastic Processes and their
Applications 41, 45-67.

14



2]

R. F. Bass and E. A. Perkins (2001). On the martingale problem for super-
Brownian motion. Séminaire de Probabilités XXXV, 195201, Lecture Notes in
Math. 1755, Springer, Berlin.

J. T. Cox and D. Griffeath (1985). Occupation times for critical branching
brownian motions, Ann. Prob. Vol. 13 No. 4, 1108-1132.

D. A. Dawson (1993). Measure-valued Markov processes. Ecole d’Eté de Prob-
abilités de Saint-Flour XXI—1991, 1-260, Lecture Notes in Math., 1541,
Springer, Berlin, 1993.

E. B. Dynkin (1994). An introduction to branching measure-valued processes.
CRM Monograph Series Vol. 6. American Mathematical Society, Providence,
RI.

E. B. Dynkin (1988). Representation for functionals of superprocesses by
multiple stochastic integrals, with applications to self-intersection local times,
Astérisque No. 157-158, 147-171.

R. E. Feldmand and S. K. Iyer (1996). A representation for functionals of
superprocesses via particle picture, Stochastic Processes and their Appl. 64,
173-186.

K. Fleischmann (1986). Critical behavior of some measure-valued processes,
Math. Nachr. Vol. 135, 131-147.

K. Fleischmann and J. Gértner (1986). Occupation time processes at a critical
point, Math. Nachr. Vol. 125, 275-290.

I. Iscoe (1986). A weighted occupation time for a class of measure-valued branch-
ing processes, Probab. Th. Rel. Fields 71, 85-116.

S. M. Krone (1993). Local times for superdiffusions, Ann. Prob. Vol. 21, No. 3,
1599-1623.

M. Lewin (1999). Local time for stable discontinuous superprocesses in one di-
mension, Stochastic Analysis and Applications, 17(1), 71-84.

J.-F. Le Gall (1999). Spatial branching processes, random snakes and partial
differential equations. Lectures in Mathematics ETH Ziirich. Birkhauser Verlag,
Basel.

S. Roelly-Coppoletta (1986). A criterion of convergence of measure-valued pro-
cesses: Application to measure branching processes, Stochastics Vol. 17, 43-65.

S. Sugitani (1989). Some properties for the measure-valued branching diffusion
processes, J. Math. Soc. Japan, Vol. 41, No. 3, 437-462.

15





