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1 Introduction and preliminary definitions

Dynkin introduced in [1] a definition of self-intersection local time (SILT) for a general class
of continuous measure-valued processes, and gave a criterion for existence of SILT in terms of
superprocess multiple stochastic integrals. In this note we prove that if the spatial dimension is
small, then the hypothesis in Dynkin’s existence criterion are satisfied by the multitype Dawson-
Watanabe superprocess studied in [3], and obtain in this way a sufficient condition for existence

of SILT of the Dawson-Watanabe superprocess in the multitype setting.

Let us recall that the multitype Dawson-Watanabe superprocess arises as the diffusion ap-
proximation of multitype branching particle systems in R? consisting of particles of k > 1 types
undergoing spatial diffusion and critical multitype branching, where the diffusions, the particle
lifetimes and the branching laws depend on the types. In the model we consider here the motions
of particles are symmetric «;-stable processes, 0 < «; < 2, and the lifetimes of particles are ex-
ponentially distributed with parameters V;, ¢ = 1,..., k. For simplicity, in this paper we restrict
ourselves to the case of multitype populations which are a.s. finite, and whose branching law has

a stochastic mean matrix (m;)1<i j<, i-e., mi; > 0 and Z?:l mij=1,1=1,...,k.

Our multitype particle systems are properly represented by counting measures p € My(S),
where My(S) denotes the space of finite positive measures on S = R? x {1,...,k}. Here the
first component of (x,i) € S stands for the position and the second component for the type of
an individual d(, ;. We denote by & := (Wi, m), t > 0, the Markov process on S whose type
component 7, follows a Markov chain with Q-matrix (V;(mi; — di5))1<i,j<k, and whose position

component W; follows an «;-stable motion as long as 1, = ¢. The generator of £ is given by

k
AQZ)('I?Z) = Aai(b(xvi) + V;Z (mij - 51]) ¢(5E7])7 (JJ,Z) €S, ¢(71) € Dom(Aai)7

Jj=1

where A, denotes the generator of the a;-stable process, i = 1,..., k. Writing u(¢) = [ ¢(z) p(dz)



and denoting the semigroup associated with A by U = (Us)¢>0, we recall (cf. [5]) that
(the) (x.i) = BY"™ (9)., £ >0,

where (ng’i))ggt@o stands for the particle system started from d, ;), that is, one type i-individual
at position x. In this sense, the process & is the expectation process of the branching system; its
transition probability equals Jt(“)() = lEng)()

Roughly described, the renormalization of the branching particle system suitable for the diffu-
sion limit consists in increasing the density of the population of all types, assigning a small mass
and a short lifetime to every individual, and decreasing the mutation probabilities in such a way
that the mutation rates remain constant; the spatial motion laws remain the same. If the initial
populations (i.e., at time ¢t = 0) of the renormalized branching particle systems converge weakly to
p € M(S), and the branching mechanisms have finite second-order moments, this renormalization
yields in the limit a continuous Markov process X := {X;, t > 0} with values in M;(S), having

the Laplace functional

E [e_Xf(d))] = ¢ Hu) (1.1)
for any bounded, measurable ¢ : S — [0, 00), where u:(z,4) is the unique solution of the nonlinear
equation

aut (.73, 'l) . N2 . .

T = Aut('r?l) - Ciut(xa Z) ) UO(:L" Z) - ¢(.’B, Z)y
and Cy, ¢ = 1,...,k are certain positive constants determined by the lifetime parameters and the
variances of the branching law (see [3]); for simplicity, we shall assume C; = 1,7 =1,...,k.

Let us now recall the construction of the superprocess stochastic integrals introduced by Dynkin
in [1].

Let [0,u] be a fixed time interval. From (1.1) one can deduce that for every u € M(S), any
bounded, measurable functions ¢; : S — R, i = 1,...,n, and positive numbers t1,...,t, € [0, u]

the random variable
th((lsl) ' th(%) (1'2)

is in L?(P), where P is the distribution of X, and that E [ Xy, (¢1) - X¢, (én)] = [ (TTe; i (yi, i)
Yn(dy1,dsi;. . .5 dyn, dsy,), where
p(@,s) = U—sp(x) (1.3)

and 7y, is the n-th moment measure of X. For our purposes we need to know the precise definition

of v, only for the values n = 1,2, and in these cases,

Y1(A1 x B1) = 1p,(0)u(41),
Y2(A1 x Bi; A x Ba) = 1p,(0)u(A1)15,(0)u(Az2)



2 / 15, (8) Ly (9) Ly (3)Lao () T2 (dy) u(d) d,
A; e B(S), B, € B([O,U]), 1=1,2.

Let L2 denote the smallest closed subspace of L?(P) containing all products of the form (1.2). We
define K as the set of functions of the form (1.3) with ¢ bounded and measurable, and write X%

for the space of functions ¢ : (S x [0, u])™ — R satisfying (|¢|, |¢|)n < 0o, where

(0, Y)n :=/@(y1,81;---;ymsn)%b(yhsu-..;yn,sn)wn(dy1,d81;---;dyn,dsn).

In particular, for n =1,

()1 = / (o, 1) (2, 1) dys = / (2,0) u(dz) / $(2,0) uldz) + / o 8)0 (v, 5) A(dy, ds),

where A is the measure on S x [0, u] given by A(C) = 2 [1¢(y, s)J%(dy) u(dzx) ds. Therefore p € xO
if and only if A(¢?) < oo and u(|¢(0,-)]) < .

The stochastic integrals are defined as follows ([1], theorems 1.2 and 1.3):
a) For ¢ = U;_s¢ € K,

Li(p) = /Lp(x,s) dZys = Xi(9), t>0. (1.4)

Let x1 denote the space of equivalence classes of X(l) modulo (+,-);. There exist a unique
isometry (which we again denote by) I from x; to L? obeying (1.4). Moreover, for every
¢ € XY, the process MY = I1(¢) = [ ¢(x,s)15<t dZ; s is a martingale, and every L3-valued

martingale can be represented in this form.

b) There exists a unique mapping I, : X0 — L2 satisfying I,(01 X -+ X ) = I1(p1) - - - T1 (o)

and E [1,,(¢) 1, (¥)] = (p, 1), for any o1, ..., ¢n € XY and ¢, € 2. The set I, (") is dense
in L2.

2 Existence of SILT of X

The self-intersection local time of X can be defined heuristically by SILT(B) = [ [pa [ga 00(z —
2') Xs(dz) Xy(dz') ds dt, where B € B([0,u]?). This expression is formally equivalent to

SILT(B) = I,(K?%) = / K%(21, 81572, 82) AZ2y 51 Ay 05 (2.1)

(see [1] or [2]) where K% (21, s1522,82) = [pdtidts [iT[-; Ji,,(dz). The stochastic integral
in the right-hand side of (2.1) makes sense provided K129 € 9, in which case we say that the

self-intersection local time of X (of order two) exists. We will prove the following theorem.



Theorem 1 Let X = {X;, t > 0} be the multitype Dawson- Watanabe superprocess whose Laplace
functional is given by (1.1), and A = [0,u]. Suppose B C B(A x A) is such that B N {(z,y) €
AxA:xz=vy}=0. If the measures u({i} x -), i = 1,2, have bounded densities with respect to
d-dimensional Lebesgue measure, and d < 4min{a,...,ar}, then the self-intersection local time

of X exists.

We define the measure m on (S, B(S)) by m(B x C) = A(B)v(C), B € BRY), C c {1,...,k},
where v is the counting measure on {1, ...,k} and ) is the Lebesgue measure on R?. The transition

kernels Jt(x’h)() of the expectation process are absolutely continuous with respect to m, and the
corresponding densities Ji((z, h), (z,4)) are given by [6]
Jt((xa h)a (Za Z)) - / (Qgi(tm) O Q%:(tm))(m7 2)1{no=h,nt=i}(77)Pf?(d77)y
D[O,oo)({lv"'vk})

where P is the distribution of the Markov chain 7 starting in i, L;(,7) is the amount of time

that 1 spends in type ¢ during the time interval [0, ], and {¢%%, r > 0} are the «a;-stable densities,
i1=1,..., k. We define J; =0if t <O0.

In order to prove Theorem 1 we will show that

sup [ G(s,y;2)G(s,y; Q) H(z,() dzd( < oo, (2.2)
s,y JSXS

where, for 0 < s <,
G(s, (y.0): (1) = /A Jis((y.3) (2 1)) dt,
A0 C0) = [ Gl (00): ()G s, () (€D mld(y. ) ds.

According to [1] (Theorem 1.5), under our assumptions condition (2.2) implies K% € x3.

2.1  Proof of Condition (2.2)

In the remaining part of the paper we assume without loss of generality that £k = 2 and a; < aso.

We denote by pgi) (r,y), t>0,1=1,2, x,y € R?, the transition densities of the position process

{Wy, t > 0}, which, by the law of total probability, satisfy

pgz)(x,y) dy = P[Wt S dy|(W0>770) = (x,z)]

|
.M“

<
Il
—

PW; € dy,n, = jl(Wo,mo) = (2,1)]

Je((2, 1), (y, 7)) dy- (2.3)

I
-M“

<
Il
—_



By conditioning on the time of first jump of 7, and using commutativity of convolutions, it easily
follows that

P () = e O (2 y) // 6 (@, 2)g2 (2 y) dzBi(dr), i =12, (24)

where 0:(dr) is the conditional distribution of L;(t,n) given that a change of type occurred in the
interval (0,%]. In order to estimate the product of stable densities inside the integral above, we

need the following result from [6].

Lema 2 Let 0 < aq < ap < 2. There exists a constant K > 1 such that ¢;*(z) < K¢ ., (%)

) <
for allt >0 and x € RY. Moreover, if t > 1 then ¢{*(x) < th(l/o‘l_l/”)qt (r) <K d/o‘lqto‘l(a:),
r € RY.

Using (2.4) and Lemma 2 we deduce that for 0 < ¢ < 1,

. t .
pgl)(x,y) < e Vill- m”)thtal/a x,y)—i—/ /dqﬁ‘l(:):,z)Kqu_T)al/az(z,y)dz@i(d’r)

IN

t
K |: tcxl/a +/(; QT'l * q(t 7. al/aQ) (I‘?y)ez(dr)]
t .
< 2K [ @) [ et (25)

Similarly, for ¢ > 1,

i (@)
t
< e_V%(l—mii)thd/alq?l (z,y) +/ / (1(0,t—1] + 1(t_1,t]) (P gt (z, 2)q72, (2, y) dz 0 (dr)
t—1 4
S th/al x y / / t — T)d/alqtalr(z; y) dZ eg(dr)
Rd
t .
a1 aq i
+/t—1 /Rd qy (%Z)qu(t_r)&l/(12 (z,y) dz 6¢(dr)
t—1 ‘ t ‘
=" [td/al ) (x’y)/o (tT)d/alez(drH/ AT CE y)9i(dr)]
t—
d d o t '
< K [t )+ ) [+ [ gt (x,y)&i(dr)}
t—
t
< 2K [td/alqtal(%y) +/ qu—sl—(t ryo1/az (x, y)@i(dr)] ) (2.6)
t—



Let us proceed to the proof of (2.2). We start by noting that, due to (2.3), G(s, (y,7); (z,i)) =
fsu Ji—s((y,7), (z,4)) dt < fou_s pl(tj)(y, z) dt for j = 1,2. Therefore, putting a4 := max{a,0}, a € R,

H((z,1), (¢, 1))
2 u
- Z/O R G(s,(5,9); (i, 2))G(s, (4,y); (1, C)) dy ds

Z/ /Rd (/ P z)dt1> (/Ou_ P (y, C)dt2> dy ds

2

IN

J=1

= Z/u v /Rd </ ptl z)dt1+/1u_spg)(y,z)dt1>

</ P (y, ¢) dts +/ . pg)(y,odw) dy ds

+Z/ . /Rd </u P z)dt1> (/Ou_spt2 (y, C)dt2> dy ds.

It follows that

2 (u—1)+ 1 pl . .
H((z,4), (1) < Z( /0 /0 /0 /R 0w, 2 (w0, Q) dw dt dtz dsy

Jj=1

(u=1)4
o
0 1
(u=1)1+ pl pu—s1 )
+/ / / / ptz (w,Z th (w C) dw dtl dtz d81

(u—1)4
/ /dptl w, 2 ptg (w C) dwdt1 dtQ d31
R

1 .
/ / pg) (w7 z th (w C) dw dty dto dsqi
0 JRd

/(u 1), / / / pt1 w, 2)p] (w, ¢) dw dty dts d51> .

For an integrable function & : [a,b] — R and = € [a,b], we denote ([ + f r)dr = [T h(r

ff h(r) dr. From the above estimates we obtain

L 60 G o) G, G (DG, 2), (0.0 =

CE( LU ) ([ )

) dr +



2 (u—s)A1 u—s ) (u—s)A1 u—s )
Z/ / / +/ P (y, 2) dts / +/ P (y,€) diy
=1 Rd JRd 0 (u—s)A1 0 (u—s)A1

(u—1)4 1 rl ) )
: / / / / ptZ (w,Z)pt; (w,() dw dtl dtg d81
0 0 0 R4
u—1)
/ / / /dptl w, z ptz (w C) dw dt1 dto dsy
R
u—1)
/ / / / pt1 w, z ptz (’LU C) dw dtq dto dsy
u—1)
L L
0 1 1
+/ / / / pt1 w, z pt2 (w () dw dty dtg dsl) dz d¢
(u=1)4+ JO 0 Rd

Z/Rd /Rd (/ ptg)( ,z)dtg/o(u o P (y, ¢) dty

(u—s)A1 ) u—s u—s ) (u—s)A1
o e [ eoas [ e [T w0

u—s)Al
0w dts [ s o) dr
+ pt3 (ya ) 3 pt4 ( C) 4
(u—s)A1 (u—s)A1
u—1)4
/ / / / ptl w, 2 th (’w C) dw dt1 dto dsq
u—1)4
/ / / /dptl w, z th (U) C) dw dtq dto dsy
R
u—1)4
+/ / / / pt1 w, z th (w C) dw dtq dto dsy
u—1)4
L
0 1 1

-|—/ / / / pt1 w, z th (w ¢) dw dty dty dsl> dzd¢
(u—1)1 Jo 0 R4

2 (u—1)4+ plu—s)Al  plu—s)A1 p1 pl

SU b Lkl

Jj=1

(u—1)+ plu—s)Al pu—s)Al pu—s; p1
A S S A
0 0 0 1 0o JRdJRI JRE

(W, 2 pt2 (w ¢) dw dty dty dsy

pt1 w, z th (w () dw dty dts dsy
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u u—s u—s u—s1 fuU—$1
L L)
(u—1)4 J(u—s)AL J (u—s)A1 JO 0 Rd JRd JRA

pi?(w)pﬁ? (w, )P (y, 2)p (y, ¢) dw dz d¢ dity dty dts dty ds

=: Z Zfi(j)

We will show how to estimate from above the integral I;(j); the remaining integrals can be esti-

mated in a similar way. Applying repeatedly (2.5) renders

(u—1)+ plu—s)Al plu—s)A1 p1 pl
I(j) < 16K4/ / / ///// dw dz d¢ dty dts dts dty dsy
0 0 0 0 0 Rd JR4 JRA

t1
1 1 j
<q(ai/o¢ (w7 Z) + /; qill’(tlfrl)al/cq (w7 Z) egl (dr1)>
(1) e :
<q ap/aj (w, ¢) +/0 qr2+(t2—r2)"‘l/&2 (w,C) OgQ(dT2)>
1 1 j
<q(a1/a (y? Z) + /[) qf’dl‘(td 7,.J])cvl/on (y7 ) 9?3 (d?”3)>

2
<q(ii/a (y7 C)—i_/(; qiil(lu r4)o¢1/o¢2 (y C) t4(dr4)>

Using Chapman-Kolmogorov’s equation (three times), the scaling property of stable densities, and

that t < t® for 0 <t <1 and a > 0, we obtain

6i(5)

< 16K%Y(0 /“ 1)+/" SM/” S)M/ / (/9 g9/ g g2/ g g/ y—d/an

+/ ( ai/o; +ta1/a] +ta1/aj s+ ( . _r4)a1/a2) d/a191 (d?"4)
0
+/() ( ai/a; _'_toq/a] st (1 _,r3)0£1/a2 +ta1/a]) d/alegg(drg)
ty i3 a1 /a; a1 /a; . )
+/ / (tl VR t21 T+ rg+ (tg — Tg)al/aQ +ry+ (tg — T4)a1/a2)_d/a19g3 (d?“g)9§4 (dry)
0 0
© o Jay |, joafa -
+/0 (6777 1o 4 (b — 1)@/ 45V 1) A6 (dry)
b4 [tz o1 /aj ai/a; j .
+/ / (tll T+ ry + (tQ — T2)a1/a2 + t31 T4y + (t4 — r4)a1/“2)_d/°‘19§2(dr2)6§4(dr4)
0 0

ts f2 j al/o i )
+/0 /0 (5% vy 4 (b — 1)1/ vy + (b — 13)™/ @2 4 £52/°9) =16 (dry)6d (dry)

9



ty ptz pt2 /e

+/ / / (77 4 o + (b — 72) ™/ 1 4 (ty — 73) ™1/ 2
0 0 0

g+ (tg — ra)®/22)=4/010] (dry)0] (drs)0], (dra)
a1 . . . -

+/ (7"1 + (tl . rl)oq/ozg _{_t<211/ocj 4 tgél/ocj I tzél/a])—d/aleil (dT‘l)
0
t 1 a1 /o ] 1

+/0 A (7’1 + (tl — Tl)al/a2 + tgl/a] + t31/ T4y + (t4 — T4)a1/a2)7d/a19§1 (dT1)9g4 (dT’4)
t3 a1 /o a1 /aj j j

+/ (14 (t1 = 71)202 157 org o (t3 — r3) /@2 4 3/ =d/019] (dry)6] (drs)

A

3t
/ (114 (1 — 7)™/ 4 159 g 4 (8 — )1/

1
1
g+ (tg — ra)®/02)=4/009] (dry)0] (drs)6], (dr)
t2 1
o

0

ta to t1 / .
0 0 0

g+ (ty — ra)®/02)=4/009] (dry)0] (dra)0], (dra)
t3 to t1
~I—/ / / (r1 4 (b = 1) /%2 vy + (g — 12)™/*% 413
0 0 0

H(ty — rg) /02 4§09 ) Ao g] (@r1)0] (dro)6l (drs)

tq t3 to t1
+/ / / / (Tl + (751 - rl)a1/a2 +ry+ (tQ _ T2)a1/a2 +7rg
0 0 0 0

F(ts — Tg)m/az g+ (tg — 7.4)a1/042)_d/0‘10j (drl)Qj (drg)ﬁj (drs) - Gj (dr4))dt1dt2dt3dt4d81

1 u—1)4 $)A1 $)AL
16f(4 () / / / / / t1+t2+t3+t4) d/on

+/ (t1 + to + t3 + ta)~Y10] (dra) + / (t1 +to + ts + ta)~Y10] (drs)
0

(r1+ (t1 — 7“1)0‘1/0‘2 + 7o+ (to — 7“2)0‘1/0‘2 + t;l/aj + til/aj)_d/o‘lﬁgl (drl)HgQ(drg)

[
[
[
h

IN

tq t3 . .
/ / (t1 +to + tg + ta)~Y10] (drs)0] (drs)
tq to . .
+/ (t1 + to + t3 + ta)~Y10] (drs) + / / (t1 + to + t3 + ta)~Y10] (dr2)0], (dra)
t3 to . .
/ / tl +to +t3 + t4) d/oqeé (d’l"Q)egS (d’l“g)

tg t3 to . . .
+ / / / (t1 + to + t3 + ta)~Y10], (dr2)6], (drs)6], (dry)
0 0 0

10



t1 ta  rt1
+/ (t1 + to +t3 + ta)~Y10] (dry) + / / (t1 + to + t3 + ta)~Y10] (dr1)0], (dra)
0
t3
S
[
t2
o
[
t3 to . . .
+/ /() tl +t2+ 13+ t4)_d/a19il (dn)% (dr2)9§3 (drs)
t4 t3 to t1 . . . .
+ / / / / (t1 + tg + t3 +t4)_d/a19il(dr1)0§2(dr2)9§3(dr3) 0] (dry))
0 0 0 0

) (u—1)+  pu—s)AL  p(u—s)AL p1 ,l p
< 256K'q (0)/0 / / /O /0 (t1 + to + tg + t4) "Y1 dt  dtodtsdtsds, .

Estimating in the same way the remaining integrals I;(j) renders

tl +to+ts+t4)” d/‘“&{l (dr1)9§3 (drs)

[e=]

o\o\o\whc\

+

t3 . X .
/ (t1 + to + ts + ta)~Y10] (dry)], (drs)0, (dry)

[e=]

1

tl +to + 13+ t4) d/o‘19’ (dT’l)Q] (d?"Q)

+

to . . .
/ (t1 + to + t3 + ta)~Y0] (dr1)6] (dr2)0], (drs)
0

[en]

o

L L 6 G DG G (G 2),(1.)) e

U U—s u—Ss U—s1 uU—S1
< Const. / / / / / (t1 + to + t3 + t4) "V dty dty dts dty ds; .
0 0 0 0 0

Finally, let us show that if d < 4« then the right-hand side of the last inequality is finite. Indeed,

U pu—S pU—S  LU—S]  LU—S]
/ / / / / (tl +to +t3 + t4)_d/a1 dtl dtz dtg dt4 dsl
0 Jo 0 0 0

= Const. (4(3u — 5)Pm e Loy — 5)P7 N gy (2 — 25)4 Y/ - 9q P~ d/en

— (2u)5*d/0‘1 —2u(u — s)47d/°‘1 — (4u — 23)5*d/a1 —4(2u — 3)5*d/a1 —(2u — 23)5*d/0‘1> .

Hence,
U pU—S  pU—S  LU—S] u—s1
sup / / / / / (ty + to + t3 + ta) "Y' dty dty dts dty ds
0<s<uJo Jo 0 0 0
< Const. (4(3u)5_d/°‘1 + 2uP e qy(2u)tm e 4 2u5_d/°‘1>
< o0
if 4—d/ay > 0. O
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