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Abstract

Consider the semilinear nonautonomous equation a%u(t) = k(t)Aqu(t) +ult8(t)
with u (0,2) = \p(z), = € RY where A, := —(=A)¥?, 0 <a <2, X\ B>0
are constants, ¢ > 0 is bounded, continuous and does not identically vanish, and k& :
[0,00) — [0, 00) is a locally integrable function satisfying e1¢” < fot k (r)dr < eqt? for all
t large enough, where 1,2, p > 0 are given constants. We prove that any constellation
of positive parameters d, a, p, 3, obeying 0 < dpf/a < 1, yields finite time blow up of
any nontrivial positive solution. Under suitable additional assumptions, we also obtain
upper and lower bounds for the life span T, of the above equation, which prove that

__aB
Ty ~ A™==4eF near zero.
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1 Introduction

We consider positive solutions of the semilinear non-autonomous Cauchy problem

Ou(t
uééx) = k(t)Agu(t,z) + u' (L w), u(0,2) =) >0, zeR?,  (L1)
where A, = —(—A)O‘/2 denotes the fractional power of the Laplacian, 0 < a < 2, # € (0, 00)

is a constant, and k : [0, 00) — [0,00) is a locally integrable function satisfying
t
eitf < / k(r)dr < eqotf (1.2)
0

for all ¢ large enough, where €1, €9 and p are given positive constants. Solutions will be
understood in the mild sense, so that (1.1) is meaningful for any bounded measurable initial

value.

Recall that there exists a number T, € (0, 0] such that (1.1) has a unique solution u
on [0,7,) x R, which is given by

u(t,x) =U(t,0)p(x) —|—/0 (U(t,s)ul‘w (s, )) (x)ds, (1.3)
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and is bounded on [0, 7] x R? for any 0 < T' < T,,. Moreover, if T,, < oo, then [lu(t,)|lcc —
oo as t T T, Here {U(t,5),0 < s <t} denotes the evolution system corresponding to the
family of generators {k(t)Aq, t > 0}. When T, = oo we say that u is a global solution, and
when T, < oo we say that « blows up in finite time or that u is nonglobal. The extended

real number T, is termed life span of Eq. (1.1).

In this paper we continue the investigation initiated in our previous article [11], to which
we refer for motivations and additional references. In [11] we proved that d > -5 implies
existence of non-trivial global solutions of (1.1) for all sufficiently small initial values, and
that, under the additional assumption 8 € {2,3,...,}, the condition d < % yields finite
time blowup of any positive solution. Moreover, the case p = 0, which under condition (1.2)
corresponds to an integrable k, yields finite time blow up of (1.1) for any non-trivial initial
value, regardless of the spatial dimension and the stability exponent «. Here we consider
the case d < /% with 3 € (0,00), and focus on the asymptotic behavior of the life span of

(1.1) when the initial value is of the form Ap, where A\ > 0 is a parameter.

The life span asymptotics are an aspect of semilinear parabolic Cauchy problems which
give insight about how the “size” of the initial value affects the blowup time of their positive
solutions; see [6], [7], [9], [10], [13], [14] and the references therein. Given two functions
fyg 1 [0,00) — [0,00), let us say that f ~ g near ¢ € {0,00} if there exist two positive
constants Cp, Cy such that Cyf(r) > g(r) > Caf(r) for all r which are sufficiently close
to c¢. In [10] it was proved, initially for k(t) = 1 and o = 2, that Th, ~ A" near oo
provided ¢ > 0 is bounded, continuous and does not identically vanish. Later on, Gui
and Wang [6] showed that, in fact, imy_.o Th, - No= ﬁ_1|\gp||Zfo(Rd). The behavior of
Ty, as A approaches 0 was also investigated in [10], turning out that T, ~ AP near
0. Notice that these asymptotics are similar to those of the ordinary differential equation
df (t)/dt = f'7B(t), £(0) = A\, where ¢ > 0.

In the present paper we obtain upper and lower bounds for the life span T), of (1.1),
and provide in this way a description of the behavior of T\, as A — oo and A — 0. Here is

a brief outline.

We start by proving that any constellation of positive parameters d, «, p, 3, obeying
0 < dpf/a < 1, yields finite time blow up of any nontrivial positive solution of (1.1). This
is carried out by bounding from below the mild solution of (1.1) by a subsolution which
locally grows to co. Finite-time blowup of (1.1) is then inferred from a classical comparison
procedure that dates back to [8] (see also [2], Sect. 3). The construction of our subsolution
uses the Feynman-Kac representation of (1.1), and requires to control the decay of the
bridge probabilities of W = {W(t), t > 0}, where W is the R%-valued Markov process
corresponding to the evolution system {U(¢,s), t > s > 0}; see [2], [3] and [12] for the

time-homogeneous case.

A further consequence of the Feynman-Kac representation of (1.1) is the inequality



ap
Typ < Const. A~ =45 which holds for small positive A when 0 < dpf3/a < 1. Together with
the lower bound of T}, given in Section 6, this implies (under the condition 0 < dpf/a < 1)
that

__aB
T)\Lp ~ )\ a—dpB

near 0. Finally, we also provide an upper bound for T, which is valid for all A > 0, namely

_a
a—dpB

a—dpB
Ty, < (CA—ﬁ n [(1052/51)% 9] o ) +1, (1.4)

where C, 6 and 7 are suitable positive constants. Notice that, even if A > 0 is large, for small
positive p the upper bound in (1.4) is big; in fact, it grows to co as p — 0. An intuitive
explanation of this behavior is as follows. Consider the representative case k(t) = p/t! =7,
t > 0, which corresponds to €1 = €2 = 1. No matter how big is A, if p > 0 is sufficiently
close to 0, then, near ¢ = 0, the mobility of the motion process {WW(t), t > 0} is so big that

it smears out the initial value A¢. Hence the growth of the upper bound in (1.4).

We remark that our bridge and semigroup bounds (see Section 3) seem to be not sharp
enough to yield, using our present methods, a subsolution of (1.1) growing uniformly on a
ball for the parameter configuration d@p/a = 1. Therefore, the blowup behavior and life

span asymptotics of (1.1) under such configuration remain to be investigated.

As this paper is partly aimed at the multidisciplinary reader, in the next section we
recall some basic facts, including the Feynman-Kac representation which we prove there for
the sake of completeness. In Section 3 we obtain semigroup and bridge estimates that we
shall need in the sequel. Section 4 is devoted to prove that (1.1) does not admit nontrivial
global solutions if d < ;%. In the remaining sections 5 and 6 we prove our bounds for the
life span of (1.1).

2 The Feynman-Kac representation and subsolutions

Let us denote by Z = {Z(t)},5, the symmetric a-stable process in R?, whose infinitesimal
generator is A,, 0 < o < 2. Recall that the case a = 2 corresponds to standard Brownian

motion with variance parameter 2.

For any T > 0 let us consider the initial value problem

C%g;l’) = k(t)Ayjv(t,x) + ((t,x)v(t,z), 0<t<T, (2.5)
v(0,z) = ¢(z), zeRY

where k : [0,00) — [0, 00) is integrable on any bounded interval, and ¢ and ¢ are nonnegative
bounded continuous functions on [0, 7] x R? and R, respectively. It is well known that, in

the classical setting k = 1, o = 2, ((t,x) = {(z), the solution of (2.5) can be expressed via



the Feynman-Kac formula, see e.g. [4]. Here we shall prove the Feynman-Kac representation

corresponding to (2.5).

Let W = {W (t)},>, be the (time-inhomogeneous) cadlag Feller process corresponding to
the family of generators {k (t) Aa},5o. We designate P, the distribution of {W (¢) + z},5,
and write F, for the expectation with respect to P,, z € R

Theorem 1 Let k, ¢ and ¢ be as above. Then, the solution of (2.5) admits the Feynman-

Kac representation
v(t,x) = E, [1,0 (W (t)) exp {/Otg (t—s,W(s)) dsH , (t,z) € [0,T] x RE.  (2.6)

Proof. Our method of proof is an adaptation to our time-inhomogeneous context of
the approach used in [1]. We shall assume that 0 < « < 2; the case a = 2 can be handled

in a similar fashion.

Recall [15] that there exists a Poisson random measure N (dt,dz) on [0,00) x R%\ {0}
having expectation EN (dt,dz) = dtv (dx), with

a20~1T((a + d) /2)

d —
V) = ZaBN = a2 o

dzx,
and such that the paths of Z admits the Lévy-Itd6 decomposition
Z(t) = / N (t,dx) +/ eN (t,dz), t>0, (2.7)
|z <1 |z|>1
where N (t,dz) := fg N (dt,dz), and N (t,dz) is the compensated Poisson random measure
N (t,B)=N (t,B) —tv(B), t>0, Bc B(R%);

here B(R?) denotes the Borel g-algebra in R%. W also admits a Lévy-Ité decomposition,

with corresponding Poisson random measure k (t) N (dt, dz).

Let us write W (p~) for the limit of W from the left of p. From the integration by parts

formula we obtain
d[v@—s,W(s))exp{/Osg(t—r,W(r))drH
_ v(t—S,W(s_))C(t—s,W(s_))exp{/OSC(t—r,W(r‘))dr} ds
+exp{/osg(t_r,w(7~)) dr} o (t— 5, W (5))



Using 1t6’s formula to calculate dv (£ — s, W (s)) yields
d [’U(t—s,W(s))eXp{/OSC(t—r,W(r))drH
_ exp{/osg(t—r,W(r_)) dr} {v (t =W (7)) C (=, W (7)) ds — Lo (¢ — s, W (7))

+k (s) /x|<1 [v(t—s,W (s7) +2) —v(t—s,W(s7))] N (ds, dx)

+k (s) /x|>1 v (t—s, W (s7)+a)—v(t—sW(s"))] N (ds,dz)

d
z;

+ k(s) /|$|<1 [v (t—s,W(s)+a)—v(t—sW(s)) - ;xid v (t—s,W (s_))] v (dx) ds} .
Integrating from 0 to ¢, and taking expectation with respect to P,, we obtain
B e o7 o] [ o= 5w () as}] - v(t.0)
t s 3 3 3 d 3
_ E/O exp{/o C(t—rw () dr} {v(ts,W(s D=8, W (57)) = o (-5, W (7))
+k (s) /x|<1 [U (t—s,W(s)4+az)—v(t—sW(s)) - Z:L‘idiiv (t—s,W (S_))] v (dx)

+ k(s)/ [w(t—s,W(s)+az)—v(t—sW(s))] V(da;)} ds
|z[>1
= 0,
where in the first equality we used N (ds,dz) = N (ds,dz) — dsv (dz), and the fact that

the stochastic integrals with respect to N (ds,dz) are martingales, and therefore have ex-

pectation 0. ]
The Feynman-Kac representation is suitable to construct subsolutions of reaction-diffusion
equations of the prototype
dw (t,y)
ot

where 5 > 0 is a constant, and k, ¢ are as in (2.5). From Theorem 1 we know that

= k(t>Aaw (t7 y) + w'*? (t7 y) ) w(07 y) = Sp(y)a /S Rda (2'8)

¢
wlton) = B, [oW () exp [ 0¥ (¢ s(s) ds] (6 € 0.7] xR
0
for some T > 0. Hence, for every y € R?,

w(t,y) = Ey[p(W(t)] = w(t,y), t=0,

so that vg is a subsolution of (2.8), i.e. w (0,-) = vo(0, ) and w (¢,-) > vo(t, -) for every ¢ > 0.
A direct consequence of the Feynman-Kac representation is the next lemma, which we will

need in the following section.



Lemma 2 Let k, ¢ be as in (2.5), and let ¢ (-,-) be a subsolution of (2.8). Then, any

solution of

3v((9tt, Y~ Aulty) + Clelty), 00, =g,

remains a subsolution of (2.8).

3 Bridge and semigroup bounds

Let us denote by p(t,z), t > 0, x € R? the transition densities of the d-dimensional
symmetric a-stable process {Z (t)}, - Recall that p(t,-), ¢ > 0, are strictly positive, radially

symmetric continuous functions that satisfy the following properties.

Lemma 3 For any s,t > 0, and z,y € R?, p(t,x) satisfies
i) p(ts,z)= tfgp (s,fél) ,

i) p(t,x) <p(tdy) when |z| > |yl ,

iii) p (t, > ( )ep(s,z) fort>s,

z'v)p(t, )>p(t x)p(t,y) if p(t,0) <1 and T > 2.

Proof. See [5] or [16]. [

Let ¢ : R? — [0,00) be bounded and measurable, and let k : [0,00) — [0, 00) be locally
integrable. Notice that the transition probabilities of the Markov process {W(t), ¢ > 0}

are given by
P(W(t) € dy|W(s) (fk‘ dr,y—x) dy, 0<s<t, zeR%
We define the function

w0 (t2) = B [ (W (6)] = B [ (2 (K(6.0))) = [ p((.0)y-2)o(w)dy, t2 0,2 € B,
(3.9)
where K (t,s) := f k(r)dr, 0<s<t, and write B(r) = B, C R? for the ball of radius

r, centered at the origin.

Lemma 4 There exists a constant cog > 0 satisfying
o (t,2) > oK% (£,0) 15, (K—é (t,0) x) (3.10)

for all x € R%, and all t > 0 such that Ka (t,0) > 1

Proof. From Lemma 3 i), ii) and radial symmetry of p (¢, -) we have, for K& (t,0) > 1



T € BKé(t,o) and z € 0Bsy, that

v (t,x) = Eolp(Z(K(t0)) + )]

> (L2 KE 015, (K5 0)e) [ oy

) dy yields (3.10). [ |
2) holds for all t > 6 and such that Ka (0,0) > 1. Define
1 i
P

50:min{(2€)p 1- () }

Lemma 5 There exists ¢ > 0 such that for all x, y € By and t large enough,

Letting co = p (1, 2) [, ¢ (v)
Fix 6 > 0 such that (1.
£

2

Px[W(s)eB s W) =y| >c

a(t—s,0)

for s €0, 00t] .

Proof. Using (1.2) and Lemma 3 i) we get

P, [W(s)eB N y}

Ko (t—s,0)
P (L) 2 )
)

- p(K(sO)wz)
b p(K(0),a—)

z

1
K o (t—s,0)
1

/ K4 (s,0)p (1,K*a (5,0) (z — z)) K~a (t,5)p (LK’é (t,s) (2 — y))
5, K6 (,0)p (1K % (1,0) (2 — )

v

dz,
(3.11)

1
with r = e ((% ) . It is straightforward to verify that K~ « (s 0) (z — z) € B,,, where
1

ry =2 ( 1) §a with § = max{l, % — 1}, hence Lemma 3 ii) and radial symmetry of
p(t,-) imply

P (I,K_é (s,0) (a:,z)) >p(ls)=a

for any ¢ € 0B,,.



Thus, the term in the right-hand side of (3.11) is bounded from below by

dz.

/ K% (5,00 K5 (t,8)p (1, K=& (t,5) (2 — y))
B K4 (t,o)p(l,K—é (t,0) (a:—y))

Qe

TS

Using (1.2), and the facts that K (¢,0) > K (t,s) and p(t,x) < p(¢,0) for all £ > 0 and
z € R?, it follows that

P W) e By, o | W (0 =y] >/B e ¥p (LEE (1) () dz, (312)

L
rso

_4d
C1€9

where ¢y = o OL)Y . Since 6 < s < dpt, we have from (1.2) and the definition of dy that

1
«@

Q=
QM

K~ (t,5) = [K (,0) - K (5,0)] = < (ext? — £200tP) = < et e,

1
where c3 = (l) “.Since y € By, z € Brs and 0 < s < dpt, we deduce that, for ¢t > 1,

€1

Qo

Yy € Btg and z € Bréogtﬁ' Letting v = max{l, réog}, it follows that z —y € B%tg, and
thus K~ & (t,s) (2 —y) € Baycy. Therefore,
p(LE 5 (ts)(z-9) = p(Le) =
for any ¢ € 0Bayc,. From (3.12) we conclude that
P, [W (s) € BK%(t—s,o) | W (t) = y] > /B i 055_%(12 =c.
]

4 Nonexistence of positive global solutions

In this section we shall use the Feynman-Kac representation to construct a subsolution of
(1.1) which grows to infinity uniformly on the unit ball. As we are going to prove afterward,

this guarantees nonexistence of nontrivial positive solutions of (1.1).

Let v solve the semilinear nonautonomous equation

81;((91;,:75) = k(1) Aav (t,2) + v (Lx) v (L), (4.13)
v(0,7) = ¢(x), zeR%

where k and ¢ are as in (1.1), and vy is defined in (3.9). Since vy < u, where w is the
solution of (1.1), it follows from Lemma 2 that v < u as well. Without loss of generality we

shall assume that ¢ does not a.s. vanish on the unit ball.



Proposition 6 There exist ¢/, ¢’ > 0 such that, for all x € By and all t > 0 large enough,

dp

dpB
v(t,x) >t exp (c"tl_%> :

Proof. Let ¢y, c1,...,cg denote suitable positive constants. From Theorem 1 we know
that

o) = [ oW €0 a9 By fexo [ o (6= s W (9)ds | W (0 =y ay

Let 6 and §p be as in Lemma 5. For any 6 < s < dot, we have t —s >t — dpt = (1 — dg) t >
0ot > 0, and therefore Ka (t —s,0) > 1. From here, using (3.10) and Jensen’s inequality,

we get

vita) = [ e E0.a-)

Sot ;
- E, [exp/e ch_TB (t—s,01p , (W (s)) ds | W(t)= y} dy

K a (t—s,0)

v

/ ey p(K(t,0),z—y)

Bi

dot
. exp/@ ch_% (t—s,0) Py [W(S)GB | W(t):y} ds dy.

K@ (t—s,0)

It follows from Lemma 3 and Lemma 5 that

dot
o(tz) > /so<y>p<K<t,o>,x—y>eXp/ cs K% (t — 5,0) dsdy
B1 0

1

dot
— [ oW @0 (LK (0 -y dyesp [k F (- 5,0) ds
B1 0
Let x, y € B1. Then K@ (t,0) (zr — y) € Bsy. Radial symmetry of p(¢,-) implies
1
p(LET 0) (@ —y)) Zp(L) =er
for any ¢ € 9By. Therefore
d dot 4B
v(t,x) > / cro (y) Ko (t,0) dy exp/ ce Ko (t —5,0)ds. (4.14)
By 0

Let cs = c7 [3, ¢ (y) dy. Using (1.2) and the fact that K (¢,0) > K (t — 5,0), the term in
the right of (4.14) is bounded below by

dot _d _a8
08K*g (t,0) exp <06 K*% (t,0) ds) > cge, "‘t*% exp [0652 @ (5@17% — Otd?))}
0
if t > 0 is large. It follows that
v(t,x) > = exp (c"tlf%> (4.15)

9



_d aB _dg
for all sufficiently large ¢, where ¢ = cge, © exp (—06952 e ) and ¢ = cgdpey . ]

As a consequence of Proposition 6, if 0 < dﬁp < 1, then 1n§ v (t,z) — oo when t — 0.
TED]

As v is subsolution of Equation (1.1), this implies that
C(t) := inf w(t,z) — oo when t — oo. (4.16)

r€EB,

Now we are ready to prove that (4.16) is enough to guarantee finite-time blow up of (1.1).
Theorem 7 If 0 < % < 1, then all nontrivial positive solutions of (1.1) are nonglobal.

Proof. Let u be the solution of (1.1), and let ¢y > 0 be such that ||u(tg,)||cc < 00.
Then

u(t+to,r) = /de(K(Hto,to),y—w)U(to,y)dy
+/Ot/de(K(t+to,s+to)>y—x)uw(sﬂo’y)dyds
> /Bp(K(t+to,to),y—w)U(to,y)dy
1
+/t/B p(K (t+to,s+t0),y — x)u'™ (s +t,y) dyds.
1
Therefore w (t,-) := u (to + t,-) satisfies

wtz) > c<t0>/Bp<K<t+to,to>,y—x>dy

t 1+
—i—/ / p (K (t+to,s+1t),y—x) <minw(s,z)> dy ds.
0 By z€B1

Using that cta <p(t,z) forallt >0 and all x € Btl, where ¢ > 0 is a suitable constant,

it is easy to see that

€ := min min P, (W (r) € By) > 0.
z€B1 0<r<K(to+1,0)

It follows that for all ¢ € [0,1],

1+
min w (t,x) > &C (to) —l—f/ <m1nw )) ds.

r€EB] z€B1

We put w (t) = ;rel}gn w(t,z), t > 0, and consider the integral equation
1

v (t) = £C (to) + € /0 o1 (5) ds,

10



whose solution satisfies

B
8 (4) — [£C (to)] 4.17
M e S T e
Choosing ty so big that the blow up time of v is smaller than one, renders
1) = mi Lz)y>v(l) =
w(l) = minw(l,z) 2 v (1) = oo,
wich proves blow up of wu. [

9 Upper estimates of the life span

In this section we obtain two upper bounds for the life span of Equation (1.1) with initial
value u(0,-) = Ap(-), where X is a positive parameter. We first consider the case of small
A>0.

Proposition 8 If 0 < dpﬁ <
for all sufficiently small )\ > 0,

n+1’ n € N, then there exists a constant C, > 0 such that

aB
TNP < Cp\ 2=dBp,
Proof. From (4.15) and (4.16) it follows that
Ot) > At~ ¢ exp( ”t1*%>

for all t > &. Recall from (4.17) that v(1) = oo provided B¢ TPCP (ty) = 1, that is, when

_dBp _dBp
BETON ()P, = exp (ﬁc"té o > =1.

Choosing # > 0 such that in addition to conditions requiered in Lemma 5 satisfies that
5 =1 then from the inequality e* > ( ), and the fact that the condition 0 < dpﬂ <

— n+1
1rnp11es dpﬂ <1- ’8 , we have that tg < t1, where t; is such that

1

1_4Bp
GO T =,

which is the same as

B (n+1)! | _as
t1 = |:ﬂ”+2§1+ﬁ(cl)ﬂ(c")n+l A dgp ,

Choosing

o (n+1) a—dBp
n— ﬁn+2§1+ﬁ<cl>ﬁ(c//)"+1
__aB __aB
renders tg < t; = Cp, A @48, Hence T), < Oy A 2=dfe for all sufficiently small A > 0. ]

11



Let us define
o(t)= [ P (£0).0)u(t.a)da,
R4
where u is the solution of (1.1), and let & > 0 be such that (1.2) holds for all ¢t > 6.

Lemma 9 If there exist 1o > 6 such that v (t) = oo for t > 79, then the solution to (1.1)

blows up in finite time.

Proof. Due to (1.2) and Lemma 3 i), we can assume that p (K (¢,0),0) <1 for all ¢t >

T0-
1 1 1
If 9 <eft and et <r < (2e;1)r t, we have, from the conditions on k& (¢), that

Q=

L ((1052)% t,r) . [ ((1052)% t,o) “Kro]_[K ((1052)% t,o)

K (r,0) K (r,0) = K<(281)§t’0> -1

1
> €1 (1082) tP 1 o _ 1
- €9 (251)tp -

1
K| (10e2)Pt,r

Using properties i) and iv) in Lemma 3, with 7 = R0) , yields
1
p (K ((1052);) ta 7") y L — y)
K ((1052)% t, 7’)
— K _
p (T? O) K (7"7 0) Y z y
_ S d 1
K (1,0 ) K (r,0

K ((1052)% t, 7") |

K (r,0)
K ((1052)% t,r> |

Qla

> p (K (r,0),2)p(K(r,0),y).

Since v (t) = oo for all t > 79, it follows that

Ol

K (r,0)
K <(1052)% t,r)

/de<K ((1062)% t,r) ,x—y)u(r,y)dyz p (K (r,0),2)v(r) = occ.

The solution w (¢, z) of (1.1) satisfies

wtw) = A [ pE 0 - newdr+ [ ([ oot egdy)

> [ ([ p@ -0 ) i

12



Thus,

1 (10e2) Pt
u ((1052)9 t, :z:) > /0

Jensen’s inequality renders

(2e1) % 1+
((1062)P t,r) > / (/ P 1062 ﬂ t r) y) u(r,y) dy) dr = oo,
R4

so that u (t,z) = oo for any t > ( ) 70 and z € R%. ]

1
Pt

</de <K ((1052)% t,r) T — y) W8 (1, y) dy) dr

Proposition 10 Let 0 < % < 1. There exists a constant C' > 0 depending on «, (3, d,
€1, €2, 0, p and @, such that

e
a—dp3 a—dppB

£9 % “
<1o€> 9 +n, A>0, (5.18)
1

Thy < {OXN P +

where 1 is any positive real number satisfying p (K (n,0),0) < 1.

Proof. From Lemma 3 we obtain
p (K (1,0),0—y) — (K (1,0), % (20 - 2y>) p (K (1,0), 22) p (K (n,0) , 2y)

= 279 (27K (n,0),2) p (K (n,0),2y) .

l\D

Therefore

wna) = A [ p(K .07 —1)¢ () dy

Vv

27\p (27K (n,0) ,z) /de (K (n,0),2y) ¢ (y)dy
= ANop (27°K (n,0),2),

where No =274 [L.p (K (n,0),2y) ¢ (y) dy. Thus, for any A >0, t > 0 and = € R?,
u(t+n,x) = Adp(K(tJrn,n),m—y)U(n,y)dy
t
+/ </ p(K(t+n7’r’+n)7x—y)ul+ﬁ(7‘+n,y)dy) dr
0 R4

Ao [ U (6 m0) 0= 0)p (27K (1,0),) dy

AV

t
+/ </ p(K(t+77,r+n)7x—y)u1+ﬂ(r+n,y)dy) dr
0 R4
K (t+mn,m) 42 “K (n,0),z)
t
/p(K(t+n,r+77),a:—y)ulw(wrn,y) dy) dr
0 R4

(t7 x)?

v
>
g

S

_l’_

v
g
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where w solves the equation
w(t,x) = ANop (K (t+n,n)+2 K (n,0),2) (5.19)
¢
+/ </ p(K(t—i—n,r—H]),x—y)w1+ﬁ(r7y)dy> dr, t>0, zeR%
0 \JRd

Hence, it is enough to prove that w is non-global, and, because of Lemma 9, it suffices to

show finite time blowup of

v(t) = /de(K(t,O) ,x)w (t,x) de, t>0.
Multiplying both sides of (5.19) by p (K (¢,0),z) and integrating, we obtain
[ p (0.0 0)w(t0) do
Rd
= )\No/ p(K(t+nmn)+2“K(n,0),z)p(K (t0),z) dv
/Rd/ /Rd K (t+n,r+mn),z—y)p(K(t0),2)w™ (r,y) dydrde
= ANop (K (t,0) + K (t +1n,1) + 2K (n,0),0)
+/0 /de(K(t—l—n,r+77) + K (t,0),y) w'™ (r,y) dydr, t>0.
Therefore
v(t) = ANop (K (t,0)+ K (t+n,m)+27“K (n,0),0)
//]Rd K(t+mn,r+n)+K(t0),y)w ™™ (r,y) dydr.
From Lemma 3 i), we have p (¢,0) < p(s,0) for all 0 < s < ¢. Hence
v(t) = ANop (2K (t+1,0)+2 K (n,0),0)
//}Rd K(t+mn,r+n) +K(t0),y) w™? (ry) dydr.
Using now Lemma 3 iii) we have,

v(t) > ANop (2K (t+n,0) +27°K (n,0),0)

! K (r,0) o
+/o (K(t+n,r+n)+K(t,0)> /Rd“K(?“?O),y)w”ﬂ (r,y) dydr.

Jensen’s inequality together with Lemma 3 i) gives

v(t) > ANop (2K (t+77,0)+2aK(77,0),0)+/0 (M)avlw () dr

= ANp 2K (t+7,0) +27“K (n,0)] _gp (1,0) +/0 <2KK(t(:i(1]7)0)> : oI B (r) dr.

14



Let f1(t) = Ka (t+mn,0)v(t) and t > 6. We have

K (0 +n,0)
2K (60 +1,0) + 20K

@ a4 ft s 3
fl(t)z)\p(l,O)No[ (n,O)] +2 /9 K= (r,0) f{ 7 (r) dr,

ol

e K (641,0)
and if N :=p(1,0) Ny [2K(9+n7(())+;]*“f<(7770)} , then

t  _ds
Fi(t) > AN + 2% / K% (r,0) 1% (r)dr, ¢ > 0.
0
Let f2 be the solution of the integral equation
ds

t
£, (t):w+2—i/ K% (r,0) 1% (r)dr, ¢ >0,
0

which satisfies

5 (1) = OM” (5.20)
L—BON) (3)* H (1)
with .
H(#)= [ K% (0)dr

0

R o _dB 1 a—dps a—dpB
H(t)252°‘/r_zdr:52a[t - ap]—>oo as t— oo.
6

d a8
[e3

Hence, there exist 7o > 6 such that 3 (3) (AN)? H (19) = 1, and therefore, J,° K (r,0)dr =
d 38 d
2%N*ﬁ)ﬁﬁ, which together with (1.2) gives [;° (527“’))_% dr < 27”‘]\7*[3)\*5. Hence

d
a—dpB 2& —_ d ag a—
T o < [O‘aﬁ POl N8 AP 4 g,
or, equivalently,
d [e3
Vo —d dB o a—dpp
70 < {WN%; AP 40 5”5} . (5.21)

From (5.20), we deduce that fa (79) = oo. It follows that
d
Ko (10 +n,0)v(10) = f1(10) = f2(10) = 0,
1
wich implies (as in the proof of Lemma 9) that w (t,z) = oo if ¢ > (10%) " 19, and thus,

1

u(t,x) = oo provided t > (10%) ’ 70 + 1. Therefore

Thy < (1082> ’ T0 + 7.
€1

We conclude from (5.21) that there exist a positive constant C' = C (o, 8,d, €1,€2,6, p, p)
satisfying (5.18). [ ]
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6 A lower estimate for the life span

In order to bound from below the life span T, of the initial value problem (1.1), we need

to assume that (1.2) holds for any ¢ > 0, and that ¢ is integrable.

Let {U (t,5)};>50 be the evolution family on Cy (R?) generated by the family of oper-
ators {k (t) Aq};>q, which is given by

Ut 0 @) = [ o@p (K (0:9),2 = p)dy =S (K (1:5) ¢ ().
where {S (?)},5 is the semigroup with infinitesimal generator A,.

Proposition 11 Let 0 < % < 1. There exists a constant ¢ > 0, depending on «, 3, d, €1,
p and @, such that
__ap
Ty, > eX @b, \ > 0. (6.22)

Proof. The function

wl=

. _
ato)i= [\ [ 100 ella] UE0e@.  tzo aert
0
is a supersolution of (1.1). In fact @ (0, ) = A¢ (+), and

_ ' 5l
P~ s [weoddia] T s o el] v 0w

1

|38 [ eoelia] ke s 600,

Since —% —1= —% we get
B+1
8@(75,15‘) -8 t Ié; _% B
ol = A =8 [ w0l U (4,0) ¢lI2.U (8,0) o (@)

T (1) A {w—ﬁ [ 1o ol dr]_ﬁwt,omx).
Using the inequality
10 (6,0) 0ll2, U (t,0) o (2) > [U (1,0 o (a)]+

it follows that
ou (t,x)
ot
showing that @ is a supersolution of (1.1). Writing L()) for the life span of w, it follows

that

> k(t)Auu (tz) + TP (t, ),

L(\) < Ty, A>0.
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Now,

7t 2) = [A—ﬂ ~6 [ 10 04l dr]_ﬁ U (1,0) ¢ (2) = o0

when \ 78 = ﬂfg |U (r,0) ||, dr. By definition of L()),

L(X)
gAY —/0 U (r,0) ]l2, dr. (6.23)
Notice that, by Lemma 3 i), ii),
U0¢@) = SEE)pE) = [ ¢)pK (0).c—y)dy
< p(LO)K % (,0)¢ll,, t>0, zeR%
Since, by assumption, (1.2) holds for any ¢ > 0, we obtain

_4d
1U (£,0) ¢lloe <p(1,0) (€22”) "= [leo]; -

. .. . . dpB
Inserting this inequality in (6.23) and using that 0 < “= < 1, we get

_as L) dpB
AP < (p(L0) ol e /0 % g

(%

= a—dpp (p(1,0) [llly) ey

a—dpB

L) =,

dag
«

which gives
acdpf O — dps

ﬂ —
o (p(1,0) lpll,) e A

L))
In this way we obtain the inequality

— dpB] o—des __ap BB ap
[W] 7 (0 (1,0) ol )70 e A~

which proves the existence of a constant ¢ = ¢ (o, 3,d, e1, p, ) > 0 that satisfies (6.22). =

Summarizing both, upper and lower bounds for the life span of (1.1), we get the following

Theorem 12 Let 0 < % < 1, and let T\, be the life span of the nonautonomous semi-

linear equation

ou(t,z)
5 = kO Acu(t ) +u ()

w(0,z) = Ap(x) >0, zeR%

where A > 0. Then

1
lim Ty, =00 and lim T, € [o, (10‘”) "0, (6.24)
—> €1

A—00

where 0 and n are any positive numbers such that 107 < K (0,0) < £20° and p (K (n,0),0) <

1, respectively.
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Proof. Due to (5.18) and (6.22),

1
af o «
e\ a=d8 < Ty, < CAx P+ <10§2> "9 +n,
1
from which (6.24) follows directly using the fact that 0 < % < 1. [ |
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