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Abstract

The occupation time of an age-dependent branching particle system is considered, where the
particles are subject to random migration, random lifetimes and branching. Under the usual
independence assumptions in branching processes, we give a characterization of the occupation
time of such branching system by means of its transition Laplace functional. In the case of
finite variance branching (and large mobility of individuals), a large time limit theorem for the

occupation time process is obtained.

1 Introduction and background

Consider a branching population in the d-dimensional Euclidean space R?, evolving in the following
fashion. Any given individual develops a Markovian migration during its lifetime 7, where 7 is a
random variable having a continuous density f, and at the end of its life it branches, leaving behind
a population consisting of ¢ € {0, 1,...} individuals, all appearing at their mother’s death position
and evolving independently in the same way as their progenitor.

When 7 has an exponential distribution it is well known that, under the customary independence
assumptions, the resulting stochastic process {X(t), t > 0}, is a Markov process, where, for each
t >0, X(t) denotes the simple counting measure on R? whose atoms are the positions of particles
alive at time t. In the literature there is a lot of work about this Markovian model. Our main
objective here is to investigate the case when 7 is not necessarily an exponential random variable,
in which case {X(t), t > 0} is no longer a Markov process. In order to get a Markov process out
of this model, Kaj and Sagitov [14] and Fleischmann, Vatutin and Wakolbinger [9] extended the

population’s phase space by attaching to each individual its remaining lifetime.



In this work we will Markovianize the process {X(¢), t > 0} by means of the ages of particles.
This is done by considering a population in R x R? where the first component ¢ represents the
age, and the second component z, the position of an individual d; .y, (t,z) € R x R%. With this in
mind, we need to re-formulate our model, and this is done rigorously in section 2.

We need some notations. Recall that the age and position of an individual are described by a

point e = (u,z) € E:= Ry x R% Let ¢; = (u;, ), i = 1,2, and define
de(er,e2) = LA |up — ug| + |21 — 2],

which is a metric in F making (F,dg) a Polish space. Recall that the (spherically symmetric)

a-stable process is a Markov process {&;,t > 0} in R? with infinitesimal generator
Ny = _(_A)Q/Qa

where a € (0,2] and A is the d-dimensional Laplacian. We denote by {Z,%,t > 0} and {p(.,.),t >
0} the corresponding semigroup and the transition function, respectively. When there is no danger
of confusion, we shall simply write 7; and p;.

Let p € (d,d + «] be fixed, where « is the index of the stable process. Define the reference
function ®,(z) := (1 + |z[?)77/2, z € R?, and let C,, := C,(E) be the space of continuous functions

1 : E — R such that
¥(u, )
Pp ()

[¢[| := sup
(u,z)€EFE

Y

the map -~
P(u, x
Py () ’

(u,z) —

can be extended continuously to a function over E := R+ x R% | where R+ and R are the one-point
compactification of Ry and R%, respectively. The vector space (C,, ||.||) is a separable Banach space.

We finish this section by recalling some facts about the so called age-process, as it is described
by Joffe [13]. Let 7 be a random variable whose distribution function F' is supported on [0, 00)
with F/(0) =0 and F(u) < 1 for all u € [0,00), and having a continuous density f. Let {7;}5°, be
a sequence of independent copies of 7.

Let {m,t > 0} be the stochastic process defined as follows: assume that 79 = u, where u €
[0,00). Then n; increasses linearly for ¢ € (0,71 — u), and jumps to 0 at 71 — u. Again 7; increases
linearly between (71 — u, 71 — u+ 72) (now starting from 0), jumps to 0 at 71 —u + 72 and so on. As
we can see, {7y t > 0} is a renewal proccess, and the random variable 7, represents the age since

the last renewal. The process 7 is called age-process.



Now we are going to write down the semigroup S associated to the age-process. Let us define
F,(v):=P(r<u+v|7>u),

for u,v € [0,0), and write F'(u) := 1 — F(u). Let ¢ : Ry — R be a bounded uniformly continuous

function. Then, for ¢,u € [0, c0)

Sipt) 1= plu+ ) g + [ olt =P —s)
+ /0 pt—s—v)F(t—s— v)dU(v)] dF,(s), (1)

where U is the renewal function U(v) = Y220 F*'(v). If we take ¢ to be a differentiable function,

then we can write down the infinitesimal generator A of the age-proccess by

Ap(u) = ¢ (u) + A(u)[(0) — p(u)], (2)

where \(u) = f(u)/F(u).

2 The Model

We consider the following branching model: assume that a particle living in R? develops a Marko-
vian migration ¢ during its random lifetime 7. When it dies, it procreates a random number ¢ of
new particles, where ( is an integer-valued random variable. This random number represents new
(i.e. zero-aged) particles that are positioned at the same point where the progenitor died. All of
these new particles behave independently in the fashion described above. The migration process
of each particle is characterized by the stable process £, described in Section 1. In addition, we

assume that the probability generating function (pgf) of ¢ is given by
B(s) :=Es® =5+ c(1 —s)HP, (3)

where |s| <1, 8 € (0,1] and ¢ € (0, ﬁ] In particular EC = 1, that is, the branching is critical.
When =1 and ¢ = 1/2 we get the critical binary branching.

Let M := M(R, x R%) denote the space of Radon measures on the Borel sets of R} x R?, and
let NV := N (R, x R%) € M be the subspace of counting measures. We will denote by My and N
the corresponding subsets of finite measures. Our branching population is properly described by a
stochastic process {X; : ¢t > 0} taking values in Np. In particular, if X; = >"}_, O(y k) We have at
time ¢, n particles where the k-th particle has age nf € R, and position & € RY. More generally,
X;([a,b] x B) is the number of particles at time ¢ in the set B € R? with ages in the interval [a, b).

The process X is a Markov process.



3 The Basic Process

In this section we consider the average motion of individuals. Such displacement is described by a
process & := {(n(t),&(t)) : t > 0} which takes values on R x R? where the process 1 represents
the age of the particle and ¢ its position on R?; here ¢ is the a-stable Lévy process with o € (0, 2].
We denote by T the semigroup correponding to §~ .

Our first goal is to find the infinitesimal generator and an invariant measure for the process &.

First, we find the infinitesimal generator. The jumps of the process f that we are interested in
are when the particle dies, i.e., the jumps of the process  which ocurr at rate A\(u) := f(u)/F(u),
where u € Ry and F(u) := 1 — F(u) (See [18], p. 480). This means that, if R is the first jumping
time of 7, then

P{R>t+ulR>u}=e" L Als)ds 4, > 0.

The infinitesimal generator of the process &, which we will denote by £, is given in the following

proposition.

Proposition 3.1 The process {é’t,t > 0} is a homogeneous Markov process whose infinitesimal

generator L, is given by

£6() = P20 A 2) — A7) 60,2, (@

where 1 : Ry x RY — R is any bounded function such that (.,x) € CL(Ry) for all x € RY, and
Y(u,.) € Dom(Ay) for allu € Ry.
Proof: We need to find the limit

L()Y(u,z) = lﬁ% h'E [w(gwh) - ¥(u, x)‘gt = (%37)] , for every ¢ >0.



For each t > 0 we have that:
PUE [6(En) — (@)l = (u,2)]
= BB [p(En)lé = (wa)| — h(u,x)
h h wtr
R {e_f:+ )\(S)ds'];laﬂ)(u+h,.)($) +/ )\(qur)e_fu A(s)ds
0
[ LG s = O] = ()

= e B (T g ) (a) — T, ()]

e BTNOE [Ty, (@) — (o, )] + 7 (e TAOR 1) g, )
h u+r ~ ~
+flz/ Mu+r)e™ i AOBTOR(E ) | &y = (0,.)])(z)dr
0

Therefore, letting A tend to infinity and applying the strong continuity of 7% in the first term

on the last equality, we get (4).<

Remark 3.2 Taking (u,x) = 9(u) in the preceding proposition yields the expression (2) for the

infinitesimal generator of the age-process.

Now, we will focus on finding an invariant measure for S and with this at hand we obtain an
invarinat measure for 7.

Let ¢ be a function from Ry x R? to R such that ¢ (u, z) = ¢ (u)ip(x), for each (u, z) € Ry xR
Then, for each t > 0, §;73¢(u, x) = Seip1 (u) Typa ().

In fact,
lim SiTyp(u, x) — f(u,x) ~ fim Sptp1 (w) Typa(z) — Y1 (u)ha(x)
tl0 t t10 t

= lim {Sen (W) [Tepa(x) — P2(2)] + P2(2)[Sep1 (u) — h1(u)]}

awl (u)
ou

() Antin(2) +w2<x><
= ﬁT,ZJ(U, IL‘),

A ()1 (0) W)])

where the last expression is obtained using the strong continuity of {S; : ¢ > 0} and {7; : ¢t > 0}.

Similarly, we have that

lim ﬂstw(ua -7;) B ¢(Ua .le)
10 t

= LY(u, ).
Therefore, by Stone-Weierstrass’ Theorem, for each ¢t > 0 T, = §7, in C'p.

)



Lemma 3.3 The semigroup {S;,t > 0} has an invariant measure G* which, for any ¢ € C}(R4),

/0 uw)G* (du) / / s)dsf(t)

Proof: First, we observe that it is enough to show that

s given by

/0Oo Ap(u)G* (du) = 0.

Applying Fubini’s Theorem we have that

/0 Ap(u)G*(du) = / / [0/ () + A1) [0(0) — p(w)]] duf (t)dt

= // u)duf(t dt+/0001f(;z /f

- /0 [0(0) — o(u)]f (u)du + /0 OO[so(u)—so(O)]f(u)
= 0,

where the last equality is because ¢ is bounded. Therefore, G* is an invariant measure for §.<

Remark 3.4 In the case that the lifetime has finite mean, {Sg;t > 0} has a unique invariant law

(/5] pag. 130),which is denoted by G and is given as follows:

/ é du) / / s)dsf(t)
0
where [ is the mean of the lifetime.
Notation: If ;1 is a measure and 1 is a p-intregrable function, < u,v >:= [ fdu. * will denote

integration with respect to the age component and e denotes integration in the spatial component.

The next proposition shows the existence of an invariant measure for 7'.

Proposition 3.5 The product measure G* x A is an invariant measure for {Tj,t > 0}.
Proof: We know that A is an invariant measure for the semigroup {7; : t > 0}. Then, for ¢ € C'p
and t > 0 we have, by Lemma 3.3, that
<G X N Thr(0)ha(e) > = < G* x A, (STi)) (*,0) >
= <G <A (ST)) (x,0) >>
= <GS <A (T)(x,0) >
= <G Si(< A Y(x,0) >) >
= <G <A Y(x,0) >>
= <G XA Y(x,0) >



Therefore, G* x A is an invariant measure for the semigroup {Tt 1t >0}.

4 Age-Dependent Branching Particle System

In this section we will derive the infinitesimal generator for the branching particle system on certain
cylindrical functions. Namely, let 1 be a function from R x R? to (0, 1] with compact support and

such that ¢ € Dom(L). Given v € M define
Gy(v) :=exp < v,logy > .
The infinitesimal genertor of {X;;t > 0}, evaluated at the function Gy (v), is defined as follows:
GGy (O(u,r)) = lim tE [Gy(Xe) = Gy (Oum)) | Xo = S(ua)] -

We note that, due to the independence assumptions between branching mechanism and diffusion,

L can be expresed as

ﬁGw(l/) = BG¢(V) + DG¢(V),

where B corresponds to the branching part and D to the diffusion part.

Firstly, we evaluate the branching part, this is given by

BGy(v) = <, M%) ) pr [Gp(v — 8,y + kd0,)) — Gy(v)] >
k=0
= < A(x -1
[ 1>
= Gyv) <1, A(%) 2(4(0,.)) ‘1”(*") > (5)

Now, we want to see what the diffusion part is. Let 7. be the time of the first branching and

assuming that Xo = >7'_; 61, 4,) We get that

[ (Xh)|X0,T*>h]P(T*>h|T1>u1,---,Tn>un)
n up+h ui+h
— e_f k /\(T)d’f‘,];lqs(uk + h,vak) H e_ jujj A(T)dT,Z—I«le(u] + h7 Z'J)
k=1 i=Li#k

Therefore, by independence between the particles we have that

uk"—h A(r)dr

E[Gy(Xn) — Gy(Xo) | Xo] =[] e~
k=1

Tho(ug + h, zr),

EN |



hence,

DGy (Xo)

%fgh 'E[Gy(Xn) — Gy(Xo) | Xol

n _[u +h
11«1?8 " [H Sl 2O g + by ) —
P

lim At
i [He

u +h LC _ [upth \dr
+ H e w0 w(uk + h,z1) — H e Ju T M Y (ug, )

k=1

T (ug;, wk)]

— JaEN — [N dr

rThw(uk +hyop)— | |e T d(ug + h, xy)

—- T

k=1

uk+h)\ n
+H ~ W (uk, z) — [ ] o Uk;afk]
k=1
n

> [Aaw(uk,ﬂck) + aiw(uk,wk) = Mup) ¥ (ug, vp ] H P(uj, j). (6)

k=1 J=1j#k

We will prove the last equality only for n = 2, for general n the calculations are similar but

more involved.

Take n = 2 and denote by (I), (II) and (III) the first, second and third term, rescpectively, on

the third equality.

Note that, by applaying the chain rule to the third term we get that

(I11) Z)\uk I v,z

J=1j#k

For the second term,

. 2 — fuk+h A(r)dr 2 — f"k+h A(r)dr
lim | []e Glug + hyxp) — [[ e ™ Y(ug, vx)

10
k=1 k=1
]ﬁflol h*l {6 f:llJrh )\(T)dT[w(ul + h7f131) _ 'l/)(u1,x1)]87 f;22+h /\(T)dr’l/}(u27{1§'2)
_ [u2th oy oyap vith N (P dr
+e i 2Oy by wg) — p(ug, mo)]e Tl A ¢(u1,9«“1)}
(2, 22) o, 1) + (w1, 21) tp (i3, 72)
Uz, T2 ou Uy, T1 Uy, T ou u2,r2).



Finally, we evaluate the first term

2 up.+h 2 ur.+h
(I) = limh™! [H e Juk )\(T)dT'Z;ﬂ/J(uk +h,xp) — H e )‘(T)drcb(uk + h, ark)]
k=1

110
k=1
— [t X (rYdr — [“2Th X\ (r)dr
- I}g%h_l{e Fal A Ty + by 1) — (g, e)]e T A OT T (ug, )

— [r2th o\ (2 dr = [ Ay
e Jur A OTIT h(uy + hywa) — Plug, wa)Je T 77#!)(“179”1)}

= (ug, 2)Aath(ur, z1) + P(u1, 21) At (uz, v2).

Therefore, by (I),(II) and (III)we have shown (6) for n = 2.
Note that, (6) can be written as

Aath(x,.) + Zap(x,.) — A)(x, )

DGy (v) = Gy(v) < v, e

> (7)

hence, adding (5) and (7) we get that

GGy(v) = Gy(v) < v, 2 ¥ M*iﬁfﬁ?’ V=90 (s)

Now, we summarize the above discussion in the following proposition.

Proposition 4.1 Let {X;,t > 0} be the branching particle system. Then for each v € Dom(L)
such that 0 < ||| <1 and ¥ > 0, the process

Mt — €<X't,log'¢)> . /t €<X'S,logw> < X57 ‘Cw(*? .) + A(*)qgf(@b()ov .)) — ¢(07 .)]
0 *, ®

> ds, (9)

s a martingale.

5 Occupation Time

Given an M-valued process {Y;,t > 0} and ¢ : R, x R — R, a measurable compact supported

function we define the occupation time process {J;,t > 0} as follows

t
Vil ::/ <Y, > ds.
0

In this section we will study the occupation time of the process X. Our goal is to show that
the occupation time satisfies an ergodic theorem (a kind of strong law of large numbers).
Occupation time has been extensively studied in the context of branching particle systems

where the particles’ lifetime are exponentialy distributed, (see [4],[15],[1],[2]). Also, [11] and [8]



studied it in the context of Dawson-Watanabe supperprocess, i.e., measure-valued processes which
are diffusion limits of branching particle systems with exponential life times.

Cox and Griffeath [4] proved the following central limit-type theromen for the occupation time
of the critical binary branching Brownian motion, as ¢t — oo

A 14 A>t
7. SR N0,
t

where b; is a function that depends on the dimension and also ¢ changes with the dimension.
Méléard and Roelly [15] proved that the braching particle system with exponential lifetimes and

a-stable migration on R satiafies an ergodic result. Namely, as ¢ goes to infinity
< Toh >B< Ayp > .

Bojdecki et. al. ([1],[2]) studied the fluctuations of the reescaled occupation time proccess of
this branching system. They have obtained different new process for example fractional Brownian
motion and sub-fractional Brownian motion.

Iscoe [11] has several central limit-type therems for the occupation time in the context of

supperprocesses. See also, Fleischmann and Gértner [8] for more results on this direction.

6 An Ergodic Result

This Section is concerned with the extension of the ergodic result of [15] to the general case:
particles’ lifetime is any distribution function with continuous density. In fact, we shall show the

following theorem.

Theorem 6.1 Let d > «, and let [ € C'p be such that f(u,x) = fi(u)fo(xz). Then, ast — oo

SIS >es g

To prove this theroem we will need some preliminaries result. The following proposition gives

the joint Laplace functional of the branching system and its occupation time.

Proposition 6.2 Let ¢, be a nonnegative, measurable compact supported functions from [0, 00) X
R? to Ry. Then, the joint Laplace functional of the branching particle system and its occupation

time is given by

<X p>— [I<Xg,d>ds| _ —<G*xAVYp>
E[e > [y <Xsé }_e v

10



where Vtw(;ﬁ satisfies

V(. 7) = £V, 0(u, )~ AW @1~V 9(0, 7)) ~ (1= V" 9(0,2)) [+ 6(u, )1~V p(u,2)), (10)

Voo (u, ) =1 — e~ V(e

Proof: First we note that, we can extend Proposition (4.1) to a time-dependent function . For
example, Wr}p_t¢ for t € [0,T] with T > 0 fixed, where Wt¢¢ is the solution of the following partial
differential equation

QWb 2) = LW 6(u,2) + M) B, 0(0,2)) — WY 6(0.2)] — F,2) W g(u, )

with initial condition Wébd)(u, z) = e ¥(wa),

We see that, for T' > 0 fixed, (9) can be written as

t

_ " ~ B 4
Mt{ — 6<Xt,logWT_z¢> _ / < X5, 0> €<Xs,logWT_s¢>>ds,

0
hence M’ is a martingale on [0, 7.

Now, applying Corollary 2.3.3 of [6] to M’ we get that

t
M; :=exp << Xt,logW}p_tgé > —/ < Xs; ¢ > d8> )
0

is a martingale on [0, 7.
Then, taking expectations and ussing the martingale property of M we have that
E |:e—<Xt,d)>—fg<Xt,¢>ds:| - E |:€<X0,10thw¢>:|

N e—<G*><A,1—Wtw¢>,

in the last idnetity we are ussing the fact that the initial population is Poissonian with intensity
measure G* x A. Finally, to finish the proof denife Vtwqb =1- W;/JQS.Q

The next Lemma gives the mean of the occupation time.

Lemma 6.3 Let ¢ : R. x RY — R, be a measurable function with compact support. Then, for
each t >0

EG’*XAjtd) =< ¢,G" x A >t
Proof: Given k > 0 define

Li(k¢) = E|eFlo<Xsg>ds

e—<G*><A,Vt(k¢)>’ (11)

11



where V;(k¢) satisfies (10) with ¢ substituted by k¢ and i) = 0.

Now, we note that

d
EG*xAqu(ﬁ = —%EG*xAGXP—‘ﬂW li—o+

d * *
= < @Vto(ké),G X A>exp— < V(k¢),G* X A > |+ -

Then, defining V;¢ := d%V;O(qu) lh—o+ and recalling that V;°(0¢) = 0, we obtain

Voo(u,z) = 0.
Therefore,
t
Violusa) = [ Ticolu,o)ds,
0
consecuently

EG*XA\7t¢ = <Vip,G* x A >

t
= </ Ti—spds,G* x A >
0

t
= / <), G* x A >ds
0

= <¢,G"xA>t«
The next Lemma gives a bound for the variance of the occupation time.

Lemma 6.4 Let ¢ : Ry x RY — Ry be a measurable function with compact support such that

b(u, ) = ¢1(u)p2(x) for all (u,z) € Ry x R Then, for eacht >0

Var‘jt‘b < CI)”(l)K¢2>1 < G*,A > Cte(¢2)(t+t3_d/a)

+2Ky4, < G*, 1 > Cte(qbg)(t + tzfd/a). (12)

Proof: Deriving V;(k¢) with respect to k (under the assumption that 5 = 1) and ussing equation
(10), we have that

0? bl 9
iz Viko)(w.z) = A Vi(ke) () + du, 2) (1= Vi(k)(0,2)) — ko, 2) 5 Vi (ko) (u, )
() [~ 81 = Vi(k)(0, 2)) e V() (0, 2) + e Vi(kd) (0, )

0K 0K

12



and

O ke ww) = A Vilke) (1) — 26(0, 2) - Vilk) (1, 2) — kbl 2)-2es Vi), )
SRzt o)(u,x) = Rz o) (u,x) — 2¢(u, BY ek o) (u, x o(u, x SRV o) (u, x
2
) |9 (1= Vi(ke) (0, 2)) (ai(wk@(u x))
0?2 0?2
(1= i(10) 0,2) 57z Vilko)0.2) + 5 Vi(ke)0,0)
Letting V¢ = %Vt(k‘qﬁﬂk:m we get that

From Lemmma (6.3) and (13) we obtain

t
%¢<u7x) :/0 TS

—A(w)®" (1) (/0 T,,qs(u,m)dr)Z — 2¢(u, z) /0 T,é(u, x)dr] ds.

Note that, Var < T}, ¢ >= — < G* x A,thﬁ(*,o) >. Then,

«)®" (1 (Asi¢0gqm>2

+264(*, ) /0 Trqﬁ(*,o)dr} ds >

= /Ot < G* x A M\(x)8"(1) </OS TTQS(*,O)dr)Q > ds

t s
+2/ < G x A, P(x, o)/ T, ¢(x, @)dr > ds
0 0

Var < Jp, 0 > = XA/

Let (A) and (B) be the first and second term, respectively, in the last equation. Then for

¢(u, ) = ¢1(x)¢a(x) and t > 0, Typ(u, x) = S;1 (u) Tro ().
Note that < G*, A >< 00. In fact, by Fubini’s Theorem we have that

/OOO </0t)\(s)ds> F(t)dt
_ /OOO 1 f(s)(s) </°o f(t)dt) ds

= 1

<G\ >

13



Afterward,

(4) = /Ot < G* x A N5)D"(1) </O ST¢1(*)’]}¢2(0)dr>2 > ds

IN

t s 2
/ < GF x A A(x)D"(1) K3, </ Trcbz(-)dr) > ds
0 0
2

= /t < G AP()KG, >< A, </ wz(-)dr) > ds
0 0

t s 2
= (1)K < G* A(x) > / <A, (/0 Z¢2(o)dr> > ds,

0

where Ky, is such that for all t > 0, ||Si¢1]| < Ky, . Also, it can be proven that

t s 2
/ <A, </ Tr¢2(')d7“> > ds < Cte(dy)(t + 379,
0 0

and consecuently,

(A) < ®"(1)K3, < G*, X > Cte(go)(t + t3*).
Similarly, for ¢; such that < G*, ¢ >< oo we obtain that
B) = 2 [ <6 <A 6i)nle) [ Setn (I Ton(orir > s
< 2/; < G* x A, 1 (%) da(e) Ky, /Osmz(.)dr > ds
— 2K, < G (%) > /Ot < A, (o) /057;¢2(.)dr > ds,
where

t s
/ <A, ¢2(°)/ Trp2(e)dr > ds < Cte(p2)(t + tQ—d/a)’
0 0

hence,

(B) < 2Ky, < G*,¢1 > Cte(p)(t + 274,

Finally, adding the bounds for (A) and (B) we get the result.<
Proof of Theorem 6.1. Applying Chebyshev’s inequality we have that for each ¢ > 0 and
e>0

< 1
— $2¢2

_ * 5 A
P{’<‘7t’¢> <G x 7¢>‘>e} Var < Je, ¢ > .

t

14



Let a € (1,00) and k,, = a™, for n € N. Then, by Lemma 6.4

ZP{|<Jkn,¢>—<G ><A,¢>|>€}

kn,

n=1
< S Vv
< 622:1 ar < Jg,, ¢ >

1 2 o = 3—d/ay /1.2
< 62{@”(1)K¢1<G,)\>Cte(¢);(kn+kn /Y /K2

+ 2Ky, < G*,¢1 > Cte(¢ Z (ki + k2~ /k2}

1 2 * = (1-d/a)n
< 62{@”( VK3, < G*,\ > Cte(¢ nZ::l n g qUmd/om)y

+ 2Ky, < G*, 1 > Cte(o) Z(a_” + a(_d/o‘)n}

n=1

< Q.

Hence, by Borel-Cantelli’s Lemma

]- C.S.
. < Tppy @ >5< G XN o>,

as n — OoQ.

Now, let t > 1 be fixed, then there exists n € N such that a” < ¢t < a"*! and

<jan,¢> < <$,¢> < <ja"+1>¢>

" t = an ’
then,
<G* XA P> e/ .. < >
—’gﬁghm $’¢ <hmsupﬂ§< G*x A ¢ >a,
a t%oo t—00 t

the last inequalities are true for all @ > 1. Letting a — 1 we get the result.

Remark 6.5 If the lifetime has an exponential distribution with mean \=', ¢1 = 1 and G* changes

to G then Theorem 6.1 reduces to Theorem 4 of [15].
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