Comunicooiones del C||\/|AT

ON K-B QUASI-JORDAN ALGEBRAS AND THEIR
RELATION WITH LEIBNIZ ALGEBRAS

Raul Velasguez and Radl Felipe

Comunicacion del CIMAT No 1-10-10/15-12-2010
(MB/CIMAT)

R o T

CIMAT



del CIM AT

ilcaclones

C om un

On K-B quasi-Jordan algebras and their

relation with Leibniz algebras
Rail Velasquez® and Raiil Felipe’®

“Departamento de Matematicas
Universidad de Antioquia
Calle 67 N 53-108, Apartado Aéreo 1226
Medellin, Colombia.

*CIMAT
Callejon Jalisco s/n Mineral de Valenciana
Guanajuato, Gto, México.

‘ICIMAF
Calle F esquina a 15, No 309. Vedado.
Ciudad de la Habana, Cuba.

Abstract

In this paper we show some basic properties of quasi-Jordan alge-
bras and we study the definition of Leibniz-Jordan algebra introduced by
P. Kolesnikov and restrictive quasi-Jordan algebras introduced by M. R.
Bremner. We show that these definitions are equivalent and we define
K-B quasi-Jordan algebras. We present a characterization of K-B quasi-
Jordan algebras by Jordan bimodules and construct right units over a K-B
quasi-Jordan algebras.

On the other hand, we prove that there are inner derivations (classical
and left derivations) in K-B quasi-Jordan algebras, we find the relationship
between K-B quasi-Jordan algebras and Leibniz algebras and we construct
Leibniz algebras from K-B quasi-Jordan algebras.

2000 Mathematics Subject Classification (MSC2000): 17C50, 17A32.
Key words: Dialgebras, Liebniz algebras, Quasi-Jordan algebra.

Introduction

There are three strongly related algebras: Associative, Jordan and Lie
algebras. It is known that any associative algebra A becomes a Lie algebra
under the skew-symmetric product (Lie bracket) [z,y] := zy — yx and at
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the same time it becomes a Jordan algebra with respect to the product
z ey := L(xzy+ yz). On the other hand, it is known that the universal
enveloping algebra of a Lie algebra has the structure of an associative
algebra. Finally, we recall that from the works of J. Tits, I. Kantor and
M. Koecher follows that any Jordan algebra can be embedded into a Lie
algebra.

In 1993, J. L. Loday introduced the notion of Leibniz algebras (see
[15]), which is a generalization of the Lie algebras where the skew-symmetry
of the bracket is dropped and the Jacobi identity is changed by the Leib-
niz identity. Loday also showed that the relationship between Lie algebras
and associative algebras translate into an analogous relationship between
Leibniz algebras and the so-called Dialgebras (see [15]) which are a gener-
alization of associative algebras possessing two operations. In particular
Loday showed that any dialgebra (D,-,F) becomes a Leibniz algebra
Dpeip under the Leibniz bracket [z,y] := x 4y — y - = and the universal
enveloping algebra of a Leibniz algebra has the structure of a Dialgebra
(see [15] or [16]).

On the other hand, the authors have introduced the notion of quasi-
Jordan algebras over fields of characteristic other than two. These algebras
satisfy the identities

z(yz) = z(zy)
and
(y)a® = (ya*)z,

The quasi-Jordan algebras will have a relationship the Leibniz algebras
similar to the one existing among the Jordan algebras and the Lie algebras.
In fact in [18] we attached a quasi-Jordan algebra L, to any ad-nilpotent
element z with index of nilpotence 3 (Q-Jordan element) in a Leibniz
algebra L. Thus the quasi-Jordan algebras are a generalization of Jordan
algebras where the commutative law is changed by a quasi-commutative
identity and a special form of the Jordan identity is retained. In [18] we
showed a few results about the relationship between Jordan algebras and
quasi-Jordan algebras. Also, we compared quasi-Jordan algebras with
some known structures.

In Addition, Veldsquez and Felipe introduced the concept of split
quasi-Jordan algebras and add right units to split quasi-Jordan algebras.
In [19] the authors studied the relationship between quasi-Jordan algebras
and split quasi-Jordan algebras. In particular, they showed that every
quasi-Jordan algebra is isomorphic to a subalgebra of a split quasi-Jordan
algebra.

Independently, K. Liu introduced the notion of generalized Jordan
algebra from associative Zy-algebras over fields of characteristic other than
two and three (see [12]). The generalized Jordan algebra satisfies three
identities, the first two identities are the same identities in the definition of
quasi-Jordan algebras, and the third identity, called the Hu-Liu identity,
is

(‘T7 Y, $2) = 2(1‘27 Y, 1‘),
where (-, -,-) denotes the associator.

More recently, P. Kolesnikov introduced the notion of Leibniz-Jordan
algebras over fields of characteristic other than two and three (see [11]).
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The Leibniz-Jordan algebras were obtained from the relationship between
conformal algebras and dialgebras and satisfy three identities, the first two
identities are the same identities in definition of quasi-Jordan algebras.
The third identity is

(z,y,2°%) = 2(zz,y, ).

In 2008, M. R. Bremner, using computer algebra, introduced the defini-
tion of restrictive quasi-Jordan algebras over fields of characteristic other
than two and three (see [1]). The definition of restrictive quasi-Jordan
algebras are obtained from the Jordan product

1
xy:g(w4y+ny)7

where z and y are elements in a dialgebra D.

These algebras satisfy three identities, the first two identities are the
same identities in the definition of quasi-Jordan algebras. The third iden-
tity is

(y,2°,2) = 2(y, z, z).

M. R. Bremner and L. A. Peresi showed in [2] that there exist ex-
ceptional (non-special) restrictive quasi-Jordan algebras, i.e. there exist
restrictive quasi-Jordan algebras that are not generated by dialgebras.

Finally, we show that the definitions of Leibniz-Jordan algebras and
restrictive quasi-Jordan algebras are equivalent, and we called this al-
gebras K-B quasi-Jordan algebras. Moreover, this definition implies the
Liu’s definition of generalaized Jordan algebra.

In this paper we will work with K-B Quasi-Jordan algebras.

1 Leibniz algebras and dialgebras

Around 1990, J. L. Loday introduced the notions of Leibniz algebras and
dialgebras (see [15] and [16]). Leibniz algebras are a generalization of Lie
algebras where the skew-symmetry of the bracket is suppressed and the
Jacobi identity is changed by the Leibniz identity.

Definition 1 A Leibniz algebra over a field K is a K-vector space L
equipped with a binary operation, called a Leibniz bracket, [-,-] : LXL — L
which satisfies the Leibniz identity

[z, 1y, 2]] = [[,9], 2] — [[=, 2], 9], forall z,y,z€ L (L)

Example 2 Let (A,d) be a differential associative algebra. Therefore
d(ab) = da b+ a db and d> = 0. Define the bracket on A by the for-
mula

[a,b] :=adb—dba
The vector space A equipped with this bracket is a Leibniz algebra.

It is known that the universal enveloping algebra of a Lie algebra has
the structure of an associative algebra. Loday showed that the relationship
between Lie algebras and associative algebras can be translated into an
analogous relationship between Leibniz algebras and dialgebras.

Dialgebras are a generalization of associative algebras with two asso-
ciative products.
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Definition 3 A dialgebra over a field K is a K-vector space D equipped
with two bilinear associative products

4D x D — D
F:DxD— D
satisfying the identities:
zdydz)=xd @k 2) (D1)
(zhy) dz=2F (yd2) (D2)
(zhykz=(xdy) =z (D3)

This example of dialgebra was studied by R. Felipe, F. Ongay, N.
Lépez and R. Veldsquez (see [4]).

Example 4 Let V be a vector space and fix o € V', where V' denotes the
dual space of V. Then one can define a dialgebra structure on V' by setting
z 4y =p(y)z and x -y = p(x)y, denoted by V,,. If ¢ # 0, then V, is
a dialgebra with non-trivial bar-units (e € D such that x He=x=eF
for all x € D). Moreover, its halo (set of bar units) is an affine space
modelled after the subspace Kery.

If D is a dialgebra and we define the bracket [-,-] : D x D — D by
[,y :=xHdy—yFa, forallz,ye D,
then (D, [,]) is a Leibniz algebra.
Moreover, Loday showed that the following diagram is commutative
Dias — Leib
T T
As = Lie

where Dias, As, Lie and Leib denote, respectively, the categories of dial-
gebras, associative, Lie and Leibniz algebras.

2 Quasi-Jordan algebras

In 2008, R. Velasquez and R. Felipe introduced the notion of quasi-Jordan
algebras (see [18]. Quasi-Jordan algebras are a generalization of the
Jordan algebras for which the commutative law is changed by a quasi-
commutative identity and a special form of the Jordan identity is retained.

Definition 5 A quasi-Jordan algebra is a vector space S over a field K
of characteristic other than 2 equipped with a bilinear product < : I X ¥ —
& that satisfies

< (y<z)=xz<4(z<y) (right commutativity) (QJ1)

(yaz)az® = (yaz?)az (right Jordan identity), (QJ2)

for all z,y,z € ¥, where z? = x <.
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If we translate the quasi-multiplication (Jordan product) to the dial-
gebra framework, we obtain a quasi-Jordan algebra.

If D is a dialgebra over a field K of characteristic other than 2 and we
define the product <: D x D — D by

1
qu:zi(m’%y—i—yl—x), (<)

for all z,y € D, then (D;<) is a quasi-Jordan algebra.

If D is a unital dialgebra, with a specific bar-unit e, we have that
x<e =z, for all z in D. This implies that e is a right unit for the algebra
(D,<).

Example 6 Let V be a vector space over a field K with characteristic
other than 2 and let gl™ (V) be a Jordan algebra of linear transformations
over V' with product defined by

AeB= %(AB—i—BA),

We consider the vector space gl™ (V) x V and we define the product
(gt V)x V) x (T (V) x V) = glt (V) x V by

(A,u)<(B,v) = (Ae B, Bu)

forall A,B € gl(V) and u,v € V.. Then (gi* (V) x V,<) is a quasi-Jordan
algebra.

Moreover, (Id,v) is a right unit for all v € V, but (Id,v) is not a
left unit. If the field K has characteristic zero, then glt (V) x V is a
power-associative algebra.

Definition 7 For a quasi-Jordan algebra & we define
Z"(S)={z€8|raz=0, Vz € S},

and we denote by ™" the subspace of & spanned by elements of the form
Ty —y<dx, with z,y € .

We have that S is a Jordan algebra if and only if 3" = {0}. Besides,
[t C Z7(9).

We have the following properties of 3" and Z" (<)

Lemma 8 Let S be a quasi-Jordan algebra. Then S and Z" () are
two-sided ideals of . Moreover,

(Z7(3) <) C """

Let (S, <) be a quasi-Jordan algebra. If we consider the quotient alge-
bra Syor := J/3"", then we see that Syor is a Jordan algebra.

Besides, the ideal "™ is the smallest two-sided ideal in & such that
J/39"" is a Jordan algebra.

The quotient map 7 : & — $jor is @ homomorphism of quasi-Jordan
algebras. Moreover, 7 is universal with respect to all homomorphisms
from & to another Jordan algebra J, this is equivalent to say that the
following diagram commutes
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A right unit in a quasi-Jordan algebra & is an element e in & such
that x <e =z, for all x € 3.

Let & be a quasi-Jordan algebra, if there is an element € in & such
that e<qx = x then S is a classical Jordan algebra and € is a unit. For this
reason we only consider right units over quasi-Jordan algebras.

We denote by U, (S) the set of all right units of a quasi-Jordan algebra

$. A right unital quasi-Jordan algebra is a quasi-Jordan algebra with
a specified right unit e.

Example 9 Let V be a vector space and fix o € V' with ¢ # 0. We
define the product < : V. xV — V by x <1y = ¢(y)z, for all z,y € V.
Then (V, ) is a quasi-Jordan algebra and all elements x in V such that
p(x) # 0 define a right unit x/p(z). Moreover, U.(V) is an affine space
modelled after the Kery.

We will show the following characterization of the ideal I*"" and the
set U, (S) of all right units.

Lemma 10 Let  be a right unital quasi-Jordan algebra, with a specific
right unit e. Then
%ann — Z’V‘((\})7
oann

" ={z € Slexz =0}

and
Ur(S) = {z + e|lr € "}

3 Kolesnikov’s and Bremner’s definitions

In 2008 Pavel Kolesnikov (see [11]), using techniques of conformal alge-
bras, showed that the product (<) satisfies the identities

z(yz) = z(2y), (K1)
(y(z2))u + (y(zu))z + (y(uzr))z = (yx)(2u) + (y2)(uz) + (yu)(zz) (K2)
z(y(zu)) + ((zu)y)z + ((x2)y)u = (zy)(2u) + (22)(yu) + (zu)(yz) (K3)

The last identities over a field K with characteristic other than 2 and
3 are equivalent to

= (
=

x(yz) = x(2y), (K1)
(yz*)z = (yx)z* (K2')
(z,y,2°) = 2(2,y, ), (K3’)

where (-, -,-) denotes the associator.
Then, P. Kolesnikov proposed the following more restrictive definition
of quasi-Jordan algebras, called Leibniz-Jordan algebras.
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Definition 11 An algebra J over a field K with characteristic different
from 2 and 3 is said to be a Leibniz-Jordan algebra if it satisfies the
tdentities (K1), (K2’) and (K3’).

More recently, in 2009, Murray Bremner (see [1]), using computer
algebra, showed that the product (<) in a Dialgebra D over a field K with
characteristic other than 2 and 3 satisfies the identities

z(yz) = z(2y), (B1)

(y(@2))u + (y(zu))z + (y(uz))z = (yz)(2u) + (y2)(uz) + (yu)(zz) (B2)
((zy)u)z + ((z2)u)y + z((y2)u) = (z(y2))u + (z(yu))z + (z(zu))y (B3)
These equations are equivalent to the identities

x[ya Z} =0, (Blj)
(y2*)x = (yo)a® (B2))
(y, xz, z) =2(y,x, 2)x (B3”)

Then M. Bremner proposed the following definition.

Definition 12 A quasi-Jordan algebra over a field K with characteristic
different from 2 and 8 is a nonassociative algebra satisfying the polynomial
identities (B1’), (B2’) and (B3’).

It is simple to see that Kolesnikov and Bremner linear identities are
equivalent, since the identities (K1) and (K2) are equal to the identities
(B1) and (B2), respectively. If we change = with y in (B3), we obtain the
identity

((yx)u)z + ((y2)u)z + y((z2)u) = (y(z2))u + (y(zw))z + (y(zu))z.

Since the right side of the last identity is equal to left side of the
identity (B2), then we obtain the identity (K3). In a similar form we
obtain (B3) from (K2) and (K3).

Remark 13 The definition of Leibniz-Jordan algebra due to Kolesnikov
and the definition of quasi-Jordan algebra due to Bremner are equivalent.
We call these algebras K-B quasi-Jordan algebras.

With respect to generalization of Jordan algebras in this context, K.
Liu introduced in 2006 (see [12]) the notion of generalized Jordan algebra.
The definition is a follows.

Definition 14 A generalized Jordan algebra over a field K with char-
acteristic other than 2 and 3 is a nonassociative algebra satisfying the
polynomial identities

z[y,z] =0, (L1)
(y2*)z = (yx)z* (L2)
(z,y,2°) = 2(2*, y, 2), (HL)

where (-,-,-) denotes the associator.
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In 2007, K. Liu proved a generalization of Cohns Theorem on Jordan
algebras by generalized Jordan algebras (see [13]).

It is easy to see that the Liu’s definition of generalized Jordan algebras
is a particular case of the Kolesnikov’s definition of Leibniz-Jordan alge-
bras. In this context, we are going to work only with the K-B quasi-Jordan
algebras in the rest of this paper.

The first step is to give a characterization of K-B quasi-Jordan algebras
in terms of Jordan algebras and Jordan bimodules.

We introduce the following definition to construct a characterization
of K-B quasi-Jordan algebras.

Definition 15 Let J be a Jordan algebra and let M be a vector space
over the same field as J. Then M is a Jordan bimodule for J, if there
are two bilinear maps (m,a) — ma and (m, a) — am, for allm € M and
a € J, satisfying

ma = am,

a’(ma) = (a*m)a

and
(a®,b,m) = 2(a,b,am),

for allm € M and a,b € J.

Example 16 Let J be a Jordan algebra over a field K of characteristic
# 2,3 and let M be a Jordan bimodule. A linear map f : M — J is called
J-equivariant over M if f(am) = ae f(m), for allm € M anda € J. If
f s a J-equivariant map over M, and we define a product from M x M
to M by

mn = f(n)m, for allm,n € M.

Then M is a K-B quasi-Jordan algebra.
Indeed, for all m,n,s € M we have that

m(ns) =m(f(s)n) = f(f(s)n)m = (f(s)f(n))m

and

m(sn) = m(f(n)s) = f(f(n)s)m = (f(n)f(s))m = (f(s)f(n))m,

then m(ns) = m(sn).

On the other hand,

(nm*)ym = f(m)(f(m)*n) = (f(m)*n) f(m)

and

(nm)ym?* = (f(m)n)(f(m)m) = f(f(m)m)(f(m)n) = f(m)*(f(m)n)

= f(m)*(nf(m)),

since am = ma, for all a € J and m € M. Therefore,

(nm*)n = (nm)m?.
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Finally, since

(s,n,m%) = (sn)m® — s(nm?®) = f(m)*(f(n)s) — (f(m)*f(n))s

and
(sm,n,m) = ((sm)n)m — (sm)(nm)
= f(m)(f(n)(f(m)s)) — (f(m)f(n))(f(m)s)
7(f(m)v f(n)7 f(m)3)7

then (s,n,m?) = 2(sm,n,m).
Hence by Kolesnikov’s definition we have that M is a K-B quasi-Jordan
algebra.

Proposition 17 Let & be a K-B quasi-Jordan algebra and J := J/J""
its canonical Jordan algebra. Then there exists a J-bimodule structure on
S and exists a J-equivariant map f over S such that the K-B quasi-Jordan
structure on S is recovered by xy = f(y)x.

Proof. We have that & is a Jordan bimudule for the Jordan algebra
J = /3", with actions gz = 27y = ay, for all § € J and = € .
The map f : S — J, defined by f(x) =T, is J-invariant over S, since
fyz) = f(zy) =2y =yz =gz =y f(2),
forally € J and =z € S.

The axioms for Jordan bimodule imply that the K-B quasi-Jordan
structure on S is recovered by zy = f(y)z. m

The main idea in this part is to construct right units over K-B quasi-
Jordan algebras.

It is well known that if J is a Jordan algebra which is not unital, then
the algebra J := K& J, where K is the field over J, with product defined
by

(a+2)8(8+y) = (af) + (ay + Bz + xy),
for all o, 8 € K and z,y € J, is a unital Jordan algebra, with unit 1 + 0.
Additionally, {0} @ J = J and J is embedded in J as a subalgebra.
We are going to use this construction and the characterization of K-B

quasi-Jordan algebras by Jordan bimodules to construct right units over
K-B quasi-Jordan algebras.

We suppose that & is a K-B quasi-Jordan algebra over the field K of

characteristic other than 2 and 3, and J := §/3"" its canonical Jordan

algebra. We consider the vector space $:=K®J® S and we define the
product on & by

(a®adz)(fObdy) =B P ab+ Ba+abd Bz + b, (*)

for any a, 3 € K, @,b € J and z,y € 3.
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Remark 18 The product (*) is well defined, since for b = b/ we have
b—b € 3" and therefore 0 = (b —b') = xb — xb’, which is equivalent
to xb = zb'.

In Addition, if S is a Jordan algebra, then J = S and we obtain the
classical construction.

If S is not a Jordan algebra, then the product (*) is not commutative.
Besides, this product satisfies the following identities for all o, 8,7 € K,
a,b,ce J and z,y,z € S.

1. (0paox)(0dbdy) = (0D abd xb)
2. Sisa right unital algebra, since (¢ ®a D z)(100Dy) =ada Dz

The space & can be written in the form J &S and the product (*) can
be written, over J @& <, in the form

(a®a@)(febdy) =(a®a)s(B®Db) @ (Bz + xb). (%)

If we write (a®a®z)(BDbDY) = (aDa)e(BDb) Dx(BDD), we have
the following result.

Lemma 19 Let S be a K-B quasi-Jordan algebra over the field K of char-
acteristic other than 2 and 3, and J := /™" its canonical Jordan al-

gebra. Then JoS is a right unital K-B quasi-Jordan algebra with respect
to the product defined by (**).

Proof. Because .J is a Jordan algebra with the product e, we only
need to show that the K-B quasi-Jordan algebra axioms are satisfied by
the third component.

First, we have that

Bebay)(yotodz) =(Babe(ydo) & (y(y&70)
and
(veco)Baboy=(o0)sBad e (y(yeo).
Since the product e is commutative, then these two expressions are
different only in the last terms.

From
(cdadz) (BObDY)(YDCTD2))
=(adadz) ((Bobe(yec)dy(y®a)
=(ada)e((Bobe(y@c) @z ((Babe(y®0)
and

(adadz)((yoco2)(Bobay))
=(a@ao)((yeosBob) (8
=(a@a)s ((Babs(yac) ez ((Babs(ye0),

we have that S satisfies the identity (B1).

10
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Also, from (e ®a® z)? = (a ®a)? ® z(a ® @), we have that
Baobey(avadzr)’=Beboy) (a®a)’dr(ada)
= (Bebsasa)’sylasa)’
= (B@b)e(ada)’ ®y(a® ®2aa+a).

Therefore, since

(Bebay)(adadz)) (a®ad )
= ((B@b)e(a®a)’ @y’ @20aa+a’)) (a®aduz)
= ((B@b)s(a®a)’) (a@a)® (y(a® @ 20a +a°) (o ®a)
= ((B@b)s(a®a)’) (a®a) ® (a’y + 2aya + ya*)(a ©a)
=((Bebe(aa® 5)2) (ada)® (a3y + 30’ya + aya® + 2a(ya)a + (yaz)a)
and
(Babdy)(adadz)(adadz)’
=((Bobs(a®a) @y @*)) ((a® )2 @ z(a ®a))
= ((Bebsada)seda)’® (yla®a)(«da)’
=((Bobe(ada))s(a ) & (ay + ya)(a® & 2aa + a°)
= ((B@bs(a®a))s(ad (Oé Y+ 30’ya + aya® + 2a(ya)a + (ya)a ) ,

then S satisfies the identity (B2).
Finally, since

TP x))(YDTD 2)
= ((B@b)s(ada)’ ®ya’®20aa+a’)) (YOT® 2)
= (Babslaea)’)s(yer) & (a’y + 2aya + ya®) (y&©)
= ((Bob)s(ada)’)s(y@?e) @ (a’yy + 2ayya + yya® + o’ye + 2a(ya)c + (ya®)c)
and

Babay) (cvaor)’(yocs:2)

=Bebey) ((cea)’as(asa)(yecs2))

=(Boboy) (a®a)’s(y®0) @ (z(a ®a)(y®7))

=(Babe((as a)’ (’y@c))@y(a v ® &°C + 20ya@ + ya’ + 2aac + a°c)
=(Bab)s ((a@a)s(y@0) @ (a’y y+ a’ye+ 2ayya + yya® + 2ay(ac) + y(a’c)) ,
then

Boboy (ada®z)’ yOTD2)

=((Boboy(adaes)’)yocodz) - (Bebdy) (c@adr) (oD 7))
=B@b(a®a),y®7)s® (2a(y, a, c) + (y,a®, o)s),

where (-, -,-)s denotes the associator in .J and (-, ,-)s denotes the associ-
ator in .

11
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In a similar way, we can show that

Bobdyadadr,yHCcd2)(adadr)
=((Bebada,y®c)s(a®a)) d (a(y,a,0)s + (y,a,0)sa),

hence S satisfies the identity (B3), and therefore J & S is a right unital
K-B quasi-Jordan algebra. m N

If we consider the vector space o, generated by the elements 0T P,
for all z € &, we have

ezdz)(0dydY) =0DTY D xy,

forall 0T @z, 0PYyDy in So. Therefore Sy is a subalgebra of 3.

Moreover, if we consider the application & — ¢ define by  — 0 &

~

T @ x, then we have that & is isomorphic to I and we have the following
result.

Lemma 20 Any K-B quasi-Jordan algebra S is embedded in the unital
K-B quasi-Jordan algebra . In addition, we have

1. 8§ =77 (¥) = {0} p {0} &S

2. §¢"™ = {0} @ {0} & 3™

3. UQ)={1}e{0}as.

In 2009, Veldsquez and Felipe introduced the definition of split quasi-
Jordan algebra and showed some properties.

Definition 21 Let & be a quasi-Jordan algebra and let I be an ideal in
S such that I C I C Z" (). We said that S is split over I if there is
a subalgebra J of S such that S =1& J, as direct sum of subspaces.

It is clear from the previous definition that if & is split over an ideal I
with complement J, then J is a Jordan algebra with respect to restricted
product < over J. This is equivalent to saying that (J,<|s) is a Jordan
algebra.

In addition, for u,v € I and x,y € J we have
(utz)d(v+y)=udy+azdy,

since I C Z"(S).
From the definition of split quasi-Jordan algebra and Lemma 20, we
have

Lemma 22 Let S be a K-B quasi-Jordan algebra. Then S=JaS and
therefore  is a split K-B quasi-Jordan algebra.

12
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4 Relationship between K-B quasi-Jordan
algebras and Leibniz algebras

In this section we will work with K-B quasi-Jordan algebras and Leib-
niz algebras L over a field K of characteristic other than 2 and 3 . In
particular, we have that L is 2 and 3-torsion free.

In 2008, Velasquez and Felipe showed that it is possible to attach a
quasi-Jordan algebra to some elements of a Leibniz algebra L. For this
construction we need to introduce the following definitions.

Definition 23 Let L be a Leibniz algebra. For all x € L, we define the
adjoint map ad, : L — L by adyy = [y, x|, for ally € L.

Remark 24 The map ad : L — gl(L), x — adg, where gl(L) is the Lie
algebra of linear maps over L with a Lie bracket [T,S] =TS — ST, it is
an antthomomorphism of Leibniz algebras, this is

adpz ) = [ady, ads], for all x,y € L

The set ad(L) = {adz|x € L} with the bracket defined by [ads,ady] :=
adzady — adyad, turns out to be a Lie algebra, in particular it is a Lie
subalgebra of gl(L).

Notation 25 We will use capital letters to denote the adjoint maps (the
elements of ad(L)): X = adg, Y = ady, etcetera. In this notation the last
identity has the form

adpey) = [Y, X]

Definition 26 Let L be a Leibniz algebra and let x be an element in L.
We say that x is an ad-nilpotent element if there is a positive integer
m such that ady' = 0.

We say that an element x in a Leibniz algebra L is a Q-Jordan ele-
ment if © is an ad-nilpotent element of index at most 3.

In the rest of this section we will work with Leibniz algebras over a
field K containing 1/6. In particular, we have that L is 2 and 3-torsion
free.

First, we have the following lemma.

Lemma 27 Let x be a Jordan element of a Leibniz algebra L. For any
a,b € L and a € K, we have

1. X?AX = XAX?

2. X?2AX? =0

3. X?A’XAX? = X2AXA*X?

4. [X%(a), X (b)] = —[X(a), X*(b)]

5. ad([a, [b,2])) = [X(a), X*(b)]

6. X*adje,x2) = adx2(a)n X

7. adi ) = X2 A*X?

8. ax, ad2(a) are Jordan elements in L,
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where A = ad,

Theorem 28 Let L be a Leibniz algebra and let x be a Q-Jordan element
of L. Then L with the product defined by

1
ab = i[a, [b, x]]

is a nonassociative algebra, denoted by L'®), such that
Kerp(z) .= {a € L|[[a,z], ] = 0}
is an ideal of L™

We attach a quasi-Jordan algebra to any Q-Jordan element x of a
Leibniz algebra L in the following form.

Theorem 29 Let L be a Leibniz algebra and let © be a Q-Jordan element
of L. Then L, := L' /Kerr(z) is a quasi-Jordan algebra. Moreover, Ly
is a moncommutative algebra in general.

Definition 30 For any Q-Jordan element x of a Leibniz algebra L, the
quasi-Jordan algebra L, we have just introduced will be called the quasi-
Jordan algebra of L at =x.

The next example of Leibniz algebras appeared in the work of K. Liu
[14]. This Leibniz algebra generates a noncommutative quasi-Jordan alge-
bra and it follows that in general the quasi-Jordan algebras obtained from
Leibniz algebras and Q-Jordan elements are noncommutative algebras.

Example 31 (K. Liu) Let L be a Leibniz algebra over a field K (of char-
acteristic zero) with basis {h, e, f,u,v,w} defined by
[h,e] =2e+2au [h, f]=—-2f+pw [e,h]=—2¢ [e,f]=h+av
[f,hl=2f [f,e]=—h—0Bv [u,h]=—-2u [u,f]=—v
[v76] =—2u [vy f} =-w [wah] =2w [w76] = —2v,

where the omitted products are equal to zero and o, 3 are fixed elements
of the field K.

We have that e is a Q-Jordan element in L and Kerg(e) is the subspace
generated by {e, h,u,v}.

Since Uf = f and fu =0, then L. is not commutative.

The relationship between Leibniz algebras with K-B quasi-Jordan al-
gebras is given by the following lemma.

Lemma 32 Let L be a Leibniz algebra and let x be a Q-Jordan element
of L. Then the quasi-Jordan algebra of L at x, L, satisfies the identity

(b,a%,¢) = 2(b,a,c) <a,

and therefore L, is a K-B quasi-Jordan algebra.
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Proof. First, for all a,b,c € L we have that

(ba2)c = [ba27 [Cv ZEH = Hb’ [a2’ x”? [Cv ZEH = Hb’ Hav [av ZEH, x“v [C7 l’]]
= [Xv C][Xv [[Xv A]v A”(b)a

b(GQC) = [b7 [a207 iE” = [b7 [[a27 [Cv x]],x]] ~ [b7 [[[av [a7 :C”, [Cv 12”,.%‘]]
= [X7 HX7 CL [[X? A]a A”](b)v

((ba)c)a = [(ba)cv [a7 :E]] ~ [[bav [07 .’L‘], [CL, {EH = [[[bv [CL, ZC]], [Cv CL‘H, [a’7 ZEH
= [X, A][X, C][X, A](b)

and
(b(ac))a = [b(ac), [a, z]] = [[b, [ac, ], [a, 2]] = [[b, [[a, [c, 2]}, 2], [a, ]

Now we consider b as a variable and we will work with the maps in
the right hand side of the last equations. The identities in the Lemma 27

imply

[X,Cl[X,[[X, 4], A]] = XCX?A® —2XCXAXA +2XCAXAX
— XCA’X? +20X*AXA - 20XAXAX (1)
+CXAX?,

(X, [[X,C],[[X, A], A]]] = —2X°CAX A+ 2XOXAXA + X°CA’X
—2XCXA’X 4+ X?A’CX +2XAXAXC
—2XAXACX + XA’XCX 4+ 20X A*X
—2X%A’XC 4+ 2XCAXAX —2CXAXAX
— XCA’X?*+ XA’XCX — XA*CXx?
—2AXAXCX +2AXACX?,
(2)

[X, A][X,C)[X,A] = XAXCXA - XAXCAX — XACX?A
+ XACXAX — AX°CXA+ AX°CAX  (3)
+AXCX?A - AXCXAX

and

(X, A][X,[[X,C),A]] = XAX’CA - XAXCXA+ AX>XCA
— XAXAXC + AX?AXC + XAXACX
— AX?ACX — XAXCAX + AX?’CAX  (4)
+ XACXAX — AXCXAX + XA’XCX
—AXAXCX — XA’CX? + AXACX.
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Now, if we apply the map X? on the left hand side of (1), (2), (3) and
(4), we obtain

X3([X, A][X,[[X,C], A]) = —2X*CX AX AX, (5)

X2([X,[[X, 0 [[X, A], A]]]) = — 2X?CXAXAX — 2X?AXAXCX

+2X°AXACX?,
X2([X, A][X,C|[X, A]) = —X?AXCXAX (7)
and
X2([X, Al[X, [X,C], A]]) = — X?AXCXAX — X°AXAXCX o
+ X?AXACX". ®)
The identities (5), (6), (7) and (8) imply
X2(1X, A[X, [1X, O, Al = [XL [[X, CLL [1X, AL Al
—2[X, A][X, C][X, A] + 2[X, A][X, [[X,C],A]]) =0
and therefore
(X, A[X, [[X, €L, Al] - [X, [[X, €L 11X, Al Al )

—2[X, A|[X, C|[X, A] + 2[X, A][X, [[X, C], A]])(b) € Kerp(x),

for all b € L.
The identity 9 is equivalent to

(ba®)e — b(a®c) — 2((ba)c)a + 2(b(ac))a € Kerp(z),
for all a,b,c € L, and this implies that
(ba*)e — b(ac) — 2((ba)e)a + 2(b(ac))a = 0,
for all @, 576 € L,. Therefore
(b,a,¢) = 2(b,a,0)a,

for all @,b,c € L,. ®

5 Leibniz algebras generated by K-B quasi-
Jordan algebras

In the late 1960s I. Kantor and M. Koecher independently showed how
build a Lie algebra TKK(J) := L1 & Lo & L_1 with short 3-grading
[L;, L;] C Li+ j by taking Li1 two copies of any Jordan algebra J glued
together by the structure Lie algebra Lo = Stri(J) := R(J) @ Der(J)
and by the inner Lie algebra Lo = Inn(J) := R(J) @ [R(J), R(J)], where
R(J) is spanned by all right multiplication operators R, Der(J) is the
Lie algebra spanned by all derivations and [R(J), R(J)] is spanned by all
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inner derivations [Rs, Ry] = ReRy — RyR., where J is a Jordan algebra
and x,y € J (see [10] and [17]).

In this section we are going to show that there are inner derivations
(classical and left derivations) in K-B quasi-Jordan algebras and we will
define the structure and inner Leibniz algebra by K-B quasi-Jordan alge-
bras. These results were obtained by R. Veldsquez in [20] and some other
results were obtained by R. Felipe in [7].

We start with the notions of derivation and left derivation over alge-
bras.

Definition 33 Let A be an algebra over a field K and let D and 0 be a
linear transformations over A. Then D is called a derivation of A if

D(ab) = Dab+ a Db, Va,be A.
The linear transformation 0 is called a left derivation of A if
d(ab) = dab+ dba, Va,beS.

If the algebra A is commutative, then derivations and left derivations
agree.

It is well known that a linear transformation D of A is a derivation if
and only if Lp, = [D, Lq] and if and only if Rp, = [D, Ra], for all a €
A, where L, and R, denotes the left and right multiplication operators,
respectively, and [B,C] = BC — CB denotes the Lie bracket of linear
transformations.

Moreover, if D; and D- are a derivations of A, then the bracket
[D1, D2] is a derivation of A. Therefore the vector space generated by
derivations over A, denoted by Der(A), is a Lie algebra over K, namely a
subalgebra of the Lie algebra of linear transformations.

From the definition of left derivations, we obtain the following charac-
terization.

Corollary 34 Let O be a linear transformation of A. Then 0 is a left
derivation of A if and only if Laa = [0, Ra], for all a € A.

The Lie bracket of left derivations is not in general a left derivation,
but the Lie bracket of a derivation and a left derivation is a left derivation.
Indeed, if D is a derivation and O is a left derivation of A, then for all
a€A

Li5,p)(a) = La(pa)-D(8Da) = Lo(pa) — LD(8Da)
= [67 RDG] - [D7 Laa} = [87 [Dv Ra]] - [D7 [87 Ra”
= _HD7 RaLa] - [[Raa 8]7 D] = [[87 D]a Ra]7
hence [0, D] is a left derivation of A.
The vector space generated by left derivations of A it is denoted by
LDer(A).

If we consider the direct sum of the vector spaces

LD(A) := LDer(A) ® Der(A)
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and we define product (-,-) : LD(A) x LD(A) — LD(A) by
<8@ D,8' @ Dl) = [8aD,] S [DaD,L
for all 9® D,0' ® D' € LD(A), we obtain the following result.

Lemma 35 Let A be an algebra, then LD(A) is a Leibniz algebra with
the product (-, -).

Proof. Let 01,092,035 be a left derivations and let D1, D2, D3 be a
derivations. Then

1. ({61 ® D1,02 ® D3),05 ® D3) = [[al,DQ],Ds] @ [[D17D2],D3}

2. ((01 ® D1,03 ® D3) ,02 ® D2) = [[01, D3], D2] @ [[D1, D3], D2]

3. (01 ® D1,(02 ® D2,03 ® D3)) = [01, [D2, D3]] ® [D1, [D2, D3]]

By the skew-symmetry and the Jacobi identity of the Lie bracket, we have
that
[[01, D2], D3] = [[01, D3], D2] + [01, [D2, D3]]

and
[[Dl’DQ]vD?)] = [[D17D3]7D2] + [Dh [D27D3]]'

Replacing the last identities in the items 1, 2 and 3, then

((61 ® D1,02 ® D2),03 ® D3) =
((01 ® D1,03 @ D3) ,02 @ D2) + (01 & D1, (02 @ D2,03 & D3)),

for all &1 @ D1,02 @ D2,03 @ D3 € LD(A). Therefore (LD(A),(-,-)) is a
Leibniz algebra. m

In this section we are going to construct Leibniz algebras defined by
K-B quasi-Jordan algebras. In particular, we introduce two structure
Leibniz algebras and two inner Leibniz algebras.

Let & be a K-B quasi-Jordan algebra, then we have two equivalent
sets of linear identities, Kolesnikov’s identities

(y(@2))u + (y(zu)z + (y(uz))z = (yz)(zu)
z(y(zw)) + ((zw)y)z + ((22)y)u = (zy)(zu)

and Bremner’s identities

(y(z2))u+ (y(zu))z + (y(uz))z = (yo)(2u) + (y2)(uz) + (yu)(z2), (B2)

((zy)u)z + ((z2)w)y + x((y2)u) = (z(y2))u + (2(yu))z + (z(zu))y. (B3)

Because of the consequences of definition 12, we will work only with
Bremner’s identities.

Rewriting Bremner’s identities using the left and right multiplication
operators, we obtain from (B1) the identities

LyLy=L.Ry, (B1)
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Rzy = Ryz- (B]'”)

From (B2) we obtain
R:Ry. + RyR.: + R:Rzy = Ry2R: + R.. Ry + ReyR:, (B2)
or equivalently
[Ray Ryz] + [Ry, Rzz] + [Rz, Ray] = 0
and

Lz(yz) + RyLsz + RszRy = Rysz + LIzLy b= LzyLz (BQ”)

The bracket form of the (B2’) identity was obtained by R. Felipe in
relation with split quasi-Jordan algebras in [7].
From (B3) we obtain

RoRyR. + R.RuRy + Reyt = RuRy- + RyRey + R Ruy (B3")
and
L.Ry.+ RyLy: + R.Lyy = LoyR. + Lo2Ry + Ry Ls. (B3”)
On the other hand (B3”) is equivalent to
(L, Ryz] + [Ry; Laz] + [Rz; Lay] = 0
and
Lssyy + R-RyLy + LuRyR. = RyLoR. + Ly oy + RoLoRy.  (B3%)
The last identity (B3*) implies that

Lz, ry)z) = [La, Ry], R:] (LD)

and we conclude from this identity that [L., Ry] € LDer(S).
Moreover, the left hand side of (B2’) is equal to the right hand side of
(B3’) and hence we obtain the identity

Rysz + RzazRy + Rzsz = LzRyz + RyLzz + Rszy

Interchanging x and y in this identity and subtracting this from the
resulting identity we get

R[Rvay](z) = [[vaRy]vRZ] (D)

and we conclude that [Ry, Ry] € Der(S). The identity (D) was obtained
by R. Felipe in relation with quasi-Jordan algebras (see [7]).

We are now going to construct two structure and inner algebras of a
K-B quasi-Jordan algebra.
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5.1 The structure and inner Leibniz algebras

In this subsection we will assume that <& is a K-B quasi-Jordan algebra
with a specific right unit e.

We recall (see [18]) that if & is a unital K-B quasi-Jordan algebra,
with a specific right unit e, then

(\\fann — ZT((\})
bl

" = {z € Sle<z =0}

and
Ur(S) = {z +e|z € I*""}.

First, we are going to show the action of left derivations and derivations
over right units. Let 9 € LDer(S) and D € Der(S), then

Oe = O(ee) = Dee + Oece,
this is equivalent to de = 0, and
De = D(ee) = Dee+ ee = De + e De.

Since x € ™" if and only if ex = 0, then De € I*"".

Since Lq(e) = z, for all € &, we have that L(S) N LDer(Y) =
{0}, where L(S) denotes the vector space generated by left multiplication
operators.

Then we consider the direct sum

SL(S) := L(Y) @ LDer(S).
Next, we consider the vector space generated by the right multiplica-
tion operators, denoted by R(S). For any z € J, we have
1. If z € 3*", then R, = 0.
2. If R, =0, then R;(e) = ex = 0 and therefore z € I*"".

ann

These results imply that R, = 0 if and only if x € &
Let x ¢ S*" and we suppose Rze € S*'". Then ex € 3*"" and

ex = e(ze) = e(ex) = 0.

This is equivalent to z € ™, but this is a contradiction. Hence we
conclude that Rye ¢ 7.

Since Rgye ¢ 3", for any = ¢ 3™, R, = 0 if and only if z € 3*""
and De € S*"") we have R(S) N Der(S) = {0}, and therefore we can
consider the direct sum

SR(S) = R(S) & Der().

Remark 36 If S is a Jordan algebra, then SL(S) and SR(S) are the
same vector space. This vector space is the classical structure algebra (Lie
algebra) of the Jordan algebra .
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For our purpose, we take the formal sum of vector spaces
S(SQ) := LS(I)BSR(I),
and we define the product
(L, ® 08R, ® D),(L. ® '®R, ® D")] :=

([Lz, D40, Ruw])&([La, Ruw]+[0, D)&([Ry, D'[+[D, Ru])&([Ry, Ru]+[D, D']),

for any a,b,c,d € S, 0,0 € LDer(S) and D, D’ € Der(S), where [, ]
denoted the Lie bracket in End(S).

Theorem 37 Let S be a unital K-B quasi-Jordan algebra, then (S(S), [, ])
is a Leibniz algebra.

Proof. From the identity
[[A, B],C] = [[A,C], B + [4,[B, C],

for all A, B, C in the Lie algebra End(S), the result follows from a straight-
forward calculations. m

Definition 38 The Leibniz algebra S(S) is called the structure Leibniz
algebra of the unital K-B quasi-Jordan algebra .

Since the identities (LD) and (D) imply that [L., Ry] € LDer(3) and
[R:, Rw] € Der(S), for all z,y,z,w € S, respectively, we can consider
the vector space [L(S), R(S)] spanned by the products [Ls, R,] and the
vector sapce [R(S), R(S)] panned by the products [R., Ru].

The direct sum [L(S), R(Y)] @ [R(S), R(T)] is a subalgebra of the
Leibniz algebra (LD(S), (-, )).

Now, if we consider the direct sums L(S) @ [L(S), R(S)] and R(S) &
[R(S), R(J)], we can define the Leibniz algebra

L(S) & [L(S), R(I)BR(S) & [R(T), R(I)],

with the bracket defined in Theorem 37. This Leibniz algebra is called
the inner Leibniz algebra of .

Remark 39 IfS is a Jordan algebra, then [L(S), R(S)] and [R(S), R(ST)]
are the same vector space. This vector space is the classical inner algebra
(Lie algebra) of the Jordan algebra S, and it is a subalgebra of the structure
algebra.

5.2 The quasi-structure and quasi-inner Leibniz
algebras

The constructions of the structure Leibniz algebra, S(S), and the inner
Leibniz algebra, L(S) @ [L(S), R(I)]BR(S) @ [R(T), R(T)], of a unital
K-B quasi-Jordan algebra J, give two copies of the classical structure and
inner algebras of a Jordan algebra, respectively, if & is a Jordan algebra.
Hence it is necessary to consider other type of construction of structure
and inner Leibniz algebras for K-B quasi-Jordan algebras.

To make this other construction. We consider of vector subspaces of
End(9):
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1. The vector space M () spanned by the multiplication operators L,
and Ry, for all z,y € 3.

2. The vector space D(S) spanned by the left derivations and deriva-
tions of <,

where S is a K-B quasi-Jordan algebra.
We define the bracket [, ] over the direct sum M (S) & D(S) by

[Lo + Ry, L: + Ruw) = [Ls, Ru] + [Ry, Ru] € D(D), (10)
[Ly + Ry,0 + D'] = [L,,D'] + [Ry,D'] € M(S), (11)
[0+ D, L. + Ru] = [0, Ruw] + [D, Ry € M(S) (12)
and
[0+ D,0"+ D' =[0,D']1+ [D,D'] € D(S). (13)

From this definition and some straightforward calculations we obtain
the following.

Theorem 40 Let S be a K-B quasi-Jordan algebra. Then M () @ D(S)
equipped with the bracket defined by (10), (11), (12) and (13) is a Leibniz
algebra.

Considering the vector space spanned by [Ls, Ry] and [R., R.], for all
z,y,z,w € S, denoted by [M(S), M(S)], we get the following.

Lemma 41 Let S be a K-B quasi-Jordan algebra. Then M (I)S[M (), M ()]

s a Leibniz subalgebra of M(S) @& D(S).

Since L, = R, for all x € J and the left derivations of J are a
derivations of J, where J is a Jordan algebra, hence the Leibniz algebras
M(Q) @ D(S) and M(S) @ [M(S), M(S)] are the classical structure and
inner algebras of S (Lie algebras), if S is a Jordan algebra.

Definition 42 The Leibniz algebras M ()@ D(S) and M (I)B[M (T), M (S
are called the quasi-structure Leibniz algebra and the quasi-inner
Leibniz algebra of the K-B quasi-Jordan algebra S, respectively.
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