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Abstract
We consider a semilinear system of the form Ou;(t,x)/0t = k(t)Au;(t,x) + w;/ (t,x), with
Dirichlet boundary conditions on a bounded open set D C R? where k : [0,00) — [0,00) is
continuous, A is the infinitesimal generator of a symmetric Lévy process Z = {Z(¢) }+>0, 5i > 1,
i € {1,2} and ¢’ = 3 —i. We give conditions on D and on the Lévy measure of Z under which
our system possesses global positive solutions, or exhibits blow up in finite time. Our approach

is based on the intrinsic ultracontractivity property of the semigroup generated by the process
Z killed on leaving D.
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1 Introduction and background

Consider a semilinear problem of the form

ou(t, x)
ot
u(0,2) = f(x), xe€D,

= k(t)Aqu(t,z) +u(t, z), (1)

where k£ : [0,00) — [0,00) is continuous and not identically zero, A, is the fractional power
—(—A)a/2 of the Laplacian, 0 < o < 2, D C R% is an open set, § > 1 is a constant and f > 0 is a
bounded measurable function. It is known that the factor k(¢) has a strong effect on the asymptotic
behavior of positive solutions of (1): when D = R% we proved in [14] that integrability of k already
excludes existence of global solutions, and if f(f k(s)ds ~ tP as t — oo for some p > 1, then the
blow up behavior of (1) (i.e. finite-time blow up vs. existence of global solutions) parallels that of
the equation du(t)/0t = A,/,

the case of k = 1 and a = 2, that for any nontrivial, nonnegative initial value f € L?(D) such that

u+uP. If D is a bounded smooth domain, H. Fujita [7] proved, in

/D f(x)po(x) dx > )\(1]/(5_1), (2)
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the solution of equation (1) with Dirichlet boundary condition blows up in finite time. Here \g > 0
is the first eigenvalue of the Laplacian on D, and g the corresponding eigenfunction normalized
so that ||l = 1.

In this paper we investigate the dichotomy: finite-time blow up versus existence, globally in
time, of positive solutions of the nonautonomous semilinear system

aula(f’x) = k(t) Auy (t,x) +ub' (t,z), t>0, z€ D,
W — k(t) Aus (t,2) + 0 (t,2), t>0, z €D, 3)
ui(OJJ) = fz(l'), x €D, ui|DCEO,i=1,27

where A is the infinitesimal generator of a symmetric Lévy process {Z(t)}+>0, ;i > 1 are constants,
D C R% is a bounded open set with d > 1, and the initial values f;, i = 1,2, are nonnegative
functions in the space Cp (D) of continuous functions on D vanishing on D¢ As before, the
function & : [0, 00) — [0, 00) is assumed to be continuous and not identically zero.

System (3) provides a simplified model of the process of diffusion of heat and burning in a two-
component continuous media with temporary-inhomogeneous thermal conductivity. In this model
u1 and ug represent the temperatures of the two reactant components, the thermal conductivity is
supposed equal for both substances but it might be discontinuous, and even evolve solely by jumps.
See [8], [9] and [5] for similar models with nonlinear conductivity; see [13] and [6] for other related
results.

Recall [16] that the Lévy process Z = {Z(t)}+>0 is called symmetric when Z(t) and —Z(t)
have the same distribution for all ¢ > 0. The probability law of Z is uniquely determined by
the probability measure u(B) := Pr{Z(1) € B}, B € B(RY) (here B(R?) denotes the system of
Borel sets in Rd), which is infinitely divisible and therefore, by the Lévy-Khintchine formula, its
normalized Fourier transform ;i admits the representation

1 .
() = exp | 5 (2 A2) +i6 )+ [ (€59 — 1= i) oy () vldo) |, 2 € RYi= VL
R4

where A = (a;)) is a symmetric nonnegative-definite matrix, v = (y1,...,74) € R? and v is a mea-
sure on R? such that v({0}) = 0 and [p4(|z|> A 1) v(dz) < oo, which is termed Lévy measure. The
operator A arises as the generator of the strongly continuous semigroup of contractions {S(¢)}+>0
defined by S(t)f(x) = E[f(x + Z(t))], f € Co(R?), and is given by

d o 0.02 : d o
Af(z) = % > a;’;g;; (2)+) Véiff ($)+/ fl@+y) - flz) - ; yéiff (@)L o<1y (v) | v(dy)

Rd

for any twice continuously differentiable f € Co(R?). Special instances of A include the Laplacian
A and its fractional powers A, with 0 < o < 2.

Dirichlet boundary value problems of the above type in the Gaussian case v = 0 have been
studied by many authors. In the present paper we focus on the purely non-Gaussian symmetric



case in which A = 0 and v is a nontrivial Lévy measure, hence Z is a pure-jump process which
leaves D only when it hits D¢. This gives rise to the condition u;|pe = 0 in (3), which is the form
that the Dirichlet boundary condition takes in our setting; see [1] and [2].

We are going to assume that D is an open bounded set, and that the semigroup {Sp(t)}i>0
of the process Z killed on exiting D is intrinsically ultracontractive. Our main result, Theorem 6,
gives a criterion in terms of the system parameters which is useful to determine for which initial
values our semilinear system explodes in finite time. In particular, System (3) exhibits finite-time
blow up provided that

(Bi+1)/(1=p152)

o Bi—1
i i dz > Const. in (e NoK@0) d] ;
i [ fehan(e)d > Const. e | [ min (20K00) " ay

here

K(t,s)—/tk(r)dr,()gsgt, (4)

and A9 > 0 and (g are, respectively, the first eigenvalue and corresponding eigenfunction of the
infinitesimal generator of the semigroup {Sp(t)}+>0 (see Section 2 below). Hence, when k is a
continuous integrable function, positive solutions corresponding to initial values satisfying the above
inequality cannot be global.

The approach we use to prove Theorem 6 uses in an essential way that the semigroup {Sp () }+>0
is intrinsically ultracontractive. The notion of intrinsic ultracontractivity was introduced by Davies
and Simon in [4], and has been investigated by many authors since then, specially for diffusions

*/2 0 < o < 2, were explored

(both symmetric and nonsymmetric). The cases in which A = — (—A)
in [3], [4] and [11]. For symmetric Lévy processes, this notion was studied by T. Grzywny [10].
Several of the results and hypothesis from [10] are going to be used in our arguments, specially in
Section 2 where we introduce the additive process generated by the family of generators {k (t) A},~,
and the corresponding killed process. In Section 3 we prove existence of local solutions of (3) using
the classical fixed-point argument, adapted to our needs. Conditions ensuring existence of a global

positive solution of (3) are given in Section 4. Theorem 6 is proved in Section 5.

2 Killed additive process

Let Z = {Z(t)}4>0 be a symmetric Lévy process in R? with generator A, and whose Lévy measure
v is not identically zero. We assume that Z posessess a family of transition densities p (¢, x,y) =
p (t,z —y) which are continuous for every ¢ > 0, and that for any § > 0 there exists a constant
¢ = ¢(0) such that p(t,z) < ¢ for ¢t > 0 and |z| > §. In [12] (Lemma 2.5) and [1] (Lemma 1.1),
sufficient conditions are given for continuity on R%\{0} and boundedness for every ¢t > 0 of the
transition densities of isotropic unimodal pure-jump Lévy processes.

Notice that {v (¢,-) :== K (t,0) v (-)},>( is a family of Lévy measures satisfying

V(Oa ) = 0,
v(s,B) < wv(t,B) for every B € B(R?) whenever 0 < s < t,
v(s,B) — wv(t,B) for every B € B(RY) as s — .



Hence (see [16], Chapter 2.9) there exists an additive process in law {W ()}, uniquely determined
up to identity in law, such that the infinitely divisible probability measure Pr[W (t) € -] has Lévy
measure v (t,-), t > 0. Moreover, {W (¢)},, is a Markov process with transition probability
function P (s,z,t,B) == Pr[W(t)—W (s)eB—z], 0<s <t z¢cR? Bec BR?Y. Since
u(-) = Pr[Z(1) € -] has Lévy measure v (-), the probability x%*%(.) has the Lévy measure v (t,-)
defined above. Therefore

Pr{W(t) € -] = pKO () = Pr[Z (K(t,0)) € -] (5)
an thus
P(s,xz,t,B) = Pr[Z(K(t,0))—Z(K(s,0)) € B —z]
= Pr[Z(K(t,0) — K(s,0)) € B—x]
= Pr[Z(K(t,s)) € B—x]
= (S(K(t ) 18) (v),

where {S(t)},5, denotes the semigroup with generator A and 1p is the indicator function of B.
Since the function (¢,z) + S (K(t,s)) f(z), (t,z) € [s,00) x R, is the unique solution of
ow(t, x)
ot
w(s,z) = f@@), feCoRY,

= k(t)Aw(t,z), t>s, =zeRY

we call {W (t)},5, the time-inhomogeneous Markov process corresponding to the family of gener-
ators {k (t) A}, Letting

p(87$7t’y)Ep(K<t7S)7x?y)7 0§S§t7 x7y€Rda

we see that p(s,z,t,y) is a continuous transition density function for the process {W (t)},,. We

define
p=inf{t>0: W (t)¢ D} and 7Tp=inf{t>0:2Z(t)¢ D}.

Using (5) we obtain that
7p = K (1p,0). (6)

Let {Sp (t)},5( be the semigroup associated to the process {Z (t)},5 killed on exiting D, and let
pp (t,2,y) be the transition density function of {Sp (t)},5, i.-e.

Sp (t) f(x) := Ex[f(Z(t));t<?D]:/Df(y)pp(t,x,y)dy, reD, t>0, feIB%*(Rd),

where BT (Rd) is the space of nonnegative bounded measurable functions on R?. Here and in
the sequel P* and E* denote, respectively, the distribution and expectation with respect to the
process {z + Z (1) };5, starting in z € R9, but we use the same symbol {Z (t)}4>0 for the resulting
process. It is known [10] that pp (¢,z,y) = pp (t,y,z) and pp (t,x,y) < p(t,x,y) for all t > 0



and x,y € D, and that {Sp ()}, is a strongly continuous semigroup of contractions on the
space L2 (D). Moreover, the linear operators Sp (t), t > 0, are compact, and there exists an
orthonormal basis of eigenfunctions {¢y} -, with corresponding eigenvalues {e_’\"t}zozo satisfying

0<X <A <Ay...,and lim A, = oo. All eigenfunctions ¢,, are continuous and real-valued (see
n—oo

[10]). Let B, (z) = {y € R?: |y — 2| < 1} be the open ball of radius > 0 centered at « € R%. If,
in addition to the above assumptions

(H1) D is a connected open bounded set or,

(H2) D is a bounded open set and for every € R? and » > 0, v (B, (z)) > 0,

then the transition density pp (¢,-,-), ¢ > 0 is strictly positive on D x D and the eigenfunction
wo(z) > 0 for every = € D (see [10], Proposition 2.2).
Let {Wp (t)}+>0 be the additive process {W (¢)}+>0 killed on exiting D, namely

W (t) on {t<7p},
WD(t):{(‘? on {tzn’;},

where 0 is a cemetery point. The state space of {Wp(t)}+>0 is the set Dy = DU {0}, and from (6)
it follows that its transition function is given by

Pp(s,z,t,T') = PY[Z(K (t,s)) €K (t,s)<7p|, 0<s<t, ze D, T'e B(D),

where B (D) denotes the Borel o-field on D. Hence the transition density function of {Wp(t)}+>0
is given by pp (s, x,t,y) = pp (K (t,s),z,y) and thus, for every f € L? (D),

U (6:5)1 @) = [ £)pn (s..t.0)dy = Sp (K (t:5) f (@), 0<s<t, weD. (7
D
Proposition 1 If (H1) or (H2) holds, then the function pp (s,x,t,y) is a density of Pp (s, z,t,T),
which is strictly positive, symmetric and continuous on D x D.

Proof. This follows easily from the fact that pp (¢, z,y) is a density of Pp (¢, x,I"), which is strictly
positive, symmetric and continuous on D x D (see [10], Proposition 2.2). ]

Using (7) and the fact that {Sp (t)},5, is a strongly continuous semigroup of contractions on
L? (D), we obtain that {Up (t, $)}i>s>0 i an evolution family of contractions on L% (D). In [10]
(Theorem 3.1) it is proved that either condition (H2) or

(H3) D is an open bounded connected Lipschitz set, and for every z € S, v € (0,7/2] and r > 0,
v (I, (z) N B, (0)) > 0,

where S denotes the unit sphere in R? and I'y (z) = {y € R? : (x,y) > |y|cos~}, imply that
{Sp (t)};>¢ is an intrinsically ultracontractive semigroup, i.e., for all ¢ > 0 there exists a positive

constant ¢ = ¢ (t, D) such that, for all f € L?(D),
b (t) £ ()] < 00 (@) 1 2y » @ € D; ®)

see [4], Theorem 3.2.



3 Local existence of a mild solution

A solution of the integral system

ui(t,x):UD(t,O)fi(x)—i—/OtUD(t,r) Bl(r x)dr, t>0, z €D, (9)

is called a mild solution of (3); here and in the sequel, i € {1,2} and i/ =3 — 1.

We are going to assume that f; and fo are nonnegative functions in L*°(D), where L*°(D) is
the space of real-valued essentially bounded functions defined on D.

Our proof of the existence of local solutions is an adaptation, to our case, of the proof given in
[17]. For any constant 7 > 0 let

Er = {(u1,u2) : [0,7] = L*(D) x L=(D), [|[(u1, u2)|[| < oo},
where

I1(ur, u2)lll = sup {{lua(?,)lloo + lfuat, oo}

<t<t

The couple (Er, ||| |||) is a Banach space and Py = {(u1,u2) € E; : u1 > 0,ug > 0} and Cr =
{(u1,u2) € E; : |||(u1,u2)||]| < R}, R > 0, are closed subsets of E;.

Theorem 2 Let f; : D — [0,00) be in L>(D), i = 1,2. There exists a constant T = 7(f1, f2) > 0
such that the integral system (9) posesses a unique nonnegative local solution in L*([0,7] x D) x
*([0,7] x D).

Proof. Define the operator ¥ on Cr N P; by
U (u1,u2) (t, ) = (Up(t,0) fi(2),Up (t,0) f2 (x))

< / Up (t,7) ul (r, z) dr, / Up (t,7) u® (r,:v)dr). (10)

0 0

We are going to show that ¥ is a contraction on Cr N P, for suitably chosen R > 0 and 7 > 0. In
fact, if (u1,u2), (41, u2) € Cr N Pr, then

19 (s, z) — Wity i) || < sup / [ (r, ) — 32 (7, )) oo+ sUD / 12 (r, ) = 52 (1, ) odr-
o<t<r 0<t<r

From the elementary inequality |a? — b?| < p(aV b)P~!|a — b|, which holds for all a,b > 0 and p > 1,
we get,

[ (ur, ug) = W, w2)|l] < 513’31_1/ [ug(r, ) — ta(r, ) ||lcodr
0

+o R /0 [ur (r, ) = (7, -) [ odr

(BIRM ™V BR[| (wr, up) — (@, G2) |7, (11)

IN



Noticing that
(et )1l < 1 filloe + 1 falloo + 7 (RO + B2,

by taking R > 0 big enough and 7 > 0 sufficiently small it follows from (11) that ¥ is a contraction
mapping on Cr N P;. Thus, the Banach fixed-point theorem implies that (9) posesses a unique
solution (u,u2) such that u; >0, i =1,2. (]

4 Global existence of the mild solution

Here we suppose again that f; € L>°(D). Our proof of the next theorem follows closely the proof
of Theorem 2.2 in [14].

Theorem 3 Let f; be nonnegative, and let g = f1 V fo. If
o
G- [ IUp(t0)g% Mt <1 i =12,
0

then the solution of the integral system (9) is global.

Proof. If ¢ is identically zero, the nonnegative solution of (9) is clearly (uj,u2) = (0,0), which is
global. Now, if g is not identically zero, putting

t 1
Bil)) = 1= (3= 1) [ 10p( 012" ar]
we get B;(0) =1 and

t -1
G50 = 5 1= -0 [ ool ] T 6 Dl ol

|Up(t,0)g]|%~ 1B (¢),

which gives

t
&w=1+AHMMﬁm&*Wwwni:Lz (12)

Since the evolution system {Up(t, s) }+>s>0 is positivity-preserving (due to (7)), we can choose two
continuous functions v; : [0,00) x D — [0,00), ¢ = 1,2, such that v;(t,-) € Cy(D) for all ¢ > 0 and

0 < wi(t,z) < (Bi(t) A Ba(8))Up(t,0)g(x), ¢>0, i=1,2.

Let us define

Fivi(t,x) := Up(t,0)fi(z) + /Ot UD(t,r)vf/' (r,z)dr.



Because of g > f; and B;(r) > Bi(r) A Ba(r), i = 1,2,

Fivi(t,x) < Up(t,0)g(x) +/0 Biﬂi(r)UD(t,r) (Up(r, O)g(x))'gi dr

< Up(t.0)g(e)+ [ BECIUp(r)U(r0)g(a) U (r,0)gl % dr

= Uplt.09(o) [1+ [ 1Un(r 0l B
= Bi(t)Up(t,0)g(z),
where we used (12) in the last equality. Therefore,
0 < Fvi(t,x) < (Bi(t) V Ba(t)) Up(t,0)g(x), t >0, x € D.
We now define
uio(t,z) =Up(t,0)fi(x) and ujni1(t,x) = Fuin(t,z), n=0,1,....

Using that w;o(t,z) < u;1(t,z) for all t > 0, x € D, and again that Up(t, s) preserves positivity, it
follows by induction that w; (¢, z) < ujnt1(t,z), n > 0. Hence

wi(t, ) = limsupu;(t, ) < (Bi(t) V Ba(t)) Up(t,0)g(x) < 0o

n—0o0

for allt > 0 and z € D. From the monotone convergence theorem we conclude that w; (¢, z) satisfies
t
ui(t,z) = Up(t,0)fi(x) +/ UD(t,r)ugi (r,x)dr, t>0, x € D.
0
Therefore, (u1,u2) is a global mild solution of (3). ]

5 Blow up in finite time of the positive mild solution

In the sequel we assume that (H2) or (H3) holds.
Recall that ¢q is the eigenfunction corresponding to the first eigenvalue Ag of the infinitesimal
generator of the semigroup {Sp (t)},~,- Arguing as in the case of Brownian motion in a bounded

domain (see [15], p. 287), it can be shown that (3 (z)dz is the unique invariant measure of the
semigroup {Q (t)},> given by

Thus, defining

and



we have that for any ¢t > s > 0 and g € Cy, (D),
EQ#)g]=FElgl and T(ts)g=QK(s))g. (13)
Lemma 4 For anyt>s >0 and g € Cy (D),
E[T(t,5)g] = Elg].
Proof. This is a direct consequence of (13). ]

Proposition 5 Let f; = gipo, where g; € Cy(D) is nonnegative and not identically zero, i = 1, 2.

If

Bi+1
i <f > > <ﬁ1ﬁ2 — 1> <ﬂz +1 > % /Oo . e~ M K(r,0) pi—1 ; 1—B162 (14)
min {js, max Y - edilied ) |
ey Yool = B Bi+1 By + 1 N N

then the mild solution of (3) blows up in finite time.

Proof. Notice that (f;, o) = F [g;] > 0, i = 1,2. We define

MK B0y, (¢, 2)

and z (t,x :e*/\OK(t’O)ng ), z€ D, t>0,
20 (@) (t,x) (x)

w; (t,x) =

where (u1,u2) is the mild solution of (3), i.e., (u1,u2) solves the integral system (9). Multiplying
both sides of (9) by ¢o () 'exp (A K (,0)) we get

wi (t, 2)
= T(t,0)g (:c)+/0t il (igf(igt’m)UD (t,7)uly (r,x) dr
= Ta0g+ [ SOy, ¢ (Mﬁ <m>) ar
= T(10)gi () + /0 exp (VK (1,0)) eXp(ggz gt”))UD (t,r) (Mgpgil(a@)> dr
= T(t,0)g (z)+ /O texp()\oK(r,O))T(t,r) (%wgﬂ(@ dr
= T (4,0) i () + /O Tt (Rl (;gozf))uﬁ (r,2)

exp (=K (1,0) (B = 1) ¢ (@) )dr

= T(t,0)g (x)+ /0 T (t,r) wgi (r,z) 2% (r, ) dr.



The last equality renders
t
E [w; (t,)] = E[T(t,0) g/ +jﬁ BT (t,r) (] (r,2) 27 (1)) | dr
and due to Lemma 4,
t
E [wi (8, )] = E g1 +/0 B [wf) (r) 2571 (9]
It follows that for any ¢ > 0,
t+e P 1
E[wi (t+¢,)] - E [w; (¢, )] :/t E [wf (r,) 57 (r, )] d, (15)
with
E[wf/ (r,-) 2% (r, ')] = €A°K(T’O)(ﬂil)/[wz" (r,2) ¢o (2))" o () da

ﬁ’b

_ (%M—MK&ﬁD
il

Y

—1
) Efwy (r, )] (16)

where we have used Jensen’s inequality with respect to the probability measure |ol|]* @0 (z) dz.
Let h; (t) := E [w; (t,-)]. Plugging (16) into (15), and afterward multiplying the resulting inequality
by e~ ! with € — 0, we obtain that

Bi—1

P 0) = (lpollt exp (<20 (4,00) " B, hi(0) = (i o). (17)

Let

o(t) = min { (ool exp(-XoK(0)* '}, N= min {(f )} >0

and consider the ordinary differential system
PAt) = e()py (1), ph(t) = e()pi*(t), pi(0) =N, i=1.2 (18)

It follows that ft B2 (1 pl (r) dr = gpgl( )py(r) dr, and

1 +1 1 +1
5T+1@? ()= NP7 = g [P ) - N
1\ T 2t
Notice that if N < (%L) 2T NB2FT | then
1 B2+1 1 B1+1
B +1P1 (t) < WPQ (t) (19)

10



B1+1
and, if N > (gi%) AT Nﬁ2+1 then

1 1
G Oz g ), (20)

If (19) holds, then

pr1+1 mT e
p2(t) > Byt 1 pit(t).

Substituting this into the first equation of (18), we get

61+1 Bl+1 B1(Ba+1)
Py () > c(t) (52 i p B ()

which is the same as

B1(B2+1)
CTES / /81 1 51+1
t t) > c(t .

Integrating both sides of the above inequality from 0 to ¢ yields

B1
1-B182 _ t
p1+1 |:p1B1+1 (1) _Nlﬂf}rf?} > (51 + 1> B+ / o(r)dr.
1 — B1p2 B2+ 1 0

Thus, in view of £, 82 > 1,

B1t1
e T T
Similarly, if (20) holds, we can show that
i
po (t) > ngzﬁﬁ? _ <ﬁ252+_11> (gi i 1) At /Ot c(r)dr . (22)
Since the function fo r)dr is continuous and increases to [ ¢(r) dr, (21) and (22) implies finite-

time blow up of (3) pr0v1ded that

Bit+1

in (f;,v0) (5152 — 1> (ﬁl +1 ) Bit1 = /oo ' e~ 20K (r,0) Bi-1 ] 1-B152
min_ - jg, > max min | ——— r ‘
SR ] R VAE VAR AN

Theorem 6 Let f1, fo € Cy(D) be two nonnegative functions which are not identically zero. If
Condition (14) holds, then the mild solution of (3) blows up in finite time.

11



Proof. Let i € {1,2}. Since by assumption f; is not identically zero, there exists z; € D such
that f;(x;) > 0. Using the continuity of f; we get r; > 0 such that f;(z) > 0 on B, (x;) C D. By
Urysohn’s lemma there exists a continuous function ¢; : R — [0, 1] such that ¢; = 1 on the closed
ball m, and ¢; = 0 on (Bgn. /3 (au'l))C Hence the support of ¢; is contained in B, (x;). Putting
h; = % (fi A q;i) we get a continuous function which is not identically zero, and whose support C; is

compact, has positive Lebesgue measure and is contained in D. Moreover, 0 < h; < f;, on 5,
Let {t,} be any given sequence of positive numbers with ¢, | 0. It follows from the strong
continuity of {Up(t, s)}+>s>0, that

Up (tn,0) h; — h; in L* (D), i=1,2,
and therefore
Up (tn,0) hi — hy in L2 (6*1) .
Using Egoroff’s theorem, there exists a subsequence {t,, } of {t,}, and a set C; C C} of positive
Lebesgue measure such that

Up (tn,,0) by = hy uniformly in Cj. (23)

Writing sy, = t,,, and arguing as above, we find a subsequence {sy, } of {s;}, and a set Cy C C of
positive Lebesgue measure such that

Up (Sk,,0) ha = hg uniformly in Cs. (24)
From (23) and (24) it follows that there exists o > 0 such that
Up (t0,0) hy (x) < fi1(x) for all z € Cy

and
Up (to,0) ha (z) < fa(z) for all z € Cs.

Defining
fi(z) = 1¢,(2)Up (t0,0) hs (z), x €D, i=1,2,

where 1¢; is the indicator function of C;, we obtain
t _ t
u;i(t,x) = Up(t,0) fi(x) + / Up (t,r) u’ZBf (r,x) dr > Up(t,0) fi(z) +/ Up (t,r) ufﬁ (r,x) dr.
0 0
Let (v1,v2) be the mild solution of (3) with initial value (ﬁ, ]72), which is given by

vi(t, ) = Up(t,0) fi(z) +/0 Up (t,7)v; Bilr,a)dr, i=1,2.

We define the operator U by

¥ (v1,00) (ba) = (Up(t,0)fi(@). Up(t,0)fa(a))

</OtUD(tr dr,/OtUD rx)dr).
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For any real numbers a, b, ¢, d, let us write (a,b) < (¢,d) when a < ¢ and b < d. Thus

U (uy,u2) (t,x) < U (uy,uz) (¢, z),

where VU is defined in (10). Similarly as in [17], we define the sequences {(v1,,v2,)} -, and
{(ul,m U27n)}zo:o by

(Vint1,V2041) = V¥ (V1 9, 02,) and (w1 pt1,u2nt1) = ¥ (U1n, U2n) ,

respectively. If (v1 (¢, z),v20(t, ) < (w1 n(t, ), u2,n(t, x)), then

(V141 (t, @), V211 (t,2)) < W (U1, uzn) (B 1) < W (urp, uam) (6 2) = (U ng1(t, @), uz ny1(t, x)) .

The contraction mapping property in a Banach space implies that the sequence {(v1p, U2,n)}zo:07

with (v1,0,v2,0) = (0,0), converges in the norm ||| ||| to the unique fixed point (vq,v2) of U, namely

(Vin,v2,0) = (v1,v2) and V, (V1n,v2.0) = (V1,02)

in the norm ||| - ||| as n — oo. Similarly, the sequence {(u1,,u2.,)} o With (u1,0,u20) = (0,0)

converges to the unique fixed point (u1,ug) of ¥, that is
(Uim, u2n) = (ur,u2) and W (uin,u2n) = (u1,ug)
in the norm ||| - ||| as n — co. Choosing (v1,09,v2,0) = (u1,0,u2,0) = (0,0), we obtain
(v1(t,x),v2(t, ) < (ui(t,z), ua(t, z)).

Therefore, it suffices to prove that, under the hypothesis of Theorem 6, the mild solution of (3)
blows up in finite time for all initial conditions of the form

Ui (O>$) :1Ci($)UD (to,O) hi (1‘), reD, i=12
On the other hand, intrinsic ultracontractivity (8) implies that

Up (t0,0)hi  Sp (K (to,0)) h;
D(Oa) _ D( (0 )) GC};(D)
%0 ¥0

Thus, we can assume that the initial conditions in (3) are of the form u; (0,2) = 1¢,pi(x)po(x),
with 0 < p; € Cp (D). The assertion of the theorem now follows from Proposition 5 by taking
continuous function g;, with support contained in Cj, such that 0 < g; < 1¢,p;, i = 1,2. [

Remark 7 Notice that the above theorem is consistent with the corresponding result for the case
of a single equation obtained in [15], which establishes that for a single Dirichlet boundary problem
with k=1, A=A, > 1 and a nonnegative initial condition f € Cy (D), where D is a bounded

1
regular domain, the nonnegative mild solution blows up in finite time if (f, o) > AJ ™" [l¢oll1-
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