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Abstract

In this work we applied the Basis Pursuit (BP) methodol-
ogy for recovering the intra-voxel information in Diffusion
Weighted MR Images (DW-MRI). We compare the proposed
BP approach with the Diffusion Basis Function Estima-
tion (DBFE) algorithm. DBFE approach was previously ap-
plied to recover intra—voxel diffusion information in brain
DW-MRI. The intra—voxel information is recovered at vox-
els that contain axon fiber crosses or bifurcations by means
of a linear combination of a known diffusion functions. We
state the DBFE solution in the signal decomposition con-
text, i.e., the measured DW-MRI signal is decomposed as
a linear combination of signals that belongs to a Base of
Diffusion Functions (BDF). In such a BDF, each signal is
a M-dimensional vector, where each component indicates
the water diffusion coefficient in a known three-dimensional
orientation. In this work, we analyze and compare the solu-
tion given by DBFE method with the BP methodology. The
BP methodology is used in order to select the set of base
signals (which are taken from a dictionary) that best ex-
plain a given arbitrary signal. Moreover, solution strategies
used in the BP and DBFE algorithm are compared and dis-
cussed. Examples in synthetic and real images are shown
in order to demonstrate the performance of the compared
methods.

1. Introduction
1.1. The diffusion weighted intra—voxel problem

Amongst the most challenging goals in neuroimaging
is the estimation of connectivity patterns in the brain in
vivo. For this purpose, a special Magnetic Resonance Imag-
ing (MRI) technique named Diffusion Weighted MRI (DW-
MRI) is used. That technique allows one to obtain an es-

Mariano Rivera
Centro de Investigaciéon en Matemadticas A.C.
Apdo. Postal 402, Guanajuato, Gto.
C.P. 3600, México, (52) 473 73 271 55
mrivera@cimat.mx

That diffusion is constrained by the direction of axon nerve
bundles. Such an information is very useful in neuroscience
research, due to the relationship of brain connectivity with
several diseases and, in general, with brain development
[10].

The physical relationship of the water diffusion process
in a given orientation, for each image position, was estab-
lished by Stejskal-Tanner [13]:

si = so exp(—bg] Dg;) + i, (1)
where the unitary vector g; = [¢s, gy, gz]T indicates the
i—th direction in which a directional independent magnetic
gradient is applied, s is the measured DW-MRI signal in the
g; orientation, S is the measured signal magnitude without
diffusion gradient, and b is a constant proportional to both
the applied time and magnitude of the magnetic gradients.
The 7n; coefficient represents a residual (produced by an in-
adequate model as well as for the present noise in the sig-
nal), and the diffusion coefficients in all directions are sum-
marized by the positive definite symmetric 3 x 3 tensor D.
This model is used in the Diffusion Tensor MRI methodol-
ogy (DT-MRI) (see [13] for more details).

A standard acquisition protocol for a single orientation
g, give us a 3D image, where in each voxel, the signal in-
tensity indicates the grade of attenuation due to the diffu-
sion, a larger attenuation (s; small) indicates a significant
water diffusion in the configured orientation. A 2D schema-
tization of the measured signals are shown in Figure 1.

Could be found several diffusion orientations in the same
brain position (and consequently in a single voxel), for in-
stance, in the case of axon fiber crossing or bifurcations,
see Figure 1b. For this reason, a more adequate model have
been proposed by Tuch et al. [12, 11] called High Angu-
lar Resolution Diffusion Imaging (HARDI) method. That
method is based on an observation model in which the sig-
nal s is built up as a finite mixture of tensors D :

K
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Figure 1. 2D schema of the measured s sig-
nals in a voxel. a) The signal s (continuous
peanut shape) when there is only one wa-
ter diffusion orientation D, in a voxel. b) The
shape of s (continuous concave shape) when
there are 2 almost orthogonal diffusion direc-
tions D; and D,. The small circles indicates
the distance to the center, or the magnitude
of s measured at some angles. In both pan-
els, the big circle schematizes the s, signal,
which is orientation independent.

where x denotes the number of significant fibers orienta-
tions within the voxel, the tensor D; explains each one of
these diffusion orientations, and the scalar 3; indicates its
amount of presence.

If we want to recover the unknown diffusions (i.e. the
orientation and magnitude of each one) by using only the
measured signal s and s, then all unknowns in (2) must
be computed (the number s of orientations, plus six un-
knowns per tensor, plus the amount 3; of each one), in-
dependently for each voxel from a large set of acquired
images {s}. This Diffusion Multi-Tensor Magnetic Res-
onance Imaging (DMT-MRI) technique allows one to re-
cover the intra—voxel information that is not observed in
the standard DT-MRI model (1), see [11]. The drawbacks
of the DMT-MRI method are: the large number of addi-
tional diffusion images {s} required (for instance, 126 dif-
fusion 3D—images are used in [11], and 54 images are used
in [6]), resulting in a large acquisition time, and algorith-
mic problems related to Equation (2); which is highly non-
linear. So that, multiple restarts of the optimization method
are required to prevent the algorithm from settling in a lo-
cal minimum. Furthermore, such an algorithm is not stable
for more than two fiber bundles, i.e. for k > 2 (see discus-
sion in [11], Chap. 7). There exist another kind of works in
this area [7, 8], that have recovered the DT-MRI intra—voxel
information. Those works used either a spatial and a intra-
model regularization procedure, in order to decompose the
DT in a multi-tensor one, though, those works highly de-
pend on the existing voxel neighborhood information.

2. Previous work
2.1. Diffusion basis function estimation

Recently, Diffusion Basis Function Estimation (DBFE)
methodology have been proposed in [9], as a solu-
tion method for equation (2). This method used a basis
of functions called Diffusion Basis Functions (DFB), de-
fined as

®;; = exp(—bg; T;gi), )

where each ®;; should be understood as the decay factor
due to a fixed tensor T ; in the i—th direction g;. The set of
®;; values define a matrix such that each column vector ®.;
is generated with the signal measured in all the orientations
gi,t = 1,2,..., M, for a fixed tensor Tj. By using this
DBF &, with cardinality N (i.e. composed by N base ten-
sors), the composition of the signal s in the work [9], was
established as:

N
S; = So Zj:l Oéjq)ij + ;i (4)

were @ = a1, 2, ..., j, ..., an| T is a vector, such that the
scalar a;; > 0 denotes the contribution of the j-th DBF ®.;
to all the s; measures in different gradient directions, i.e.
the contribution to the linear mixture in a particular voxel.
Note that the basis is not complete, due to the fact that the
contained orientations 5 = 1,..., N are a discretization of
the 3D space. This feature carry us to observe a remanent
scalar n; for each measurement. By increasing the cardinal-
ity in the basis (consequently the 3D angular resolution is
increased), this remainder is diminished, so that, it could be
attributed to the noise in the signal.

The use of the model (4), with a large basis, allow us to
estimate the diffusion orientations with a high angular res-
olution, only by computing the « vector in each brain posi-
tion. The solution proposed in [9] was derived by the mini-
mization of the following error function

E(a) =
subject to

1P — s[5
aj 20,V 5)

The minimization was achieved in [9] by the derivation
of (5) with respect to a each oy, and by solving the ob-
tained liner system equalized to zero. The solution of the
linear system was obtained by the use of a Gauss-Seidel
approach, were the non—negativity constraint was accom-
plished by projecting to zero the negative «; values in each
iteration. That minimization approach has the drawback that
requires several iterations to achieve the best « value.
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3. Theoretic framework: Pursuit techniques

A compact signal representation have been largely used
in signal processing problems [1, 2, 3] . In this context,
is desirable to represent a given signal by a set of coeffi-
cients associated with elements of a dictionary of functions.
The elements of such a dictionary are called atoms. Very of-
ten, the used dictionary is redundant (or over-complete), in
the sense that the signal atoms are not orthogonal. In the
signal processing context it is common to select atoms as
Wavelets, Gabor dictionaries, Cosine Packets, Chirplets and
Warplets, among others. The idea is to select from the dic-
tionary the atoms that best match the signal structures, using
a criteria for choosing among equivalent decompositions.

A common using criteria is to accomplish with the ba-
sic feature of sparsity, i.e., we want to recover a representa-
tion with the fewest significant coefficients. Additionally, a
desirable feature is to spend a reasonable time in to achieve
the decomposition.

The mathematical model that represents the decomposi-
tion of a signal s € RM as a linear combination of atoms
@’s, each one of them belonging to a dictionary I" is

5= aidi+1=>2a+n, (©)
i€l

where @ is a M x N matrix composed by N atoms, each
atom ¢; is a column of ®. The a € R vector contains
the linear combination coefficients. The residual 7 grasp the
signal energy that can not be explained (or fitted) by the dic-
tionary. When the dictionary was selected such that it is ca-
pable to represent all possible signals in the work domain,
we expect that ) captures the energy of the present noise in
the signal.

Commonly N >> M, that makes the problem ill-posed:
we have only a few measures s;,¢ = 1,..., M and we want
to select between a (normally) huge dictionary, the atoms
that best represent the signal as a linear combination. The
solution of (6) for «, given by the inversion of the pseudo-
inverse of ® is prohibitive in such a case, and it does not al-
low us neither to introduce prior information about «, nor
lead the algorithm to a solution with some desired proper-
ties (sparsity for instance).

Recently, a Basis Pursuit (BP) [1] technique have been
proposed for solving the problem (6), i.e. for computing the
« coefficients. It was formulated as:

min ||a
subjectto Pa = s 7

where the constraint over the L-1 norm of the « vector guar-
anties that the solution is unique. In this way, BP has a in-
teresting relationship to areas related to ill-posed problems.

The problem above, can be transformed in a linear pro-
gramming one (see [1]), and solved by the simplex method.
Although, in the presence of noise and depending on the
chosen dictionary, the constraint in (7) could not to be ac-
complished, resulting in a over-constrained linear program-
ming problem. In those cases, we need to use a more ade-
quate minimization procedure, like a interior-point method
which tries to minimize the residual vector r, = ®a — s
(see [5]). The BP method have shown a better performance
with respect to other pursuit techniques, for instance Match-
ing Pursuit (MP) [3], which uses a non-linear iterated algo-
rithm for solving (6). Although MP is a simple and easy-to-
implement algorithm, it presents the drawback that very of-
ten the first selected atom globally fits several signal struc-
tures, but, this atom could be not well adapted to represent
the signal local structures (see [2]). Differently BP indicates
with a few « coefficients the atoms that best fits the local
structures, with the drawback that it requires a more sophis-
ticated minimization tool.

4. Basis pursuit based algorithm for DW-
MRI

Now, we will formulate the intra—voxel structure estima-
tion as a selection of atoms from a given dictionary, i.e. in
the pursuit framework, particularly in a Basis Pursuit frame-
work.

We propose to solve the problem stated by (4), by the
modification of the the minimization problem in (5) in a BP
methodology, i.e. we propose to solve the problem:

min [l
subjectto Pa=s, a; >0,Vj ®)

Since we have constrained already the sign of the o com-
ponents, (8) can be formulated in the following linear pro-
gram

min ). a; = eTa

subject to Pa = s, o; >0,V ©)
where € is a vector with all its components equal to one.
The previous linear program could be solved, in the-
ory, with the simplex method, but, because in most cases
the MRI signal s contains noise and because the dictionary
® is not complete, the linear problem in (9) is an over—
constrained one. That means that we expect that the rema-
nent n; [defined in (4)] will be different to zero. For this
reason we solve it by using a powerful interior-point min-
imization method. In our experiments we used the primal-
dual predictor-corrector Merhotra’s algorithm (see [4, 5])
that computes the results in a fraction of the computational
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effort that requires the DBFE method described in Section
2.1. Since the Merhotra’s algorithm formulation assumes
that either primal (the « coefficients) and dual (not used
in our case) variables are positives, the constraints are ful-
filled only by the system ®a = s. Note that the main differ-
ences between (8) and (5) are: the use of a L-1 norm vs. the
use of a L-2 norm, and the constraint over the size of the «
vector vs. the constraint over the error ®« — s. In this sense,
we known that the L-1 norm belongs to the robust poten-
tial category, differently to the L2-norm. A nice property of
the problem stated in (8) (a linear programming one), is that,
in the noise absence, the obtained solution is a global mini-
mizer .

5. Results

This section shows experimental results and a perfor-
mance comparison between the DBFE method and the pro-
posed BP method, either in synthetic and in real DW-MRI
data.

5.1. Synthetic experiments

In order to test the performance of the proposed method
for selecting the diffusion signals ¢; that best composed
the observed s, we generate several synthetic examples.
In the first example we generated a signal s which is ex-
actly composed by a linear combination of two atom sig-
nals, s = 3¢; + 1¢;. Then, we used a different number
of measures M and we compare the norm of the error be-
tween the obtained solution and the real one. The dictionary
was composed by N = 36 atoms, we used b = 1000 in (3).
The comparison between the method DBFE reported in [9]
and the BP one proposed here in Section 4 is shown in Fig-
ure 2. Note that the error diminishes in both methods by in-
creasing the number of measures s;. However, note that the
error obtained by the BP method is smaller and requires less
measures (only 4) for obtaining the exact result.

In fact, Figure 3 give us an insight about the reason
of the large error in the solution obtained with the DBFE
method. In this experiment we generated a synthetic sig-
nal s that is composed by 2 diffusion orientations in a 2D
plane, 63° and 157° respectively. The dictionary is com-
posed by diffusion signals that splits the 2D orientation
space in equidistant intervals of 10°, i.e., the orientation
set was [0°,10°,20°, ..., 170°]. Note that such a dictionary
can not exactly represents the signal s. The result obtained
with the DBFE algorithm is shown in panel 3a, and the re-
sult for the BP method is shown in panel 3b. In both figures
the x axis corresponds to the orientation (in degrees) of the
N = 18 atoms (or diffusion signals in the dictionary) and
the y axis indicates the value of the associated o; value. As
can be seen, the result obtained by the DBFE involves more
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Figure 2. Comparison for both methods. We
show the obtained error vs. the number of
measures )/, see text.

coefficients than the needed ones, and the result given by
the BP method uses only the necessary number of coeffi-
cients, i.e., in the case of BP, the signal ¢7 associated with
60° have the biggest « coefficient, and jointly with the co-
efficient associated to 70° (a small one) fits good enough
the diffusion measured in the 63° orientation. In the same
way, the second diffusion is fitted only by the combination
of the atom associated to 160° (biggest) and 150° (small-
est), and all the others coefficients are equal to zero. The
BP method required 12 iterations of Mehrotra’s minimiza-
tion method. On the other hand, the method DBFE was iter-
ated 1300 times, and the obtained result contains more co-
efficients that the needed ones for the s representation. Note
that the solution given by DBFE is almost right, i.e., it in-
dicates with the biggest o coefficient the diffusion function
that best explains the signal. Although, the solution given
by BP is sharper, thus, better defined, indicating accurately
the magnitude of the coefficients of the linear combination.
We can stated that, for the medical purposes, the BP solu-
tion is better.

Additionally, we tested the robustness of both methods to
the present noise in the measured signal. Figure 4 shows the
obtained results. We generate a synthetic signal and then we
added independent Gaussian noise with zero mean and dif-
ferent standard deviations. The x axis indicates the SNR ra-
tio and the y axis shows the norm of the difference between
the obtained solution vector «v and the real one. As can be
seen, the error of the method BP is the smallest one.

5.2. Results obtained in real DW-MRI data

The results obtained with brain DW-MRI are shown in
figure 5. In this case, we used the DW images that are in-
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Figure 3. o coefficients obtained in the case
where the diffusion orientation was not in the
dictionary. a) Result of DBFE method, b) Re-
sult of the BP method, see text.

cluded in the BioTensor software, provided by the web site
of the Scientific Computing and Imaging Institute of the
University of Utah (http://software.sci.utah.
edu/archive/archive main.html). Such adatais
constructed by 75 x 109 x 29 voxels, and with voxel dimen-
sions 2.0 x 2.0 x 2.0mm3. The number of measurements per
voxel in independent directions g; is M = 12, and was ac-
quired with b = 1000. The dictionary of diffusion functions
was composed by N = 33 equidistant orientations. Panel
Sa depicts the brain map (a sagital slice), where the region
of interest is marked by a white square. Panel 5b shows the
classical DT fitted in (1) (see [13] for details) that give us
a reference for the orientations. We show in panel 5c the
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Figure 4. Variation for both methods of the er-
ror in the results by the SNR variation in the
synthetic signal, see text.

computed orientations, weighted by its associated « coef-
ficient, recovered by the DBFE method. Finally, the com-
puted orientations with the BP method are shown in Panel
5d, weighted by its associated « coefficient. In both 5c and
5d panels, the tensor diffusion associated with the largest «;
coefficient is shown in red color, the second in green and the
third in blue. It is important to note that this results are con-
gruent with the a priori anatomical knowledge for this re-
gion which corresponds to the brain corona radiata. Note
that the center of the slice contains a fiber crossing (depicted
in the DT-MRI field in panel 5b with no predominant ori-
entation tensors, i.e. ball shaped tensors) and note that the
intra—voxel orientations recovered, depicted in panel 5S¢ and
panel 5d indicates well the crossing by means of almost or-
thogonal diffusion orientations. Additionally, note that, in
some regions, the recovered orientations by the BP method
are more defined and contrasted, i.e. there are some brain
positions where only one diffusion direction was detected
instead of two, differently to the DBFE result.

In order to compare the computational effort, we mea-
sured the computational time for both methods, they were
implemented in the same language and were executed in the
same computer. BP approach is about 40 times faster than
the DBFE approach.

6. Conclusions

In this paper, we stated the problem of intra-voxel dif-
fusion estimation in DW-MRI in the context of signal de-
composition, such a decomposition is obtained by means
of atoms that belongs to a dictionary. The BP methodol-
ogy was applied, demonstrating that the achieved results are
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better compared with the DBFE methodology, which repre-
sents the state of the art in this approach. The obtained re-
sults are better in the sense that the uncertainty in the dif-
fusion orientation was diminished and the required compu-
tational effort was reduced. Such a differences can be ex-
plained, in part, because the BP-like approach uses a objec-
tive function based in the L-1 norm (which is known to be a
robust potential) and the DBFE uses a non-robust L-2 based
cost norm.
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