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Abstract. The purpose of this paper is to prove the existence of a new family of non self-dual
finite-energy solutions to the Yang-Mills equations on Euclidean four-space, with SU(2) as a gauge
group. The approach is that of ‘equivariant geometry’: attention is restricted to a special class
of fields, those that satisfy a certain kind of rotational symmetry, for which it is proved that (1)
a solution to the Yang-Mills equations exists among them; and (2) no solution to the self-duality
equations exists among them. The first assertion is proved by an application of the direct method
of the calculus of variations (existence and regularity of minimizers), and the second assertion by
studing the symmetry properties of the linearized self-duality equations. The same technique yields
a new family of non self-dual solutions on the complex projective plane.

Introduction

The Yang-Mills functional (or ‘energy’) is defined on the space of connections on the principal
SU(2)-bundle SU(2) x R* on Euclidean four-space R* by assigning to a connection A the L?-norm
of its curvature F'y

YM(A) := _/]R‘l tr(Fa A *Fy),

where ‘¢’ is the Hodge duality operator on 2-forms on Euclidean R*. The corresponding variational
equations are the Yang-Mills equations

dA *FAZO, (1)

where d 4 is the covariant exterior derivative associated with the connection A. From the Bianchi
identity, d4F4 = 0, it follows that if A is (anti-)self-dual,

FA::E*FA (2)

(‘+’ for self-dual, ‘-’ for anti-self-dual), then it satisfies the Yang-Mills equations.

We will be concerned in this paper only with finite-energy solutions to Equations (1) and (2). An
example of a nontrivial (i.e. with nonvanishing curvature) finite-energy solution to the self-duality
equations (2) (and hence to the Yang-Mills equations (1)) is given by the formula

A(z) = Tm (%) , (3)

where  is a quaternionic variable on R* 2 H, and we identify the Lie algebra of SU(2) = Sp(1)
with the set of imaginary quaternions. In 1979, similar formulae were discovered for all finite-energy
self-dual and anti-self-dual connections on Euclidean R* (see Atiyah [2] for details).



It will be useful for us to replace R* with its conformal compactification, the standard four-
sphere S*. By the conformal invariance of the Yang-Mills equations and energy (this follows
from the conformal invariance of the * operator on 2-forms in four dimensions) solutions on the
four-sphere give rise, via stereographic projection, to finite-energy solutions on Euclidean space.
The converse, although not used in this paper, is also true, by a theorem of K. Uhlenbeck: a
finite-energy Yang-Mills connection on R* can be ‘extended at infinity’, i.e., comes from a Yang-
Mills connection on some principal bundle, non-trivial in general, on S*. Finite-energy Yang-Mills
theory on Euclidean R* is thus equivalent to Yang-Mills theory on S*. For example, Formula (3)
corresponds to the homogeneous connection on the quaternionic Hopf bundle §7—S%.

As is well known, the space of connections on S* breaks into countably many connected com-
ponents labeled by the second Chern number

1
o=y /54 tr(Fa A Fa), (4)

and the self-dual and anti-self-dual connections in each component form the absolute minima of
the Yang-Mills functional [2].

Until recently, the only known finite-energy solutions to the Yang-Mills equations were the
self-dual and anti-self-dual solutions (hereafter, just ‘self-dual’ for simplicity). C. Taubes showed
in [14] that all finite-energy Yang-Mills solutions on Euclidean R* = R x R® with the O(3) ‘spatial’
symmetry are necessarily self-dual. J. Bourguignon and B. Lawson have shown [7] that non self-dual
solutions must be unstable (in the sense of having energy decreasing perturbations) and C. Taubes
gave also a lower bound on their Morse index [15]. T. Parker has shown [9] that R* = C? with the
U (2)-symmetry admits non self-dual solutions provided the standard metric on R* is appropriately
perturbed.

In 1989, L. Sibner, R. Sibner, and K. Uhlenbeck published a proof for the existence of some non
self-dual solutions on Euclidean R* [13]. In their proof, modeled on a previous proof of C. Taubes
for the existence of non self-dual solutions to the Euclidean monopole equations, solutions arise as
minmax elements associated with loops of connections with a certain circle symmetry. Self-dual
solutions (called hyperbolic monopoles in this case) are excluded by appropriate energy estimates.

In this paper we establish the existence of a new family of finite-energy non self-dual solutions
(different from the ones in [13]) by restricting attention, as in [13], to a class of symmetric connec-
tions, but with a rotational (SO(3)) symmetry of a certain kind. For this symmetry, S* is thought
of as the unit sphere in the 5-dimensional space consisting of real symmetric traceless 3 x 3 matri-
ces with SO(3) acting by matrix conjugation. We first identify the connected components of the
space of symmetric connections, that is, connections on S* which are invariant under our SO(3)
symmetry (there are infinitley many such components). We are then able to exclude self-dual con-
nections from most connected components by showing that the self-duality equations, linearized at
a symmetric solution, do not possess the required symmetry; therefore, any symmetric solution to
the Yang-Mills equations is bound to be non self-dual and so we look for a (symmetric) minimum
of the variational problem. This, we prove, exists as a limit of a minimizing sequence of symmetric
connections (see Fig. 1).



Fig. 1. Non minimal symmetric critical points of the Yang-Mills functional.

It is instructive to compare our method of proof with that of Sadun and Segert in [12]. Both
begin the same way, by characterizing the equivariant bundles with the given SO(3) action on S*.
Sadun and Segert then proceed by reducing the Yang-Mills equations by the full symmetry group.
This leads to a system of ordinary differential equations on an interval with certain singularities
at the endpoints. (This ODE approach was initiated by Urakawa in [16], advanced by Bor and
Montgomery in [6] and completed by Sadun and Segert). The main technical difficulty with this
approach concerns the behavior of possible solutions near the singular endpoints and this involves
a significant amount of work. In contrast, our use of normal slices near singular orbits essentially
reduces the Yang-Mills equations into an elliptic PDE in two variables (maintaining a ‘residual’
symmetry coming from the isotropy group at a singular orbit), but now with no singularities. This
simplifies much of the analysis. Two other new features of our work are (1) a simple method for
exculding self-dual solutions out of our list of equivariant solutions. This method is based on the
Atiyah-Bott fixed-point formula; and (2) our method easily generalizes to deal with a similar class
of equivariant solutions over CP? (the complex projective plane with its standard Fubini-Study
metric. See Remark 4 at the end of Section 3). T. Parker has also obtained recently results
overlapping with the ones given here [10].

Following this introduction, Section 1 describes the SO(3)-action with which we work and
the lifts of the action to principal SU(2)-bundles. In Section 2 we prove that each lift (there are
infinitely many) admits Yang-Mills solutions, and in Section 3 we prove that most lifts do not admit
self-dual solutions. The appendix contains several simple facts of a general nature concerning the
local structure of equivariant bundles.
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visor, for his support, patience, and sound advice, and to Richard Montgomery, for suggesting the
problem to me and helping all along. I would also like to thank Lorenzo Sadun for pointing out
an error, now corrected, in the calculation concerning Remark 4 of Section 3.

1 A family of equivariant bundles

In this section we introduce the geometric set-up in which we work. We first define an action of
the rotation group SO(3) on the four-sphere S*. We then look for ‘lifts’ of this action to principal

SU(2)-bundles over S*. The result (Proposition 1.4) is a family of bundles with an action of SO(3)
(the simply-connected double-cover of SO(3)) covering the SO(3)-action on S*.



1.1 The SO(3)-action on S*

The space of all 3 x 3 real symmetric traceless matrices is a 5-dimensional real vector space = R>.
The rotation group SO(3) acts on this space by matrix conjugation

x — sxsL, r €R?, s€S0(3),
preserving the norm ||z||? = tr(z?), so that the SO(3)-action on R® restricts to an action by
isometries on the unit sphere S* = {x| ||z|| = 1} C R®. We now list some of the properties of this
action.

Proposition 1.1 1. The set of diagonal matrices in S* of the form

A0 0
z::{( 0 X 0 >|A1ZAzZA?,,A1+A2+A3=0,A%+A%+A§=1}cS“
0 0 As

is a global section: every orbit of the SO(3)-action on S* intersects ¥ at precisely one point.

2. ¥ forms a 7/3-arc of a great circle on S*, whose endpoints, denoted by oy and o_, are given

by
{1 /10 0 1 /2 0 0
wewlenn) o ewl )
See Fig. 2
Fig. 2. The global section ¥ on S4
Proof.

1. By a well known fact of linear algebra, every symmetric matrix is conjugate, by an orthogonal
matrix, to a diagonal matrix, unique up to the order of its diagonal elements.

2. The set of diagonal matrices in S* is the intersection of a 2-dimensional subspace in R® with
54, and thus a great circle. The condition A\; > Ao > A3 defines a 60%-arc on this circle. ¢

We recall that the stability group at a point z in S* is, by definition, the set of elements in
SO(3) which fix 2. The next proposition is obtained by a straightforward calculation.

Proposition 1.2 The stability groups along > are



e at the endpoint o
A 0
02), =1 0 ||A€0(2),e=det A},
0 0

e at the endpoint o_

0 0

€

0(2)_ ::{( 0 4 )|AEO(2),e:detA},
0

e at each interior point of the arc 3

€1 0 0
F = {( 0 €2 0 >|6Z == :I:17616263 = 1}

0 0 e3

See Fig. 3. %

Fig. 3. The stability groups along 3.

In the next proposition we introduce a cover of S* by two open sets.

Proposition 1.3 Let RP? (resp. RP?) be the singular orbit through oy (resp. o_), and let
Ny = S*\RP? (resp. N_:= S*\RP?). Then N, is a tubular neighborhood of RP?, i.c., it is
SO(3)-diffeomorphic to an SO(3)-homogeneous disk bundle over RP?. The analogous statement
holds for N_.

Proof. The required diffeomorphism, say for N, is given by the restriction of the exponential
map T'S*—5% to the 7/3-disk bundle in the normal bundle of ]RPf_. &

1.2 SO(3)-equivariant bundles on S*

Here we seek to extend, or ‘lift’, the SO(3)-action on S* to principal SU(2)-bundles over S*.
That is, we are looking for a principal SU(2)-bundle P — S* together with a subgroup of bundle
automorphisms of P covering the given SO(3)-action on S*.

Examples.

1. P =5*x SU(2) with trivial action on the SU(2)-factor (the ‘trivial lift’).

2. P =8%x SU(2) with SO(3) (the simply connected double-cover of SO(3)) acting on SU(2)

by left translations via the standard identification SO(3) = SU(2).



3. P =57 - HP! = $* the quaternionic Hopf bundle, with SO(3) acting on S” C C* via the
4-dimensional irreducible complex representation. It is easily checked that the induced action
on S* is isomorphic to our SO(3)-action. There are actually two isomorphism; they differ by
the antipodal map z +— —x on S*. A choice of one of them can be used to fix an orientation
on our S*. We come to this later in the section when we calculate Chern numbers.

We now explain how to obtain all possible lifts of the SO(3)-action on S* to action of the

double-cover SO(3) on a principal SU(2)-bundle on S*.

Associated with a given lift P — S* are two integer invariants n, and n_ defined as follows.
For each of the singular orbits RP? and RP? in S*, the stability group = OA@) C 55(3) of a point
on the orbit acts on the fiber above it. Fixing a point on the fiber, the right action of the structure
group SU(2) identifies the fiber with SU(2) itself, so that O(2) acts by left translations through

some homomorphism A : O(2) — SU(2). Restricting to the circle subgroup SO(2) C O(2), we
have (after possibly conjugating by some element in SU(2))

. eme 0
A:el? ( 0 enif ) (5)

for some unique non-negative integer n. Furthermore, it is readily shown that n must be either
odd or 0 for it to come from a homomorphism of O(2)(see the proof of Proposition 1.4 below).
In this way, with each lift of the SO(3)-action on S* to a principal SU(2)-bundle, we associate a
pair of integers ny and n_, positive odd or 0, corresponding to the singular orbits ]RP_2Ir and RP?
respectively.

Examples. In the above three examples, (ny,n_) is (0,0) for the first example (the trivial lift),
(1,1) for the second example, and (3,1) or (1,3) in the third example, depending on the choice of
identification with our S*.

In the next proposition we show that the pair of integers (n4,n_) uniquely determines the
associated lift.

Proposition 1.4 The above definition of the pair (ny,n_) defines a one-to-one correspondence
between

(1) Sav(?))—isomorphism classes of principal SU(2)-bundles P — S* with a non-trivial action of

SO(3) by bundle automorphisms covering the given SO(3)-action on S*, and
(2) pairs (ny,n_) of positive odd integers.

Proof. We use an equivariant version of the usual ‘clutching construction’ for principal bundles
over a sphere. We cover S* with the two ‘hemispheres’ N, and N_ (the tubular neighborhoods
of the singular orbits RP? and RP?, see Proposition 1.3), classify lifts Pr—Ny over each of the
tubular neighborhoods Ny, and ‘glue’ equivariantly over the intersection N, NN_ via an equivariant
isomorphism P, | N.nN_ —P_| N.nN_ (over the identity on Ny N N_). The lifts over each of the

tubular neighborhoods Ny and N_ are classified, up to an 55(3)—isom0rphism, by the conjugacy
class of the holonomy representation A : O(2)—SU(2) at a point on the corresponding singular
orbit, see Appendix A.2). A short calculation shows that these conjugacy classes are given by the

following list of representatives:

1. The unique extension (up to conjugacy) of the homomorphism (5), where n is an odd positive
integer.



2. The trivial homomorphism O(2)—{1} C SU(2)

3. The determinant homomorphism OA(é)—>O(2) def {x1} C SU(2).

(The last two are the extensions of the n = 0 case in (5)).

An S bv(?))—equivariant ‘glueing’ of P; and P_ over N, N N_ is given by a ['-equivariant isomor-
phism between P, and P_ over the normal slice ¥ := ¥\ {o},0_-} = ¥NN;NN_ (see Proposition
1.1 and 1.2 for the definitions of ¥ and I"), i.e., a map ¥y—SU(2) which conjugates A |r and A_ |r.
This restricts Ay and A_ to be both of either the first or second type in the list above. Furthermore,
in the first case (n4 and n_ are odd) the ‘glueing’ isomorphism is unique up to a sign, which can
be extended over say N, hence we get a unique lift (up to an 85(3)—isom0rphism); likewise in the
second case (A4 and A_ are trivial), we get a unique lift, the trivial lift. &

We recall that principal SU(2)-bundles over S* (without any equivariance constraint) are classi-
fied topologically by an integer invariant [5]; this can be taken as the second Chern number: by def-
inition, the integral over S* of the second Chern class of the rank 2 vector bundle E = P x SU(2) C?

associated with the basic representation of SU(2) (see Formula (4) in the Introduction).

We now wish to calculate the second Chern number of each of the bundles constructed in the
last proposition in terms of the integers n and n_. To fix the sign, we need to choose an orientation
on our S%. One way to do it is by identifying the Hopf bundle (co = —1) with the (ny =3,n_ = 1)
bundle (see the third example at the beginning of the section). With this convention adopted, we
have:

Proposition 1.5 The second Chern number of an SO(3)-equivariant bundle P of type (ny,n_)

in Proposition 1.4, is given by

n,2 — TL+2

Cy — T (6)

Proof. We use an integration formula for equivariant Chern classes due to Atiyah and Bott [4].

Restrict the SO(3)-action to a circle-subgroup in SO(3), say the circle subgroup (the identity

component) of O(2)_, the stabilizer of o, (see Proposition 1.2). The fixed point set of this circle-
action consists of two points, o4 and its antipodal —o. The integration formula in [4] gives

1 (tr(Xi) N tr(X2)>

82 ey e

C9 (7)
where X4 € End(C?) is the generator of the circle-action in the fiber of E over the fixed point
+0, € S%, and ey is the (signed) product of the weights of the circle-action on S* linearized at
40, . The circle-action on R® is given by the weights of the 5-dimensional representation; these are
0,42, +4. Restricted to S*, the weights at each of the fixed points are 2, +4. This determines
e+ up to a sign. Now at o the circle-action gives the standard orientation, at —o the opposite
one, so ex = £8. Equation (5) implies

[ 2ming 0
Xe = < 0  —2ming )

sotr(X?) = —872n3%. The stated formula for the second Chern number now follows by substitution
in Equation (7). &

We have thus constructed a family of non-trivial SO(3)-equivariant SU (2)-bundles indexed

by a pair of positive odd integers (n4,n_), where the second Chern number is given by ¢y =
(n% —n?)/8.



2 Existence of invariant Yang-Mills solutions

Here we prove that each of the SO(3)-equivariant bundles constructed in the previous section
admits a Yang-Mills connection: It is a connection which minimizes the Yang-Mills energy amongst
all SO(3)-invariant (henceforth, simply ‘invariant’) connections on the bundle in question.
Theorem 2.1 For each of the SA(/?))—equivariant bundles P — S* of Proposition 1.4, the Yang-
Mills functional, restricted to the set of invariant connections on P, attains a minimum which is
a smooth (C*°) solution to the Yang-Mills equations.

Proof. Let {A;} be a minimizing sequence of invariant connections on P. That is,

.l_i>m YM(A;) =inf{Y M(A)| A is an invariant connection on P}.
7 o0

We will show that such a sequence must be bounded (in the L? Sobolev metric on the space of
connections on P, see Appendix A.4 for the definition). The rest follows the standard argument
of the ‘direct method of the calculus of variations’: boundedness implies compactness (in the weak
L2-topology), i.e. the sequence has a weakly convergent subsequence, and since the Yang-Mills
functional is weakly lower-semicontinuous and the set of invariant connections is weakly closed
(as a norm-closed affine subspace of the space of L$-connections on P), the limit connection is
a minimizer and therefore a critical point of the Yang-Mills functional restricted to the set of
invariant connections (which is a Hilbert submanifold of the space of all L2-connections so it makes
sense to speak of critical points). But then, by the ‘principle of symmetric criticality’ [11, Theorem
5.4], it is a critical point of the Yang-Mills functional on the space of all connections, i.e., a weak
solution of the Yang-Mills equations, for which regularity is by now standard [17, Corollary 1.4].
Alternatively, the last step (regularity) can be easily proven here directly using the reduced Yang-
Mills equations for invariant connections (they form an elliptic system in our case. See the remark
after the proof of Lemma 2.3). The theorem thus follows from the following proposition.

Proposition 2.2 A set of invariant connections on P, on which the Yang-Mills functional is
bounded, is bounded (in L3).

Remark. For general connections (not necessarily invariant) the proposition holds (locally) pro-
vided the connections are allowed to be gauge transformed first (see Uhlenbeck [17]). The invariance
assumption here eliminates the need to make a gauge transformation.

Proof of Proposition 2.2. Since the statement is local (see Appendix A.4), it is enough to prove
it for each of the tubular neighborhoods N; and N_ (defined in Proposition 1.3). In each such
neighborhood!, all relevant data reduces to a slice, i.e. a normal disk D at a point on the singular
orbit = SO(3)/0(2). Under this ‘reduction to the slice’, all SO(3)-equivariant data on a tubular
neighborhood reduces to O(2)-equivariant data on the slice D, where the relevant estimates become
rather simple in our case. The proof proceeds in two steps:

1. Representation theory: Break the connection and curvature forms into their O(2)-irreducible
components. All but 3 of the 12 components of the connection form vanish.

2. Energy estimates: Show that the 3 remaining components of the connection form are bounded
(in L?) by the Yang-Mills energy (the L2-norm of the curvature).

!Since the proof is essentially identical for N and N_, we suppress throughout the subscripts + or — for simplicity.



Step 1. Restricted to the slice D, P has a standard O(2)-trivialization

with O(2) acting diagonally, on D by the slice representation O(2)—0(2), and on SU(2) by left
translations via the holonomy representation A : O(2)—SU(2) (see Appendix A.2). The holonomy
representation A is determined (up to conjugacy in SU(2)) by its weight, n, an odd positive integer
(see Proposition 1.4). Correspondingly, we have the O(2)-trivialization? ad P|p= D x su(2) with
O(2) acting on su(2) by the composition of A\ with the adjoint representation. Under the O(2)-
action

T,yN =T,D ® v,D = R} ® R}, yeD, (8)

and
su(2) =R' @ ]R%n), (9)

where subscripts denote O(2)-weights, and R! in (9) is the determinant representation O(2)—{%1} C
R. The first summand in (8) is the tangent space to the slice, and the second summand is the
normal tangent space. Corresponding to (8), the connection 1-form of an invariant connection on
N decomposes as (see Appendix A.3)

A=a + ¢ (10)

where

a€el (Al(D) ® 3u(2)) , ¢ €T (v (D) ® su(2)),
and its curvature 2-form decomposes as
Fa=Fo + dag + 9, (11)

where

Fa =da + [OC,OC], da¢:d¢+[aa¢]a

and 1) is given below.

Lemma 2.3 1. The values of « lie in RY, and it has no radial part. That is,
a = ag(r)d
in polar coordinates (r,0) on D.
2. The values of ¢ lie in ]R%l) ® ]R%n) = R%m—l) @ ]R%n_l).

3. Let
¢ = (¢+,9-)
be the corresponding decomposition of ¢. Then the term ) in (11) is given by
¥ =p-* = ¢+ — dap —n. (12)

*Henceforth, we pass to O(2) = O(2)/{%1} instead of the double cover O(2), since we only deal with ad P where
{£1} acts trivially.




Proof. The first and second parts are a consequence of the invariance of the values of @ and ¢ with
respect to the stability group I' C O(2) at a generic point of D (all points except the origin). The
third part follows from the standard Formula for the curvature of an invariant connection (formula
(20) in Appendix A.3). &

Remark. It follows immediatly from the first part of the last lemma that d*« = 0. Adding this
identity to the Yang-Mills equations for o and ¢ makes them into an elliptic system; to see this it
is enough to note that there are two equations, one with the leading term d*da, the second with
d*d¢. This gives us the regularity of invariant solutions refered to just before the statement of
Proposition 2.2.

Step 2. Here we are to bound the L3-norm of the components o and ¢ in Formula (10) in terms
of the Yang-Mills action: The first term in Formula (11) bounds « (Lemma 2.4), the second term
bounds ¢ , except in the case n = 1, where it only bounds the ¢, component, and we use the third
term 1 and « to bound ¢_ (Lemma 2.5).

Lemma 2.4 Any O(2)-invariant 1-form o € AY(D) without a radial component satisfies the in-
equality (pointwise)
la| < const. [|dal|p2(py.

Proof. Let C, be the boundary circle of a disk D, of radius r about the origin of D, then by
Stokes’ theorem and the Cauchy-Schwartz inequality

1/2 1/2
27|ag(r)| = |%C al = |/D da| < (/D |da|2) </ 1) < const. 7 ||dal|z2(py,

Qg
la| =| — |< const. ||dal| 2 (.

hence

Lemma 2.5 ¢ satisfies the inequality (pointwise)
|p|? < const. (|dp|* + 1> + |a]?) + const.

Proof. The O(2)-equivariance of
oL : D(z) — ]R%nil)

implies (using polar coordinates on D)

nEtl).
Do+ = ( > )Z¢ia
where i denotes 90°-rotation in ]R%n 1)) hence
1 2 2 -1 2 _ 2
@ = |(@rd)dr + (p)ad)? = foygp? + MNP L0 = D7l

4r2
> const. ((n + 1)|¢+|2 + (n— 1)2|¢7|2) )

so if n # 1 we are done, else only the ¢, component is bounded, and we use the explicit form of
) in Formula (12) to bound ¢_:

[p—|* = ¢+ 4ag + ¢4 > + 1 < const. (|1/1|2 + o)+ |d¢|2) + const.

since ¢4 has already been bounded. &

10



3 Non-existence of invariant self-dual solutions

Our purpose here is to prove that the SO(3)-equivariant bundles of Section 1, with ny and n_
greater than 1, do not admit self-dual or anti-self-dual connections. Together with the existence
result of the previous section, this completes the proof of existence of Yang-Mills connections which
are neither self-dual nor anti-self-dual on all such bundles. We note, by the formula c; = (n? —n?)/8
of Proposition 1.5, that this includes all bundles with second Chern number co # +£1.

Theorem 3.1 Let P be an SO(3)-equivariant principal SU(2)-bundle over S* of type (ny,n_),
where ny = 3,5,7,... (i.e. we exclude those bundles where either ny or n_ equals 1). Then there

is no self-dual or anti-self-dual SO(3)-invariant connection on P.

Proof. Let A be an SO(3)-invariant connection on P. We will first show that if n_ > 1, then A
cannot be self-dual. The approach is to study the SO(3)-action on the space of solutions to the
linearized self-duality equations at A.

We denote by QP the space of ad P-valued p-forms on S* (i.e. sections of A’ ® ad P), and
by Q2 the ad P-valued anti-self-dual 2-forms. Associated to the connection A on P, we have the
covariant exterior derivative dq : QO — QP and d : Q' — Q2 is d4 followed by the projection
p— = (1 —*)/2 on the anti-self-dual part. If A is self-dual, then d;ds = p_F4 = 0 and we get the
so-called deformation complex for the self-dual connection A

-
05U 0tH402 0. (13)

It is easy to verify that this complex is elliptic, hence its cohomology groups H* are finite-
dimensional real vector spaces. Furthermore, the SO(3)-invariance of A implies that the maps
d4 and d; in the complex (13) commute with the SO(3)-action?, so that the cohomology groups
become SO(3)-representation spaces. The deformation complex was introduced in [5, section 6],
where it was also proved that for an irreducible connection A on a positively curved self-dual man-
ifold (such as S*) H? = H® = {0}. In our case, A cannot be reducible, as the following lemma
shows.

Lemma 3.2 The only SO(3)-equivariant bundles which admit a reducible self-dual connection are
those with ny =n_ =1 and ny =n_ = 0.

Proof. On S*, a reducible self-dual SU(2) connection is flat (its curvature vanish). Over each
of the singular orbits IR%P%_ and RP2, the bundle admits an invariant flat connection only if the

derivative of the holonomy representation A, : 0o(2)—su(2) extends to a homomorphism & =
Ae @ @ sg\(g)—)su@) (see Formula (20) in Appendix A.3). This happens exactly when either
ney =0 (®=0), or ng =1 (P is an isomorphism), corresponding to the obvious flat connections
in examples 1 and 2 respectively in Section 1.2. &

We are now ready to calculate the character x(H?) of the SO(3)-representation H!, the remain-
ing cohomology. For this, let us first fix a circle subgroup, say S* C O(2), (see Proposition 1.2).
Restricted to S, x(H?!) is just a trigonometric polynomial, but not an arbitrary one: if x(R")
is the character of the irreducible r-dimensional representation of SO(3), r = 1,3,5,..., then the
coefficients m,. in the decomposition

X(HY) = m, x(R") (14)

#We can pass to SO(3) = 5’/0\(/3)/{:1:1}7 since the center {1} C SO(3) acts trivially on the bundles appearing in
the deformation complex.

11



must clearly be non-negative integers. We will now show that m; = —1 when n_ > 1, so that A
cannot be an SO(3)-invariant self-dual connection.

To calculate y(H'), we note that the fixed points of the S'-action on S%, o, and its antipodal
-0, are clearly nondegenerate, so we can apply the fixed point formula of Atiyah and Bott [3],
which in our case reads (after taking into account the vanishing of H2 and H°)

XHY) = v~ v, (15)

where
ve = (x4 — x4k +x3)/0s,
0t = det(I — Li).
Here, x%, i = 0,1,2, denotes the character of the S'-representation on the fiber over the fixed
point £o in the i-th bundle of the deformation complex (13), and Ly is the linearized action at
the fixed point +0, € S*. The weights of the S'-action at the fixed points for the various bundles
involved are
‘ ad P ‘ Al ‘ A2
o+ | 0,£ng | £1,£2|0,£1
—o4 | 0,£n_ | £1,£2 | 0,43

We denote z = €' on S, and calculate from the weight table

XL = 142" 42,

X%C = (z+2+z2+22)xi,
X2 = (14+z2+2)x8

T +

2 o= (1+22+2)%°,

6 = 0p= (242 -7/22(z - 2)2,
so that substitution in Formula (15) yields
X(H') = -Q/s,
where
Q=02-2-2-22-Z2+24+3) 1 +2" +7")+ (2 - 22— 22)(1 + 2"+ + 7).

The first factor in the first summand is —(z — 2)?(1 — z — 2), the first factor in the second summand
is —(z — 2)2, hence
XHY) =[(1—z=2)(1+2" +2") + 142" 4+ 2"]/(1? = 21/2)2.
The coefficient my in (14) can now be easily recovered by the Weyl integration formula [1,
Theorem 6.1]
1

mo= =g [ (M2
Sl
1
= 3 (1—z—=-2) 142" +2"" )+ 142"+ 42"+,
g1

which picks the constant term in the last integrand, giving

J 0 n_ =1
M= 21 else
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We have thus shown that if n_ > 1 then A cannot be an SO(3)-invariant self-dual connection.
To show that if n,. > 1 then A cannot be an 55(3)—invariant anti-self-dual connection, we can
either repeat the argument above with the obvious necessary modifications, or alternatively, use
the fact that the antipodal map = — —z on S* has an SO(3)-equivariant lift which interchanges
ny and n_. Since it is orientation reversing on S*, it transforms an anti-self-dual connection with

n4+ > 1 into a self-dual connection with n_ > 1, so we are reduced to the case which has already

been studied. This completes the proof. &
Remarks. 1. With some more effort, one can compute in the case n_ =1 (for self-dual connec-
tions)

X(H') = X(B®) + X(RT) + x(R%) + ... + x(R*"+7V), ne =3,57,....
2. In the case n_ = 1, the fact that m; = 0 means that self-dual SN(3)—invariant connections,

if exist, are isolated. This is because the cohomology H' represents the tangent space to the
moduli space of self-dual connections, and m; is the dimension of tangent space within H' to
the space of invariant connections. In the case (ny,n_) = (3,1) (the Hopf bundle), the (unique)

SO(5)-invariant self-dual connection is the only SO(3)-invariant self-dual connection, because it is
known that any other self-dual connection has a well-defined center (where the curvature density

attains its maximum), but the SO(3)-action has no fixed point on S*. Using the so-called ADHM
construction, it is possible to show the existence of a unique self-dual SO(3)-invariant connection
for all the (n4,1) bundles.

3. We do not know yet if there exist non self-dual solutions with ¢ = £1. If not, one may
ask if there is a sense in which any non self-dual solution can be decomposed into self-dual and
anti-self-dual parts.

4. Taking the standard action of SO(3) on C3 = R®*®C, we obtain an SO(3) action on the complex
projective plane CP?2, for which we can look for non self-dual connections by the same method we
used for S%. The details are very similar to the S* case so we give here only the conclusions. The
lifts to principal SU(2) bundles are classified by two non-negative integers (n_,n, ), where either
both are odd, or n_ = 0 and n is even. The second Chern number is given by (n? —n%)/4, and
non self-dual connections occur for those lifts for which n4 > 3.

A Appendix

Here we collect some simple useful facts of a general nature concerning the local structure of a
principal bundle with a compact group action®.

A.1 Tubular neighborhoods and the slice representation

Let M be a Riemannian manifold and S a compact Lie group acting on M by isometries. Let x
be a point in M, and S-x the S-orbit through x. Then a small enough invariant neighborhood N
of the orbit S-z is a tubular neighborhood, i.e., a neighborhood of S-z which is S-isomorphic to a
homogeneous vector bundle over S-z. In fact, it is easy to see that for a sufficiently small € > 0,
the exponential map restricted to the e-disk bundle in the normal bundle v(S-z) defines such an
isomorphism. The normal disk at x, i : D, — N (i.e., the exponential image of the e-disk in the
space v, (S-x) of normal vectors to S-x at x) is called a (normal) slice at z, and the action of the
stability group Sy := {s € S|s-x =z} on D, is called the slice representation. As a homogeneous

“Throughout this appendix, all group actions, functions, bundles etc., are assumed to be C°° (infinitely
differentiable).
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bundle, N is S-isomorphic to the associated bundle D,—S xg, D,—S/S; = S-x. In other words,
the slice representation (D,,S,) is a complete invariant for the extension of the S-action from S-x
to N. In what follows, we shall see other instances of ‘reduction’ of S-equivariant local data in a
neighborhood of an orbit S-z to S,-equivariant data on the slice D,.

A.2 Equivariant principal bundles

Let P—N be an S-equivariant principal G-bundle (i.e. the S-action on P commutes with the
G-action, and the projection P—N is S-equivariant), where N is a tubular neighborhood of an
orbit S-z. The action of the stability group S, on the fiber P, over z is called the holonomy
representation (at z). Fixing a point p on the fiber P,, the G-action identifies P, with G itself, so
that S, acts by left translations via a homomorphism A : S,—G, defined by s - (pg) = p (A(s)g).
The holonomy representation is a complete invariant for extending (or ‘lifting’) the S-action from
N to P. To see this, we proceed in two steps: (1) lift over S-z; and (2) extend over N. Over
S-z, P is a homogeneous bundle and so is cannonicaly S-isomorphic to the associated bundle
P,—S xg, P,—S/S; = S-xz. Over N, P is S-isomorphic to the pull-back of the restriction P|S-:z:
by the S-equivariant projection N—S-z. This follows from the more general standard fact, that
S-homotopic maps define S-isomorphic bundles; we apply this to the projection N—S-x C N and
the identity map N—N, with the obvious homotopy along geodesics normal to S-z. In particular,
over the normal slice D,, P has the canonical S,-trivialization

P|p,= Dy X Py, (16)

with S, acting diagonally on D, by the slice representation, and on P, = G by left translations
via the holonomy representation A : S,—G.

The group of S-equivariant automorphisms of P—N (diffeomorphisms of P, over the identity
on N, which commute with the actions of both G and S) is represented on the slice D,, using
(16), by Sp-equivariant maps D,—G; that is, maps D,—G), where G, := {g € G|gA(s) =
A(s) g, forall s € S;} is the centralizer of A\ in G. This is useful for S-equivariant ‘glueing’ of
bundles over different tubular neighborhoods.

A.3 Invariant connections

Let A be an S-invariant connection on an S-equivariant principal G-bundle P— N, where N is
a tubular neighborhood of an orbit S-z with a normal slice ¢ : D, — N. The reduction of the
connection A to the slice D, consists of two pieces of data. The first piece is simply the restriction
a=1i*A of A toi*P = P|p,. The second piece, representing A in the normal directions to D, is
somewhat lengthier to describe. We associate with A an S-equivariant map ® of the Lie algebra
of S into the space of sections of the adjoint bundle ad P = P x¢ g,

& : 5T (ad P),

defined as follows. If X € s, and X is the induces vector field on P, then we set ®(X) := A(X). In
other words, ®(X) is the projection of X onto the vertical bundle along the horizontal distribution
defined by A. The G-invariance of X together with the G-equivariance of A ensure that the vertical
vector field A(X) is G-equivariant, i.e. a section of ad P. The S-invariance of A implies the S-
equivariance of ®. Here, S acts on s by the adjoint representation, and on ad P by the action
induced from P. Next, we fix a complement m to s, the Lie algebra of S,; that is,

s =5, dm (17)
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is an Adg, -invariant decomposition of s. For example, we can take the orthogonal complement of
s, with respect to an Ad-invariant inner product on s. The restriction of ® to m and D,., denoted
by ¢, forms the second piece of data in the reduction of the connection A to the slice D,. Thus ¢
is an Sy-invariant section of ad(P|p,) ® m*.

The decomposition (17) induces a natural trivialization of the normal bundle,

v(Dy;) = Dy X m, (18)

as follows: we assign to a point y € D, and a vector X € m the normal component of the vector
field X generated by X at y. This is indeed an isomorphism: it is enough to check that if the
normal component of X vanishes at y € D, then X = 0; indeed, if X is tangent to D, at y, then
the equivariance of the projection N—S-z implies that X vanishes at 2, hence X € s, Nm = {0}.

The curvature F is an S-invariant section of A?(N) ® ad P. In terms of the S,-decomposition
TN|p, =TD, ®v(D,), and the trivialization (18) of v(D,),

A*(N)|p,= A*(D,) ® AY(D,)®@m* & A’m*
and the corresponding decomposition of Fjy is
Fo + dad + ¢, (19)

where F, is the curvature of the connection «, d, is the associated covariant derivative, and ) is
given by the standard formula (see, for example, Proposition 11.4 in Chapter II of [8])

25(X,Y)=[®X,dY] - ®[X,Y] X,Y €m. (20)

We summarize the ‘reduction to the slice’ in terms of the canonical trivialization (16): A lift
of the S-action is given by the holonomy representation A\ : S,—G. An S-invariant connection
A is given by a pair (o, ¢), where « is an Sp-invariant g-valued 1-form on D, and ¢ is an S,-
invariant g®@m* valued function on D,. The curvature F4 is given by the triple (Fy, dy¢, 1)), where
Fo = do+ o, 0], da¢ = dé + [, ¢], and ¢ is given by Formula (20), where ® = &y & ¢, and
Dy : Dp—g ® st is given by Bp(X) = a(X) + M\ (X), X € s,.

A.4 Sobolev spaces of invariant sections

Let U be an open set in Euclidean space. The Sobolev L2-norm of a smooth function f on U is
defined by

of 1/2 1/2
. 2 9] 2 _ 2 2
1 llze = ( /171 +¥ g, |> = (11 + llar1?) (21)
(|| - || stands for the ordinary L2 mnorm on U). The set of functions in C*°(U) with a finite L?-norm
forms a linear subspace, whose completion with respect to this norm is a Hilbert space denoted by

L3(U).

Similarly, if £ is a metric vector bundle with a connection A over a Riemannian manifold M,
the L2-norm is defined on sections of E by replacing the derivative d in (21) with the covariant
derivative d4. If another choice of connection A’ is made, such that the difference « = A — A’ €
A (U) ® End(E) is bounded (for example, if M is compact), then A’ gives an equivalent norm:

LFIP + lidaf IFI1P + lldar f + - fI? (22)

IFI1Z + 2l dar £ + NedlZ1F11)
(14 2llelZ) 1% + lidar f11%)

IA A
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(Il - [0 stands for the supremum-norm). Consequently, any two connections on F define, locally
(i.e. in some neighborhood of every given point in M), equivalent L3-norms.

Finally, suppose £ — M is S-equivariant, i.e., S acts by bundle automorphisms preserving the
connection and the metric on £ and M. Let N be a tubular neighborhood of an orbit S-z, and
i : D < N the normal slice at = (see Appendix A.2). Clearly, an S-invariant section of E reduces,
upon restriction, to an S,-invariant section on D,. This reduction is compatible with the L-norm
in the following sense.

Proposition A.1 Let E — M be an S-equivariant vector bundle. Then restricted to the set of
S-invariant sections of E over a tubular neighborhood N of an S-orbit S-x C M, the L}-norm is
equivalent, locally, to the L2-norm over the normal slice at x; more precisely, there exists a tubular
neighborhood N' C N and a constant ¢ > 0, such that for every S-invariant section f of E over
N,

1,. :

il aog) < Wiz < el Fllog
where i*f is the restriction of f to D!, = D, N N'.

Proof. Let N' C N be a tubular neighborhood of S-z with a compact closure in N (such a
neighborhood clearly exists). We first note that the statement in the proposition is true with L?
replaced by L?, as it follows immediately from the integration formula for an S-invariant function

fon N
| 1= R

where ¢ is a smooth positive function on D,; namely, the determinant of the isomorphism (18) (up
to a non-zero constant multiple).

For the L? case, the statement follows from the fact that, restricted to S-invariant sections, the
difference between the covariant derivative d4 on N and the covariant derivative d;~ 4 along the
slice is ‘tensorial’ (a zero-order operator)

da —di=a = ¢ €V (D,) @ End(FE),

so the boundedness of ¢ on N’ implies, as in (22), that the LZ(N') norm, restricted to S-invariant
sections, is equivalent to the L3(D!) norm. o
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