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ABSTRACT. These notes were written for a short course at CIMAT in Mexico.
We make an introduction to the theory of prime ends with an application to the
theory of dynamical systems. In order to avoid topological difficulties we work with
homeomorphisms of the two sphere, though results are true in a much more general
setting. I would like to thank the people from CIMAT, especially Gonzalo Contreras
for the hospitality.

1. A problem in Dynamical Systems

Let S be the two dimensional sphere and f : S — S an orientation preserving homeomor-
phism of S.

Let p be a fixed point of f.

We say that p is of saddle type or simply a saddle, if there is an open ball B centered
at p and continuous coordinates (u,v) on B taking p to the origin of R? and in which
flu,v) = (M, pv), with 0 < g < 1 < A\. For C! diffeomorphisms this notion coincides
with the usual one, when the fixed point p is hyperbolic and the eigenvalues of df, are
real and satisfy the same condition for A and p above.

The sets

Wy = {z € S;nEIPoofnx = p} and W, = {z € S;nlinéofnx =p}

are called the unstable and stable invariant manifolds of p, respectively. These are in-
jectively immersed connected curves. The stable branches of p are the two components
of W7 — {p}, if we consider the topology on W, induced by a parametrization of R. In
the same way we define the unstable branches of p. Observe that branches and invariant
manifolds are invariant sets under f.

A connection is a branch which is a stable branch of a saddle p and an unstable branch
of a saddle ¢ (p and ¢ may coincide). When f is a C! diffeomorphism, these notions
coincide with the usual ones, but the existence of invariant manifolds follows from different
reasons.

We say that p is elliptic if there exist continuous coordinates around p in which f is
differentiable at p and the eigenvalues of df, are complex numbers of modulus one different
from 1 and —1. If p is elliptic or of saddle type, we say that p is nondegenerated.

In these notes we will be working with area preserving homeomorphisms. We consider
a finite Borel measure p on S for which nonempty open sets have positive measure,
for example, the measure given by the area form on the two sphere. We say that a
homeomorphism f : S — S is area preserving if u(fE) = pu(E) for every Borel set E C S
and refer to pu(F) as the area of E.

For C* diffeomorphisms, it is not hard to prove the following. Let D}L(S ) be the space
of all area preserving C' diffeomorphisms of S with the C' topology. D}L (S) is a Baire
space and contains a residual subset R, such that if f € R then every fixed point of f
is nondegenerated and any two invariant manifolds intersect transversely. In particular
there are no connections. Residual subsets of Baire spaces are topologically large, so in
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this sense, we say that for most C! diffeomorphisms every fixed point is nondegenerated,
any two invariant manifolds intersect transversely and there are no connections.

We use the notation clpA to denote the closure of A in B. The result we want to
describe is the following.

Theorem 1. Let f be an area preserving homeomorphism of S, p a fixed point of f of
saddle type without connections. Assume that all fixed points of f in Cls(W;f UW,) are
nondegenerated. Then the closure of the four branches of p is the same set.

Let p be a fixed saddle of f and B an open ball centered at p, where continuous
coordinates (u,v) are defined and f(u,v) = (Au,pv), with 0 < g < 1 < A, in these
coordinates. We define the local invariant manifolds of p as the set of points of B whose
coordinates are of the form (u,0) or (0,v). The four local branches of p are defined in
the same way. Invariant manifolds and branches are obtained by the local corresponding
objects by iteration in the right direction.

The complement in B of the union of local invariant manifolds is made of four open
sets that we call sectors of p. Let L be a set which does not contain p, and ¥ a sector of
p. We say that L accumulates on %, if X2 contains points of L arbitrarily close to p. This
definition does not depend on the radius of B.

In the rest of this section, we are going to show that theorem 1 follows from the
following result.

Theorem 2. Let f be an area preserving homeomorphism of S, p a fixed point of f
of saddle type and L a branch of p. Assume that all fixed points of f in clgL are
nondegenerated. Then either L accumulates on both adjacent sectors or L is a connection.

The proof of this result will be given at the end of these notes.
To show that theorem 1 follows from theorem 2, we need the following lemma.

Lemma 3. Let f be an area preserving homeomorphism of S, L a branch, and K a
compact connected invariant set. Then either L C K or LN K = &.

Proof.  The proof is by contradiction, so we assume that K does not contain L and
that K contains some points of L. Let U be a connected component of S — K which
contains points of L. Then U is simply connected, and since f is area preserving, we have
that f*U = U for some k.

Take an arc « C L N U with end points in K. Since L is a branch, we have that
fMfaNf™a = @ if n # m. Besides that, a separates U into two simply connected open
sets A1 and As. '

Since f* x f* is area preserving, we have that (f* x fk)l (A1 x A2) N (A1 x Ag) # 0
for some i, that is, f** (A1) N Ay # 0 and f¥ (Ay) N Ay # 0.

We have U = Aj Ua U Ay = fFA; U f¥a U f* Ay, both disjoint unions. Since f*a
and o are disjoint, f* o must be contained in either A; or As. Say f¥a C A;.

One component of U — f*q is contained in A;, and this component has area smaller
than that of A;. Such component is either f*A; or f¥A,. If f*A, C A; then
fFi Ay N Ay = @, a contradiction. If f*A; C A; then u(f¥A;) < p(Ap), contradict-
ing the fact that f is area preserving. W

Now we show that theorem 1 follows from theorem 2. For this, let p be a fixed point of
[ of saddle type without connections, and such that all fixed points of f in cls(W; UW})
are nondegenerated.
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It follows that if L is a branch of p, then all fixed points of f in clg L are nondegenerated.
Therefore we can apply theorem 2 to the four branches of p. Since there are no connections
starting at p, each of the four branches accumulates on both adjacent sectors.

It suffices to prove that if L; and Ly are adjacent branches of p, then Ly C clg(L1).

Let ¥ be the sector between L; and Ls. Since L; accumulates on X, it is easy to see
that L; accumulates on a point of Ly, and hence Lo Nclg(L1) # @. By lemma 3 we have
Ly C Cls(Ll).

2. Prime ends
In this section we are going to describe a compactification of a simply connected open
subset of the two dimensional sphere, by adding a circle of points and obtaining a compact
set homeomorphic to the two dimensional closed disk.

We use the notation frpA to denote the frontier of A in B.

Let U be a simply connected open subset of S such that S — U has more than one
point.

A chain is a sequence V7 D Vo D ... of open connected subsets of U such that

(1) fru(V;) is nonempty and connected for every ¢ > 1, and

(2) el (fro (Vi) N els(fru(Vy)) = 0 for i # j.

A chain (W;) divides (V;) if for every ¢ there exists j such that W; C V;. Two chains
are equivalent if each one divides the other. A chain is prime if any chain which divides
it is equivalent to it.

A prime point is an equivalence class of prime chains. Let x € U and consider a
family of closed balls centered at z, contained in U, and whose radii decrease to zero.
The interiors of these balls make a prime chain which represents a prime point denoted
by w(z). A prime end is a prime point which is not of the form w(z) for any z € U.

The set of prime points of U is denoted by U.

We consider a topology on U defined as follows. Let A be an open subset of U
and denote by A’ the set of prime points of U whose representing chains are even-
tually contained in A. It is easy to see that (A3 N As)’ = A/ N Ags, and therefore
{A’ such that A is an open subset of U} is a basis for a topology on U. The function
w: U — U is a homeomorphism from U onto an open subset of U, and we simply identify
U with w(U).

The topological structure of U is the following.

Theorem 4. U homeomorphic to the two dimensional closed disk and U — U is homeo-
morphic to a circle.

Therefore U = U — U (or more carefully 8U = U — w(U)) is the set of prime ends of
U, and it is usually called the Caratheodory circle of U.

2.1. Accessibility. Let e be a prime end of U.

We say that p € S is a principal point of e if there is a chain (V;) which represents e
and for which fry(V;) — p. The set of principal points of e is called the principal set of
e and is denoted by X (e). It is easy to see that X (e) C frsU.

Some topological properties of X (e) are the following.

Theorem 5. X (e) is non-empty, compact and connected.
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Assume that X (e) = {p} for some p € frsU. Then it is possible to prove the existence
of a continuous path 3 : (0,1] — U such that lim, .o 3(t) = p and lim;_o 5(t) = e in U,
(that is, lim; g w (8(t)) = e). B is called an end path.

Conversely, if p € frsU and there exists a continuous path § : (0,1] — U such that
lim; o 3(t) = p, then there exists a prime end e such that lim; o 3(t) = e in U, and
X(e) = {p}.

When X(e) = {p} for some p € frsU, we say that p and e are accessible.

2.2. The extension of f to U and a fixed point theorem. Let fyy be the restric-
tion of f to U.

Since fy maps irreducible chains to irreducible chains and equivalent chains to equiv-
alent chains, it is easy to see that fy also extends to a homeomorphism fp : U—U.

When there is no ambiguity, we simply write f U — U. The restriction of f to AU is
a orientation preserving homeomorphism of the circle, which has a very well understood

dynamics. If the rotation number of f is %, then there exists periodic orbits and they

all have period ¢. If the rotation number of fis irrational, then either fis minimal (all
orbits are dense), or there is a minimal invariant Cantor set K and wandering intervals
that by iteration accumulate on K both in the past and the future.

Now we head towards a result due to Cartwright and Littlewood [3], which provides
the existence fixed points of f in frgU, in terms of fixed prime ends.

Firstly, we need a couple of technical lemmas.

Lemma 6. Let Ajand Ay open connected subsets of U, both non-empty and different
from U.
Suppose that
1) Ay N Ay # 0.
2) Ay N (U — Ay) # 0.
3) Ay N (U — Ay) # 0.
4) fry(Ay) and fry(As) are connected and disjoint.
Then we have the following facts:
a) fru(Ay) C Az and fry(Az) C Ay
b) U = A; U As.

Proof. Since fry(A;) is connected and does not intersect fry(Asz), we must have either
fru(Ay) C As or fry(Ar) C U — Ay. But As is a connected set that intersects both A
and U — Ay, and therefore we have Ay N fry(Ay) # 0. This implies that fry(A;) C As.
Similarly fry(Az) C Ap, which proves part a).

In order to prove b), we are going to show that A; U As is open and closed in U. Tt
is obviously open. Let (a,) be a sequence in A; U Ay converging to a point a. We may
assume that a,, € A; for infinitely many values of n, and therefore a € Cly(4;). If a € Ay
we are done. If not, we have a € fry(A4;), and from part a) a € A;. W

We use the notation intg A to denote the interior of A in B.

Lemma 7. Let e be a fixed prime end of U, p a principal point of e and (V;) a chain
defining e such that fry(V;) — p. Then there exists i such that fry(Vi) N fru(fV;) # @
for every i > ig.

Proof. (fV;) is a chain that represents f(e). Since e is fixed by f, we have that (V;)
and (fV;) are equivalent.
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Let 79 be such that fV; C V; for i > ig. We are going to apply lemma 6 to V; and fV;
to show that fry (Vi) N fru(fVi) # @ for i > do.

Assume by contradiction that fry(V;) N fry(fV;) = @ for some i > iy.

The equivalence of (V;) and (fV;) implies that V; N fV; # @ for every ¢ > 1, and
condition 1) holds.

Now, we want to prove that 2) and 3) hold. We have

U=ViU fry(Vi) Uinty (U = V;) = fVi U fru(fVi) Uinty (U — fV;),

both unions disjoint.

Suppose we had fV; C V;. Since fry(fV;) is connected and disjoint from fry(V;), we
would have fry(fV;) C Vi or fru(fV;) Cinty (U = V;).

If fru(fVi) C Vi, then for any = € fry(fVi) there would exist a ball B,(J) cen-
tered at = and contained in V;. Since z € fry(fVi), Bz(d) would contain a point
y of inty (U — fV;), and B, (d) would contain a ball B,(d1) centered at y. Therefore
By(61) C V;. But y € inty (U — fV;), and decreasing 0, if necessary, we would have
By(61) C inty (U — fV;), implying that By, (01) N fV; = @. Since p(By(61)) > 0, we
would have u (fV;) < pu(V;), contradicting the fact that f is area preserving.

If fru(fVi) C inty (U —V;), then for any = € fry(fV;) a ball B,(6) would be con-
tained in inty (U —V;), and B,(6) NV, = @. But = € fry(fV;) would imply that & #
B, (6) N fV; C By(0) NV}, a contradiction.

Hence, we can not have fV; C V;, which proves 2). In the same way we can not have
Vi C fV;, which proves 3).

Recall that fV; C V4. Since V; C V; we have V; U fV; C Vi, and b) does not hold. We
conclude that 4) of lemma 6 does not hold as well, that is, fry(Vi) N fru(fVi) # <, a
contradiction. W

Now we state Cartwright and Littlewood’s result [3].

Theorem 8. Let e be a fixed prime end of U and p a principal point of e. Then f(p) = p.

Proof. Let (V;) be a chain defining e such that fry(V;) — p. From lemma 7, if ¢ > iq
there exists a point x; € fry(V;) such that f(z;) € fry(Vi). Since fry (Vi) — p, we have
z; = p, f(z;) > pand f(p)=p. W

It is easy to make examples where the previous theorem is false if f is not area
preserving.

2.3. The main theorem. In this section we prove the following result.

Theorem 9. Let f be an area preserving homeomorphism of S and U a simply connected
open invariant set of f, such that all fixed points of f in frgU are nondegenerated. Assume
that U has a fixed prime end e. Then we know the following:

1) e is accessible and if p is its unique principal point, then f(p) = p.

2) p can not be elliptic.

3) if p is a saddle, then frsU contains a connection starting at p.

The proof of 1) is simple.

Since nondegenerated fixed points are isolated, by theorem 8 we have that all points
of X (e) are isolated. But by theorem 5 X (e) is connected. It follows that X (e) = {p} for
some p € frgU and f(p) = p.
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The proof of 2) is long, and it has been written in [4]. The main idea is the following.
The derivative of f at p is a rotation. If v; = fry(V;) is very close to p, then the iterates
f™(7i) turn around p. As before, f (v;) Nv; # 0, implying that f*™ () N f¥ () # 0
for £ > 0. The crucial point is to prove that for some large n we have f™ (v;) Nvy; # 0.
This means that the iterates v;, f7vi, ... f™ (7;) turn around p, one intersecting the next,
implying that their union contains a simply closed curve that bounds a disk which contains
p. This curve is contained in U, and since U is simply connected, it must contain p, a
contradiction.

It remains to prove 3).

Recall that p is a saddle, when there is an open ball B centered at p and continuous
coordinates (u,v) on B taking p to the origin of R?, such that f(u,v) = (Au,uv), with
O<pu<l<A

Let (V;) be a chain which represents e and for which fry(V;) — p.

We need the following lemma.

Lemma 10. There exists a neighborhood W of p with the following properties:
1) W C B.
2) UNW contains a component Wy, which has one of the following forms:
a) the intersection of W with one sector of p,
b) the intersection of W with two adjacent sectors and the local branch in between,
¢) the intersection of W with three adjacent sectors and the local branches in between,
d) the complement in W of p and one local branch.

Proof. We consider only the case when U does not intersect any of the four branches
of p, and show the existence of W for which W) satisfies 2a).

By taking a subsequence if necessary, we may assume all the sets fry(V;) belong to
one of the sectors. Call this sector ¥. We also assume that ¥ is the sector with coordinates
u >0 and v > 0.

For § > 0, consider the arc

I's = {(u,d) such that 0 <wu <0} U{(4,v) such that 0 < v < §}.

I's is made of two sides of a square Sy, for which the other sides are contained in the u
and v axis.

For §p small enough, we have S5, N fry(V1) = @.

Let 0 < dg. If n is large enough, then fry(V;,) C ints (Ss). Therefore U contains
points of S5 and points of S — S5. Being connected, U must intersect frg (Ss), and since
two sides of frg (Ss) are contained in branches, U must intersect T's.

We have that U — T'y is disconnected, and fry (V1) and fry(V,) belong to different
components of U — I's. The connected components of U N I's are open arcs contained in
U and with end points not in U. One of these arcs separates fry (V1) and fry(V,) in U.
Let us denote this arc by .

Let Z be the component of U — 8 which contains fry(V;,). Then f = fryZ and
f(Z)NZ # @. With an argument similar to that of lemma 7, one shows that f5N S5 # @.

We have that f(I's) N T's consists of one point, say g. Therefore f8 NS = {q},
implying that 3 contains the closed arc joining ¢ and f~'¢. Let us denote this arc by As,

and consider the set A = |J f U As|. We have that A C U, and taking W as
neZ 0<6<d9

the open ball of radius dg centered at p, it follows that Wy = W N A is a sector of p. W
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Now we finish the proof. We will only consider the case when all fixed prime ends are
such that its principal points are fixed saddles, and U intersects exactly one sector of each
saddle (case 2a) of lemma 10. The other cases are analogous.

Let e be a fixed prime end with X (e) = {p}. We are assuming that U contains a sector
3, and if K and L are the adjacent branches to X, then UN K =UNL = @. ¥/is a
neighborhood of e in U, and J = XN 8U is an arc in U which contains e in its interior.
To each x belonging to the local branches of K and L, there is a unique prime end e, € J
such that X(e;) = {z}.

Let I be the largest neighborhood of e in U without fixed points. [ is an open
arc whose end points are fixed and J C I. Given e/ € I, there exists n € Z such
that f™(er) € J. If X(f"(ef)) = {z} then X(er) = f~"(x), and we have a bijection
X:I—-KUL.

Let ejand ey be prime ends that bound an arc I in U without fixed points. Let
X1: 1 - K1ULy and X5 : I — K5 U Ly be the corresponding mappings as defined
above. We have I;5 = I; N I implying that X1|[12 = X2|112, and therefore a branch of p;
coincides with a branch of ps.

3. THE PROOF OF THEOREM 2
Assume that L does not accumulate on one adjacent sector 3.

Let U be the connected component of S — clg L which contains 3. Since frgU C clgL,
all fixed points of f contained in frgU are nondegenerated. We have that clgL is compact
and connected, implying that U is simply connected. Since f (X) N Y # &, we have that
f(U)="U.

We need the following lemma.

Lemma 11. If U contains one point of a branch K, then K and its adjacent sectors are
contained in U.

The proof of the lemma is simple, and we leave it to the reader.

Returning to the proof of the theorem, let L; be the other branch adjacent to ¥. From
the previous lemma, either L1 NU = & or L; and its adjacent sectors are contained in U.

Assume L1y NU = @. By choosing arcs with end points in L; and L, we can define
a prime chain whose equivalence class gives a prime end e such that X(e) = {p}. By
theorem 9 (and its proof), Ly and L are connections.

If Ly NU # @, then by lemma 11, L; and its adjacent sectors are contained in U.
Therefore U contains L; and the adjacent sectors to Ly, ¥ and say ;. U does not contain
L, and may or may not contain the other branch adjacent to 31, say L.

Assume Lo N U = @. By choosing arcs with end points in Ly and L, we can define
a prime chain whose equivalence class gives a prime end e such that X(e) = {p}. By
theorem 9, Lo and L are connections.

If LoNU # @, we proceed in the same way to show that U contains three adjacent
sectors X, X1, X5 and the branches in between L; and Ly. As before, we show that either
p has two connections, or that U contains a neighborhood of p minus the local branch L
and p, and in this case L is the only connection of p.

4. SOME COMMENTS
The theory of prime ends was originally developed by Caratheodory [1] and [2]. At that
time the notion of a topological space had not yet been defined! He used tools of complex
analysis and stated all results in terms of convergent sequences.



PRIME ENDS AND DYNAMICAL SYSTEMS 8

A purely topological approach to this theory was developed by Mather [6] and [7]. Our

exposition follows this work, and that of Franks Le Calvez [5].
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