DIHEDRAL COVERINGS OF MONTESINOS KNOTS

VÍCTOR NÚÑEZ AND JESÚS RODRÍGUEZ–VIORATO

Abstract. We determine the family of Montesinos knots k which have the 3-sphere as a dihedral quotient S^3 → (S^3, k), and we find also ‘dihedral-like’ coverings of certain Montesinos knots. Through understanding of the singular set of these coverings, we conclude the universality of many Montesinos knots.

1. Introduction.

Dihedral coverings. Since the time of Reidemeister (the first part of the 20th century), it is an interesting problem to understand the dihedral branched coverings of knots (§ 2), especially the dihedral coverings of the 3-sphere over itself. Fox’s Quick Trip and [1] describe coverings of this type for 2-bridge knots; there are some examples of this kind of coverings for only a few more knots spread in other works on the subject.

We determine the family of Montesinos knots k, in terms of its invariants, which admit a dihedral quotient S^3 → (S^3, k) (Theorem 3.2); we get this result using knowledge on cyclic coverings of Seifert manifolds developed in [12].

It is a very difficult problem to describe in an intelligible way what is the type of the link in the preimage of a knot k under a branched covering S^3 → (S^3, k) (see, for example, the heroic struggles in [16] and [6]). With our new understanding of dihedral quotients of Montesinos knots, we are able to describe the preimage of the knot in such a covering as a union of Montesinos knots (Montesinos knots again!), and, in some cases, we are able to compute explicitly the invariants of the knots. In general we give an algorithm for such a task (§ 5).

We extend the construction of dihedral quotient to ‘dihedral-like’ covering (§ 6). With these new coverings, we construct, for certain Montesinos knots, k, branched coverings S^3 → (S^3, k); we are able, also in these cases, to give explicit Montesinos invariants for components of the preimage of k.

Universals. In 1982 Thurston proved the striking fact that there are universal links ([14]). A link k ⊂ S^3 is called universal if each closed, connected, orientable 3-manifold is a branched covering over (S^3, k). A very interesting

1991 Mathematics Subject Classification. Primary 57M.

Key words and phrases. Dihedral covering, Universal link, Montesinos knot, Seifert manifold.

The authors were supported in part by a CONACyT grant . 1

problem is to describe the family of universal links in the 3-sphere. Towards this goal the following theorems are known.

Theorem 1.1 ([6]). All hyperbolic 2-bridge links are universal.

The 2-bridge link ℓ(b/a) is the Montesinos knot m(b/a). A 2-bridge link ℓ(b/a) is hyperbolic if and only if a ≢ ±1 mod b.

The pretzel link p(b; α_1, . . . , α_t) is the Montesinos link m(b/1, 1/α_1, . . . , 1/α_t). An Uchida link is a pretzel link p(b; α_1, . . . , α_t) such that at least two α_i’s are even.

Theorem 1.2 ([16]). All Uchida links are universal except for: p(2s, 2t), p(2, −2, s), with s, t ∈ Z−{0}; p(0; ±2, ±3, ∓4), p(0; ±3, ±6, ∓2), p(0; ±4, ±4, ∓2), and p(0; 2, 2, −2, −2).

Theorem 1.3 ([13]). If |n| > 1 is odd, then p(n, n, −n) is universal.

If n ≠ −2 is even, then p(3, 3, n) is universal.

Once one knows that certain knots (links) are universal, to decide if a given link k is universal, one constructs branched coverings S^3 → (S^3, k) and tries to find an already known universal link in the preimage of k. With our understanding of preimages of links in dihedral and dihedral-like coverings, we give lists of Montesinos knots which are universal (§§ 6 and 7). For this end we rely heavily on the previously stated theorems.

The paper is organized as follows. In § 2 we precisely specify the notion of dihedral quotient and recall tools to handle Seifert manifolds and Montesinos knots. In § 3 we prove the main theorem of this work (Theorem 3.2), which is an essential ingredient to get deeper in understanding dihedral coverings. § 4 is a convenient formalization of the theory of rational tangles. In § 5 we plunge into description of branch sets of dihedral quotients. Next we extend the notion of dihedral quotient to ‘dihedral-like’ and get some universality results in § 6. Finally in § 7 we harvest several results on universality of families of links.

2. Dihedral quotients.

A branched covering φ : M^n → N^n is a proper open map between nmanifolds such that there is a codimension 2 subcomplex K ⊂ N with φ| : M − φ^{−1}(K) → N − K a finite covering space. For the purposes of this paper, K ⊂ N will be a properly embedded submanifold.

The map φ| : M − φ^{−1}(K) → N − K is called the associated covering space of φ. The submanifold K is called the branching of φ. We say that ‘φ is branched along K’, ‘φ is a branched covering over (N, K)’, and that ‘M is a branched covering over (N, K)’, and write φ : M → (N, K).

The set φ^{−1}(K) is called the singular set of φ. The pseudo-branch of φ is the set of points x ∈ φ^{−1}(K) such that φ is a homeomorphism at x. The branch set of φ is the complement, in φ^{−1}(K), of the pseudo-branch of φ.

A branched covering φ : M → (N, k) determines (and is determined) by a representation ω_φ : π_1(N − k) → S_n into the symmetric group S_n. It is

Figure 1. Dihedral quotients, but not dihedral coverings.

customary to call a branched covering after the nature of the image Im(ω_φ). If Im(ω_φ) is a cyclic group, then φ is called a cyclic covering; if Im(ω_φ) is a dihedral group, then φ is called a dihedral covering, etc.

If B_2(k) is the cyclic double branched covering over (S^3, k) branched along all components of k, and ρ : H_1(B_2(k)) → Z_n is an epimorphism, the covering space ψ : M̃ → B_2(k) determined by ρ has an involution ũ : M̃ → M̃ such that the square M̃^ũ−−−→ M̃ ψ ψ B_2(k)^u−−−→ B_2(k)

commutes, where u : B_2(k) → B_2(k) is the involution with quotient (S^3, k). Therefore one has a commutative square

M̃ q ^ψ M φ B_2(k) p (S^3, k)

where M = M̃/ũ. In Fox’s Quick Trip, the map φ would be called a dihedral covering, for it would correspond to a dihedral representation. Actually Fox starts a discussion, and gives a procedure to obtain metacyclic representations of knot groups in [2], p 160 and ff. This procedure, translated into the ‘language of commutative squares’, is the one presented here in the particular case of dihedral representations. But if k is not connected, or if n is even, it might be the case that Im(ω_φ) ≤ S_n is not a dihedral group. See Figure 1.

We call φ : M → (S^3, k) a dihedral quotient. Notice that the branching of q : M̃ → M is also the pseudo-branch of φ. For other works using the language of commutative squares for this kind of coverings, see [9] and [1].

2.1. Standard double coverings of Seifert Manifolds. The Seifert manifold M with Seifert symbol M = (O, 0; β_1/α_1, . . . , β_t/α_t), where (α_i, β_i) = 1 and α_i ≠ 0 (i = 1, . . . , t), is constructed as follows:

Let p_1, . . . , p_t ∈ S^2 and S^2_0 = S^2 − ∪N (p_i); we obtain M as the union of S^2_0 × S^1 with t solid tori V_1, . . . , V_t along the boundaries. Call q_1, . . . , q_t the boundary components of S^2_0 , and h a factor {x} × S^1 for some x ∈ S^2_0 , and let g_i : ∂V_i → q_i × S^1 be a homeomorphism such that g_i(m_i) ∼ q^{αi}_i h^{βi} for m_i a meridian of V_i, i = 1, . . . , t. Then M = (S^2_0 × S^1) ⋃ ∪g_i (∪iVi). The core e_i of V_i is called the fiber of M corresponding to the ratio β_i/α_i.

In case |α_i| > 1, e_i is called exceptional; otherwise e_i and the curves h = {x} × S^1 are called ordinary fibers of M.

Let M = (O, 0; β_1/α_1, . . . , β_t/α_t); there is an involution u : M → M, described below, associated to the Seifert symbol (O, 0; β_1/α_1, . . . , β_t/α_t) (not to the manifold M), which gives rise to a 2-fold branched covering p : M → (S^3, k) branched along all components of k; the link k is called the Montesinos knot with symbol k = m(β_1/α_1, . . . , β_t/α_t) (See [8]).

Let E be a great circle in S^2 which contains the points p_1, . . . , p_t in that order with respect to a given orientation of E; then reflection on S^2 along E induces a 180^∘ rotation u_0 : S^2_0 × S^1 → S^2_0 × S^1 along the ‘axis’ E_0 = (E ∩ S^2_0 ) × {1} ∪ (E ∩ S^2_0 ) × {−1}. u_0 extends to each solid torus V_i in M with two arcs as fixed point set in V_i, giving the involution u : M → M. In the quotient M/u ∼= S^3 we have the picture of the branching of p in t 3-balls, B_1 = p(V_1), . . . , B_t = p(V_t), joined by a ‘trivial closed braid’. See Figure 2.

Figure 2

This branching, in each 3-ball, gives rise to a rational tangle, β_i/α_i = (B_i, a^i, m^i ∪ ℓ^i), with a^i = p(fix(u) ∩ V_i), m^i = p(q_i × {1}) ∪ p(q_i × {−1}) = m_0 ∪ m_1, and ℓ^i = p({x_0} × S^1) ∪ p({x_1} × S^1) = ℓ_0 ∪ ℓ_1, where x_0, x_1 are the points in E_0 ∩ q_i in that order with respect to the orientation of E_0 (see § 4 and Figure 3).

Figure 3

We call the covering u : M → M the Standard involution associated to the symbol (O, 0; β_1/α_1, . . . , β_t/α_t).

We will use, without warning, the next classification theorems.

Theorem 2.1 ([10]). Two Seifert symbols represent homeomorphic Seifert manifolds with a fiber preserving homeomorphism if and only if one of the symbols can be transformed into the other with a finite sequence of the following moves:

(0) Permute the ratios (1) Add or delete 0/1 (2) Replace the pair β_i/α_i, β_j /α_j with the pair (β_i + kα_i)/α_i, (β_j − kα_j )/α_j .

Theorem 2.2 ([17]). Two Montesinos symbols with at least three α’s, in absolute value, greater than 1 represent equivalent Montesinos knots if and only if one of the symbols can be transformed into the other with a finite sequence of the following moves:

(0) Permute the ratios cyclically (1) Add or delete 0/1 (2) Replace the pair β_i/α_i, β_j /α_j with the pair (β_i + kα_i)/α_i, (β_j − kα_j )/α_j .

In a Montesinos knot k = m(β_1/α_1, . . . , β_t/α_t) we allow that some of the α_i = 0; but in this case k is a union of connected sums of 2-bridge links.

Notice that m(β_1/α_1, β_2/α_2) ∼ m(−(α_1β_2 + α_2β_1)/(α_2r_1 + β_2s_1)), the 2-bridge link ℓ(−(α_1β_2 + α_2β_1)/(α_2r_1 + β_2s_1)), where r_1 and s_1 are integers such that α_1r_1 − β_1s_1 = 1.

3. Dihedral coverings of Montesinos knots.

If M = (O, 0; β_1/α_1, . . . , β_t/α_t), then the fundamental group π_1(M) = π_1(O, 0; β_1/α_1, . . . , β_t/α_t) = ⟨q_1, . . . , q_t, h : [q_i, h] = 1, q^{αi}_i h^{βi} = 1, q_1 · · · q_t =

1⟩. We call the system q_1, . . . , q_t, h a standard system of generators for the symbol (O, 0; β_1/α_1, . . . , β_t/α_t).

We want to understand the coverings of Seifert manifolds. The next lemma, which follows from ([12], Lemma 1 and its proof), will help. Let ε ∈ S_n denote the standard n-cycle, ε = (1, 2, . . . , n).

Lemma 3.1. Let ω : π_1(O, 0; β_1/α_1, . . . , β_t/α_t) → S_n be the representation given by ω(h) = ε, and ω(q_i) = ε^{ri} , i = 1, . . . , t, such that ∑ r_i = 0. Then the covering space associated to ω is φ : (O, 0; B_1/α_1, . . . , B_t/α_t) → (O, 0; β_1/α_1, . . . , β_t/α_t), where B_i = (β_i + r_iα_i)/n, for i = 1, . . . , t.

Also, if ẽ_i is the fiber corresponding to B_i/α_i, and e_i is the fiber corresponding to β_i/α_i, then φ^{−1}(e_i) = ẽ_i, i = 1, . . . , t. For fundamental groups it holds φ(h̃) ∼ h^n, and φ(q̃_i) ∼ q_ih^{−ri} , for q̃_1, . . . q̃_t, h̃ a standard system of generators of the covering. The map induced by φ on orbit surfaces is a homeomorphism.

Notice that, with the hypothesis of Lemma 3.1, it holds that β_i + r_iα_i ≡ 0 mod n (i = 1, . . . , t), for ω is a group homomorphism.

If k is the Montesinos knot m(β_1/α_1, . . . , β_t/α_t), the number Δ(k) = β_1α_2 · · · α_t + α_1β_2 · · · α_t + · · · + α_1α_2 · · · β_t is called the determinant of k. Let B_2(k) be the double branched cover of (S^3, k); if H_1(B_2(k)) is infinite, then Δ(k) = 0, and if H_1(B_2(k)) is finite, then |H_1(B_2(k))| = |Δ(k)|.

Theorem 3.2. Let k be the Montesinos knot m(β_1/α_1, . . . , β_t/α_t), and let n be a positive divisor of Δ(k). If (n, α_i) = 1 for i = 1, . . . , t, then there exists a dihedral quotient φ : S^3 → (S^3, k).

Any n-fold dihedral quotient φ : S^3 → (S^3, k) has the Montesinos knot m(b_1/α_1, . . . , b_t/α_t) as pseudo-branch, where b_i = (β_i + r_iα_i)/n, i = 1, . . . , t, and the integers r_1, . . . , r_t satisfy the system

β_1 + r_1α_1 ≡ 0 mod n . . β_t + r_tα_t ≡ 0 mod n ∑ r_i = 0.

Proof. Assume n|Δ(k); then there is an epimorphism ω : H_1(B_2(k)) → Z_n; we regard Z_n = ⟨ε⟩ ≤ S_n, where ε = (1, 2, . . . , n). Write ω(q_i) = ε^{ri} and ω(h) = ε^s.

We have H_1(B_2(k)) = ⟨q_1, . . . , q_t, h : q^{αi}_i h^{βi} = 1, q_1 · · · q_t = 1, everything commutes ⟩. We can write H_1(B_2(k)) = ⟨x_2, . . . , x_t, v : x^{δi}_i = 1, v^λx^{λ2}_2 · · · x^{λt}_t = 1, everything commutes ⟩, with h = v^ℓ, ℓ = lcm{α_1, . . . , α_t}, α^′_1 = α_1, δ_1 = 1, and δ_{i+1} = gcd{α_{i+1}, α^′_1 · · · α^′_i}, α^′_{i+1} = α_{i+1}/δ_{i+1} for i ≥ 1 ([11], Lemma 2.2).

Assume now that (α_i, n) = 1 for i = 1, . . . , t. If ω(x_i) = ε^{si} for some integer s_i, then ω(x^{δi}_i ) = ε^{δisi} = (1); therefore n|δ_is_i. Since δ_i|α_i, by definition, we have that (n, δ_i) = 1; then n|s_i and, therefore, ω(x_i) = (1). Since ω is epimorphism, ω(v) is an n-cycle; then ω(h) = ω(v)^ℓ is an n-cycle, because (n, ℓ) = (n, lcm{α_1 · · · α_t}) = 1. Since ω(h) = ε^s, we conclude that (n, s) = 1. By conjugating in Z_n ≤ S_n, if necessary, we may assume that ω(h) = ε. Since ω(q_1 · · · q_t) = ε^{Σri} = (1), therefore n| ∑ r_i, or ∑ r_i = m · n for some m; replacing r_t by r_t − m · n, we get ∑ r_i = 0.

By Lemma 3.1, ψ : M̃ = (O, 0; b_1/α_1, . . . , b_t/α_t) → B_2(k) is the n-fold cyclic covering space associated to ω, with b_i = (β_i +r_iα_i)/n; also ψ(h̃) ∼ h^n and ψ(q̃_i) ∼ q_ih^{−ri} . If ũ : M̃ → M̃ is the standard involution for the symbol (O, 0; b_1/α_1, . . . , b_t/α_t), and u : B_2(k) → B_2(k) is the standard involution with B_2(k)/u = (S^3, k), then the square M̃^ũ−−−→ M̃ ψ ψ B_2(k) −−−→_u B_2(k)

commutes, for ψ ∘ ũ(h̃) ∼ ψ(h̃^{−1}) ∼ h^{−n} ∼ u(h^n) ∼ u ∘ ψ(h̃), and ψ ∘ ũ(q̃_i) ∼ ψ(q̃^{−1}_i ) ∼ q^{−1}_i h^{ri} ∼ u(q_ih^{−ri} ) ∼ u ∘ ψ(q̃_i). If q : M̃ → M̃/ũ is the canonical projection, then q is a double branched covering over (S^3, m(b_1/α_1, . . . , b_t/α_t)) = M̃/ũ; we have the commutative diagram M̃^ψ−−−→ B_2(k) q p M −−−→_φ (S^3, k) with φ : S^3 → (S^3, k) a dihedral quotient, and m(b_1/α_1, . . . , b_t/α_t) ⊂ φ^{−1}(k) the pseudo-branch of φ.

3.1. Remarks. Let k = m(β_1/α_1, . . . , β_t/α_t), and let n be a divisor of Δ(k) such that (n, α_i) = 1 for i = 1, . . . , t. Then k = m(nb_1/α_1, . . . , nb_t/α_t) with b_i = (β_i + r_iα_i)/n, and ∑ r_i = 0.

3.1.1. The conclusion of Theorem 3.2 can be rephrased as: If n|Δ(k), and (n, α_i) = 1, then m(b_1/α_1, . . . , b_t/α_t) is the pseudo-branch of an n-fold dihedral quotient S^3 → (S^3, m(nb_1/α_1, . . . , nb_t/α_t)).

3.1.2. Redrawing k = m(nb_1/α_1, . . . , nb_t/α_t) = m(β_1/α_1 + r_1, . . . , β_t/α_t + r_t) one can easily visualize the representation ω in a projection of k: the meridians of each piece of one strand of the trivial 2-braid connecting the rational tangles of k (see Figure 2) go to the same permutation under ω.

Figure 4

Then using similar techniques as in [6] one can draw at once the preimage of φ of Theorem 3.2 (See Figure 4 for the 5-fold dihedral covering of m(1/3, 2/3, 2/3)). 3.1.3. A possible partial converse of Theorem 3.2 is:

Let k be the Montesinos knot m(β_1/α_1, . . . , β_t/α_t). Assume n is odd and t ≥ 3. If there exists a dihedral quotient S^3 → (S^3, k), then (n, α_i) = 1 for i = 1, . . . , t. Notice that one cannot skip the hypothesis ‘t ≥ 3 and n odd’.

For example, when t ≤ 2, the 2-bridge knot

ℓ = m(β_1/nα_1, β_2/nα_2) = m(−n(α_1β_2 + α_2β_1)/(nα_2r_1 + β_2s_1))

where nα_1r_1 − β_1s_1 = 1, has an n-fold dihedral quotient S^3 → (S^3, ℓ) with pseudo-branch m(β_1/α_1, β_2/α_2).

When n is even: if ℓ = m(β_1/2α_1, β_2/2α_2, β_3/α_3, . . . , β_t/α_t), the representation ω : π_1(B_2(ℓ)) → S_2 such that ω(q_1) = (1, 2), ω(q_2) = (1, 2), ω(q_i) = (1), for i = 3, . . . , t, and ω(h) = (1), gives rise to a 2-fold dihedral quotient S^3 → (S^3, ℓ) with pseudo-branch m(β_1/α_1, β_2/α_2, β_3/α_3, . . . , β_t/α_t) ([12], Lemma 2).

Corollary 3.3. Let k = m(β_1/α_1, . . . , β_t/α_t) be a universal link, and let n be a positive integer such that (n, α_i) = 1 (i = 1, . . . , n). Then m(nβ_1/α_1, . . . , nβ_t/α_t) is a universal link.

4. Rational tangles.

A rational tangle is a triple (B, a, m∪ℓ), where B is a 3-ball, a is a disjoint union of two properly embedded arcs in B, a = a_0 ⊔ a_1, and each of m and ℓ are a disjoint union of two arcs in ∂B, m = m_0 ⊔ m_1, ℓ = ℓ_0 ⊔ ℓ_1, such that m ∩ ℓ = ∂m = ∂ℓ = ∂a and m ∪ ℓ ∼= S^1, and such that the pair (B, a) is homeomorphic to (D^2 × I, {x_1, x_2} × I) with x_1, x_2 ∈ int(D^2). See Figure 5.

Two rational tangles are equivalent if they are homeomorphic as triples. A rational tangle (B, a, m ∪ ℓ) contains a ‘meridional disk’ d_B properly embedded in B which is the image of δ ×I ⊂ D^2 ×I under the homeomorphism (B, a) ∼= (D^2 ×I, {x_1, x_2}×I), where δ ⊂ D^2 is a diameter separating x_1 and x_2. Notice that B − N (d_B ) is a regular neighbourhood of a, and, therefore, a_i is the arc, unique up to isotopy fixed in ∂B, which connects the ends of a_i in B − d_B (i = 0, 1); the isotopy class of ∂d_B in ∂B, with isotopies being the identity in ∂a, determines the isotopy class of d_B in B − a, and, therefore, The curve ∂d_B determines the equivalence class of (B, a, m ∪ ℓ).

If p : B̃ → B is the double branched cover of B branched along both a_0 and a_1, then m̃ = p^{−1}(m_0) and ℓ̃ = p^{−1}(ℓ_0) are a meridian-longitude pair in ∂B̃; if we fix an orientation on ∂B, an orientation of ∂B̃ is fixed; we orient m̃ and ℓ̃ such that m̃ · ℓ̃ = +1. Now if d̃ is a lifting of ∂d_B in B̃, then d̃ ∼ ℓ̃^βm̃^α in ∂B for some orientation of d̃; we associate the rational number β/α (or ∞, if α = 0) to the tangle (B, a, m ∪ ℓ). It is well known that the number β/α determines the equivalence class of (B, a, m ∪ ℓ).

By pushing the arcs a into ∂B, it is possible to draw the rational tangle β/α on a square ‘pillowcase’ with lines of slope ±β/α starting in the points {0, 1} × {i/α} for i = 0, 1, . . . , α, and {j/β} × {0, 1} for j = 0, 1, . . . , β (Figure 6).

In this square pillowcase the boundary of the meridional disk d_B = d_{β/α} is drawn “in between” the arcs a_0, a_1, that is, with lines of slope ±β/α

Figure 5 starting in the points {0, 1} × {(2i − 1)/2α} for i = 1, 2, . . . , α, and {(2j − 1)/2β} × {0, 1} for j = 1, 2, . . . , β (Figure 7).

Figure 6. The rational tangle 3/5

Figure 7. The disk 3/5

5. Branch sets in dihedral coverings.

Let k be the Montesinos knot k = m(β_1/α_1, . . . , β_t/α_t). Let n be a positive integer such that n divides the determinant of k, n|Δ(k), and (n, α_i) = 1 for i = 1, . . . , t. Let φ : S^3 → (S^3, k) be the dihedral quotient guaranteed by Theorem 3.2. We will show:

The preimage φ^{−1}(k) is a disjoint union of Montesinos knots. We write B_2(k) = (O, 0; β_1/α_1, . . . , β_t/α_t), and p : B_2(k) → (S^3, k) the double covering branched along all components of k. Let ψ : M̃ → B_2(k) be an n-fold cyclic covering space (unbranched), and let ρ : M̃ → M̃ be the homeomorphism of order n such that M̃/ρ = B_2(k), and ψ : M̃ → M̃/ρ = B_2(k) is the canonical projection.

Let u : B_2(k) → B_2(k) be the standard involution for B_2(k) with respect to the symbol (O, 0; β_1/α_1, . . . , β_t/α_t), and let ũ : M̃ → M̃ be the standard involution for M̃ with respect to the symbol (O, 0; b_1/α_1, . . . , b_t/α_t), where, if ẽ_i is the exceptional fiber of M̃ corresponding to the ratio b_i/α_i, and e_i is the exceptional fiber of B_2(k) corresponding to the ratio β_i/α_i, then ψ^{−1}(e_i) = ẽ_i; we see that k^2 = p^{−1}(k) is the axis of u, that is, k^2 = F ix(u); let k̃_0 be the axis of ũ, k̃_0 = F ix(ũ); the preimage of k^2 is ψ^{−1}(k^2) = k̃_0 ⊔ k̃_1 ⊔ · · · ⊔ k̃_{n−1} = k̃_0 ⊔ ρ(k̃_0) ⊔ · · · ⊔ ρn−1(k̃_0). Replacing ρ by ρm for some m coprime with n, if necessary, we may assume that, starting with k̃_0, we find successively k̃_1, k̃_2, . . . , k̃_{n−1}, k̃_0, k̃_1, k̃_2, . . . , k̃_{n−1} as we traverse along h̃ ⊂ M̃; h̃ is a preimage of h, an ordinary fiber of B_2(k) with h ∩ k2 = two points. Notice that, then, k̃_ℓ = ũ(k̃_{n−ℓ}) for each ℓ.

We have q : M̃ → M̃/ũ = (S^3, k_0) a double branched covering, and φ : S^3 → (S^3, k) a dihedral quotient. Then k_0 = q(k̃_0) is the branching of q, and also is the pseudo-branch of φ, and the diagram of coverings M̃ q ^ψ M φ B_2(k) p (S^3, k)

commutes.

Now we define

k_1 = q(k̃_1) = q(k̃_{n−1})

k_2 = q(k̃_2) = q(k̃_{n−2}) . . k_{(n−1)/2} = q(k̃_{(n−1)/2}) = q(k̃_{(n+1)/2}) if n is odd, and

k_1 = q(k̃_1) = q(k̃_{n−1}) k_2 = q(k̃_2) = q(k̃_{n−2}) . . k_{(n−2)/2} = q(k̃_{(n−2)/2}) = q(k̃_{(n+2)/2}) k_{n/2} = q(k̃_{n/2})

if n is even.

Then φ^{−1}(k) = k_0 ⊔ k_1 ⊔ k_2 ⊔ · · · . Notice that, if n is even, k_{n/2} is the trivial knot (always).

Figure 8

We show that each k_ℓ is a Montesinos knot (see Figure 8). Let i ∈ {1, . . . , t}; and let j ∈ {1, 2, . . . , (n − 1)/2} if n is odd, or j ∈ {1, 2, . . . , (n − 2)/2} if n is even.

In the solid torus Ṽ_i ⊂ M̃ there are two meridional disks D̃_i, u(D̃_i) which separate the two arcs k̃_j ∩ Ṽ_i; the image D_i = q(D̃_i) = q(u(D̃_i)) is a 2-disk properly embedded in the 3-ball B_i = q(Ṽ_i) which separates the two arcs q(k̃_j ∩ Ṽ_i) = q(k̃_{n−j} ∩ Ṽ_i) (see Figure 9). From these we get a rational tangle as follows:

Recall that, to construct M̃ (see § 2.), the torus ∂Ṽ_i is glued to q̃_i × S^1 in punctured M̃ (∼= S^2_0 × S^1). Let h̃^0 = {x_0} × S^1, and h̃^1 = {x_1} × S^1 where x_0 and x_1 are the points in k̃_0 ∩ (q̃_i × {1}). Starting in x_a and following the

Figure 9. The solid torus Ṽ_i and q_i × S^1

orientation of h̃^a we get three subarcs: one subarc m̃^a_1 ⊂ h̃^a connecting x_a with h̃^a ∩ k̃_j; one subarc ℓ̃_a ⊂ h̃^a connecting h̃^a ∩ k̃_j with h̃^a ∩ k̃_{n−j}; and one subarc m̃^a_0 ⊂ h̃^a connecting h̃^a ∩ k̃_j with y_a ∈ h̃^a ∩ k̃_0 − {x_a} (a = 0, 1). Write m_1 = q(m̃^0_1 ∪ q̃_i × {1} ∪ m̃^1), m_0 = q(m̃^0 ∪ q̃_i × {y_0} ∪ m̃^1_0), ℓ_0 = q(ℓ̃_0), and ℓ_1 = q(ℓ̃_1); call m^j = m_0 ⊔ m_1, and ℓ^j = ℓ_0 ⊔ ℓ_1; then b^j_i /α^j_i = (B_i, q(k̃_j ∩ Ṽ_i), m^j ∪ ℓ^j )

is a rational tangle for some number b^j_i /α^j_i ∈ Q ∪ {∞}, and it is defined by ∂D_i. Therefore

1. For j ∈ {1, 2, . . . , (n − 1)/2} if n is odd, or j ∈ {1, 2, . . . , (n − 2)/2} if n is even, k_j is the Montesinos knot m(b^j_1/α^j_1, . . . , b^j_t /α^j_t ).

Now we will compute the ratios b^j_i /α^j_i .

Draw the ball B_i as a square pillowcase; then the knot k_j intersects ∂B_i in the points {0, 1} × {j/n, 1 − j/n}. We will compute the defining numbers b^j_i /α^j_i ∈ Q ∪ {∞} of a lifting d of ∂D_i in the double cover T of ∂B_i branched along ∂B_i ∩ k_j . The contour of the square pillowcase, m^j ∪ ℓ^j, is composed by (see Figure 10) m_0 = ({0} × [1 − j/n, 1]) ∪ (I × {1}) ∪ ({1} × [1 − j/n, 1]) = v_0 ∪ m̂_0 ∪ w_0 m_1 = ({0} × [0, j/n]) ∪ (I × {0}) ∪ ({1} × [0, j/n]) = v_1 ∪ m̂_1 ∪ w_1 ℓ_0 = {0} × [j/n, 1 − j/n] ℓ_1 = {1} × [j/n, 1 − j/n]. Let V be the cylinder obtained by cutting ∂B_i along m^j; the boundary of V is the disjoint union of two circles m^+_0 ∪ m^−_0 and m^+_1 ∪ m^−_1 where m^+_a and m^−_a are copies of m_a in V (a = 0, 1).

To construct T glue two copies, V_1, V_2, of V identifying m^+_{0,1} ∼ m^−_{0,2}, m^−_{0,1} ∼ m^+_{0,2}, m^+_{1,1} ∼ m^−_{1,2}, and m^−_{1,1} ∼ m^+_{1,2}, where ∂V_a = (m^+_{0,a} ∪ m^−_{0,a}) ∪ (m^+_{1,a} ∪ m^−_{1,a}) (a = 1, 2).

To compute the defining numbers b^j_i /α^j_i of a lifting d ⊂ T of ∂D_i with respect to m_0 and ℓ_0, we will construct a new torus T̄ and a curve d̄ in T̄ which will have the defining numbers b^j_i /α^j_i with respect to some basis of T̄ .

Glue V_1 and V_2 but only along the arcs m̂_0 and m̂_1, that is, identify m̂^+_{0,1} ∼ m̂^−_{0,2}, etc., and obtain T̂ which is a four-punctured torus; if in T̂ we identify the arcs v_0, w_0, v_1, w_1 as if they were not originally cut, that is, if we identify v^+_{0,1} ∼ v^−_{0,1}, w^+_{0,1} ∼ w^−_{0,1}, v^+_{0,2} ∼ v^−_{0,2}, w^+_{0,2} ∼ w^−_{0,2}, etc., we obtain T^0 the double covering of ∂B_i branched along the corners of the pillowcase ∂(m̂_0 ∪ m̂_1). In T^0 a lifting of ∂D_i is the curve b_i/α_i, ~∂D_i ∼ m̂^{αi}_0 ℓ̂^{bi}_0 , where ℓ̂_0 is the preimage in T 0 of v_1 ∪ ℓ_0 ∪ v_0. We regard T̂ as subset of T 0, and call d̂ = T̂ ∩ (preimage of ∂D_i in T^0).

To obtain T from T̂ we have still to identify, as before, v^+_{0,1} ∼ v^−_{0,2}, w^+_{0,1} ∼ w^−_{0,2}, etc. Therefore we can construct the preimage of ∂D_i in T from d̂ as follows: each point p^+ ∈ v^+_{0,1} ∩ d̂ is identified with a point p^− ∈ v^−_{0,2} ∩ d̂, where p^+ ∼ p^− in the identification v^+_{0,1} ∼ v^−_{0,2}; each point p^+ ∈ w^+_{0,1} ∩ d̂ is identified with a point p^− ∈ w^−_{0,2} ∩ d̂, etc.

If we close T̂ with four rhombi R_1 = v^+_{0,1}v^−_{0,2}v^+_{0,2}v^−_{0,1}, R_2 = w^−_{0,1}w^+_{0,2}w^−_{0,2}w^+_{0,1}, R_3 = v^+_{1,2}v^−_{1,1}v^+_{1,1}v^−_{1,2}, R_4 = w^+_{1,2}w^−_{1,1}w^+_{1,1}w^−_{1,2}, in the resulting torus T̄ , we

Figure 10. The ball B_i

close the arcs of d̂ with vertical lines in the rhombi connecting equivalent points of the v’s and w’s; one of the two components, d̄_0, of the resulting d̄ has defining numbers b^j_i /α^j_i , d̄_0 ∼ m̄^{±αji}_0 ℓ̄_0^{±bji} , where m̄_0 is the union of the preimage of m̂_0 in T̂ with the horizontal diagonals of the rhombi R_1 and R_2 and ℓ̄_0 is the union of the preimage of ℓ_0 in T̂ with the vertical diagonals of the rhombi R_1 and R_3. See Figure 11.

Notice that if either b_i = 0 or α_i = 0, then b^j_i /α^j_i = 0 or ∞, resp. For practical computation of the number b^j_i /α^j_i , we may assume that b_i ≠ 0 and α_i ≠ 0, and visualize the universal cover of T̄ as follows:

A fundamental region for T̄ is a square [2u, 2u + 2] × [2v, 2v + 2] in the plane, for u, v integers; at each vertex (u, v) ∈ Z^2, we cut the plane along the interval J_{(u,v)} = {u} × [v − j/n, v + j/n], and glue a thin rhombus along the resulting boundaries ({u} × [v − j/n, v])^+, ({u} × [v, v + j/n])^−, ({u} × [v, v + j/n])^+, ({u} × [v − j/n, v])^−. A lifting of d̄_0 is made of segments of straight lines of slope b_i/α_i and vertical segments in the glued rhombi:

Start in the point, say, p_0 = (0, 1/2α_i); draw the segment L_1 of the line of slope b_i/α_i starting in p_0 to the right of the interval J_{(0,0)}, until it hits for the first time an interval J_{(u1,v1)} in a point p_1 = (u_1, v_1 ± (2j_1 − 1)/2α_i); jump to p̄_1 = (u_1, v_1 ∓ (2j_1 − 1)/2α_i) with a vertical segment in the corresponding rhombus; now draw the segment L_2 of the line of slope b_i/α_i starting in p̄_1 to the left of the interval J_{(u1,v1)}, until it hits for the first time an interval J_{(u2,v2)} in a point p_2 = (u_2, v_2 ± (2j_2 − 1)/2α_i); jump to p̄_2 = (u_2, v_2 ∓ (2j_2 − 1)/2α_i) with a vertical segment in the corresponding rhombus; now draw the segment L_3 of the line of slope b_i/α_i starting in p̄_2 to the right of the interval J_{(u2,v2)}. Continuing in this fashion, eventually we draw a segment L_r which ends in an interval J_{(ur ,vr)} in a point p_r = (u_r, v_r + 1/2α_i) with u_r and v_r even

Figure 11

integers, and u_q and v_q are not both even for q < r if p_q = (u_q, v_q + 1/2α_i). We see that b^j_i /α^j_i = v_r/u_r.

Remark. With this representation in the plane it is easy to see: (a) If b_iℓ = −1 + α_ik, and b_ir = 1 + α_is with ℓ and r minimal positive, and j/n ∈ (1/2α_i, 3/2α_i), then b^j_i /α^j_i = (k − s)/(ℓ − r). Similar expressions for b^j_i /α^j_i when j/n > 3/2α_i seem extremely complicated.

5.1. An algorithm. We obtain the following algorithm in the square pillowcase B_i to compute b^j_i /α^j_i .

Orient the curve d = ∂D_i, and let ε be the sign of b_i. Assume j/n ∈ [0, 1/2), and write m_0 = {0, 1} × [1 − j/n, 1] ∪ [0, 1] × {1}, m_1 = {0, 1} × [0, j/n] ∪ [0, 1] × {0}, ℓ_0 = {0} × [j/n, 1 − j/n] 1. Mark the point p_0 = (0, 1/2α_i) with +1.

2. If the point p_u ∈ d ∩ ∂I^2 is marked with ε_u ∈ {−1, +1}, then the straight line segment of d starting in p_u and following the given orientation of d, hits ∂I^2 in a point p_{u+1}. If p_{u+1} has no mark, then

If (p_u ∈ m_0 and p_{u+1} ∈ m_0) or (p_u ∈ m_1 and p_{u+1} ∈ m_1),

then mark p_{u+1} with ε_{u+1} = −ε_u; else mark p_{u+1} with ε_{u+1} = ε_u.

Go to 2. with ‘u := u + 1’.

If p_{u+1} is already marked, then call b = the sum of marks of points in m_0, and α = the sum of marks of points in ℓ_0. Then b^j_i /α^j_i = εb/α.

5.2. Rules. Let β/α ∈ Q^∗ = Q ∪ {∞} with α > 0. Let J^0 = [0, 1/2α), and J^i = ((2i − 1)/2α, (2(i + 1) − 1)/2α) for i = 1, . . . , [α/2] − 1, and J^{[α/2]} = ((2[α/2] − 1)/2α, 1/2). Let J = J_{β/α} = ⋃_{[α/2]} i=0 J^i ⊂ [0, 1/2).

Let λ ∈ J. In the square pillowcase for β/α, (B, a, m∪ℓ), with meridional disk d_{β/α}, define m^λ_0 = m_0 ∪ {0, 1} × [1 − λ, 1],

m^λ_1 = m_1 ∪ {0, 1} × [0, λ], ℓ^λ_0 = {0} × [λ, 1 − λ], ℓ^λ_1 = {1} × [λ, 1 − λ], and m^λ = m^λ_0 ∪ m^λ_1 , ℓ^λ = ℓ^λ_0 ∪ ℓ^λ_1 .

We have a function J → Q^∗ such that λ → (β/α)_λ = the defining rational number for (B, a^λ, m^λ ⊔ ℓ^λ) with meridional disk d_{β/α}.

With this notation we get the rules 0) If β < 0, then (β/α)_λ = −(|β|/α)_λ.

a) If βℓ = −1 + αk, and βr = 1 + αs with ℓ and r minimal positive, and λ ∈ J^1, then (β/α)_λ = (k − s)/(ℓ − r).

b) If λ, μ ∈ J^i, then (β/α)_λ = (β/λ)_μ.

c) Let λ be in the last interval J^{[α/2]}. Then (β/α)_λ = b/1 for some integer b if α is odd, and (β/α)_λ = ∞ if α is even.

In view of rule (c), we get: If n > 2α_i, and (n, α_i) = 1 (i = 1, . . . , t), then φ^{−1}(k) contains a rational link, where k = m(nβ_1/α_1, . . . , nβ_t/α_t), and φ : S^3 → (S^3, k) is an n-fold dihedral quotient, for, by the assumption n > 2α_i, there is an integer j ∈ {1, . . . , (n − 1)/2} such that j/n ∈ J^{[αi/2]}, the last interval for the tangle β_i/α_i, (i = 1, . . . , t).

d) If β/α = ±1/α and λ ∈ J^u, then (β/α)_λ = ±1/(α − 2u). More generally, recalling the construction of the tangle with number β/α in [8], we get

e) Assume α > 2k|β| for some k positive. If λ ∈ J^{k|β|}, then (β/α)_λ = β/(α − 2k|β|). In the special case α ≡ ±1 mod β, examining carefully the signs in the square pillowcase given by Algorithm 5.1, one can see:

f) Assume α = βℓ ± 1, and β > 0; let r be such that 0 ≤ r ≤ [ℓ/2].

If t ∈ {0, 1, . . . , [β/2]} and λ ∈ J^{rβ+t}, then ( β α ) λ = β − 2t (β − 2t)(ℓ − 2r) ± 1 . If t ∈ {[β/2] + 1, [β/2] + 2, . . . , β − 1} and λ ∈ J^{rβ+t}, then ( β α ) λ = 2t − β (2t − β)(ℓ − 2r − 2) ± 1 . In particular we compute that the first β + 1 terms (when r = 0) of the

sequence {( β α ) λ }_β t=1 are: β α = β βℓ ± 1 , β − 2 (β − 2)ℓ ± 1 , β − 4 (β − 4)ℓ ± 1 , . . .

. . . , 4 4ℓ ± 1 , 2 2ℓ ± 1 , 0, 2 2(ℓ − 2) ± 1 , 4 4(ℓ − 2) ± 1 , . . . , β α − 2β if β even 3 3ℓ ± 1 , 1 ℓ ± 1 , 1 (ℓ − 2) ± 1 , 3 3(ℓ − 2) ± 1 , . . . , β α − 2β if β odd

Proposition 5.1. Let q be an odd integer, q ∉ {−11, −7, −5, −3, −1, 1, 3, 5}, and let k be the pretzel knot k = p(2, q, q) = m(1/2, ±1/|q|, ±1/|q|). Then there exists a |q + 4|-fold dihedral covering φ : S^3 → (S^3, k) such that 1) If |q| ≡ 1 mod 4, then either Montesinos knot m(1/2, −1/5, −1/5) ⊂ φ^{−1}(k) or m(1/2, −2/9, −2/9) ⊂ φ^{−1}(k).

2) If |q| ≡ −1 mod 4, then either Montesinos knot m(−1/2, 3/5, 3/5) ⊂ φ^{−1}(k) or m(−1/2, 2/3, 2/3) ⊂ φ^{−1}(k).

Proof. Since q is odd, (q + 4, q) = (q, 2) = 1; since Δ(k) = q^2 + 2q + 2q = q(q + 4), by Theorem 3.2, there exists φ : S^3 → (S^3, k) a |q + 4|-dihedral covering.

“(1)” Assume |q| = 4β + 1; then k = m(^{|q+4|}_2 ,^{−|q+4|β}_{|q|} ,^{−|q+4|β}_{|q|} ), and, therefore, the pseudo-branch of φ is k_0 = m(^1_2 ,^{−β}_{|q|} ,^{−β}_{|q|} ).

If β is odd, write i = (β − 1)/2; then i/|q + 4| ∈ J^i for the tangle −β/|q|, that is, (2i − 1)/2|q| < i/|q + 4| < (2i + 1)/2|q|; and i/|q + 4| ∈ J^0 for the tangle 1/2, that is, i/|q + 4| < 1/4.

By Rule (f), (_{−β} |q| ) i/|q+4| = −1/5, and

(_1 2 ) i/|q+4| = 1/2. We conclude k_i = m(1/2, −1/5, −1/5) ⊂ φ^{−1}(k). If β is even, write i = β/2 − 1; then i/|q + 4| ∈ J^i for the tangle −β/|q|;

and i/|q + 4| ∈ J^0 for the tangle 1/2. By Rule (f), (_{−β} |q| ) i/|q+4| = −2/9, and (_1 2 ) i/|q+4| = 1/2. We conclude ki = m(1/2, −2/9, −2/9) ⊂ φ −1(k). “(2)” Assume |q| = 4β − 1; then k = m(^{−|q+4|}_2 ,^{|q+4|β}_{|q|} ,^{|q+4|β}_{|q|} ), and, therefore, the pseudo-branch of φ is k_0 = m(−^1_2 ,^β_{|q|} ,^β_{|q|} ).

If β is odd and q ≥ 7, write i = (β + 5)/2. Then i/(q + 4) ∈ J^{(β+3)/2} for the tangle β/|q|; and i/(q + 4) ∈ J^0 for the tangle −1/2. By Rule (f), (_β |q| ) i/(q+4) = 3/5, and (_{−1} 2 ) i/(q+4) = −1/2. We conclude ki = m(−1/2, 3/5, 3/5) ⊂

φ^{−1}(k).

If β is odd and q < −11, then |q + 4| = −(q + 4) > 7; write i = (β + 1)/2. Then −i/(q + 4) ∈ J^{(β+3)/2} for the tangle β/|q|; and −i/(q + 4) ∈ J^0 for the tangle −1/2. Again k_i = m(−1/2, 3/5, 3/5) ⊂ φ^{−1}(k).

If β is even and q ≥ 7, write i = β/2 + 2. Then i/(q + 4) ∈ J^{β/2+1} for the tangle β/|q|; and i/(q + 4) ∈ J^0 for the tangle −1/2. By Rule (f), (_β |q| ) i/(q+4) = 2/3, and (_{−1} 2 ) i/(q+4) = −1/2. We conclude ki = m(−1/2, 2/3, 2/3) ⊂

φ^{−1}(k).

If β is even and q < −11, then |q + 4| = −(q + 4) > 7; write i = β/2. Then (_β |q| ) −i/(q+4) = 2/3; and (_{−1} 2 ) −i/(q+4) = −1/2. Again ki = m(−1/2, 2/3, 2/3) ⊂ φ^{−1}(k). We finish this section rewriting a version of Theorem 3.2.

Corollary 5.2. Let (n, α_i) = 1, and k = m(nβ_1/α_1, . . . , nβ_t/α_t). If φ : S^3 → (S^3, k) is an n-fold dihedral quotient, and k_j ⊂ φ^{−1}(k) is as before with j < n/2, then k_j = m((β_1/α_1)_{j/n}, . . . , (β_t/α_t)_{j/n}). 6. Dihedral-like coverings of Montesinos knots.

Let k ⊂ S^3 be a link. Let φ : M → (S^3, k) be an m-fold branched covering, and let ω = ω_φ : π_1(S^3 − k) → S_m be the representation determined by φ.

Assume that order(ω(μ)) = p for each meridian μ of k. Write ⟨μ^p⟩_π for the normal closure of ⟨μ^p; μ a meridian of k⟩ in π_1(S^3 − k); then ω factors through the quotient π_1(S^3 − k)/⟨μ^p⟩_π

π_1(S^3 − k) ω S_m

π_1(S^3 − k)/⟨μ^n⟩_π ¯_ω

It is known (see [4], Ch. 2, § 4, with the slight necessary modifications to the argument) that this quotient is a semi-direct product

π_1(S^3 − k)/⟨μ^p⟩_π ∼= Z_p ⋉ π_1(B_p(k)),

where B_p(k) denotes the p-fold cyclic covering of S^3 branched along all components of k. The generator of Z_p is the class of a meridian, μ̄, and acts on π_1(B_p(k)) as the isomorphism induced by the homeomorphism of order p, ρ : B_p(k) → B_p(k), such that B_p(k)/ρ = (S^3, k).

Let ψ : M̃ → B_p(k) be the m-fold covering space determined by ω̄| : π_1(B_p(k)) → S_m, which might be not transitive, and therefore, M̃ might be not connected.

Now assume p = 2. Then μ̄ (which is the isomorphism induced by the involution ρ) leaves invariant ψ_#π_1(M̃) ≤ π_1(B_2(k)), and, therefore, ρ lifts to an involution ρ̃ : M̃ → M̃, with quotient a 2-fold cyclic branched covering q : M̃ → M = M̃/ρ̃. The quotient-induced m-fold branched covering is the original φ : M → (S^3, k), and we have a commutative diagram M̃ q ^ψ M φ B_n(k) p (S^3, k)

The branching of q is the pseudo-branch of φ (if any).

Conversely, if we start with a representation

ω : π_1(S^3 − k)/⟨μ^2⟩_π = Z_2 ⋉ π_1(B_2(k)) → S_m,

we get a commutative diagram of coverings M̃ q ^ψ M φ B_2(k) p (S^3, k)

with q a 2-fold covering branched along the pseudo-branch of φ.

1. Let k = m(β_1/α_1, . . . , β_t/α_t). Then π_1(S^3 − k)/⟨μ^2⟩_π equals the semidirect product Z_2 ⋉ π_1(O, 0; β_1/α_1, . . . , β_t/α_t); the quotient, obtained by ‘killing’ an ordinary fiber of B_2(k), gives the epimorphism

π_1(S^3 − k)/⟨μ^2⟩_π → Z_2 ⋉ Δ(α_1, . . . , α_t).

In terms of generators and relations, Z_2 ⋉ Δ(α_1, . . . , α_t) = ⟨μ, q_1, . . . , q_t : μ^2 = 1, q^{α1}_1 = 1, . . . , q^{αt}_t = 1, q_1 · · · q_t = 1, q^μ_i = q^{−1}_i ⟩ = ⟨μ, q_1, . . . , q_{t−1} : μ^2 = 1, q^{α1}_1 = 1, . . . , q^{αt−1}_{t−1} = 1, (q_1 · · · q_{t−1})^{αt} = 1, q^μ_i = q^{−1}_i ⟩. To find a representation of Z_2 ⋉ Δ(α_1, . . . , α_t) into S_n, is equivalent to find permutations τ, σ_1, . . . , σ_{t−1} ∈ S_n such that τ^2 = (1), σ^{αi}_i = (1), σ^τ_i = σ^{−1}_i (i = 1, . . . , t − 1), and (σ_1 · · · σ_{t−1})^{αt} = (1). This task simplifies when t = 3, for it is possible to easily draw the product of two permutations ([7]), which amounts to drawing the induced branched covering on the orbit surfaces of ψ : M̃ → B_2(k).

In the computations of the following representations, the GAP programming language ([3]) was very useful. We will use, for computations of Seifert symbols, Lemma 2 of [12].

2. Consider k = m(β_1/2, β_2/3, β_3/3). We find σ_1 = (1), σ_2 = (1, 2, 3), τ = (2, 3) (the other two meridians of k go to (2, 3) and (1, 2)); we compute M̃ = (O, 0; β_1/2, β_1/2, β_1/2, β_2/1, β_3/1) ([12], Lemma 2), and the involution of B_2(k) lifts to the involution ũ in M̃ with axis crossing the fibers corresponding to one of the β_1/2 ratios, and β_2/1, β_3/1, and interchanging the other two fibers corresponding to β_1/2, as seen in Figure 12.

Figure 12. σ_1 = (1), and σ_2 = (1, 2, 3)

We have φ_1 : M = M̃/ũ → (S^3, k) a 3-fold (simple) branched covering with pseudo-branch the branching of the quotient M̃ → M.

Let M̃_0 be the result of drilling out the fibers β_1/2 in M̃ interchanged by ũ; then M̃_0/ũ is the complement of a trivial knot T in S^3 and the branching looks as in Figure 13: the link m(β_1/2, β_2/1, β_3/1) ⊂ M̃_0/ũ. To construct M̃/ũ, we have to fill M̃_0/ũ with a solid torus whose meridian goes around m^2ℓ^{β1} for m, ℓ a meridian-longitude pair of T .

Figure 13

Therefore M = M̃/ũ is the lens space L(2, β_1). If φ_2 : S^3 → M is the universal covering space, then φ^{−1}_2 (M̃_0/ũ) is the complement of a trivial knot where we still have to perform surgery 1/β_1; then the preimage in S^3 of the pseudo-branch of φ_1 is the Montesinos knot k̃ = m ( β_1 2 , β_2 1 , β_3 1 , β_1 2 , β_2 1 , β_3 1 , 2β_1 1 ) = m ( − 12β_1 + 8β_2 + 8β_3 6β_1 + 4β_2 + 4β_3 − 1 ) . This link is a torus link if and only if 6β_1 + 4β_2 + 4β_3 − 1 ≡ ±1 mod 12β_1 + 8β_2 + 8β_3, that is, if and only if Δ(k)/3 = 3β_1 + 2β_2 + 2β_3 = ±1. Then k̃ is a universal link if and only if Δ(k) ≠ ±3 (Theorem 1.1). Notice that the equality Δ(k) = ±3 implies that k is the pretzel knot p(±2, ∓3, ∓3), which is a torus knot. We have φ = φ_1 ∘ φ_2 : S^3 → (S^3, k) a branched covering with k̃ ⊂ φ(k); we conclude that:

The Montesinos knot k = m(β_1/2, β_2/3, β_3/3) is a universal link if and only if Δ(k) ≠ ±3.

3. Consider k = m(β_1/2, β_2/3, β_3/5). We find σ_1 = (2, 3)(4, 5), σ_2 = (1, 2, 4), τ = (1, 2)(3, 5) (the other two meridians of k go to (2, 5)(3, 4) and (2, 4)(3, 5)); we compute M̃ = (O, 0; β_1/2, β_1/1, β_1/1, β_2/3, β_2/3, β_2/1, β_3/1) ([12], Lemma 2), and the involution of B_2(k) lifts to the involution ũ in M̃ with axis crossing the fibers corresponding to β_1/2, β_2/1, β_3/1, and interchanging by pairs the fibers corresponding to β_1/1 and β_2/3, as seen in Figure 14.

Figure 14. σ_1 = (2, 3)(4, 5), and σ_2 = (1, 2, 4)

We have φ : M = M̃ /ũ → (S^3, k) a 5-fold branched covering with pseudobranch the branching of the quotient M̃ → M. To draw this pseudo branch we still have to perform surgeries 1/β_1, and 3/β_2 as before (Figure 15); passing to the universal cover of M = L(3, 3β_1 + β_2) we obtain k̃ = m ( β_1 2 , β_2 1 , β_3 1 , β_1 2 , β_2 1 , β_3 1 , β_1 2 , β_2 1 , β_3 1 , 2(3β_1 + β_2) 1 )

= m ( β_1 2 , β_1 2 , β_1 2 , 6β_1 + 5β_2 + 3β_3 1 ) . If β_1 = ±1, then k̃ is an Uchida pretzel chain,

k̃ = p(±6 + 5β_2 + 3β_3; ±2, ±2, ±2) = { (3, 6 + 5β_2 + 3β_3) if β_1 = 1 (3, −9 + 5β_2 + 3β_3) if β_1 = −1

Figure 15

which is universal if 6 + 5β_2 + 3β_3 ≠ −2, −1 for β_1 = 1, and is universal if −9 + 5β_2 + 3β_3 ≠ −2, −1 for β_1 = −1 ([15]). If β_1 = 1, then the equality 6 + 5β_2 + 3β_3 = −2, −1 is equivalent to Δ(k) = ±1; also if β_1 = −1, the equality −9 + 5β_2 + 3β_3 = −2, −1 is equivalent to Δ(k) = ±1. Note that Δ(k) = ±1 implies that k is the pretzel knot = p(±2, ∓3, ∓5), which is a torus knot. We conclude that:

The Montesinos knot k = m(±1/2, β_2/3, β_3/5) is a universal link if and only if Δ(k) ≠ ±1.

Note that any m(γ_1/2, γ_2/3, γ_3/5) is of the form m(±1/2, β_2/3, β_3/5).

4. Consider k = m(β_1/2, β_2/3, β_3/7). We find σ_1 = (2, 3)(4, 6)(5, 7)(8, 9), σ_2 = (1, 2, 4)(3, 5, 7)(6, 9, 8), τ = (2, 3)(4, 6)(5, 7)(8, 9) (the other two meridians of k go to (2, 6)(3, 4)(5, 9)(7, 8) and (2, 4)(3, 6)(5, 8)(7, 9)); we compute

M̃ = (O, 0; β_1/2, β_1/1, β_1/1, β_1/1, β_1/1, β_2/1, β_2/1, β_2/1, β_3/1, β_3/7, β_3/7)

([12], Lemma 2), and the involution of B_2(k) lifts to the involution ũ in M̃ with axis crossing the fibers corresponding to β_1/2, β_2/1, β_3/1, and interchanging by pairs the fibers corresponding to β_1/1, β_2/1, and β_3/7 as seen in Figure 16.

We have φ : M = M̃ /ũ → (S^3, k) a 9-fold branched covering with pseudobranch the branching of the quotient M̃ → M. To draw this pseudo-branch we still have to perform surgeries 1/β_1, 1/β_1, 1/β_2, and 7/β_3 as before (Figure 17); passing to the universal cover of M = L(7, 14β_1 + 7β_2 + β_3) we obtain

k̃ = m (^{7 times} β_1 2 , . . . , β_1 2 , 7 times

β_2 1 , . . . , β_2 1 , 7 times

β_3 1 , . . . , β_3 1 , 2(14β_1 + 7β_2 + β_3) 1 )

= m (^{7 times} β_1 2 , . . . , β_1 2 , 28β_1 + 21β_2 + 9β_3 1 ) .

Figure 16. σ_1 = (2, 3)(4, 6)(5, 7)(8, 9), and σ_2 = (1, 2, 4)(3, 5, 7)(6, 9, 8)

Figure 17

If β_1 = ±1, then k̃ is a universal Uchida pretzel link,

k̃ = p(±28 + 21β_2 + 9β_3;

7 times ±2, . . . , ±2). We conclude that:

The Montesinos knot k = m(±1/2, β_2/3, β_3/7) is a universal link. Note that any m(γ_1/2, γ_2/3, γ_3/7) is of the form m(±1/2, β_2/3, β_3/7), and that, in particular, the Fintushel-Stern knot, k = p(−2, 3, 7), is universal; this famous knot has Δ(k) = 1 and, therefore, has no dihedral quotients.

5. Using the same representations, and following the ideas below in paragraphs 2., 3., and 4., we obtain also:

a) If |x| > 1, then the pretzel link k = p(e; 2x, 3y, 3z) is universal, for, in this case, following the constructions as in 2., k̃ is the universal Uchida pretzel link

k̃ = p(±(2 + (4x + 1)e);

2|x| times 2x, . . . , 2x, 2|x| times y, . . . , y, 2|x| times z, . . . , z ).

a.1) Similarly, if |y| > 1 or |z| > 1, then the pretzel link k = p(2, 3y, 3z) is universal.

a.2) If |y| > 1 or |z| > 1, and β_2 ≡ ±1 mod y and β_3 ≡ ±1 mod z, then the Montesinos knot k = m(1/2, β_2/3y, β_3/3z) is universal, for, as before, it holds that p(−2(−1 + k_2 + k_3); 2, 2, ±y, ±y, ±z, ±z), which is a universal Uchida link, is in the preimage of k in a branched covering, where β_2 = k_2y ± 1 and β_3 = k_3z ± 1.

b) If |y| > 1, or |z| > 1, then the pretzel link k = p(±2, ±3y, ±5z) is universal, for, in this case, following the constructions as in 3., k̃ is the universal Uchida pretzel link

k̃ = p(2(±3y ± 1);

3|y| times ±2, . . . , ±2, 3|y| times ±y, . . . , ±y, 3|y| times ±z, . . . , ±z). c) If z > 0, then the pretzel link k = p(±2, ±3, ±7z) is universal, for, in this case, following the constructions as in 4., k̃ is the universal Uchida pretzel link

k̃ = p(2(±14z ± 7z ± 1);

7z times ±2, . . . , ±2, 7z times ±3, . . . , ±3, 7z times ±z, . . . , ±z). 6. Consider k = p(±2, 5y, 5z) (y, z ≠ 0). We find permutations σ_1 = (2, 3)(5, 7)(6, 9)(10, 11), σ_2 = (1, 2, 4, 8, 5)(3, 6, 7, 10, 11), and τ = (2, 5)(3, 7)(4, 8)(10, 11) (the other two meridians of k go to (1, 2)(3, 10)(4, 5)(6, 7) and (2, 7)(3, 5)(4, 8)(6, 9)); we compute

Figure 18. σ_1 = (2, 3)(5, 7)(6, 9)(10, 11), and σ_2 = (1, 2, 4, 8, 5)(3, 6, 7, 10, 11) M̃ = (O, 0; ±1/2, ±1, ±1, ±1, ±1, ±1/2, ±1/2, 1/5y, 1/y, 1/y, 1/5z, 1/z, 1/z),

([12], Lemma 2), and the involution ũ in M̃ (see Figure 18) gives as quotient M = L(2, 1). In the universal cover of M we find, as preimage of k, k̃ = p(±10; ±2, ±2, 5y, 5y, y, y, y, y, 5z, 5z, z, z, z, z) which is a universal Uchida link. We conclude

The pretzel knot p(±2, 5y, 5z) is universal (y, z ≠ 0).

7. We think that it is not possible to obtain the 3-sphere as a branched covering over (S^3, m(β_1/2, β_2/p, β_3/q)) with this kind of dihedral-like coverings, except for the pairs (p, q) as in paragraphs 2.–6..

7. Universal Montesinos knots.

We collect the following results.

Theorem 7.1. Let q be an odd integer, q ≠ −1, −3, −7, −11. Then the pretzel knot k = p(2, q, q) is universal.

Proof. If q = 1, then k = m(5/2) is universal (Theorem 1.1). If q = 3, k is universal by § 6.6. If q = ±5, k is universal by § 6.6. Assume |q| > 5, q ≠ −7, −11. By Proposition 1 in § 5.1, there is a dihedral quotient φ : S^3 → (S^3, k) such that φ^{−1}(k) contains one of the knots p_1 = m(1/2, −1/5, −1/5), p_2 = m(1/2, −2/9, −2/9), p_3 = m(−1/2, 3/5, 3/5), or p_4 = m(−1/2, 2/3, 2/3).

Now p_1 is universal by § 6.6; p_2 is universal by § 6.5 (a.2); p_4 is universal by § 6.2; p_3 = m(7/2, −7/5, −7/5) has a 7-fold dihedral quotient with pseudobranch p_1 which is universal, so, p_3 is universal. We conclude that k is universal.

We remark that p(2, −1, −1) = trefoil knot, and p(2, −3, −3) = τ_{3,4} are not universal.

Question. Are the knots p(2, −7, −7) and p(2, −11, −11) universal?

Theorem 7.2. Let n be a positive integer such that n > α(α − 2)/2 and (n, α) = (n, α_i) = 1, where α_1, . . . , α_t are odd positive integers with α ≥ α_i + 2 for each i. Let ε_i ∈ {−1, +1} (i = 1, . . . , t) such that ∑ ε_i ≠ −2, −1, 0, 1. Then k = m(nε_1/α_1, . . . , nε_t/α_t, n/α) is a universal link.

Proof. The hypothesis n > α(α − 2)/2 implies that (α − 2)/2α − (α_i − 2)/2α_i ≥ (α − 2)/2α − (α − 4)/2(α − 2) > 1/n; therefore there is some j ∈ {1, . . . , (n − 1)/2} such that j/n is in the last interval J^{[αi/2]} for the tangle ε_i/α_i, and in the next-to-last interval J^{[αi/2]−1} for the tangle 1/α (see § 5.2.). Then, in an n-fold dihedral quotient φ : S^3 → (S^3, k), we have k_j = m(ε_1/1, . . . , ε_t/1, 1/3) = m( ∑ ε_i + 1/3) ⊂ φ^{−1}(k) (§ 5.2.(c)) if α odd, and k_j = m(ε_1/1, . . . , ε_t/1, 1/2) = m( ∑ ε_i + 1/2) if α even. Since m( ∑ ε_i + 1/3) and m( ∑ ε_i + 1/2) are non-torus 2-bridge links, by the choice of the ε_i, we see that m( ∑ ε_i + 1/3) and m( ∑ ε_i + 1/2) are universal (Theorem 1.1);

therefore k is universal.

From Theorem 1.2 in the Introduction and Corollary 3.3 it follows

Theorem 7.3. Let b, α_1, . . . , α_t be integers such that p(b, α_1, . . . , α_t) is a universal Uchida link. Let n be an integer such that (n, α_i) = 1 for i = 1, . . . , t. Then m(nb/1, n/α_1, . . . , n/α_t) is a universal link.

From Theorem 1.3 in the Introduction and Corollary 3.3 it follows

Theorem 7.4. If |p| > 1 is odd and (n, p) = 1, then m(n/p, n/p, −n/p) is a universal link.

If p ≠ −2 is even and (n, p) = 1, then m(n/3, n/3, n/p) is a universal link.

7.1. Montesinos knots up to ten crossings and Hatcher-Oertel knots.

7.1.1. Montesinos knots. We analyze the Montesinos knots up to 10 crossings. We do not consider here 2-bridge knots, but only ‘real’ Montesinos knots.

1. Non-universals. The knots 8_{19} = p(−2, 3, 3) = τ_{3,4}, and 10_{124} = p(−2, 3, 5) = τ_{3,5} are torus knots and not universal.

2. Universals. By § 6.2, the knots 8_5, 8_{10}, 8_{15}, 8_{20}, 8_{21}, 9_{16}, 9_{24}, 9_{28}, 10_{76}, 10_{77}, and 10_{78} are universal.

By § 6.3, the knots 9_{22}, 9_{25}, 9_{30}, 9_{36}, 9_{42}, 9_{43}, 9_{44}, 9_{45}, 10_{46}, 10_{47}, 10_{48}, 10_{49}, 10_{70}, 10_{71}, 10_{72}, 10_{73}, 10_{125}, 10_{126}, and 10_{127} are universal.

By § 6.4, the knots 10_{50}, 10_{51}, 10_{52}, 10_{53}, 10_{54}, 10_{55}, 10_{56}, 10_{57}, 10_{128}, 10_{129}, 10_{130}, 10_{131}, 10_{132}, 10_{133}, 10_{134}, and 10_{135} are universal (also all of them have a dihedral quotient with the Fintushel-Stern knot as pseudobranch).

By § 6.5 (a), or Theorem 7.3, the knots 10_{61}, 10_{62}, 10_{63}, 10_{64}, 10_{65}, 10_{66}, 10_{139}, 10_{140}, 10_{141}, 10_{142}, 10_{143}, and 10_{144} are universal.

The knots 10_{58}, 10_{60}, 10_{136}, and 10_{138} have the pretzel knot p(−2, 5, 5) as pseudo-branch in a dihedral covering of 13, 17, 3 and 7 sheets, resp. The knot 10_{59} has the pretzel knot p(−2, −5, 5) as pseudo-branch in a 3-fold dihedral covering. Then, using § 6.6, we see that 10_{58}, 10_{59}, 10_{60}, 10_{136}, and 10_{138} are universal knots.

The knots 9_{37} = m(1/3, 2/3, 2/3) = m(−5/3, 5/3, 5/3), 9_{46} = m(−1/3, 1/3, 1/3), and 10_{74} = m(1/3, 1/3, 5/3) = m(−7/3, 7/3, 7/3) are universal by Theorem 7.4.

We found sixty six universal knots.

3. Undecided. By now, we cannot decide about universality of ten knots: 9_{35}, 9_{48}, 10_{67}, 10_{68}, 10_{69}, 10_{75}, 10_{137}, 10_{145}, 10_{146}, and 10_{147}

4. No dihedral quotients. The following fourteen knots do not have the 3-sphere as a dihedral quotient (yet some of them have S^3 as a dihedral-like covering, as noted before): 8_{10}, 8_{19}, 8_{20}, 9_{35}, 9_{46}, 9_{48}, 10_{75}, 10_{124}, 10_{137}, 10_{139}, 10_{140}, 10_{143}, 10_{145}, and 10_{147}.

7.1.2. Hatcher-Oertel knots. The following knots are mentioned in [5].

1. k = m(2/5, 3/7, −1/3, −5/8), Δ(k) = 109. In the 109-fold dihedral quotient, k_{33} = m(2/1, 1/1, 1/3, 1/4, −1/10) = m(−31/22) which is universal and, therefore, k is universal.

2. k = m(−15/32, 3/11, 7/41), Δ(k) = 365. In the 365-fold dihedral quotient, k_{33} = m(5/14, 2/5, −1/1) = m(−17/4) which is universal and, therefore, k is universal.

4. k = m(11/53, 17/43, −13/21), Δ(k) = 773. In the 773-fold dihedral quotient, k_{19} = m(−24/49, 13/33) = m(−155/3) which is universal and, therefore, k is universal.

5. k = m(1/3, 3/5, −3/4, −2/7, 3/11, −5/13), Δ(k) = 12869. In the 12869-fold dihedral quotient, k_{2758} = m(1/1, −1/2, 1/1, 1/1) = m(7/2) which is universal and, therefore, k is universal.

6. k = m(1/3, 1/3, −1/3, −2/5, 1/5, −3/4, 2/3), Δ(k) = 405. Therefore k has not the 3-sphere as a dihedral quotient.

References

[1] G. Burde. On branched coverings of S^3. Can. J. Math. XXIII (1971), 84–89. [2] R. Fox. A quick trip through knot theory. Topology of 3-manifolds and related topics, Proc. Univ. Georgia institute (1961), 120–167.

[3] The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.2; 2002.

(http://www.gap-system.org) [4] F. González-Acuña. On homology spheres. Thesis, Princeton 1969. [5] A. Hatcher and U. Oertel. Boundary slopes for Montesinos knots. Topology 28 (1989), 453–480.

[6] H. Hilden, M. Lozano and J. Montesinos. On knots that are universal. Topology 24 (1985), 499–504.

[7] R. Lyndon and J. Brenner. The orbits of the product of two permutations. European J. Combin. 4 (1983), 279–293.

[8] J. Montesinos. Variedades de Seifert que son recubridores cíclicos ramificados de dos hojas. Bol. Soc. Mat. Mexicana 18 (1973), 1–32.

[9] J. Montesinos. Representación de enlaces en relación con recubridores dobles ramificados. Collectanea Math. 25 (1974), 145–157.

[10] W. Neumann and F. Raymond. Seifert manifolds, plumbing, μ-invariant and orientation reversing maps. Springer LNM 664 (1978), 163–196.

[11] V. Núñez. On the Heegaard genus and tri-genus of non-orientable Seifert 3-manifolds.

Top. Appl. 98 (1999), 241–267.

[12] V. Núñez and E. Ramírez. The trefoil knot is as universal as it can be. Top. Appl.

130 (2003), 1–17.

[13] J. Rodríguez. Some universal pretzel knots. Preprint. [14] W. Thurston. Universal links. 1982, Preprint. [15] Y. Uchida. Universal chains. Kobe J. Math. 8 (1991), 55–65.

[16] Y. Uchida. Universal pretzel links. Knots ’90, 241–270. Walter de Gruyter, Berlin-New York, 1992.

[17] H. Zieschang. Classification of Montesinos knots. Springer LNM 1060 (1984), 378–389.

CIMAT, A.P. 402, Guanajuato 36000, Gto., MÉXICO E-mail address: victor@cimat.mx E-mail address: jesusr@cimat.mx