The trefoil knot is as universal as it can be

VÍCTOR NÚÑEZ and ENRIQUE RAMÍREZ–LOSADA CIMAT, A.P. 402, Guanajuato 36000, Gto. MÉXICO.

ABSTRACT. Let τ_{p,q} ⊂ S^3 denote the p, q-torus knot. It is known that if φ : M → S^3 is a branched covering branched along τ_{p,q}, then M is an orientable Seifert manifold with orientable base and non-zero Euler number. We prove a converse of this fact: If M is an orientable Seifert manifold with orientable base and non-zero Euler number, M is a branched covering of S^3 with branching in the knot τ_{p,q} for any p, q, (p, q) = 1, and 2 ≤ p < q.

As an application of our techniques we compute, in terms of Seifert invariants, the cyclic branched coverings of S^3 branched along τ_{p,q}.

1. Introduction. Since the fundamental paper of Seifert [11] the study of branched coverings of fibered spaces (see Section 2) with branching along fibers has been posed as an interesting question. In particular, the study of branched coverings of the fibrations of the 3-sphere has occupied an ample space in the literature.

Gordon and Heil proved ([7]) that any covering of the 3-sphere branched along the p, q-torus knot is an orientable Seifert manifold with orientable base. Moreover, since the Euler number (see Section 2) of the fibering of the 3-sphere with torus knots is never zero, one has that the Euler number of a branched covering of the 3-sphere with branching in a torus knot is neither zero ([9]).

In this work we prove a converse of the previous result, namely, each orientable Seifert manifold with orientable base and non-zero Euler number is a covering of the 3-sphere branched in the p, q-torus knot for any p, q, (p, q) = 1, and 2 ≤ p < q (Section 5).

In fact Gordon and Heil proved that a branched covering of any Seifert manifold with branching along fibers is also a Seifert manifold. To compute branched coverings of an arbitrary fibered space one can try similar methods and apply the techniques developed in the following sections.

One of the favourite themes in the study of branched coverings of fibered spaces is the cyclic coverings of the torus knots. As an application of the developed tools in

Section 3, we give, in terms of Seifert invariants, a list of all the cyclic coverings of the p, q-torus knot for any p, q (Section 4).

In [11], Seifert obtains homology spheres as cyclic coverings of the 3-sphere branched along the p, q-torus knot. He finds that (n, pq) = 1 is sufficient for the n-cyclic covering of the p, q-torus knot to be a homology sphere. Subsequently it was verified ([1], [6], [5], [8], [2], [3]) that the condition (n, pq) = 1 is also necessary. By just searching the statement of Theorem 1 in Section 4, we recover this nice result.

This paper is organized as follows. Section 2 contains some definitions and useful remarks. In Section 3 we develope the main tools for our computations; this section is the technical support for the rest of the paper. In Section 4 we give a list of the cyclic coverings of S^3 branched along the p, q-torus knot, τ_{p,q}. Finally Section 5 contains the statement and proof of the Main Theorem (Theorem 2).

We thank heartily to Lorena Armas and Mario Eudave for very useful conversations.

2. Preliminaries. A branched covering between two n-manifolds M and N is an open, proper map φ : M → N which is finite-to-one. The usual way to check that an open map φ : M → N is a branched cover is to find a subcomplex K ⊂ N of codimension two such that the restriction φ| : M − φ^{−1}(K) → N − K is a finite covering space. The subcomplex K, usually a submanifold, is called the branching of φ, and φ^{−1}(K) is called the singular set of φ. The covering space φ| : M − φ^{−1}(K) → N − K is called the associated covering space of φ.

It is known that the associated covering determines the branched covering: Any finite covering space ψ : M → N can be completed, by a well known compactification process, into a branched covering ψ̄ : M̄ → N̄ (See [4]).

A covering space of n sheets ψ : X → Y defines a representation ω_ψ : π_1(Y ) → S_n into the symmetric group of n symbols, S_n, as follows: Number the preimage of the base point ψ^{−1}(∗) = {1, 2, . . . , n}, and for a class [α] ∈ π_1(Y ), consider the liftings α_1, α_2, . . . , α_n : I → X, where α_i starts in the point i ∈ ψ^{−1}(∗) ; then define ω([α])(i) = α_i(1) (i = 1, 2, . . . , n).

Now a homomorphism ω : π_1(Y ) → S_n determines a covering space (connected if and only if ω is transitive) of n sheets ψ_ω : X → Y : The covering space corresponding to the subgroup ω^{−1}(St(1)) ≤ π_1(Y ). A representation of ψ, ω_ψ, is conjugate to the homomorphism ω (it only depends on the numbering of ψ^{−1}(∗)).

Along this work we will describe a branched covering of a manifold M by giving a codimension two submanifold K ⊂ M and a representation ω : π_1(M − K) → S_n.

Seifert manifolds. Let α_1, β_1, α_2, β_2, . . . , α_t, β_t be integers such that α_i > 0 and (α_i, β_i) = 1 for i = 1, 2, . . . , t. The Seifert manifold M associated to the Seifert symbol (O, g; β_1/α_1, β_2/α_2, . . . , β_t/α_t) is assembled as follows:

Let F be an orientable closed surface of genus g, and let D_1, D_2, . . . , D_t ⊂ F be t disjoint 2-disks. Write F_0 = F − ∪D_i, and M_0 = F_0 ×S^1. If ∂F_0 = q_1 ⊔q_2 ⊔· · ·⊔q_t and h = {x} × S^1 for some x ∈ F_0, we let m_i ⊂ q_i × S^1 be a simple closed curve such that m_i ∼ q^{αi}_i h^{βi} . Let V_1, V_2, . . . , V_t be solid tori with meridians μ_1, μ_2, . . . , μ_t, resp., and let η_i : ∂V_i → q_i × S^1 be a homeomorphism such that η_i(μ_i) = m_i for i = 1, 2, . . . , t. Then the Seifert manifold M associated to the symbol (O, g; β_1/α_1, . . . , β_t/α_t) is

M = M_0 ⋃ ∪η_i (∪V_i).

The circles {x} × S^1 for x ∈ F_0 are called the ordinary fibers of M and the core e_i of V_i is called an exceptional fiber of order α_i in case α_i > 1; otherwise e_i is also an ordinary fiber (i = 1, 2, . . . , t). The surface F is called the orbit surface or the base of M. Note that collapsing each fiber of M into a point gives us an identification p : M → F . The choices in the construction of M are taken into account by the

THEOREM ([9]).Two Seifert symbols represent homeomorphic Seifert manifolds by a fiber preserving homeomorphism if and only if one of the symbols can be changed into the other by a finite sequence of the following moves:

0. Permute the ratios.

1. Add or delete 0 1 . 2. Replace the pair β_i α_i , β_j α_j by β_i + kα_i α_i , β_j − kα_j α_j . ⊓⊔ Notice that the manifold M associated to (O, g; β_1/α_1, . . . , β_t/α_t) can be recovered unambiguously from M_0 = F_0 × S^1 and the curves m_i = q^{αi}_i h^{βi} , i = 1, 2, . . . , t. We call the pair (F_0 × S^1, {m_i}) a kit for (O, g; β_1/α_1, . . . , β_t/α_t).

A branched covering of a solid torus V branched along the core e of V is completely determined, up to covering equivalence, by a covering space of ∂V . Therefore to describe a branched covering of (O, g; β_1/α_1, . . . , β_t/α_t) branched along fibers it suffices to construct a covering space of a kit for (O, g; β_1/α_1, . . . , β_t/α_t, 0/1, . . . , 0/1). In this way we obtain a branched covering branched (at most) along the exceptional fibers and the ‘added’^0_1 -fibers.

From the symbol (O, g; β_1/α_1, . . . , β_t/α_t) one can write down a presentation of the fundamental group: Let a_1, . . . , a_{2g} be a basis of the orbit surface; then

π_1(O, g; β_1/α_1, . . . , β_t/α_t) ∼=⟨a_1, . . . , a_{2g}, q_1, q_2, . . . , q_t, h : q_1q_2 · · · q_t = ∏ [a_{2i−1}, a_{2i}], [h, a_i] = 1, [h, q_j ] = 1, q^{αj}_j h^{βj} = 1⟩.

If (F_0 × S^1, {m_i}) is a kit for (O, g; β_1/α_1, . . . , β_t/α_t) then

π_1(F_0 × S^1) ∼= ⟨a_1, . . . , a_{2g}, q_1, q_2, . . . , q_t, h : [h, a_i] = 1, [h, q_j] = 1, q_1q_2 · · · q_t = ∏ [a_{2i−1}, a_{2i}]⟩.

Then a set of permutations ω(a_1), . . . , ω(a_{2g}), ω(q_1), . . . , ω(q_t), ω(h) ∈ S_n extends into a representation ω : π_1(F_0 × S^1) → S_n if and only if ω(q_1)ω(q_2) · · · ω(q_t) = ∏ [ω(a_{2i−1}), ω(a_{2i})], [ω(h), ω(a_i)] = (1), [ω(h), ω(q_j)] = (1) (the symbol (1) is the identity permutation).

All the representations that we will consider in this work will have ω(a_i) = (1) for i = 1, 2, . . . , 2g.

LEMMA 0 ([11]). Let F be a compact orientable surface with ∂F ≠ ∅. If φ : M̃ → F × S1 is a finite covering space, then there exists F̃ ⊂ M̃ an orientable surface such that M̃ = F̃ × S^1 and φ preserves the ‘fibers’ {x̃} × S^1 for each x̃ ∈ F̃ . ⊓⊔

Remark. In the covering space φ : M̃ → F × S^1 of Lemma 0 a component C of the preimage φ^{−1}(F ) can be used as the surface F̃ if and only if the ’fiber’ φ^{−1}({a} × S^1) = {x_1} × S^1 ⊔ {x_2} × S^1 ⊔ · · · ⊔ {x_k} × S^1 intersects C in exactly k points (if and only if k is the number of sheets of φ). Thus if φ^{−1}(F ) is connected, then F̃ = φ^{−1}(F ) if and only if the fiber h of F × S^1 goes to the identity under the representation ω : π_1(F × S^1) → S_n associated to φ.

If M = (O, g; β_1/α_1, . . . , β_t/α_t), then e(M) = − ∑_{βi} α_i is called de Euler number

of M.

THEOREM ([9]). Let M and M^′ be Seifert manifolds with base spaces F and F^′, and let f : M → M^′ be an orientation preserving fiber preserving map. Let the degree of the induced map on a typical fiber be n and the degree of the induced map f̄ : F → F ′ be m. Then e(M) = (m/n)e(M ′). ⊓⊔ In particular if φ : M → M^′ is a branched covering and e(M^′) ≠ 0, then e(M) ≠ 0. Along this work we will denote by ε = ε_n ∈ S_n to the standard n-cycle ε = (1, 2, . . . , n). Also (p, q) will denote the greatest common divisor of the integers p and q.

3. Basic lemmas. Let (F × S^1, {m_i}) be a kit for (O, g;β_1/α_1,. . . ,β_t/α_t); let ω : π_1(F × S^1) → S_n be a representation, and let φ : M̃ → F × S^1 be the covering space associated to ω. If {m̃_j } is a set of components of φ^{−1}(∪m_i), one for each component of φ^{−1}(∪(q_i × S^1)), then (M̃, {m̃_j }) is a kit for some Seifert symbol (O, g̃; B_1/A_1, . . . , B_u/A_u); for, by means of a Fox compactification, if we extend φ into a branched covering φ̄ : M̃ ⋃ ∪η̃_j (∪ u j=1Ṽ_j ) → (F × S1) ⋃_{∪ηi} (∪t_{i=1}V_i), then, for each j, φ̄ : Ṽ_j → V_{ij} is a continuous map and, therefore, sends a meridian of Ṽ_j into a meridian of V_{ij} (more precisely, φ̄^{−1}(m_{ij} ) = φ^{−1}(m_{ij} ) is a set of meridians of Ṽ_j ); and, by Lemma 0, we know that M̃ is a product M̃ = F̃ × S^1.

Thus, given a representation ω : π_1(F × S^1) → S_n, the main task for us will be to find out which are the numbers g̃, u, A_1, B_1, . . . , A_u, B_u by ‘understanding’ the preimages of the meridians φ^{−1}(m_i). In this section we will compute these numbers for some special representations ω : π_1(F × S^1) → S_n, namely, representations ω such that ω(h) is the identity or ω(h) is an n-cycle.

TORUS LEMMA. Let T be a torus and let a, b ⊂ T be a basis for π_1(T ). Let ω : π_1(T ) → S_n be the representation such that ω(a) = ε^s and ω(b) = ε^r. If φ : T̃ → T is the covering space associated to ω and (n, s) = 1, then there exists b̃ ⊂ T̃ a simple closed curve such that ã = φ^{−1}(a) and b̃ is a basis for π_1(T̃ ), and φ(ã) = a^n, and φ(b̃) = ba^{−s∗r} where ss^∗ ≡ 1 (mod n).

Proof. Cut T along a and b to obtain a fundamental square V with boundary b^+, a^+, b^−, a^− so that we recover T from V by identifying b^+ with b^− and a^+ with a^−. See Figure 1.

Figure 1.

Let V (1), V (2), . . . , V (n) be n copies of V such that the boundary of V (i) is b^+(i), a^+(i), b^−(i), a^−(i). Then T̃ is obtained from {V (i)} by identifying b^+(i) with b^−(ε^s(i)) and a^+(j) with a^−(ε^r(j)), i = 1, 2, . . . , n. See Figure 2.

Figure 2.

We let ã ⊂ T̃ be the preimage of a, φ^{−1}(a) = a^+(1) ∪ a^+(ε^s(1)) ∪ a^+(ε^{2s}(1)) ∪ · · · ∪ a^+(ε^{(n−1)s}(1)). Clearly φ(ã) = a^n and, therefore, ã is an essential simple closed curve on T̃ . If x ∈ a^+(1), then x is glued with some y ∈ a^−(ε^{ks}(1)) for some k. We let b̃ be a simple ‘shortest’ path from y to x as in Figure 2. Then b̃ is a simple closed curve on T̃ which intersects ã in the single point x = y ∈ T̃ ; therefore ã and b̃ is a basis for π_1(T̃ ). Now, by construction of T̃ , y ∈ a^−(ε^r(1)); we have that ε^{ks} = ε^r and, therefore, ks ≡ r (mod n), or k ≡ s^∗r (mod n), where ss^∗ ≡ 1 (mod n). Since b̃ intersects k vertical lines in Figure 2 and ã in one point, we have that φ(b̃) = ba^{−k} (the sign is a minus because we oriented b̃ from y to x); by replacing, if necessary, b̃ with b̃ãt for some t, we may assume that b̃ intersects exactly s∗r vertical lines in Figure 2 obtaining the required φ(b̃) = ba^{−s∗r}. ⊓⊔

LEMMA 1. Let (F × S^1, {m_i}) be a kit for (O, g; β_1/α_1, . . . , β_t/α_t). Let ω : π_1(F × S^1) → S_n be the representation such that ω(a_j) = (1) for j = 1, . . . , 2g; ω(q_i) = ε^{ri} for i = 1, . . . , t and ∑ r_i = 0; and ω(h) = ε^s with (n, s) = 1. If φ : M̃ → F × S^1 is the covering associated to ω and m̃_i is a component of φ^{−1}(m_i) (i = 1, . . . , t), then (M̃, {m̃_i}) is a kit for (O, g; B_1/A_1, . . . , B_t/A_t), where

A_i = nα_i d_i , B_i = β_i + s^∗r_iα_i d_i and d_i = (n, β_is + r_iα_i) = (n, β_i + s^∗r_iα_i), i = 1, . . . , t, and ss^∗ ≡ 1 (mod n).

Proof. Let F̃ ⊂ M̃ be the surface such that M̃ ∼= F̃ × S^1 as in Lemma 0. Since φ| : φ^{−1}(F ) → F is a (possibly disconnected) covering space of n sheets, we have χ(φ^{−1}(F )) = nχ(F ). Write h̃ = φ^{−1}(h); since h̃ intersects φ^{−1}(F ) in n points (for ω(h) = ε^s and (n, s) = 1), then the projection p : M̃ → F̃ restricted to φ^{−1}(F ), p| : φ^{−1}(F ) → F̃ , is a map of degree n; since there are no exceptional fibers in M̃, we have that p| : φ^{−1}(F ) → F̃ is a (possibly disconnected) covering space; therefore χ(φ^{−1}(F )) = nχ(F̃ ), and χ(F ) = χ(F̃ ). The number of boundaries of F̃ equals the number of boundaries of M̃; since the representation ω restricted to each q_i × S^1 is transitive (ω(h) = ε^s and (n, s) = 1), then M̃ has t boundaries; therefore F and F̃ have the same number of boundaries and, since both are orientable, we conclude F ∼= F̃ . By the Torus Lemma, there is a curve q̃_i ⊂ φ^{−1}(q_i × S^1) such that q̃_i and h̃ form a basis for π_1(φ^{−1}(q_i × S^1)), φ(h̃) ≃ h^n, and φ(q̃_i) ≃ q_ih^{−s∗ri} (ss^∗ ≡ 1 (mod n)); there is a basis ã_1, . . . , ã_{2g} ⊂ F̃ such that φ(ã_i) ≃ a_i (for the induced map φ̄ : F̃ → F is a homeomorphism). We compute φ ( q̃_1q̃_2 · · · q̃_t ( ∏ [ã_{2i−1}, ã_{2i}])^{−1} ) ≃ q_1h^{−s∗r1} q_2h^{−s∗r2} · · · q_th^{−s∗rt} ( ∏ [a_{2i−1}, a_{2i}])^{−1} ≃ h^{−s∗Σri} q_1q_2 · · · q_t ( ∏ [a_{2i−1}, a_{2i}])^{−1} ≃ 1

(recall ∑ r_i = 0). Since φ is a covering space, the morphism induced by φ in fundamental groups is 1-1; therefore q̃_1q̃_2 · · · q̃_t ≃ ∏ [ã_{2i−1}, ã_{2i}] in M̃; it follows that q̃_1, q̃_2, . . . , q̃_t span an orbit surface for M̃ that, without loss of generality, we may assume is F̃ .

Now since ω(m_i) = ω(q^{αi}_i h^{βi} ) = ε^{αiri+sβi} has order n/d_i (recall d_i = (n, α_ir_i + sβ_i)), ω(m_i) has exactly d_i orbits; and, then, φ^{−1}(m_i) has d_i components. We see that φ(m̃_i) = m^{n/di}_i = q^{αin/di}_i h^{βin/di} , where m̃_i is a component of φ^{−1}(m_i). If m̃_i = q̃^{Ai}_i h̃^{Bi} , then φ(m̃_i) = (q_ih^{−s∗ri} )^{Ai} (h^n)^{Bi} = q^{Ai}_i h^{nBi−s∗riAi} ; comparing exponents we see that A_i = α_in d_i , and B_i = β_i + s^∗r_iα_i d_i as claimed. ⊓⊔.

COROLLARY. If ∑ r_i = 0 and (n, s) = 1, then (O, g; B_1/A_1, . . . , B_t/A_t) is an n-fold branched covering of (O, g; β_1/α_1, . . . , β_t/α_t), where

A_i = nα_i d_i , B_i = β_i + s^∗r_iα_i d_i and d_i = (n, β_is + r_iα_i) = (n, β_i + s^∗r_iα_i), i = 1, . . . , t. ⊓⊔

LEMMA 2. Let (F × S^1, {m_i}) be a kit for (O, g; β_1/1, . . . , β_u/1, β_{u+1}/α_{u+1}, . . . , β_{u+t}/α_{u+t}) with α_i > 1 for i = u + 1, . . . , u + t. Let ω : π_1(F × S^1) → S_n be a transitive representation such that ω(a_i) = (1) for i = 1, . . . , 2g; ω(q_i) = ε^{si} with (n, s_i) = 1 for i = 1, . . . , u; ω(q_i) is a product of disjoint d_i-cycles and has k_i fixed points for i = u + 1, . . . , u + t; and ω(h) = (1). If φ : M̃ → F × S^1 is the covering associated to ω and {m̃_j } is a set of componets of φ^{−1}( ⋃_{u+t} i=1 m_i), one for each component of φ^{−1}( ⋃_{u+t} i=1 (q_i × S^1)), then (M̃, {m̃_j }) is a kit for

(O, g̃; (nβ_1)/1, . . . , (nβ_u)/1, k_{u+1} times β_{u+1}/α_{u+1}, . . . , β_{u+1}/α_{u+1}, n_{u+1} times β_{u+1}/α^′_{u+1}, . . . , β_{u+1}/α^′_{u+1}, . . . , k_{u+t} times β_{u+t}/α_{u+t}, . . . , β_{u+t}/α_{u+t}, n_{u+t} times β_{u+t}/α^′_{u+t}, . . . , β_{u+t}/α^′_{u+t}) where n_i is the number of non-trivial orbits of ω(q_i), α^′_i = α_i/d_i (i = u + 1, . . . , u + t), and g̃ = (2 − nχ(F ) + u(n − 1) + ∑ n_i(d_i − 1))/2.

Remark. The number d_i in the statement of Lemma 2 is a divisor of α_i (i = u+1, . . . , u+t), for, since ω(h) = (1), the representation ω factors through the orbifold group ⟨a_1, . . . , a_{2g}, q_{u+1}, . . . , q_{u+t} : q^{αj}_j = 1, q_1 · · · q_t = ∏ [a_{2i−1}, a_{2i}]⟩.

Proof of Lemma 2. The preimage φ^{−1}(h) has n components, then the restriction of the representation ω determines a covering ψ : F̃ → F such that M̃ = F̃ × S^1 and φ = ψ × 1 : M̃ = F̃ × S^1 → F × S^1.

Now since (n, s_i) = 1, q̃_i = φ^{−1}(q_i) is connected, i = 1, . . . , u; since ω(m_i) = ω(q_ih^{βi} ) = ε^{si} , also m̃_i = φ^{−1}(m_i) is connected; we have φ(m̃_i) = m^n_i = q^n_i h^{nβi} ; if m̃_i = q̃^{Ai}_i h̃^{Bi} , then φ(m̃_i) = q^{nAi}_i h^{Bi} ; it follows that A_i = 1 and B_i = nβ_i (i = 1, . . . , u).

If i ∈ {u + 1, . . . , u + t}, then φ^{−1}(q_i) has d_i + k_i components q̃_{i,1}, . . . , q̃_{i,ni} , p̃_{i,1}, . . . , p̃_{i,ki} where φ| = ψ| : q̃_{i,j} → q_i has degree d_i, and φ| = ψ| : p̃_{i,j} → q_i has degree 1. Therefore the component of φ^{−1}(m_i) in p̃_{i,j} × S^1 is the curve p̃^{αi}_{i,j}h̃^{βi} , and a component of φ^{−1}(m_i) in q̃_{i,j} × S^1 is the curve q̃^{αi/di}_{i,j} h̃^{βi} , for ω(m_i) = ω(q^{αi}_i h^{βi} ) = ω(q_i)^{αi} = (1).

The expression for g̃ is a rewriting of the Riemann–Hurwitz formula. ⊓⊔

COROLLARY. With the numbers d_i, n_i and k_i as in Lemma 2,

(O, g̃; (nβ_1)/1, . . . , (nβ_u)/1, k_{u+1} times β_{u+1}/α_{u+1}, . . . , β_{u+1}/α_{u+1}, n_{u+1} times β_{u+1}/α^′_{u+1}, . . . , β_{u+1}/α^′_{u+1}, . . . , k_{u+t} times β_{u+t}/α_{u+t}, . . . , β_{u+t}/α_{u+t}, n_{u+t} times β_{u+t}/α^′_{u+t}, . . . , β_{u+t}/α^′_{u+t}) is an n-fold branched covering of (O, g; β_1/1, . . . , β_u/1, β_{u+1}/α_{u+1}, . . . , β_{u+t}/α_{u+t}) where α_i > 1 for i = u + 1, . . . , u + t, α^′_i = α_i/d_i for i = u + 1, . . . , u + t, and g̃ = (2 − nχ(F ) + u(n − 1) + ∑ n_i(d_i − 1))/2. ⊓⊔

4. Cyclic coverings of torus knots. Let τ_{α1,α2} ⊂ S^3 be the α_1, α_2-torus knot (2 ≤ α_1 < α_2). As an application of the results of Section 3 we will give a list of the cyclic branched coverings of S^3 branched along τ_{α1,α2} .

First the torus knot τ_{α1,α2} is an ordinary fiber of (O, 0; β_1/α_1, β_2/α_2)(∼= S^3), where β_1α_2 + α_1β_2 = −1.

Let (F ×S^1, {m_0, m_1, m_2}) be a kit for (O, 0;0/1,β_1/α_1,β_2/α_2). If μ ⊂ S^3 −τ_{α1,α2} is a meridian of τ_{α1,α2} , then q_0 = μ^{−1} q_1 = a^{−β1}_1 q_2 = a^{−β2}_2 μ = a^{−β1}_1 a^{−β2}_2 h = a^{α1}_1 = a^{α2}_2

where π_1(S^3 − τ_{α1,α2} ) ∼= ⟨a_1, a_2 : a^{α1}_1 = a^{α2}_2 ⟩.

The n-fold cyclic covering of S^3 branched along τ_{α1,α2} is induced by the representation ω : π_1(S^3 − τ_{α1,α2} ) → S_n such that ω(μ) = ε. If ω(a_1) = ε^{s1} and ω(a_2) = ε^{s2} , then ε = ω(μ) = ω(a^{−β1}_1 a^{−β2}_2 ) = ε^{−s1β1−s2β2} ; so we may assume s_1 = α_2 and s_2 = α_1. Therefore the n-fold cyclic covering of S^3 branched along τ_{α1,α2} is induced by the restriction ω : π_1(F × S^1) → S_n such that

ω(q_0) = ε^{−1} ω(m_0) = ω(q_0) = ε^{−1} ω(q_1) = ε^{−α2β1} ω(m_1) = ω(q^{α1}_1 h^{β1} ) = (1) ω(q_2) = ε^{−α1β2} ω(m_2) = ω(q^{α2}_1 h^{β2} ) = (1) ω(h) = ε^{α1α2} . First case: (α_1α_2, n) = 1. Then Lemma 1 applies; here r_0 = −1, r_1 = −α_2β_1, r_2 = −α_1β_2, and s = α_1α_2. We have A_i =^n_{di} α_i and B_i =^{βi+(α1α2)∗riαi}_{di} , where d_i = (n, β_i(α_1α_2) + r_iα_i) = (n, β_i + (α_1α_2)^∗r_iα_i) and (α_1α_2)(α_1α_2)^∗ ≡ 1 (mod n). If k is an integer such that (α_1α_2)(α_1α_2)^∗ = 1 − kn, then d_0 = (n, −(α_1α_2)^∗) = 1, d_1 = (n, β_1 + (α_1α_2)^∗α_1α_2β_1) = (n, β_1kn) = n, and d_2 = (n, β_2 + (α_1α_2)^∗α_1α_2β_2) = (n, β_2kn) = n. Therefore

A_0 = n, B_0 = −(α_1α_2)^∗, A_1 = α_1, B_1 = β_1k, A_2 = α_2, B_2 = β_2k.

That is, in this case M̃ = (O, 0; −(α^1α^2)^∗ n , β_1k α_1 , β_2k α_2 ) is the n-fold cyclic covering of S^3 branched along τ_{α1,α2} .

Note that |H_1(M̃)| = |B_0A_1A_2 + A_0B_1A_2 + A_0A_1B_2| = | − (α_1α_2)^∗α_1α_2 + nβ_1kα_2 + nα_1β_2k| = | − (1 − kn) + nk(β_1α_2 + α_1β_2)| = 1. So that M̃ is a homology sphere.

Second case: (α_1α_2, n) = n. Notice that the order o(ε^{−α2β1} ) = (α_1, n) and o(ε^{−α1β2} ) = (α_2, n); therefore

ω(q_1) = ε^{−α2β1} = u_1u_2 · · · u_{n/(α1,n)} and ω(q_2) = ε^{−α1 β2} = v_1v_2 · · · v_{n/(α2,n)}

where u_i is an (α_1, n)-cycle and v_j is an (α_2, n)-cycle for each i and j. Also ω(h) = (1), so that Lemma 2 applies. We compute d_1 = (α_1, n), k_1 = 0, n_1 = n/(α_1, n), α^′_1 = α_1/(α_1, n); d_2 = (α_2, n), k_2 = 0, n_2 = n/(α_2, n), α^′_2 = α_2/(α_2, n). The n-fold cyclic covering of S^3 branched along τ_{α1,α2} is

M̃ = (O, g̃; 0 1 , n_1 times

β_1 α^′_1 , . . . , β_1 α^′_1 , n_2 times

β_2 α^′_2 , . . . , β_2 α^′_2

) = (O, g̃;

n_1 times

β_1 α^′_1 , . . . , β_1 α^′_1 , n_2 times

β_2 α^′_2 , . . . , β_2 α^′_2 ), where g̃ = (2 − 2n + (n − 1) + n_1((α_1, n) − 1) + n_2((α_2, n) − 1))/2 = (2 − 2n + n − 1 + n − n (α_1, n) − n (α_2, n) )/2 = (n + 1 − n (α_1, n) − n (α_2, n) )/2 = (n + 1 − (α_1, n) − (α_2, n))/2.

Notice that g̃ = 0 if and only if n|α_1 or n|α_2. If, say, n|α_1, then the cov-

ering is M̃ = (O, 0; β_1/α^′_1,

n times

β_2/α_2, . . . , β_2/α_2), and we compute|H_1(M̃)| =|β_1α^n_2 +

n times

α^′_1β_2α^{n−1}_2 + · · · + α^′_1β_2α^{n−1}_2 | = |β_1α^n_2 + nα^′_1β_2α^{n−1}_2 | = |β_1α_2α^{n−1}_2 + α_1β_2α^{n−1}_2 | = α^{n−1}_2 > 1, if n > 1. That is, in this case M̃ is never a homology sphere.

Third case: (α_1, α_2) = d, with d ∉ {1, n}. In this case ω(h) is not the identity nor an n-cycle, so Section 3 does not apply.

However we can proceed in a similar way as before. We need an extension of the Torus Lemma (whose proof is essentially the same plus some easy and elementary number theory tricks, and is omitted).

LEMMA. Let T be a torus and let a, b ⊂ T be a basis for π_1(T ). Let ω : π_1(T ) → S_n be the representation such that ω(a) = ε^σ and ω(b) = ε^ρ. If φ : T̃ → T is the covering space associated to ω then

T̃ is connected if and only if (n, ρ, σ) = 1, and a) Assume (n, ρ, σ) = 1 and let ã ⊂ φ^{−1}(a) be a component.

1) If (n, σ) = 1, then there exists b̃ ⊂ T̃ a simple closed curve such that ã, b̃ is a basis for π_1(T̃ ), φ(ã) = a^n, and φ(b̃) = ba^{−σ∗ρ} where σσ^∗ ≡ 1 (mod n).

2) If (n, σ) ≠ 1, n, then there exists b̃ ⊂ T̃ a simple closed curve such that ã, b̃ is a basis for π_1(T̃ ), φ(ã) = a^{n/(n,σ)}, and φ(b̃) = b^{(n,σ)}a^{−(σ/(n,σ))∗ρ} where σ (n,σ) (_σ (n,σ) )_∗ ≡ 1 (mod^n_{(n,σ)} ).

b) Assume (n, ρ, σ) = ζ ≠ 1. Then T̃ has ζ components T̃_1, . . . , T̃_ζ . Let ã_i ⊂ φ^{−1}(a) ∩ T̃_i be a component.

1) If (n, σ) = ζ, then there exists b̃_i ⊂ T̃_i a simple closed curve such that ã_i, b̃_i is a basis for π_1(T̃_i), φ(ã_i) = a^{n/ζ} , and φ(b̃_i) = ba^{−(σ/ζ)∗(ρ/ζ)} where^σ_ζ (_σ ζ )_∗ ≡ 1 (mod^n_ζ ).

2) If (n, σ) = δ ≠ ζ, then there exists b̃_i ⊂ T̃_i a simple closed curve such that ã_i, b̃_i is a basis for π_1(T̃_i), φ(ã_i) = a^{n/δ}, and φ(b̃_i) = b^{δ/ζ} a^{−(σ/δ)∗(ρ/ζ)} where σ δ (_σ δ )_∗ ≡ 1 (mod^n_δ ). ⊓⊔

We are assuming (α_1α_2, n) = d ≠ 1, n. If^{α1α2}_d (_{α1α2} d )_∗ ≡ 1 (mod^n_d ), let k be an integer such that^{α1α2}_d (_{α1α2} d )_∗ = 1 − k^n_d . Call T_i = q_i × S^1, i = 0, 1, 2.

Notice that if h̃ is a component of φ^{−1}(h), then φ(h) = h^{n/d}.

For T_0, since ω(q_0) = ε^{−1}, T̃_0 is connected. By case (a.2) of the Lemma, we find q̃_0 ⊂ T̃_0 such that φ(q̃_0) = q^d_0 h^{(α1α2/d)∗} . Since ω(m_0) = ε^{−1}, m̃_0 = φ^{−1}(m_0) is connected and φ(m̃_0) = m^n_0 . If, say, m̃_0 = q̃^{A0}_0 h̃^{B0} , we compute φ(m̃_0) = q^{A0d}_0 h^{A0(α1α2/d)∗+B0(n/d)}; then A_0 =^n_d and B_0 = − (_{α1α2} d )_∗ . For T_1, the notation of the Lemma is σ = α_1α_2 and ρ = −α_2β_1; then (n, ρ, σ) = (n, −α_2β_1, α_1α_2) = (n, (α_2β_1, α_1α_2)) = (n, α_2(β_1, α_1)) = (n, α_2) = ζ_1. Therefore T̃_1 is connected if and only if ζ_1 = (n, α_2) = 1. Similarly T̃_2 is connected if and only if ζ_2 = (α_1, n) = 1.

First sub–case: ζ_1 = (α_2, n) = 1. Then ζ_2 = (α_1, n) = d. We have T̃_1 connected and T̃_2 with d components T̃_{2,1}, . . . , T̃_{2,d}.

In T̃_1, by case (a.2) of the Lemma, there exists q̃_1 ⊂ T̃_1 such that φ(q̃_1) = q^d_1 h^{(α1α2/d)∗α2β1} . Since ω(m_1) = (1), if m̃_1 is a component of φ^{−1}(m_1), then φ(m̃_1) = m_1 = q^{α1}_1 h^{β1} . If m̃_1 = q̃^{A1}_1 h̃^{B1} , then φ(m̃_1) = q^{A1d}_1 h^{A1(α1α2/d)∗α2β1+B1(n/d)}. Comparing the exponents we get α_1 = A_1d or A_1 = α_1/d, and β_1 =A_1(α_1α_2/d)^∗α_2β_1+ B_1(n/d) = (α_1α_2/d)^∗(α_1α_2/d)β_1+B_1(n/d) =(1 − k(n/d))β_1 + B_1(n/d), or B_1 = kβ_1.

Now in T̃_{2,i}, by case (b.2) of the Lemma, there exists q̃_{2,i} ⊂ T̃_{2,i} such that φ(q̃_{2,i}) = q_2h^{(α1α2/d)∗(α1β2 /d)}. We have φ(m̃_{2,i}) = m_2 = q^{α2}_2 h^{β2} for m̃_{2,i} a component of φ^{−1}(m_2) ∩ T̃_{2,i}; if m̃_{2,i} = q̃^{A2}_{2,i} h̃^{B2} , then φ(m̃_{2,i}) = q^{A2}_2 h^{A2(α1α2/d)∗(α1β2/d)+B2 (n/d)}, that is, A_2 = α_2 and B_2 = β_2k.

By the Riemann–Hurwitz formula, 2 − 2g̃ = 2d − (d − 1) − (d − 1) − d(1 − 1) = 2; therefore

M̃ = (O, 0; −(α^1α^2/d)^∗ (n/d) , β_1k (α_1/d) , d times

β_2k α_2 , . . . , β_2k α_2 ).

Notice that |H_1(M̃)| =| − (α_1α_2/d)^∗(α_1/d)α^d_2 + (n/d)β_1kα^d_2+(n/d)(α_1/d)β_2kα^{d−1}_2 | = | − (1 − k(n/d))α^{d−1}_2 + k(n/d)β_1α_2α^{d−1}_2 + k(n/d)α_1β_2α^{d−1}_2 | = α^{d−1}_2 > 1, if d > 1. Therefore M̃ is never a homology sphere.

Second sub–case: ζ_1 = (α_2, n) = d; then ζ_2 = (α_1, n) = d. This is symmetric to First Sub–case; then

M̃ = (O, 0; −(α^1α^2/d)^∗ (n/d) , d times

β_1k α_1 , . . . , β_1k α_1 , β_2k (α_2/d) ), and |H_1(M̃)| = α^{d−1}_1 > 1. Also M̃ is not a homology sphere.

Third sub–case: ζ_1 = (α_2, n) = c_1 ≠ 1, d; then ζ_2 = (α_1, n) = c_2 ≠ 1, d and d = c_1c_2. We see that T̃_1 has c_1 components, T̃_{1,1}, . . . , T̃_{1,c1} and T̃_2 has c_2 components T̃_{2,1}, . . . , T̃_{2,c2} . By (b.2) of the Lemma, there exists q̃_{1,i} ⊂ T̃_{1,i} such that φ(q̃_{1,i}) = q^{d/c1}_1 h^{(α1α2/d)∗ (α2β1/c1)}, and there exists q̃_{2,j} ⊂ T̃_{2,j} such that φ(q̃_{2,j}) = q^{d/c2}_2 h^{(α1α2/d)∗(α1β2/c2)}. In T̃_{1,i}, if m̃_{1,i} is a component of φ^{−1}(m_1) ∩ T̃_{1,i}, then φ(m̃_{1,i}) = m_1 = q^{α1} h^{β1} ;

if m̃_{1,i} = q̃^{A1}_{1,i} h̃^{B1} , then φ(m̃_{1,i}) = q^{A1c2}_1 h^{A1 (α1α2/d)∗(α2β1/c1)+B1 (n/d)}; we obtain A_1 = α_1/c_2 = α_1/(n, α_1), and B_1 = β_1k. In T̃_{2,j}, similarly we get A_2 = α_2/c_1 = α_2/(n, α_2), and B_2 = β_2k.

By the Riemann–Hurwitz formula 2 − 2g̃ = 2d − (d − 1) − c_1(c_2 − 1) − c_2(c_1 − 1) = −c_1c_2 + c_1 + c_2 + 1; then g̃ = (c_1c_2 − c_1 − c_2 + 1)/2 = (c_1 − 1)(c_2 − 1)/2 ≥ 1.

Therefore

M̃ = (O, (c^1 − 1)(c^2 − 1) 2 ; −(α_1α_2/d)^∗ (n/d) , (α_2,n) times

β_1k (α_1/(α_1, n)) . . . , β_1k (α_1/(α_1, n)) , (α_1,n) times

β_2k (α_2/(α_2, n)) , . . . , β_2k (α_2/(α_2, n)) ) and M̃ is never a homology sphere.

We have proved

THEOREM 1. Let φ : M̃ → S^3 be the n–cyclic branched covering along τ_{α1,α2} and assume β_1α_2 + α_1β_2 = −1.

1) If (α_1α_2, n) = 1 and α_1α_2(α_1α_2)^∗ = 1 − kn, then

M̃ = (O, 0; −(α^1α^2)^∗ n , β_1k α_1 , β_2k α_2 ) and |H_1(M̃)| = 1.

2) If (α_1α_2, n) = n, then

M̃ = (O, g̃; n_1 times

β_1 α^′_1 , . . . , β_1 α^′_1 , n_2 times

β_2 α^′_2 , . . . , β_2 α^′_2 ) and |H_1(M̃)| = { α^{n−1}_2 if n|α_1 α^{n−1}_1 if n|α_2 ∞ otherwise where α^′_i = α_i/(n, α_i), and n_i = n/(n, α_i), i = 1, 2, and g̃ = (n + 1 − (α_1, n) − (α_2, n))/2.

3) If (α_1α_2, n) = d ≠ 1, n and^{α1α2}_d (_{α1α2} d )_∗ = 1 − k^n_d , then

a) If (α_2, n) = 1, then

M̃ = (O, 0; −(α^1α^2/d)^∗ (n/d) , β_1k (α_1/d) , d times

β_2k α_2 , . . . , β_2k α_2 ). and |H_1(M̃)| = α^{d−1}_2 .

b) If (α_2, n) = d, then

M̃ = (O, 0; −(α^1α^2/d)^∗ (n/d) , d times

β_1k α_1 , . . . , β_1k α_1 , β_2k (α_2/d) ), and |H_1(M̃)| = α^{d−1}_1 .

c) If (α_2, n) ≠ 1, d, then

M̃ = (O, ((α^1, n) − 1)((α^2, n) − 1) 2 ; −(α_1α_2/d)^∗ (n/d) ,

(α_2,n) times

β_1k (α_1/(α_1, n)) . . . , β_1k (α_1/(α_1, n)) , (α_1,n) times

β_2k (α_2/(α_2, n)) , . . . , β_2k (α_2/(α_2, n)) ) and |H_1(M̃)| = ∞. ⊓⊔

COROLLARY. Let φ : M̃ → S^3 be the n–cyclic branched covering along τ_{α1,α2} , then

M̃ is a homology sphere if and only if (α_1α_2, n) = 1. ⊓⊔

5. Proof of the main theorem. Along this section τ_{p,q} ⊂ S^3 will denote the p, q-torus knot with 2 ≤ p < q. If k ⊂ S^3 is a knot, the phrase ‘φ : M → (S^3, k) is a branched covering’ will mean ‘φ : M → S^3 is a branched covering branched along k’. We write |X| for the number of components of the space X.

LEMMA 3 ([10]). There exists φ : (O, 0; ±1/1) → (S^3, τ_{p,q}) a pq-fold branched covering with |φ^{−1}(τ_{p,q})| = (p − 1)(q − 1) + 1. ⊓⊔

Remark. In [10] one has φ : (O, 0; 1/1) → (S^3, τ_{p,q}) and φ̄ : (O, 0; −1/1) → (S^3, τ̄_{p,q}) fiber preserving pq-fold branched coverings, where τ̄_{p,q} is the mirror image of τ_{p,q}; if η : (S^3, τ̄_{p,q}) → (S^3, τ_{p,q}) is a reflection, then η ∘ φ̄ : (O, 0; −1/1) → (S^3, τ_{p,q}) gives us a (non-fiber preserving) pq-fold branched covering with |φ̄^{−1}(τ̄_{p,q})| = |(η ∘ φ̄)^{−1}(τ_{p,q})|. LEMMA 4. If k > 0 and μ is a non-zero integer, then there exists a branched covering φ :(O, 0; μ/1) →(S^3, τ_{p,q}) with |φ^{−1}(τ_{p,q})| > k.

Proof. Assume μ > 0. By Lemma 3 we have φ_1 : (O, 0; 1/1) → (S^3, τ_{p,q}) a branched covering with |φ^{−1}_1 (τ_{p,q})| ≥ 3 (the ‘worst’ case is |φ^{−1}_1 (τ_{2,3})| = 3).

Let (F × S^1, {m_0, m_1, m_2}) be a kit for (O, 0; 1/1, 0/1, 0/1), where the^0_1 -fibers e_1, e_2 ⊂ (O, 0; 1/1) are preimages of τ_{p,q}, and let ω_2 : π_1(F × S^1) → S_{μk} be the representation such that ω_2(q_0) = (1), ω_2(q_1) = ε, ω_2(q_2) = ε^{−1}, and ω_2(h) = (1). If φ_2 : M̃ → (O, 0; 1/1) is the covering corresponding to ω_2, then, by Lemma 2,

M̃ = (O, 0;

μk times

1/1, . . . , 1/1, 0/1, 0/1) = (O, 0, (μk)/1) (for g̃ = (2 − 2μk + 2(μk − 1) + (1 − 1))/2 = 0), and |φ^{−1}_2 (h)| = μk > k for any fiber h ⊂ F × S^1 (in particular |φ^{−1}_2 (φ^{−1}_1 (τ_{p,q}))| > k, for e_3 ⊂ φ^{−1}_1 (τ_{p,q}) − e_1 ∪ e_2 is a fiber of F × S^1). If ω_3 : π_1(O, 0; (μk)/1) → S_k is the representation such that ω_3(q_0) = (1), and ω_3(h) = ε_k, then φ_3 : Ñ → (O, 0; (μk)/1), the associated covering of ω_3, is a covering space with Ñ = (O, 0; μ/1). Also |φ^{−1}_3 (h)| = 1 for any fiber h. Then φ = φ_1φ_2φ_3 : (O, 0; μ/1) → (S^3, τ_{p,q}) is a branched covering with |φ^{−1}(τ_{p,q})| > k. The case μ < 0 is handled analogously. ⊓⊔

LEMMA 5. If μ is a non-zero integer and g ≥ 0, then there exists a branched covering ψ : (O, g; μ/1) → (S^3, τ_{p,q}) .

Proof. Let e_1, e_2, . . . , e_{2(g+1)} ⊂ φ^{−1}(τ_{p,q}) be components, where the covering φ : (O, 0; μ/1) → (S^3, τ_{p,q}) is as in Lemma 4.

Let (F × S^1, {m_0, m_1, . . . , m_{2(g+1)}}) be a kit for (O, 0; μ/1, 0/1, . . . , 0/1), where the^0_1 –fibers are the curves e_1, . . . , e_{2(g+1)}. Let ω_1 : F ×S^1 → S_2 be the representation such that ω_1(q_0) = (1), ω_1(q_i) = (1, 2) for i = 1, . . . , 2(g + 1), and ω_1(h) = (1), and let φ_1 : M̃ → (O, 0; μ/1) be the associated covering to ω_1. Then, by Lemma 2, M̃ = (O, g̃; μ/1, μ/1) with g̃ = (2 − 2 · 2 + 2(g + 1)(2 − 1))/2 = g; that is, M̃ = (O, g; (2μ)/1). By taking the double covering of M̃ with representation ω_3 such that ω_3(q_0) = (1) and ω_3(h) = (1, 2), we obtain, after composing, a branched covering ψ : (O, g; μ/1) → (S^3, τ_{p,q}) as desired. ⊓⊔

THEOREM 2. If e = t∑ i=1 β_i α_i ≠ 0, then (O, g; β_1/α_1, . . . , β_t/α_t) is a branched

covering of (S^3, τ_{p,q}).

Proof. By induction on t. Assume t = 1. If α_1 = 1, then Lemma 5 gives us the desired covering. So assume α_1 > 1, and let (F × S^1, {m_0, m_1}) be a kit for (O, g; 0/1, β_1/1). Let ω : π_1(F × S^1) → S_{α1} be the representation such that ω(q_0) = ε, ω(q_1) = ε^{−1}, and ω(h) = ε^{β∗1} , where β_1β^∗_1 ≡ 1 (mod α_1). If φ : M̃ → (O, g; β_1/1) is the branched covering associated to ω, then, by Lemma 1, we have that M̃ = (O, g; B_0/A_0, B_1/A_1) with A_0 = α_1, B_0 = 0 + (β^∗_1 )^∗(1)(1) = β_1, and A_1 = 1, B_1 = β_1 + (β^∗_1 )^∗(−1) = 0, that is M̃ = (O, g; β_1/α_1, 0/1) = (O, g; β_1/α_1). Notice that the branching of φ is along the (β_1/1)-fiber and the^0_1 -fiber which we may assume are preimages of τ_{p,q} in the covering of Lemma 5.

Assume that the theorem is true for t; that is, if ∑_t i=1 β_i α_i ≠ 0, then the manifold

(O, g; β_1/α_1, . . . , β_t/α_t) is a branched covering of (S^3, τ_{p,q}).

Assume now that e = ∑_{βi} α_i + β α ≠ 0 and let i ∈ {1, 2, . . . , t}. 1. If (α_i, α) = 1, choose integers r_i, b_i such that (αβ_i)/α_i = r_i + (b_i/α_i), and write a_i = α_i.

2. If (α_i, α) = d_i with d_i ∉ {1, α}, write α^′_i = α_i/d_i, α^′ = α/d_i, and choose integers r_i, b_i such that (α^′β_i)/α^′_i = r_i + (b_i/α^′_i). Note that (α^′β_i, α) = α^′. Write also a_i = α^′_i.

3. If (α_i, α) = α, write d_i = α_i/α, r_i = 1, b_i = β_i − d_i and a_i = d_i.

4. Write r_0 = − ∑_t i=1 r_i, b_0 = β + ∑_t i=1 r_i, and a_0 = 1.

Let (F × S^1, {m_0, m_1, . . . , m_t}) be a kit for (O, g; b_0/a_0, b_1/a_1, . . . , b_t/a_t), and let ω : π_1(F × S^1) → S_α be the representation such that ω(v_j) = (1) for i = 1, . . . , 2g and {v_j } a basis for π_1(F ); ω(q_i) = ε^{ri} , i = 0, 1, . . . , t; and ω(h) = ε. By Lemma 1, if φ : M̃ → (O, g; b_0/a_0, b_1/a_1, . . . , b_t/a_t) is the associated branched covering of ω, then M̃ = (O, g; B_0/A_0, B_1/A_1, . . . , B_t/A_t) where

1. If (α_i, α) = 1, then (α, b_i + r_ia_i) = (α, αβ_1) = α (by construction of b_i and r_i), so that A_i = (α/α)a_i = α_i and B_i = (b_i + r_ia_i)/α = (αβ_i)/α = β_i.

2. If (α_i, α) = d_i with d_i ∉ {1, α}, then (α, b_i + r_ia_i) = (α, α^′β_i) = α^′, so that A_i = (α/α^′)a_i = d_i(α_i/d_i) = α_i and B_i = (b_i + r_ia_i)/α^′ = (α^′β)/α^′ = β_i.

3. If (α_i, α) = α, then (α, b_i + r_ia_i) = (α, β_i − d_i + d_i) = (α, β_i) = 1, for (α_i, β_i) = 1 and α|α_i; so that A_i = (α/1)a_i = α(α_i/α) = α_i and B_i = b_i + r_ia_i = β_i − d_i + d_i = β_i.

4. A_0 = (α/(α, a_0))a_0 = α and B_0 = b_0 + (1)^∗r_0a_0 = (β + ∑ r_i) − ∑ r_i = β.

Therefore M̃ = (O, g; β/α, β_1/α_1, . . . , β_t/α_t) is a branched covering of the manifold (O, g; b_0/a_0, b_1/a_1, . . . , b_t/a_t); notice that the branching which appears in this construction is (at most) in the (b_i/a_i)-fibers. One computes easily that (as it should be; see the last theorem of Section 2) ∑_t i=0 b_i a_i = α( ∑_t i=1 β_i α_i + β α ) ≠ 0; therefore, by induction, (O, g; b_0/a_0, b_1/a_1, . . . , b_t/a_t) is a branched covering of (S^3, τ_{p,q}), and, with this, we conclude that also the manifold (O, g; β/α, β_1/α_1, . . . , β_t/α_t) is a branched covering of (S^3, τ_{p,q}). ⊓⊔

Example. Following the construction of the proof of Theorem 2 we see that (O, 0; −1/2, 1/3, 1/5) is a branched covering of (O, 0; −1/2, 2/3) with a 5-fold covering, for^{5(−1)}_2 = −2+^{−1}_2 and^{5(1)}_3 = 1+^2_3 . Now (O, 0; −1/2, 2/3) is a branched covering of (O, 0; −1/2) with a 3-fold covering, for^{3(−1)}_2 = −1 +^{−1}_2 . And, by the first induction step, (O, 0; −1/2) is a branched covering of (O, 0; −1/1) with a 2-fold covering. By, say, Lemma 3, (O, 0; −1/1) is a pq-fold covering of (S^3, τ_{p,q}).

That is, the Poincaré homology sphere (O, 0; −1/2, 1/3, 1/5) is a branched covering of (S^3, τ_{p,q}) with a 30pq-fold covering.

Notice that , for the trefoil knot, in the first step of this example we obtained a 5-fold covering (the 5-fold cyclic covering) of (O, 0; −1/2, 1/3, 1/5) over (S^3, τ_{2,3}); and following the proof of Theorem 2 we get a 180-fold covering of (O, 0; −1/2, 1/3, 1/5) over (S^3, τ_{2,3}).

REFERENCES

[1] T. Apostol. Resultants of cyclotomic polynomials. Proc. Amer. Math. Soc. 24 (1970), 457–462.

[2] E. Brieskorn. Beispiele zur Differentialtopologie von Singularita̋ten. Invent. Math. 2 (1966), 1–14.

[3] A. Cavicchioli, F. Hegenbarth and A. Kim. On cyclic branched coverings of torus knots. J. Geom. 64 (1999), 55–66.

[4] R. Fox. Covering spaces with singularities. Lefshetz Symposium. Princeton Math. Series 12 (1957), 243–357.

[5] F. González–Acuña and W. Whitten. Imbeddings of 3-manifold groups. Mem. Amer. Math. Soc. 99 (1992), no. 464.

[6] C. Gordon. Knots whose branched cyclic coverings have periodic homology. Trans. Amer. Math. Soc. 168 (1972), 357–370.

[7] C. Gordon and W. Heil. Simply connected branched coverings of S^3. Proc. Amer. Math. Soc. 35 (1972), 287–288.

[8] J. Milnor. Singular points of complex hypersurfaces. Annals of Math. Studies 61 (1968). Princeton University Press.

[9] W. Neumann and F. Raymond. Seifert manifolds, plumbing μ-invariant and orientation reversing maps. Springer Lecture Notes in Math. 664 (1978), 163–196.

[10] E. Ramírez. S^3 as a cover of S^3 branched over a knot. To appear in Topology and its Appl.

[11] H. Seifert. Topology of 3-dimensional fibered spaces. In H. Seifert and W.

Threlfall. A textbook of topology. Academic Press (1980).

e-mail:
victor@cimat.mx
kikis@cimat.mx

fax: (473) 2 57 49