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3 Polygon Triangulation
Guarding an Art Gallery

Works of famous painters are not only popular among art lovers, but also among
criminals. They are very valuable, easy to transport, and apparently not so
difficult to sell. Art galleries therefore have to guard their collections carefully.

Figure 3.1
An art gallery

During the day the attendants can keep a look-out, but at night this has to be
done by video cameras. These cameras are usually hung from the ceiling and
they rotate about a vertical axis. The images from the cameras are sent to TV
screens in the office of the night watch. Because it is easier to keep an eye on
few TV screens rather than on many, the number of cameras should be as small
as possible. An additional advantage of a small number of cameras is that the
cost of the security system will be lower. On the other hand we cannot have
too few cameras, because every part of the gallery must be visible to at least
one of them. So we should place the cameras at strategic positions, such that
each of them guards a large part of the gallery. This gives rise to what is usually
referred to as the Art Gallery Problem: how many cameras do we need to guard
a given gallery and how do we decide where to place them? 45

¿Cuántas cámaras se necesitan para vigilar una galería de arte y donde deben ser colocadas?

2
Problema de la galería de arte



Problema de la Galería de Arte

V. Klee durante un congreso en Stanford en Agosto de 1976 hizo la pregunta:


¿Cuántos guardias son siempre suficientes para vigilar cualquier polígono 
con n vértices?


Poco después, V. Chvátal estableció lo que se conoce como el Teorema de la 
Galería de Arte de Chvátal.


Se necesitan  



Galería: región poligonal en el plano.

polígonos simples: rodeado de una 
cadena cerrada de segmentos que no 
intersectan a si mismos (sin hoyos).

Cámara: punto dentro del polígono.

la cámara ve aquellos puntos en el 
polígono que se pueden conectar con 
un segmento abierto en el interior del 
polígono. 

el número de cámaras necesarias para 
vigilar toda la galería estará acotada 
por el número n de vértices del 
polígono.

Problema de la Galería de Arte Chapter 3
POLYGON TRIANGULATION

3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Problema de la Galería de Arte

Estudiaremos el peor caso para encontrar una cota superior para cualquier 
polígono simple con n vértices.

El problema de encontrar el número mínimo de cámaras para un polígono 
dado es NP-hard.

Sea     un polígono simple con n vértices.

Descomponemos    en partes fácilmente vigilables: triángulos  
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Problema de la Galería de Arte

Una diagonal es un segmento de recta abierto que conecta a dos vértices 
de     y está en el interior de    .

Podemos vigilar enteramente    poniendo un guardia o cámara en cada 
triángulo de la triangulación      de   . 

¿Existe siempre una triangulación para    ?

¿Cuántos triángulos pueden haber en una triangulación      de    ?  

6

Chapter 3
POLYGON TRIANGULATION

3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Problema de la Galería de Arte

Sea     una triangulación de    . 

Elegir un subconjunto de vértices de    tal que cualquier triángulo de     
tenga al menos un vértice seleccionado. Los guardias serán puestos en 
estos vértices.

Para encontrar estos vértices asignamos a cada vértice de    un color: gris, 
blanco o negro.

El color es asignado de tal manera que dos vértices conectados por una 
arista o una diagonal tendrán diferente color.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Coloreado de un polígono triangulado

Cada vértice del triángulo tiene un color diferente.

Eligiendo el conjunto más pequeño de vértices del mismo color podemos 
vigilar    usando a lo más          guardias.  

¿Existe siempre tal coloración?

Para probar esto miramos la estructura llamada grafo dual (dual graph) de 

8

P ⌊n/3⌋

Tp

Chapter 3
POLYGON TRIANGULATION

3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Coloreado de un polígono triangulado

Esto significa que podemos encontrar una coloración usando un recorrido 
simple en un grafo, tal como depth-first search.

Mientras hacemos el recorrido se mantiene la siguiente invariante:

 todos los vértices visitados tienen un color (blanco, gris o negro) asignado.

 ningún par de vértices conectados ha recibido el mismo color.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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3.1 Guarding and Triangulations

If we want to define the art gallery problem more precisely, we should first
formalize the notion of gallery. A gallery is, of course, a 3-dimensional space,
but a floor plan gives us enough information to place the cameras. Therefore we
model a gallery as a polygonal region in the plane. We further restrict ourselves
to regions that are simple polygons, that is, regions enclosed by a single closed
polygonal chain that does not intersect itself. Thus we do not allow regions with
holes. A camera position in the gallery corresponds to a point in the polygon. A
camera sees those points in the polygon to which it can be connected with an
open segment that lies in the interior of the polygon.

How many cameras do we need to guard a simple polygon? This clearly
depends on the polygon at hand: the more complex the polygon, the more
cameras are required. We shall therefore express the bound on the number of
cameras needed in terms of n, the number of vertices of the polygon. But even
when two polygons have the same number of vertices, one can be easier to guard
than the other. A convex polygon, for example, can always be guarded with one
camera. To be on the safe side we shall look at the worst-case scenario, that is,
we shall give a bound that is good for any simple polygon with n vertices. (It
would be nice if we could find the minimum number of cameras for the specific
polygon we are given, not just a worst-case bound. Unfortunately, the problem
of finding the minimum number of cameras for a given polygon is NP-hard.)

Let P be a simple polygon with n vertices. Because P may be a complicated
shape, it seems difficult to say anything about the number of cameras we need
to guard P. Hence, we first decompose P into pieces that are easy to guard,
namely triangles. We do this by drawing diagonals between pairs of vertices.

Figure 3.2
A simple polygon and a possible

triangulation of it

A diagonal is an open line segment that connects two vertices of P and lies in
the interior of P. A decomposition of a polygon into triangles by a maximal
set of non-intersecting diagonals is called a triangulation of the polygon—see
Figure 3.2. (We require that the set of non-intersecting diagonals be maximal to
ensure that no triangle has a polygon vertex in the interior of one of its edges.
This could happen if the polygon has three consecutive collinear vertices.)
Triangulations are usually not unique; the polygon in Figure 3.2, for example,
can be triangulated in many different ways. We can guard P by placing a camera
in every triangle of a triangulation TP of P. But does a triangulation always
exist? And how many triangles can there be in a triangulation? The following
theorem answers these questions.
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Un poligono simple se puede colorear con 3 colores: se puede vigilar con 
guardias.
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Problema de la Galería de Arte

El coloreado de polígonos da el resultado óptimo de guardias en el peor 
caso.
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in G(TP) correspond to diagonals in TP. Because any diagonal cuts P into two,
the removal of an edge from G(TP) splits the graph into two. Hence, G(TP)
is a tree. (Notice that this is not true for a polygon with holes.) This means

?

µ

ν

that we can find a 3-coloring using a simple graph traversal, such as depth first
search. Next we describe how to do this. While we do the depth first search,
we maintain the following invariant: all vertices of the already encountered
triangles have been colored white, gray, or black, and no two connected vertices
have received the same color. The invariant implies that we have computed a
valid 3-coloring when all triangles have been encountered. The depth first search
can be started from any node of G(TP); the three vertices of the corresponding
triangle are colored white, gray, and black. Now suppose that we reach a node
ν in G, coming from node µ . Hence, t(ν) and t(µ) share a diagonal. Since the
vertices of t(µ) have already been colored, only one vertex of t(ν) remains to
be colored. There is one color left for this vertex, namely the color that is not
used for the vertices of the diagonal between t(ν) and t(µ). Because G(TP) is
a tree, the other nodes adjacent to ν have not been visited yet, and we still have
the freedom to give the vertex the remaining color.

We conclude that a triangulated simple polygon can always be 3-colored. As a
⌊n/3⌋ prongs result, any simple polygon can be guarded with ⌊n/3⌋ cameras. But perhaps we

can do even better. After all, a camera placed at a vertex may guard more than
just the incident triangles. Unfortunately, for any n there are simple polygons
that require ⌊n/3⌋ cameras. An example is a comb-shaped polygon with a long
horizontal base edge and ⌊n/3⌋ prongs made of two edges each. The prongs are
connected by horizontal edges. The construction can be made such that there is
no position in the polygon from which a camera can look into two prongs of the
comb simultaneously. So we cannot hope for a strategy that always produces
less than ⌊n/3⌋ cameras. In other words, the 3-coloring approach is optimal in
the worst case.

We just proved the Art Gallery Theorem, a classical result from combinato-
rial geometry.

Theorem 3.2 (Art Gallery Theorem) For a simple polygon with n vertices,
⌊n/3⌋ cameras are occasionally necessary and always sufficient to have every
point in the polygon visible from at least one of the cameras.

Now we know that ⌊n/3⌋ cameras are always sufficient. But we don’t have
an efficient algorithm to compute the camera positions yet. What we need is a
fast algorithm for triangulating a simple polygon. The algorithm should deliver
a suitable representation of the triangulation—a doubly-connected edge list, for
instance—so that we can step in constant time from a triangle to its neighbors.
Given such a representation, we can compute a set of at most ⌊n/3⌋ camera
positions in linear time with the method described above: use depth first search
on the dual graph to compute a 3-coloring and take the smallest color class
to place the cameras. In the coming sections we describe how to compute a
triangulation in O(n logn) time. Anticipating this, we already state the final
result about guarding a polygon.48

Teorema 2 (de la galería de arte)

Para un polígono simple con n vértices,          guardias son ocasionalmente 
necesarios y siempre suficientes para poder ver cualquier punto del polígono 
por al menos unos de los guardias. 

⌊n/3⌋
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Para implementar un algoritmo eficiente necesitamos:

 método para calcular la triangulación de un polígono simple O(n log n).

 uso de depth-first search en el grafo dual para calcular la coloración.

 encontrar el conjunto más pequeño con vértices del mismo color.

 poner un guardia en cada uno de estos vértices.

11

Teorema 3:

Sea    un polígono simple con n vértices. Se puede calcular un conjunto de  
~~~   posiciones de guardias en    tal que cualquier punto dentro de    sea 
visible por al menos un guardia en un tiempo                .     

P

⌊n/3⌋ P P

O(n log n)


