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Abst rac t .  We find some estimates for the derivatives of equilibrium states of subshifts 
of finite type. We prove the differentiability (with respect to the potential) of integrals 
of certain discontinuous functions for the equilibrium state of a potential.  

Introduction 
In this paper  we are interested in certain singular integrals with respect 

to equilibrium states of a subshift of finite type. 

Let a : E ~ be a topologically transitive subshift of finite type  

endowed with one usual metric (e.g. diameter(n-cylinder) = 2-n), let 

r : E --~ R be a HSlder continuous function and let PC be its equilibrium 

state. 

Let K _C E be a compact  subset  such that  #~(e-neighbourhood of K)  

_< A c ~, A, c~ > 0. Consider a measurable function L : E --+ R having 

a singular set K of order IL(z)l <_ B Jlogd(x,K)l, where B > 0 is a 

constant  and d(.,-) is the distance in E. Then, using the condition on 

#r and K,  one can prove that  L is #r On the other hand, 

it is known that  the map CZ(E,R)  ~ r ~-+ #r E (CZ(E,N))  * is real 

analytic. We will prove ( theorem B) that ,  if moreover, L has local 

HSlder constants  D(x), IL(x) - L(y)l _< D(x)d(x,  y)~/, such that  D(x) < 

C d(x, K) -~ , C, % 5 > 0, then the map CZ(E, R) ~ r ~-+ f L d#r E IR is 

C ec" 

In order to prove theorem B, one has to show that  Dr162 exists. 
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212 G O N Z A L O  CONTRERAS 

For this we need estimates on the derivative Dr162 where 1Cn is 

the characteristic function of an n-cylinder. Observe tha t  one can not 

expect to have a bound 

I(Dr162 = I(Dr162 (~)" lCnl ~ A II~ll I#r 

(where the first equality is proven in (6)), because for Ct = r + t ~, we 

would have an est imate 

Pct(Cn)l < exp(A I[~11 t) 

implying the absolute continuity/~r <<<PC0, which is false. The Theorem 

A below is the following estimate for n-cylinders Cn: 

(D~#r (%.~. ,~) <_ n k I1 11 k 

where II II is the ~-H61der norm. We show here two applications of 

theorem B. 

a. One dimensional dynamics. 

The first application is in 1-dimensional dynamics. Consider the map 

f : [-1, 1] .--; f (x)  = 1 - 2x 2. This map is conjugated to the Tent map 

g :  [-1,1] *J, g(y) = 1 - 2  ]Yl. The conjugacy h :  [-1, 1] --* [-1, 1], f o h  = 
h o 9 is given by h(y) = sin (~ y). The full 2-shift is semiconjugated 

to the Tent map by an a-HSlder semiconjugacy k : E2 ~ [-1, 1], for 

some 0 < a < 1. The function F : [-1,1] -* ]~, F(p) = log]f'(p)l 

has at p = 0 a singularity of order IF(x)] ~ - log Ix], and has local 

Lipschitz constants of order ~ F ' ( x ) ~ l / I z  [. Since h is Lipschitz, if we 

choose K = k-l{0},  L : E2 --~ JR, L(x) = F(h  o k(x)), then L has a 

singularity at K of order L(x)~ - log d(x, K) a,.~ - log d(x, K) and local 

a-H51der constants of order ~l /d(x ,  K) c~. In particular the pair (K, L) 

satisfies the hypothesis of theorem B. If r : [-1, 1] --* ]~ is a-HSlder, 

then  r = r  ho k : E2 --~ [-1, 1], is/3-HSlder for some/3 =/3(~),  and the 

map Ca(E2,]R) -+ CZ(E2,R) : r  ~-+ ~b is real analytic. We get tha t  the 

Lyapunov exponents of equilibrium states of f depend smoothly with 

respect to the potentiM r i.e. 

Ca ( [ -1 ,  1],]R) 9 r ~-+ Ar := flog If'(p)l dpr 
J 
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THE DERIVATIVES OF EQUILIBRIUM STATES 213 

is C ~,  where #r is the equilibrium state for (r f ) .  

b. Average linking numbers. 
The second application is to average linking numbers for hyperbolic 

flows. Let A C_ S 3 be a hyperbolic basic set of a flow pt in S 3. Let 

PO(t) be the set of periodic orbits of ~tlA with period _< t. Denote by 

g(7, ~) the linking number  of the knots 7 and ~/in S 3. Define 

s  := ~ { g ( ~ , n )  l~ ~ PO(s) , '7 C PO(t) , ~ r ~ } 

In [3] we proved tha t  identifying S 3 ~ IR 3 U {oc}, with oc r A, we 

have tha t  

L(A) def s,t--+~lim stl f~(s't)= JAf• L(x'y) d(I-t • #)(x,y) 

where # is the measure of maximal  entropy of Pt ]h, and 

1 F(x) • F(y) (x - y) 
L(x,y) = vol(S3) I Ix-  Yll IF• Yll 2 

where x is the vector product  in ]R 3 ~ S 3 - {oc}, �9 is the inner product  

in •3 and F is the vectorfield of ~t. We show now that  there exists a 

neighbourhood U of F with the C 3 metric such tha t  the map b / 9  G ~-+ 

L(AG) C R is C ~ where Ac is the continuation of A for the vectorfield G. 

Using the Taylor expansion of F one can see tha t  the factor 

F(x) • F(y) 

I l l -  yll 
is bounded in a neighbourhood of the diagonal x = y, therefore L(x, y) 

has order 1 / l l x  - Yll near the diagonal. By dimension arguments, it is 
seen in [3] tha t  L(x, y) E/~1 (/~ • /Z). 

Using a Markov partition, it is shown in [2] tha t  there exists a semi- 

conjugacy 7v of a suspension S(E, TF) of a subshift of finite type E onto A, 

where TF : E --+]0, +co[ is Hhlder continuous and S(E, ~-F) is the quotient 

space 

S(Z,~)  := {(x,t) 1 x C E,  0 < t < ~(x) }/_: 

with the equivalence relation (X,T(X)) ---- (or(x),0), where ~r : E ~ is 

the shift map. The lift of the measure of maximal entropy # to the 
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2 1 4  G O N Z A L O  CONTRERAS 

suspension is (re*#) = ( f  rF d u ) - l u  • ~ where ~ is the Lebesgue mea- 

sure on [0, +oo[ and u is the equilibrium state of the function CF(x) = 

htop(F) TF(X), where htop(F) is the topological entropy of ~OlA. 

Define g : E x E --+ ]R, by 

= F F(x) FF(y) 
g(x, y) Jo Jo 

then 

L (9~s(rcx), !pt(Try)) ds dt 

L(A) -- ( f  ~-Fdu) 2 • d(uF x uF) 

It can be proved (cf. [3b]) tha t  the function g(x,y) has order 

- l o g d ( x ,  y) near the diagonal x = y on E • E and has local Lipschitz 

constants of order 1/d(x, y). The structural  stability for hyperbolic ba- 

sic sets and the topological invariance of the linking number yields that  

when we change the vectorfield on a neighbourhood of F ,  the neat aver- 

age linking can be calculated using the same shift and the same function 
g. The corresponding orbits under the topological equivalence will have 

the same linking numbers but  their periods will be different. In general 

the new measures ua will be singular with respect to uF. 

In [4] it is proven that  i f /d  is a small neighbourhood of the vector- 

field F0 endowed with the C2-metric, then the maps b/ 9 F ~ CF 

Ca(E, IR), and bt ~ F ~ f rF duF, are real analytic. So we need to see 

that 

Lt ~ F ~-+ / g d(uF x ur) 
JE • 

is C ~.  Here we apply t h e o r e m B  to K = {(x,y) E E x E [ x = y }  and 

the function g. For this we observe that  the product  map a x a : E • 

E +--~, (a x cr)(x,y) = (~(z) ,~(y))  is also a subshift of finite type, the 

measure UF x UF is the equilibrium state of ~dF(X,  y) : =  O F ( X )  -}- O n ( Y )  

for the product  shift. Moreover since the measure uF satisfies a uniform 

est imate UF(e-neighbourhood of K ) ~ e  ~ with/3 > 0, one gets tha t  (UF x 

UF) (e-neighbourhood of K),-< ~. Finally, if one constructs the Markov 

part i t ion using small embedded differentiable transverse sections to the 

flows, the project ion of 6, J (p ,q)  := 6(9:,y), where rrx = p, vry = q, 

p, q E(smooth transversal), is differentiable on the transversal sections 
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THE DERIVATIVES OF EQUILIBRIUM STATES 215 

and IJI ~ - l o g  lip - q]l, IID J[I ~ . 1  This gives the required condit ions 

on theorem B. 

I want  to t hank  the referee for the detailed suggestions of improve- 

ments  in the  exposition. 

Statements  o f  the Results.  

Given a mat r ix  A E {0,1} e• such tha t  for all 0 _< i , j  _< g there 

exists M = M(i , j )  > 0 such tha t  Ai~ > 0, consider the (topologi- 

cally transitive) subshift  of finite type  ~: E ~-" (resp. ~+: E + ~-~) where 

(~(x))i = xi+l, 

E+: = {x = (xi){+~ E {1 , . . .  ,g}~ I A(xi, xi+l)  = 1, Vi ~ N} 

Endow E (resp. E +) with the  metric d(x, y) = b (x,y) for some fixed 

0 < b < 1 and where 

(x,y}:= max({O} U {klx~ = yi,Vli I < k}). 

For x E E (resp. E +) let C~(x) be the n-cyl inder containing x: 

Cn(x):={yEEicci=Yi,Vtii<n}, (resp. O < i < n ) .  

For 0 < a < 1 let Ca(E,  R) (resp. Ca(E +, IR)) be the Banach space 

of c~-H61der continuous functions on E (resp. E+). 

c a ( r ,  R) : - -  (r  ~ -+ X I ~ K  > o, Ir - r < tfd(z, y)a} 

wi th  the  norm [[r = Ir + Ir where  

Ir sup Ir Ir sup 
xEY], d(x ,y)r  

Ir - r 

d(x,y) a 

It  is known (cf. [6]) tha t  the  map  r ~-. #r from C~(E,I~I) into 

the dual  space (Ca(E,R))  * (with the dual  norm) is real analytic. For 

p E E, n > 0, let lc~.(p) be the  characteristic function of Cn(p). Since 

1Cn(p ) is c~-HSlder continuous,  it follows tha t  the map  Ca(E) ---+ R: r 
#r (On(p)) is real analytic. 

Theorem A. 
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(a) Let E be a topologically transitive two-sided subshift of finite type, 

and let a > O, r E Ca(E, R). Then there exists a neighbourhood ld 

of r and D = D(N) > 0 such that 

(D(k)(#r  < n k k! D(N) k I[r ".- ~ ~LPk) ( 1 C n ( p ) )  

�9 " II kll 
for aU n >_ O, k > O, p E E, r E l l  a n d s 1 , . . .  ,Pk E Ca(E,I~),  where 

It~11 is the/~-HSlder norm of ~. 

(b) The same estimate holds for one-sided topologically transitive sub- 

shifts of finite type. 

Theorem A will be proven at the end of the paper.  In the following 

theorem we can th ink on Qn as Q~: = UxeK C~(x), where K E E is a 

subset of measure 0. 

Theorem B. Let E be a topologically transitive two sided subshift of finite 

type. Let r E C~(E,R) ,  c~ > O, and let #r be the equilibrium state for r 

Let (Qn)n>O be a collection of subsets of E such that Vn >_ O, Qn+l c Qn; 

Qn is a (disjoint) union of n-cylinders Cn(x) and 

(a) timsup l l o g p r  < 0 
Irt---+ -}- O0 

Let L: (E \ K) -~ R, K C Nn Qn, be a function such that there exist 

A, B > 0 and "y > 0 which satisfy 

(b) IL(x)l _< Bn ifx ~ Qn 
(c) [L(x) - L(y)[ < And(x,y) 7 if x, y E E \ Q~. 

Then there exists a neighbourhood bt of r in Ca(E,]R) such that for all 

ELt the integral #~(L): = f L d#~ exists and the mapping lg --+ IR: ~ 

#~(L) is C ~.  

Proof of  Theorem B 
Here we prove theorem B using theorem A. We need the  following result. 

1. Proposi t ion .  Let E be a two-sided subshift of finite type. Suppose that 

we have 

(a) )~ a probability on E. 

(b) #k E (Ca(E,]R))* such that there exists k > 0 and D(k) > 0 such 
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THE DERIVATIVES OF EQUILIBRIUM STATES 217 

that 

Vp E E~ Vn > 0: #k(1Cn(p)) <_ D(k) n k ~(Cn(p)) �9 

(c) A subset K C E such that if  Qn: = [-JXEK Cn(x) then 

1 
limsup - log A(Qn) _< - c  < 0. 
n - - + + ~  n 

(d) L: ( E \ K )  --+ [0, +cx~[ a non-negative function such that there exist 

A, B > 1 such that 

L(x) < if x (t 

]L(x)-L(y)l < A~d(x ,y)  ~ i f x ,  y E E \ Q n .  

Then there exists a sequence (gn) of simple non-negative functions which 

are locally constant on n-cylinders, such that 

E gn T L outside N Q m , K 
m 

Z Im(gn)l <- D(k) G(k), 
n 

with G(k) > O, in particular ~ n  I#k(gn)[ < c~. 

Proof .  For simplicity we prove the  proposi t ion o~ly for B = 1. Observe 

tha t  Pk is not necessarily positive and tha t  it can only be applied to 

HSlder continuous functions. Let D N  = C N ( p )  be an N-cyl inder  in 

Q N - I \ Q N .  Let 
R : = (  l~  ) 

J y l o g b  + 1 

and choose n = n(N) E N such tha t  

( lo A ) 
- ~ , l o g b / N  < n < R N  

so tha t  ANb "m < 1. Let 

D N 

En \ z E E n  ] 

where the sum is over all the n-cylinders En such tha t  E~ C DN. In- 

ductively, for m > 0 let 

D N  : ( ) m D N  
gn+rn+l  = E min L E g n + ~  En+m+ 1 E n + m + l  -- 

En+m+ l c D N r = O  

Bol. Soc. Bras. Mat., VoL 26, iV. 2, 1995 



2 lS GONZALO CONTRERAS 

where the sum in on all the (n + m -  1)-cyl inders  En+.~+l c DN. The 
DN, gm s are simple functions of the form 

gDN= E ar l e t "  
E r c D  N 

(where ar > O and t h e / ~ r  are m-cy l inders )  and hence 7 -HS lde r  con- 

tinuous. Therefore 

D N 

ErCD N 

Since for x C DN, L(x) <_ N, we have tha t  

DN #k(gn(N) ) < D(k) ~ NnkA(En) < D(k) RkNk+IA(DN). (1) 
EnCD N 

Let En+m-1 C DN be an (n + m - 1)-cylinder in DN. Since 

var L <_ AN b 7(n+m-1), 
En+m - 1 

we have tha t  

gn+m(X)DN ~ A N b 7(n+m-1), Vx E DN, Vm >_ 1. 

and then 

ON A N b " / ( n + m - 1 )  
#k(gn+m) ~ D ( k )  (m + n) k .~(E.~+n) 

En+mCD N 

<_ D(k) b -'y b 7m (m + n) k A(DN) 

because A N b  7n < 1. Since 

Z b~'~ (m + ~)~ = ~ b ~ (m + ~)~ + b~ "~ (m + ~)k 
m = l  m = l  m=n 

1 ) - 
- ~ + ~ b T m . 2 k m  k, 

m-= l 

writing S(k): = ~ = 1  bTm ink, we have tha t  

oc DN ( b _ 7 ) 2 k  N k 
E #k(gn(N)+m) ~ D ( k )  ~ ( R  k + S(k)) A(DN) .  

m=l 
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THE DERIVATIVES OF EQUILIBRIUM STATES 219 

From this and (1) we get 

oo DN ( b _ , y )  
~k%(N)+.~) -< D(~) ~ (2R) k (S(~) 

m = 0  

+ 2N k+l) A(DN). 

For each N _> 1 consider a partition 7 ) of QN-1 \ QN into N-cylinders 
/ ' ~ D  N DN and the corresponding . , ,  ~{g~'N'+~/m>_o' we get 

DNeP i>n(X) 

( b-~ ) 2Nk+ 1) <_ D(k) ~ (2R) k (S(h) + /~(QN-1 \ QN) 

Define 
D N 

gi := 2_., 9i 
N with n(N)<_i 

Since ~N/~(QN-1 \ QN)  ~ )~(Y]) = 1 a n d  ~ ( Q N - 1  \ QN)  ~ " ~ ( Q N - 1 ) ,  w e  

+ 2 ~ N k + ~ ( Q N _ ~ ) ) ,  (2) 
N 

have that 

Itzk(9i)l <_ D(k) ~ (2R) k S(k) 

where the series 

F(k) := 2 ~ Nk+I~(QN_I) 
N 

is convergent by hypothesis (c).[5 

Given r E Ca(P,, •), let P(r  be its topological pressure (cf. [7]). 

P r o o f  o f  t h e o r e m  B 

It is enough to prove theorem B for B = 1 and L non-negative. There 

are constants A0, B0 > 0, uniform on a neighbourhood of b/0 of r (cf. 
[1]) such that  for any n-cylinder C,~(p) in E and all ga E b/0, we have 

~r ~ [A0, BoJ exp(-2nP(~) + S~(p)), (3) 

where 
n 

k ~ - n  
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It is easy to see from the definition of pressure tha t  IP(r  + ~p) - P(r -< 

I~10. For {J = r + ~o E b/O, we have 

0 < #r <~ BO e x p ( - 2 n P ( r  She(P)) exp(41~[0 n) 

_< AO 1 B0 exp(4 ]~10 n) #,(Cn(p)).  

Since Qn is a disjoint union of n-cylinders, we have 

1 1 
l i m s u p -  log#c+~(Qn) < 2 ]~10 + limsup ]og#r < 0 
n--++c~ r t  n ~ + ~  ?% 

if IP]O is sufficiently small. Choose a ne ighbourhood  N1 of r and  c > 0 

such tha t  
1 

limsup --log~tr < - c  < 0 (4) 
n--*q-oo n 

for all r C/41. 

Using Theorem A(a) and (4), we can apply Proposi t ion 1 to L, 

A = #r and #k = (D(k)#r . . .  ,~k) (with D(k) = kiD(b/2) k ]]~1]1"" 

"'" I]~kll), and a ne ighbourhood/22  C L/1. It follows tha t  there exists a 

decomposi t ion  L = ~ n g n  and for any r > 0 a number  H(r) > 0, 

constant  on U2 and so tha t  

< H(r)I1 111...f1  il (5) 

for all ~ 1 , . . .  ,~ r  in Ca (E ,R)  and ~ E L~2. 

Now we prove tha t  for all k ~ 0, one has 

(D: k) #~)(~l,  . . . , ~k) " gn = (D(k) po(gn)) ( ~ 1 , . . . ,  ~k)- (6) 

Observe tha t  if (#t)t>0 c (Ca(E,K))  * and w -- l impt  in the  dual  
- t ~ 0  

a - H h l d e r  norm on (Ca(E, IR)) *, t hen  for all g E Ca(E ,K)  we have tha t  

w(g) = lira p~(g). For k = 0, (6) is trivial. Suppose by induct ion  tha t  
~--~0 

(6) is t rue  for k > 0, t hen  

[(D~ k+1)#r � 9  ~k+l)] (g~)=  

1 [~['D(k)r162 " , (k , ] = lira - ~k) - (D~)Pr . . .  %ok) (gn) 
t--*O t 
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but since gn is a - H S l d e r ,  we have 

1 r,D(k ) = lim-k( ~-Ft(p~r . . .  r  (D(ck)~r . . .  ,~k)(gn)]  t--~0 t 

and by the induction hypothesis 

= l i ra -  D t~#r (qD1,.-. ,Fk)-  D )#r (~D1,..- ,~k) 
t--+0 t 

= (D:k+l)#r 

Moreover, for k > O,we can write 

( D ( c k ) + f # r  . . . , ~ k )  = ( D ( c k )  # r  ) ( ~ l ,  . . . , ~Dk) 

, r - , ( k + l )  

fO  //~-~(k+2) , ,~ + (7) 

From proposition 1 we get that  pc(L)  = ~71 #r is finite. Equa- 

tion (7) for k = 0 and equations (5) and (6) for r = 0,1,2, prove the 

continuity and differentiability of ~ ~ pc(L)  in 5/2. By induction we 

assume tha t  ~ ~ pc(L)  is k-times differentiable, k > 1, and tha t  

(D(r k) ( f t r  - . �9 , ~ k )  : E ( D ( ~ k )  l ~ ( g n ) ) ( ~ l ,  . . . , ~Dk). 
7t 

Then  (7), (5) and (6) for r = k, k + 1, k + 2, prove tha t  ~ F-~ #~(L) is 

(k + 1)-times differentiab]e in ~ E 5/2.[] 

Observe tha t  since S(k) and F(k) in proposition 1 have order k!, the 

estimate (2) in proposition i is not enough to prove the analyticity of 

r fLd r 

P r o o f  o f  T h e o r e m  A. 
In order to prove Theorem A we need some estimates. Let E + be a 

topologically transitive one-sided subshift of finite type. From now on 

f ix f l  = c~/2 > 0, r E C~(E + , ~ ) ,  p E E + and n _> 0. Consider the 

f l -HSlder  norm, II II, in C~(E+,R) ,  we have tha t  

If "gJ~ < [rio Igl  + [fl~ [gl0; 
Ilf" g[[-< [Ifll [[gl[ �9 
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222 GONZALO CONTRERAS 

Given O r CZ( E+, R) let P(r  be its topological pressure (cf. [7]). 

2. Lemma.  For all r E CZ(E+,R)  there exists A(r > 0, constant on 

a neighbourhood o fr  such that for all ~ E C~(E+,]R) and all n > O, 

k >_ 0 we have 

D(r k) _< 

_< n k k!A(r k exp(-P(O)n)  I1~11"" Ll kll �9 

Proof.  We know that  (cf. [6] 5.27) the map C~(E +, IR) --~ IR; r ~-+ P(r  

is analytic. Hence the coefficients of its Taylor series can grow at mos t  

exponentially. Therefore there exists B(r  > 0 such that,  for all k > 0, 

1 ~k)p 
k~ D (r _ B ( r  k. 

Moreover, B(r can be chosen constant on a neighbourhood of r Since 

the map r ~-+ e x p ( - P ( r  n) is also analytic, we have that  

D (k) ( e x p ( - P ( O ) n ) ) ( ~ l , . . . ,  qOk) = 

k 
p �9 m 

s = l  A I  + . . . - k A s = N  k 
#Ai>>_l 

where Nk := { 1 , 2 , . . . , k }  and + denotes the disjoint union of sets. 

Therefore 

[ D(k) (exp(-P(O)n))(7)l ,  . . .  , ~k)l -~ 
k 

-<Z e x p ( - P ( r  (# .&)!  . . .  
A14- . . .4 -As=N k 

"'" (#A~)!B(r  ~ I I ~ l l [  I1~11 
k 

-< E e x p ( - P ( r  n k k! B(r  k II~lll ' II~k[I 
s = l  

< n k k k! B(r  k exp( -P(O)n)  I1~11--I[~kll 

Now let A(r = 2 B(r [] 
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Let f~ be the branch of the inverse of cr~_ which sends f~: C0(a~_(p)) 

--+ Cn(p). For ~ ~ C~(E +, N), n _> 0, p ~ E +, write S ~ :  = S~qo o fn, 
n--I_ 

S~p:U0(cr~_p) --+ R, where Sup(Z):= ~=op(O~_(z) ) .  Let Ill [ be the 
/3-H61der norm in CS(Co07~_(p))), i.e. 

III<II = = s  , E < o : =  s~p 1r 

[r := ~up ({ lr  r l 
d(x,y)Z [ 

z, y ~ Co(~_(p)), c~(,, y) # 0}. 

Since d(fn(x), f,~(y)) < b~d(x, y), we have that  

IH~oAIII ~ I1~11 for all %z C C~(E+,IR) �9 (s) 

3. Lemma.  The map C~(E+,]R) --+ C/~(Co(cr~_(p)),IR): r ~ exp(Snr is 

analytic. 
Moreover, there exist B(r > 0 and E(r  > 0, constant on a neigh- 

bourhood of r such that for all r E C~(E +, R) and k > 0 we have 

(a) (D(~k)a,)(~, . . - ,~k)  -< k!u(r  k I [ ~ l l l l ~ k l l .  

(D(k) exp(SnqS))(g~l,... ,qok) < B ( r  n k 11~111"" 'tl)gkll exp(Snr (b) 

Proof.  The estimate (8) shows that  the map C~(E+,IR) --~ 

C ~ (Co (cr~ (p), R), ~b ~ ~ o fn is a bounded linear map. Since the map 

C/~(E+,R) +--': r ~-+ he is analytic, we get that  r ~ tzr = h e o f~ is 

analytic. This implies the existence of E(r  > 0. 

We have that  

n-1 

k=0 

n-1 
[lar o A-~/[f ~ % l*~/I �9 

k=0 

Therefore S~ is a bounded linear operator Sn : C~(E+,R)  ..-_+ 

C/~(Co(cr~_(p)), R) and hence analytic. We have that  

(D(, ~) e , ,p(S ,~r  �9  ~ )  = (c,:p S , ~ r  �9 �9 �9 ( & ~ ) ,  

HI(D~ k) exp(SnO))(~91,'" ,)gk)lll ~< Ill exp(Sn~)ll] rt k II~l[I. . .  11)gkll 
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If z, w E Co(a~_(p)) and x: = fn(Z), y: = fn(w), we have that  

n - - i  

k----O 
n - 1  n - 1  

k=0 k=0 

-< Ir Bo d(z, ~)a < Bo Ir , 

where B0: = (b -a  - 1) -1. Thus, taking z = cr~_(p) we obtain 

[exp Snr 0 -< (exp Sn4(P)) exp(B0 14t/3), 

exp ~n4(z) - e x p  S n 4 ( W )  ---- e x p  Sn4(Z) 1 - -  exp(Sn4(W) -- Sn4(Z)) 

_< (exp SnO(p)) exp(Bo 14]a) Ao Bo ]41 a d(z, w) a , 

where 

And then 

ILl exp snel IL <- (A0 + A~ B0 lela) exp(Sne(p)). 

Therefore 

[[[(D (k) exp(~nr �9 �9 �9 , ~k)[][ -</~(4) n k [1~1]1 "'" [[~k[[ exp(Snr 

where/3(r  = AO + A2BO Ir We can choose B(r  = /3( r  + 1 for all 

4 on a small neighbourhood of 40. [] 

Let Er Ca(E +, •) *-~ be the Perron-Frobenius operator: 

(Z~r = ~ ~(y) exp(4(y)). 

We use the following notation from Ruelle's theorem ([1] (1.7)): 

Z: r162162  , . / h c d u r  , A r  r 1 6 2  

A proof that  the maps Ca(E + ,]~) --+ R : 4 H P(4),  Ca( E+ ,~)  --* 

(Ca( N+, N))* : 4 ~-+ PC, 4 ~-+ ur and Ca(Z +, N) --+ Ca(N +, X) : 4 ~-+ he 
are real analytic can be found in [5]. 
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Define 

vg(z ) :  -- A~ ~ ~ ( h ~  �9 l cn(p) ) (~)  
r exp( -P(~)n  + S,~(x))  he(x) if o~_x = z, x e Cn(p) 
/ 0 if z r CO (a~_p) 

Thus the measure of a one-sided cylinder is given by 

p~(Cn(p)) = ur162 = kr ur163 ) = fc0(#~p ) Jg due. 

Given p e E +, n > 0, denote by f~ the branch of the inverse of G~_ 
sending fn :  CO(GP>(P)) --~ Cn(p). Given r E CZ(E+,]R), let 

tzr := he o fn e C5(Co(~P>(p)),F~), 

~/$ := exp(-P(~b)n + Sn~b) ~tr 

4. Lemma. The map CZ(E+,]R) ~ C/~(C0(G~_(p)),IR) : r ~ )~ is 

analytic and there exists D0(r > O, constant on a neighbourhood of ~0, 

such that for all ~o E CZ(E +, ~) we have 

I I l (D(~k)3~) (~ ] , .  .. , ~k) l l l -< 

_~ k! Do(C) k n ~ e x p ( - P ( r  + &r  II~, I I ' -  I1~11 

Proof. We have that 

( s ~ k )  3rg) (991 "" " 99k) -- E ( ( a ( ~ A )  exp(--S(~)';%))(~a)aeA) " 
A+B+C=N k 

By lemmas 2 and 3 we have that 

I (D~'}g)(g:)l '  " " " 92k) { ~ Z ( # A ) '  nW:AA(~) # A  exp(--_P@5)~) 
A+B+C=N k 

I-[ {{g~all B(r n #/:B exp(~gnr ~i Jl~bll 
aEA bcB 

�9 (#c)~  E ( r  [ I  I {~l l  
ccC 

, ~k) < k! n k (Do(C)) k exp( -P( r  + She(p)) 

�9 I ] ~ 1 1 1  " ' "  II~kli, 
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where D0(r = max{A(r B(r E(@, 2}.[] 

Proof  of  Theorem A(b). Let E 0 be the 0-cylinder E0:=  CO(a~_(p)). 

Consider the map R: C e ( E o , R )  --+ Ce(E+,]R) given by R(p)(z): = F(z) 

if z E E0, R(~)(z): = 0 if z r E0. We claim that  for ~ E Ce(Eo,  R), we 
have 

IIR(~)[[ < (* + b -v) IIl<ll 

Indeed, clearly I/~(~)1o = [~]o. Now, if x, y C EO, then 

t / ~ ( ~ ) ( z )  - R ( ~ ) ( y ) I  = q~(x)  - ~ ( y ) l  -< [~le d(x, ~)e. 

If x, y r E0, then I R ( ~ ) ( x ) - R ( ~ ) ( y ) l  = 0. I f x  C E0, y ~ Eo, then 

d(x, y) = b and 

[R(~)(x) - R(qo)(y)J = IR(~)(x)l < [~]0 = [~]o b-e d(x, y)e. 

Therefore IR(~)JZ < b -e  [~]0. 

We have that  #r = . r  = ur Since the map 
(Ce(s  * • C e ( E o , R )  -+ IR: (., J) P-~ . ( R ( J ) )  is bilinear, we have 

that 

(D(k) #~(1Cn(p)))(gh, . . . , qok) = 

A A - B = N  k 

Since q5 ~-+ ur E (Ce(E +, ~R))* is analytic, there exists C(r > 0, constant 

on a neighbourhood of r such that  

I[(D~r)ur ,~r)[[. < r! 6( r  ~ [[~lll.-. II~ll ,  

where li it. is the dual norm in (Ct~(~ +, JR))*. Therefore, by lemma 4, 

we have that  

D(k) lzr . . �9 , 99k) < 

] ( ) J g )  ( ~ b ) b e B  < ~ (#A)! C(r #A.  (1 + b - e ) ( # B ) !  ~ D (s 
A + B : N  k 

< k! n ~ D, ( r  + b -e)  e x p ( - S ( r  + S~r II~lll - I I~kl l ,  (9) 
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where D1(r = (1 + b ~) max{ C(qh), D0(r  Par t  (b) of Theorem A 

follows from (9) and recalling (cf. [1]) t ha t  there are constants  A, B > 0, 

uniform on a ne ighbourhood of r such tha t  

#r E [A,/3] e x p ( - P ( r  + S~r [] 

In order to  prove par t  (a) of Theorem A we need some definitions. 

We say tha t  two functions r ~ E CZ(E, ]~) are homologous if there 

exists h E CZ(E, R) such tha t  r = ~ + h o ~ - h. Homologous func- 

t ions have the same pressure and the same equilibrium state.  There  

is a na tura l  embedding  CZ(E +, R) ~-+ CZ(E, ]~) : r ~ r by considering 

r := r x l , . . .  ). The  proof  of the following lemma appears  in pg. 

il of [i]. 

5. Lemma .  There exists a continuous linear map A:Ca(E,]~)  -+ 

C/~(E+,]~), /3 = ~/2, such that A(r is homologous to r In partic- 
ular A*: CZ(E+,]~) * --+ Ca(E,]~) *, (A*#)(~) = #(A~) is a continuous 
linear map. 

P r o o f  o f  T h e r o r e m  A(a). We first claim tha t  there exists E(r  > 0, 

constant  on a ne ighbourhood of r such tha t  for all n > 0, k > 0, p E E, 

we have 

](D(ck)#r . . .  , ~k)l < 

]~! (2?~) k E(r  exp(--2~'t P( r  + Sn~(p)) II~Pl[[''" HqPk[I, (lo) 

where 

S~F(p) = ~ ~(crkp). 
k ~ - - n  

The proof of this claim consists on using (9) (for 1-sided subshifts) 

and observing tha t  #r = I~(o--nCn(p)), where o - - n ( C n ( p ) )  is 

+ is the equil ibrium state for r = considered as a cylinder in E + and #~ 

A(r E Ca/2(E+~]~) which is homologous to r on E. In part icular  

S 2 l u[, where r = r + u o a - a. = p r ( r  a n d  . r  - Sn (p) < 

This introduces a factor exp(2 lu[) in the constant  E(r  

The  corollary follows from (10) and recalling the  Gibbs Property,  
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stated in formula (3). [] 
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