GROUND STATES ARE GENERICALLY A PERIODIC ORBIT

GONZALO CONTRERAS

ABSTRACT. We prove that for an expanding transformation the maximizing measures
of a generic Lipschitz function are supported on a single periodic orbit.

1. INTRODUCTION

Let X be a compact metric space and T : X — X an expanding map. This means
that there are numbers d € ZT, 0 < A < 1 such that for every point z € X there is a
neighborhood U, of x in X and continuous branches S;, i = 1,...,¢, < d of the inverse of

T such that T~Y(U,) = U Si(U,), T o S; = Iy, Vi, and

d(Si(y),Si(z)) < Ad(y, 2) Yy, z € Us.

Given a continuous function F' : X — R, a mazimizing measure or a ground state is
a T-invariant Borel probability measure p which maximizes the integral of F' among all

T-invariant Borel probabilities:
/Fd,u:sup{/FdV ‘ VEM(T)},

M(T) = { T-invariant Borel probabilities in X }.

where

They are called ground states because they correspond to the usual variational principle

in ergodic theory

pp = argmax{hu(T) + /F dp ‘ pe M(T) }a

without the entropy term h,(T"). The measure pp is called the equilibrium state for F'.

They are also the candidates for zero temperature limits of equilibrium states. This is,

limits of the form ma pgr. Here 3 is interpreted as the inverse of the temperature. It
—+00

is known [8, Proposition 29] that if the limit of a sequence {ug, r}r with 8 — oo exists,

then it has to be a maximizing measure with maximal entropy among the maximizing
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measures. Brémont [4] proves that the limit ma ppr exists if I is locally constant.
—+00

Chazottes, Gambaudo and Ugalde [7] give a characterization of the limit and a new proof

of Brémont’s result. Lepaideur [13] proves the convergence for general Holder functions
F.

For generic Holder or Lipschitz functions F', the maximizing measure is unique. This
is proven in [8] and it is presented in a general version in [12]. The ideas came from an
analogous result for lagrangian systems by Mané [14]. After Jenkinson lecture notes [14]
the study of maximizing measures for a fixed dynamical system became known as Ergodic
Optimization. Surveys of the subject are presented by Jenkinson [12] and Baraviera,

Leplaideur, Lopes [1].

1.1. Theorem (Contreras, Lopes, Thieullen [8], see also[12]). Let T : X — X be a
continuous map of a compact metric space. Let E be a topological vector space which is
densely and continuously embedded in CY(X,R). Write

UE) = { Fek ‘ there is a unique F-maximizing measure }
Then U(E) is a countable intersection of open and dense sets.
If moreover E is a Baire space, then U(E) is dense in E.
The main conjecture in Ergodic Optimization during the last decade have been wether
the maximizing measure for generic Holder or Lipschitz functions F' is supported on a

periodic orbit. For lagrangian systems an analogous statement is known as Mané’s con-

jecture.

On the space Lip(X,R) of Lipschitz functions on X we use the norm

f@) ~ S )

(1) 1 f] := sup |f(2)] +§L;1; @)

We denote the second term in (1) as Lip(f).

Recall that using a Markov partition (cf. [17, §7.29]) the symbolic model for an expand-

ing map is given by a one-sided subshift of finite type. Here we prove

Theorem A. If X is a compact metric space and T : X < is an expanding map then
there is an open and dense set O C Lip(X,R) such that for all F € O there is a single

F-maximizing measure and it is supported on a periodic orbit.

Corollary B. For an open and dense set O of Lipschitz functions F' on X the zero

temperature limit ma pgr ewists and it is supported on a single periodic orbit.
—+00



GROUND STATES ARE GENERICALLY A PERIODIC ORBIT 3

On the negative side, for expanding transformations Bousch [3, Proposition 9, p. 306]
proves that for generic continuous functions the maximizing measure is not supported on
a periodic orbit. The case of hyperbolic sets is presented by Jenkinson in [12, Theorem
4.2].

There have been several approaches to the conjecture from which we will use some of
their techniques. Write

P(E) := { Fek ‘ the F-maximizing measure is supported on a periodic orbit }

Contreras, Lopes, Thieullen [8] prove that P(E) is open for £ = C%(X,R) the space
of a-Holder continuous functions and in the a-Holder topology it is open and dense in
E = C'*(X,R), the space of functions F : X — R such that

Vn>0 >0 dz,y) <e = |F(x) — F(y)| < nd(z,y)*.

The main technique is the introduction of a sub-action u : X — R to transform the
function F' to a cohomologous function G = F +u o T — u such that G < a = deuG,
where ;& is a maximizing measure for G and F. The sub-action is defined similarly, and
plays the same role, as a sub-solution of the Hamilton-Jacobi equation for Lagrangian
systems. In fact analogous constructions to the weak KAM theory can be translated to
this setting. In proposition 2.1 we construct a sub-action following the original method by
Fathi [9] to construct weak KAM solutions. This method was used in ergodic optimization
by Bousch in [2]. In fact many results from Lagrangians systems can be translated to the

ergodic optimization setting, see for example [10].

Bousch proves that P(E) is dense for Walters functions. Yuan and Hunt [19] prove that
if a fixed measure is maximizing for an open set of functions F' in the Lipschitz topology,
then it is supported on a periodic orbit. Their method of perturbation is the basis of the
present work. Quas and Siefken [16] work in a one-sided shift. They prove that P(E)
contains an open and dense set if E is the space of super-continuous functions. They
present an elegant version of the method of Yuan and Hunt. We need to modify it for

Lipschitz functions and pseudo-orbits with finitely many jumps in Proposition 2.4.

Another ingredient of the proof is the following theorem. As a weak version of the

conjecture, Morris [15] proves

1.2. Theorem (Morris [15]). Let X be a compact metric space and T : X <= an expanding
map. There is a residual set G C Lip(X,R) such that if F € G then there is a unique

F-maximizing measure and it has zero metric entropy.
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The original version of Theorem 1.2 is for Holder functions in a shift of finite type.
In appendix A we describe the modifications from the proof in [15] needed to obtain
Theorem 1.2.

2. PRELIMINARS

Let eg > 0 and 0 < A < 1 be such that for every x € X the branches of the inverse of

T are well defined, injective and are A-contractions on the ball of radius ey centered at x.

Given F € Lip(X,R), the Lax operator for F'is Lp : Lip(X,R) <>

Lr(w(@) = max {o+F()+u()

where

o = — max /Fd,u,.
REM(T)

Denote the set of maximizing measures by
M(F) = { e M(T) | /F dn = —a(F) }.
A calibrated sub-action for F is a fixed point of the Lax operator Lp. If Lp(u) = u,
writing
(2) F=F+a+u—uoT

it is easy to see that

i) —a(F) = Fdu=0.
() ~a(F) = max [ Fau

(i) F <0.
(iii) M(F) = M(F) = { T-invariant measures supported on [F = 0] }

2.1. Proposition. There exists a Lipschitz calibrated sub-action.

Proof: We claim that
Lip(Lp(u)) < A(Lip(u) + Lip(F)).
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Indeed, given x, y € X, let 5 € T~!(y) be such that Lp(u)(y) = a + F(7) + u(y). Let S
be the branch of the inverse of T" such that S(y) =7¥. Let T := S(z). Then

Lru(x) = Lru(y) < a+ F(@) +u(@) — o — F(y) — u(y)
< (F@) - F@)) + (u@) — u(®))
< (Lip(F) + Lip(u)) d(z,7)
< (Lip(F) + Lip(u)) A d(z, y).
The other inequality is similar.

Thus Lr leaves invariant the space

E = {u € Lip(X,R) ‘ Lip(u) < ALip(F)}.

1—A
The quotient space E/{constants} is compact and convex and on it L is continuous. By

Schauder Theorem [11, Theorem 18.10, p. 197] L has a fixed point in E.

In fact L is non-expanding in the supremum norm and a simpler fixed point applies
[11, Theorem 3.1, p. 28].

O

If u is a calibrated sub-action, every point z € X has a calibrating pre-orbit, (zi)r<o

such that T%(z_;) = 29 = z and
(3) u(zps1) = u(z) + o+ F(zg), Vi < —1.
Or equivalently, since T'(z) = 2k+1,

F(z) =0, Vk<-1.

2.2. Remark. If v is a maximizing measure then by (iii) its support is contained in
[F = 0]. If 2 € supp(v) then there is a pre-orbit of z which is included in supp(v). Since
supp(v) C [F = 0] the pre-orbit must calibrate u. In proposition 2.4 we will obtain a
periodic orbit O(y) such that the a-limit of every calibrating pre-orbit is O(y). This

implies that every maximizing measure has support on O(y).

The iteration of equality (3) gives

—1
Yk < -1, u(z0) =u(z_p) + ka+ Y F(z)
i=—k
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for any calibrating pre-orbit.
We say that a sequence (z,)neny C X is a d-pseudo-orbit if d(zp41,T(zy)) < 9, Vn € N.
We say that the orbit of y e-shadows a pseudo-orbit (2, )nen if VR € N, d(T"(y), x,) < €.

2.3. Proposition (Shadowing Lemma).
If (wx,
€= lf—)\. If (xy) is a periodic pseudo-orbit then y is a periodic orbit with the same period.

JkeN is a d-pseudo-orbit then there is y € X whose orbit e-shadows (1) with

Proof: Write B(z,r) :={z € X |d(z,z) <r} and a := %. Let Sy be the branch of the
inverse of T such that Si(T'(zx)) = xx. We have that
Sk(B(zky1,a)) € Sp(B(T(2x),a+6)) € Bz, Aa+0)) = B(ag, a).

Let y € X be given by
oo
Yy < ﬂ Spo--- oSk(B(karl,a))-
k=0

The point y exists and is unique because it is the intersection of a nested family of non-
empty compact sets with diameter smaller than 2a\*. We have that T%(y) € B(xy,a).
Thus y a-shadows (x). Now suppose zj is p-periodic. Then also T?(y) a-shadows (zy).
The uniqueness of y implies that T?(y) = y.

g

We show now a condition which permits to obtain a perturbation with maximizing
measure supported on a periodic orbit. The argument appeared first in Yuan and Hunt
[19]. The proof below is a modification that we shall need of the arguments by Quas and
Siefken [16] which we adapt to pseudo-orbits.

Let y € Per(T) = Uyen+ Fix(T?) be a periodic point for 7. Let P, be the set of Lipschitz

functions F' € Lip(X,R) such that there is a unique F-maximizing measure and
it is supported on the positive orbit of y. Let ]ij be the interior of P, in Lip(X,R).
2.4. Proposition. Let F,u € Lip(X,R) with Lp(u) = u and let F be defined by (2).

Let M € N*t. Suppose that for any 6 > 0 there is a p(d)-periodic d-pseudo orbit
(22)k in [F = 0] with at most M jumps such that if ~s = MiNg<; < j<p(s) d(:cf,x?) then
lims_,0 ¥ = oo.

¢}
Then F' is in the closure of Uy periodic Py -
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Proof: Observe that fixing u, for any H € Lip(X,R) the functions H and H + a(F) +

u — uw o T have the same maximizing measures. Therefore it is enough to prove that the

J— [¢]
function F'is in the closure of Uy periodic FPy-

Let € > 0. We will show a perturbation of F' with Lipschitz norm smaller than e such
that it has a unique maximizing measure supported on a periodic orbit. Moreover, we will
exhibit a neighborhood of the perturbed function in which the same periodic orbit is the
unique maximizing measure for all functions in the neighborhood. The neighborhood will

depend on the periodic orbit.
Let

K - o { M Lip(F) Lip(F) + 2} ,

(1—-X)27 1-2X
o 1 26
V3= Lip(T)( TIx )
Assume that 1 is so large that

(4) 3K§ —ey3 =: —2a < 0.

Let y be the p-periodic point which (lf/\)—shadows (z). Write y; := T*(y) and

O(y) = {Tl(y) ‘ i = 07 Y 1} = {y0> s 7yp—1}-
For a function G : X — R write

p—1

S G(T(y).

=0

1
(&) =2

Let n;, i = 1,...,¢, £ < M, be the jumps of (z); i.e. d(T(xk),ka) =0if k ¢
{n1,...,ns}. We have that

n; o n; o n; . Ni—ni;—1 5 o
_ : k9 .
> Flw)— Y Flaw)|< Y Lip(F)dysar) < Y A o= Lip(F)
k=n;_1 k=n;_1 k=n;_1 k=0
Lip(F)
EECEPILE
Thus
p—1 p—1 .
— — M Lip(F
F(yr) =Y Flay)| < (1_/\()2>
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By hypothesis V&, F(x;) = 0, thus Zgil F(z) = 0. Therefore

p—1 -
F) > - L1 55 s,
(1—A)?
k=0
— Ké
(5) (F)(y) = ——.
p
Observe that if 0 < i < j < p,
26

Claim: Assume that d(z,yi) < 6 < eg. Take wy € T~1{z} such that d(wy,yr_1) < \6. If
wy € Tz} \ {w1} then

Yo —0

Lip(r) >

d(ws, O(y)) = 73 :=

Proof: Let y; € O(y) be such that d(wz, O(y)) = d(we,y;). Observe that j # k — 1
because T is injective in the ball d( -, yx_1) < Ad. Then

Yo < d(Yk, Yj+1) < d(Yk, 2) + d(2,yj+1) < 6 + Lip(T) d(w2, y;).
This proves the claim.

Now we make two perturbations to F. The first perturbation is the addition of —eg(z),

where
g(x) = d(z, O(y)),
and e depends on § and . This is a perturbation with Lip(eg) = . The second is a

perturbation by any function with norm

Ko
(6) Ally < o

This perturbation depends on O(y), and in particular on its period p. We shall prove that
the function Gy := F —eg+ h has a unique maximizing measure supported on the periodic
orbit O(y). Since the set of such functions G contains an open ball centered at F — &g,

this proves the proposition.

Let
(7) G=F—eg+h+8=G1+5,
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where

B =— sup /(F—5g+h) du.
peM(T)

It is enough to prove the claim for G because G and G; have the same maximizing
measures.

Using (5), we have that
B<—(F—eg+h)(y)=—(F+h)y)

<)) + |l
(®) < fff T Ikl

Let v be a calibrated sub-action for G, L;(v) = v. Given any z € X let (z)r<o be a pre-

orbit of z which calibrates v. Let 0 > t; > t3 > --- be the times on which d(z, O(y)) > 0.

tn—1

bt 11 d-shadows

Then for each n € NT there is s,, € Z such that the orbit segment (z)
(y—i“rsn)}:tnftnlefl’ thus
d('z*i+tn+17y72’+sn+1) < )‘i_l o, VneN, Vi=1,...t,— tny1 — 1.

By the Claim, we have that
d(zt,,, O(y)) = 3.

Since both terms in F — eg are non-positive, from (7) and (8) we obtain

K¢
9) Gﬁh‘i‘ﬁﬁ?‘i‘?”hno-

On a shadowing segment we have

tn—1 Sp—1 +o0
‘ b
— < Li Yy <Ii — <
> Gla) > G| < Lip(G) ZA 0 <Lip(G) 1— < Ko.
tn+1+1 Sn—tn+tny1—1 1=0

Write

th —thy1 —1l=mp+7r
with 0 < r < p and separate the shadowing segment in m loops around the orbit O(y)
and a residue with at most p — 1 iterates. Using (9) for (p — 1) times, we have that

tn—1

> Gla) < mp (G)5) + (0~ D7 +2(p = 1) [l + Lin(G) .
tnp1+1
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By the definition of 5 we have that (G)(y) < 0. Therefore

ol K&
(10) > Gla) < (p—l)?+2(p—1) [2]lo + K.

tnt1+1

On the points z;, far from O(y), using (9) we have that
K¢
(11) G(Ztn)§0—673+||h+5”o§—873+7+2||h||o-

Thus, adding (10) and (11), and using (6) and (4)
tn—1
(12) > Gz) < 2p ||hllg+ 2K — ey3 < —a < 0.
ln1
Since v is finite and (zj) is a calibrating pre-orbit for v, we have that for every k <0,

-1

v(z) =v(zm)+ Y Gl(x)

i=k+1

Thus
-1

> Gla) = 2|l > —o0.

From (12) we obtain that the sequence ¢, is finite. Thus every calibrating pre-orbit has a-
limit O(y). By remark 2.2, this implies that every maximizing measure for G has support

on O(y).
U

3. PROOF OF THEOREM A

Proof of theorem A:

o
We prove that Uyeper(1) Py 1s open and dense. It is clearly open.

Suppose that there is a non-empty open set

(13) U C Lip(X,R)

[¢]
which is disjoint from Uyepe(r)Py. Let F' € U. Let p be an ergodic maximizing measure

for F'. By Theorem 1.2 we can assume that the entropy of u is
(14) hu(T) = 0.
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By (iii) for any calibrating subaction u, supp(u) C [F = 0]. Let ¢ € X be a generic point

for p, i.e. for any continuous function f: X — R,

N-1

[rau=tn@=tmy Y s

=0

By Proposition 2.4 with M = 2 there is @ > 0 and dp > 0 such that if (zx)r>0 C O(q)
is a p-periodic J-pseudo-orbit with at most 2 jumps made with elements of the positive
orbit of ¢ and 0 < 0 < dp then v = mini<jcjcp d(zs, xj) < Q0.

Let Ny be such that
(15) 2Q N < 6.

Fix a point w € supp(p) for which Brin-Katok Theorem holds [6], i.e.

(16) h(T) = —Ll_1>r£ T logu(V(w,L,e)),

where V(w, L, ) is the dynamic ball:

(17) V(w,L,e) :={zeX|dTF,T"w) <e, Vk=0,...,L}.

Given N > Ny let 0 < IV < t) < --- be all the Q¥ returns to w, i.e.

{6} = {n eNJd(T"q,w) <Q"}.

We need the following
ol N N N—Np—1
3.1. Proposition. For any ¢ > 0, by — b 2> V2 .

Using Proposition 3.1 we continue the proof of Theorem A.
Write
B(w,r):={z € X |d(z,w) <r}.
Given N > Ny, let fxy : X — R be a continuous function such that 0 < f < 1,
f‘B(w7Q—N—1) = 1 and supp f € B(w,Q). Using that ¢ is a generic point for y and
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Proposition 3.1, we have that

1 L-1 4
p(B.Q YY) < [y dp= tm 73 fu(T)
1=0

< lim %#{O§i<L‘d(Qi,w)§Q_N}

~ L—+oo

< lim %#{KWVSL}

T L—+oco

(18) < \/§7N+N0+1.

Recall that the dynamic ball about w is
V(w,Le):={zeX| d(T*z, T*w) <e, Vk=0,...,L}.
We have that
V(w,L,e)=S10---0 SL(B(TLU],E)),

where S, is the branch of the inverse of T' such that Sy(T*w) = T* !w. Therefore
V(w,L,e) C B(w, \e).

Let N be such that
QN2 < \e< QN1

Then

logA loge
~-N<L 2.
— log@ + log @ +

Using (18), we have that
L ~N—-1 —N+Np+1
u(V(0,1,0)) < p(Blw A2)) < u(Blw, @ ¥ 1)) < va ¥

1 1
Zlogu(V(w,L,e))Sz(log\@)(—N—l—No-i-l)
log A 1 loge
< 1 2+ — (1 2)[24+ ——+Nog+1]).
< 1050 og\f+L(ogf)< Tiogg T T >

By Brin-Katok Theorem [6] we have that

1 log \™!
hu(T) = — lim — logu(V(w,L,e)) > o8 log V2 > 0.

L—+oo L log @

This contradicts the choice of F' in (14). Therefore such non-empty open set U in (13)

o]
does not exist. This implies that the (open) set Uycper(r) Py is dense. O
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Now we prove

3.1. Proposition. For any ¢ > 0, tﬁl — tév > \/iN_NO_l.

Proof: For N € N, let
Ay = {(z,y) € X x X | d(z,y) <QV}.

From (15) if N > Ny and (xk)z;l) is a p-periodic 2Q " pseudo-orbit in O(q) with at most
2 jumps, then there is a Q~N*t1l-return (x5, 25) € AN—y with0<i<j<p—-1

N
N —1
k=t}Y

1 jump. Therefore there is a QN -return d(g;, q;) < Q Nt with t)¥ <i<j <t} —1.

Write ¢; := T%(g). The sequence (gx) is a periodic Q" pseudo-orbit in O(q) with

This gives rise to two QN1 periodic pseudo-orbits in O(q) with at most 2 jumps. Namely,

iy qi—1) and (i, ..., qN _1,qN,--.,qi—1). Each of them give rise to a QN2 return.
q q; q; th+1 1 qte q g

N-1 N-1 3

N-3ng_j N-3

N-1

FiGURE 1. Example of a cascade of returns implied by the inductive process.

It is simpler to show the inductive process in a picture. Draw a circle S with the

N
tey—1

elements of the pseudo-orbit (gx), " /n -
-

Inside the disk D, draw a line from g; to ¢;. It
may be that ¢; = 4ty but in that case g; # a4y, - The line ¢1 = g;q; separates the disk
in two components. Each component is a Q V! pseudo-orbit with at most two jumps
(one jump of size < Q~N*! and possibly another with size < Q=" < Q~N*1). Thus, each

component has at least one Q2 return. .. The interior of the lines in this construction
do not intersect.

We will also draw a tree with the returns, in order to see that their number grows
exponentially. An example appears in figure 2. The nodes of the tree are the returns
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implied by Proposition 2.4. The height! of the node corresponds to the size of the return.
The numbers near a node are the quantity of returns in upper levels of the tree which are
adjacent to the return of the node, either at its left or at its right. These numbers are also
equal to —1 +the quantity of jumps of the two new periodic pseudo-orbits determined by
the node.

N’]N—3
N-2 N- 3
N
N-3 N-3
N— 1 N
N-3
N—7
N-2
N3 N-2
N-3 0% %2 1 9y N-3pn_7 N-3

FIGURE 2. An example of a distribution of returns implied by Proposi-
tion 2.4 and the tree representing it. The shadow is explained after in-
equality (19).

We show how the tree is constructed in the example of figure 2. We begin with a
return in Ay. This gives a periodic Q" pseudo-orbit with no other jump. It implies the
existence of a return in Ay_1. In the tree we draw a vertical line from level N to level
N — 1. At this stage, the line in the circle corresponding to the Ay_1 return divides the
disk in two components. One side has 1 return in Ay that appears in a previous level
in the tree and the other side has 0 returns appearing above in the tree. We write the
numbers 0 and 1 at the sides of the node of the tree corresponding to the Ay_; return.

The Ay_1 return divides the circle in two components. The component at the left is a
periodic QN1 pseudo-orbit with only one QV~! jump, corresponding to the number 0
in the tree. The component at the right is a QV~! pseudo-orbit with a Q! jump and

also a QY jump, and corresponds to the number 1 in the tree in the node at level N — 1.
Proposition 2.4 implies the existence of other returns in Ay _s for both pseudo-orbits. In

the right hand side of figure 2 we draw the case in which the pseudo-orbit segment between
the An_s return contains a QY jump. Cutting the QV ! pseudo-orbit of the right hand

side of the circle at the An_» return we obtain two Q~ 2 periodic pseudo-orbits. The one

1A node in level N — 2 corresponds to a return (g, q;) € An—_2 with d(gi,¢;) < Q N12. The distance
could actually be smaller. The height in the tree is just the distance implied by the previous steps in the
construction of the tree. It if was smaller it would imply a larger subtree from that point, this helps the

argument.
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at the right has a Q" jump which appears previously in the tree and the one at the left

has a QN ~! jump appearing previously in the tree. We write the numbers 1 and 1 in the
corresponding node of the tree.

B o
@1 .~

B

FiGure 3. If the return implied by Proposition 2.4 contains one of the
endpoints of the mother periodic pseudo-orbit we observe that it divides the
mother pseudo-orbit in two child pseudo-orbits. We draw lines connecting
the ends of these pseudo-orbits and shadow the internal part of the disk D
which does not contain an interval in the circle S.

We want to assure that each node of the tree corresponds to a return which has at least

one new point of the pseudo-orbit (qtév, coe g 1_1) which did not appear in the returns

corresponding to the other nodes of the tree. So that we have
(19) )1 —t) > #{nodes}.

Given a QB periodic pseudo-orbit (qq,...,q,_1) with at most M = 2 jumps we get a
return (4, j) with d(gi,q;) < Q B!, a <i < j <b. It may happen that i =a or j =b—1
but not both, because it would be the same return we started with. Say ¢ = a. The next
return in the construction of the tree could be (j,b) and in that case the new node in the
tree does not correspond to a new element in the pseudo-orbit, the points q,, g;, g were
already counted. To avoid this situation we observe that (gj,...,qy—1) is indeed a 2Q~ 8
periodic pseudo-orbit because d(g;,q») < d(q;,qa) + d(qa, @) = d(qj, ¢i) + d(qa, qp). In the
disk we draw two new lines q,q; and g;q, and shadow the region bounded by these two
lines and q,q,. We treat the region as a new line. This is, the two new components in
the (disk D) \ {shadow} are treated as the two sides of a new line in D corresponding to a
node in the tree. The numbers in the node are -1 + the quantity of jumps of each of the
pseudo-orbits determined by the components.

We describe in figures 4 — 7 all the possibilities for a vertical step of size one of the
tree’s construction. The “bitten” parts are returns which appeared previously in the
tree’s construction. In the case of a node at level B with numbers (0,2), for M = 2

Proposition 2.4 does not give a new return for the side which already has 2 returns. In
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this case Proposition 2.4 only implies that there is one return in Ag_; in the side which
had 0 previous returns. Then for a node at level B with numbers (0,2) we draw only one

vertical line to level B — 1.

FIGURE 4. These are all the cases for a node in the tree with numbers
(0,0). Since the beginning numbers are (0, 1), the numbers (0,0) appear

only with a shadow i.e. returns to the beginning (and end) of the pseudo-
orbit.

The tree is constructed by joining the pieces shown in these figures. Except for the
nodes with numbers (0,2) all the other nodes have two child nodes. All the nodes have
at least one child. The nodes with numbers (0, 2) in figure 7 have one child with numbers
different from (0, 2). This implies that they have at least two grandchildren nodes. This is
graphically shown in figure 8. Therefore the quantity of nodes at least duplicates in every
sequence of two vertical steps. The tree continues growing while the height number is
larger than Np. Thus it has at least N — Ny vertical steps and then at least (N — Ny—1)/2

sequences of two vertical steps (and hence duplication of nodes). We obtain

N—-Ng—1
tyy — o > #{nodes} > 2 o

REFERENCES

[1] A. T. Baraviera, R Leplaideur, and A. O. Lopes, Ergodic optimization, zero temperature limits and

the maz-plus algebra, IMPA, Rio de Janeiro, 2013, 29° Coloquio Brasileiro de Matematica.



GROUND STATES ARE GENERICALLY A PERIODIC ORBIT 17

o1
Om1
01/\20
o1

FIGURE 5. All the cases for a node in the tree with numbers (0, 1).

[2] Thierry Bousch, Le poisson n’a pas d’arétes, Ann. Inst. H. Poincaré Probab. Statist. 36 (2000), no. 4,
489-508.
, La condition de Walters, Ann. Sci. Ecole Norm. Sup. (4) 34 (2001), no. 2, 287-311.

[4] Julien Brémont, Gibbs measures at temperature zero, Nonlinearity 16 (2003), no. 2, 419-426.

[5] Xavier Bressaud and Anthony Quas, Rate of approzimation of minimizing measures, Nonlinearity 20
(2007), no. 4, 845-853.

[6] Michael Brin and Anatole Katok, On local entropy., Geometric dynamics, Proc. int. Symp., Rio de
Janeiro/Brasil 1981, Lect. Notes Math. 1007, 1983, pp. 30-38.

[7] J.-R. Chazottes, J.-M. Gambaudo, and E. Ugalde, Zero-temperature limit of one-dimensional Gibbs
states via renormalization: the case of locally constant potentials, Ergodic Theory Dynam. Systems
31 (2011), no. 4, 1109-1161.

[8] G. Contreras, A. O. Lopes, and Ph. Thieullen, Lyapunov minimizing measures for expanding maps of

the circle, Ergodic Theory Dynam. Systems 21 (2001), no. 5, 1379-14009.



18 G. CONTRERAS

FIGURE 6. The case of a node with numbers (1,1) is symmetric with re-
spect to a reflection with axis BB = the line joining the returning points.
Here we show the three possibilities at the right hand side of the axis BB.
There are 9 possibilities for a node with numbers (1,1) given by all the
combinations of the three cases shown in the figure at the right hand side
and the three symmetric cases at the left hand side. All the possibilities
have two child nodes.

B

FIGURE 7. In a node with numbers (0,2) one side is a pseudo-orbit with
M + 1 = 3 nodes. Since we have chosen M = 2, Proposition 2.4 does not
apply and we leave that side without a child node. The other side has a
child node with numbers (0,0) or (0,1). Both cases have been analyzed
before: the child node has in turn two children nodes.

[9] Albert Fathi, Théoréme KAM faible et théorie de Mather sur les systémes lagrangiens, C. R. Acad.
Sci. Paris Sér. I Math. 324 (1997), no. 9, 1043-1046.

[10] E. Garibaldi, A. O. Lopes, and Ph. Thieullen, On calibrated and separating sub-actions, Bull. Braz.
Math. Soc. (N.S.) 40 (2009), no. 4, 577-602.



(1]

(12]
(13]

(14]

(15]

[16]

(17]

18]
(19]

GROUND STATES ARE GENERICALLY A PERIODIC ORBIT 19
FIGURE 8. As seen in the previous figures, every node has at least one child
node. Nodes with numbers (0,0), (0,1) and (1,1) have two children and
thus in two generation they have at least two grandchildren nodes. As seen

in figure 7, a node with numbers (0,2) has two grandchildren. Therefore
every node has at least two grandchildren nodes in two generations.

Kazimierz Goebel and W. A. Kirk, Topics in metric fized point theory, Cambridge University Press,
Berlin, 1990.

Oliver Jenkinson, Ergodic optimization, Discrete Contin. Dyn. Syst. 15 (2006), no. 1, 197-224.
Renaud Leplaideur, A dynamical proof for the convergence of Gibbs measures at temperature zero,
Nonlinearity 18 (2005), no. 6, 2847-2880.

Ricardo Mané, Generic properties and problems of minimizing measures of Lagrangian systems, Non-
linearity 9 (1996), no. 2, 273-310.

Tan D Morris, Mazimizing measures of generic hélder functions have zero entropy, Nonlinearity 21
(2008), 993-1000.

Anthony Quas and Jason Siefken, Ergodic optimization of super-continuous functions on shift spaces,
Ergodic Theory and Dynamical Systems 32 (2012), no. 6, 2071-2082.

David Ruelle, Thermodynamic formalism. The mathematical structures of equilibrium statistical me-
chanics. 2nd edition., Cambridge Mathematical Library. Cambridge: Cambridge University Press,

2004.
Peter Walters, An introduction to ergodic theory, Graduate Texts in Math. 79, Springer, 1982.

G.C. Yuan and B.R. Hunt, Optimal orbits of hyperbolic systems, Nonlinearity 12 (1999), no. 4, 1207—
1224.



20 G. CONTRERAS

APPENDIX A. ZERO ENTROPY.

In this appendix we describe the modifications to the proof of Theorem 2 in [15] to
obtain Theorem 1.2.

We need two lemmas.

A.l. Lemma. Let ai,...,a, be non-negative real numbers, and let A = > 7" a; > 0.
Then

n
Z—ai loga; <1+ A logn,
i=1

where we use the convention 0 log0 = 0.

Proof: Applying Jensen’s inequality to the concave function z — —zlogx yields

1 & 1 & 1 & A A
— —a; 1 i < — | — il — il =——logA+ —1
n; a; loga; < (n;a> og (n;a> - og +n ogn

from which the result follows. O

A.2. Lemma. Let f € Lip(X,R) and suppose that Mmax(f) = {u} for some p € M(T).
Then there is C > 0 such that for every v € M(T),

—a(f) —C’/d(w,K) dv < /f dv,
where K = supp p.

Proof: By Proposition 2.1 there exists g € Lip(X,R) such that f + g —goT < —a(f).
Define f = f+g—goT. Since f is continuous, [fdu = [fdu = —a(f) and
f < —a(f), it follows that f(z) = —a(f) for every z € K = suppp. Let C' = Lip(f).
Given z € X, let z € K be such that d(z, z) = d(x, K); we then have

f(2) 2 f(z) = Cd(z,2) = —a(f) - Cd(z, K)

from which the result follows. O

Proof of Theorem 1.2:
For p > 1 let MP(T) be the set of invariant probabilities supported on periodic of period
smaller or equal to p. In this appendix we will identify a periodic orbit {z, Tz,..., TP~ 12}

. . . -1
with the corresponding invariant measure p = % Zf:o Oi -
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Let
(20) >0, 0<A<1
be such that for every x € X the branches of the inverses of T at x are well defined,
injective, and are A-contractions on the ball B(x,¢ep) of radius gy centered at x.

Let

& ={f € Lip(X,R) | () <27 hiop(T) Vi € Mumax(f) }-

It is enough to prove that &, is open and dense for every v > 0.

Step 1 and Step 2 of the proof are the same as in [15]. The Claim of step 3 is

Step 3.

Claim: Given any 0 < 6 < 1, there is a sequence of integers (my), and a sequence of
periodic orbits pi, € M™(T') such that

1
ogn _ 4

n—00 My,

/d(w, K) du, = o(0™) and lim
which has the same proof as in [15].

Step 4. For each n > 1 define L,, := supp u,,. Using (20), fix
(21) 0 < 0 < min{eg, A}.
Claim: There is N, > 0 such that when n > N,
v({zx e X |d(x,Ly) >0 }) >~
for every invariant measure v € M(T') such that h(v) > 27 hiop(T).

Proof of the Claim.

Recall that a Markov partition for 7" is a finite collection of sets S; which cover X such
that

(a) Sz = int Sz
(b) If i # j then int S; Nint S; = 0.
(c) f(S;) is a union of sets 5;.

Ruelle [17, §7.29] proves that for expanding maps there are Markov partitions of arbitrarily
small diameter. Let P be a Markov partition with diamP < €3. The elements of the
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partition

P .— n\_/l TP = {nﬁl A | A e TP }
1=0 1=0

have diameter smaller than A" !¢y and contain an open set. Then the partition P is

generating because the o-algebra
P> =o(Upy ]P(")) = Borel(X).

contains all the open sets. Therefore [18, Theorem 4.18] for every invariant measure
ve M(T),

.1
h(v) = 1Iéf% Z —v(A) logv(A).
AeP(k)

From the definition of topological entropy using covers [18, §7.1] we have that

1
lim - log # P*) < hiop(T).

Choose N, large enough that for all n > N,

2+1 P 1
tlog#P  logn vy upima) o 27 htop(T).

mpy mn mn

(22)

Let v € M(T') and suppose that
(23) v({r e X |d(z,Ly,) >0"}) <~
for some n > N,. We will show that necessarily h(v) < 27 hiop(v).
Let
W, :={AeP™) |d(x,L,) < 6™ forsomezec A}
From (23),

AeP(mn)\ W,

Using lemma A.1 we have that

M) < — 3 v logr(A)+— Y —(A4) logu(A)
Mn Jow, Mn ACEm\ W
(24) < L (14 (1= 5) log #Wy) + — (147 log #£P0)).

T ompy mpy
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Unsig (21), observe that since f\:Z < gg for any y € L,, there is a branch g of the inverse
of T™n such that the ball
B(yv emn) - g(B(Tmny7 50)) :

Since P is a Markov partition with diam P < &g,
P ={g(A)| A€P, g¢gisbranch of T7™" }.

Therefore the ball B(y,0™) intersects at most #P elements of P because by applying
Tmn

#{BeP™ | BNB(y,0™) £ 0} < #{A P | ANB(IT™y,c0) # 0} < #P.
Since L, has at most n elements, #W,, < n#P. Thus from (22) and (24) we have that

B(v) < ——(1+ (1= 30) logn #P) + — (1 + 1 log #P(").

4
My, My,

2+ 1 P 1
< + log # . ogn
mp mnp

+ L log #PM™) < 2y hyoo (T).
mMn
This proves the claim.

Step 5 is the same as in [15]. This ends the proof.
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