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Abstract. Let N be a 2n-dimensional manifold equipped with a symplectic structure
o and A(N) be the Lagrangian Grassmann bundle over N. Consider a flow ¢’ on
N that preserves the symplectic structure and a ¢’-invariant connected submanifold .
Given a continuous section ¥ — A(N), we can associate to any finite ¢’-invariant
measure with support in X, a quantity, The asymptotic Maslov index, which describes
the way Lagrangian planes are asymptotically wrapped in average around the Lagrangian
Grassmann bundle. We pay particular attention to the case when the flow is derived from an
optical Hamiltonian and when the invariant measure is the Liouville measure on compact
energy levels. The situation when the energy levels are not compact is discussed.

1. Introduction

1.1. The Maslov Cocycle. In his book Théorie des perturbations et méthodes
asymptotiques [15], Maslov introduced an index of curves relevant in quantum mechanics.
Arnold [2], in an appendix to Maslov’s book, set down the main geometric features of this
index introducing a characteristic class. This introductive section is very much guided by
Arnold’s appendix.

Consider the standard 2n-dimensional vector space R?" and its canonical decomposition
R?" = R" @ R” and denote a point in R>” by x = (p, q), where p = (p1, ..., p,) and
g =(q1,...,qn). The space R?" can be endowed with three structures:

o a Euclidean structure, i.e. a positive definite quadratic form on R

(x.x) =Y (p? +qP):
i=1
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o a complex structure, i.e. an endomorphism J on R?" satisfying J2> = —Id:

J(p,q) = (—q, p);

. a symplectic structure, i.e. an antisymmetric non-degenerate bilinear form:
n
w(x,y) = (). y) =Y dpi Adg;.
i=1

The group of automorphisms of R?" that preserve these structures? is called the unitary
group and is denoted by U (n). This group is isomorphic to the group of linear isometries
of C" =R" @iR" ~ (R" x {0})) ® J(R" x {0}) = R>".

A subspace W in R” is said to be isotropic if the symplectic form w vanishes on W.
A Lagrangian plane is an isotropic subspace of maximal dimension n. The subspaces
p =0,9 =0and p = g are examples of Lagrangian planes.

The elements of the unitary group map Lagrangian planes onto Lagrangian planes.
Actually, the unitary group acts transitively on the set of Lagrangian planes and its
stationary group is isomorphic to the orthogonal group O(n). This provides the set of
Lagrangian planes A (n) with the structure of a compact manifold, A(n) = U(n)/ O (n),
called the Lagrangian Grassmann manifold.

This last identification can be seen as follows. Given an orthonormal basis {ey, ..., e,}
of the Lagrangian plane Ey := {g = 0}, consider another Lagrangian plane A and
an orthonormal basis {¢1,...,£,} for .. The automorphism of R?" that maps, for
i = 1,...,n, each vector ¢; to ¢; and each vector Je; to J¥¢; is clearly a unitary
automorphism. Any unitary automorphism that leaves the Lagrangian plane XA invariant,
transforms the orthogonal basis {ey, ..., e,} into another orthogonal basis {e], ..., e, } of
Eo and the corresponding orthogonal basis {Je1, ..., Je,} of JEq into the orthogonal
basis {Je}, ..., Je,} of JEEg. Consequently a unitary isomorphism U that fixes Eq also
fixes JIEg. Furthermore, the matrix of U restricted to [Eg written in the basis {eq, ..., e}
coincides with the matrix of U restricted to JIEg written in the basis {Jeq, ..., Je,} and
is an element of the orthogonal group O(n). Thus, given two Lagrangian planes Eg
and A, there exists a unitary automorphism u(A) mapping the plane ¢ onto the plane .
This automorphism is unique up to orthogonal self transformations of the plane Eq, hence
its complex determinant is a complex number with modulus one which is unique up to
multiplication by —1. This defines a map

det® : An) — S,

which associates, the square of the determinant of the automorphism u(A) to each
Lagrangian plane.

The Maslov cocycle M (see [2]) is the element of the first cohomology group
H'(A(n), Z) which associates to any oriented closed curve y in A(n) the degree of the
map:

1 Y det? 1
S — A(n) — S".

+ In fact, an automorphism that preserves two of these structures, necessarily preserves the third one.
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The Maslov cycle of the Lagrangian plane Eg (also called the train of the Lagrangian
plane) is the subset ABo(n) of A(n), which consists of all the Lagrangian planes whose
intersection with Eg is non-trivial. Arnold [2] proved that the Maslov cycle of a
Lagrangian plane defines a codimension 1, co-oriented cycle in the Lagrangian Grassmann
manifold A(n)f. Writing A(n) = U(n)/O(n), the transversal orientation of AFo(n)
coincides with the orientation of 6 +— ¢!?,.

Using the homotopy exact sequence of the fibration

O(m) — U(n) — An),

we get that 71 (A (n)) = Z. Moreover, the following commutative diagram of fiber bundles

SO(n) 0(n) 2> g0
SU (n) Un) <> g

I
SA(n) Alm) & g

where SA(n) = {A € A(n) | det?r = 1}, implies that the generator of 71 (A(n)) is sent
by det? to the generator of 71 (S!). This implies that the Maslov cocycle is a generator of
HYAn), Z) (cf. [2]).

The Maslov index 9M(h) € Z of a homology class h € Hy(A(n), Z) is the value that the
cocycle M takes on the cycle i. The Maslov cycle A (n) is the Poincaré dual of 9, so
that M(h) is also equal to the oriented intersection number of # and ABo(n).

Remark 1.1. The Maslov cocycle 9t in H'(A(n),Z) is induced by a 1-form 7 in
H'(A(n), R), which is defined for every A in A(n) by ny = dyu, where u : A(n) — R
is locally determined by detz(A) = exp(2iru(A)). Thus, for any piecewise differentiable
oriented closed curve y : [0, 1] — A(n), which is in the homology class &, we have

1
M) = /O My () di.

In the particular case when the dimension n is 1, Lagrangian planes are lines in R? and
the Lagrangian Grassmann manifold A (1) is the projective line RPP(1) = S'. The unitary
group U(1) is the group S! of complex numbers with modulus 1. The orthogonal group
O (1) is the group with two elements +/d and the identification A(1) = U(1)/0(1)
reflects the fact that each line in R? is the image of a given line by a multiplication by
a complex number with modulus 1, exp2im6, where 6 is defined up to translation by
% in R/Z. The Maslov cocycle is simply the morphism that associates to any curve in

A (1) its degree and the Maslov cycle of a Lagrangian plane (i.e. a line) is reduced to the

1 In fact, for k > 1, the set Ak (n) = {A € A | dimANEy = k} is an open submanifold of A (n) with codimension
%k(k + 1), (see Arnold [2]). In particular, AEo n) =Al®n)= Ukzl Ak(n) isacycle in A(n) of codimension 1

(actually it is an algebraic variety with singular set A2(n) = Ukzz A¥(n) of codimension greater than or equal
to 3 and thus its boundary chain is null).
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line itself. Thus, it is straightforward to notice that any two lines (i.e. Lagrangian planes)
are joined by an arc in A(1) whose intersection number with (the Maslov cycle of) any
given line is bounded in norm by 1.

When the dimension n is greater than one, even if more complex, the situation keeps
part of this rigidity. More precisely, consider two Lagrangian planes Ag and A; with trivial
intersection, a basis {eq, ..., e,} for Ao and a basis {¢/, ..., e} for A1 such that

n
*
W= E ei* Ne;

i=1

where {¢;*, elf*
with A1 is reduced to zero can be seen as a graph of a map from Ag to A;. Actually,

when written in coordinates with the basis {eq, ..., e,} for A9 and {e/l, ... ey} forAg, a

straightforward calculation shows that this graph is given by a n x n-symmetric matrix A

} is the dual basis of {e;, ¢;}. Any Lagrangian plane A whose intersection

y = Ax.

Furthermore, if the intersection of A with A is reduced to zero, the matrix A is invertible.
The path Iy, 5,1 defined for every ¢ € [0, 1] by

Cipon@ ={(x,y) e ro® A1 ®R" xR" | y = rAx}

is a path from [0, 1] to A(n) joining Iy, 5,4 (0) = Ap to T 5,2 (1) = A.

The following lemma has its roots in the history of symplectic geometry (see [3]).
However, for the sake of completeness, and since it will be useful in the following, we
include a simple proof of it.

LEMMA 1.2. Let A be a Lagrangian plane whose intersection with Ao and A1 is reduced to
zero and B be a Lagrangian plane whose intersection with A1 is reduced to zero, then the
intersection number of the path Ty, 3, » with the Maslov cycle of the Lagrangian plane Eg
is bounded in norm by n.

Proof. Written in coordinates in the basis {ey, ..., e,} for Ao and {e|, ..., e} for A1, the
equation of [Eg reads
y = Bx,

where B is a n X n-symmetric matrix. Assume that for some ¢ = #; the two planes Eg
and I'; »,,1(f1) have a non-trivial intersection. This means that the kernel of 1A — B that
we denote by W;,, is a subspace of R" not reduced to zero. Let 1, ..., # be a strictly
increasing sequence of values of # such that W;, is not reduced to zero fori =1, ..., k.
Since A is invertible, all these subspaces are linearly independent and thus

k
> dim W, <n.

i=1

It follows that for ¢ > 0 small, the path I'y 5, alre[—e.ri+¢] 15 homotopic, with fixed
endpoints, to a path # which intersects Eg at most dim W;,-times and such that, for each
t €[0,1],dimA(t) NEy < 1. O
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Remark 1.3. Consider a linear transformation 7' of R?" that preserves the symplectic
structure. It is clear that the path I'ry, 71, 72 constructed with the bases {Tey, ..., Te,}
for T Ap and {Teq, ..., Te} for Ty is the image under T of the path I"g,1,,5 and is again
given for every ¢ € [0, 1] by the equation

C7ag, 7,72 =T o Ty, (1) = {(x,y) e TA® TA #R" xR" | y =tAx}.

1.2. Symplectic manifolds and the Lagrangian Grassmann bundle. Let N be a
2n-dimensional manifold equipped with a symplectic structure, i.e. a non-degenerate
closed 2-form w.

Given x in A/, a subspace W in the tangent space TN is isotropic if the 2-form
vanishes on W. Isotropic subspaces with maximal dimension are called Lagrangian planes
and have dimension n. The Lagrangian Grassmann bundle A(N') is the bundle over A/
whose fibers consist of all the Lagrangian planes. We denote by

I:AWN) = N,

the standard projection.

Given x in N, an almost complex structure in the tangent space T, N is an
endomorphism J; of Ty N, such that sz = —Id. We say that an almost complex
structure J, and a symplectic structure w, are compatible if u — w,(Jyu, u) is a positive
quadratic form on Ty . This quadratic form induces an Euclidean structure associated to
the compatible pair of symplectic and almost complex structures.

Let J(N) be the bundle over N' whose fiber over any point x in A consists of
all compatible almost complex structures in 7x . Since the fibers of this bundle are
contractible, there exists a continuous section

J:N = JTWN),

which is unique up to homotopy. The almost complex structure J can be chosen to be
smooth.

Consider a connected submanifold ¥ of A/ (neither necessarily compact nor with finite
first homology group) and the corresponding bundle A(X) = I1~!(X). Assume that there
exists a continuous section

E:¥ — A(X).

This section induces, over each point x in X, a continuous splitting of the tangent space
TN = Ex) & JyE(x).

Since the unitary group acts transitively on the set of Lagrangian planes of T, and its
stationary group is isomorphic to the orthogonal group O (n) (see §1.1), this section yields
a trivialization of the bundle A (X):

Ip : A(X) > ExAn) =2 xUm)/0(n).
The Maslov cocycle of the section E, My, is the element in H'(A(X), Z) which
associates to any oriented closed curve y in A(X) the degree of the map
2
S' LAY~ S x A = A(m) 2 s,

where 7 : ¥ x A(n) — A(n) stands for the projection onto the second factor.
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The Maslov cycle of the section E is the sub-bundle AE(T) of A(T), whose fiber Fy
over any point x in X consists of all the Lagrangian planes in 7,/ whose intersection with
E(x) is non-trivial and is given by A;];: = (1 o Ig) 1 (A17=% (n)). This sub-bundle defines
a codimension 1, co-oriented cycle in the bundle A(X), the co-orientation of this cycle
being induced by the co-orientation of A= (n).

The Maslov index of a homology class 7 € H{(A(X), Z) is the value that the cocycle
My takes on the cycle ~. The Maslov cycle AE(Z) is the Poincaré dual of M, so that
IMp (h) is also equal to the oriented intersection number of 4 and AE(®D).

If Eis a C! section and y is a piecewise differentiable closed oriented curve in A (X)
with homology class &, Remark 1.1 gives an integral version of the Maslov index of /4:

! d ! d
ME(h) = olno —7tolgy(t) ) dt = —y ()| dt,
E(h) /o Nrolgoy (t) <dtf oIgy( )) /0 NEy (1) (dty( ))

where 1 is the pullback by t o Iy of the form . When E is only a continuous section, we
can approximate [E by a C* section [ such that M (h) = SJTE(h).

From its definition, the Maslov cocycle depends on the choice of the section E; however,
this dependence can be made completely explicit. Consider another section

F:X— AX)
and the trivialization obtained from this section
Ip: AX) > ZxAn) =X xUm)/0Mn).

Let us estimate the difference cocycle g — 9 evaluated on a homology class % in
Hi(A(X), Z). For this purpose consider a closed curve y : S' — A(X) whose homology
class is 4. The curve y induces, through both trivializations, two closed curves yg, yF :
S!' - Um) /O (n). On the other hand, the curve y induces a third curve yp g : St —»
U(n)/O(n) which is given by the section [F above the projected curve [To y : S! — %,
seen through the trivialization /. Foreach 6 € S!, these three curves are related as follows

det?(yg(8)) = det? (yp(9)) - det (yr & (0)).

Consequently,
Mg (h) — My(h) = Mg ([Fy o T (h)),

where I, and I1, are, respectively, the maps induced by I and IT on the first homology
groups.
In terms of 1-forms we have

nE — nr = 1" o F* (). (1

It is worth noting that the difference of the two 1-forms g — nr contains in its kernel the
tangent space to the fibers of A(X).

This work is organized as follows. In §2, we consider a flow ¢’ defined in a
neighborhood of a submanifold ¥ of A/, which leaves ¥ invariant and preserves the
symplectic 2-form. When there exists a continuous section ¥ — A(N'), we associate to
any finite ¢’ -invariant measure with support in X, a quantity: the asymptotic Maslov index.
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The dependence of this asymptotic Maslov index on the section and the invariant measure
is discussed. In particular, we prove that there is no dependence on the section if the
Schwartzman asymptotic cycle of the measure vanishes.

In §3 we focus on Hamiltonian flows. We show that the asymptotic cycle of the
Liouville measure for a compact energy level is zero if the form "~ ! is exact, which
is always true for Hamiltonian flows on the cotangent bundle of a manifold equipped with
its canonical symplectic structure.

In §4 we prove that for Hamiltonians that are optical with respect to a given section
(see the definition below or [5]), the asymptotic Maslov index of the Liouville measure
with respect to this section is always non-negative and it is strictly positive if and only if
there are conjugate points. As an application, we prove that an optical Hamiltonian on a
compact energy level which possesses a ¢ -invariant Lagrangian section (this is the case, in
particular, when the flow on the energy level is Anosov) does not have conjugate points—
a result already proved by Klingenberg [12] for geodesic flows on compact manifolds,
by Maiié [13] for geodesic flows with dense non-wandering sets and by Paternain and
Paternain [16] for convex Hamiltonians.

The cotangent bundle of a manifold is equipped with a canonical symplectic form and
a canonical section (the vertical section). Convex Hamiltonian flows—which are optical
with respect to the vertical section—are studied in Appendix A.

Finally, in Appendix B, we give an example of a convex Hamiltonian with an invariant
Lagrangian section and conjugate points on a non-compact regular energy level with finite
volume.

2. The asymptotic Maslov index
Consider a flow ¢’ defined on a neighborhood of the submanifold ¥ of N, which leaves
¥ invariant and preserves the symplectic 2-form:

"o=0w (2)

and denote by X the vector field induced by the flow ¢’.

We denote by np (I') the algebraic intersection numbert of an oriented curve I' in A (X)
with AE(2). Toa Lagrangian plane A, in the fiber [T~!(x) of A(Z), we associate the path
Iy, 7 : [0, T] = A(X) defined for any ¢ € [0, T'] by

Do r(t) =do’  (Ay).

The following lemma (or some very similar version) is, like Lemma 1.2, a well-known fact
in symplectic geometry and again for the sake of completeness we give here a very simple
proof.

LEMMA 2.1. Let x be a point in N and let .y and ), be two Lagrangian planes in the
fiber 171 (x) of A(X). Then, forany T > 0,

[ng(Tx,,7) —ng(Cy 1)l < 3n.
+ This intersection number is well defined if its endpoints do not intersect AE(D). Ifits endpoints intersect

A]E(E) there is an ambiguity by adding or subtracting at most n. Since we shall be interested only in the growth
rate of n, the ambiguity will not matter.
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Proof. Let Ao x and A1 , be two Lagrangian planes in ! (x) such that:

Aox NALx =0;

Aox N Ay = Agx NAL = 0;

MaxNAy =, NAL =0;

Jix NE(x) = 0;

d(ﬁxT()q)x) N E¢T(x) =0.

Consider the two paths Lo rien, and F)‘O,x,)‘l,xv)‘; 110,11 - T~ 1 () joining Ag x to Ay
and Ag x to A, respectively. Let us denote by I'x(Ax, A,), the path connecting A, to A,
obtained by concatenating F;Oi, Aohx and Iy a0

The path 'y (A, 1)) possesses the following two properties.
(i) From Lemma 1.2, its intersection number with the Maslov cycle AE(Z) of the
section E is bounded in norm by 2n.
(i1) From Remark 1.3, it is transported by the flow ¢'. More precisely,

Ay (T (ux, ) = Tyt () (dihn, dPL 1Y)

and, consequently, the intersection number of d¢L(Tx(Ay, A,)) with the Maslov
cycle AE(Z) is also bounded in norm by 2n.
The 2-chain A : [0, 1] x [0, T] — A(X) defined by

A(s, 1) = dgy (Tx (hx, ) (5))
has a boundary
Dot + dpl (Tx(h, X)) — Tor 7 — T Gux, L)

which is null homologous. Thus, if Ay, A, dp! (Ay), d¢I (X,) intersect trivially E(x),
E(¢T (x)), respectively, then we have that

Ing(Cs, 1) — nE(Tuy, )] < InEdd] Ty Gur, M)+ [nE(Tx O, A)] < 4n.

If any of Ay, AL, dp! (Ay), dpT (A.) intersect the Maslov cycle AE, the 2-chain A may
intersect A® non-transversally at one of such points. In that case, the last estimate may be
modified by at most n at each of these four subspaces. O

Note that the bound in Lemma 2.1 can be improved with more sophisticated arguments.
For instance a very elegant formulation is given in [4]; see also [3] and the proof of
Theorem 4.2 below.

The asymptotic Maslov index of point x in X is the following limit when it exists:

. 1
Me(x) = TETOO T7EC 7). 3)

It is clear from Lemma 2.1 that this limit is independent of the choice of the Lagrangian
plane A, in the fiber [T~ (x).

The flow ¢’ induces a flow @’ in the Lagrangian Grassmann bundle defined for all x in
> and for all A, in TT~!(x) by

' (x, Ay) 1= (@ (x), dpy ().
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We denote by X the vector field corresponding to the flow ®’ and we say that the data
(E, X) satisfies the bounding condition if the map

A(Z) > R
(x5 Ax) B> NE(x,0,) X(x, Ax))

is uniformly bounded on A (X).
From the path I'y, 7, we construct a piecewise smooth loop F;\X’T obtained by

concatenating I'g, I'1, I'; and I'3 in A(X) defined as follows:

. Lo =T,,15

e Ty is a path (as in Lemma 2.1) from &7 (x, ;) to (@ (x), JyryEgr(y)) in
I~ 1(¢7 (x)), whose intersection number with the Maslov cycle AE(Z) is bounded
in norm by 4n;

o I"; is the path ¢ = Jyr () Egr (r) for ¢ going from T to zero;

° '3 is a path (as in Lemma 2.1) from (x, J,E;) to (x, ;) in T~ (x) whose
intersection number with the Maslov cycle AE(Z) is bounded in norm by 4n.

It follows from the construction that if the limit 9 (x) exists, then it satisfies

. 1
M (x) = Tll)rjrloo TTmE([Ff\x,T]),

where [F;x 1 stands for the homology class of the path F;\X’T.
Using the integral version of the Maslov index, we have that

me([F'M,T])=/ 77E+/ 77E+/ 77E+/ NE-
o I'y I I'3

It is clear that || r, E = 0. If (E, X) satisfies the bounding condition, the integrals /1“1 E
and |, r, 'E are uniformly bounded in 7'. It follows that the limit % (x), when it exists, is
also given by the average

1 T
Mp() = lim /0 M (X(P' (x, 2))) . @)

PROPOSITION 2.2. Let v be an invariant probability measure of the flow ¢' with support
in ¥ and assume that the data (E, X) satisfies the bounding condition. Then:

(i)  forv-almost every x in X, the limit My (x) exists;

(i) the map x — Mg (x) is integrable.

We denote by Mg (v) the integral fz Mp(x) dv(x) and call it the asymptotic Maslov
index of the measure v.

The proof of this proposition clearly relies on an ergodic theorem. The peculiarity here
is that the probability measures we consider are invariant measures for the flow ¢’ on &
and the quantities we average are computed for the flow ®' on A(X). There are actually
two ways to prove Proposition 2.2.

One way consists of forgetting a part of the dynamics of the flow ®’ by showing that
the quantity ng (F Ax,T) up to a bounded error is independent of the Lagrangian plane X,
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and is quasi-additive. This allows us to define a bounded cocycle over . The proof of
Proposition 2.2 is then a direct application of the sub-additive ergodic theorem and can be
found for instance in the work of Ruelle [17] and Barge and Ghys [4] (in a slightly different
context).

The second way, which we follow in a moment, consists of lifting the invariant measures
for the flow ¢ to invariant measures for the flow ®’ and then use the standard Birkhoff
ergodic theorem. The advantage of this second approach is double:

° it gives a simple proof of the continuity of the asymptotic Maslov index with respect
to the invariant measure for the weak™* topology;

° it gives a better understanding of the dependence of the asymptotic Maslov index
with respect to the section E.

Before proceeding to the proof and in order to better understand the way invariant
measures of the flow ¢’ can be lifted to invariant measures of the flow @7, let us recall
some basic definitions and results in ergodic theory.

Let p : X — Y be a surjective continuous map between compact metric spaces and let
®; be a flow on X and ¢; a flow on Y such that ¢; o p = p o &;. Let Mg and My be
the invariant Borel probability measures of &, and ¢, respectively. It is well known that
the induced map py : Mo — My is surjective. If X is not compact, a similar result
can be obtained if we assume that p is a proper map. Let X U {oo} and Y U {oo} be the
one point compactification of X and Y, respectively. The map p and the flows ®; and ¢,
extend naturally to the compatifications and we denote these extensions by p, ®; and ¢,
respectively. A measure v € M, induces a measure v € /\/l¢-, by setting v(co) = O.
Since py is surjective, there exists i such that p, (i) = v. However, since j1(c0) = 0, i in
fact defines a measure u that lifts v.

Proof of Proposition 2.2. The compactness of the fibers of IT yields that the projection
map IT is proper. Hence, the discussion in the previous paragraph shows that given a
¢-invariant measure v, there exists a ®-invariant measure & such that [T,y = v.

Since the data (E, X) satisfies the bounding condition, we can apply the Birkhoff
ergodic theorem to the dynamical system (A(X), u, ®') and the observable (x, Ay) +>
nE, (X(x, Ax)). This yields that for p-almost every (x, Ay) in A(X) (and thus for v-almost
every x in X) the quantity (1/7) fOT e (X(®'(x, Ay))) dt converges, when T goes to +00,
to a limit which does not depend on X, in M !'(x) and is a v-integrable function of x
in X. O

Remark 2.3. The hypothesis that the data (E, X) satisfies the bounding condition is
actually too strong and the proof of Proposition 2.2 works if we require only the map
(x, Ay) = ng, (X(x, Ax)) to be p-integrable where  is an invariant measure of ®’ which
is a lift of v. However, in the following we see that it is convenient to keep a hypothesis
which does not depend on the invariant measure we consider.

COROLLARY 2.4. If (E, X) satisfies the bounding condition and v is a Borel ¢'-invariant
probability, then

M (v) = / e (X) du,

for any ®'-invariant lift u of v to A(X).
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PROPOSITION 2.5. The asymptotic Maslov index of a probability measure depends
continuously on the invariant probability measure for the weak*-topology.

Proof. Suppose that vy is a sequence of ¢’-invariant probabilities on ¥ with
limy_oo v¥ = v. We have seen in the proof of Proposition 2.2 that any ¢’-invariant
probability measure vy on X can be lifted to a ®’-invariant probability measure wy on
A(Z): ey = vy.

Consider a metric space S, a family M of Borel probability measures on S is tight if
for each ¢ > 0, there is a compact set K, C S for which P(K;) > 1 — ¢ forall P € M.
Tight families are characterized by the fact that their closures are compact in the weak*
topology (see, for instance, [7]).

Since the fibers of IT are compact, the family {ux } is tight. Thus, given any subsequence
(Ny), there exists a subsequence (N, ) such that the measures Ny, converge when [ goes
to 400 to a ®'-invariant measure w, which satisfies [T, = v. Since the data (E, X)
satisfies the bounding condition

(o) = [ 1m0 diaw,, > [ 1600 du = M,

The subsequence (Ny) has been chosen arbitrarily and the limit 9z (v) does not depend
on this subsequence, thus limy_, + o0 ME(vy) = Me (V). O

2.1. Change of reference section. Let us describe now how the asymptotic Maslov
index behaves under a change of the section [E. Let IF be another section of [T : A(X) — X
and assume that the data (I, X) also satisfies the bounding condition. From (1), we get that
the map

Y—>R

x = Fng, (X (x))

is uniformly bounded on ¥ and

Me ) — Mp(v) = /(F*UE)(X)dv- 5)

Note that (5) can be made more explicit when the Schwartzman asymptotic cycle of a

¢'-invariant measure v [18, 19] can be computed. This is the case when the following two

assertionsT are satisfied:

o the first homology group H; (%, R) has a finite dimension;

. the measure v is X-tame, i.e. the first de Rham cohomology group H'!(Z,R) is
generated by a finite number of 1-forms w; such that for each i the map

> —-R

x = iy (X (x))
is v-integrable.

+ Note that both assertions are satisfied when X is compact.
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In this context, the asymptotic cycle of the measure v is the unique element S(v) in
Hi(Z,R) = H'(Z,R)*, which satisfies for any closed 1-form ¢:

([, Sv) =/€(X)dv,

where [¢] is the cohomology class of ¢ and the brackets ( , ) denote evaluation.
With these notations, (5) reads¥

Me(v) — Mp) = (Frpl, SO)). (6)

Note that the asymptotic Maslov index of a ¢’-invariant measure v does not depend on the
section in the following two cases:
. if HI(X,R) =0;
. or if the Schwartzman asymptotic cycle of the measure v is zero.

If some ®’-invariant measure w which is a lift of v is X-tame, the asymptotic cycle
S(wn) in Hi(A(X), R) is well defined. The asymptotic cycle S(v) in Hi (X, R) and the
Maslov index 9Mip(v) are also well defined (see Remark 2.3).

Remark 2.6. In the case of an odd-dimensional manifold M (that we choose to be compact
to make things simpler) equipped with a contact structure, there exists an analogous
definition of the asymptotic Maslov index. More precisely, a contact structure is the data
of a 1-form 5 such that the plane field corresponding to the kernels is nowhere integrable,
i.e. forevery x in M,

Mx A (dnx)” #0,

where dim M = 2n + 1. It is clear that the 2-form dn restricted to ker n is symplectic. To a
contact structure 7, one can associate a vector field X whose flow ¢’ is called the Reeb
Sflow and which is defined by:
. ixn=1,
° ixdn=0.
This flow preserves the planes ker 7, the symplectic form dn on ker  and the volume form
nAdn)".

Assume that there exists a continuous section which associates to each point x in M
a Lagrangian plane E(x) in kern,. Then it is possible to associate to each ¢’-invariant
probability measure v its asymptotic Maslov index in the same way as we did for the even-
dimensional case. In particular, this can be done for the measure induced by the volume
form n A (dn)”.

3.  Hamiltonian flows
Let \V be a 2n-dimensional complete connected Riemannian manifold. A Hamiltonian on
N isa C*® function H : N — R. The Hamiltonian vector field X of H is defined by

w(X,)=—dH. (7

T See [11] for a similar dependence on the trivialization in the case of non singular vector fields in a 3-dimensional
manifold.
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The level sets of the Hamiltonian ¥ = H~'{e} are called the energy levels of H and are
invariant under the flow of X.

In the remainder of this paper we focus our attention on the dynamics of regular energy
levels X, i.e. the energy levels which correspond to a regular value of H. Thus, ¥ is a
codimension 1 submanifold of N and X is a non-singular vector field on ¥. Furthermore,
we always assume the following hypothesis.

(a) Completeness: the Hamiltonian vector field X gives rise to a complete flow ¢ :
¥ x R — X on the energy level X.

If the energy level X is compact, this last hypothesis is clearly satisfied.

3.1. The asymptotic Maslov index for the Liouville measure. The Hamiltonian flow on
the energy level X inherits a canonical smooth invariant measure m, called the Liouville
measure which corresponds to the volume form m = i*o, where o is a form such that

0" =dH Ao andi : ¥ < T*M is the inclusion map [1].
PROPOSITION 3.1. Ifthe energy level ¥ is compact and the form o"~!

asymptotic cycle S(m) of the Liouville measure m is zero.

is exactt, then the

Proof. Let Y be a vector field Y € TsN such that w(X,Y) = —1. The sequence of
equalities
dH Niy 0" = —iy(dH A0™) + (iydH) A o"
=0+ (iyix ) o"
= (,()n’
yields the explicit formulation
m=i*(iy o").

In order to prove that the asymptotic cycle is zero, it is enough to check that for any
closed 1-form 7 on X:

(n,S@m)) = / n(X)dm = 0. (8)
We have
n(X)ym=ix(mAm)+nA(ixm)=nA(ixm).

On the other hand, since dH = —ixw = 0on X,

ixm =ix(i*iy o") = i*(@").
Since "~ ! is exact, there exists a (2n — 1)-form, t such that dt = i*(@" ).
Consequently,
n(X)m=nAdt =dn ).
A direct application of Stokes theorem gives S(m) = 0. o

+ We later discuss the strength of the hypothesis on the exactness of "L
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Let ¥ and X’ be two regular energy levels of two Hamiltonian functions H and H’,
respectively. Let F be a symplectic diffeomorphism from a neighborhood of ¥ to a
neighborhood of ¥’. We say that F is a symplectic conjugacy if F maps ¥ onto £’ and
conjugates the corresponding Hamiltonian flows on the energy levels.

COROLLARY 3.2. Ifa regular energy level  is compact and ™" is exact, then:
(i)  for any two continuous Lagrangian sections E, IF,

Mg (m) = Mg (m);

(i)  the asymptotic Maslov index of the Liouville measure is invariant under symplectic
conjugacies of the Hamiltonian flow.

Proof. (i) is a direct consequence of (6).

In order to prove (ii), suppose that F is a symplectic conjugacy and let [E be a continuous
Lagrangian section of X. A direct computation yields F,/m = m’, where m and m’ stand,
respectively, for the Liouville measures on ¥ and ¥’. The asymptotic Maslov index of
the Liouville measure m on the energy level ¥ can be computed (thanks to (i)) using any
Lagrangian section, E for instance.

It follows that M (i) = Mg, p(Fuit) = ME ('), which is the asymptotic Maslov
index of the Liouville measure /i’ on the energy level ¥’ computed using the Lagrangian
section F,[E. o

4. Optical Hamiltonians

Now we restrict our attention to Hamiltonian flows whose lift to A(X) cuts the Maslov
cycle transversely with positive orientation. In the next two subsections, we relate the
work of Duistermaat [10] and Bialy and Polterovich [5] with the asymptotic Maslov index.

4.1. Positive tangent vectors. Consider again the Lagrangian manifold A (r) introduced
in §1; let us make the transverse orientation of the train of a given Lagrangian plane more
explicit here.

Fortin[—1, 1],1lett — A(t) € A(n) be acurvein A(n) passing through the Lagrangian
plane 1(0) = A. There exists a curve of symplectic automorphisms of R?", ¢ > Sp(t) such
that A(t) = Sp(t)A, Sp(0) = L.

To the pair (A, A/(0)) (where A/ (0) stands for the tangent vector

dir
A(0) = " € T, A(n)),
!li=0

we can associate the bilinear form By ;) on A:

¢, m) — o, Sp'O)n) foré, n e . C))

Note the following:

o This form is well defined: another choice of curve of symplectic transformations
t + Sp(t) such that A(r) = Sp(t)A satisfies Sp(r) = Sp(t)Q(t), where O(r)
preserves A and Q(0) = I, hence (d/dHw (&, Q(t)n) = w(&, Q'(0)n), a quantity
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that vanishes since A is Lagrangian, it also depends only on (A, A’(0)) and not on the
specific curve A(f)7.

o This form is symmetric since Sp(¢) preserves the symplectic form w.

° The map A'(0) — B, o) is linear since it is a quotient of the derivative of the map
that takes a symplectic automorphism S into the bilinear form w (&, S7).

Recall that the train A0 (n) of a given Lagrangian plane Ey is the union for k > 1 of
the collection of open submanifolds AR = {A € A(n)| dim(A NEg) = k}. There exists
a morphism from the normal bundle to Ak, TAA(n)/T;\Ak, to the space S2(x N Egy) of
symmetric bilinear forms on A NEg, which is defined as follows. To each vector u + T, A,
we associate the restriction of the bilinear form g, , to the subspace A N Eg. In order to
check that this map is well defined, it is enough to show that 8 ,[xnE, = 0 for u € T Ak
(recall that the map u +— B, , is linear), which can be proved using an arc of symplectic
linear maps ¢ — Sp(t) such that Sp(0)A = A, Sp’(0)A = u and Sp(t) (A NEy) = A(t) NEy
for all ¢ in [—1, 1]. Actually, this morphism is an isomorphism: it is injective since
BirulrnE, # 0 when u is not in the symplectic orthogonal of A N [Eg which contains A
and E¢ and has dimension 2n — k, it is onto because the source and the target have the
same dimension.

We say that a vector u € T) A is positive if B, u|nE, is positive definite whenever
ANEg # {0}. Acurve A(t) € A(n) is positive if its tangent vectors are positive. For a
positive curve A(r), the set of ¢’ for which A(¢) belongs to the train of Ey is discrete. Indeed,
if A € AK, the fact that ;| ANE, is positive definite implies that A’(¢) is not in the tangent
space over A of the closure of A? foralll < p <k.

In particular, if A € Al, ie. dim(x N Eo) = 1, S2(A NEy) ~ THhA/TiA' ~ R.
A vector u in T3 A(n) is transversal to A! if and only if BirulnnE, 7 0. This gives a
transversal orientation on the cycle AEo. Note that for A € Al the curves t — e'T) are
positive. Thus, this orientation agrees with that given in §1.

It is clear how to extend the above definitions to the case of a manifold N equipped
with a symplectic structure, a connected submanifold ¥ of N and a section E from X to
the Grassmann Lagrangian bundle.

4.2. Optical Hamiltonians. A Hamiltonian H : N — R is optical or positively twisted
with respect to a differentiable Lagrangian section E on a regular energy level X if the
flow lines of the lifted Hamiltonian flow ®’ on A(X) are positive curves; that is, for any
1 € AE(Z), the form

B d
(évﬁ)*—>0)<§va

(<I>’n)) &,nernE,
=0

restricted to A N E, is positive definite.

Examples.

(1) A convex Hamiltonian in the cotangent bundle of a manifold equipped with
its canonical symplectic structures is optical with respect to the vertical section
(see Appendix A).

+ This can be shown using a local parametrization of the Lagrangian Grassmann bundle near A.



1430 G. Contreras et al

(2) A Riemannian metric with a twisted symplectic structure is optical with respect to
the vertical section (see Remark B.2).

(3) A Riemannian metric with positive curvature is optical with respect to the section
given by the kernel of the Riemannian connection, i.e. the horizontal bundle.

(4)  C?-perturbations of the above examples remain optical with respect to the perturbed
sections.

From now on, we consider a regular energy level X of an optical Hamiltonian system H,
on which the flow ¢’ induced by the Hamiltonian is complete and such that the data
(E, X) satisfies the bounding condition. The Maslov cocycle 9 measures the oriented
intersection with the Maslov cycle AE. Recall from Corollary 2.4 that if (E, X) satisfies
the bounding condition (which occurs if the second derivatives of the Hamiltonian are
uniformly bounded on X), we have that

Mz (v) = / () e, (10)

for any invariant probability v on ¥ and any invariant lift u of v to A(X).
To a Lagrangian plane A, in the fiber IT~!(x) of A(X), we associate the path T';_ 7 :
[0, T] — A(X), defined for any ¢ € [0, T] by

o7 () =do’  (Ay).

Since H is optical, the set of intersection points of I'y 7 with the Maslov cycle AE s
discrete and the curve I') 7 crosses the Maslov cycle always in the positive direction.
As explained in [3, 5, 10], each time ¢ for which I'y _ 7(¢) intersects the Maslov cycle, adds
precisely dim(I"y 7 (¢) N E) to the intersection number ng (', 7). It follows that

ng(Ta,.,1) = Z dim(I;,, 7 () NE). (11)
[y, (HNEA{0}

From (3) and (11), we get the following.

LEMMA 4.1. Assume that H is E-optical and satisfies the bounding condition for (E, X).
If the invariant measure v is ergodic, then for v-almost every point x in ¥ and for every
Ay in TI7 (%), we have that

lim Z dim(I'y, 7(1) NE) = M (v).
T—s4oc0 T
T, 1 ()NE7{0)

We now recall the ergodic decomposition theorem (see for instance [14]). Let us
consider for every point x in the ambient space, the probability measure w(x, 7)) which
is equidistributed along the arc of orbit joining x to ¢ (x). It turns out that for y-almost
every x, the probabilities w(x, T') converge in the weak* topology, to an ergodic invariant
probability measure p,. Furthermore, we get a decomposition of the measure u in the
measures [, in the following sense: for any measurable function f bounded on the

ambient space,
/fd/L:/(/fdux) du. (12)
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Let us come back now to our particular situation and consider a ®’-invariant probability
measure 1 on A(X) which is a lift of a ¢'-invariant probability measure v on X. It is
clear that the pushforward by the projection IT of any ergodic component measure fi(x3,)
of u, associated to a point (x, A,) is the ergodic component measure of v associated to
the point x. Applying (12) to the map: (x, Ay) — (nE)x(X(x, 1)) we get that for every
invariant Borel probability measure v on X

ME (v) ::/me(x)dv=/imE(vx)dv. (13)

4.3. Conjugate points. A point x € N is said to be E-conjugate to x; € N if
x2 = ¢"(x1) and OF (E(x1)) NE(x2) # {0} for some T > 0. Theorem 4.4 below provides
a simple criterion for the existence of conjugate points.

We will need the following symplectic analogue of Sturm’s theorem on the number of
zeros of solutions of second-order differential equations. This result was proved by Arnold
in [3] for the case of the linear symplectic space and a Hamiltonian given by kinetic energy
plus a potential. However, Arnold’s proof holds in our setting without any significant
changes. Set dim N = 2n.

THEOREM 4.2. Let X be a regular energy level of an optical Hamiltonian and let A, and
X, be two Lagrangian planes in the fiber IVGRIED, of AN(2). If t — d¢§()»x) has n + 1
points of intersection with the Maslov cycle A® (counted with multiplicity) in an interval
[t1, 2], then t — d¢§ (M) has at least one point of intersection with AL in the same
interval [t1, ).

Proof. We will essentially reproduce Arnold’s proof of the theorem on zeros in [3].

We begin with a useful definition. The Maslov index of the path I in A(n) starting at a
point Ag, which does not belong to A* and ending at A is, by definition, the intersection
number 7, (I'"), where I is a path close to I starting at A9 and ending at a point A close
to A1 which lies on the positive domain of the Maslov cycle A*!. The positive domain is
defined as the set of all Lagrangian planes X in a neighborhood of A; for which there is a
positive curve which begins at A1 and ends at A, intersecting the Maslov cycle A*! only
at Aq.

Let K(n) be the universal covering of A(n). The homotopy class of a path connecting
Ao to A1 in A(n) can be represented by a pair of points (%o, %1) in A(n). Suppose that
K4 A* and let m(xo, 3:1) be the Maslov index of such a path. Arnold showed [3, p. 253]
that the Maslov index m (i, v) of pair of points in A(n) has the following property:

m@u,v) +m(, w) —m@u, w) = I(@), 7)), 7(w)), (14)

where 7 : 1~\(n) — A(n) is the covering projection and the index I (Ag, A1, A2) of a triplet
of pairwise transverse Lagrangian planes is defined as the index of the following quadratic
form. Write ¢ = & + n where £ € Ag and n € A1. Set

q)xo,)»l(g) = 0)(5, 77)

Then I (Ao, A1, A2) is the index of g;, 5, restricted to 5.
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Using the trivialization Ig : A(X) — X X A(n), the section E corresponds to the
Lagrangian plane ¢ = 0, which we call « (following Arnold’s notation). As before, let
T : X X A(n) = A(n) be the projection onto the second factor.

Set y(t) = t o Ig o dpL(Ay) and ¥/ () = 7 o Ig o d¢p’.(X,). Consider now a family
depending continuously on ¢ of paths §(¢) from y () to «. We first assume that y (¢;) and
y (t2) are transverse to «. Let

v = ng(d¢l (M)l .0))-

By (11) we have
p = Z dim(y (1) N @). (15)
y ()N #{0}
Consider also a family of paths 8’ connecting y” with «. In the covering space we pick
a point & over o and we cover the paths §(¢) and &'(¢) by paths 8 and &' which end at &;
their origins are denoted by J and )7’ , respectively. Then we have

v =m@ 7(0) —m@ 7). (16)
By (14),
m@&, (1) +mF @), v/ (1) —m@, y'(t)) = I, y ), y'(1)).

The middle term does not depend on ¢, since the index is symplectically invariant.
The right-hand side is always between zero and n for all 7. Hence, the increment of the
left-hand side between ¢ and 7, is bounded in absolute value by #; that is

(@, 7 (1)) —m(@, /(1)) — (m(@, ¥(02)) — m(@, y'(12)))] < n.

Using (16), we get |[v — v'| < n and the theorem follows from this and (15).
Now suppose that y (1) or y (t2) are not transverse to «. For ¢ > 0, define

Ve = nE(dﬁb; ()Lx)|[t1 76,124*6])'

Since the Hamiltonian is optical, for ¢ > 0 small enough, y (f;) and y (f;) are transverse
to o and v, = vy = v, counting multiplicities. Similarly, v, = v = v. We have proved
above that |[v; — v.| < n. Hence |[v — V| < n. ]

COROLLARY 4.3. Ifxg € X and x; = ¢* (xp) is conjugate to xo, then for any Lagrangian
plane iy, € [T~ (xo) there exists 0 < t < T such that

dog (hxy) NE(T (x0)) # {0}.

Proof. Consider the path n(t) := dq)jco (E(xp)) for ¢ € [0, 7]. Then n has n points of
intersection with A® at 7 = 0 and at least one point of intersection with AE at r = 1.

Then the curve ¢ — dq)jco (Ax,) has at least one intersection with the Maslov cycle AE on
[0, z]. 0

THEOREM 4.4. Let v be an invariant probability measure on a regular energy level of
an optical Hamiltonian (H, X, E) which satisfies the completeness hypothesis and the
bounding condition. Then Mr(v) > 0 if and only if there are E-conjugate points in
the support of v.
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Proof. If the orbit of any point x in X has no conjugate points then for all 7 > 0,
ng(I'g,,r) = n and consequently, using Lemma 2.1, 0 < ng(I',,,7) < 9n for any
Lagrangian plane A, in [T~ !(x). Hence Mg (x) = 0, forall x € ¥ and thus M (v) = 0.

Conversely, suppose that there exists x; in the support of v such that x, = ¢7(xy) is
conjugate to x1. Since H is optical, for any small enough flow box U, containing x; and for
every y1 in U, there exists a conjugate point to y; on the arc of orbit starting at y; before
the next return to U;. Choose now an ergodic component measure v, of v. Using the
Birkhoff ergodic theorem, we know that for v,-almost every y in X,

TETOO %9(% T, Up) = v (Uy),
where 6(y, T, Uy) is the time spent in Uy by the arc of orbit with length T starting at y.
Call o the maximal time length of a connected component of an arc of orbit crossing Uy,
then

liminf ~n(y, T, Up) > 2200

T—+oo T o

where n(y, T, Uy) is the number of times the arc of orbit starting at y of length T visits Uj.
Corollary 4.3 implies that in between two conjugate points there must be a time ¢ for which
[';,.r (1) N E is non-trivial. Hence, the last inequality implies that for vy-almost every y in

¥ and for every Ay in n! (y) we have

1 U
liminf — Y dim(T, r()NE) = LICIVy
T=too T, (rE£0) «
Hence, using Lemma 4.1,
v (U
ME (vy) > x( l)«
o
Integrating against v, (13) yields
U
Me(v) > Y > 0. O
o

COROLLARY 4.5. Let (H, X, E) be an optical Hamiltonian with complete Hamiltonian
flow and satisfying the bounding condition for (E, X). If the Liouville measure of X is
finite, then the asymptotic Maslov index of the Liouville measure is non-zero (9(m) > 0)
if and only if ¥ has conjugate points with respect to E.

In fact, the same result holds for any invariant probability v with supp(v) = X.

We now give the first application of the asymptotic Maslov index.

Observe that when the energy level is compact and " ~! is exact, by Corollary 3.2(i),
the Maslov index of the Liouville measure does not depend on the choice of Lagrangian
section.

PROPOSITION 4.6. Let (M, g) and (N, h) be two closed Riemannian manifolds. Suppose
that there exists a contactomorphism between the unit sphere bundle of M and the unit
sphere bundle of N which conjugates the geodesic flows of M and N. Then My (m) =
My (m).
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Proof. 1t is well known that the geodesic flow of a Riemannian manifold is optical with
respect to the vertical section which is given by the kernel of the differential of the
projection map from the tangent bundle to the manifold (see §5). By Corollary 3.2
and Remark 2.6, if there exists a contactomorphism between the unit sphere bundle
of M and the unit sphere bundle of N which conjugates the geodesic flows, we have
My (m) =My (m). O

Remark 4.7. In particular, M has conjugate points if and only if N does. This was
proved by Croke and Kleiner [9] under the much weaker assumption of the existence of a
CV-conjugacy between the geodesic flows. This naturally raises the question: is if true that
the asymptotic Maslov index is an invariant of C%-time preserving conjugacy?

We now give our main application of the asymptotic Maslov index.

THEOREM 4.8. Let (H, X, E) be an optical Hamiltonian with ¥ compact and " exact.
Assume that e : ¥ — A(X) is a continuous semi-conjugacy between the Hamiltonian flow
¢! on T and its lift D' to A(X). Then:

(a) TI(e(X)) has no conjugate points;

(b) e(z) NE(Ile(z)) = {0} forall z € %.

When e is a section (i.e. I1oe = idy), Maiié [13] gave a proof of this theorem in
the case of recurrent geodesic flows and Paternain and Paternain [16] proved it for convex
Hamiltonians.

Remark 4.9. Bialy and Polterovich proved in [6] that if H : A" — R is propert, bounded
from below and optical then H 2”’2(./\/ ,R) = 0 for n > 3 and therefore any closed 2n — 2
form is exact. This implies, in particular, the exactness of the form "

Proof of Theorem 4.8. (a) Write f = Il o e. Since e is a semi-conjugacy, the measure e.m
is a ®’-invariant lift of the pushforward f,7 of the Liouville measure m. Using (10), we
have that

M fur) = / 1 (X) d(exit) = / mE(X 0 ¢) dit = ("M, S()) = 0,

where e*9f is the cohomology class obtained from the map induced by X 5 A(X) and
the last equality follows from Proposition 3.1. (To see why the third equality holds when
e is only continuous, just view ¢*M as the class of a function ¥ — S! differentiable
along the flow and given by ¢ o e, where ¢ : A(Z) — S! represents the Maslov class.)
Since supp( fixm) = I1(e(X)), Theorem 4.4 completes the proof of (a).

(b) Write f = Il o e. Suppose that e(z) N E(f(z)) # {0} for some z € X.
Since H is optical, there exists a small flow box U for ¢, containing z such that for every
w € U, the path t — &,(e(w)) = e(¢;(w)) crosses the Maslov cycle at least once.
Since almost every point for the Liouville measure is recurrent we can choose a point
w € U such that its orbit under ¢, returns infinitely many times to U. Therefore, for T
large enough, the path [0, T] 5 ¢t > ®;(e(w)) intersects the Maslov cycle at least n + 1
times. It follows from Theorem 4.2 that there must be conjugate points along the orbit

+ In particular with compact energy levels.
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of f(w). This contradicts (a). (Alternatively, instead of Theorem 4.2, we could have used
Lemma 2.1 by taking T large enough so that the path [0, T] > t > ®;(e(w)) intersects
the Maslov cycle at least 8n + 1 times.) O

When the energy level is non-compact, the conclusion of Theorem 4.8 does not hold.
An example is given by the geodesic flow of the paraboloid of revolution (cf. Paternain
and Paternain [16]). In this case, e = (X) @ (Y) is an invariant Lagrangian section, where
X = (9/0t)y is the vector field of the geodesic flow and Y = (9/9¢) dR;, where R;
is the flow on the paraboloid given by rotation isometries. However, this example has
infinite Liouville measure. In Appendix B, we give a more elaborate example that shows
that the compactness hypothesis in Theorem 4.8 cannot be replaced just by finite Liouville
measure.

4.4. Anosov flows. A complete flow ¢’ on a manifold V is Anosov if there exists a
continuous splitting of the tangent space over each point x in V:

TVx ZE;@E;@Y)U

(where Y stands for the direction of the vector field induced by ¢) such that, for
some Riemannian metric on V, d¢'|gs (respectively d¢’|g«) is uniformly exponentially
contracting as t goes to 400 (respectively —oo).

Anosov flows possess a very rich and well-understood dynamics and, consequently, it
is important to know whether the flow of a Hamiltonian which is complete on a regular
energy level can be Anosov.

LEMMA 4.10. Let ¥ be a regular energy level with complete Hamiltonian flow ¢' and
finite Liouville measure such that the flow (X, ¢') is Anosov. Then, for all x in T, the
spaces E® := E3 @ Yy and E° := E' ® Y, are Lagrangian planes.

The proof is already standard in slightly different contexts. We give it here for the sake of
completeness and to make it fit with our hypotheses.

Proof. Since the sum of the dimensions of E and E* is 2n, it is enough to prove that
both spaces are isotropic. Actually, from the definition of the Hamiltonian vector field (7),
w(Yy,) =00n X = H ™ !{e}, so we only have to prove that E? and EY are isotropic.
Choose a neighborhood U of the point x in ¥ whose closure U is compact.
Recall that since the Liouville measure is finite, then m-almost every point is recurrent.
Thus, it is possible to find a recurrent point z in U. We consider a sequence of times (t,)
such that #, goes to +oo with n and ¢ (z) is in U. Now choose two vectors v; and v
in E3. The quantity wgm (;) (d¢™,(v1),d¢™ ,(v2)) decreases in norm at least exponentially
at n goes to +0o (since w is bounded on U). On the other hand, the same quantity is
independent of n since ¢’ preserves . Thus w;(v1, v2) = 0. A similar argument works
for E¥. Since recurrent points are dense, we get that E} and EY are isotropic for all x
in X. O

Lemma 4.10 shows that a prerequisite to find a flow ¢’ of a Hamiltonian, complete
and Anosov on a regular energy level X, is to find a continuous d¢’-invariant Lagrangian
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section e. Theorem 4.8 shows some clear obstructions to the existence of such sections
when H is optical.

COROLLARY 4.11. Let (2, H, E) be an optical Hamiltonian with ¥ compact and o1
exact and such that (2, ¢') is Anosov. Then E* and E" are transversal to E and ¥ has no
conjugate points.

Corollary 4.11 was proved by Klingenberg [12] for geodesic flows on compact
manifolds, by Maiié [13] for geodesic flows whose non-wandering set is the whole unit
sphere bundle and by Paternain and Paternain [16] for convex Hamiltonians.
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A. Appendix. Convex Hamiltonians
An important special class of optical Hamiltonians is given by convex Hamiltonians on the
cotangent bundle 7* M.

Let M be a n-dimensional, connected manifold without boundary, N' = T*M its
cotangent bundle and 7 : N' — M the standard projection. The cotangent bundle is
equipped with a canonical 1-form, called the Liouville 1-form, defined by:

0,(¢) = pldn(£)),

forall p € T*M and ¢ € T,T*M. The 2-form @ = d© is a symplectic form{ on N.
The Lagrangian Grassmann bundle A (V) is also equipped with a canonical smooth section
V = kerdm, called the vertical section.

A Hamiltonian H : T*M — R is convex if forallqg € M, p € Tq*M, the Hessian
matrix (32H /9p; dp;j)(g, p) (calculated with respect to linear coordinates on Tq*M ) is
positive definite. Convex Hamiltonian systems play a central role in physics and have
been extensively studied.

LEMMA A.1. [5]. A convex Hamiltonian is optical with respect to the vertical section'V.

Proof. Locally, (T*M, w, V) can be identified with (R*", dp A dg,q = 0). We consider
a Lagrangian plane in the train of the plane ¢ = 0 and in order to fix the notation,
we assume that dim(A N'V) = k (note that it is not restrictive to also assume that
AN[p = 0] = {0}). As we have already seen in §1, A written in coordinates is a
graph: A = {g = Ap|p € R"}, where A is a (symmetric) linear map, A : R" — R".
Then ANV = {(g,p)|qg = 0, p € kerA}. Consider now a curve t > () passing
through A at = 0 and write A(t) = S(¢)A with

a(t) b(t)i|

S® = |:c(t) d()

+ In this situation, "1 is exact.
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The symmetric 2-form B /(o) lxnv reads

By linv(€, &) = pTh(0)p,

where p € ker A is the unique vector in R” such that &£ = (0, p).

The Hamiltonian vector field (7) is given by X = (H,, —H;) = (¢, p). From the
equation (d/dt) dy, = DX d;, we get that the orbit of the Lagrangian plane A under the
lifted Hamiltonian flow is a curve ¢ — S(¢)X passing through A at # = 0 such that

S/(t):DX:[HPq pr}‘
_qu _H‘H’

In particular, h(0)=H pp 18 positive definite. O

Remark A.2. Note that our definition of V-conjugate points coincides with the usual
definition of conjugate points for convex Hamiltonians and also with the more standard
definition that uses Jacobi fields.

In the case of convex Hamiltonians, Theorem 4.8 can be improved as follows.

COROLLARY A.3. Assume that ¢' is a convex Hamiltonian flow on a regular energy level
Y C T*M with ¥ compact. If there is a continuous ®'-invariant Lagrangian section
e: X —> A(X), then:

(a) X has no conjugate points;

) e(@)NV(z) ={0}forallz € X,

) w(X)=M.

The fact that (c) is a necessary condition for the existence of an Anosov flow on energy
levels was first observed in [16].

Proof. We only have to prove (c). We have to show that the map 7w : ¥ — M is a
submersion since, in such a case, 7 (X) is open and closed on M (which is connected) and
then equal to M. Note that the existence of a continuous d¢’-invariant Lagrangian section e
implies the existence of a continuous d¢’-invariant Lagrangian section I such that for all
xin X, F, C T%,. Indeed, this section F is defined by F, = e(x) N T X, @ Y (x) where
Y (x) is the direction in T X, tangent to the flow ¢’. Let x be a point in ¥ where 7 is not a
submersion. Then V,, C T X, and, consequently,

dimV, NF,, > 1,
a contradiction to (b). O

In the previous corollary, the proof of (a) is even simpler than that in Theorem 4.8:
observe that e,m is an invariant lift of m whose support is disjoint from the
section Je. By the invariance of the asymptotic Maslov index with respect to the section
(cf. Corollary 3.2.(ii) ), My (m) = M j.(m) = 0. Now use Theorem 4.4.

B. Appendix
The aim of this appendix is to prove the following result.
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THEOREM B.1. There exists a convex Hamiltonian on a surface with a regular energy
level that satisfies the following properties:

(a) the flow is complete on this energy level;

(b)  the Liouville measure of the energy level is finite;

(c) there exists a smooth invariant Lagrangian section;

(d) every orbit in the energy level has conjugate points.

We know from Theorem 4.8 that if a compact energy level of a convex Hamiltonian
admits a continuous invariant Lagrangian section, then there are no conjugate points in the
level. On the other hand, it is also known (see [16]) that this result extends to a special
class of Hamiltonians (namely the symmetric Hamiltonians) when the energy level is not
compact but has a finite Liouville measure. Theorem B.1 shows that the symmetry in the
Hamiltonian cannot be removed.

B.1. Magnetic flows in general. Let M" be a closed n-dimensional manifold endowed
with a C* Riemannian metric g, and let # : TM — M be the canonical projection.
The symplectic form on 7 M obtained by pulling back the canonical symplectic form of
T*M via the Riemannian metric is denoted by wg. Consider a closed 2-form Q2 of M and
the new symplectic form w; defined by

def
o = wy+ 7R,

The 2-form w1 is a symplectic form. We say that it defines a twisted symplectic structure.
Let E : TM — R be given by

E(x,v) = %gx(v, v).

The Hamiltonian flow of E with respect to w; models the motion of a particle of unit mass
and charge under the effect of a magnetic field, whose Lorentz force Y : TM — TM is
the bundle map determined by

Qy (u, v) = gx(Yx (), v),
forall x € M and all u and v in T M. In other words, the curve
t—= (y@®,y0)eTM

is an orbit of the Hamiltonian flow iff

by . .
e y(P)s (17)

where D stands for the covariant derivative of g. The Hamiltonian flow of E with respect
to w; leaves the unit sphere bundle SM = E -1 (%) invariant and, therefore, it defines a
flow

¢ SM — SM,

that we call the magnetic flow of the pair (g, 2). The magnetic flow of the pair (g, 0) is
the geodesic flow of the Riemannian metric g. A curve y that satisfies (17) will be called
a magnetic geodesic.
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Remark B.2. The magnetic flow is locally conjugate to the Lagrangian flow of the
Lagrangian L (x, v) = % (v, vV)x + nx(v), where ny (v) is a local 1-form such that dn = Q.
The conjugacy preserves the vertical section. This Lagrangian flow, in turn, is conjugate
to the Hamiltonian flow of the convex Hamiltonian H (x, p) = % lp — nx ||)zc, in T*M with
the canonical symplectic structure. In particular, the twisted geodesic flow is optical with
respect to the vertical section. A computation also shows that the Liouville measure on a
regular energy level of the twisted geodesic flow coincides with the Liouville measure on
aregular energy level of the geodesic flow itself.

B.2. Magnetic flows for constant fields on rotationally symmetric surfaces. Let M be
an oriented surface. Given (x,v) € SM, let iv be the unique vector in 7y M such that
{v, iv} is a positively oriented orthonormal basis of 7,y M. The area form €2 is given by

Qy(u, v) = gx(iu, v),
hence the Lorentz force Y is given by
Y.(v) = iv.
Define the A-magnetic flow as the magnetic flow of (g, AS2). It follows from (17) that
t = yp(t) is a A-magnetic geodesic iff
Dy

2Y iy
dt Y

In other words, y is a A-magnetic geodesic iff y has constant geodesic curvature A.
Suppose now that M = R x S is a rotationally symmetric surface, i.e. if (s, ¢) are the
obvious coordinates in M, then the Riemannian metric of M in these coordinates has the
expression
— ds? 2 52
g=ds"+r(s)"de,
where r : R — (0, 0c0) is a smooth function.
We orient S! counterclockwise and we give M the product orientation. This means that

a 9
ds’ A
is a positively oriented basis of M and, hence, the area form 2 is given by
Q=rds A dep.

Define E
R(s) ::/ r(u)du.
0

LEMMA B.3. A curve t > (s(t), ¢(t)) is a A-magnetic geodesic iff
S=ror'¢—2)
d (r’¢p —AR) =0
Z o — =0,
dt ¢

where a dot indicates a derivative with respect to t and a prime indicates a derivative with
respect to the s-parameter. In particular the quantity r(s)2¢ — A R(s) is a first integral of
the flow called the Clairaut integral.
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Proof. Let us consider the Lagrangian
L(s, 9.8, 9) = 367 +r(5)’6°) = L R(5)¢.

Note that
d(Rdyp) =rds Ndp = Q.

Hence, the extremals of L are the A-magnetic geodesics. The lemma follows from a simple
computation derived from the Euler-Lagrange equations:

d (0L aL_O
dr \ 35 ds

d (0L oL
—|—=)—-———=0. a
dt \ 9¢ I

LEMMA B.4. The parallel t — (so, at) (a # 0) is a unit speed A-magnetic geodesic iff

la™ = r(s0)
' (s0) _ i,
r(s0)

where the positive sign holds if a > 0 and the negative signs holds if a < 0.

Proof. The parallel has unit speed iff 72(sg) a> = 1. Using Lemma B.3 we see that the
parallel is a A-magnetic geodesic iff 7' (sg)a = A. O

Let & € [0, w] be the angle that a unit speed A-magnetic geodesic makes with the
parallel  — (s, ¢/r(s)) at the point (s, ¢). We have

rcosf = rng,
and, therefore, the Clairaut integral from Lemma B.3 reads
rcosd —AR =c, (18)

where c is a constant that depends only on the A-magnetic geodesic.
Define

S+ (s) :=r(s) — AR(s),
J=1(s) == —r(s) — AR(s).

LEMMA B.5. Suppose that there exists a A-magnetic geodesic for which 6 = 0 at the
values r(s1) and r(s) with s1 < s2. Then there exists so € (S1, s2) on which f ; has a
local maximum and such that the parallel t — (s, t/r(s0)) is a A-magnetic geodesic.
Similarly, suppose that there exists a .-magnetic geodesic for which @ = m at the values
r(s1) and r(s2) with s1 < sa. Then there exists so € (s1,52) on which f_ ) has a local
minimum and such that the parallel t — (so, —t/r(s0)) is a A-magnetic geodesic.

Proof. We only give a proof of the first statement here (the proof of the second one is
completely analogous).

If, for all s € (s1, $2), the A-magnetic geodesic is always tangent to the parallel at s, the
parallel is an integral curve and the lemma is proved. If not, there exists s3 € (s1, s2) such
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that the angle 63 at which the A-magnetic geodesic crosses the parallel at s3 is not zero and
then cos 63 < 1.
Since r(s3) > 0, using the Clairaut integral (Lemma B.3), we get

Fra(s3) > fralsy) = fia(s2).

Consequently, there exists so € (s1,s2) such that f ; presents a local maximum at so.
However,

fia$) =1'() =ar(s) =r(s) (rr((j)) - k) .

Hence fjr)k(so) = 0 iff r'(sg)/r(so) = A. By Lemma B.4 this implies that the parallel
t — (so, t/r(sp)) is a A-magnetic geodesic. O

Proof of Theorem B.1. The example that achieves the properties described in Theorem B. 1
is chosen among A-magnetic flows associated to rotationally symmetric surfaces.

Let us first construct the rotationally symmetric surface. Consider a smooth function
u : R — R with the following properties:
(1) wuisodd,i.e. u(s) =—u(—s)foralls € R;
(2) foralls e R, —1 < u(s) < 1;
(3) foralls >3, u(s) = —2/s.

Now let r(s) : R — (0, 0o) be defined by

r'(s)
o u(s),
r0) =rg > 0.

In other words,

r(s) =roexp </S u(t)dt).
0

Observe that r(s) is an even function of s and that for s > 3, we have
r(s) =r(3)9/s>. (19)

Let M = R x S! be the rotationally symmetric surface determined by such a function
s > r(s). The estimate (19) implies that the area of M is finite:

+00
/ Q= 271/ r(s)ds = 4w R(400).
M

—0o0
Consequently (using Remark B.2), the Liouville measure of the A-magnetic flow on the
unit tangent bundle SM is also finite. This ensures Theorem B.1(b).

We now consider the A-magnetic flow on SM which corresponds to A = 1 and prove
(a), (c) and (d) for this particular flow.

Since the vector field generated by the circle action is tangent to the energy levels, above
each point in SM the vector space generated by the magnetic vector field and the vector
field generated by the circle action is isotropic. Since u(s) € (—1, 1), Lemma B.4 ensures
that no parallel is a magnetic geodesic. In other words, no magnetic geodesic is an orbit of
the circle action and, consequently, we have constructed an invariant Lagrangian section E
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FIGURE B.1. The figure on the left-hand side shows a typical geodesic while the figure on the right-hand side
shows a typical magnetic geodesic that ‘curls’.

spanned by the magnetic vector field and the lift of the circle action that generates the
symmetry. This ensures item (c) of Theorem B.1(c).
Observe that the Clairaut integral C : SM — R and the Lagrangian section E satisfy

E(x,v) =kerd ,)C

for all points (x, v) in SM. In particular, C does not have critical pointst.
Note that

f-10) = C(s, 9,8, 9) < fra(s),

forall s € R and that f_ ; and f, ; are strictly decreasing functions which have the same
finite limit when s — 400 (respectively when s — —o0). Hence the projection to M of
any level set of C has to be contained in a compact set. Therefore, this level set is compact
and, hence, its connected components are finitely many tori. In conclusion, the energy level
SM is foliated by tori on which the Clairaut integral is constant. This implies in particular
that the magnetic vector field is complete: Theorem B.1(a).

Actually, it is possible to give a better visualization of the dynamical behavior of the
magnetic flow. The connected components of the level sets of the Clairaut integral C are
2-tori that project on M onto strips bounded by two parallels. The magnetic geodesics on
these tori oscillate between these two parallels. The difference with the case of the geodesic
flow of a surface of revolution comes from the fact that in our example a parallel cannot
be a magnetic geodesic. It follows from Lemma B.5 that a magnetic geodesic makes an
angle & = 0 with the bottom parallel and an angle & = 7 with the top one. In other words
it ‘curls’ as in Figure B.1.

Let us now prove Theorem B.1(d). More precisely let us show that every magnetic
geodesic has conjugate points.

Consider a magnetic geodesic. The invariant section E (spanned by the magnetic
vector field and the vector field induced by the circle action) intersects non-trivially the

+ The image by the derivative dC of a tangent vector to a meridian is non-zero.
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vertical fibers above the points of the magnetic geodesic at which the latter is tangent to

the parallels. Consequently, by Lemma 2.1 the magnetic geodesic has conjugate points. O

(11
[2]

31

(41
[51

(6]
[71
(8]
91
[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]

[18]
[19]

REFERENCES

R. Abraham and J. Marsden. Foundations of Mechanics. Addison-Wesley, Reading, MA, 1985.

V. I. Arnold. Une classe caractéristique intervenant dans les conditions de quantification. Appendix I in
Théorie des perturbations et méthodes asymptotiques, V.P. Maslov. Dunod, Paris, 1972.

V.I. Arnold. The Sturm theorems and symplectic geometry. Functional Anal. Appl. 19(4) (1985), 251—
259.

J. Barge and E. Ghys. Cocycles d’Euler et de Maslov. Math. Ann. 294(2) (1992), 235-265.

M. Bialy and L. Polterovich. Hamiltonian diffeomorphisms and Lagrangian distributions. Geom. Funct.
Anal. 2(2) (1992).

M. Bialy and L. Polterovich. Optical Hamiltonian functions. Geometry in Partial Differential Equations.
World Science Publishing, River Edge, NJ, 1994, pp. 32-50.

P. Billingsley. Weak Convergence of Measures: Applications in Probability (Regional Conference Series
in Appl. Math., 5). SIAM, Philadelphia, PA, 1971.

G. Contreras and R. Iturriaga. Convex Hamiltonians without conjugate points. Ergod. Th. & Dynam. Sys.
19 (1999), 901-952.

C. Croke and B. Kleiner. Conjugacy and rigidity for manifolds with a parallel vector field. J. Diff. Geom.
39(3) (1994), 659-680.

J. J. Duistermaat. On the Morse index in variational calculus. Adv. Math. 21 (1976), 173-195.

J.M. Gambaudo and E. Ghys. Enlacements asymptotiques. Topology 36(6) (1997), 1355-1379.

W. Klingenberg. Riemannian manifolds with geodesic flows of Anosov type. Ann. Math. 99 (1974), 1-13.
R. Maiié. On a theorem of Klingenberg. Dynamical Systems and Bifurcation Theory. Eds. M. Camacho,
M. Pacifico and F. Takens (Pitman Research Notes in Mathematics, 160). 1987, pp. 319-345.

R. Maiié. Ergodic theory and differentiable dynamics. Ergebnisse der Mathematik und ihrer Grenzgebiete.
Vol. 8. Springer, New York, 1987.

V. P. Maslov. Théorie des perturbations et méthodes asymptotiques. Dunod, Paris, 1972.

G. P. Paternain and M. Paternain. On Anosov energy levels of convex Hamiltonian systems. Math. Z. 217
(1994), 367-376.

David Ruelle. Rotation numbers for diffeomorphisms and flows. Ann. Inst. H. Poincaré Phys. Théor. 42
(1985), 109-115.

S. Schwartzman. Asymptotic cycles. Ann. Math. 66 (1957), 270-284.

S. Schwartzman. Asymptotic cycles on non-compact spaces. Bull. London Math. Soc. 29(3) (1997), 350—
352.



