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Setting.

» M compact manifold, OM = ).
> T = (R/z,+) or ({0}, +).

A Tonelli lagrangian is a C? function L : T x TM — R such that

1. Convexin fibers of T x TM — T x M.
2. fiberwise superlinear

limjg oo H62 = 00, (t,0) € T x TM.
3. The E-L. eq. gives a complete flow:

(ijtLv:LX, 0:Rx(Tx TM) — T x TM.



L:T x TM — R is a strong Tonelli Lagrangian if

Yue C*(TxM,R): L+u is a Tonelli Lagrangian (i.e. complete).

For simplicity: ~ autonomous lagrangian T = ({0}, +).



Minimizing measures

» P(L) = Borel prob. meas. on TM invariant under E-L flow.

» Action: A, : P(L) — RU {+o0}.

A = (L) = [ Lol

M(L) = argmin A (1) = minimizing measures.
HEP(L)
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» The ergodic components of a minimizing measure are also
minimizing and they are all mutually sigular

whose extremal points are

= M(L) = simplex the ergodic minimizing measures.



Every ergodic minimizing measure gives a linearly independent
direction in M(L).

Example:
> If o, p1, p2, pg are different ergodic minimizing measures.
» Take A; such that 1;(Aj;) = 1, pj(Aj) = 0.
> If v =ag o+ --- + as us, then

v(Ao1 N Az N Agz) = -

I/(A1o NApN A13) = ay.

» i.e. the measure v determines its coefficients ag, . . ., as.



In general we may have dim M(L) = +oc.

But not in the "generic" case:

Theorem

A = finite dimensional convex family of (strong) Tonelli
Lagrangians.

—

J residual O ¢ C>*(T x M,R) s.t.

ueO, LeA = dmM(L—-u)<dmA,

i,e. L—u hasatmost 1+dimA ergodic minimizing
measures.



Applications

Definition
A property PP is generic for Lagrangians if
v strong Tonelli Lagrangian L : T x TM — R
3 residual set O ¢ C(T x M,R) s.t.
P holdsfor L —u, VYue O,.

Corollary (Marié)

A = {pt}.
A generic Lagrangian has a unique minimizing measure.



Aclosed 1-formon M —
M(L — X) depends only on the cohom. class ¢ = [)].

M(L—-c):= M(L-N).
Corollary
A generic lagrangian satisfies:

V¢ e H'(M,R) the Lagrangian L — ¢ has at most
1 +dim H' (M, R) ergodic minimizng measures.



Applications: Quotient Aubry set

» “Quotient Aubry set A = { static classes }”.
» static classes are disjoint subsets of TM.
» Each static class supports at least one ergodic minimizing

measure”.
Mather
No T=R/Z & dmM<2
1. sin + or ==
9 |r={0} & dmM<3
quotient is Totally
Aubry set disconnected.

2. 3 examples whose quotient Aubry set ~ interval.



Corollary
For a generic Lagrangian:
Ve € H'(M,R)
the quotient Aubry set A; of L — c satisfies
#Ac <1 +dimH' (M, R).

Mather Questions:

» Rio 1999. For a generic lagrangian:
is HD(A;) = O forall c € H'(M,R)?
» Palo Alto 2003. Is A totally disconnected?



Closed measures (with compact support).

P(TM) = Borel probablilities on TM.
OBS: If f: M — Rthen df : TM — R.

Cosed probabililities C:

C:={veP(TM) : df dv =0, Vfe C'(M,R)}
™

B> 0:
Cg:={vecC: v(v|>B)=0}

Theorem (Mané & Fathi-Siconolfi)

If 1 minimizes the action A, on|Jg- Cs,
then n € M(L).



P(M)= Borel probabilities on M with weak* topology,
(is a compact metric space).

m: TM — M, My (L) :=argmin L,

Cs
T 1 Cg — P(M), Mpy(L, B) := m (Me,(L)).
Proposition

» A= finite dimensional convex family of lagrangians on M.
» B> 0.
==
3 residual O(A,B) c C*°(M,R) s.t.

LeA, ucO(AB) = dimpun(L B) <dimA.



Prop — Teo:
O(A) := NgenO(A, B) is residual in C*°(M,R),

3By >0 : M(L) =argmin L = Mc,(L), VB> B.
c

B

Mather’s Graph Property | 7| ) supp(u) iS 1-1
. neM(L)

dim M(L) = dim 7. (M(L)) = dim Mpxy(L, B) VB> By,



Proof of the Prop:

o If W C P(M) define e-nbhd

W. = U B(H’E) « open e-ball
new

eDCA, keN, >0

O(De, k) :={ue C*(MR) :
e-nbhd of some

VLe D  convex Mpyy(L,B) <  k-dim convex
subset of P(M)



e Claim: Prop. holds with

O(A,B) = [ O(A,e,dim A).

e>0



e Claim: Prop. holds with

O(A,B) = [ O(A,e,dim A).

e>0
Proof.
fueOA,B) = dimMp(L, B)<dimA.
Because if not dim Mp(L, B) < dimA

— JL € A s.t. Mp(L, B) contains a ball of dim 1 + dim A.

== Mp(L,B) ¢ e-nbhd of any k-dim convex.
if £ is suff. small



Enough to prove that O(A, B) is residual.
Enough VD C A cpct: O(D,e,dim A) open & dense.

OPEN:

ke Nt,e>0,D c A cpct.
= O(D, ¢, k) openin C*(M,R)

is a consequence of the semicontinuity of

Ax C*(M,R)> (L,u)— Mcz(L—u) CCp.



DENSE:

Ve >0, O(A,e,dimA) is dense in C*(M,R).
Finite dimensonal approximation:
Consider functions w € C*°(M,R) as

w: PM) — R
pooo— W(u)—/MWdu

Lemma
ImeNt I Tyn=(wq,...,wWn): P(M) - R"

with w; € C>*°(M,R) s.t.

Vx e R™ diam T, {x} <e.



Proof.

Choose (Wp)neny € C®°(M, R) but dense in C°(M, R).
If the Lemmais false  3up, vn,  Th(pn) = Ta(vn),
d(pn,vn) > &,

in — W, vp— v, but /Wn d,u:/Wn dv, vn.

= dp,v)>e & /Wd,u—/wdl/, Yw € C*(M,R).

(=<)
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DENSE:

Ve >0, O(A,e,dimA) is dense in C*(M,R).

Fix w € C*(M,R)

wantto prove w e O(A,e,dimA).

Fmn:AXR" - RU{+o0}

Fa(Lx) = min (L-w)() i
B
Tmom(u)=x

x ¢ Tm(Cp).



Fory = (y1,...,¥m) € R™ let

Mmn(L,y) :=argmin [F(L,x)—y-x] CR"
xeRM
Obs.
1. Mp(L=w =y Wy = = Ym Wi, B) C Ty (Mpn(L, y))-
2. Mpn(L,y) = subdiferentials of the
Legendre transform of Fp,.

Om(w):={yeR" :vVLe A dimMgy,(L y)<dimA}
Lemma =

yeOmw) = WH+yiwi+ -+ yYmWn € O(A,e,dimA)

“.For weO(Ae,dmA) enoughtoprove 0¢€ Op(w).



Proposition
Om(e) is dense in R™.

Proof: G, = Legendre transform of F,.

Gm(l_,y) =max y-X— Fm(L7X)7

XeRM

:max/(w+y1w1+~~+ymwm—L) du.
ueCp

Gm convex, finite (= Coon A xR)
inboth L, y

0Gm:= subdifferential of G,
Y :={(Ly) € AxR" : dimdGn(L,y) >1+dmA}.
Ambrosio + Alberti =—

HD(Y) < (m+dimA) — (1 +dimA) = m— 1.



Z = prOij(i)

= HD(X)<m-1 = R"\XdenseinR".

ENOUGH: y¢XY = yecOn(w).
i.e.
ENOUGH: y¢Y¥ = VLeA: dimMy(L y)<dimA.

def ¥ — [ygéZ,LeA — dimAGm(L,y) < dmA

enough to prove  dim Mpy(L,y) < dim9oGn(L, y).

True because  Mn(L,y) C 0yGm(L,y).
%‘)partial differential



Singular sets of convex functions.

Subdifferential at x € R" is
f(x) ={¢:R" >R : f(y) > f(x)+4(y —x), Vy e R"}.
0f(x) C R" is convex

keN, X (f):={xeR": dimdf(x) >k }.
Proposition

f:R" >R convex}

0<k<n HD($k(f)) < n— k.



Obs.
Adding |x|? if necessary (which does not change )
can assume f superlinear and

fy) > f(x)+ ey —x)+ 3y —x%  Yx,y eR", Ve 0f(x).
Lemma

e df(x), edfx) = |x=X|<|e-7].
Obs. f superlinear —  Of surjective.

Corollary
3 Lipschitz function F : R" — R" s.t.

tedf(x) = x=F().



Proof of the Poposition.

Let Ax C R" be a set s.t.

> HD(AK) =n-—Kk.
» Aj intersects any convex subset of dimension k.

For example:
Ax={x €R" : x has at least k rational coordinates }.

_I

xe¥, = Of(x)intersects Ay, = x e F(Ax).
S Tk C F(A)

F Lipschitz = HD(Xx) < HD(Ak) = n— k.
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