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Abstract We provethat if aZ or R-action by symplectic linear maps on asymplectic vector bundle E
has aweakly dominated invariant splitting £ = S @ U withdimU = dim S, then the action
is hyperbolic. In particular, contact and geodesic flows with a dominated splitting with
dimS =dimU are Anosov. To citethisarticle: G. Contreras, C. R. Acad. Sci. Paris, Ser. |
334 (2002) 585-590. O 2002 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Les flots géodésiques partiellement hyperboliques sont Anosov

Résumé Considérons une action de R ou Z sur un fibré vectoriel muni d’ une struture symplectique
par des applications linéaires préservant cette structure symplectique, et supposons que
cette action possede une décomposition invariante faiblement dominée E = S @ U avec
dimU = dimS. On montre alors que cette action est nécessairement hyperbolique. Pour
citer cet article: G. Contreras, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 585-590. O 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Un fibré vectoriel symplectique 7 : E — B est un fibré vectoriel dont les changements de cartes
(UNV) xR « préservent la structure symplectique standard de R?V. Un tel fibré est donc équipé
d’ une forme symplectique continue dont la valeur sur chaque fibre est induite par la forme symplectique
standard de R?V .

Soit Sp(E) I’ espace des isomorphismes du fibré vectoriel symplectique E. Considérons une R-action
W : R — Sp(E) et pour tout r € R, notons ¥, I'isomorphisme de fibré associé. Cette action induit un flot
continu vy, : B <= qui vé&rifiey, omr =m o ;.

On dit que I'action W est faiblement partiellement hyperbolique® sil existe une décomposition
invariantedu fibré E = § @ U, non nécessairement continue, telle que pour tout b € B,

(1) {0} #S(b) #ED);

(@) inf>o W lsyll - Y-t lumll =0;

) inf>o ¥ lsy_pyll - I¥—¢luwyll =0.

Une action ¥ est dite hyperbolique s'il existe une décompositioninvariantedu fiboréE = E* @ E" et des
constantes C > 0, A > 0, tellesque:

(i) ¥ (&) <Ce M |g| pourtoutt >0, £ € EX;

(i) |W_,; (&) <Ce Mg pourtoutr >0, & € EX.
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Dans ce cas il est facile de montrer que la décomposition est continue et que les sous-fibrés E* et E* sont
lagrangiens.

Enfin rappelonsque I’ ensemble non errant 2 () de ¢ est I’ ensemble des points b € B tels que pour tout
voisinage U deb il existe T > 0 vé&ifiant 47 (U) N U # 0.

Dans cette Note, nous montrons e résultat suivant :

THEOREME A. — Soit 7 : E — B un fibrévectoriel symplectique de base B compacteet W : R — Sp(E)
une R-action continue. § W est faiblement partiellement hyperbolique, dimS = dimU et W, 1, estla
restriction aI’ensemble non-errant Q = Q (y| ) du flot induit v, alors W[, -1, est hyperbolique.

En fait, larestriction al’ ensemble non-errant n’ est pas nécessaire si on sait apriori que ladécomposition
est continue:

THEOREME B. — Soit ¥ une R-action symplectique et continue sur une base compacte B. Sil existe
deux sous-fibréscontinus S et U telsquedim S = dimU ettelsque S @ U est une décompositioninvariante
faiblement partiellement hyperbolique, alors W est hyperbolique sur toute la base B.

Il se trouve que lorsque la décomposition S @ U est continue, elle coincide avec la décompostion
hyperbolique: S = E® et U = E*. En particulier lesfibrés S et U sont lagrangiens.

Des preuves anal ogues permettent d’ énoncer les deux théorémes ci-dessus dans le cadre des Z-actions :
7 — Sp(E), et en particulier pour la différentielle de symplectomorphismes.

On peut appliquer le théoreme A lorsque ¥, = d¢;, oU ¢, est un flot de contact sur une variété compacte
N préservant une 1-forme non dégénérée © et E(x) = ker ©,.. Puisque ¢, préserve la forme volume
O A (d®)", dimN = 2n + 1, nous savons par le théoréme de récurrence de Poincaré que Q(¢) = N.
Nous avonsalors:

CoroLLAIRE. — Un flot de contact faiblement partiellement hyperbolique vérifiant dimS = dimU est
ANosov.

Un exemple de flot de contact est donné par le flot géodésique sur une variété Riemannienne compacte
(M, g) avec lal-forme ©,(&) = (v, dw(£))g, E € TLSM, SM ={ve TM | ||v|l, = 1}, et la projection
7 :SM — M. Ceci répond a une question de M. Herman.

Les deux théorémes ci-dessus peuvent s appliquer au cas d' un niveau d’ energie régulier d’un champ
Hamiltonien qui ne possede pas de fibré transverse continu. (Voir version en anglais).

1. Statements

A symplectic vector bundle 7 : E — B is a vector bundle whose transition maps (U N V) x R2N <«
preserve the canonical symplectic structure of R?Y on the fibers. Such bundle carries a continuous
symplectic form on each fiber induced by the symplectic form on R?V .

Consider a continuous R-action ¥ : R — Sp(E), where ¥, : E — E is a bundle map which is a
symplectic linear isomorphism on each fiber and W, = ¥, o W,. The action ¥ induces a continuous
flow ¢; : B <= suchthat ¢; om =7 o W;.

We say that the action W isweakly partially hyperbolic? if there exists an invariant splitting E = S @ U
(not necessarily continuous) such that for each » € B,

(1) {0} # S(b) #E(b);

(2) inf>o W |5l - I¥—tluqypll =0;

() inf>o W |sy_mll - IW—rluwll = 0.
We say that W is hyperbolic if there exists ainvariant splitting E = E* & E* and constants C > 0, A > 0,
such that
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(i) (W& <Cce™ g foralr>0,¢eES;
(i) |W_,(&)|<Ce ™ |g|fordlr>0,&eE".
It follows that the hyperbolic splitting E* @ E* isnecessarily continuous and that the subspaces E€ and E*
are Lagrangian.
Define the non-wandering set @ (v) of ¢ asthe set of points b € B such that for every neighbourhood
U of b thereexists T > 0 such that ¥ (U) N U #0.
Here we prove:

THEOREM A. —Let 7 : E — B be a continuous symplectic vector bundlewith B compact and ¥ : R —
Sp(E) a continuous R-action with induced flow y;: w o W, = ¢, o 7.

If U isweakly partially hyperbolicwith dimS =dimU and = Q (| ) isthe non-wandering set then
therestricted action V|, -1q, ishyperbolic.

Therestriction to the non-wandering set is not needed if we know a priori that the splitting is continuous:

THEOREM B. —Let W is a continuous symplectic R-action on a compact base B. Suppose that S & U
is a weakly partially hyperbolic splitting with dimS = dimU. If furthermore, S and U are continuous
subbundles, then W is hyperbolic over all B.

It turns out that when the splitting S @ U is continuous, necessarily S = Ef and U = E* inthe hyperbolic
splitting. In particular they are Lagrangian subbundles.

The theorems above, with the same proofs, hold for Z-actions: Z — Sp(E). In particular, for the
derivatives of symplectic diffeomorphisms.

We say that & : R — Sp(E) ispartially hyperbolicif thereisan invariant splittingE=S&® U and t > 0,
0 < A <1suchthat

H\I/,|S(],)H . H\I}_’|U(‘/’t}’)|‘ <A, fordlbeB.

A partialy hyperbolic action is also weakly partialy hyperbolic and its splitting S & U is necessarily
continuous. Thus we get:

COROLLARY 1. —A partially hyperbolic symplectic action with dim S = dimU on a compact base B is
hyperbolic.

We can apply theorem A to the case when ¥, = d¢,, where ¢, is acontact flow on acompact manifold A/
preserving a non-degenerate 1-form ® and E(x) = ker®,, x € V. Since ¢, preserves the volume form
O A (dO)", dimN = 2n + 1, by Poincaré recurrence, 2 (¢) = N. Hence we obtain

COROLLARY 2.—Aweakly partially hyperbolic contact flow with dimS = dimU is Anosov.

An example of contact flow is the geodesic flow of a compact Riemannian manifold (M, g), with the
1-form ©,(&) = (v, dn(§))g, &€ € T,SM; where SM ={v e TM | ||v]|; =1} and 7 : SM — M is the
projection. Thisanswers a question posed by M. Herman: isa partially hyperbolic geodesic flow Anosov?3

The theorems above can be applied to aregular energy level of a non-contact Hamiltonian flow which
has no obvious continuous invariant transversal bundle. The problem here is that the tangent space to the
energy level isodd-dimensional and the bundle E = S @ U can not contain the direction of the Hamiltonian
vectorfield. One avoidsthis problem by projecting the derivative of the Hamiltonian flow along a continuous
transversal bundle asfollows. Let (M, w) beasymplectic manifold, H : M — R and e aregular valueof H.
Supposethat N = H~1({e}) iscompact. Let X be the Hamiltonian vector field for H on V', w(X, -) = dH,
andlet ¢ beitsflow. Let E beacontinuous (non-invariant) subbundleof TA whichistransversal to X (e.g.,
endow M with aRiemannian metricand let E={v € TN | o(VH, v) =0}). Then (E, w|g) isasymplectic
bundle. Let A : TN = E @ (X) — E be the projection in the splitting. Then we ask that the symplectic
action W = A o d¢ on E is weakly partially hyperbolic. Apply theorem A to show that the action W is
hyperbolic. Since the growth of dg, in the direction of the Hamiltonian vectorfield is subexponential, then
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standard methods using a graph transformation (cf. Hirsch—Pugh—Shub [4], or [1], p. 930) show that if ¥ is
hyperbolic then ¢ is Anosov.

2. Proofs

We say that W is quasi-hyperbolicif sup, g [W;(§)| = 4oo for all & € E, £ # 0. We shall use:

PrRoOPOSITION 2.1.— Let 7 : E — B isa continuous vector bundle, and ¥ : R — GL(E) a continuous
R-action of linear isomorphismswith induced flow ¢,: 7 o W, = ¢, o 7.

If B is compact and W is quasi-hyperbolic then the restriction W[, -1, to the lift of the nonwandering
set Q@ = Q¥ |p) ishyperbalic.

The proof is similar to that of [1], 83 Theorem 0.2, pp. 926-929, and its origins can be traced back to
Eberlein [2], Sacker and Sell [8,9] and Selgrade[10].
Define

S(b):={s € Sb) | Vue U(b), Q(s,u)=0},
Ub) :={ueU(b)|VseSb), 2, s) =0}
Proof of Theorem A. — Fix b € B and fix sequences t, — +o0 and o,, — +o0 such that
lim{[We, 50| - |9 0w | =0, @

Ii,!;T]H\I}U/JS(‘//fanb)H . H\Il_0'n|U(b)H = 0 (5)

Write B(b) := {v € E(b) | sup, g |¥;v| < +00}. By Proposition 2.1, we have to prove that B(b) = {0}.

LEMMA 2.2.—

@ Ifliminf||[WYs, |sy_, 1l =0then

Vs e S(b)\ {0}, limsup|¥_, (s)| = +oc. (6)
(b) I liminfl|W_r,|uy,,p = O then '
VueU(b)\ {0}, limsup|Wy, (u)| = +oo. (7
(c) If both conditions (6) and (7) hold, then 2B(b) = {(;}.

Proof. — (a) If s € S(b) \ {0}, then

LI—| P C ]
|\Ij—a,, (9| n |\Ij—a,l5|
(b) If ue UD) \ {0}, then

liminf < liminf|| W, sy, 5| =0.

liminf |ul W_q, (V)]
no W, (W) |We,ul
(c) Conditions (6) and (7) imply that 6(b) N S(b) = {0} and B(b) N U (b) = {0}.
Letv=s®ueSa®U =E besuchthat s # 0 and u # 0. From (4) we have that
Wz, 5] [u] N Wr,s| |W_r,(Wr,u)| n
. = . — 0.
ls|  |We,ul Is| W,

= liminf < liminf[| ¥z, [y, b = 0.

Therefore
“},I;n’ \Ij‘m (5) ’/ ’ \ijn (u)| = 0
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Using (7), we have that
limsup|W-, (v)| = limsup(| W, ()| — |y, (s)|) = +o0. 8
Thenv ¢ V(). O

Suppose first that G(b) = {0} and U(b) = {0}. Let u e U(b), u # 0. Since iU(b) = {0}, there exists
s € S(b) suchthat Q(s,u) =1. Since |V, s |- [V u| > QW5 VU u) = Q(s,u) =1, then

liminflw, s|=0 = limsup|¥u|l=+o0. 9

n n
From (4),

Wr,s5]  ful _ Wr, 5] [Veq, (W7, W) "o (10)

ls|  [Wgul Is| (W, ul
So that

liminflW,s|>0 = limsup|¥,,u|=-+o0. (11

n

n

From (9) and (11), we obtain that
limsup|W, u|=+o00, VueU(D)\ {0} (12)
Similar argumentsto (9) and (11) using (5), show that
limsup|¥_s, s | =—+o0, VseS(b)\{0}. (13)

Then (12), (13) and Lemma2.2(c) imply that B8 (b) = {0}.

The hypothesison S and U are symmetric, so, using the inverse action W_, if necessary, it is enough to
assume from now on that G(b) # {0}.

Letve &)\ {0}. Thereexistsw =s+ue S @ U = E such that Q (v, w) = 1. Since by definition of
& (b), we havethat Q (v, u) =0, then

1=Q(v,8) = Q(Wr,v, ¥y, ) < || W, I || 0] 5.
Therefore Iinlinf Wz, |s@) |l > 0. From (4) we have that
liminf||W_s, vy, || =0. (14)
Suppose that
Iinlian\Il_(,,,|U(;,)H =0.
If ug, up € U(b), then
|21, 1) | = 1IM[Q (W, 12, W, 42)| < MINf|[ W, 10 [|* =0,

Therefore the subspace U (b) is isotropic. If 0 s € G(b) then, by the definition of &(b), the subspace
U (b) @ (s) would beisotropic. This contradictsthe hypothesisdimU = dimS = % dimE. Hence

Iinlinf||\ll_g,,|u(;,)|| > 0. (15)
Now (15) and (5) imply that
Iin')linf||\llgn IS, y|| = O (16)
But (14), (16) and Lemma2.2 imply that 8(») = {0}. O

Proof of Theorem B. — Define
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B = {n cE| sup|¥v| < +oo}, E" = {n cE|sup|W_ 0| < +oo}.
>0 >0

LEMMA 2.3.—If S and U are continuous, then ES = S and E¥ = U.
Proof. — Thelimits (12), [(14), 2.2(b)], (8) and (13), [(16), 2.2(a)], (8) imply that E* C Sand E* C U.

We only provethat EX = S. Let v € S and suppose that v ¢ E°. Then there exists b, — +oo such that
lim, |Wp, v| = +00. Define a, € [0, b,] by

Wy, vl = max |l

\t\ n
Then |, v| > |}, v| —> +00, S0 that lim,, a, = +oo.

Letu, =W, v/|¥,,v|, xy := 7 u,. For —a, <t <0, wehavethat
Wi tq,vl
|\I"anv|
Since B iscompact and |u, | = 1, taking asubsequencewe can assumethat x, — x € Bandu,, — u € E(x).

Then |¥; ()| < 1foral ¢ <0. Using the continuity of x — S(x), we have that

u € E"(x) N1imS(x,) = E“(x) N S(x) € U(x) N S(x) = (0).

[Wruy,| < <L

Since |u| = 1, thisisacontradiction. O

The following lemma completes the proof of Theorem B. A proof of the lemma can be found in [1],
Lemma3.2, p. 927.

LEMMA 2.4.— Let ¥ be a quasi-hyperbolic action with B compact. Then there exists T > 0 such that
1 1
||\IJ-[|Ex(b)|| <E and ||lp—r|E“(b)|| < E forall b € B.
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1 La définition classique de I hyperbolicité partielle demande la condition plus forte qu'il exister >0et0< A <1
telsque : [|Wr|s@)ll - W=ty (y,p)ll < A pour tout b € B. Cette condition supplémentaire implique la continuité de la
décomposition.

2The usual partial hyperbolicity requires the stronger condition that there exist r > 0 and 0 < A < 1 such that
IWels@) - 1= |y g,y | < A, for @l b e B; which implies the continuity of the splitting S & U

31f dim S # dimU, aproduct of two manifolds of negative curvature would be a counterexample.
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