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The Palais-Smale Condition and Mané’s Critical Values

G. Contreras, R. Iturriaga, G. P. Paternain, M. Paternain

Abstract. Let L be a convex superlinear autonomous Lagrangian on a closed con-
nected manifold N. We consider critical values of Lagrangians as defined by R.
Maié in [23]. We define energy levels satisfying the Palais-Smale condition and we
show that the critical value of the lift of L to any covering of N equals the infimum
of the values of k£ such that the energy level ¢ satisfies the Palais-Smale condition
for every t > k provided that the Peierls barrier is finite. When the static set is not
empty, the Peierls barrier is always finite and thus we obtain a characterization of
the critical value of L in terms of the Palais-Smale condition.

We also show that if an energy level without conjugate points has energy strictly
bigger than ¢, (L) (the critical value of the lift of L to the universal covering of N),
then two different points in the universal covering can be joined by a unique solution
of the Euler-Lagrange equation that lives in the given energy level. Conversely, if
the latter property holds, then the energy of the energy level is greater than or
equal to ¢y (). In this way, we obtain a characterization of the energy levels where
an analogue of the Hadamard theorem holds. We conclude the paper showing other
applications such as the existence of minimizing periodic orbits in every non-trivial
homotopy class with energy greater than ¢, (L) and homologically trivial periodic
orbits such that the action of L + k is negative if ¢, (L) < k < cq(LL), where cq (L)
is the critical value of the lift of L the abelian covering of N. We also prove that
given an Anosov energy level, there exists in each non-trivial free homotopy class
a unique closed orbit of the Euler-Lagrange flow in the given energy level.

I Introduction

In this paper we study geometric and dynamical properties of convex and superlin-
ear Lagrangians, and it can be considered as a continuation of our previous paper
[9]. This time we study the action functional from the viewpoint of Morse theory
and we show, among other results, that for a compact manifold the critical value
as defined by R. Mané in [23] can be characterized by the Palais-Smale condition.
This will follow from more general results to be precisely stated below.

It is well known that the action functional of the Lagrangian

1
L(z,0) = 5lof2

arising from a Riemannian metric satisfies the Palais-Smale condition (cf. [29]).
This condition ensures that the minimax principle holds and from the latter many
standard properties of geodesics easily follow, namely, The Hopf-Rinow theorem,
the Hadamard theorem and the existence of closed geodesics in each homotopy
class. As we explain below, these and other properties as well as the approach in [29]
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and [31] hold for energy levels of convex and superlinear autonomous Lagrangians
if the energy is greater than the critical value.
In order to describe precisely our results let us recall some preliminaries.
Let N be a closed connected smooth manifold and let . : TN — R be a
smooth convex superlinear Lagrangian. This means that L restricted to each T, N
has positive definite Hessian and that for some Riemannian metric we have that
lim L(z,v) =0

|v|—o00 |’U|

)

uniformly on € N.

Since N is compact, the extremals of L give rise to a complete flow ¢y :
TN — TN called the Fuler-Lagrange flow of the Lagrangian.

Recall that the energy Ep : TN — R is defined by

Ey(z,v) = %(m,v).v — L(z,v).

Since L is autonomous, Er, is a first integral of the flow ¢;.
Recall also that the action of the Lagrangian I on an absolutely continuous
curve v : [a,b] — N is defined by

b
Su(y) = / L(v(8).4(t)) dt.

Given two points, ¢; and g2 in N and T" > 0 denote by C(q1,g2;T) the set of
absolutely continuous curves 7 : [0,7] — N, with v(0) = ¢1 and v(T') = go. For
each k € R we define the action potential @ : N x N — R by

Pr(q1,q2) = inf{SLyr(7) : v € Ur=0C(q1,q2;T)}-

The critical value of L, which was introduced by Mané in [23], is the real
number ¢(IL) defined as the infimum of k£ € R such that for some ¢ € N, ®x(q,q) >
—00. Since L is convex and superlinear and NV is compact such a number exists and
it has various important properties [23, 6]. We briefly mention a few of them since
we shall need them below. For any k > ¢(IL), the action potential @y is a Lipschitz
function that satisfies a triangle inequality. In general the action potential is not
symmetric but if we define di : N x N — R by setting

di(q1,92) = Pr(q1, ¢2) + Pr(q2, q1),

then dj, is a distance function for all k£ > ¢(IL) and a pseudo-distance for k = ¢(L).
In [23, 6] the critical value is characterized in other ways relating it to minimizing
measures or to the existence of Tonelli minimizers with fixed energy between two
points.

We can also consider the critical value of the lift of the Lagrangian L to a
covering of the compact manifold N. Suppose that p : M — N is a covering space
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and consider the Lagrangian L : TM — R given by L := L o dp. For each kK € R
we can define an action potential ®; in M x M just as above and similarly we
obtain a critical value ¢(L) for L. It can be easily checked that if M7 and M, are
coverings of NV such that M; covers Mo, then

(L) < ¢(L2), (1)

where L1 and Lo denote the lifts of the Lagrangian L to M; and Ms respectively.
Among all possible coverings of N there are two distinguished ones; the uni-
versal covering which we shall denote by N, and the abelian covering which we
shall denote by N. The latter is defined as the covering of N whose fundamental
group is the kernel of the Hurewicz homomorphism m1(N) — H;(N,R). When
m1(N) is abelian, N is a finite covering of N.
The universal covering of NV gives rise to the critical value

cu(L) e c(lift of L to N),
and the abelian covering of N gives rise to the critical value
ca(L) % c(lift of L to V).
From inequality (1) it follows that
cu(L) < cqo(LL),

but in general the inequality may be strict as it was shown in [30].

The critical values have another important feature: they single out those
energy levels in which relevant globally minimizing objects (orbits or measures)
live [10, 23, 6]. The study of these globally minimizing objects has a long history
that goes back to M. Morse [27] and G.A. Hedlund [19]. Recent work on this
subject has been done by V. Bangert [3, 4], M.J. Dias Carneiro [10], A. Fathi
[14, 15, 16, 17], R. Mané [23, 24] and J. Mather [25, 26]. We refer to [8, 18]
for comprehensive accounts of the theory. Static and semistatic curves are the
paradigms of what we mean by globally minimizing orbits and since they will play
an important role in our results we give now their definition (cf. [23, 26]).

Set ¢ = ¢(L). We say that z : [a,b] — M is a semistatic curve if it is absolutely
continuous and:

SL+C (m|[t0,t1]) = (x(t())a x(tl)) s (2)
for all @ < tg < t; < b; and that it is a static curve if
SL+te (x‘[to,tl]) = —®.(2(t1),z(to)) (3)

for all a < tg < t1 < b. Observe that since

D (z(to), z(t1)) + Pe(x(t1), x(to)) = de(x(to), z(t1)) >0
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a static curve is a semistatic curve for which d.(z(tp),z(¢1)) = 0 for all a < tg <
t1 < b. Let $(L) be the set of vectors v € TM such that the solutions v : R — M
of the Euler-Lagrange equation satisfying 4(0) = v are static. We call $(L) the
static set.

As we mentioned before, one of our aims in this paper is to relate the Morse
theory of the action functional to the critical values. Let H'(R¥) be the set of
absolutely continuous curves x : [0, 1] — R* such that

1
/ (1) dt < oc.
0

It is well known that H!(R¥) is a Hilbert space with the inner product defined by

1
(z,y); = (2(0),y(0)) s +/0 (@(t),5(t)) g dt,

where (-, - ) is the standard inner product of R¥,

Given any Riemannian metric of M we may assume, on account of the Nash
embedding theorem, that M is isometrically embedded in some R*. Take ¢; and ¢o
in M and let Q(q1,q2) be the set of elements of H*(R¥) such that z([0,1]) C M,
2(0) = g1 and z(1) = go. It follows from the arguments in [29] that Q(q1,¢2)
inherits a Hilbert manifold structure compatible with the Riemannian metric on
M. We now define another action Ay, closely related to the action Sy we defined
before. Given the Lagrangian L : TM — R define

AL :R+ X Q(ql,QQ) — R

by

Ap(bz) = /0 bL(x(t), (t)/b) dt.
Observe that
Ap(b,x) = Sp(y),

where y(t) = z(t/b).

We now recall the definition of the Palais-Smale condition. In fact, this is a
rather stronger version of the condition in [29] and [31] that we borrow from [20]
and [22].

Definition 1 Let f : X — R be a C! map where X is an open set of a Hilbert
manifold. We say that f satisfies the Palais-Smale condition if every sequence
{n} such that {f(z,)} is bounded and ||d,, f|| — 0 as n — oo has a converging
subsequence.
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We remark that the manifold R x Q(q1,q2) is not complete, however if
1 # g2 then the set {Arx < a} is complete when k is strictly bigger that the
critical value (see Lemma 15). This is important when we apply the minimax
principle (see Proposition 21).

In order to show that the action functional Apiy is C? and satisfies the
Palais-Smale condition we need the Lagrangian to be quadratic at infinity:

Definition 2 We say that L : TN — R is quadratic at infinity if there exists a
Riemannian metric on N and R > 0 such that for each z € N and |v|, > R,
L(z,v) has the form

L(r,v) = g ol? +6u(0) - V(2),

where 6 is a smooth 1-form on N and V : N — R a smooth function.
A lifted Lagrangian L : TM — R is said to be quadratic at infinity if it is the
lift of a Lagrangian quadratic at infinity on N .

In Section 3 (cf. Proposition 18) we shall show that given a Lagrangian L and
k € R there is a Lagrangian Ly quadratic at infinity such that L(x,v) = Lo(z,v)
for all (z,v) with E(x,v) < k+ 1. We shall also show (cf. Lemma 19) that given
two Lagrangians L and L which agree for any (x,v) with E(x,v) < ¢(L)+1, then
¢(L) = ¢(Lg). These properties motivate the following definition:

Definition 3 We say that the energy level E~1(k) of a convex and superlinear
Lagrangian L satisfies the Palais-Smale condition if there is a Lagrangian Lg
quadratic at infinity such that L and Lo agree for any (z,v) with E(z,v) <
k + 1 and the action functional Ayr,yr satisfies the Palais-Smale condition on
RT x Q(q1,q2) for every 1 # go.

In Section 3 we shall prove:

Theorem A. Let M be any covering of the closed manifold N and let L : TM — R
be the lifted Lagrangian. If the static set X(L) is not empty, then

¢(L) =inf {t € R: E'(k) satisfies the Palais-Smale condition for every k > ¢} .

When M is compact the set i(L) is not empty [6, 23] and therefore we obtain:
Corollary. Suppose that M is compact. Then

¢(L) =inf {t € R: Ey'(k) satisfies the Palais-Smale condition for every k >t} .

S. Bolotin in [5] explores ideas which are similar to the ones we develop
here. Using a somewhat different language he also notes that the Palais-Smale
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condition holds for the action Ay for large values of k but he does not give a
characterization of ¢(L) as before.

Theorem A will follow from Theorems B and C below. To state these theorems
we need two more definitions. For k£ € R, let

P ;T = inf S
bla, @ T) Wec(lel,qz;T) L+(7)
hi(qi,q2) = %Flr_l)l}rlg Q1(q1,q2;T).

The function h. is known as the Peierls barrier [15, 26].

Theorem B. Assume that L is quadratic at infinity and hg(q1,q2) = +oo. Then
the action functional
Apk :RY x Qq1,¢2) = R

satisfies the Palais-Smale condition provided q1 # qo.

Theorem C. Assume that L is quadratic at infinity and that for some pair (q1, q2),
he(q1,q2) < +00. Then the action functional

AL+C : R+ X Q(thh) — R

does not satisfy the Palais-Smale condition.

At the end of Section 3 we explain in detail how to derive Theorem A from
Theorems B and C. Two extra ingredients needed for this derivation are given by
Corollary 12 in Section 3, which states that the Peierls barrier is finite for every
pair (g1,¢2) in M when the static set 3(L) is not empty and Lemma 10 which
states that hy(q1,q2) = +oo for every pair (q1,¢2) provided that k& > ¢(L). We
remark that if h.(q1, ¢2) is finite for some pair (g1, g2) then it is finite for all pairs
(q1,q2)-

In the appendix we give an example of a Lagrangian on R2 for which the
static set is empty and the Peierls barrier h. is infinite (and hence the Palais-
Smale condition holds at critical energy). Even though this Lagrangian is not the
lift of a Lagrangian on a compact manifold, it shows that most likely Theorems
A, B and C are optimal.

It is unknown whether the energy level E;'(k) satisfies the Palais-Smale
condition for k < ¢(L) (some authors have assumed that the Palais-Smale condi-
tion holds at subcritical energies for magnetic Lagrangians and this gap has been
pointed out by S. Bolotin, see [33] for a discussion of the problem).

In Section 4 we prove an analogue of the Hadamard theorem on fixed energy
levels. A pair of points (z1,v1), (z2,v2) in TM are said to be conjugate if (zo,v2) =
¢e(x1,v1) for t # 0 and do(V(z1,v1)) intersects V(xa,v2) non-trivially. Here,
V(z,v) is the vertical fibre at (z,v) defined as usual as the kernel of dm(, ) :
Tizw)TN — T, N where 7 : TN — N is the canonical projection. We have:
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Theorem D. Let L : TN — R be a convex and superlinear Lagrangian. Assume
that there is qo € N such that qo has no conjugate points in Eﬂl(kz). Let qo be a
lift of qo to N, the universal covering of N and let L be the lift of L to N. Denote
the following statement by (H):

(H) For every q in N there is a unique solution of the Euler-Lagrange equation
of L with energy k, joining qo to q.

Then,

k> ¢, (L)
(H)

We note that when k = ¢,(LL) there are examples in [7] where (H) does
not hold. Also there are examples in [7] of multivalued Lagrangians, that become
honests Lagrangians in the universal covering for which (H) does hold.

In Section 5 we recall some results on Morse theory that we will use in the
last section. In Section 6 we give applications such as the existence of minimizing
periodic orbits in every non-trivial free homotopy class with energy greater than
¢u(L) and homologically trivial periodic orbits such that the action of L + k is
negative if ¢, (L) < k < ¢4(L), where ¢4(IL) is the critical value of the lift of L to
the abelian covering of N. These results should be compared with the work of S.P.
Novikov, I. Taimanov and A. Bahri and I. Taimanov on the existence of closed
orbits for magnetic Lagrangians. See [2, 28, 33, 34] and the extensive references
therein. We also prove in Section 6 that given an Anosov energy level, there exists
in each non-trivial free homotopy class a unique closed orbit of the Euler-Lagrange
flow in the given energy level.

IT First and Second Variations

In this section we calculate the first and second variations of the action functional
Arp+k. These computations do not need any assumptions on the Lagrangian. How-
ever, if we want them to be the first and second derivative of the action functional
Ar+r we need the Lagrangian to be quadratic at infinity.

Take a curve s — (bs,xs) € RY x Q(q1,q2) and set b := by , x = zo,
&) = 65“: ls=0(t), a = ‘g’; s=0 and g(s) := Apik(bs,xs). A straightforward
calculation in local coordinates gives:

Lemma 4

Ay Arsn(a,€) == ¢'(0) = a / [k~ By(a(t).#(t)/b)} dt

+ [ La(a 0.5 /DEW) + Lula(0). 20 DEW)} .
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Remark 5 If (b, z) is a critical point of Apy, then y : [0,b] — M given by y(t) =
x(t/b) is a solution of the Euler-Lagrange equation of L with energy k& (see [1] and
[6]). Indeed, the second term in the last equation is equal to

b
/0 (Lo(y,3) — S Lo(y, ) dt,

where 7(t) := £(t/b). Since it is zero for all variations 7, then y satisfies the Euler-
Lagrange equation. Since the first term is zero for a = 1, then Er(y,y) = k.

Remark 6

OApsk, \_ dALik(bs, )

L () | o /O {k — Ep(a(t), &()/b)} dt,

@ b
=3 [ = B9} s

where y(s) = x(s/b).

Lemma 7
0%A d?A b,z
Ltk ¢ g = L+k2( )
0%x ds <0

b
= /0 {Law(y,9)0 + NLao(y, )0 + Loz (Y, )0 + 1L (y, 9)0} dt,

where n(t) = £(t/b) and y(t) = x(t/b).
Proof. Calculate ¢g”(0) where g(s) = Ar1x(b, zs).

The following lemma is an immediate consequence of the Morse Index The-
orem for convex Lagrangians (cf. [11]).

Lemma 8 Let y, (b,x) be as in the previous lemma. If in addition y is a solution

2
of the Euler-Lagrange equation with no conjugate points, then 9 g‘zﬁj"' 18 positive

definite.

The following theorem is a particular case of a theorem due to Smale [31].

Theorem 9 If a Lagrangian L is quadratic at infinity then the corresponding action
functional Apyx : RY xQ(q1,q2) — R is a C? function with respect to the canonical
Hilbert structure of RT x Q(q1, q2). Moreover, the differential of A+ evaluated at
the tangent vector (a, &) is given precisely by the number dg, ) Aryx(c, &) defined
m Lemma 4.
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Lemma 8 motivates the following:

Question: Is it true that (b, x) is a local minimum of Ay, provided that z(¢/b)
is a solution of the Euler-Lagrange equation with no conjugate points?

The next example shows that the answer to this question is negative. This
example was motivated by the referee who pointed out a mistake in a previous
version of the mansucript. We thank him or her for this observation. On the other
hand we shall show in Lemma 30 that the answer to the question is affirmative
in the case of Anosov energy levels and the space of closed paths with a fixed
non-trivial homotopy class.

Let L be the Lagrangian on TR? given by:
L(w,y,4,9) = 3(3* +§7) — 2.

We take k = 1/2, ¢1 = (1,0) and ¢2 = (—1,0). The orbits of L with energy 1/2
are circles of radius one oriented counterclockwise. Let ¢y be the half circle of
radius one connecting ¢; to ga. Let (—&,£) 3 s +— ¢5 be a small variation of ¢y by
circles with center at (0,s) and radius /1 + s?. We parametrize these circles by
arc length, hence ¢s connects ¢; to ¢o in time b(s) = V1 + s2(7 + 2a(s)), where
a(s) is the angle in (—7/2,7/2) whose tangent is s. By observing that

(L+3)(@y,2,9)=1-27,
when 2 + 32 = 1 one obtains:
A(s) == Apt1/2(bs, ) = Spy1/2(cs) = b(s) — (L4 8*) (£ + a(s) + 2 sin(2a(s))) .
A somewhat tedious computation shows that:
A'(0) =0, A"(0) =0, A"(0) = 2.

Hence s — A(s) does not have a local minumum at s = 0. On the other hand the
piece of orbit [0, 7] 5 s — ¢o(s) does not have conjugate points [8, Example A.3].
Finally we observe that if we consider a ball in R? with radius, let us say, four, then
L restricted to this ball can be embedded into a convex superlinear Lagrangian on
a closed surface.
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IIT The Palais-Smale condition for Lagrangians quadratic
at infinity

IT1.1 The Peierls barrier

For k € R, let
P ,q2; ) = inf S
ela, @ T) v€C(q1,92,T) L+ (7)
hi(q1,q2) = liminf ®p(qr,q2;T).
T—+oc

The function h. is called the Peierls barrier [15].

Lemma 10 Set ¢ := ¢(L).
If k> c then hi(q1,q2) = +o0 for all g1, g2 € M.
If k < c then hi(q1,q2) = —o0 for all q1, g2 € M.

Proof. If k > ¢, we have that
Qp(q1,q2:T) > @clqr,q2) + (k—¢) T.

Hence hi(q1,q2) = +00.
If k < ¢, since @ (g2, q2) = —o0, there is a curve v € C(gqa, ¢2; T) with T' > 0
and Sr4x(y) < 0. Then

D4(q1,q2; 1+ nT) < Pplqr, qo; 1) + 1 Spik(y) — —oo.
Thus hi(q1,q2) = —o0.
Proposition 11 h.(p,p) =0 iff p € ﬂ'EA](L).

Proof. First take p € Wi(L) and let v : R — M be a static curve with v(0) = p.
Let € > 0 be given. For any ¢ > 0 there is a curve 7; : [0,7;] — M such that

7¢(0) = ~(t), 7(Ty) = (0) and
Spte(1) < Pe(v(8),p) + &
Then
0 < he(p,p) < Tminf Spvc(v]po,g + )
< ltigljgof (Sr+c(vlj0,0) + Sre(72))

< liminf (2c(p, (1)) + @o(1(0), ) +

:E’
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where the last equality holds because 7 is a static curve.

Now assume that h.(p,p) = 0. Then there is T,, — oo and Tonelli minimizers
Yo ¢ [0,Ty] = M with v,,(0) = v,(T%) = p and Sp4¢(7n) — 0. By Lemma 16 the
speed of the Tonelli minimizers -y, is bounded and hence there is a subsequence
such that 4, (0) — v. Let v be the solution of the Euler-Lagrange equation with
initial conditions (p,v). We are going to show that ~ is static. Take 0 < t; < ¢
and ¢ > 0. Since ®. is continuous we can take n so big that T}, > to,

SL+C(’Yn) < g,

Dc(v(tr),(t2)) < Pe(n(tr), Wnlta)) + e
and

De(y(t2),7(t1)) < Pe(yn(t2), (t1)) +e.
Next observe that

Ce(Yn(t1), M (t2)) < Site(Valier izl
and
Pe(Vn(ta), Yn(t1)) < Stte(alits,rn)) + Sttc(nlio,61)-

Hence

Dc(y(t1),7(t2)) + Pe(v(t2), 7 (1)) < 3e,

and since € was arbitrary we deduce that |, is static. By Proposition 3.5.5 in
[8], v : R — M is a static curve as desired.

Corollary 12 If the static set $(L) is not empty, then for any pair (g1, q2) we have
he(q1,q2) < Pelqr, p) + Pe(p, g2),

forany p € wi(L).

Proof. From the definition of the Peierls barrier h. we have:

he(qr, g2) < Pelq1,p) + he(p, q) + Pe(q, g2).

Set p=gq € wi(L) and use Proposition 11.

Even though we do not need the next result for the proof of the theorems in
the introduction, we include it here because it gives an interesting characteriza-
tion of the Peierls barrier in terms of the action potential. This result should be
compared with Fathi’s results in [15], in which he characterizes the Peierls barrier
in terms of conjugate weak KAM solutions.
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Proposition 13 If M is compact then

he(z,y) = inf {(I)c(x,p) + @.(p, Z/)} .
peT(X(L))

Proof. Recall that when M is compact the set fJ(L) is not empty [6, 23]. Using
Corollary 12 we get that

he(z,y) < inf [®.(z,p) + Cclp,y)].
penS(L)

Now let 7, € C(x,y;T,) be Tonelli minimizers with T,, — 400 and Sp4c(vn) —
he(z,y) < +00. Then %SLJFC('yn) — 0. Observe that by Lemma 16 the speed of
the Tonelli minimizers =, is bounded. Let p be a weak limit of a subsequence of
the probability measures p.,, supported on the piece of orbits

[0, T0) 3t = (W (t), 4 (2))-

Then 4 is a minimizing measure (see [6, 23]). Let ¢ € m(supp(p)) and ¢, €
¥n ([0, T]) be such that lim,, ¢, = q. Then,

Po(z,q) + Pe(q,y) < Pe(z,qn) + Pelgn, y) + Pe(gn, q) + Pelq, qn)
< SL+c(7n) + (I)C(Qm Q) + ‘pc(% Qn)'

Letting n — oo, we get that

(I>c(x7Q) + (I)C(Q7y) < hc(.lf, y)'

II1.2 Proof of Theorem B
We begin with the following lemma:

Lemma 14 Suppose that L is quadratic at infinity. Given any coordinate chart
there are positive numbers 6, B, C' and D such that in the given chart we have:

Clv —wl|* < (Lu(z,v) = Ly(y,w)) - (v = w) + [B (o] + [wl]) + D] [v — w] d(x,y)
provided that d(z,y) < 6.

Proof. Take ¢ such that if d(z,y) < ¢ then z, y belong to the same coordinate
chart of M. Next we work in local coordinates as if L were defined in R?".

/0 (’U —U)) : Lvu(t(mm) + (]_ —t) (va)) . (’U _w) dt =
= (Ly(z,v) = Ly(y,w)) - (v —w)

—/0 (v—w)'Lm((m,v)t—l—(y,w)(l—t))-(x—y) dt.
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Now, since L is quadratic at infinity |Lg,(z,v)| < B |v|s + D1 for some positive
constants By and D;. On the other hand, since L, is positive definite, there is
C > 0 such that

U Ly u > C |ul?

for every w. If we now take into account the equivalence between d and the eu-
clidean metric in the given coordinate chart we can easily obtain the statement of
the lemma for appropriate constants B and D.

o

The next lemma will ensure that if ¢; # g2 then the set {Ap p < a} is
complete when hy(g1,q2) = oco. This observation is needed when we apply the
minimax principle given by Proposition 21.

Lemma 15 If ¢1 # g2 and Ap ik (bn,xn) < D then b, is bounded away from zero.

Proof. Since our Lagrangian is quadratic at infinity, there are positive constants
Dy and Do such that

L(z,v) > Dy |[v|* — Da,

consequently
Dl ! .2
D> Apor(bo,zn) > b—/ (a2 dt + (k — Da) by,
n Jo

and thus there are positive numbers D3 and D, such that for all n,
1
/ 2| dt < D3 by, + Dy b2 (4)
0

Observe that if b,, — 0 then ||z, ||1 — 0 and then the length of x,, goes to 0 which
is absurd provided ¢ # go.

Let us begin now with the proof of Theorem B.

Take {(bn,zn)} such that {Ap x(bn,7,)} is bounded and ||d,, 5, )AL yx|l1 —
0. Let yn(t) = zn(t/byn). Then {b,} is bounded, for if not, we may assume that
b,, — +oo and then

Atk (b, zn) = Spk(yn) = ®i(q1, 23 by) — +00.

So, we can assume that {b,} converges. Let b = lim,, b,,. Let

yn(s) if s < by,
wp(s) = i
q2 ifb, <s<b+1.
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Then w, € C(q1,q2;b+ 1) and

S1(wn) = S1.(yn) + L(2,0) (b+1— by)
S AL+k(bn7$n) - kbn + QL(C_ZQ, 0)7

if b, > b— 1. By the same arguments in the proof of Tonelli’s Theorem and by the
Arzela-Ascoli Theorem there is a convergent subsequence of w,, in the C° topology
(cf. [8, 25]). This implies that also {y,} and {x,} have convergent subsequences in
the C? topology. For the sequel we work with a convergent subsequence of {z,,}.
We shall assume without loss of generality that the limit point of the sequence
{z,} is contained in a coordinate chart, for if not we can cover it with a finite
number of charts and we do the argument below on each chart. Hence for n large
enough z,, has its image contained in the same local chart as the limit point.

By Lemma 15 we may assume that b, — b # 0. Write z,, = 2,,/b,. Also by
Lemma 15 (see inequality (4)) there is K > 0 such that

|zt < K and  ||zu|l < K

(recall that || . ||; is the norm in H'(R¥)). Now we follow the lines of Lemma 7.1
in [31]. Since ||d,, 2,)Ar+x|[1 — 0, given € there is N such that

nsLn

l1db,, ey AL+k (1) = dv,, ey AL+r(M)|1 < €

for every n, m > N and ||n||;1 < 2K. We can take in particular n = z,, — ,,, and
therefore using Lemma 4 we have,

1
‘ / {00 La(Tn, 2n) — bin Lo (Tm, 2m) } (Tn — Tm) dt +
0

—|—/01{Lv(xn,z'n)  Ly(@oms i)} (i — ) | < €

for m, n > N. Since our Lagrangian is quadratic at infinity, then there are positive
constants a and ¢ such that ||L.|| < a |v|2 +c. Using (4) in the proof of Lemma 15
we have that the first term is bounded by (2a D3+ (bp+bp)(a D+ ¢))||xn —Tm]|co-
Consequently the second integral is small for big m and n.

Now we apply Lemma 14 to obtain

1 1
C/ |,énf,ém|2dt§/ {Lo(2n, %) = Lo(Tm, Zm) } - (30 — 2m) dbt +
0 0
1
+ B/ (2l + VmD) 2 — | [0 — ] dt
0

1
+D/ |2n—2m| |ty — X | dE.
0
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Now

1
/ (|2n‘ + |2ml) |Zn - 73m| dt < (Han1 + ||Zm||1) lzn — zm|l1
0

by the Cauchy-Shwartz inequality. Therefore

1
0
+ (4 K? B+ 2KD) ||zn — Zm||oo-

Since z,, converges in the C° topology and the integral is small, we conclude that z,
converges in the H'-norm. Again, since b # 0, x,, also converges in the H'-norm,
finishing the proof of the theorem.

o

IT11.3 Proof of Theorem C

Lemma 16 ([25]) For B > 0 there exists C = C(B) > 0 such that if v,y € M
and vy € C(x,y; T) is a solution of the Euler-Lagrange equation with Ar(v) < BT,
then |¥(t)] < C for all t € [0,T].

Proof. By the superlinearity there is D > 0 such that L(x,v) > |v| — D for all
(x,v) € TM. Since S.(v) < BT, the mean value theorem implies that there is
to € (0,T) such that

19(to)| < D+ B.

The conservation of the energy implies that there is C = C(B) > 0 such that
9l < C.

Lemma 17 For all x,y € M and € > 0, the function t — Py (x,y;t) is Lipschitz
on e <t < —+oo.

Proof. Fixe > 0. f T > ¢, let v € C(x,y;T) be a Tonelli minimizer. Let 7 :
[0,T] — M be a geodesic with speed d(z,y)/T < d(z,y)/e connecting z to y. Let

L(z,v).

= max

()i ol<d(zv)/e}
Then since 7 is a Tonelli minimizer we have Sr(y) < Sp(7) < BT. On account of
Lemma 16 there exists C' = C'(e) > 0 such that |E(y,¥) — k| < C(e) + |k|. Denote

S
,'y
h(s) := Pp(x,y;8). If vs(t) := v(Tt/s) with t € [0, s], then h(s) < Spyr(ys) =:



670 G. Contreras, R. Iturriaga, G. P. Paternain, M. Paternain Ann. Henri Poincaré

B(s). Using Remark 6 we have that

f(T): = h?jﬁ"w
T
)= 5 [ = Be)] @
< C(e) + Ikl

If S, T > & we have that

S
(2, : §) < Bp(w,y; T) + /T £(t) dt

< ®p(x,y; T) + Cle) + k| [T = 5]

Since we can reverse the roles of S and T, this implies the Lipschitz condition for
T— Op(z,y; T).
We begin now with the proof of Theorem C. Let f(t) := ®.(z,y;t).

Case 1: Suppose first that there is To > 0 such that f is monotonous on [Tp, +00).
Since by Lemma 17 f is Lipschitz on [Ty, +00) by Rademacher’s theorem [13], f
is differentiable almost everywhere and

f) = f(To) = . f'(s) ds. (5)

Since f is monotonous f' > 0 or f/ < 0 for all ¢ > T, and , 1121 ft) =
——+o00
1tim+inff(t) = he(z,y) < 4o0. This implies that there is a sequence of differen-
tiability points ¢, — +oo such that f/(¢,) — 0, for otherwise there would exist
K > 0 and R > 0 such that f/(s) > K > 0for s > Ror f'(s) < —K for s > R.
Consequently equation (5) would imply that lim;—, ;. f(t) is infinite.
Let 7, be a Tonelli minimizer in C(z,y;t,) and ny(t) = vn(*¢). Then
Sr+x(ms) > f(s) for s in an open interval contaning ¢,,. This implies that

1 tn .
fl(t’ﬂ) = %’tnsL‘H‘?(nS) = t_/(; [k - E(W?HFYTL)] dt7

where the second equality follows from Remark 6. Since ~, is a solution of the
Euler-Lagrange equation, by Remark 5 and Remark 6, if 2, (s) = v, (s t,)

dAL+k(tn, 70)(§, @) = a f'(tn) — 0.

Observe also that Apig(tn,2n) — he(x,y) < 400. On the other hand (¢,,,)
does not converge.
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Case 2: Suppose that the set of local minima of f is unbounded. We claim that
there exists a sequence ¢, — 400 of local minima of f such that lim, f(¢,) =
1tim _&nf f(t). For let s, be an increasing sequence of local minima of f such that
—+o00

$p — +o00. There exists a sequence r,, > s, such that lim, f(r,) = ltim_&nff(t).
— 100

Excluding some s,,’s if necessary we can assume that s,, < r, < Sp41. Minimizing
f on the interval [s,, sp4+1], we obtain a local minimum ¢,, € [s,, s,+1] such that
lim,, ¢, = lim, s,, = +o0 and f(t,) < f(ry) so that lim,, f(¢,) = ltimJinff(t).

— 100

Let 7, be a Tonelli minimizer in C(xz,y;t,) and 75(t) = yn(*t). Then
Sr4k(ns) > f(tn) for s in a neighbourhood of ¢,. In particular, ¢, is also a local
minimum of s — Sy 4x(ns). Since s — Spyr(ns) is differentiable, d% e ALyr(ns) =
0. By Remark 5 and Remark 6, if z,,(s) = vn(s tn)

dAL1k(tn, n) (€ @) = @ Elo, Arir(ns) = 0.

Observe also that A k(tn,z,) — he(z,y) < +o0o. On the other hand (¢,,x,)
does not converge.
o

I11.4 Proof of Theorem A

Proposition 18 Given a convex and superlinear Lagrangian L : TN — R and k €
R there is a Lagrangian Lo, convex and quadratic at infinity such that Lo(z,v) =
L(z,v) for every (x,v) such that By (x,v) < k+ 1.

Proof.  Without loss of generality we may assume that L > 0.
Choose R > 0 such that

Ep(xz,v) <k+1 implies [|v|, <R.

Define ¢ : R — R by
¥(s) = max L(z,sv).
z,|v]=1

Let ¢1 : R — R be an even smooth strictly convex function such that ¢1(2R) =
v1(—2R) = 0 and such that ¢1(s) > ¥(s) for |s| > Ry where R; is a sufficiently
large positive number bigger than 2R. Define Lq(z,v) = ¢1(Jv]z) and Ly =
max{L,L; }. Then Ly coincides with L for those (z,v) with |v|, < 2R and coincides
with Ly for those (z,v) with |v|, > R;. The Lagrangian Ly is strictly convex
and may be approximated by a smooth strictly convex Lagrangian L3 such that
Ls coincides with L for those (z,v) with |v]; < R and coincides with L, for
those (z,v) with |v|, > R;. We briefly explain how to achieve this approximation
given a strictly convex function f : R™ — R. This approximation can be done on
each tangent space T,N. The idea is to smooth out f using a convolution. Let
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n € C*°(R™) be the function that equals C exp (%) if |z] < 1and 0if |z| > 1.

[z[?—1
The constant C is selected so that fR" ndx = 1. For each € > 0 set
1 T
161 = o 2)
The functions 7. are C°°, their integrals equal one and their support is inside the

ball of radius € around the origin. The function 7 is called the standard mollifier.
We define the mollification of f by f€ :=mn. % f. That is,

F@ = [ nw-ofwdy= [ nwie+d.

n

It is straightforward to verify that if f is strictly convex then f¢ is also strictly

convex. Moreover f¢ is C'*° and approximates f as ¢ — 0 uniformly on compact

subsets [12, Appendix C]. It follows that the Hessian of f¢ is positive definite.
Suppose in addition that f is C°° in some open set U of the form,

U={zeR": |z| <a+6and |z| >b— 6},

with 0 < a < b and § very small. Now let r; and ro be positive numbers such that
r1 < a < b < rq. Choose a smooth function « : R™ — R such that

1. 0 < a(z) <1 for all x € R™;
2. a(z) =0for a < |z| <Y
3. a(z) =1 for x| <7 and |z| > ra.
Now let h® := (1 — ) f¢ + af = f¢ + a(f — f¢). We have:
1. e is O
2. h® coincides with f for |z| < ry and |z| > ro;

3. for any ¢ sufficiently small the function A is strictly convex since the deriva-
tives of f¢ approximate the derivatives of f uniformly on the set r; < |z| <a
and b < |z] <ryase — 0.

Then h® gives the desired approximation of f.
Let us complete now the proof of the proposition. Let 2 : R — R be a
smooth strictly convex function such that

o pa(s) = pu(s) for |s| < Ry +1;
o po(s) =s? for |s| > Ra,

where Ry is a sufficiently large positive number bigger than R; + 1. Finally let
Lo be the Lagrangian which coincides with Lz for those (z,v) with |v|, < R; and
coincides with s (|v|;) for those (z,v) with |v|, > Ri. Then, Ly is smooth, strictly
convex, quadratic at infinity and coincides with L for those (x,v) with |v|, < R.
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Lemma 19 Assume that L and Lo agree on the set of those (x,v) satisfying
Ep(x,v) <c(L)+ 1. Then ¢(Lg) = ¢(L).

Proof. We use the following characterization of the critical value taken from [9]

c(L) = uecgl(fMR) Isg}& H(z,dyu), (6)
where H : T*M — R is the Hamiltonian associated to L. Let 0 < ¢ < 1. Observe
that H(x,p) < ¢(L) + ¢ implies Ho(z,p) = H(x,p) < ¢(L) + ¢, where Hy is the
Hamiltonian associated to Lg. By (6) there is u € C*°(M,R) such that H(z, dyu) <
¢(L) + € and hence Hy(x,dyu) = H(z,dyu) < ¢(L) + €. Since € is arbitrary,
we obtain ¢(Lg) < ¢(L). Changing the roles of Hy, H, ¢(Lg), ¢(L) we obtain
¢(L) < ¢(Lyg), concluding the proof.

Corollary 20 Given a convex superlinear Lagrangian L : TM — R and k > ¢(L)
there is a Lagrangian Lo convex and quadratic at infinity, such that L and Lo agree
on the set of those (x,v) satisfying Er(x,v) < k+1 and ¢(Lg) = c¢(L).

Proof. 1t follows from Proposition 18 and Lemma 19.

Let us prove Theorem A. Take L such that ¢(Lg) = ¢(L) according to the
preceding corollary. Since Ly and L agree on a neighbourhood of E~1(¢(L)), then
L and Lo have the same static set since the latter must be contained in E~(c¢(L)).
Now if k& > ¢(Lg) = ¢(L), the barrier hy, of Lg is +00, and then Ay 4 satisfies the
Palais-Smale condition by Theorem B. This means that E;*(k) is a Palais-Smale
level. On the other hand, since the static set E(L) is not empty, h. < 400, and
then Theorem C completes the proof.

S

IV Proof of Theorem D

The statement k > ¢,(L) = (H) was proved in [7] and could also be obtained
using the corollary of Theorem A in [9]: we reparametrize the energy level in the
universal covering to obtain a complete Finsler metric to which we apply Morse
theory which is known to hold for Finsler geometry.

Now we prove that (H) = k > ¢,(L). Let L be the lift of I to TN. Recall
that the Hamiltonian H associated to L is given by

H(z,p) = sup {p(v) — L(z,v) |v € T,N }, (7)

and the supremum is achieved at v such that p = L, (z,v). Thus H(x, L,(z,v)) =
E(z,v). )

Given g € N, let (by, z4) be the unique critical point of Ay in RT X Q(qo, q).
Write y;(t) := z4(t/bg) and define f : N — R by f(§) = Ar+x(bs,25) = S+ (vg)-
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The uniqueness of y; implies that f is of class C'! because it is a composition of
the action functional with an analogue of the exponential map expg on E;l(k)
Let a : (—¢,e) — N be a smooth curve such that o(0) = ¢ and &(0) = w € T;N.
If we differentiate f(a(s)) at s = 0 using the first variation given by Lemma 4 and
integration by parts we obtain:

d(ff(w) = Lv(q~3 yq(bg)) - wW.

This implies that
H(q,dgf) = E(q,94(bg)) = k.
In [9] we showed that

cu(l) = inf e ooy r) SUPey H(z,daf).

However the same proof in [9] shows that one can replace in the above equality
C*(N,R) by C*(N,R) for any k > 1 and we obtain the same critical value. We
see right away that k > ¢, (IL).

o

V  Some results on Morse theory

In this section we recall some results on Morse theory (cf. [29, 31]) that we shall
use in the next section.

Let X be an open set in a Hilbert manifold and f : X — R is a C? map. The
following version of the minimax principle (Proposition 21 below) is a modification
of that of [20] (see also [32]). The only (minor) difference with the usual minimax
principle is that our manifold X is not necessarily complete, but instead each set
[f <] C X is complete.

Observe that if the vector field ¥ = —Vf is not globally Lipschitz, the
gradient flow ¢, of —f is a priori only a local flow. Given p € X, t > 0 define

a(p) :=sup{a > 0|s — 9s(p) is defined on s € [0,a] }.

We say that a function 7 : X — [0,400) is an admisible time if 7 is differentiable
and 0 < 7(z) < «az) for all z € X. Given and admisible time 7, and a subset
F C X. define

Fr = {1/)7(;))(17) |p € F}
Let F be a family of subsets F' C X. We say that F is forward invariant if
F, € F for all F' € F and any admisible time 7. Define

o(f, F) = inf_sup f(p).

Fe]:peF
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Proposition 21 Let f be a C! function satisfying the Palais-Smale condition. As-
sume also that F is forward invariant under the gradient flow of —f. Suppose that
there is b such that —oo < ¢(f, F) < b < +0oo and such that the subset [f < b C X
is complete. Then c(f,F) is a critical value of f.

Proof. We borrow the following lemma from [31],

Lemma 22 Suppose that f : X — R is C1, 1, is the gradient flow of —f and the
subset [a < f < b] C X is complete. Then the flow ¢ is relatively complete on
[a < f <b], that is, if a < f(p) < b, then either a(p) = +oo or f(¢¥s(p)) < a for
some 0 < B < a(p).

Proof. Let ¢, be the flow of Y = =V f. Then

ta

0 ) = £ @) = = [ V() Y (0:(0) ds = / IV @ )I? ds.
(®)

Moreover, using the Cauchy-Schwartz inequality, we have that

A )0 @) < [ [ 1@l as] <l =nl [T IY@.e)I* ds
Thus

(1, (p), ¥, () < ft2 = ta] [f (%1, (P) = f(Wea (D)) |- 9)

Let I = [0,a[ a maximal interval of definition of ¢ — ;(p). Suppose that a <
f@We(p)) < bfor 0 <t < a < co. Let ¢, 1 a. By inequality (9), n — vy, (p) is
a Cauchy sequence on [a < f < b]. Since [a < f < b] is complete, it has a limit
q = lim,, ¥, (p) = ¥a(p). Since f is C!, we can extend the solution t — 1, (p) at
t = . This contradicts the definition of «.

Write ¢ = ¢(f, F). We shall prove that for all € > 0 there is a critical value
ce such that ¢ — ¢ < ¢. < ¢+ €. Then, using ¢ = %, the Palais-Smale condition
implies that c is a critical value.

Suppose that there are no critical points on A(e) :=[c—e < f < c+¢]. The
Palais-Smale condition implies that there is § > 0 such that ||V f(p)|| > ¢ for all
p € Ae).

If f(p) <c+e,let

7(p) :=inf{t > 0] s > 15(p) is defined on [0,t] and f(1:(p)) <c—e}.

Since s — f(1s(p)) is decreasing, by Lemma 22, either 7(p) = 400 or 7(p) < a(p)
and f(¢r(p)(p)) = ¢ — €. Since ||V f]| > 6 on A(e), by equation (8),

c—sgf(z/Jt(p))§f(p)—t52§c+€—t62 for 0<t<7(p).
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Thus 7(p) < 2¢/6% for all p € A(e); in particular this shows that 7(p) cannot be
~+00. Observe that the implicit function theorem applied to the function F'(z,t) =
f((x)) implies that p — 7(p) is differentiable because %F(x,t) =Vf - X =
— VAl < =6

By the definition of ¢(f, F) there exists F' € F such that

sup f(z) < c+e.
zeF

Then

sup f(z) = sup f(¢rp)(p)) <c—e.
zeF, zeF

Since 7 is an admisible time, this contradicts the definition of ¢(f, F).
From Proposition 21 we derive, taking F to be the family of sets of the form
{p} with p € X, the following

Corollary 23 Let f : X — R be a C? function for which [f < b] is complete
for every b. Suppose that f is bounded from below and satisfies the Palais-Smale
condition. Then f has a global minimum.

It is convenient to obtain a further refinement of the corollary above which
will be useful in the next section.

Corollary 24 Let X be a connected manifold. Let f : X — R be a C? function
for which [f < b] is complete for every b, satisfying the Palais-Smale condition.
Suppose that p1 is a relative minimizer of f and suppose that f admits a second
relative minimizer ps # p1. Then,

1. either there exists a critical point p of f which is not a relative minimum or

2. p1 and py can be connected in any neighborhood of the set of relative mini-
mizers p of f with f(p) = f(p1). Necessarily then f(p1) = f(p2).

Proof. A detailed proof can be found in [32, Theorem 10.3]. The idea is to apply
again the minimax principle; this time F is the family of subsets of the form
x([0,1]) where z is a curve joining p; to pa.

We conclude this section with the following suggestive remark. Let F be the
family of all subsets F' of T*M of the form F = {(z,dyu) : x € M} where
u € C*(M,R). Then

c¢(H,F) I;Ielg__ (:ZSEFH(JC,p)

—  inf H(zx,d,
ey 508, H o o)

= (L),

where the last equality is proved in [9]. Hence Mané’s critical value resembles a
critical value of H as a smooth function even though in general it is not a critical
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value of H as a smooth function. This resemblance shows that the name “critical
value” for ¢(L) is appropriate and explains the (intentional) similarities in our
notation.

VI Applications to the reduced action functional

VI.1 Periodic Orbits

In this subsection we show the existence of periodic orbits in every nontrivial free
homotopy class and every energy level above ¢, (L), where L : TN — R is a
convex Lagrangian quadratic at infinity and the manifold IV is compact. Let o
be a nontrivial free homotopy class of closed loops in a compact manifold N. As
before, define 2, as the set of elements of R* x H!(R¥) of the form (b, z) where
z([0,1]) € N, 2(0) = z(1) and z € 0. Let L : TN — R be a convex and superlinear
Lagrangian.
The action Ay, : RT x Q, — R is defined by

1
Alb) = [ BLG0).3(0)/0) .

The previous discussion about the Palais-Smale condition translates to the case
of free loops in a non trivial free homotopy class with only minor changes. In
particular if I is quadratic at infinity and k& > ¢,(IL), then Ap,; satisfies the
Palais-Smale condition on Rt x Q. However one has to use the compactness of
N in the following lemma.

Lemma 25 Let k > ¢, (L) and (bn,x,) € RY x Q, such that Api(bn,zy,) is
bounded. Then {(b,,z,)} has a converging subsequence in the C° topology.

Let us prove first:
Lemma 26 If k > ¢, (L), then

inf A]L+k > —00.
Rt xQ,

Proof. Fix x¢ € o and let R be twice the diameter of N . Take C' > 0 such that

SL+x(z) <C

for all curves z : [0, R] — N such that |2 < 1. Let (b, z) be an arbitrary element of
RT x Q,. Let o1 (t) := x(t/b). Then there is a curve z, parametrized by arc length,
with length not greater than R such that v = zo_l % z % xy * 2~ is homotopic to
Z€ero.

Since « lifts as a closed curve we have

SL+x(7) > 0.
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Then

S]Hk(xl) Z 7S]L+k({£0) — 2C.

Since Spyk(z1) = A4k (x), we are done.
Proof of Lemma 25. Observe that if k > ¢ := ¢, (L) then,

A]L+k:(bn7 xn) = A]L+c(bna xn) + (k - C)bna

hence if Ap4x(bp,x,) is bounded it follows that {b,} is also bounded. Since the
manifold IV is compact by the same arguments in the proof of Tonelli’s Theorem
in , and by the Arzela-Ascoli Theorem there is a convergent subsequence of z,,
in the C° topology (cf. [8, 6, 25]) and hence Lemma 25 follows.

o

Using Corollary 23 of the previous section we can obtain right away the
following theorem:

Theorem 27 Let N be a closed manifold and let . : TN — R be a convexr La-
grangian quadratic at infinity. Then for every k > ¢, (L) and every nontrivial free
homotopy class o there is a periodic orbit of L in o having energy k that minimizes
the action of ALy on RT x Q.

We conclude this subsection by showing:

Proposition 28 Let ¢, (L) < k < ¢q(IL). Then there is a periodic orbit vy of L which
is homologically trivial and also has Spyr(7y) < 0.

Proof. Since k < ¢,(LL) there is a closed curve a such that
SL+k(Oé) < 0.

Such a curve cannot be homotopically trivial, otherwise, we lift it to the universal
covering as a closed curve having negative action, contradicting the condition
cu(L) < k. Let o be the (non trivial) homotopy class of «.

By the previous theorem

AL+kZR+XQU—>R

has a global minimum (b, 2) which is a periodic orbit with energy k. If we set
y(t) := z(t/b), then

Apyr(b, ) = SLyn(y) < Spk(a) <0,

as desired.
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VI.2 Periodic orbits of Anosov energy levels

In this last subsection we show the following theorem. It was proved for geodesic
flows by W. Klingenberg [21].

Theorem 29 Let N be a closed manifold and let . : TN — R be a convex superlin-
ear Lagrangian. Suppose that the FEuler-Lagrange flow of L restricted to the reqular
energy level E=1(k) is Anosov. Then in any non-trivial free homotopy class there
is a unique closed orbit of L with energy k.

Proof. We proved in [9] that if the Euler-Lagrange flow of L restricted to the
regular energy level E~1(k) is Anosov then k > ¢,(L). Let o be a non-trivial free
homotopy class. Without loss of generality we can assume that L is quadratic
at infinity and hence Ay satisfies the Palais-Smale condition on R x €. By
Theorem 27 we know that there exists a closed orbit of L. with energy k that
minimizes Ap i on Rt x Q,. The next lemma shows in fact that every closed
orbit with energy k in the homotopy class ¢ has this minimizing property. We will
postpone its proof until we complete the proof of the theorem.

Lemma 30 Every closed orbit of I with energy k in the homotopy class o is a
minimum of ALyr on RT x Q.

Now suppose that we have two geometrically different closed orbits v; and
o of I with energy k in the free homotopy class ¢. By Lemma 30 all the critical
points of Ap 1 on RT x Q, are minimizers and hence in Corollary 24 the second
alternative holds. This contradicts that v; (or +2) is hyperbolic.
Proof of Lemma 30. Let v be a closed orbit of . with energy k in the free homotopy
class 0. Let W#(7) be the weak stable leaf of v for the corresponding Hamiltonian
flow and let Ws(’y) be its lift to the universal covering. We proved in [9] that
WS(’y) is the graph of an exact 1-form. This means that there exists u : N — R
such that W*(v) = {(z,d,u) : € N} and since W*(7) is contained in the energy
level k& we have that H(z,d,u) =k for all x € N. By the relation between H and
L we have

L(z,v) — dyu(v) + k >0, (10)

and equality holds if and only if L,(x,v) = d,u, i.e. when (z,v) belongs to the
inverse image of Ws('y) under the Legendre transform which is the same as the
lift of the weak stable leaf for the Euler-Lagrange flow on T'N.

Let D C N be a fundamental domain for the action of 71 (N). Let ¥ be a lift
of the closed curve 7 : [0,T] — N to N with initial point in D. Let 7 : [0,Ty] — N
be a closed curve in the free homotopy class o and let 77 be a lift to N with initial
point in D. Let a : [0,1] — N be a curve such that a(0) = (0) and a(1) = 77(0).
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Let ¢ : N — N be the covering transformation that takes 3(0) to 5(T). Let
b, : [0,1] — N be the curve p"a~1. Using (10) we get:

/ L—du-l—kZO:/ L—du+k.
a*ﬁ*"'*ﬁan_lﬁﬁ*bn :/*"'*Lpn_l;?

n—1 n—

Observe that the curves a 7% -« % @ 15 have the same

end points, hence

/a(L+k)+/b (L+k)+n[(L+k)Zn[(L+k)

n

Nxby, and y*--- %@

Since fb (L + k) is independent of n, diving by n and letting n — oo we obtain:

SL1k(n) = SLyr(7)-

VII Appendix: an example of a Lagrangian with A, = +o0.

Let L : TR* — R be L(z,v) = 3 |[v|? + ¢ (z), where || is the euclidean metric on
R? and v () is a smooth function with ¢(x) = ﬁ for |z| > 2, ¢ > 0 and ¢(z) =
for 0 < |z| <1.
Then
¢(L) =—inf¢p) =0,

because if v, : [0,T,] — R? is a smooth closed curve with length ¢(v,) = 1,
[ (t)| > n for t € [0,T,] and energy E(v,) = 3 [n|*> — ¥(7n) = 0, then

Ty
(L) > ~ inf Ap(3,) > — / L2 4 ()

=—/ [l \/7%0

On the other hand,
(L) = —inf {Ar ()|~ closed } <0,

because L > 0.
Observe that since L > 0 and on compact subsets of R%, L > a > 0, then we
have that
de(z,y) = ®c(x,y) > 0 for all z,y € R? with  # y.

Hence (L) =
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Suppose that h.(0,0) < +o0. For every = € R? there exists a vector v € T,,R?
such that the solution of the Euler-Lagrange equation with initial conditions (x, v)
is semistatic in forward time [9]. Let v be such a vector in TyR? and write x,(t) =
(r(t),0(t)) in polar coordinates about the origin 0 € R?. Then liminf; o r(t) =
+00 because otherwise the orbit of v would lie on a compact subset of E~1(0) and
then ¢ # w — limit(v) C 3(L) = ¢ (see [8] for a proof of the fact that the w — limit
set of a forward semistatic orbit is contained in the static set). Note that for any

t with r(t) > 2 we have:
|20 (t)] = \/ rit)

L(gev) = i = /55 lau(t)].

Let T,, — 400 be such that r(T;,) — +oo. Hence there is ny such that for all
n > ng, r(T,) > 2. Since L + ¢ =L > 0, then

and

+oo
h0.0)= [ (o) +di
0
Tn
> limsup/ ,/% |2, (£)| dt
T, JT,,
Tn
> limsup/ ,/% |7 dt
T,  J1,,
T’IL
> lim sup/ \/gr dt
T. JT,

no

7(Tn)
= limsup/ \/g dr = +o0.
n T

no
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