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Abstract We prove that for a uniformly convex Lagrangian system L on a com-
pact manifold M , almost all energy levels contain a periodic orbit. We also prove
that below Mañé’s critical value of the lift of the Lagrangian to the universal cover,
cu(L), almost all energy levels have conjugate points.

We in addition prove that if an energy level is of contact type, projects onto
M and M �= T

2, then the free time action functional of L + k satisfies the Palais-
Smale condition.

1 Introduction

In this paper we continue the study of the Morse theory of the free time action
functional for convex lagrangian systems that we begun in [7]. This time we try
to include the case of low energy levels, where very little is known. The main
problem with the free time action functional is that it may fail to satisfy the Palais-
Smale condition, usually required for variational methods. Here we prove that if
an energy level is of contact type, projects onto the whole configuration space M
and M �= T

2 is not the 2-torus, then it satisfies the Palais-Smale condition. We
also prove that when an energy level projects onto M and is below Mañe’s critical
value of the universal cover, the set of closed loops has a mountain pass geometry.
An adaptation of an argument by Struwe to the mountain pass geometry shows the
existence of convergent Palais-Smale sequences for almost all energy levels. This
implies that for almost all energy levels which project onto M the Euler-Lagrange
flow has a periodic orbit, has closed orbit loops starting at any x ∈ M , and has
conjugate points if the energy is below Mañé’s critical value of the universal cover.
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The same holds for an energy level which satisfies the Palais-Smale condition, and
hence in particular for contact type energy levels.

In [7] we proved that high energy levels have a periodic orbit. Very low en-
ergy levels which do not project onto M are displaceable, and then, by results of
Frauenfelder and Schlenk [10, 28], they have finite Hofer-Zehnder capacity. Com-
bining these results we get that almost all energy levels have a periodic orbit. Our
class of Lagrangian systems includes exact magnetic flows on compact manifolds.

1.1 Critical energy values

Let M be a closed Riemannian manifold with dim M ≥ 2. Let π : T M → M
be the projection. A Lagrangian on M is a C∞ function L : T M → R. We shall
assume that L is (uniformly) convex: there is a > 0 such that

w∗ · ∂2L

∂v ∂v

∣
∣
∣
(x,v)

· w > a |w|2x for all x ∈ M, v, w ∈ Tx M.

This uniform convexity and the compactness of M imply (see e.g. Lemma 3.1
below) that L is superlinear:

lim|v|x→+∞
L(x, v)

|v|x = +∞ uniformly on T M.

Since M is compact and L is autonomous, the Euler-Lagrange equation

d

dt

∂L

∂v
(x, ẋ) = ∂L

∂x
(x, ẋ) (E-L)

defines a complete flow ϕt on T M called the Euler-Lagrange flow of L . The en-
ergy function E : T M → R,

E(x, v) := ∂L

∂v
(x, v) · v − L(x, v),

is invariant under the Euler-Lagrange flow.
The action of an absolutely continuous curve γ ∈ Cac([a, b], M) is defined

by

AL(γ ) =
∫ b

a
L(γ (s), γ̇ (s)) ds.

As noticed by Dias Carneiro [1] and Mañé [18], critical points for the action of
L + k among curves with free time interval are solutions of the Euler-Lagrange
equation which have energy E ≡ k. The most direct way to obtain critical points
is to look for minima. It turns out that if k is low enough there are no minima
because then the action of L + k is not bounded from below. The exact threshold
is given by Mañé’s critical value:

c(L) = min{k ∈ R | AL+k(γ ) ≥ 0 for all closed curves γ on M}.
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The action functional AL+k is bounded from below on the space of curves with
fixed endpoints and on the space of closed curves if and only if k ≥ c(L). It is
also known [3, 18] that

c(L) ≥ e0(L) := min{k ∈ R |π(E−1{k}) = M}.
If p : N → M is a covering map and L1 = L ◦dp is the lift of the Lagrangian,

it is easy to check that c(L1) ≤ c(L). Thus we have that

e0(L) ≤ cu(L) ≤ c0(L) ≤ c(L),

where cu and ca = c0 are the critical values of the lifts of L to the universal cover
and the abelian cover. The number c0(L) is also called the strict critical value and
has the following characterization [27]:

c0(L) = −min

{∫

Ldµ

∣
∣
∣µ is a ϕt -invariant probability with homology ρ(µ)=0

}

= min
{

c(L − ω)
∣
∣ [ω] ∈ H1(M, R)}, (1)

where the homology ρ(µ) ∈ H1(M, R) ≈ H1(M, R)∗ of an invariant measure
with compact support µ is defined by

〈[ω], ρ(µ)〉 =
∫

T M
ωx (v) dµ(x, v)

for any closed 1-form ω on M . Here [ω] ∈ H1(M, R) is the cohomology class of
ω.

Given a covering map p : N → M let L1 = L ◦ dp be the lift of the Lagrangian
L to T N and c1 = c(L1) its critical value. The Peierls barrier hc1 : N × N → R

is defined by

hc1(q0, q1) : = lim inf
T→+∞�c1(q0, q1; T ),

�c1(q0, q1; T ) : = inf{AL1+c1(γ ) | γ ∈ Cac([0, T ], N ), γ (0) = q0, γ (T ) = q1}.

1.2 The Palais-Smale condition

We describe now our setting for the Morse theory of the free time action func-
tional. Let H1(M) be the set of absolutely continuous curves x : [0, 1] → M such
that

∫ 1

0
|ẋ(s)|2x(s) ds < ∞.

Then H1(M) is a Hilbert manifold and its tangent space at x consists of weakly
differentiable vector fields along x whose covariant derivative is bounded in L2.
Set R

+ := {t ∈ R | t > 0}. We shall use the Hilbert manifold H1(M) × R
+ with

the Riemannian metric

〈(ξ, α), (η, β)〉(x,T ) = α β + f (T ) 〈ξ(0), η(0)〉x(s)

+g(T )

∫ 1

0

〈
D

ds
ξ(s),

D

ds
η(s)

〉

x(s)
ds, (2)
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where D
ds is the covariant derivative along x(s) and f , g : R

+ → R
+ are smooth

positive functions such that max{ f, g} ≤ 2,

f (T ) =
{

T 2 if T ≤ 1,

1 if T ≥ 10.
and g(T ) =

⎧

⎨

⎩

T 2 if T ≤ 1,
1

T
e−4T 2

if T ≥ 10.

We shall discuss this choice of metric in more detail later on. Observe that this
metric is locally equivalent to the metric obtained when f ≡ g ≡ 1. In particular,
the set of differentiable functions on H1(M)×R

+ is the same for this metric and
for the one with f ≡ g ≡ 1.

Given k ∈ R define the free time action functional Ak : H1(M) × R
+ → R

by

Ak(x, T ) =
∫ 1

0

[

L

(

x(s),
ẋ(s)

T

)

+ k

]

T ds.

Observe that if y(t) := x(t/T ) then

Ak(x, T ) = AL+k(y).

We say that L is Riemannian at infinity if there exists R > 0 such that
L(x, v) = 1

2 |v|2x if |v|x > R. In [7, prop. 18] it is proven that given a uniformly
convex lagrangian L and k ∈ R, there exists a convex lagrangian L0 such that
L = L0 on [E ≤ k + 1] and L0 is Riemannian at infinity. In [7, Lemma 19] it is
proven that if L = L0 on [E ≤ c(L)+1] then c(L) = c(L0). Thus if our objective
is to find solutions of the Euler-Lagrange equation with prescribed energy, we can
assume that L is Riemannian at infinity.

Given q0, q1 ∈ M let �M (q0, q1) be the set of curves (x, T ) ∈ H1(M)×R
+

with endpoints x(0) = q0 and x(1) = q1. Also, let 
M be the set of closed
curves in H1(M) × R

+. The sets �M (q0, q1) and 
M are Hilbert submanifolds
of H1(M) × R

+. A connected component of �M (q0, q1) (resp. 
M ) consists of
closed curves in the same homotopy class with fixed endpoints (resp. in the same
free homotopy class).

A theorem of Smale [29] implies that Ak is C2 on H1(M)×R
+ for the metric

with f ≡ g ≡ 1, and hence also for the metric (2). We show in Lemma 2.1
that a critical point of Ak restricted to �M (q0, q1) or to 
M is a solution of the
Euler-Lagrange equation with energy E ≡ k.

We say that Ak satisfies the Palais-Smale condition on �M (q0, q1) [resp.
on 
M ] or that the energy level k satisfies the Palais-Smale condition on
�M (q0, q1) [resp. on 
M ] if every sequence (xn, Tn) in the same connected
component of �M (q0, q1) [resp. on 
M ] such that |Ak(xn, Tn)| is bounded and
limn ‖d(xn ,Tn)Ak‖(xn ,Tn) = 0 has a convergent subsequence.

We shall prove

Theorem A If L is Riemannian at infinity and Ak does not satisfy the Palais-
Smale condition on �M (q0, q1), or on 
M , then there exists a Borel probability
measure µ, invariant under the Euler-Lagrange flow, supported in a connected
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component of the energy level E ≡ k, which has homology ρ(µ) = 0 and whose
(L + k)-action is zero:

AL+k(µ) =
∫

[L + k] dµ = 0.

In Appendix A we give an example in which the measure obtained in Theo-
rem A can not be ergodic. In [7, th. C] we found counterexamples to the Palais-
Smale condition at k = c(L), but in [7] we didn’t require the Palais-Smale se-
quences to be in the same connected component of the space of curves. Combining
the arguments in [7] with those of Theorem A we get the following Corollary B.
The novelty is that it allows curves with trivial homotopy class.

Corollary B If L is Riemannian at infinity, then Ak satisfies the Palais-Smale
condition for all k > cu(L). On �M (q0, q1), Acu satisfies the Palais-Smale con-
dition if and only if the Peierls barrier on the universal cover is hcu ≡ +∞.

Another example is the lagrangian L : T D → R on the hyperbolic disc D ⊂ C,
where L(x, v) = 1

2 |v|2x +ηx (v), | · |x is the hyperbolic metric and η is a 1-form on
D whose differential dη is the hyperbolic area form. In this case the Peierls barrier
at k = c(L) = cu(L) is finite (cf. [2, ex. 6.2]) and Acu does not satisfy the Palais-
Smale condition. If M is a compact surface with constant curvature K ≡ −1,
the Euler-Lagrange flow of L projects to a (non-exact) magnetic flow on TM. At
the energy level k = cu(L) the projection of the Euler-Lagrange flow of L is the
horocycle flow1 for M which has no closed orbits.

The idea of the proof of Theorem A is the following. Let (xn, Tn) be a Palais-
Smale sequence in the same connected component of 
M or �M (q0, q1). We
first prove in Proposition 3.12, similar to [7], that if the times Tn are bounded
away from 0 and +∞ then there is a convergent subsequence. In Corollary 3.6
we prove that if q0 �= q1 and (xn, Tn) ∈ �M (q0, q1) then Tn is bounded away
from zero. In Proposition 3.8 we prove that if lim infn Tn = 0 and (xn, Tn) ∈ 
M
or (xn, Tn) ∈ �M (q0, q0) then xn converges to a singularity (q0, 0) ∈ TM of the
Euler-Lagrange flow with zero action L(q0, 0)+ k = 0 and energy k. In this case
the measure µ is the Dirac probability supported at the point (q0, 0).

The most delicate case is when limn Tn = +∞. Since the gradient of −Ak
at (xn, Tn) converges to zero one expects that the curves yn(sTn) := xn(s) are
approximate solutions of the Euler-Lagrange equation with average energy k. If
µn is the probability measure on TM defined by

∫

TM
f dµn =

∫ 1

0
f

(

xn,
ẋn

Tn

)

ds = 1

Tn

∫ Tn

0
f (yn, ẏn) dt, [yn(sTn) := xn(s)],

we prove that µn converges to an invariant probability for the Euler-Lagrange
flow with support in the energy level k. Since the L + k action of the curves yn
is bounded and limn Tn = +∞ their average action converges to zero. Since their
homotopy class is fixed, and limn Tn = +∞, their average homology class tends
to zero.

1 When k > cu(L) the flow is Anosov on dπ(E−1{k}) and for k < cu the energy level
dπ(E−1{k}) is foliated by contractible periodic orbits.
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We use the functions f and g in the definition of the metric (2) to deal with the
cases limn Tn = 0 and limn Tn = +∞. In order to motivate their choice observe
that by suitably expanding the metric near the endpoints any bounded function
on the open interval ] − 1, 1[ can be made not to satisfy the Palais-Smale con-
dition. For example let ψ(x) = x2 on |x | < 1. Let h : R →] − 1, 1[ be a
diffeomorphism. Then ψ ◦ h does not satisfy the Palais-Smale condition because
limx→±∞ dx (ψ ◦ h) = 0. So, if one is going to obtain any conclusion from the
fact that the Palais-Smale condition does not hold, one needs to use an appropriate
metric. Since our metric is locally equivalent to the usual one with f = g≡ 1,
the critical points are still solutions of the Euler-Lagrange equation and also the
change of metric does not prevent finding Palais-Smale sequences by, say, a min-
imax argument.

1.3 The mountain pass geometry

We show that for low energy levels e0(L) < k < cu(L), the action functional Ak
exhibits a mountain pass geometry on the space of loops �M (q0, q0) and closed
curves 
M . This result is suggested by Taı̆manov in [33, p. 362] for a different
action functional for magnetic flows saying that “one-point curves form the man-
ifold of local minima of the functional �”. S. Bolotin (cf. [33, p. 362]) observed
that the results of the papers [20–24, 32] may not be valid because the Palais-
Smale condition could fail. The approach in this paper recovers the (a.e.)–validity
of some of those results.

Let k < cu(L). By the definition of cu(L), there are a closed curve (x1, T1) ∈

M and for any q0 ∈ π(E−1{k}) a loop (x2, T2) ∈ �M (q0, q0), both with trivial
homotopy class and negative (L + k)-action.

Proposition C

1. Let q0 ∈ M and k > E(q0, 0). Then there exists c > 0 such that if � : [0, 1] →
�M (q0, q0) is a continuous path joining a constant loop �(0) = q0 : [0, T ] →
{q0} ⊂ M (with any T > 0) to any closed loop �(1) ∈ �M (q0, q0) with
negative (L + k)-action, AL+k(�(1)) < 0, then

sup
s∈[0,1]

AL+k(�(s)) > c > 0.

2. Let k > e0(L). Then there exists c > 0 such that if � : [0, 1] → 
M is a
continuous path joining any constant curve �(0) = q0 : [0, T ] → {q0} ⊂ M
to any closed curve �(1) with negative (L + k)-action, AL+k(�(1)) < 0, then

sup
s∈[0,1]

AL+k(�(s)) > c > 0.

Standard critical point theory gives contractible periodic orbits on any energy
level e0(L) < k < cu(L) where the Palais-Smale condition holds. Since the
failure of the Palais-Smale condition can only be due to one direction of non-
compactness, namely the time parameter T on H1(M) × R

+, an argument orig-
inally due to Struwe in [30] (see also Struwe [31], Jeanjean [14] and Jeanjean,
Toland [15]) can be applied to the mountain pass geometry of Proposition C to
overcome the Palais-Smale condition for almost every k.
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Previous results on higher energy levels (cf. [3, 7, 18]) give that E−1{k} has
a periodic orbit for every k > cu(L). When the energy level does not project onto
the whole configuration space M (i.e. k < e0(L)) we show that the displacement
energy of [E ≤ k] is finite. Then by results of U. Frauenfelder and F. Schlenk [10,
28], the π1-sensitive Hofer-Zehnder capacity of [E ≤ k] is finite and so standard
arguments (cf. [13]) show that almost any energy level E−1{k}, k < e0(L) has a
contractible periodic orbit. We summarize this in the following:

Theorem D

a. There is a total Lebesgue measure set A ⊂ R such that for all k ∈ A either the
energy level E−1{k} is empty or it contains a periodic orbit.
Moreover,
• The set A contains ]cu(L),+∞[.
• If k < cu(L) and k ∈ A, then this periodic orbit is contractible.
• If e0(L) < k < cu(L) and k ∈ A, this periodic orbit has positive (L + k)-

action and it is not a strict local minimizer of Ak on 
M .
b. For any q0 ∈ M, there is a total Lebesgue measure subset ]cu(L),+∞[⊂

B ⊂]E(q0, 0),+∞[ such that for all k ∈ B there is a solution of the Euler-
Lagrange equation in �M (q0, q0) with energy k. If E(q0, 0) < k < cu(L) and
k ∈ B, this solution is not a strict local minimizer of Ak on �M (q0, q0).

c. The above items hold for a specific k ∈]e0(L), cu(L) [ (resp. k ∈]E(q0, 0),
cu(L)) if the energy level k satisfies the Palais-Smale condition.

As an example in Appendix C we prove that a lagrangian with no magnetic
term has a closed orbit on every energy level.

Two points θ0, θ1 ∈ TM, are said to be conjugate if there is τ ∈ R such that
θ1 = ϕτ (θ0) and V(θ1) ∩ dθ0ϕτ (V(θ0)) �= {0}, where V ⊂ T (TM) is the vertical
sub-bundle V(θ) = ker dθπ . R. Mañé asked whether if k < c0(L) there is always
an orbit with energy k and conjugate points. G. Paternain and M. Paternain in [27]
showed examples of magnetic flows with Anosov energy levels without conjugate
points with energy k ∈]cu(L), c0(L)[. At k = cu(L) these examples do not have
conjugate points. The question remains open for k < cu(L).

In [7, p. 663] we gave an example of an orbit segment without conjugate points
which is not a local minimizer of the free time action functional. In Proposition 9.1
we prove that in an energy level without conjugate points every orbit segment is a
strict local minimizer of the action functional. Since a mountain pass critical point
can not be a strict local minimizer we get

Theorem E Let em(L) = inf(x,v)∈TM E(x, v).
There is an open subset with total Lebesgue measure A ⊂ [em(L), cu(L)[ such

that if k ∈ A then there is an orbit with energy k and conjugate points.
If em(L) < k < cu(L) and Ak satisfies the Palais-Smale condition, then the

energy level k has conjugate points.

In [6, Prop. 8] and in [5, Cor. 1.13] we proved that if k is a regular value of the
energy function E and k < e0(L) then E−1{k} has conjugate points.

We don’t know if the following holds:
Question: Is it true that for the universal cover M̃ ,

cu(L) = inf{k ∈ R | ∀x, y ∈ M̃ ∃ orbit γ ∈ �M (x, y), E(γ, γ̇ ) = k}?
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An exact magnetic flow is the lagrangian flow of

L(x, v) = 1

2
|v|2x − ηx (v),

where | · |x is the Riemannian metric of M and ηx is a non-closed 1-form on M .
Thus for exact magnetic flows we get periodic orbits for almost all energy levels
and in particular for contact type energy levels, as seen below.

1.4 Contact type energy levels

We now concentrate on a property that ensures the Palais-Smale condition. Let
H : T ∗M → R be the hamiltonian associated to L:

H(x, p) = max
v∈Tx M

[p(v)− L(x, v)], (3)

and let ω = dp ∧ dx be the canonical symplectic form on T ∗M . The hamiltonian
vector field X on T ∗M is defined by iXω = −d H . The induced hamiltonian flow
is conjugate to the lagrangian flow of L by the Legendre transform L : TM →
T ∗M , L(x, v) = Lv(x, v). The energy function satisfies E = H ◦ L, so that
energy levels for L are sent to level sets of H .

An energy level � = H−1{k} is said to be of contact type if there exists a
1-form λ on � such that dλ = ω|T � and λ(X) �= 0. We call such a form λ a
contact-type form for �.

Proposition F If � = H−1{k} is of contact type and π∗ : H1(�, R) →
H1(M, R) is injective, then Ak satisfies the Palais-Smale condition.

Corollary G If [H = k] is of contact type, dim M ≥ 2, M �= T
2 and k > e0,

then Ak satisfies the Palais-Smale condition.

In Sect. 2 we introduce the space of curves with free time interval and the
action functional and compare various metrics on the space of curves. In Sect. 3
we prove Theorem A. In Sect. 4 we prove Corollary B. In Sect. 5 we prove
Proposition C on the mountain pass geometry. In Sect. 6 we prove some results
in Morse theory that we need and the relative completeness of the gradient
flow of the action functional. In Sect. 7 we give the argument to overcome the
Palais-Smale condition in a mountain pass geometry for the action functional.
In Sect. 9 we prove Theorems D and E and in Sect. 10 we prove Proposition F
and Corollary G. In Appendix A we give an example in which the measure
of Theorem A can not be ergodic. In Appendix B we show energy levels of
non-contact type. In Appendix C we prove that non-magnetic lagrangians have
periodic orbits on every energy level.

The author wishes to thank Patrick Bernard that suggested the possibility of
using Struwe’s argument in our situation, Leonardo Macarini for mentioning the
existence of [10] and correcting a mistake in Proposition 8.2 and the referee for
his careful reading and useful suggestions.
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2 The action functional and the space of curves

Given a Riemannian metric on M , by Nash’s Theorem there exists an isometric
embedding of M into some R

N . Let

H1 := H1(RN )

:=
{

ξ : [0, 1] → R
N absolutely continuous

∣
∣
∣
∣

∫ 1

0
|ξ̇ (s)|2 ds < +∞

}

be endowed with the metric

〈ξ, η〉H1 := 〈ξ(0), η(0)〉 +
∫ 1

0
〈ξ̇ (s), η̇(s)〉 ds.

The corresponding norm is given by

‖ξ‖2
H1 := |ξ(0)|2 +

∫ 1

0
|ξ̇ (s)|2 ds.

On H1 × R
+ we shall use the Riemannian metric

〈 (ξ, α), (η, β) 〉(x,T ) = α β+ f (T ) 〈ξ(0), η(0)〉+ g(T )

∫ 1

0
〈ξ̇ (s), η̇(s)〉 ds, (4)

where f and g are smooth positive functions such that max{ f, g} ≤ 2,

f (T ) =
{

T 2 if T ≤ 1,

1 if T ≥ 10.
and g(T ) =

⎧

⎨

⎩

T 2 if T ≤ 1,
1

T
e−4T 2

if T ≥ 10.

Let ζ(t) := ξ(t/T ), 0 ≤ t ≤ T . Then ξ̇ (t/T ) = T · ζ̇ (t) and

∫ 1

0
|ξ̇ (s)|2 ds = T ·

∫ T

0
|ζ̇ (t)|2 dt.

In the variables (ζ, α) the Riemannian metric above is written as

‖(ξ, α)‖2
(x,T ) = α2 + T 2 |ζ(0)|2 + T 3

∫ T

0
|ζ̇ |2 dt if T ≤ 1,

‖(ξ, α)‖2
(x,T ) = α2 + |ζ(0)|2 + e−4T 2

∫ T

0
|ζ̇ |2 dt if T ≥ 10.

(5)

This metric is locally equivalent to the metric of the product Hilbert space H1×R.
Given q0, q1 ∈ M , let

�(q0, q1) : = {(x, T ) ∈ H1 × R
+|x(0) = q0, x(1) = q1},


 : = {(x, T ) ∈ H1 × R
+|x(0) = x(1)}.
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Their tangent spaces at (x, T ) are given by

T(x,T )�(q0, q1) = {(ξ, α) ∈ H1 × R| ξ(0) = ξ(1) = 0},
T(x,T )
 = {(ξ, α) ∈ H1 × R| ξ(0) = ξ(1)}.

Endow �(q0, q1) and 
 with the Riemannian metric (4).
Let

H1(M) := {x ∈ H1(RN ) | x([0, 1]) ⊂ M},
�M (q0, q1) := �(q0, q1) ∩H1(M)× R

+,


M := 
 ∩H1(M)× R
+.

Then H1(M)× R
+, �M (q0, q1) and 
M are Hilbert submanifolds of H1(RN )×

R
+, �(q0, q1) and 
 respectively. A connected component of 
M is given

by closed curves in the same free homotopy class. A connected component of
�M (q0, q1) is given by the curves (x, T ) in �M (q0, q1) belonging to a given ho-
motopy class with fixed endpoints.

On H1(M)× R
+ we shall use the intrinsic Riemannian metric defined by

〈(ξ, α), (η, β)〉(x,T )

:= α β + f (T ) 〈ξ(0), η(0)〉x(0) + g(T )

∫ 1

0

〈
D

ds
ξ(s),

D

ds
η(s)

〉

x(s)
ds (6)

where 〈·, ·〉x is the Riemannian metric on M and D
ds are covariant derivatives.

Since M is isometrically embedded into R
N , the covariant derivative D

ds ξ(s) =
P
(

ξ̇ (s)
)

is the orthogonal projection P : TxR
N → Tx M of the derivative ξ̇ (s)

taken in R
N . Thus the norm in H1(M)×R

+ is smaller than the induced norm from
H1(RN ) × R

+. Formulas analogous to (5) hold for the norm on H1(M) × R
+.

We also want to compare the metric on H1(M)× R
+ with the metric induced by

H1(Rm) × R
+ on a local chart R

m ⊃ U ↪→ M . In Lemma 2.2 below we shall
prove that the three norms are locally equivalent.

Given k ∈ R, define the action functionals Ak : �M (q0, q1) → R and Ak :

M → R of L + k by

Ak(x, T ) =
∫ 1

0
T

[

L

(

x(s),
ẋ(s)

T

)

+ k

]

ds.

Writing y(t) := x( t
T ), 0 ≤ t ≤ T , we have that

Ak(x, T ) =
∫ T

0
[L(y, ẏ)+ k ] dt =: AL+k(y).

We say that a lagrangian L is quadratic at infinity if there is R > 0, a 1-form
θx on M and a, ψ ∈ C∞(M, R), a > 0, such that L(x, v) = 1

2 a(x) |v|2x +θx (v)+
ψ(x) for all |v|x ≥ R, where |v|x is the Riemannian norm of v in TM.

We say that L is Riemannian at infinity if there exists R > 0 such that
L(x, v) = 1

2 |v|2x for all |v|x > R. Since we are assuming that M is isometri-
cally embedded in R

N , this is equivalent to L(x, v) = 1
2 |v|2 for |v| > R, where
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|v| is the euclidean norm of v and (x, v) ∈ TM ⊂ R
N ×R

N . In a coordinate chart
such a lagrangian is given as L(x, v) = 1

2 v∗G(x)v, when |v| is large enough,
where G(x) is the matrix of the Riemannian metric in the chart. Then in coordi-
nate charts L is quadratic at infinity.

It follows from a result of Smale [29] that if L is Riemannian at infinity then
the action functional Ak is C2 on H1(M)×R

+ with the metrics with f ≡ g ≡ 1.
Since the Riemannian metrics (4), (6) are locally equivalent to the metrics with
f ≡ g ≡ 1, then Ak is C2 on �M (q0, q1) and on 
M , with respect to all three
Riemannian metrics.

The derivative of Ak is given by

d(x,T )Ak(ξ, α)

=
∫ 1

0
T

[

Lx

(

x,
ẋ

T

)

ξ + Lv

(

x,
ẋ

T

)
ξ̇

T

]

ds + α

∫ 1

0

[

k − E

(

x,
ẋ

T

)]

ds

=
∫ T

0
[Lx (y, ẏ) ζ + Lv(y, ẏ) ζ̇ ] dt + α

T

∫ T

0
[k − E(y, ẏ)] dt, (7)

where y(t) = x( t
T ), ζ(t) = ξ( t

T ), for 0 ≤ t ≤ T and E : TM → R,

E(x, v) = v Lv(x, v)− L(x, v)

is the energy function. The formulas (7) can be interpreted either in local charts
with usual derivatives or in covariant derivatives. In the latter case,

Lx ξ = 〈∇x L , ξ〉x(s) and Lv ξ̇ =
〈

∇v L ,
D

ds
ξ

〉

x(s)
,

where ∇x L and ∇v L are the projections of the gradient of L in the splitting
T(x,ẋ)TM = H ⊕ V and D

ds ξ is the covariant derivative of ξ . The splitting
TθTM = H(θ)⊕ V (θ) is described after Proposition 3.13 below.

Fix C1 > 0. We say that f : U ⊂ R
m → M is a bounded chart if f is an

embedding such that the pull-back f ∗g of the Riemannian metric has matrix G(x)
such that G and G−1 have C1 norm bounded by C1. Fix a finite atlas of bounded
charts U = {Ui }i∈I such that each Ui ⊂ R

m is a convex set.
We fix some constants used repeatedly later on. Observe that the property of

being quadratic at infinity is invariant under transformations by bounded charts.
The following constants are taken to hold in any bounded chart of our finite atlas,
i.e. in Eqs. (8)–(11) below the same constants are assumed to hold when the norm
| · |x is interpreted as either the riemannian metric on M , the euclidean norm on
R

N ⊃ M or the euclidean norm on any bounded chart Ui ⊂ R
m of our atlas.

The norms |Lx |, |Lxv| are interpreted as the euclidean norm in any bounded chart
Ui ∈ U .

Since L is uniformly convex,

a0 := inf
(x,v)∈TM

v · Lvv(x, v) · v
|v|2x

> 0. (8)

Since L is quadratic at infinity there are a1, a2, A0, b1 > 0 such that

L(x, v) ≥ a1 |v|2x − a2, for all (x, v) ∈ TM, (9)
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A0 := sup
(x,v)

‖Lvv(x, v)‖x < +∞, (10)

b1 := sup
x∈M

‖dxψ‖x , where ψ(x) := L(x, 0). (11)

Since L is quadratic at infinity,

b2 := sup
(x,v)∈TM

|Lx (x, v)|
1 + |v|2x

< +∞, (12)

b3 := sup
(x,v)∈TM

|Lxv(x, v)|
1 + |v|x < +∞. (13)

Lemma 2.1 If (x, T ) ∈ �M (q0, q1) [resp. (x, T ) ∈ 
M ] is a critical point of
the action functional Ak : �M (q0, q1) → R [resp. Ak : 
M → R] then the
curve y : [0, T ] → M, y(t) := x(t/T ) is a differentiable solution of the Euler-
Lagrange equation d

dt Lv(y, ẏ) = Lx (y, ẏ) with y(0) = q0, y(T ) = q1, [resp.
(y, ẏ) is a closed orbit of the Euler-Lagrange flow] with energy E(y, ẏ) ≡ k.

Proof Cover the image y([0, T ]) by images Ũi ⊂ M of charts Ui ∈ U , Ui ⊂ R
m .

It is enough to prove that y is a solution of the Euler-Lagrange equation on each
intersection y([0, T ])∩ Ũi . Assume for a while that y([0, T ]) ⊂ Ui ⊂ R

m . Using
the same notation as in (7), we have that

d(x,T )Ak(ξ, 0) =
∫ T

0
[Lx (y, ẏ) ζ + Lv(y, ẏ) ζ̇ ] dt

= Lx · ζ
∣
∣T
0 +

∫ T

0
[Lv(y, ẏ)− Lx (t)] · ζ̇ dt

= 0, (14)

where Lx (t) :=
∫ t

0 Lx
(

y(s), ẏ(s)
)

ds. Since Lx (y, ẏ) ≤ b2(1 + |ẏ|2x ) and x ∈
H1(M), we have that Lx (y, ẏ) ∈ L1([0, T ], R

m) and that Lx is continuous in
view of Lebesgue’s theorem.

Since for both 
M and �M (q0, q1) we can choose ζ(0) = ζ(T ) = 0,
∫ T

0
[Lv(y, ẏ)− Lx (t)] · ζ̇ dt = 0

for all ζ̇ ∈ L2([0, T ], R
m) with

∫ T
0 ζ̇ dt = 0.

This implies that Lv(y, ẏ) − Lx is constant a.e. in [0, T ]. Since Lx (t) is con-
tinuous, it is bounded on [0, T ]. Since L is superlinear and Lx is bounded, ẏ is
bounded by a constant almost everywhere. Since L is convex, v �→ Lv(y, v)
is a continuous bijection. Hence we can uniquely extend ẏ to [0, T ] so that
Lv(y, ẏ)−Lx is constant on all t ∈ [0, T ]. Since Lx (t) is continuous, Lv(y, ẏ) is
also continuous and hence ẏ(t) is continuous.

We have that

Lv(y(t), ẏ(t)) = A +
∫ t

0
Lx (y, ẏ) dt (15)
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for some constant A ∈ R
m . Since ẏ(t) is continuous, the right hand side of (15) is

differentiable and
d

dt
Lv(y, ẏ) = Lx (y, ẏ).

Hence y(t) is a differentiable solution of the Euler-Lagrange equation. The theory
of ordinary differential equations implies that y is Cr if L is Cr+2.

Since y(t) is a solution of the Euler-Lagrange equation, its energy
E(y(t), ẏ(t)) is constant. Since

∂Ak

∂T

∣
∣
∣
∣
(x,T )

= 1

T

∫ T

0
[ k − E(y, ẏ)] dt = 0,

E(y, ẏ) ≡ k. This completes the case of �M (q0, q1).
For the case of 
M it remains to prove that ẏ(0) = ẏ(T ). We choose a chart

Ui ⊂ U whose image contains y(0) = y(T ) and restrict ourselves to vector fields
ζ over y with support in the connected component of y([0, T ]) ∩ Ũi containing
y(0). Since we already know that (y, ẏ) is a differentiable solution of the Euler-
Lagrange equation, integrating by parts in (14) we have that

d(x,T )Ak(ξ, 0) = Lv ζ
∣
∣T
0 +

∫ T

0

(

Lx − d

dt
Lv

)

ζ dt

= [Lv(y(T ), ẏ(T ))− Lv(y(0), ẏ(0))] · ζ(0)+ 0 (16)

whenever ζ(0) = ζ(T ) ∈ R
m . Then Lv

(

y(T ), ẏ(T )
) = Lv

(

y(0), ẏ(0)
)

. Since
y(T ) = y(0) and v �→ Lv(y(0), v) is injective, ẏ(T ) = ẏ(0). ��

The following lemma shows that the intrinsic Riemannian metric

‖ · ‖H1(M)×R
+

(x,T ) given by (6) on H1(M) × R
+ and the induced metric from

H1(RN ) × R
+ are locally equivalent. Also the metric on H1(M) × R

+ and the
metric on H1(Rm)× R

+, m = dim M , on a bounded coordinate chart are locally
equivalent.

Lemma 2.2
1. Given A1, T1 > 10, there exists B = B(A1, T1, k, { f, g}) > 0 such that

if (x, T ) ∈ H1(M)× R
+, |Ak(x, T )| < A1 and T < T1, then

for all (ξ, α) ∈ T(x,T )�M (q0, q1) ∪ T(x,T )
M ,

1

B
‖(ξ, α)‖H1(RN )×R

+
(x,T ) ≤ ‖(ξ, α)‖H1(M)×R

+
(x,T ) ≤ ‖(ξ, α)‖H1(RN )×R

+
(x,T ) . (17)

2. Let ψ : U ⊂ R
m → M be an immersion such that the pull-back ψ∗gM

(v, w) = v∗ G(x) w of the Riemannian metric on M has matrix G(x) which
is bounded in the C1-norm:

max
{ ‖G‖C1(U,Rm×m) , ‖G−1‖C1(U,Rm×m)

}

< C1.

For all A1, T1 > 10 there exists B = B(A1, T1, C1, k, { f, g}) > 0 such that
if (x, T ) ∈ H1(Rm)× R

+, |Ak(ψ ◦ x, T )| < A1 and T < T1, then
for all (dxψ ◦ ξ, α) ∈ T(x,T )�M (q0, q1) ∪ T(x,T )
M ,

1

B
‖(ξ, α)‖H1(Rm)×R

+
(x,T ) ≤ ‖(dxψ ◦ ξ, α)‖H1(M)×R

+
(x,T ) ≤ B ‖(ξ, α)‖H1(Rm)×R

+
(x,T ) .
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Proof (1). Let y(sT ) := x(s). Then

A1 > AL+k(y) ≥
∫ T

0

(

a1 |ẏ|2y − a2 + k
)

dt = a1

∫ T

0
|ẏ|2y dt − (a2 − k) T,

∫ T

0
|ẏ(t)|2y dt ≤ A1 + (a2 − k) T

a1
, (18)

∫ 1

0
|ẋ(s)|2x ds = T

∫ T

0
|ẏ(t)|2y dt ≤ T

[
A1 + (a2 − k) T

a1

]

. (19)

Let T(s, r) : Tx(r)M → Tx(s)M be the parallel transport along x(s). Then

ξ(s) = T(s, 0) · ξ(0)+
∫ s

0
T(s, r) · D

dr
ξ(r) dr.

Thus

|ξ(s)|x(s) ≤ |ξ(0)|x(0) +
∥
∥
∥
∥

D

ds
ξ

∥
∥
∥
∥
L1([0,1])

≤ |ξ(0)|x(0) +
∥
∥
∥
∥

D

ds
ξ

∥
∥
∥
∥
L2([0,1])

≤ max

{
1√
f (T )

,
1√

g(T )

} √
2 ‖(ξ, 0)‖H1(M)×R

+
(x,T )

≤ √
2 max

{

T−1, α−
1
2 , T

1
2

1 e2T 2
1
} ‖(ξ, 0)‖H1(M)×R

+
(x,T ) (20)

where
α := min

1≤t≤10
{ f (t), g(t)}.

By their definition max{ f, g} ≤ 2, hence

g(T ) ≤ min{2 T 2, 2}. (21)

Observe that for ξ, η ∈ Tx M the first two terms in (4), (6) are equal, so we
only have to bound the L2 norm of the derivatives ξ̇ and D

ds ξ .
Let U be a small tubular neighbourhood of M in R

N and let F : U → M be
the orthogonal projection onto M . Since ξ(s) ∈ Tx(s)M , we have that

dx(s)F · ξ(s) = ξ(s).

Differentiating this equation with respect to s we get that

d2
x(s)F(ẋ(s), ξ(s))+ dx(s)F · ξ̇ (s) = ξ̇ (s).

The second term is the projection of ξ̇ to Tx M :

dx(s)F · ξ̇ (s) = P · ξ̇ (s) = D

ds
ξ(s);

and the first term is the projection of ξ̇ to the orthogonal complement Tx M⊥ of
Tx M :

ξ̇⊥(s) := d2
x(s)F(ẋ(s), ξ(s)).
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Let c1 := supx∈M ‖d2
x F‖2, then using (19), (20) and (21) we have that

g(T )

∫ 1

0
|ξ̇⊥(s)|2 ds ≤ g(T )

∫ 1

0
c1 |ẋ(s)|2 |ξ(s)|2 ds

≤ c1 g(T ) ‖ξ‖2∞
∫ 1

0
|ẋ(s)|2 ds

≤ c1 min{2 T 2, 2} 2 max
{

T−2, α−1, T1 e4T 2
1
}

×
[

‖(ξ, 0)‖H1(M)×R
+

(x,T )

]2
T

[
A1 + (a2 − k) T

a1

]

≤ c1 B1

[

‖(ξ, 0)‖H1(M)×R
+

(x,T )

]2
, (22)

where

B1 = B1(A1, a1, a2, T1, k, { f, g})
:= 4 T1

[
A1 + (a2 + |k|) T1

a1

]

max
{

α−1, T1 e4T 2
1
}

.

Observe that the bound c1 B1 above holds for all 0 < T < T1.
Since ξ̇ = P ξ̇ + ξ̇⊥, we have that

g(T ) ‖ξ̇‖2
L2 ≤ g(T )

[‖P ξ̇‖2
L2 + ‖ξ̇⊥‖2

L2

]

≤ g(T )

∥
∥
∥
∥

D

ds
ξ

∥
∥
∥
∥

2

L2
+ c1 B1

[ ‖(ξ, 0)‖H1(M)×R
+

(x,T )

]2
.

Then, for all 0 < T < T1,
[ ‖(ξ, α)‖H1(RN )×R

+
(x,T )

]2 ≤ [1 + c1 B1]
[ ‖(ξ, α)‖H1(M)×R

+
(x,T )

]2
.

Since | D
ds ξ | = |P ξ̇ | ≤ |ξ̇ |, then ‖ D

ds ξ‖L2 ≤ ‖ξ̇‖L2 . This implies the second
inequality in (17).

(2). We have that

D

ds
ξ = ξ̇ (s)+

∑

i jk

�k
i j (x(s)) ẋi (s) ξ j (s) ek,

where the �k
i j (x) are the Christoffel symbols for the Riemannian metric of M in

the coordinate chart ψ−1 and ek is the k-th vector of the canonical basis of R
m .

Our hypothesis on ψ implies that c2 = c2(C1) := m6 supi jk,x∈U |�k
i j (x)|2 is

finite. Then ∣
∣
∣
∣

D

ds
ξ

∣
∣
∣
∣
≤ |ξ̇ (s)| + √

c2 ‖ξ‖∞ |ẋ(s)| .

Similar calculations as in (20) and (22) using ξ̇ in (20) instead of the covariant
derivative show that if 0 < T < T1, then

g(T )

∥
∥
∥
∥

D

ds
ξ

∥
∥
∥
∥

2

L2
≤ 2 g(T ) ‖ξ̇‖2

L2 + 2 c2 B2
( ‖(ξ, 0)‖H1(Rm)×R

+
(x,T )

)2
,
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where B2 := B1(A1, a1, a2, T1, k, { f, g}) and a1, a2 are constants such that the
inequality (9) holds in our coordinate system ψ for the euclidean metric in U ⊂
R

m instead of the riemannian metric | · |x on M . Then, if 0 < T < T1, we have
that

‖(ξ, α)‖H1(M)×R
+

(x,T ) ≤ √
2 [1 + c2 B2] 1

2 ‖(ξ, α)‖H1(Rm)×R
+

(x,T ) .

Now write

ξ̇ (s) = D

ds
ξ −

∑

i jk

�k
i j (x(s)) ẋi (s) ξ j (s) ek,

∣
∣ξ̇ (s)

∣
∣ ≤
∣
∣
∣
∣

D

ds
ξ

∣
∣
∣
∣
+√

c2

√

C1 |ξ(s)|x(s) |ẋ(s)| .

Writing c3 := c2 C1, the same calculations as in (20) and (22) give

g(T ) ‖ξ̇‖2
L2 ≤ 2 g(T )

∥
∥
∥
∥

D

ds
ξ

∥
∥
∥
∥

2

L2
+ 2 c3 B2

( ‖(ξ, 0)‖H1(M)×R
+

(x,T )

)2
.

And then

‖(ξ, α)‖H1(Rm)×R
+

(x,T ) ≤ √
2 [1 + c3 B2] 1

2 ‖(ξ, α)‖H1(M)×R
+

(x,T ) . ��

In the next lemma, we write d for the distance dH1(M)×R+ on �M (q0, q1) or
on 
M .

Lemma 2.3 Given T0>0 there exists C = C(T0)>0 and ε = ε(T0)>0 such that
if T ∈ [ 1

T0
, T0], (x, T ), (y, S) ∈ �M (q0, q1) ∪ 
M and d((x, T ), (y, S)) < ε

then for the Hausdorff distance dH induced by the Riemannian metric, we have
that

dH
(

x([0, 1]), y([0, 1])) < C d
(

(x, T ), (y, S)
)

.

Proof Let

A3 := 4 max

{
1

f (t)
,

1

g(t)

∣
∣
∣ t ∈

[
1

2T0
, 2T0

]}

,

where f (t) and g(t) are as given in the definition of the Riemannian metric on
H1(M). Let 0 < ε0 < 1 be such that

1

T0
− 2ε0 >

1

2T0
and T0 + 2ε0 < 2T0.

Let 0 < ε = ε(T0) < ε0 and write δ := d
(

(x, T ), (y, S)
)

< ε. There is a curve
�(λ) = (zλ, Tλ), λ ∈ [0, 1], from (x, T ) to (y, S) in �M (q0, q1) or in 
M such
that

length(�) =
∫ 1

0

∥
∥
∥
∥

d

dλ
�(λ)

∥
∥
∥
∥

dλ < 2δ.

We can reparametrize � so that the norm of its tangent vector is constant:
∥
∥
∥
∥

d

dλ
�(λ)

∥
∥
∥
∥

2

=
∣
∣
∣
∣

d Tλ

dλ

∣
∣
∣
∣

2

+ f (Tλ)

∣
∣
∣
∣

∂zλ(0)

∂λ

∣
∣
∣
∣

2

zλ(0)

+g(Tλ)

∫ 1

0

∣
∣
∣
∣

D

dλ
żλ

∣
∣
∣
∣

2

zλ(s)
ds < 4 δ2.
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Since |Tλ − T | ≤ d
(

�(λ), (x, T )
) ≤ 2δ < 2ε0, then S = Tλ=1, Tλ, T ∈

[ 1
2T0

, 2T0]. Hence

∣
∣
∣
∣

∂zλ(0)

∂λ

∣
∣
∣
∣

2

zλ(0)

< A3 δ2 for λ ∈ [0, 1],
(23)

∫ 1

0

∣
∣
∣
∣

D

dλ
żλ

∣
∣
∣
∣

2

zλ(s)
ds < A3 δ2 for λ ∈ [0, 1].

Let

F(s) := 1

2

∫ 1

0

∣
∣
∣
∣

∂zλ(s)

∂λ

∣
∣
∣
∣

2

zλ(s)
dλ.

From (23), |F(0)| < A3 δ2. We have that

F(s)− F(0) =
∫ s

0

d

ds
F(s) ds

=
∫ s

0

∫ 1

0

〈
D

ds

∂

∂λ
zλ(s),

∂

∂λ
zλ(s)

〉

zλ(s)
dλ ds

=
∫ s

0

∫ 1

0

〈
D

dλ
żλ(s),

∂

∂λ
zλ(s)

〉

zλ(s)
dλ ds ,

|F(s)− F(0)| ≤
[
∫ 1

0

∫ 1

0

∣
∣
∣
∣

D

dλ
żλ(s)

∣
∣
∣
∣

2

ds dλ

] 1
2
[
∫ s

0

∫ 1

0

∣
∣
∣
∣

∂zλ(s)

∂λ

∣
∣
∣
∣

2

zλ(s)
dλ ds

] 1
2

≤
√

A3 δ2

[

2
∫ s

0
F(s) ds

] 1
2

.

F(s) ≤ A3 δ2 +√2A3 δ

[∫ s

0
F(s) ds

] 1
2

.

Write

u(s) :=
[∫ s

0
F(t) dt

] 1
2

.

Then
d

ds
u(s)2 ≤ A3 δ2 + δ

√

2A3 u(s).

Let

J :=
{

t ∈ [0, 1]
∣
∣
∣
∣

u(s) ≤ √2A3 δ

(

s + 1

2

)

, ∀s ∈ [0, t]
}

.
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Then J is a closed interval. We show that J is also open in [0, 1]. If t ∈ J , then

d

ds
u(s)2 ≤ A3 δ2 + 2 A3 δ2

(

s + 1

2

)

,

≤ 2 A3 δ2 (s + 1), ∀s ∈ [0, t].
u(t)2 ≤ 2 A3 δ2

(
1

2
t2 + t

)

, ∀s ∈ [0, t],

u(s) ≤ √2 A3 δ

√

1

2
s2 + s, ∀s ∈ [0, t].

Since
√

1
2 s2 + s < s + 1

2 for all s > 0, we have that

u(t) <
√

2 A3 δ
(

t + 1

2

)

.

Then J contains an open neighbourhood of t in [0, 1]. Hence J = [0, 1].
Therefore, for all s ∈ [0, 1],

F(s) ≤ A3 δ2 +√2A3 δ u(s)

≤ A3 δ2 + 2 A3 δ2

√

3

2
=: 1

2
C2 δ2.

We have that

dM (y(s), x(s)) = dM (z1(s), z0(s)) ≤
∫ 1

0

∣
∣
∣
∣

∂zλ(s)

∂λ

∣
∣
∣
∣

dλ ≤ √2 F(s) ≤ C δ

for all s ∈ [0, 1]. This implies the lemma. ��

3 The Palais-Smale condition

In this section we are interested in the validity of the Palais-Smale condition for
the action functional Ak on a connected component �1 (resp. 
1) of �M (q0, q1)
(resp. 
M ).

Theorem A If L is Riemannian at infinity and Ak does not satisfy the Palais-
Smale condition on �M (q0, q1), or on 
M , then there exists a Borel probability
measure µ, invariant under the Euler-Lagrange flow, supported in a connected
component of the energy level E ≡ k, which has homology ρ(µ) = 0 and whose
(L + k)-action is zero:

AL+k(µ) =
∫

[L + k] dµ = 0.



The Palais-Smale condition 339

Proof of Theorem A Let (xn, Tn) be a sequence in a connected component �1 of
�M (q0, q1) (resp. 
1 of 
M ) such that

|Ak(xn, Tn)| < A1 and
∥
∥d(xn ,Tn)Ak

∥
∥ <

1

n
.

Assume that (xn, Tn) does not have an accumulation point in �M (q0, q1) (resp.

M ). Then Proposition 3.12 implies that either lim infn Tn = 0 or lim supn Tn =
+∞.

If lim supn Tn = +∞, Proposition 3.13 implies the thesis of the theorem. So
assume that lim infn Tn = 0.

If 〈(xn, Tn)〉 ⊂ �M (q0, q1) with q1 �= q0 then Corollary 3.6 shows that
lim infn Tn > 0. This contradicts our assumption. Hence q0 = q1. If either
〈(xn, Tn)〉 ⊂ �M (q0, q1) with q0 = q1 or 〈(xn, Tn)〉 ⊂ 
M , then Proposition 3.8
and Remark 3.9 imply the thesis of the theorem. ��

3.1 Preliminary lemmas

Lemma 3.1 If L is convex and quadratic at infinity, then

1

2
a0 |v|2x + θx (v)+ ψ(x) ≤ L(x, v) ≤ 1

2
A0 |v|2x + θx (v)+ ψ(x),

−ψ(x)+ 1

2
a0 |v|2x ≤ E(x, v) ≤ −ψ(x)+ 1

2
A0 |v|2x ,

where θx (v) := Lv(x, 0) · v and ψ(x) := L(x, 0).

Proof Let L0(x, v) := L(x, v) − θx (v) − ψ(x). Let f (t) := L0(x, tv). Then
f (0) = 0, f ′(0) = 0 and f ′′(t) = v · ∂L

∂v2 (x, tv) · v, so that a0 |v|2x ≤ f ′′(t) ≤
A0 |v|2x . Hence

L0(x, v) =
∫ 1

0

∫ t

0
f ′′(s) ds dt ≥

∫ 1

0

∫ t

0
a0 |v|2x ds dt ≥ 1

2
a0 |v|2x

≤ 1

2
A0 |v|2x .

Now let g(t) := E(x, tv) = tv · Lv(x, tv) − L(x, tv). Then g(0) = −ψ(x)
and g′(t) = t v · Lvv(x, tv) · v, so that t a0|v|2x ≤ g′(t) ≤ t A0|v|2x . Therefore,

E(x, v) = g(1) = g(0)+
∫ 1

0
g′(t) dt ≥ −ψ(x)+ 1

2
a0 |v|2x

≤ −ψ(x)+ 1

2
A0 |v|2x . ��

Let λ > 0 be a Lebesgue number for our finite atlas U = {Ui } of bounded
charts.

Lemma 3.2 Suppose that L is quadratic at infinity.
If Ui ∈ U , x, y ∈ Ui and dM (x, y) < λ then in the chart Ui we have:
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(i) [ Lv(x, v)− Lv(y, w)] · ζ + b3(|v|+ |w|+ 1) |ζ | |x − y|+ A0 |ζ | |v−w| ≥ 0.

(ii) a0 |v−w|2 ≤ [ Lv(x, v)−Lv(y, w)]·(v−w)+b3 (|v|+|w|+1) |v−w| |x−y|.
Proof Recall that the domains Ui ⊂ R

m are convex. We work in local coordinates
as if L were defined in T Ui ⊂ R

2n .
∫ 1

0
ζ · Lvv(t (x, v)+ (1 − t) (y, w)) · (v − w) dt

= (Lv(x, v)− Lv(y, w)) · ζ
−
∫ 1

0
ζ · Lxv(t (x, v)+ (1 − t) (y, w)) · (x − y) dt.

This implies (i). Using ζ = v − w one gets (ii). ��
Lemma 3.3 Let C := C∞([0, 1], M)× R

+.
The subsets C ∩ �M (q0, q1) and C ∩ 
M are dense in �M (q0, q1) and 
M re-
spectively.

Proof We prove the lemma for �M (q0, q1). The proof for 
M is similar. Let
λ > 0 be a Lebesgue number for our finite atlas U .

Suppose first that length(x) < λ. Then the image of x lies inside of a domain
of a chart Ui ∈ U and by Lemma 2.2 we can assume that M = Ui ⊂ R

m . Extend
x : [0, 1] → M to R by setting x(t) = x(0) for t < 0 and x(t) = x(1) for t > 1.
Then the extension is also in the Sobolev space W 1,2

loc (R, R
m), see [9, Sect. 4.1].

Let η ∈ C∞(R, R) be

η(t) :=
⎧

⎨

⎩

C exp

(
1

t2 − 1

)

if |t | ≤ 1,

0 if |t | ≥ 1,

where the constant C is chosen such that
∫

R
η dt = 1. For ε > 0 let ηε(t) :=

1
ε

η( t
ε
). Define

xε(t) :=
∫

R

ηε(s − t) x(s) ds.

Then xε ∈ C∞(R, R
m), xε → x uniformly on compact subsets and ẋε → ẋ in

L2([0, 1], R
m), see [9, Sect. 4.2.1]. Let

yε(s) := xε(s)+ (1 − s)(x(0)− xε(0))+ s(x(1)− xε(1)).

Then (yε, T ) ∈ �M (q0, q1) ∩ C. Since lim
ε→0

xε(0) = x(0), lim
ε→0

xε(1) = x(1) and

ẋε → ẋ in L2([0, 1], R
m) we have that lim

ε→0
(yε, T ) = (x, T ) in �M (q0, q1).

Now assume that length(x) > λ. Let 0 = s0 < s1 < · · · < sN = 1 be such
that length(x |[si−1,si ]) < λ

8 . Let xi (t) = x
(

si + t (si+1 − si )
)

, t ∈ [0, 1]. For each
i do the construction above and obtain a C∞ curve yi with the same endpoints as
xi and which is near xi in H1(M). The curve y = y1 ∗ · · · ∗ yN , appropriately
parametrized on [0, 1], is piecewise C∞ and is near x in H1(M). Let 0 = s0 <

t1 < s1 < t2 < · · · < tN < sN = 1 be such that length(y|[t j ,t j+1]) < λ
4 . Then



The Palais-Smale condition 341

y|[t j ,t j+1] is in the domain of a chart U j ⊂ R
m and it is C∞ in neighbourhoods of

t j and t j+1. Let z j (s) = y
(

t j + s (t j+1 − t j )
)

, s ∈ [0, 1]. Let c j : [0, 1] → U j be
a C∞ curve such that c j = z j in neighbourhoods of 0 and 1. Extend (z j − c j ) to
R by setting (z j − c j )(s) = 0 if s ∈ R \ [0, 1]. Then (z j − c j ) is C∞. Let ηε be
as above and let

wε
j (t) :=

∫

R

ηε(s − t) · (z j − c j )(s) ds.

Then wε ∈ C∞(R, R
m) and wε is near (z j − c j ) in H1(Rm). Since (z j − c j ) ≡ 0

in neighbourhoods of 0 and 1 and supp(ηε) ⊂ [−ε, ε], if ε is small enough then
wε = 0 in neighbourhoods of 0 and 1. Let

zε
j (t) := c j (t)+ wε(t), t ∈ [0, 1].

Then zε
j is C∞, it is near z j in H1(Rm) and coincides with z j in neighbourhoods

of 0 and 1. Let zε := y|[0,t1] ∗ z1 ∗ · · · ∗ zN−1 ∗ y|[tN ,1] appropriately parametrized
on [0, 1]. Then zε is C∞, and (zε, T ) is near (x, T ) in �M (q0, q1). ��
Lemma 3.4 Suppose that the injectivity radius of M is larger than 2. There is
K > 0 such that if γ : [0, 1] → M is a geodesic with |γ̇ | ≤ 1 and J is a Jacobi
field along γ , then

max
s∈[0,1]

{|J (s)|, |J ′(s)|, |J ′′(s)|} ≤ K [|J (0)| + |J (1)|]

Proof We first prove that there is K0 > 0 such that if J is a Jacobi field along γ
and J (0) = 0 then

|J (s)| ≤ K0 |J (1)|.
Suppose that K0 does not exist. Then for all N ∈ N there is a geodesic

γN : [0, 1] → M with |γ̇N | ≤ 1, a Jacobi field JN along γN with JN (0) = 0,
and sN ∈ [0, 1] such that |JN (sN )| > N |JN (1)|. Since M is compact, taking
a subsequence of 〈sN 〉 we can assume that the limits s0 = limN sN ∈ [0, 1],
(x, v) = limN (γN (0), γ̇N (0)) ∈ TM and limN

JN (sN )
|JN (sN )| ∈ TM exist. Since Jacobi

fields are the projection of the derivative of the geodesic flow, which is C1, the
map u �→ JN (u)

|JN (sN )| converges to a Jacobi field I (u) along the geodesic δ(u) with
(δ(0), δ′(0)) = (x, v) such that I (0) = 0 and

|I (1)| = lim
N

|JN (1)|
|JN (sN )| ≤ lim

N

|JN (1)|
N |JN (1)| = 0.

Also,

|I (s0)| = lim
N

|JN (sN )|
|JN (sN )| = 1.

Then I is a non-trivial Jacobi field along a geodesic δ of length |v| ≤ 1, which is
zero at the endpoints. Therefore the geodesic δ has conjugate points. This contra-
dicts2 the hypothesis that the injectivity radius of M is larger than 2.

2 When v = 0 and δ is a constant geodesic, the Jacobi equation along δ is J ′′ = 0, which has
no conjugate points.
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Now let J be any Jacobi field along γ . Let A(s), B(s) be the Jacobi fields
along γ satisfying A(0) = 0, A(1) = J (1) and B(0) = J (0), B(1) = 0. Since
length(γ ) ≤ 1 and the injectivity radius of M is larger than 2, the geodesic γ has
no conjugate points. This implies that such Jacobi fields A and B exist.

By the estimate above |A(s)| ≤ K0 |J (1)|. Considering the Jacobi field
B̃(s) := B(−s) along the geodesic γ̃ (s) := γ (−s) we get that |B(s)| ≤
K0 |J (0)|. Since J (s) = A(s)+ B(s), we get that

|J (s)| ≤ K0 [|J (0)| + |J (1)|] for all s ∈ [0, 1].

Since |γ̇ | ≤ 1, from the Jacobi equation J ′′ + R(γ̇ , J ) γ̇ = 0, we get that

|J ′′(s)| ≤ b |J (s)| ≤ b K0 (|J (0)| + |J (1)|) ,

for some b = b(M) > 0.
We have that

J (1) = T0 · J (0)+ T0 · J ′(0)+
∫ 1

0

∫ t

0
Ts · J ′′(s) ds dt,

where Ts : Tγ (s)M → Tγ (1)M is the parallel transport along γ . Then

|J ′(0)| ≤ |J (0)| + |J (1)| +
∫ 1

0

∫ t

0
|J ′′(s)| ds dt

≤ (1 + bK0) (|J (0)| + |J (1)|).

Also,

|J ′(t)| ≤ |J ′(0)| +
∫ t

0
|J ′′(s)| ds

≤ (1 + bK0 + bK0) (|J (0)| + |J (1)|).

Now take K = max{K0, 1 + 2 bK0}. ��

3.2 Palais-Smale sequences

During the rest of this section (xn, Tn) will be a Palais-Smale sequence. This is,
(xn, Tn) will be a sequence in a fixed connected component of 
M or �M (q0, q1)
such that

|Ak(xn, Tn)| < A1 and
∥
∥d(xn ,Tn)Ak

∥
∥H

1(M)×R
+

(xn ,Tn)
<

1

n
.

Also, L will be a convex lagrangian on a compact manifold M , Riemannian at
infinity.
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Write yn(t) := xn(t/Tn), 0 ≤ t ≤ Tn . As in (7) we compute

d(xn ,Tn)Ak(ξ, α)

=
∫ 1

0

[

Lx

(

xn,
ẋn

Tn

)

ξ + Lv

(

xn,
ẋn

Tn

)
ξ̇

Tn

]

Tn ds +α

∫ 1

0

[

k − E

(

xn,
ẋn

Tn

)]

ds

=
∫ Tn

0
[Lx (yn, ẏn) ζ + Lv(yn, ẏn) ζ̇ ] dt + α

Tn

∫ Tn

0
[k − E(yn, ẏn)] dt,

(24)

where ζ(t) := ξ(t/Tn).

Lemma 3.5 There exists B = B(k, A1, A2) > 0 such that if xn ∈ H1(M),
Ak(xn, Tn) ≤ A1 and Tn ≤ A2, then

�2
n

Tn
≤
∫ Tn

0
|ẏn|2 dt = 1

Tn

∫ 1

0
|ẋn|2 ds < B,

where �n := length(xn) and yn(t) = xn(t/Tn). In particular if Tn → 0, then
limn �n = 0.

Proof Using (9),

A1 ≥ Ak(xn, Tn) = AL+k(yn) ≥ a1

∫ Tn

0
|ẏn|2 ds − (a2 + |k|) Tn .

Let �n := length(yn). By the Cauchy-Schwartz inequality,

�2
n =

(∫ Tn

0
|ẏn| dt

)2

≤ Tn ·
∫ Tn

0
|ẏn|2 dt.

The inequalities above imply the lemma with

B = 1+ 1

a1
[A1 + (a2 + |k|)A2] ��

.

Corollary 3.6 If (xn, Tn) ∈ �M (q0, q1), q0 �= q1 and Ak(xn, Tn) < A1, then Tn
is bounded away from zero.

Corollary 3.7 If 
1 is a connected component of 
M with a non-trivial free ho-
motopy class, then for all A1 > 0,

inf{T > 0 | (x, T ) ∈ 
1, Ak(x, T ) < A1} > 0.

Proof Since M is compact, inf{length(x) | (x, T ) ∈ 
1} is positive. Now use
Lemma 3.5. ��
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Recall that e0(L) = inf{k ∈ R | π(E−1{k}) = M}. Observe that the radial
derivative of the energy function is positive:

d

ds
E(x, sv)

∣
∣
∣
s=1

= v · Lvv(x, v) · v > 0.

Therefore
min

v∈Tx M
E(x, v) = E(x, 0).

This implies that
e0(L) = max

x∈M
E(x, 0).

Proposition 3.8 If a sequence (xn, Tn) ∈ 
M satisfies Ak(xn, Tn) < A1,
‖d(xn ,Tn)Ak‖ < 1

n and Tn → 0, then there is q0 ∈ M and a subsequence xni

such that q0 = limi xni (s) for all s ∈ [0, 1] and

(i) limi Ak(xni , Tni ) = 0.
(ii) (q0, 0) is a singularity of the Euler-Lagrange flow.

(iii) E(q0, 0) = k. In particular k ≤ e0(L).
(iv) limi

1
T 2

ni

∫ 1
0 |ẋni (s)|2 ds = 0.

In particular, the Dirac probability measure supported on (q0, 0) is an invari-
ant measure, supported on the energy level E−1{k}, whose (L + k)-action is zero
and has trivial homology.

Also, the (singular) energy level E = k does not satisfy the Palais-Smale
condition.

Remark 3.9 Proposition 3.8 will be applied to sequences in 
M and also to se-
quences in �M (q0, q1) with q1 = q0. This means that ‖dAk‖ is to be un-
derstood as the norm of the derivative d(xn ,Tn)Ak restricted to the subspace
T(xn ,Tn)�(xn(0), xn(1)) ⊂ T(xn ,Tn)
M given by variational vector fields which
are zero at the endpoints.

Proof Assume that 1 ≥ Tn → 0. Let �n := length(yn). By Lemma 3.5, we have
that limn �n = 0. Since M is compact, taking a subsequence, we can assume that
limn yn(0) = q0 ∈ M .

Since limn �n = 0 and limn yn(0) = q0, we can assume that all the curves
yn are in the domain Ui ⊂ R

m , m = dim M , of a bounded chart Ui ∈ U . By
Lemma 2.2 we can assume that on the chart Ui we have ‖d(xn ,Tn)Ak‖H1(Rm)×R+ <
1
n for all n. From now on we work on the chart Ui as if M = R

m .
Let ξ(s) := xn(s) − xn(0). Then ξ(0) = ξ(1) = 0. Observe that3 (ξ, 0) ∈

T(xn ,Tn)
M . Let ζ(t) := ξ(t/Tn), t ∈ [0, Tn]. Then ζ(0) = ζ(Tn) = 0, ζ̇ (t) =
ẏn(t). Using Tn ≤ 1 and (5) we find

∣
∣ d(xn ,Tn)Ak · (ξ, 0)

∣
∣ ≤ 1

n

[

T 3
n

∫ Tn

0
|ζ̇ |2 dt

] 1
2

≤ Tn

n

[∫ Tn

0
|ẏn|2 dt

] 1
2

.

3 Since ξ(0) = ξ(1) = 0 this tangent vector is also in T(xn ,Tn )�M (q, q), where q = xn(0) =
xn(1).
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Using Lemma 3.2.(ii) with w = 0, we get that

Lv(x, v) · v ≥ Lv(y, 0) · v − b3 |v| |x − y| − b3 |v|2 |x − y| + a0 |v|2, (25)

for all (x, v) ∈ T Ui . Using inequality (25) with (x, v) = (yn, ẏn) and y = yn(0),
we get

d(xn ,Tn)Ak · (ξ, 0) =
∫ Tn

0
[Lx (yn, ẏn) · ζ + Lv(yn, ẏn) · ζ̇ ] dt ,

Tn

n

[ ∫ Tn

0
|ẏn|2 dt

] 1
2

≥ −b2

∫ Tn

0
[1 + |ẏn|2] |yn − yn(0)| dt + θyn(0) ·

(∫ Tn

0
ẏn dt

)

−b3

∫ Tn

0
|ẏn| |yn − yn(0)| dt − b3

∫ Tn

0
|ẏn|2 |yn − yn(0)| dt

+ a0

∫ Tn

0
|ẏn|2 dt ,

≥ −b2 �n Tn + 0 − b3 �2
n − (b3 + b2) �n

∫ Tn

0
|ẏn|2 dt + a0

∫ Tn

0
|ẏn|2 dt ,

where θx := Lv(x, 0) and b2 is from (12).
Dividing the last inequality by Tn we have that

−b2 �n − b3
�2

n

Tn
+ [a0 − (b3 + b2) �n]

[
1

Tn

∫ Tn

0
|ẏn|2 dt

]

≤ 1

n

[ ∫ Tn

0
|ẏn|2 dt

] 1
2

.

(26)

Since Ak(xn, Tn) < A1, from Lemma 3.5 in the chart Ui we get

lim sup
n

� 2
n

Tn
≤ lim sup

n

∫ Tn

0
|ẏn|2 dt < +∞.

From (26) and Lemma 3.5 we get that

lim sup
n

� 2
n

T 2
n
≤ lim sup

n

1

Tn

∫ Tn

0
|ẏn|2 dt < +∞. (27)

Since limn Tn = 0, we get that

lim
n

�n = 0, lim
n

�2
n

Tn
= 0, lim

n

∫ Tn

0
|ẏn|2 dt = 0 and

1

Tn

∫ Tn

0
|ẏn|2 dt is bounded.

Hence, from inequalities (27) and (26), we get that

lim sup
n

[
1

Tn

∫ Tn

0
|ẏn| dt

]2

= lim sup
n

�2
n

T 2
n
≤ lim

n

1

Tn

∫ Tn

0
|ẏn|2 dt = 0. (28)
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Changing variables in the integral, this proves item (iv).
(i). By Lemma 3.1, for all (x, v) ∈ TM

|L(x, v)+ k| ≤ 1

2
A0 |v|2x + |θx (v)| + |ψ(x)| + |k|.

Therefore,

|Ak(xn, Tn)| ≤ 1

2
A0

∫ Tn

0
|ẏn|2yn

dt + �n sup
x∈M

‖θx‖ + Tn
[|k| + sup

x∈M
|ψ(x)| ].

Hence limn Ak(xn, Tn) = 0.
(ii). Let h : [0, 1] → [0, 2] be a smooth function such that h(0) = h(1) = 0

and
∫ 1

0 h(s) ds = 1. Let ξ(s) := h(s) dψ(q0) ∈ R
m , s ∈ [0, 1], and ζ(t) :=

ξ(t/Tn). We have that

d(xn ,Tn)Ak · (ξ, 0) =
∫ Tn

0
[Lx (yn, ẏn) · ζ + Lv(yn, ẏn) · ζ̇ ] dt ≤ 1

n
‖(ξ, 0)‖(xn ,Tn) .

(29)

Using (13),

Lx (x, v) = Lx (x, 0)+
∫ 1

0

d

ds
Lx (x, sv) ds

Lx (x, v) · ζ ≥ dψ(x) · ζ − b3 (1 + |v|x ) |v|x |ζ |. (30)

Write θq0 = Lv(q0, 0). Using (30) and Lemma 3.2.(i) with (x, v) = (yn, ẏn),
(y, w) = (q0, 0) in the inequality in (29), we get that

Tn

∫ 1

0
dψ(xn(s)) · h(s) · dψ(q0) ds − b3 ‖ζ‖∞

∫ Tn

0
(|ẏn| + |ẏn|2) dt

+ θq0

(∫ Tn

0
ζ̇ dt

)

− b3 ‖ζ̇‖∞ ‖yn − q0‖∞
∫ Tn

0
(1 + |ẏn|) dt

−A0 ‖ζ̇‖∞
∫ Tn

0
|ẏn| dt

≤ Tn

n
|dψ(q0)| ‖ḣ‖L2 .

In the inequality above the third term is zero. Also limn ‖yn − q0‖∞ = 0. Dividing
by Tn , letting n →+∞ and using (28), we get

0 ≤ |dψ(q0)|2 = lim
n→+∞

∫ 1

0
dψ(xn(s)) · h(s) · dψ(q0) ds ≤ 0.

Hence (q0, 0) is a singularity of the Euler-Lagrange flow.
(iii). We now show that E(q0, 0) = k. From (11),

|ψ(yn(t))− ψ(yn(0))| ≤ b1 �n for all t ∈ [0, Tn].
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The hypothesis ‖d(xn ,Tn)Ak‖ < 1
n implies that

1

n
≥
∣
∣
∣
∣

∂Ak

∂T

∣
∣
∣
(xn ,Tn)

∣
∣
∣
∣
= 1

Tn

∣
∣
∣
∣

∫ Tn

0
[E(yn, ẏn)− k] dt

∣
∣
∣
∣
. (31)

Using Lemma 3.1 we get that

− [ψ(yn(0))+ k] − b1 �n + a0

2 Tn

∫ Tn

0
|ẏn|2 dt ≤ 1

n
,

−1

n
≤− [ψ(yn(0))+ k] + b1 �n + A0

2 Tn

∫ Tn

0
|ẏn|2 dt.

Then from inequality (28), we get

E(q0, 0) = −ψ(q0) = lim
n
−ψ
(

yn(0)
) = k.

We have found that E(q0, 0) = k = −ψ(q0) and dψ(q0) = 0, hence the
point (q0, 0) ∈ TM is a singularity of the Euler-Lagrange flow in the energy level
E = k. The Dirac measure supported on (q0, 0) is an invariant measure whose
(L + k)-action is zero and has trivial homology.

This (singular) energy level E = k does not satisfy the Palais-Smale condi-
tion because the curves (xn, Tn), where xn(t) ≡ q0, Tn = n, are in the same
connected component in 
M of closed curves with trivial homotopy class, they
satisfy4 Ak(xn, Tn) ≡ 0 and dAk(xn, Tn) ≡ 0 but they do not have an accumula-
tion point in the topology of 
M .

In the case (xn, Tn) ∈ �M (q0, q0), the same choice xn(s) ≡ q0, Tn = n is an
unbounded Palais-Smale sequence in �M (q0, q0). ��
Corollary 3.10 If (q0, 0) ∈ Tq0 M is not a singularity of the Euler-Lagrange
flow and a sequence (xn, Tn) ∈ �M (q0, q0) satisfies Ak(xn, Tn) < A1 and
‖d(xn ,Tn)Ak‖ < 1

n , then lim infn Tn > 0.

Remark 3.11 Observe that the Hilbert manifolds 
M and �M (q0, q1) are not
complete with our riemannian metric (4) because they do not contain the points
(x, 0) ∈ H1(M) × {0} that would be at finite distance from (x, 1). The discus-
sion above shows that in order to prevent a Palais-Smale sequence (xn, Tn) from
leaving the space at H1(M)× {0} we can either

• work on a connected component 
1 of 
M or �M (q0, q1) with a non-trivial
homotopy class.

• work on �M (q0, q1) with q0 �= q1.
• work on �M (q0, q0) where (q0, 0) is not a fixed point of the Euler-Lagrange

flow.
• ask that E−1{k} is not a singular energy level.
• ask that limn Ak(xn, Tn) �= 0.

4 Since E(q0, 0) = −L(q0, 0) = k, we have that Ak(xn, Tn) = 0. They satisfy
dAk(xn, Tn) ≡ 0 because in formula (7), E(q0, 0) = k, Lx (q0, 0) = dψ(q0) = 0 and
Lv(q0, 0) is constant. Alternatively, because the curves yn(t) = xn(t/Tn) are solutions of the
Euler-Lagrange equation with energy k, see formula (16).
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On a given connected component 
1 of 
M or �M (q0, q1) a singular energy level
may not satisfy the Palais-Smale condition as one sees by looking at sequences of
curves (xn, Tn) with limn Tn = +∞ which spend much time near the singular-
ity, as it happens, for instance if q0, q1 are, respectively, in the projections of the
unstable and stable manifolds of a hyperbolic singularity. In such an example The-
orem A says that the measure µn defined at the end of Sect. 1.2 converges to the
Dirac measure at the singularity.

Proposition 3.12 If a sequence {(xn, Tn)}n∈N ⊂ �M (q0, q1) or {(xn, Tn)}n∈N ⊂

M satisfies

Ak(xn, Tn) < A1,
∥
∥d(xn ,Tn)Ak

∥
∥ <

1

n
and 0 < lim inf

n
Tn < +∞;

then there exists a convergent subsequence.

Proof Taking a subsequence we can assume that T = limn Tn ∈ R
+ ex-

ists. Since M is compact, after taking a sub-subsequence, we can assume that
q0 := limn xn(0), q1 := limn xn(1) and T = limn Tn ∈ R

+ exist. In the case of

M we then have q0 = q1.

We will extract a Cauchy sequence from {(xn, Tn)}n∈N. Since T > 0, such
a Cauchy sequence has a limit in 
M (resp. in �M (q0, q1)). By Lemma 3.3,
there are smooth curves x̃n such that d[(xn, Tn), (x̃n, Tn)] < 1

n . Hence we can
assume that the curves xn are C∞, for if {(x̃n, Tn)}n∈N is a Cauchy sequence, so is
{(xn, Tn)}n∈N and since Ak is C1, also limn ‖dAk(x̃n, Tn)‖ = 0. Similarly, since
d[(xn, Tn), (xn, T )] ≤ |Tn − T | n→ 0, we can assume that Tn = T for all n. Also,
since we are assuming that Tn = T is fixed, it is equivalent to use the metric (6)
with f (T ) = g(T ) = 1.

Let yn(t) := xn(t/T ) and let αn : [0, 1] → M and βn : [T + 1, T + 2] → M
be minimal geodesics joining αn(0) = q0, αn(1) = yn(0); βn(T + 1) = yn(T ),
βn(T + 2) = q1. Taking a subsequence we can assume that d(xn(0), q0) < 1 and
d(xn(1), q1) < 1. Then |α̇n| ≤ 1 and |β̇n| ≤ 1. Define

wn(t) =

⎧

⎪⎨

⎪⎩

αn(t) if 0 ≤ t ≤ 1,

yn(t − 1) if 1 ≤ t ≤ T + 1,

βn(t) if T + 1 ≤ t ≤ T + 2.

Then all the curves wn : [0, T + 2] → M join q0 to q1. Their action is uniformly
bounded because

AL+k(wn) = Ak(xn, T )+ AL+k(αn)+ AL+k(βn)

≤ A1 + 2 · sup
|v|≤1

[L(x, v)+ k] =: A2.

By the Cauchy-Schwartz inequality and Lemma 3.5,

d(wn(t1), wn(t2)) ≤
∫ t2

t1
|ẇn(s)| ds ≤ √|t2 − t1|

[
∫ T+2

0
|ẇn|2 ds

] 1
2

≤ B(k, A2, T + 2)
1
2 |t2 − t1| 1

2 .
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So the family {wn} is equicontinuous. By the Arzelá-Ascoli Theorem there is a
convergent subsequence of {wn} in the C0 topology. This implies that also {xn}
has a convergent subsequence in the C0 topology. In the sequel we work with a
convergent subsequence of {xn}.

We can assume that the injectivity radius of M is larger than 2. For n, m large
enough d(xn(s), xm(s)) < 1 for all s ∈ [0, 1]. Let γs : [0, 1] → M be the
minimizing geodesic joining γs(0) = xn(s) to γs(1) = xm(s). Let � : [0, 1] ×
[0, 1] → M be defined by �(s, r) := γs(r). Then

∣
∣
∣
∣

∂�

∂r
(s, r)

∣
∣
∣
∣
= |γ̇s(r)| = dM

(

xn(s), xm(s)
) ≤ dn,m, (32)

where dn,m = sups∈[0,1] d(xn(s), xm(s)). Observe that J (r) := ∂�
∂s (s, r) is a

Jacobi field along γs with J (0) = ẋn(s) and J (1) = ẋm(s). Since |γ̇s | ≤ 1,
by Lemma 3.4,

∣
∣
∣
∣

∂�

∂s
(s, r)

∣
∣
∣
∣
= |J (r)| ≤ K [|ẋn(s)| + |ẋm(s)|], (33)

∣
∣
∣
∣

D

ds

∂�

∂r
(s, r)

∣
∣
∣
∣
=
∣
∣
∣
∣

D

dr

∂�

∂s
(s, r)

∣
∣
∣
∣
= |J ′(r)| ≤ K [|ẋn(s)| + |ẋm(s)|], (34)

By Lemma 3.5,

‖ẋn‖L1 ≤ ‖ẋn‖L2 ≤ T B(k, A1, T ) =: B1,
∥
∥
∥
∥

ẋn

T

∥
∥
∥
∥
L2
= ‖ẏn‖L2 ≤ B(k, A1, T ) =: B2. (35)

Let ηn,m(s) := ∂�
∂r (s, 1) ∈ Txm(s)M and ξn,m(s) := ∂�

∂r (s, 0) ∈ Txn(s)M . We
have that

‖ηn,m‖2
H1(M)

= |ηn,m(0)|2 +
∫ 1

0
|η̇(s)|2 ds

=
∣
∣
∣
∣

∂�

∂r
(0, 1)

∣
∣
∣
∣

2

+
∫ 1

0

∣
∣
∣
∣

D

ds

∂�

∂r
(s, 1)

∣
∣
∣
∣

2

ds.

From (32), (34) and (3.2),

‖ηn,m‖2
H1(M)

≤ d(xn(0), xm(0))+ K
(

2 ‖ẋn‖2
L2 + 2 ‖ẋm‖2

L2

)

≤ 1 + 4 K B1 =: K1.

Similarly,
‖ξn,m‖2

H1(M)
≤ K1.

Also
‖ηn,m‖∞ ≤ dn,m and ‖ξn,m‖∞ ≤ dn,m .

Since limn ‖d(xn ,T )Ak‖(xn ,T ) = 0, for the product norm ‖ · ‖H1(M)×R, with
f (T ) ≡ g(T ) ≡ 1, we also have that

lim
n

∥
∥ d(xn ,T )Ak

∥
∥
H1(M)×R

= 0, (36)
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where the derivative is restricted to the tangent space T(xn ,T )�M (q0, q1) [resp.
T(xn ,T )
M ]. Therefore given ε > 0 there is N > 0 such that

∥
∥
∥∂xnAk

∣
∣
(xn ,T )

· η
∥
∥
∥
H1(M)

<
1

2
ε

for every n ≥ N and ‖η‖H1(M) ≤ K1 with η(0) = η(1) = 0 when (xn, T ) ∈
�M (q0, q1) and η(0) = η(1) when (xn, T ) ∈ 
M . We can take η = ηn,m and
η = ξn,m defined above over (xm, T ) and (xn, T ) respectively. Therefore

∥
∥∂xmAk

∣
∣
(xm ,T )

· ηn,m − ∂xnAk
∣
∣
(xn ,T )

· ξn,m
∥
∥
H1(M)

< ε

From formula (7) for ∂xAk , we have that
∣
∣
∣
∣

∫ 1

0
T

[〈

∇x L

(

xm,
ẋm

T

)

, ηn,m

〉

−
〈

∇x L

(

xn,
ẋn

T

)

, ξn,m

〉]

ds +

+
∫ 1

0

[〈

∇v L

(

xm,
ẋm

T

)

, η̇n,m

〉

−
〈

∇v L

(

xn,
ẋn

T

)

, ξ̇n,m

〉]

ds

∣
∣
∣
∣
< ε

(37)

for m, n > N . Since L is quadratic at infinity,

b2 := sup
(x,v)∈TM

|∇x L(x, v)|x
1 + |v|2x

< +∞.

The first term in (37) is bounded by 2 T b2 (1+B2
2 ) dn,m . Consequently the second

integral in (37) is small for big m, n.
Observe that the integrand in the second term of (37) is

〈

∇v L

(

xm,
ẋm

T

)

, η̇n,m

〉

−
〈

∇v L

(

xn,
ẋn

T

)

, ξ̇n,m

〉

=
〈

∇v L

(

�(s, r),
1

T

∂�

∂s
(s, r)

)

,
D

ds

∂�

∂r
(s, r)

〉 ∣
∣
∣

r=1

r=0

=
∫ 1

0

D

dr

〈

∇v L

(

�(s, r),
1

T

∂�

∂s
(s, r)

)

,
D

ds

∂�

∂r
(s, r)

〉

dr

=
∫ 1

0

〈

∂x∇v L

(

�,
1

T

∂�

∂s

)

· ∂�

∂r
+ ∂v∇v L

(

�,
1

T

∂�

∂s

)

· 1

T

D

dr

∂�

∂s
,

D

ds

∂�

∂r

〉

dr

=
∫ 1

0

〈

∂x∇v L

(

�,
1

T

∂�

∂s

)

· ∂�

∂r
,

D

ds

∂�

∂r

〉

dr

+
∫ 1

0

〈

∂v∇v L

(

�,
1

T

∂�

∂s

)

· 1

T

D

dr

∂�

∂s
,

D

ds

∂�

∂r

〉

dr, (38)

here ∂x∇v L and ∂v∇v L are the partial derivatives of the second component of
TM  (x, v) �→ (

x,∇v L(x, v)
) ∈ TM with respect to the splitting T(x,v)TM =

H ⊕ V described below. The partial derivative ∂v∇v L(x, v) coincides with the
second derivative of v �→ L(x, v) ∈ Tx M in the vector space Tx M .
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Since L is quadratic at infinity,

b3 := sup
(x,v)∈TM

‖∂x ∇v L(x, v)‖
1 + |v|x < +∞.

Then, by (33), (32) and (34),

|first term in (38)| ≤
∫ 1

0
b3

[

1 +
∣
∣
∣
∣

1

T

∂�

∂s

∣
∣
∣
∣

] ∣
∣
∣
∣

∂�

∂r

∣
∣
∣
∣

∣
∣
∣
∣

D

ds

∂�

∂r

∣
∣
∣
∣

dr

≤ b3

[

1+ 1

T
K
(|ẋn(s)| + |ẋm(s)|)

]

dn,m K
(|ẋn(s)| + |ẋm(s)|).

By (3.2) and Cauchy-Schwartz inequality,
∫ 1

0
|first term in (38)| ds ≤ b3

(

2 K B1 + 1

T
4 K 2 B2

1

)

dn,m
n,m−→ 0.

Since D
dr

∂�
∂s = D

ds
∂�
∂r , from (8) we have that

∫ 1

0
[second term of (38)] ds ≥

∫ 1

0

∫ 1

0
a0

1

T

∣
∣
∣
∣

D

ds

∂�

∂r

∣
∣
∣
∣

2

dr ds.

The integral of (38) corresponds to the second term in the left of (37). Since the
first term in (37) is small, we get that

lim
n,m→+∞

∫ 1

0

∫ 1

0

∣
∣
∣
∣

D

ds

∂�

∂r

∣
∣
∣
∣

2

dr ds = 0. (39)

Using (32), in H1(M)× R
+ we have that

d[(xn, T ), (xm, T )]2 ≤
∫ 1

0

∥
∥
∥
∥

∂�

∂r

∥
∥
∥
∥

2

(�(·,r),T )

dr

=
∫ 1

0

∣
∣
∣
∣

∂�

∂r
(0, r)

∣
∣
∣
∣

2

dr +
∫ 1

0

∫ 1

0

∣
∣
∣
∣

D

ds

∂�

∂r

∣
∣
∣
∣

2

ds dr

≤ d 2
n,m +

∫ 1

0

∫ 1

0

∣
∣
∣
∣

D

ds

∂�

∂r

∣
∣
∣
∣

2

ds dr.

By (39), {(xn, T )} is a Cauchy sequence. ��
The remainder of this section is devoted to the proof of

Proposition 3.13 Suppose that L is Riemannian at infinity. Let 
1 be a connected
component of �M (q0, q1) or 
M . If a sequence {(xn, Tn)}n∈N ⊂ 
1 satisfies

|Ak(xn, Tn)| < A1,
∥
∥d(xn ,Tn)Ak

∥
∥ <

1

n
and lim sup

n
Tn = +∞,

then there exists a Borel probability measure µ, invariant under the Euler-
Lagrange flow, supported on a connected component of the energy level E ≡ k,
which has homology ρ(µ) = 0 and whose (L + k)-action is zero.
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In the proof of this proposition we cannot use Lemma 2.2.(2) on the equiv-
alence of the metric of H1(M) × R

+ to the metric of H1(Rm) × R
+ on local

charts because the times Tn are not bounded. Here we shall use strongly that the
Lagrangian is Riemannian at infinity and not only quadratic at infinity.

We first fix the notation used in the proof of Proposition 3.13. There is a canon-
ical splitting of the tangent space

TθTM = H(θ)⊕ V (θ)

where the vertical subspace V (θ) is the kernel of the derivative dθπ of the pro-
jection π : TM → M and the horizontal subspace H(θ) is the kernel of the
connection map K : TθTM → Tπ(θ)M . Both subspaces are naturally iden-
tified with Tπ(θ)M ≈ H(θ) ≈ V (θ) in the following way: a tangent vec-
tor ζ = (h, v) ∈ H ⊕ V has horizontal and vertical components given by
h = dθπ(ζ ) ∈ Tπ(θ)M ≈ H(θ) and v = K (ζ ) ∈ Tπ(θ)M ≈ V (θ).

The Sasaki metric on TM is given by

〈ζ1, ζ2〉θ : = 〈dθπ(ζ1), dθπ(ζ1)〉π(θ) + 〈K (ζ1), K (ζ2)〉π(θ)

= 〈h1, h2〉π(θ) + 〈v1, v2〉π(θ),

where ζi = (hi , vi ) ∈ H(θ)⊕ V (θ), i = 1, 2.
We endow T ∗M with the metric for which the identification TM ←→ T ∗M

induced by the Riemannian metric (x, v) ↔ 〈v, · 〉x = p is an isometry. Under
this identification, the canonical symplectic form ω = dp ∧ dx on T ∗M is sent to
the form

ωθ(ζ1, ζ2) = 〈K (ζ1), dπ(ζ2)〉x − 〈K (ζ2), dπ(ζ1)〉x
= 〈v1, h2〉π(θ) − 〈v2, h1〉π(θ).

We shall ambiguously use this identification in the rest of this section.
Let H : TM → R be the hamiltonian associated to L:

H(x, p) : = max
v∈Tx M

[〈p, v〉x − L(x, v)], p ∈ Tx M.

The hamiltonian vector field X on TM is given by iXω = −d H . Its flow lines
solve the hamiltonian equations

ẋ = ∇p H(x, p) ,
D

dt
p = −∇x H(x, p).

When seen in TM, ∇x H and ∇p H are the projections to the horizontal and ver-
tical subspaces of the gradient of the hamiltonian H with respect to the Sasaki
metric. The hamiltonian flow of H is conjugate to the Euler-Lagrange flow of
L by the Legendre transform L(x, v) = (x,∇v L(x, v)) = (x, p). This is,
〈p, · 〉x = ∂

∂v
L(x, v), in the vector space Tx M .

Observe that

∇x L(x, v) = −∇x H(x, p), if p = ∇v L(x, v).
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If (x, T ) ∈ H1(M)×R
+, x ∈ C∞([0, 1], M) and ξ ∈ T(x,T )�M (x(0), x(1)), the

partial derivative of the action functional is given by

d(x,T )Ak(ξ, 0) =
∫ T

0

〈

p,
D

dt
ζ

〉

y
− 〈∇x H(y, p), ζ 〉y dt, (40)

where y(sT ) := x(s), ζ(sT ) := ξ(s) and p(t) = ∇v L(y(t), ẏ(t)). Let T (t, s) :
Ty(s)M → Ty(t)M be the parallel transport along y(t). For t ∈ [0, T ] let

Hx (t) := T (t, 0) · a +
∫ t

0
T (t, s) · ∇x H(y(s), p(s)) ds,

where the constant a ∈ Ty(0)M is chosen such that

∫ T

0
T (T, t) · [ p(t)+Hx (t)] dt = 0. (41)

Let
ρ(t) := p(t)+Hx (t). (42)

Integrating by parts in (40) we have that

d(x,T )Ak(ξ, 0) = −〈Hx , ζ 〉y

∣
∣
∣

T

0
+
∫ T

0

〈

ρ(t),
D

dt
ζ(t)

〉

y(t)
dt. (43)

Define ζ1(t) by

ζ1(t) :=
∫ t

0
T (t, s) · [ p(s)+Hx (s)] ds.

By (41), ζ1(0) = ζ1(T ) = 0. Then if ξ1(s) := ζ1(sT ) we have that (ξ1, 0) ∈
T(x,T )�M (x(0), x(1)) and also (ξ1, 0) ∈ T(x,T )
M if x(0) = x(1). Observe that

D

dt
ζ1(t) = ρ(t) = p(t)+Hx (t).

Applying (43), we get

d(x,T )Ak(ξ1, 0) =
∫ T

0
|ρ(t)|2y(t) dt

≤ ∥∥d(x,T )Ak
∥
∥ · ‖ξ1‖(x,T )

≤ ∥∥d(x,T )Ak
∥
∥ · e−2T 2

[
∫ T

0

∣
∣
∣
∣

D

dt
ζ1

∣
∣
∣
∣

2

y(t)
dt

] 1
2

if T ≥ 10,

≤ ∥∥d(x,T )Ak
∥
∥ · e−2T 2

[∫ T

0
|ρ(t)|2y(t) dt

] 1
2

if T ≥ 10.
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Therefore5

‖ρ‖L2([0,T ]) ≤ e−2T 2 ∥
∥d(x,T )Ak

∥
∥ , if T ≥ 10. (44)

Proof of Proposition 3.13 We can assume that Tn → +∞. Moreover, we can
assume that

Tn ≥ n ≥ 10.

Since Ak and dAk are continuous on �M (q0, q1) and 
M , by Lemma 3.3 we
can assume that xn : [0, 1] → M is C∞ for all n. Observe that if q0 = q1,
T(x,T )�M (q0, q1) ⊂ T(x,T )
M . In the sequel we shall only use tangent vectors in
T(x,T )�M (q0, q1), so that the arguments apply for both �M (q0, q1) and 
M .

Let yn(t) := xn(t/Tn), t ∈ [0, Tn], and

pn(t) := ∇v L(yn(t), ẏn(t)) ∈ Tyn M.

Let ρn(t) be defined as in (42) for the path (yn(t), pn(t)):

ρn(t) := pn(t)+Hx (t).

In particular
D

dt
ρn = D

dt
pn + ∇x H(yn, pn). (45)

Since ‖d(xn ,Tn)Ak‖ < 1
n , from (44) we have that

‖ ρn‖L2([0,Tn ]) =
[ ∫ Tn

0
|ρn(t)|2yn(t) dt

] 1
2

<
e−2T 2

n

n
. (46)

Let
An :=

{

t ∈ [0, Tn]
∣
∣ |ρn(t)|yn(t) < e−

3
2 T 2

n
}

.

If m is the Lebesgue measure on [0, Tn], we have that

e−3T 2
n m
(

Ac
n

) ≤
∫ Tn

0
|ρn(t)|2 dt <

1

n2
e−4T 2

n .

Thus m(Ac
n) < 1

n2 e−T 2
n and hence

m(An) > Tn − 1

n2
e−T 2

n . (47)

We assume that the Riemannian metric on M has injectivity radius larger than
2. Since the Lagrangian is Riemannian at infinity then the Hamiltonian is also
Riemannian at infinity: H(x, p) = 1

2 |p|2x when |p|x ≥ R. Define R1 ≥ R by

1

2
R2

1 = sup

{

H(x, p) ,
1

2
|∇p H(x, p)|2x

∣
∣
∣
∣
|p|x ≤ R

}

≥ 1

2
R2.

5 Inequality (44) is our fundamental estimate for the rest of the section. Observe that since, by
definition, p(t) = ∇v L(y, ẏ), the first hamiltonian equation ẏ = ∇p H(y, p) follows from
the Legendre transform of H . Thus the quantity ρ(t) = p(t)+Hx (t) measures the deviation of
(y(t), p(t)) from being a solution of the second hamiltonian equation ṗ = −∇x H(x, p). Our
problem now is to obtain a true invariant measure from this L2 estimate.
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Let d1 > |k| be such that

H(x, p) >
1

2
|p|2x − d1, for all (x, p) ∈ TM. (48)

Choose R0 > 0 such that

R0 > max{R1 , 10(|k| + d1 + 1)}. (49)

In particular

H(x, p) = 1

2
|p|2x if |p|x > R0.

Also
∇p H(x, p) = p and ∇x H(x, p) = 0 if |p|x > R0.

Lemma 3.14

|p|x < R0 ⇐⇒ H(x, p) <
1

2
R2

0 ⇐⇒ |v|x < R0, where v = ∇p H(x, p).

Proof If H(x, p) ≥ 1
2 R2

0 > 1
2 R2

1 then |p|x > R, v = ∇p H(x, p) = p
and H(x, p) = 1

2 |p|2x . Hence |v|x = |p|x ≥ R0. If |p|x ≥ R0 > R then
H(x, p) = 1

2 |p|2x ≥ 1
2 R2

0. If |v|x = |∇p H(x, p)|x ≥ R0 > R1 then |p|x > R,
v = ∇p H(x, p) = p and H(x, p) = 1

2 |p|2x = 1
2 |v|2x ≥ 1

2 R2
0. ��

We start by estimating the difference between (yn, pn) and an orbit of the
hamiltonian flow.

Lemma 3.15 Given t0 ∈ [0, Tn], let (x(t), q(t)) be the solution of the hamiltonian
equations

ẋ = ∇p H(x, q), q̇ = −∇x H(x, q),

with initial conditions x(t0) = yn(t0), q(t0) = pn(t0).
There is n0 > 0 such that if n > n0, t0 ∈ An and |pn(t0)| ≤ R0, then for all

t ∈ [0, Tn],
dM (x(t), yn(t)) < 1,

dTM
[

(x(t), q(t)), (yn(t), pn(t))
] ≤ |ρn(t)|yn(t) + e−T 2

n . (50)

Remark 3.16 The bounds in Lemma 3.15 are actually made for zt defined in (52)
instead of the distance between (x(t), q(t)) and (yn(t), pn(t)).

Proof We only prove the estimates for t > t0. The case t < t0 is similar.
Recall that using Lemma 3.3, we are assuming that yn is C∞. For all t ∈

[0, T ], let γt : [0, 1] → M be a geodesic joining x(t) to yn(t) such that γt0(s) ≡
yn(t0) for all s ∈ [0, 1] and that f (s, t) := γt (s) is C∞. Let

et : = |γ̇t | = length(γt ) ≥ dM (x(t), yn(t)).

Let In be the maximal interval in [0, Tn] containing t0 such that |et | < 1 for all
t ∈ In .
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We first prove that there is B = B(L , R0) > 0 such that for all n, if |pn(t0)| ≤
R0 and t ∈ In , then

dTM
[

(x(t), q(t)), (yn(t), pn(t))
] ≤ |ρn(t)|yn(t) +

(

1 + eB(t−t0)
) |ρn(t0)|yn(t0)

+ B eB(t−t0) ‖ρn‖L2([0,Tn]) . (51)

Let At (s2, s1) : Tγt (s1)M → Tγt (s2)M be the parallel transport along γt . Let

zt := et + |pn(t)− At (1, 0) · q(t)|yn(t) . (52)

Let 
t : [0, 2] → TM be the curve defined by


t (s) =
{

(γt (s), At (s, 0) · q(t)) if 0 ≤ s ≤ 1,

(yn(t), (s − 1) pn(t)+ (2 − s) At (1, 0) · q(t)) if 1 ≤ s ≤ 2.
(53)

Then

dTM((x(t), q(t)), (yn(t), pn(t)))

≤ length(
t )

≤
∫ 1

0
|γ̇t | ds +

∫ 2

1
|pn(t)− At (1, 0) · q(t)|yn(t) ds

≤ zt .

Recall that f (s, t) = γt (s). Then

e2
t =

∫ 1

0
e2

t ds =
∫ 1

0
|γ̇t |2 ds =

∫ 1

0

〈
∂ f

∂s
,
∂ f

∂s

〉

f (s,t)
ds.

Since D
ds

∂ f
∂s = D

ds γ̇t = 0, we have that

1

2

d e2
t

dt
= 1

2

∫ 1

0

d

dt

〈
∂ f

∂s
,
∂ f

∂s

〉

f (s,t)
ds =

∫ 1

0

d

ds

〈
∂ f

∂t
,
∂ f

∂s

〉

f (s,t)
ds

=
〈
∂ f

∂t
(1, t),

∂ f

∂s
(1, t)

〉

yn(t)
−
〈
∂ f

∂t
(0, t),

∂ f

∂s
(0, t)

〉

x(t)

= 〈ẏn(t), γ̇t (1)〉yn(t) − 〈At (1, 0) · ẋ(t), At (1, 0) · γ̇t (0)〉yn(t)

= 〈ẏn(t)− At (1, 0) · ẋ(t), γ̇t (1)〉yn(t)

≤ |ẏn(t)− At (1, 0) · ẋ(t)|yn(t) et . (54)

Since pn = ∇v L(yn, ẏn), ẏn = ∇p H(yn, pn). Since ∇p H(y, p) = p when
|p|y > R0, (x, p) �→ ∇p H(x, p) has bounded derivative on TM. Let K1 > 1
be a bound for its derivative. Then

|ẏn − At (1, 0) · ẋ | = ∣∣∇p H(yn, pn)− At (1, 0) · ∇p H(x, q)
∣
∣

≤
∫ 1

0

∣
∣
∣
∣

D

ds
[At (1, min{2s, 1}) · ∇p H(
t (2s))]

∣
∣
∣
∣

ds

=
∫ 1

0

∣
∣
∣
∣

D

ds
∇p H(
t (2s))

∣
∣
∣
∣

ds

≤ K1 length(
t ) = K1 zt .

(55)
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Thus, from (54),

1

2

d e2
t

dt
≤ K1 zt et .

Since et0 = 0,

et =
∫ t

t0

1

2

1

es

d e2
s

ds
ds ≤

∫ t

t0
K1 zs ds. (56)

Let T (t2, t1) : Tyn(t1)M → Tyn(t2)M be the parallel transport along yn(t).
Since pn(t0) = q(t0), we have that

pn(τ )− Aτ (1, 0) · q(τ ) =
∫ τ

t0
T (τ, t)

[
D

dt
pn(t)− D

dt
At (1, 0) · q(t)

]

dt,

=
∫ τ

t0
T (τ, t)

[
D

dt
pn + ∇x H(yn, pn)

]

dt

+
∫ τ

t0
T (τ, t) [At (1, 0) · ∇x H(x, q)−∇x H(yn, pn)] dt (57)

+
∫ τ

t0
T (τ, t)

[

−At (1, 0) · ∇x H(x, q)− D

dt
At (1, 0) · q(t)

]

dt.

Since ∇x H(x, p) = 0 if |p|x > R0, the function ∇x H has bounded derivative on
TM. Then, as in (55),

the norm of the second term in (57) ≤
∫ τ

t0
K2 zt dt,

where K2 is a bound for the derivative of ∇x H . We estimate the third term. Since
(x, q) is a solution of the hamiltonian equations,

D

dt
q = −∇x H(x, q).

Let F(s, t) := At (s, 0) · D
dt q(t)− D

dt At (s, 0) · q(t) ∈ T f (s,t)M , then F(0, t) ≡ 0
and

D

ds
F(s, t) = D

ds

[

At (s, 0) · D

dt
q(t)− D

dt
At (s, 0) · q(t)

]

= 0 − D

ds

D

dt
At (s, 0) · q(t)

= − D

dt

D

ds
[At (s, 0) · q(t)] + R

(
∂ f

∂s
,
∂ f

∂t

)
[

At (s, 0) · q(t)
]

= R

(

γ̇t (s),
∂ f

∂t

)

[At (s, 0) · q(t)],

where R is the curvature tensor. Let K3 > 1 be such that |R(u, v)w|x ≤
K3 |u|x |v|x |w|x for all x ∈ M , u, v, w ∈ Tx M .
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Observe that J (s) = ∂ f
∂t (s, t) is a Jacobi field along the geodesic γt with

J (0) = ẋ(t), J (1) = ẏn(t) and that if t ∈ In then |γ̇t | < 1. By Lemma 3.4
there is K4 > 1 such that

∣
∣
∣
∣

∂ f

∂t

∣
∣
∣
∣

f (s,t)
≤ K4 [|ẋ(t)| + |ẏn(t)|] for all (s, t) ∈ [0, 1] × In .

Then, using (55),
∣
∣
∣
∣

D

ds
F(s, t)

∣
∣
∣
∣
≤ K3 et K4 [|ẋ(t)| + |ẏn(t)|] |q(t)|
≤ K3 et K4 [|ẋ(t)| + |ẏn(t)− At (1, 0) · ẋ(t)| + |ẋ(t)|] |q(t)|
≤ K3 K4 et [2 |ẋ(t)| + K1 zt ] |q(t)| .

Since, by hypothesis, |q(t0)| ≤ R0, by Lemma 3.14, E(x, ẋ) = H(x, q) ≤
1
2 R2

0 and hence, by Lemma 3.14, |ẋ(t)| ≤ R0 and |q(t)| ≤ R0 for all t . Let
K5 := 2 K1 K3 K4. If t ∈ In then |et | ≤ 1 and hence

|F(1, t)|yn(t) =
∣
∣
∣
∣
0 +

∫ 1

0
At (1, s) · D

ds
F(s, t) ds

∣
∣
∣
∣
yn(t)

≤
∫ 1

0

[

K5 R2
0 et + K5 R0 zt

]

ds

≤ 2 K5 R2
0 zt for all t ∈ In.

Thus, when τ ∈ In ,

|third term in (57)| ≤
∫ τ

t0
|F(1, t)|yn(t) dt ≤ 2 K5 R2

0

∫ τ

t0
zt dt.

From (52), (56), (57) and (45) when τ ∈ In , we get that

zτ ≤ K1

∫ τ

t0
zt dt +

∣
∣
∣
∣

∫ τ

t0

[

T (τ, t) · D

dt
ρn(t)

]

dt

∣
∣
∣
∣
yn(τ )

+ K2

∫ τ

t0
zt dt + 2 K5 R2

0

∫ τ

t0
zt dt

zτ ≤ |ρn(τ )− T (τ, t0) · ρn(t0)|yn(τ ) + B
∫ τ

t0
zt dt (58)

zτ ≤ |ρn(τ )|yn(τ ) + |ρn(t0)|yn(t0) + B
∫ τ

t0
zt dt when τ ∈ In,

where B := max{1, K1 + K2 + 2 K5 R2
0}. Let u(τ ) := ∫ τ

t0
zt dt . Then, using (59),

we have that

d

dt

(

e−B(t−t0) u(t)
) = e−B(t−t0)(zt − B u(t))

≤ e−B(t−t0)
( |ρn(t)|yn(t) + |ρn(t0)|yn(t0)

)

for t ∈ In .
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Since u(t0) = 0,

u(τ ) ≤ eB(τ−t0)
∫ τ

t0
e−B(t−t0) |ρn(t)|yn(t) dt

+ eB(τ−t0)
∫ τ

t0
e−B(t−t0) |ρn(t0)|yn(t0) dt

≤ eB(τ−t0)

√
2B

‖ρn‖L2([0,Tn]) +
eB(τ−t0)

B
|ρn(t0)|yn(t0) when τ ∈ In .

Then from (59), if τ ∈ In ,

zτ ≤ |ρn(τ )|yn(τ ) + |ρn(t0)|yn(t0) + B u(τ )

≤ |ρn(τ )|yn(τ ) + |ρn(t0)|yn(t0)

+
√

B

2
eB(τ−t0) ‖ρn‖L2([0,Tn ]) + eB(τ−t0) |ρn(t0)|yn(t0).

Since B > 1,
√

B
2 < B. This completes the proof of (51).

Since limn Tn = +∞, by (46), there exists n0 > 0 such that if n > n0 then

B eBTn ‖ρn‖L2([0,Tn ]) ≤ B eBTn
1

n
e−2T 2

n <
1

2
e−T 2

n ,

(1 + eBTn ) e−
3
2 T 2

n <
1

2
e−T 2

n

and

K1

(
1

n

√

Tn e−2T 2
n + Tn e−T 2

n

)

< 1.

If t0 ∈ An then |ρn(t0)| < e− 3
2 T 2

n . Thus if n > n0 each of the last two terms in (51)
is bounded by 1

2 e−T 2
n . This validates (50) when t ∈ In .

It remains to prove that if t0 ∈ An then In = [0, Tn]. Let In = [a, b]. From (56)
and (50) we have that for τ ∈ In ,

dM (x(t), yn(t)) ≤ et ≤
∫ τ

t0
K1 zt dt ≤ K1

∫ τ

t0
|ρn(t)| dt + K1

∫ τ

t0
e−T 2

n dt,

≤ K1 ‖ρn‖L2([0,Tn ])
√|τ − t0| + K1 |τ − t0| e−T 2

n

≤ K1

(
1

n
e−2T 2

n
√

Tn + Tn e−T 2
n

)

< 1.

If b < Tn , since t �→ et is continuous, In could be extended. Then b = Tn .
Similarly, a = 0. ��
Lemma 3.17 If t ∈ An and n is large enough then

|H(yn(t), pn(t))− k| < 3

n
and |pn(t)| ≤ R0.
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Proof
Claim 1. An ∩ {t ∈ [0, Tn] | |pn(t)| < R0} �= ∅.

Proof Let d1 > |k| be from (48). Since ‖d(xn ,Tn)Ak‖ < 1
n ,

− ∂Ak

∂T

∣
∣
∣
∣
(xn ,Tn)

= 1

Tn

∫ Tn

0

[

H(yn, pn)− k
]

dt <
1

n
.

Then

1

2
R2

0 · m([|pn| ≥ R0]) ≤
∫ Tn

0

1

2
|pn(t)|2 dt ≤

∫ Tn

0

[

H(yn, pn)+ d1
]

dt

≤
[

k + d1 + 1

n

]

Tn .

m([|pn| ≥ R0]) ≤
2
[

k + d1 + 1
n

]

R2
0

Tn

≤ 1

10
Tn, from (49).

Therefore, using (47),

m(An ∩ [|pn| < R0]) = Tn − m
(

Ac
n ∪ [|pn| ≥ R0]

)

≥ Tn − 1

n
− 1

10
Tn

> 0.

This proves Claim 1.
��

Claim 2. There exist K = K (R0) > 0 and n1 > 0 such that

|pn(t)|yn(t) ≤ K (R0) [|ρn(t)|yn(t) + 1], ∀ t ∈ [0, Tn], ∀ n > n1.

Proof By Claim 1 there exists t0 ∈ An such that |pn(t0)| < R0. Let (x(t), q(t))
be the solution of the hamiltonian equations with initial conditions x(t0) = yn(t0),
q(t0) = pn(t0). By Lemma 3.15, dM

(

x(t), yn(t)
)

< 1 for all t ∈ [0, Tn]. Given
t ∈ [0, Tn], let γt : [0, 1] → M be the minimizing geodesic joining x(t) to
yn(t). Let 
t : [0, 2] → TM be defined by (53), let et := dM (x(t), yn(t)) and let
zt := et + |pn(t)− At (1, 0) · q(t)| be as in Lemma 3.15. Then

H(yn(t), pn(t))− H(yn(t0), pn(t0))

= H(yn(t), pn(t))− H(x(t), q(t))

=
∫ 1

0

〈∇x H(
t (s)) , γ̇t (s)
〉

γt (s)
ds

+
∫ 2

1
〈∇p H(
t (s)) , pn(t)− At (1, 0) · q(t)〉yn(t) ds.
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Since ∇x H(x, p) = 0 when |p|x > R0, there is d2 > 0 such that

|∇x H(x, p)|x < d2 for all (x, p) ∈ TM.

Since ∇p H(x, p) = p when |p|x > R0, there is d3 > 0 such that
∣
∣∇p H(x, p)

∣
∣
x ≤ |p|x + d3 for all (x, p) ∈ TM.

Then

|H(yn(t), pn(t))− H(yn(t0), pn(t0))|
≤
∫ 1

0
d2 et ds +

∫ 2

1

[|pn(t)|yn(t) + |q(t)|x(t) + d3
]

zt ds.

Since |pn(t0)| < R0, by Lemma 3.14, H(yn(t0), pn(t0)) = H(x(t), q(t)) <
1
2 R2

0 and |q(t)| < R0 for all t . Let d4 := max{d2, d3}. Then

|H(yn(t), pn(t))− H(yn(t0), pn(t0))| ≤ [|pn(t)| + R0 + 2 d4] zt . (59)

Suppose first that |pn(t)| > R0. Then H(yn(t), pn(t)) = 1
2 |pn(t)|2. In this

case we have that

1

2
|pn(t)|2 ≤ H0 + |pn(t)| zt + [R0 + 2 d4] zt

where H0 := H(yn(t0), pn(t0)). Using that H0 < 1
2 R2

0, we get

1

2
[|pn(t)| − zt ]2 ≤ H0 + [R0 + 2 d4] zt + 1

2
z2

t

≤ 1

2
R2

0 + R0 zt + 1

2
z2

t + 2 d4 zt

≤ 1

2
[R0 + zt ]2 + 2 d4 zt .

|pn(t)| ≤ zt +
√

[R0 + zt ]2 + 4 d4 zt . (60)

The other case is when |pn(t)| ≤ R0. Since the right hand side in (60) is≥ R0, the
inequality (60) is valid for all t ∈ [0, Tn]. Using the identity (a+b)2 ≤ 3 (a2+b2),
we have that

|pn(t)|2 ≤ 3 z2
t + 3 [R0 + zt ]2 + 12 d4 zt

≤ d5
[

z2
t + R2

0

]

for some constant d5 > 0,

≤ d6(R0)

[

zt + 1

2

]2

for some d6(R0) > 0,

≤ d6(R0)

[

|ρn(t)| + e−T 2
n + 1

2

]2

using Remark 3.16 and (50),

≤ d6(R0) [|ρn(t)| + 1]2 if n is large enough.

Now let K (R0) := √
d6(R0).

��
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Claim 3 There is n2 > 0 such that if n > n2 and t1, t2 ∈ An then

|H(yn(t1), pn(t1))− H(yn(t2), pn(t2))| < 1

n
.

Proof By Claim 1 and the triangle inequality, it is enough to prove that if t0 ∈ An ,
|pn(t0)| < R0 and t1 ∈ An then

|H(yn(t1), pn(t1))− H(yn(t0), pn(t0))| < 1

2n
.

Let (x(t), q(t)) be the solution of the hamiltonian equations with initial con-
ditions x(t0) = yn(t0), q(t0) = pn(t0) and let zt be as in Claim 2.

If t1 ∈ An , n > n0, then |ρn(t1)| < e− 3
2 T 2

n and by Remark 3.16 and (50),

zt1 ≤ |ρn(t1)| + e−T 2
n < 2 e−T 2

n .

From (59) and Claim 2, we get that

|H(yn(t1), pn(t1))−H(yn(t0), pn(t0))| ≤ [K (R0) (|ρn(t1)| + 1)+ R0 + 2 d4] zt1

≤ [K (R0)
(

e−
3
2 T 2

n + 1
)+ R0 + 2 d4

]

2 e−T 2
n

<
1

2n

if n is large enough. ��
We now finish the proof of Lemma 3.17. Let d7 > 0 be such that

∣
∣
∣
∣
H(x, p)− 1

2
|p|2x

∣
∣
∣
∣
≤ d7 for all (x, p) ∈ TM.

Then, using Claim 2, and the inequality (a + b)2 ≤ 3(a2 + b2),
∣
∣
∣
∣
∣

∫

Ac
n

H

∣
∣
∣
∣
∣

≤
∫

Ac
n

(
1

2
|pn(t)|2yn(t) + d7

)

dt

≤ 1

2
K (R0)

2
∫

Ac
n

(|ρn(t)| + 1)2 dt + d7 m
(

Ac
n

)

≤ 3

2
K (R0)

2 ‖ρn‖2
L2 +

[
3

2
K (R0)

2 + d7

]

m
(

Ac
n

)

≤ 3

2
K (R0)

2 1

n2
e−4T 2

n +
[

3

2
K (R0)

2 + d7

]
1

n2
e−T 2

n , using (46) and (47),

≤ 1

n
, if n is large enough.
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Since ‖d(xn ,Tn)Ak‖ < 1
n ,

∣
∣
∣
∣

∂Ak

∂T

∣
∣
∣
∣
(xn ,Tn)

∣
∣
∣
∣
= 1

Tn

∣
∣
∣
∣

∫ Tn

0
[H(yn, pn)− k] dt

∣
∣
∣
∣
<

1

n
,

∣
∣
∣
∣

∫ Tn

0
[H(yn, pn)− k] dt

∣
∣
∣
∣
≤ Tn

n
.

Therefore
∣
∣
∣
∣

∫

An

H dt − k m(An)

∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

∫

Ac
n

H

∣
∣
∣
∣
∣
+ |k| m(Ac

n)+
Tn

n

≤ 1

n
+ |k|

n2
e−T 2

n + Tn

n
. (61)

Let t ∈ An . By Claim 3, we have that
∣
∣
∣
∣

∫

An

H dt − m(An) H(yn(t), pn(t))

∣
∣
∣
∣
≤ 1

n
m(An). (62)

Adding (61) and (62) we get that

|H(yn(t), pn(t))− k| m(An) ≤ 1

n
m(An)+ 1

n
+ |k| e−T 2

n

n2
+ Tn

n

|H(yn(t), pn(t))− k| ≤ 1

n
+ 1

n m(An)
+ |k| e−T 2

n

n2 m(An)
+ Tn

n
(

Tn − 1
n2 e−T 2

n
) ,

≤ 3

n
if n is large enough.

Since by (49), |H(yn(t), pn(t))| ≤ |k|+1 < 1
2 R2

0, by Lemma 3.14, |pn(t)| <
R0 if t ∈ An and n is large enough. ��

Let νn be the Borel probability measure defined by
∫

f dνn = 1

m(An)

∫

An

f
(

yn(t), pn(t)
)

dt

for any continuous function f : TM → R. By Lemma 3.17 we have that

supp(νn) ⊆ H−1
([

k − 3

n
, k + 3

n

])

⊆ H−1([k − 1, k + 1]).

Since H−1([k − 1, k + 1]) is compact, there exists a convergent subsequence νni

in the weak* topology. Let
ν := lim

i
νni .

Then
supp(ν) ⊆ H−1{k}.
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Lemma 3.18 We can assume that ν is supported on a connected component of
H−1{k}.
Proof If k is a singular value of H then H−1{k} contains a singularity of the
Hamiltonian flow. In that case a Dirac measure supported on the corresponding
singularity of the Lagrangian flow satisfies the thesis of Proposition 3.13.

If k is a regular value of H then there is ε > 0 such that each of the finitely
many connected components of H−1(]k−ε, k+ε[) contains exactly one connected
component of H−1{k}. Since the measures νn are supported on the images of the
connected curves yn and supp(ν) ⊆ H−1(]k − ε, k + ε[) for n large, we can take
the convergent subsequence νni in a single connected component of H−1(]k −
ε, k + ε[). ��
Lemma 3.19 The probability ν is invariant under the hamiltonian flow.

Proof Given 0 < s < 1 let

Dn(s) : =
{

t ∈ [0, Tn] | |ρn(t)| < e−
3
2 T 2

n , |ρn(t + s)| < e−
3
2 T 2

n
}

,

= An ∩ (An − s).

Then m(Dc
n \ [Tn − s, Tn]) ≤ m([0, Tn − s] ∩ {Ac

n ∪ (An − s)c}) ≤ 2
n2 e−T 2

n , and

m(Dn) ≥ Tn − s − 2
n2 e−T 2

n ≥ Tn − 2.

Let ψt : TM ←↩ be the hamiltonian flow. Let F : TM → R be a continuous
function with compact support.

Given t ∈ Dn ⊂ An , by Lemma 3.17, |pn(t)| ≤ R0. Observe that t + s ∈ An .
By Lemma 3.15 we have that

dTM[ψs(yn(t), pn(t)), (yn(t + s), pn(t + s))] ≤ |ρn(t + s)| + e−T 2
n

≤ e−
3
2 T 2

n + e−T 2
n ≤ 1

n
, if n is large.

Since F is uniformly continuous then

O
(

F, 1
n

) := sup
d(z,w)< 1

n

|F(z)− F(w)| n→∞−−−−→ 0.

Since by (47) m(An) ≥ Tn − 1, m(Dc
n) ≤ 2 and m(Dn)

m(An)
≤ 1, we have that

∣
∣
∣
∣

∫

F d(ψ∗
s νn)−

∫

F dνn

∣
∣
∣
∣
≤ 2 ‖F‖∞ m(Dc

n)

m(An)
+ 1

m(An)

∫

Dn

|F ◦ ψs − F |(yn ,pn)

≤ 4 ‖F‖∞
Tn − 1

+O
(

F, 1
n

) n−→ 0.

Hence, for all 0 < s < 1,
∫

F d(ψ∗
s ν) =

∫

F dν. ��
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Let µ = L∗(ν) be the push forward of ν under the Legendre transform L :
T ∗M → TM, L(x, p) = ∇p H(x, p).

Lemma 3.20 The homology class ρ(µ) ∈ H1(M, R) of µ is zero.

Proof If we are working on �M (q0, q1), let γ = γn be a minimizing geodesic
joining the two common endpoints γ (1) = q0 = yn(0), γ (0) = q1 = yn(Tn) of all
yn . If we are working on 
M , let γn be the constant curve γn(t) ≡ yn(0) = yn(Tn),
t ∈ [0, 1].

Let µni be the probability measure defined by

∫

TM
f dµni :=

1

Tni + 1

[ ∫ Tni

0
f
(

yni (s), ẏni (s)
)

ds

+
∫ 1

0
f
(

γni (s), γ̇ni (s)
)

ds

]

for any continuous function f ∈ F with quadratic growth:

F :=
{

f ∈ C0(TM, R)

∣
∣
∣ sup

v∈TM

| f (v)|
1 + |v|2 < +∞

}

.

We show that for any f ∈ F ,

lim
i

∫

f dµni =
∫

f dµ = lim
i

∫

f d(L∗νni ) =
∫

f d(L∗ν). (63)

We have that
∫

f dµni =
m(Ani )

Tni + 1

∫

f d(L∗νni )+
1

Tni + 1

∮

γni

f + 1

Tni + 1

∫

Ac
ni

f ◦ L.

Observe that either γn is a constant curve or γn does not depend on n. Then

lim
i

∫

f dµni = lim
i

∫

f d(L∗νni )+ 0 + lim
i

1

Tni + 1

∫

Ac
ni

f ◦ L

=
∫

f dµ+ lim
i

1

Tni + 1

∫

Ac
ni

f ◦ L.

Let ‖ f ‖F := supv∈TM
| f (v)|
1+|v|2 . Then

∫

Ac
n

f ◦ L ≤ ‖ f ‖F
∫

Ac
n

[

1 + |v|2 ] ◦ L.

Let d3 > 0 be such that

|L(x, p)|x =
∣
∣∇p H(x, p)

∣
∣
x ≤ |p|x + d3.
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Then, using Claim 2 in Lemma 3.17 and the identity (a + b)2 ≤ 3 (a2 + b2),
∫

Ac
ni

[1 + |v|2] ◦ L

≤
∫

Ac
ni

1 + [|pni (t)|yni (t)
+ d3

]2

≤ (1 + 3 d2
3

)

m
(

Ac
ni

)+ 3 K (R0)
2
∫

Ac
ni

[|ρni (t)| + 1]2 dt

≤ (1 + 3 d2
3

)

m
(

Ac
ni

)+ 3 K (R0)
2 [3

∥
∥ρni

∥
∥2
L2 + 3 m

(

Ac
ni

)]

≤ (1 + 3 d2
3

) · 2 + 3 K (R0)
2 ·
[

3 · e−4T 2
ni

ni
2

+ 3 · 2

]

by (47) and (46).

So that

lim
i

1

Tni + 1

∫

Ac
ni

f ◦ L = 0,

and hence (63) holds.
Let ηn be the closed curve ηn = yn ∗ γn and let [ηn] ∈ H1(M, Z) be its

homology class. Since all the yn’s are in the same free homotopy class, α = [ηn]
is constant in n. Let ω be a closed (bounded) 1-form and [ω] ∈ H1(M, R) its
cohomology class. Observe that ω has linear growth, in particular ω ∈ F . Then

∫

TM
ω dµ = lim

i

∫

TM
ω dµni = lim

i

1

Tni

∮

ηni

ω

= lim
i

1

Tni

〈[ω], α〉 = 0. ��

Finally, we prove that the L + k action of µ is zero. Since L is quadratic at
infinity then L ∈ F . By (63), we have that

∫

TM
[L + k] dµ = lim

i

∫

TM
[L + k] dµni

= lim
i

AL+k(yni )+ AL+k(γni )

Tni + 1

= lim
i

Ak(xni , Tni )+ AL+k(γni )

Tni + 1
= 0.

This finishes the proof of Proposition 3.13. ��

4 Energy levels satisfying the Palais-Smale condition

In this section we prove Corollary B. Let L̃ = L : T M̃ → R be the lift of L to the
universal cover M̃ of M .
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Lemma 4.1 Identify S1 = [0, 1]/0≡ 1.
Let σ ∈ [S1, M] be a free homotopy class of closed curves in M. If k ≥ cu(L)

then
inf{Ak(x, T ) | x ∈ σ, T > 0} > −∞.

Proof Fix y ∈ σ . Since x and y are freely homotopic, there are points p ∈
y([0, 1]), q ∈ x([0, 1]) and a curve z : [0, 1] → M , with z(0) = p, z(1) = q such
that z ∗ x ∗ z−1 ∗ y−1 is homotopic to a point. We can assume that x(0) = q and
y(0) = p. Then there are lifts x̃ , ỹ, z̃0, z̃1 of x , y, z such that z̃0 ∗ x̃ ∗ z̃−1

1 ∗ ỹ−1

is a closed curve in M̃ . Let ϕ be the deck transformation of the covering M̃ → M
such that ϕ(z̃0) = z̃1. Let x̃n := ϕn(x̃), ỹn := ϕn(ỹ) and z̃n := ϕn(z̃). Since
the curves z̃n ∗ x̃n ∗ z̃−1

n+1 ∗ ỹ−1
n = ϕn(z̃0 ∗ x̃ ∗ z̃−1

1 ∗ ỹ−1) are closed in M̃ ,

the curves z̃n ∗ x̃n ∗ z̃−1
n+1 and ỹn have the same endpoints. Hence the curve

w̃ := z̃0 ∗ (x̃ ∗ x̃1 · · · ∗ x̃n) ∗ z̃−1
n+1 ∗ (ỹ−1

n ∗ · · · ∗ ỹ−1
1 ∗ ỹ−1) is closed in M̃ .

Given T > 0 let S := 1 + (n + 1) T + 1 + (n + 1) and η̃(t) := w̃(t/S). Since
k ≥ cu(L),

AL̃+k(η̃) = Ak(z, 1)+ (n+ 1)Ak(x, T )+Ak(z
−1, 1)+ (n+ 1)Ak(y−1, 1) ≥ 0.

Dividing by n + 1,

1

n + 1
Ak(z, 1)+Ak(x, T )+ 1

n + 1
Ak(z

−1, 1) ≥ −Ak(y−1, 1).

Letting n →+∞ we get that for all T > 0 and x ∈ σ

Ak(x, T ) ≥ −Ak(y−1, 1). ��

Proof of Corollary B Let 
1 be a connected component of �M (q0, q1) or 
M .
Let (xn, Tn) be a sequence in 
1 such that

|Ak(xn, Tn)| < A1 and
∥
∥d(xn ,Tn)Ak

∥
∥ <

1

n
.

Claim If the energy level E−1{k} does not contain singularities of the Euler-
Lagrange flow and Tn is bounded from above, then there is a convergent sub-
sequence of (xn, Tn).

Proof By Propositions 3.8.(ii) and (iii), lim infn Tn > 0. Since Tn is bounded, by
Proposition 3.12, (xn, Tn) has a convergent subsequence.

Suppose that k > cu . If (xn, Tn) ∈ 
1 ⊂ �M (q0, q1) let (zn, Sn) =
(xn ∗ x−1

0 , Tn + 1) ∈ 
M . If (xn, Tn) ∈ 
1 ⊂ 
M let (zn, Sn) = (xn, Tn).
By Lemma 4.1, B := infn Acu (zn, Sn) is finite and so

A1 + max{0,Ak(x−1
0 , 1)} ≥ Ak(zn, Sn)

= Acu (zn, Sn)+ (k − cu) Sn ≥ B + (k − cu) Sn .

Hence Sn is bounded and so Tn is bounded. Since k > cu ≥ e0, the energy level
E−1{k} does not contain singularities of the Euler-Lagrange flow. By the claim,
(xn, Tn) has a convergent subsequence.
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Now assume that 
1 ⊂ �M (q0, q1). Since all the curves xn have the same
homotopy class with fixed endpoints, there are lifts q̃0, q̃1 ∈ M̃ of q0, q1 and lifts
x̃n of xn such that for all n, (x̃n, Tn) ∈ �M̃ (q̃0, q̃1).

Suppose that hcu ≡ +∞. Since

A1 ≥ Acu (xn, Tn) ≥ �cu (q̃0, q̃1; Tn)

and

hcu (q̃0, q̃1) = lim inf
T→+∞�cu (q̃0, q̃1; T ) = +∞,

the sequence Tn is bounded. If E−1{cu} contains a singularity (q2, 0) of the Euler-
Lagrange flow, then L(q2, 0)+ cu = 0 and

hcu (q2, q2) ≤ lim inf
n

∫ n

0
[L(q2, 0)+ cu] dt = 0.

This contradicts hcu ≡ +∞. By the claim, (xn, Tn) has a convergent subsequence.
If hcu �≡ +∞, the proof of Theorem C in [7] applies to our action functional

Acu with our riemannian metric, showing that Acu does not satisfy the Palais-
Smale condition. Indeed, the Palais-Smale sequence (x̃n, Tn) obtained from there
has limn Tn = +∞ and is made with solutions of the Euler-Lagrange equation
joining any two given points q̃0, q̃1 in the universal cover M̃ . Take their projections
xn := π ◦ x̃n . Then the curves xn are in the same homotopy class. Since the
curves xn are solutions of the Euler-Lagrange equation, ∂

∂x Acu (xn, Tn) = 0 and

k − E(xn,
ẋn
Tn

) is constant. The theorem proves that

∥
∥d(xn ,Tn)Acu

∥
∥ =

∣
∣
∣
∣

∂Acu

∂T
(xn, Tn)

∣
∣
∣
∣
=
∣
∣
∣
∣
k − E

(

xn,
ẋn

Tn

)∣
∣
∣
∣

n−→ 0. ��

5 The mountain pass geometry

In this section we show that a small closed curve of a given length � contained in
the the projection of the energy level E−1{k} has positive (L + k) action bounded
away from zero. This gives a mountain pass geometry when we consider families
of curves going from a constant curve, with arbitrarily small action, to a curve
with negative action6 .

In the case of closed curves in 
M without a basepoint, we need that k >
e0(L), because otherwise a family of curves could move by constant curves until
it leaves the projection π(E−1{k}), where it already becomes negative, without
passing through a curve of length � inside π(E−1{k}).

6 This resembles the phrase by Taı̆manov in [33]: “constant curves are local minimizers of
the action” for magnetic flows. But in our case the constant curves are not critical points for
Ak , because they don’t have energy k, and also the gradient flow of −Ak is not complete on a
constant curve (x0, T ) because T reaches zero at a finite gradient flow time.
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Lemma 5.1 Let θx be a 1-form on M. Let x0 ∈ M and x0 ∈ V ⊂ M be a
neighbourhood of x0. Then there exists an open ball U ⊆ V centered at x0 in M
and b > 0 such that if γ is a closed curve in U then

∣
∣
∣
∣

∫

γ

θx

∣
∣
∣
∣
≤ b · length(γ )2.

Proof Shrinking V if necessary and using a local chart, we can assume that V
is a closed ball in R

m with the euclidean metric. Moreover, we can assume that
γ (0) = 0 ∈ V ⊂ R

m . Let b > 0 be such that |dxθ(u, v)| ≤ b |u| |v| for all u, v ∈
R

m , x ∈ V . Let γ : [0, T ] → V be a closed curve. Let F : [0, 1] × [0, T ] → V
be defined by F(s, t) := s γ (t). Then

∣
∣
∣
∣

∫

γ

θx

∣
∣
∣
∣
=
∣
∣
∣
∣

∫

F
dxθ

∣
∣
∣
∣
≤
∫ 1

0

∫ T

0
b

∣
∣
∣
∣

∂ F

∂s

∣
∣
∣
∣

∣
∣
∣
∣

∂ F

∂t

∣
∣
∣
∣

dt ds

= b
∫ 1

0

∫ T

0
|γ (t)| · s |γ̇ (t)| dt ds

≤ b
∫ 1

0

∫ T

0
�(γ ) · s |γ̇ (t)| dt ds

≤ b
∫ 1

0
�(γ ) · s �(γ ) ds ≤ b · �(γ )2,

where �(γ ) is the length of γ . Now let U be an open ball for the Riemannian
metric centered at x0 and contained in V . ��
Proposition C

1. Let x0 ∈ M and k > E(x0, 0). Then there exists c > 0 such that if � : [0, 1] →
�M (x0, x0) is a path joining a constant loop �(0) = x0 : [0, T ] → {x0} ⊂ M
(with any T > 0) to any closed loop �(1) ∈ �M (x0, x0) with negative (L+k)-
action, AL+k(�(1)) < 0, then

sup
s∈[0,1]

AL+k(�(s)) > c > 0.

2. Let k > e0(L). Then there exists c > 0 such that if � : [0, 1] → 
M is a path
joining any constant curve �(0) = x0 : [0, T ] → {x0} ⊂ M to any closed
curve �(1) with negative (L + k)-action, AL+k(�(1)) < 0, then

sup
s∈[0,1]

AL+k(�(s)) > c > 0.

Proof (1). Let d1 ∈ R be such that

E(x0, 0) = −ψ(x0) < d1 < k.

Let V be a neighbourhood of x0 such that

inf
x∈V

ψ(x) ≥ −d1.
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Write, as in Lemma 3.1,

L(x, v) ≥ 1

2
a |v|2x + θx (v)+ ψ(x),

where θx (v) := Lv(x, 0) · v, ψ(x) := L(x, 0) and a := infv{v · Lvv(x, v) ·
v}/|v|2x > 0.

Let U ⊆ V be an open ball centered at x0 given by Lemma 5.1 for (x0, V ).
Let

0 < �0 < min

{
1

2
diam(U ),

√

a (k − d1)

2 b2

}

. (64)

Claim There exists 0 < s0 < 1 such that length(�(s0)) = �0.

Proof Suppose that �(s1) �⊂ U for some s1 ∈ [0, 1]. Since s �→ length(�(s))
is continuous, length(�(0)) = 0 and since length(�(s1)) ≥ d(x0, U c) ≥
1
2 diam(U ) > �0, there exists 0 < s0 < s1 such that length(�(s0)) = �0 <
1
2 diam(U ).

Now assume that �(s) ⊂ U for all s ∈ [0, 1]. Write γ1 := �(1) : [0, T1] → M
and �1 = length(γ1). By Lemma 5.1 we have that

0 > AL+k(γ1) ≥ 1

2

∫ T1

0
a |γ̇1|2 dt −

∣
∣
∣
∣

∫

γ1

θx

∣
∣
∣
∣
+
∫ T1

0
ψ(γ1(t)) dt + k T1

≥ a

2

∫ T1

0
|γ̇1|2 dt − b �2

1 + (k − d1) T1.

By the Cauchy-Schwartz inequality,

T1

∫ T1

0
|γ̇1|2 dt ≥

(∫ T1

0
|γ̇1| dt

)2

= �2
1.

Hence

0 > AL+k(γ1) ≥
(

a

2 T1
− b

)

�2
1 + (k − d1) T1. (65)

Since (k − d1) > 0 and T1 > 0, we have that a
2T1

− b < 0, i.e.

T1 >
a

2 b
.

From (65), we have that

�2
1 >

(k − d1) T1

b − a
2T1

>
(k − d1) T1

b
>

a (k − d1)

2 b2
> �2

0.

Since length(�(0)) = 0, there is s0 ∈]0, 1[ with length(�(s0)) = �0. ��
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Since length(�(s0)) = �0 < 1
2 diam U and U is an open ball centered at x0

and �(s0) ∈ �M (x0, x0), we have that �(s0) ⊂ U . In particular, the right estimate
in (65) holds for �(s0). Let

f (t) :=
( a

2 t
− b
)

�2
0 + (k − d1) t.

If �(s0) : [0, T0] → M , then

AL+k(�(s0)) ≥ f (T0) ≥ min
t∈R+ f (t) = �0[

√

2a (k − d1)− b �0] =: c > 0,

because

�0 <

√

a (k − d1)

2 b2
<

√
2 a (k − d1)

b
.

(2). Since k > e0(L),

k > sup
x∈M

E(x, 0) = e0(L). (66)

Let U1, . . . , UN be a finite cover of M by open balls given by Lemma 5.1 with
corresponding constants bi = bi (Ui ) > 0. Let r0 > 0 be such that any ball of
radius r0 in M is contained in one Ui . Write b = max1≤i≤N bi and let

0 < �0 < min

{

r0 ,

√

a (k − e0)

2 b2

}

. (67)

Let � : [0, 1] → 
M be a path joining a constant curve �(0) = x0 : [0, T ] →
{x0} ⊂ M to a closed curve �(1) with negative (L + k)-action, AL+k(�(1)) < 0.

Claim There is s0 ∈ [0, 1] such that length(�(s0)) = �0.

Proof Suppose that length(�(s)) < �0 for all s ∈ [0, 1]. Since �0 < r0, for
each s ∈ [0, 1], �(s) is contained in some Ui . From (66) we have that ψ(x) =
−E(x, 0) ≥ −e0 for all x ∈ M . Let �1 := length(�(1)). Then the same argument
as in item (1) proves that

�2
1 >

a (k − e0)

2 b2
> �2

0.

Therefore there is s0 ∈ [0, 1] such that length(�(s0)) = �0. ��
Let

g(t) :=
( a

2 t
− b
)

�2
0 + (k − e0) t.

Since length(�(s0)) = �0 < r0, �(s0) is contained in some Ui and we can apply
Lemma 5.1. Therefore, if �(s0) : [0, T0] → M , then

AL+k(�(s0)) ≥ g(T0) ≥ min
t∈R+ g(t) = �0[

√

2a (k − e0)− b �0] =: c > 0,

because

�0 <

√

a (k − e0)

2 b2
<

√
2 a (k − e0)

b
. ��
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6 Some results on Morse theory

Let X be an open set in a Riemannian manifold and f : X → R be a C2 map.
Observe that if the vector field −∇ f is not globally Lipschitz, the gradient flow
ψt of − f is a priori only a local flow. Given p ∈ X , define

α(p) := sup{a > 0 | s �→ ψs(p) is defined on s ∈ [0, a]}.
We say that the flow ψt of −∇ f is relatively complete on [a ≤ f ≤ b] if for
a ≤ f (p) ≤ b, either α(p) = +∞ or f (ψβ(p)) ≤ a for some 0 ≤ β < α(p).

We say that a function τ : X → [0,+∞[ is an admissible time if τ is differ-
entiable and 0 ≤ τ(x) < α(x) for all x ∈ X . Given an admissible time τ and a
subset F ⊂ X , define

Fτ :=
{

ψτ(x)(x) | x ∈ F
}

.

Given a closed subset B ⊆ X , we say that the function f satisfies the Palais-
Smale condition restricted to B at level c, (P S)c,B , if any sequence {xn} ⊂ B with
limn ‖d f (xn)‖ = 0 and limn f (xn) = c has a convergent subsequence.

Given a closed subset K ⊂ X and x ∈ X , define

d(x, K ) := inf
k∈K

d(x, k).

In the case when K is empty, define d(x,∅) := ∞.
Given c ∈ R, δ > 0 and a closed subset B ⊆ X , define

Kc,B : = {x ∈ B | f (x) = c, d f (x) = 0},
Wc,δ,B : = {x ∈ B | d(x, Kc,B) < δ},
Vc,δ,B : = {x ∈ B | ‖d f (x)‖ < δ, | f (x)− c| < δ}.

Lemma 6.1 Let X be a Riemannian manifold and f : X → R a C1 function.
If f satisfies the Palais-Smale condition (P S)c,B at level c restricted to B,

then

i. Kc,B is compact.
ii. The family {Wc,δ,B}δ>0 is a fundamental system of neighbourhoods of Kc,B

relative to B.
iii. The family {Vc,δ,B}δ>0 is a fundamental system of neighbourhoods of Kc,B

relative to B.

Proof
(i) By (P S)c,B any sequence in Kc,B has a convergent subsequence. Since d f

is continuous and B is closed, the limit is also in Kc,B .
(ii) Suppose item (ii) is false. Then there is a relative neighbourhood U of

Kc,B with Kc,B ⊂ U ⊂ B, and a sequence xn ∈ Wc,1/n,B ∩ U c. Then there is
a sequence yn ∈ Kc,B such that d(xn, yn) ≤ 2

n . Since Kc,B is compact there is a
convergent subsequence z = limk ynk ∈ Kc,B . Also, limk xnk = z ∈ Kc,B . This
contradicts xn /∈ U for all n.

(iii) Suppose item (iii) is false. Then there is a relative neighbourhood U of
Kc,B with Kc,B ⊂ U ⊂ B and a sequence xn ∈ Vc,1/n,B ∩ U c. By (P S)c,B

there is a convergent subsequence z = limk xnk . Since f ∈ C1, z ∈ Kc,B . This
contradicts xn /∈ U for all n. ��
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Lemma 6.2 Let X be a Riemannian manifold and B ⊂ A ⊂ X closed subsets
such that A contains the ε1-neighbourhood of B:

{x ∈ X | d(x, B) < ε1} ⊂ A.

Let f : X → R be a C2 function. Let c ∈ R be such that

i. f satisfies the Palais-Smale condition (P S)c,A at level c restricted to A.
ii. The flow of −∇ f is relatively complete on [| f − c| ≤ ε2] for some ε2 > 0.

Given any neighbourhood N of Kc,A relative to A and ε3 > 0, there are 0 < ε <
δ < ε3, such that for all 0 < λ ≤ ε there is an admissible time τ(x) such that

Fτ ⊆ N ∪ [ f ≤ c − λ ] and τ(x) = 0 on [ | f − c| ≥ δ ],
where F = ([ f ≤ c + ε ] ∩ B) ∪ [ f ≤ c − λ].
Proof By Lemma 6.1, there are 0 < δ, ρ, η < min{ε2, ε3, 1} such that

Vc,δ,A ⊂ Wc,ρ,A ⊂ Wc,2ρ,A ⊂ Vc,η,A ⊂ N ⊂ A.

Let

ε := 1

2
min

{

ε2
1

2
, ε2, ε3,

δ2

2
,

ρ δ

2

}

.

Let h : X → [0, 1] be a smooth function such that

h(x) =

⎧

⎪⎨

⎪⎩

0 if x ∈ Vc, δ
2 ,A ∪ [| f (x)− c| > δ],

1 if x ∈ (Vc,δ,A)c ∩
[

| f (x)− c| < δ

2

]

.

Since f is C2, the vector field Y (x) := −h(x)∇ f (x) is locally Lipschitz.
Since δ < ε2, by hypothesis (ii), the flow ηs of Y is complete.

Let ψt be the flow of −∇ f . Define τ(x) by ψτ(x)(x) = η1(x). We show that
τ(x) is an admissible time. Write ηs(x) = ψt (s)(x), then

Y (ηs(x)) = −h(ηs(x)) ∇ f (ηs(x)) = − dt

ds
∇ f (ηs(x)),

so that dt
ds = h(ηs(x)) and

τ(x) =
∫ 1

0
h(ηs(x)) ds ≤ 1.

Therefore τ(x) is finite and differentiable.
Let x ∈ F . If x /∈ B then f (x) ≤ c − λ and hence f (η1(x)) ≤ f (x) ≤ c − λ.
Let x ∈ F ∩ B. We can assume | f (ηs(x)) − c| < δ

2 for all s ∈ [0, 1]. For, if
not, since s �→ f (ηs(x)) is non-increasing and at s = 0, f (x) ≤ c + ε < c + δ

2 ,
then we already have that

f (ψτ(x)(x)) = f (η1(x)) = inf
s∈[0,1] f (ηs(x)) ≤ c − δ

2
≤ c − ε.
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We can also assume that

ηs(x) ∈ A for all s ∈ [0, 1]. (68)

For, if not, since x = η0(x) ∈ F ∩ B and A contains the ε1-neighbourhood of B,

ε1 ≤ length
[

η[0,1](x)
] =

∫ 1

0
‖h(ηs(x)) ∇ f (ηs(x))‖ ds

≤
[
∫ 1

0
|h|2 ‖∇ f ‖2 ds

] 1
2

≤
[
∫ 1

0
h ‖∇ f ‖2 ds

] 1
2

,

and so

f (η1(x)) = f (x)+
∫ 1

0
〈∇ f, Y 〉 ds ≤ c + ε −

∫ 1

0
h ‖∇ f ‖2 ds

≤ c + ε − ε2
1 < c − ε.

Suppose that x ∈ F∩B and ηs(x) /∈ Vc,δ,A for all s ∈ [0, 1]. Then h(ηs(x)) =
1 for all s ∈ [0, 1]. By (68), ηs(x) ∈ A ∩ (Vc,δ,A)c for all s ∈ [0, 1], and so
‖∇ f (ηs(x))‖ ≥ δ for all s ∈ [0, 1]. Then,

f (η1(x)) ≤ c + ε −
∫ 1

0
h(ηs(x)) ‖∇ f (ηs(x))‖2 ds

≤ c + ε − δ2 ≤ c − ε.

Now suppose that x ∈ F ∩ B, ηs0(x) ∈ Vc,δ,A for some s0 ∈ [0, 1] and
η1(x) /∈ N . Let

s1 : = inf{ s > s0 | ηs(x) /∈ Vc,δ,A},
s2 : = inf{ s > s1 | ηs(x) /∈ Vc,η,A} ≤ 1.

By (68), the image of [0, 1]  s �→ ηs(x) is in A. Since the segment [s1, s2] �→
ηs(x) crosses the annulus of width ρ: Wc,2ρ,A \ Wc,ρ,A, inside of A, we have that

ρ ≤ length[η[s1,s2]] ≤
∫ s2

s1

h(ηs(x)) ‖∇ f (ηs(x))‖ ds

≤ 1

δ

∫ s2

s1

h ‖∇ f ‖2 ds, because η]s1,s2[(x) ⊂ A ∩ (Vc,δ,A)c.

Since s2 ≤ 1,

f (η1(x)) ≤ c + ε −
∫ 1

0
h ‖∇ f ‖2 ds

≤ c + ε − ρ δ ≤ c − ε.

Therefore

Fτ = η1(F) ⊆ N ∪ [ f ≤ c− ε]. ��
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Given a function f : X → R on a topological space X , we say that x ∈ X
is a strict local minimizer of f if there is a neighbourhood V of x in X such that
f (y) > f (x) for all y ∈ V \ {x}.

Let F be a family of subsets F ⊂ X . We say that F is forward invariant if
Fτ ∈ F for all F ∈ F and any admissible time τ . Define

c( f,F) = inf
F∈F

sup
x∈F

f (x).

Proposition 6.3 Let X be a Riemannian manifold and f : X → R a C2 function.
Let F be a family of subsets of X. Suppose that

i. The subsets F ∈ F are connected.
ii. F is a forward invariant family.

iii. c := c( f,F) ∈ R.
iv. The flow of −∇ f is relatively complete on [c − ε2 ≤ f ≤ c + ε2] for some

ε2 > 0.
v. There is a closed subset B ⊂ X such that:
∀ε > 0, ∃λ ∈]0, ε[, ∃F ∈ F such that F ⊂ B ∪ [ f ≤ c − λ] and F ⊂ [ f ≤
c + ε].

vi. There is ε1 > 0 and a closed subset A ⊂ X which contains the ε1-
neighbourhood of B such that f satisfies the Palais-Smale condition (P S)c,A,
restricted to A at level c.

Then Kc,A �= ∅, i.e. f has a critical point x in A with f (x) = c.
Moreover, if

sup
F∈F

inf
x∈F

f (x) < c, (69)

then there is a point in Kc,A which is not a strict local minimizer.

Remark 6.4 It is enough to consider admissible times τ(x) such that τ(x) = 0 if
f (x) ≤ c − δ for some δ > 0. For, the value of c( f,F) does not change and the
proof of Proposition 6.3 only uses this kind of admissible times.

Proof Suppose that Kc,A is empty. Let ε, δ > 0 be given by Lemma 6.2 for
N = ∅ and ε1, ε2, and ε3 = 1. By hypothesis (v), there is F ∈ F such that
F ⊂ B ∪ [ f ≤ c−λ] and F ⊂ [ f ≤ c+ ε]. By Lemma 6.2 there is an admissible
time τ , with τ = 0 on [ f ≤ c − δ], such that Fτ ⊂ [ f ≤ c − λ]. This contradicts
the definition of c( f,F).

Now suppose that Kc,A consists entirely of strict local minimizers of f and
that inequality (69) holds. Let ε0 > 0 be such that

sup
F∈F

inf
x∈F

f (x) < c − 2 ε0. (70)

For each x ∈ Kc,A let N (x) be a neighbourhood of x such that f (y) > f (x)
for all y ∈ N (x) \ {x}. Let

N0 := ⋃

x∈Kc,A

N (x).

Let N := A ∩ N0.
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Let 0 < ε < δ < ε0 be given by Lemma 6.2 for c, B, A and N0. By hy-
pothesis (v) there are λ ∈]0, ε[ and F ∈ F such that F ⊂ B ∪ [ f ≤ c − λ]
and F ⊂ [ f ≤ c + ε]. By Lemma 6.2, there is an admissible time τ such that
τ |[ f≤c−δ] ≡ 0 and

Fτ ⊆ N ∪ [ f ≤ c − λ] ⊆ N0 ∪ [ f ≤ c − λ].
By definition of N0, the sets N0 and [ f ≤ c−λ] are disjoint, and so N ∪ [ f ≤

c − λ] is disconnected. By hypothesis (i) and (ii), Fτ ∈ F is connected, so that
either Fτ ⊂ N or Fτ ⊂ [ f ≤ c − λ]. Since λ ≤ ε < ε0 and the value of
f decreases under the flow of −∇ f , by (70), Fτ ∩ [ f ≤ c − λ] �= ∅. Hence
Fτ ⊂ [ f ≤ c − λ]. This contradicts the definition of c( f,F). ��

We shall use the following “mountain pass” theorem.

Corollary 6.5 Let X be a C2 Riemannian manifold and f : X → R a C2 func-
tion. Let p, q ∈ X and

c := inf
γ∈�

sup
s∈[0,1]

f (γ (s)),

where � := {γ : [0, 1] → X | γ ∈ C0, γ (0) = p, γ (1) = q}.
Suppose that

i. c ∈ R.
ii. The flow of −∇ f is relatively complete on [c − ε2 ≤ f ≤ c + ε2] for some

ε2 > 0.
iii. max{ f (p), f (q)} < c.
iv. There are closed subsets B ⊂ A ⊂ X such that

(a) f satisfies the Palais-Smale condition (P S)c,A, restricted to A, at level c.
(b) For some ε1 > 0, A contains the ε1-neighbourhood of B.
(c) For all ε > 0, there exist λε ∈]0, ε[ and γε ∈ � such that

γε([0, 1]) ⊂ (B ∪ [ f ≤ c − λε]) ∩ [ f ≤ c + ε].

Then c is a critical value of f . Moreover the set

Kc,A := {x ∈ X | x ∈ A, d f (x) = 0, f (x) = c}
contains a point which is not a strict local minimizer.

Proof Let F := {γ ([0, 1]) | γ ∈ C0([0, 1], X), γ (0) = p, γ (1) = q}. Let
δ > 0 be such that max{ f (p), f (q)} < c − 2 δ. Then c = c( f,F) and the family
F is forward invariant when we consider only admissible times τ(x) such that
τ(x) = 0 when f (x) ≤ c − δ. Then Proposition 6.3 and Remark 6.4 prove that
Kc,A �= ∅ and that Kc,A contains a point which is not a strict local minimizer. ��

Applying Proposition 6.3 to the family of subsets F = {p}, p ∈ X , and
B = A = X , we obtain

Corollary 6.6 Let X be a C2 Riemannian manifold and f : X → R a C2 func-
tion. Suppose that

i. c := infx∈X f (x) > −∞.
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ii. The flow of −∇ f is relatively complete on [c − ε ≤ f ≤ c + ε] for some
ε > 0.

iii. f satisfies the Palais-Smale condition (P S)c at level c.

Then c is a critical value of f .

Now we concentrate on the relative completeness condition for the action func-
tional Ak . For completeness we present the following statement:

Lemma 6.7 Suppose that f : X → R is C2, ψt is the gradient flow of − f and
the subset [a ≤ f ≤ b] ⊂ X is complete. Then the flow ψt is relatively complete
on [a ≤ f ≤ b].

This lemma can be found in [7, Lemma 22], but its proof is similar to the
first part of the proof of Lemma 6.9 below. Recall from Remark 3.11 that the
spaces 
M and �M (q0, q1) are not complete with our riemannian metric. Also
the gradient flow of −Ak is not complete as the following example shows.

Example 6.8 The gradient flow of −Ak is not complete.

Let (q0, 0) be a fixed point of the Euler-Lagrange flow, let x : [0, 1] → {q0} be
the constant curve, let T > 0 and let y(t) = x(t/T ). Since x is a solution of
the Euler-Lagrange equation, from (7) or (16), we have that the partial derivative
(∂x Ak)(x, T ) = 0. But

∂Ak

∂T

∣
∣
∣
∣
(x,T )

=
∫ 1

0
[k − E(q0, 0)] dt = k − E(q0, 0).

Suppose that k > E(q0, 0). Let a := k − E(q0, 0) > 0. Since the metric on the
R
+ factor of H1(M) × R

+ is the euclidean metric, the gradient flow �s of −Ak

at (x, T ) has differential equations dx
ds = 0 and dT

ds = −a. Then

�s(x, T ) = (x, T − as),

which leaves the space H1(M)× R
+ through (x, 0) in finite time.

One could change the riemannian metric (2) in such a way that H1(M) × {0}
lies “at infinity,” for example replacing the first term in (2), (4) by αβ/T 2. In that
case the Hilbert manifolds 
M and �M (q0, q1) become complete and the gradient
flow of −Ak becomes relatively complete by Lemma 6.7. Indeed, in the example
above we would have

∂Ak

∂T

∣
∣
∣
∣
(x,T )

· α = a α = 1

T 2
(a α T 2) = 〈a T 2, α〉T .

Thus the projection ∇TAk to the R
+ component of H1(M)× R

+ of the gradient
of Ak is a T 2. The differential equations for �s become dx

ds = 0, dT
ds = −a T 2

and �s(x, T ) = (x, (T−1 + as)−1).
Nevertheless, such a change in the riemannian metric would make Proposi-

tion 3.8. and Theorem A false. Indeed, in Proposition 3.8 items (i), (ii) and (iv)
would still hold but not item (iii) because inequality (31) would have a factor Tn on
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the right hand side. In the example above, the sequence (xn, Tn) = �n(x, a−1) =
(x, 1

a(n+1)
), with T0 = a−1, would satisfy

Ak(xn, Tn) = Tn[L(q0, 0)+ k] n−→ 0,

∥
∥d(xn ,Tn)Ak

∥
∥=| ∂TAk(xn, Tn) · α |

‖(0, α)‖(xn ,Tn)

=
∣
∣α · ∫ 1

0 [k − E(q0, 0)] ds
∣
∣

|α| /Tn
=a · Tn

n−→ 0,

because yn(t) := xn(t/Tn) ≡ q0 is a solution of the Euler-Lagrange equation
for all n and hence, by equation (16), ∂xAk(xn, Tn) = 0. Therefore (xn, Tn) is a
Palais-Smale sequence, but it is non-convergent because

distance[(xn, Tn), (x0, T0)] = dist[(x, Tn), (x, T0)]
≥
∫ 1

0
‖(0, f ′(s))‖(x, f (s)) ds =

∫ 1

0

| f ′(s)|
| f (s)| ds =

∫ T0

Tn

1

u
du

n−→ +∞,

where f : [0, 1] → [Tn, T0] is a diffeomorphism. But the energy E(xn,
ẋn
Tn

) =
E(q0, 0) ≡ k − a is not converging to k.

Also Theorem A becomes false. For, in the example above we can take M �=
T

2 and a lagrangian of the form L(x, v) = 1
2 |v|2x +φ(x), with φ(x) non-constant,

a regular energy level E−1{k} with

−max φ(M) < k > e0(L) = −min φ(M)

and q0 ∈ M a minimum of φ. Then (q0, 0) is a singularity of the Euler-Lagrange
flow with energy e0(L), so that a = k− E(q0, 0) > 0. The example above gives a
non-convergent Palais-Smale sequence. Thus E−1{k} does not satisfy the Palais-
Smale condition for the metric defined above.

But the energy level E−1{k} contains no invariant probability as those in The-
orem A. Indeed, in Proposition C.2 below we prove that such regular energy lev-
els for L are of contact type. Suppose that µ is such an invariant probability in
E−1{k}, with AL+k(µ) = 0 and ρ(µ) = 0. Since M �= T

2, by Lemma 10.1,
π∗ : H1(E−1{k}, R) → H1(M, R) is injective. If S(µ) is the asymptotic cycle
of µ (see Sect. 10), then π∗(S(µ)) = ρ(µ) = 0. Therefore S(µ) = 0. Since
AL+k(µ) = 0 this contradicts Corollary C.4. ��
Lemma 6.9 For all k ∈ R, if 0 /∈ [a, b] ⊂ R, then the gradient flow of −Ak on

M or �M (q0, q1) is relatively complete on [a ≤ Ak ≤ b].
Proof Write f = Ak : 
M → R [resp. f = Ak : �M (q0, q1) → R] and let ψt
be the flow of Y = −∇ f . Then

f (ψt1(p))− f (ψt2(p))=−
∫ t2

t1
∇ f (ψs(p))·Y (ψs(p)) ds=

∫ t2

t1
‖Y (ψs(p))‖2 ds.

(71)
Moreover, using the Cauchy-Schwartz inequality, we have that

d(ψt1(p), ψt2(p))2 ≤
[∫ t2

t1
‖Y (ψs(p))‖ ds

]2

≤ |t2 − t1|
∫ t2

t1
‖Y (ψs(p))‖2 ds.
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Thus
d(ψt1(p), ψt2(p))2 ≤ |t2 − t1| | f (ψt1(p))− f (ψt2(p))|. (72)

Let I = [0, α[ a maximal interval of definition of t �→ ψt (p). Suppose that
a ≤ f (ψt (p)) ≤ b for 0 ≤ t < α < ∞. By inequality (72), for any sequence
sn ↑ α we have that n �→ ψsn (p) = (xsn , T (sn)) is a Cauchy sequence in 
M ∩
[a ≤ f ≤ b] (resp. in �M (q0, q1) ∩ [a ≤ f ≤ b]). Then

T0 = lim
s↑α

T (s) ∈ [0 +∞[ exists.

If 0 < T0 < +∞, since all such {ψsn (p)}n are Cauchy sequences, q =
lims↑α ψs(p) = ψα(p) exists. Since f is C2, we can extend the solution t �→
ψt (p) at t = α. This contradicts the definition of α.

If T0 = 0, then there is a sequence sn ↑ α such that

d

ds
T (sn) ≤ 0.

Since L is quadratic at infinity, there exist constants a0, a1, b0, b1, c0, c1 > 0 such
that

c0 |v|2x − c1 ≤ L(x, v)+ k ≤ b0 |v|2x + b1,

E(x, v) ≥ a0 |v|2x − a1. (73)

Write Tn := T (sn), yn(t) := xsn (t/Tn). Then

0 ≥ d

ds
T (sn) = −∂Ak

∂T
= −k + 1

Tn

∫ Tn

0
E(yn, ẏn) dt

≥ −k − a1 + a0

Tn

∫ Tn

0
|ẏn|2 dt.

Since limn Tn = 0, this implies that

lim
n

∫ Tn

0
|ẏn|2 dt = 0.

Also, from (73)

c0

∫ Tn

0
|ẏn|2 dt − c1 Tn ≤ Ak(xsn , Tn) ≤ b0

∫ Tn

0
|ẏn|2 dt + b1 Tn .

Hence limn Ak(xsn , Tn) = 0. This contradicts the hypothesis Ak(xsn , Tn) ∈
[a, b] � 0. ��
Corollary 6.10 For all k ∈ R, if q0, q1 ∈ M, q0 �= q1 and b ∈ R, then the
gradient flow of −Ak on �M (q0, q1) is relatively complete on [Ak ≤ b ].
Proof By Lemma 3.6, if q0 �= q1 then

inf{T > 0 | (x, T ) ∈ �M (q0, q1) ∩ [Ak ≤ b] } > 0.

Therefore the case T0 = 0 in the proof of Lemma 6.9 does not happen. ��



380 G. Contreras

Corollary 6.11 Let 
1 be a connected component of 
M or �M (q0, q0) with
non-trivial homotopy class. For all k, b ∈ R, the gradient flow of −Ak on 
1 is
relatively complete on [Ak ≤ b ].
Proof By Lemma 3.7, the case T0 = 0 in the proof of Lemma 6.9 does not happen.

��

7 Generic Palais-Smale condition for the Mountain-Pass geometry

Proposition 7.1 Given γ0, γ1 ∈ 
M [resp. �M (q0, q1)] let

C(γ0, γ1) := {� : [0, 1] → 
M [resp. �M (q0, q1)] |
� is continuous, �(0) = γ0, �(1) = γ1}.

For k ∈ R, let
c(k) := inf

�∈C(γ0,γ1)
max

s∈[0,1]
Ak(�(s)).

Suppose that for some k0 ∈ R we have that limk→k+0
c(k) �= 0 and

c(k0) > max{Ak0(γ0), Ak0(γ1)}.
Then there exists ε > 0 such that for Lebesgue almost every k ∈]k0, k0 + ε[, c(k)
is a critical value for Ak on 
M [resp. �M (q0, q1)], with a critical point which is
not a strict local minimizer.

Proof Observe that for all k ∈ R, the number c(k) is finite and c(k) ≥
max{Ak(γ0), Ak(γ1)}. Since for all γ ∈ 
M [resp. �M (q0, q1)] the function
k �→ Ak(γ ) is non-decreasing, k �→ c(k) is non-decreasing. By the continuity of
Ak in k, the functions k �→ Ak(γ0) and k �→ Ak(γ1) are continuous. Let ε > 0 be
such that7

max{Ak(γ0), Ak(γ1)} < c(k0) ≤ c(k) �= 0 for all k0 < k < k0 + ε. (74)

Write Iε :=]k0, k0 + ε[. Since the function c : Iε → R is non-decreasing,
by Lebesgue’s Theorem there is a total measure subset of Iε where c(·) is locally
Lipschitz, i.e. the subset

K := {k ∈ Iε|∃M > 0, ∃δ0 > 0,∀|δ| < δ0 : |c(k + δ)− c(k)| < M|δ|}
has total Lebesgue measure in Iε.

Now fix k ∈ K and a sequence kn ≥ k with limn kn = k. By the definition of
ε in (74) the functionals Akn , Ak both show a mountain pass geometry with the
same set of paths C(γ0, γ1).

Let �n ∈ C(γ0, γ1) be a path such that

max
s∈[0,1]

Akn (�n(s)) ≤ c(kn)+ (kn − k). (75)

7 Observe that the function k �→ c(k) may be discontinuous, in particular, we allow k0 to be
a discontinuity point for k �→ c(k).
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Let M = M(k) > 0 be given by the property k ∈ K. Let B ⊂ A ⊂ 
M [resp.
�M (q0, q1)] be the closed subsets defined by

B : = {(x, T ) ∈ 
M [resp. �M (q0, q1)] | T ≤ M + 2},
A : = {(x, T ) ∈ 
M [resp. �M (q0, q1)] | T ≤ M + 3}.

Then A contains the 1
2 -neighbourhood of B in 
M [resp. �M (q0, q1)]. Since

from (74), c(k) �= 0, by Propositions 3.12 and 3.8.(i), the functional Ak satis-
fies the Palais-Smale condition restricted to A, at level c(k).

By the choice k ∈ K, the function k �→ c(k) is continuous at k. Since k �→
Ak(γ ) is increasing,

max
s∈[0,1]

Ak(�n(s)) ≤ max
s∈[0,1]

Akn (�n(s)) ≤ c(kn)+ (kn − k)
n−→ c(k).

If s ∈ [0, 1] is such that

Ak(�n(s)) > c(k)− (kn − k),

then �n(s) = (x, T ) with

T = Akn (�n(s))−Ak(�n(s))

kn − k
≤ c(kn)− c(k)

kn − k
+ 2 ≤ M(k)+ 2,

if n is large enough.
Given δ > 0, let n be so large that

c(kn)− c(k)+ (kn − k) < δ,

0 < λn := (kn − k) < δ.

Then
�n([0, 1]) ⊂ (B ∪ [Ak ≤ c(k)− λn]

) ∩ [Ak ≤ c(k)+ δ].
Since c(k) �= 0, by Lemma 6.9 the gradient flow of −Ak is relatively complete
on [c(k)− ε, c(k)+ ε] for some ε > 0. Now Corollary 6.5 implies that Ak has a
critical point in A which is not a strict local minimizer. ��

8 The displacement energy

Write I := [0, 1]. Given a subset A ⊆ T ∗M let Hc(I × A) be the set of smooth
functions H : I × T ∗M → R whose support is compact and contained in I × A.
To such H ∈ Hc(I × A) we associate its Hamiltonian vector field X Ht , defined by
ω(X Ht , · ) = −d Ht ( · ), where ω = dp ∧ dx , and its corresponding Hamiltonian
flow ht . The set of functions in Hc(I×A) which do not depend on t ∈ I is denoted
by Hc(A).

We say that F ∈ Hc(A) is slow if all non-constant contractible (in T ∗M)
periodic orbits of its hamiltonian flow ft have period > 1. Define the π1-sensitive
Hofer-Zehnder capacity of A by

c◦H Z (A, T ∗M, ω) := sup {max F | F ∈ Hc(int A) is slow}.
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The equivalence of this definition of the Hofer-Zehnder capacity with the original
definition in [13] is proven in Theorem 2.9 of [11].

Given H ∈ Hc(I × A) define its norm ‖H‖ as

‖H‖ :=
∫ 1

0

(

sup
z∈A

H(t, z)− inf
z∈A

H(t, z)

)

dt.

The displacement energy e(A, T ∗M, ω) of a compact subset A ⊆ T ∗M is defined
as

e(A, T ∗M, ω) := inf{‖H‖ | H ∈ Hc(I × T ∗M), h1(A) ∩ A = ∅},
where h1 is the time 1 map of the hamiltonian flow of H .

Lemma 8.1 Given an open subset U ⊂ M there is a smooth function φ : M → R

whose critical points are all in U.

Proof Let f : M → R be a Morse function. Its set of critical points C( f ) =
{ x1, . . . , xN } is finite. Let {γi }N

i=1 be a collection of disjoint smooth curves γi :
[0, 1] → M such that γi (0) = xi and γi (1) ∈ U . Let {Bi }N

i=1 be a collection of
disjoint tubular neighbourhoods of the curves γi . For each i , let hi be a smooth
diffeomorphism of M with support in Bi such that hi (γi (1)) = xi . Now let φ =
f ◦ h1 ◦ · · · ◦ hN . ��
Proposition 8.2 If k < e0(L) then e([H ≤ k], T ∗M, ω) < +∞.

Proof Write N := π([H ≤ k]). Since k < e0(L) we have that U := M \ N is
a non-empty open subset of M . Let φ : M → R be a smooth function such that
all its critical points are in U . Consider the Hamiltonian G(x, p) := −φ(x). Its
Hamiltonian equations are

ẋ = ∇pG = 0,

ṗ = −∇x G = dxφ.

Its Hamiltonian flow is gt (x, p) = (x, p + t dxφ).
Since N is compact, minx∈N |dxφ| > 0. Since [H ≤ k] is compact, there is

T > 0 such that
gT ([H ≤ k]) ∩ [H ≤ k] = ∅.

The set W := ⋃t∈[0,T ] gt ([H ≤ k]) is compact. Let λ : T ∗M → [0,+∞[
be a smooth function with compact support such that λ|W ≡ T . Let F := λ G :
T ∗M → R. Then F has compact support and its Hamiltonian flow satisfies

fs(x, p) = gsT (x, p) when H(x, p) ≤ k and 0 ≤ s ≤ 1.

Therefore f1([H ≤ k])∩[H ≤ k] = ∅, and hence e([H ≤ k], T ∗M, ω) ≤ ‖F‖ <
+∞. ��
Corollary 8.3 For Lebesgue almost every k < e0(L) the energy level [E = k]
has a periodic orbit which is contractible in M.
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Proof By Theorem 1.3 in [28] (also [10]), c◦H Z (A, T ∗M, ω) ≤ 4 e(A, T ∗M, ω).
From Proposition 8.2, we get that c◦H Z ([E ≤ k], T ∗M, ω) < +∞ for all k <
e0(L). A standard argument using the Hofer-Zehnder capacity [13, p. 118 –119]
shows that almost all energy levels [E = k], k < e0(L) have a periodic orbit
which is contractible in T ∗M but possibly non-contractible in [E ≤ k]. Since
T ∗M retracts to the zero section M × {0}, the projection of the closed orbit to M
is contractible in M . ��

9 Loops, closed orbits and conjugate points

Proof of Theorem D (a) We first prove that for all k > cu(L), E−1{k} contains a
periodic orbit. By Corollary B, Ak satisfies the Palais-Smale condition.

Suppose first that π1(M) �= 0. Let σ ∈ [S1, M] be a non-trivial free ho-
motopy class. Let 
σ be the connected component of 
M corresponding to σ . By
Lemma 4.1, Ak is bounded below on 
σ . Since σ is non-trivial, by Corollary 6.11
the gradient flow of −Ak is relatively complete on [Ak ≤ b] ∩
σ for any b ∈ R.
By Corollary 6.6 there is a minimizer of Ak on 
σ .

If π1(M) = 0, then cu(L) = c0(L) = c(L) and k > c(L). Since M is closed,
there is some non-trivial homotopy group π�(M) �= 0. Choose a non-trivial free
homotopy class 0 �= σ ∈ [S�, M]. A map f : S� → M with homotopy class σ
can be seen as a family F of closed curves in M (see e.g. [16, page 37]). Let F
the set of all such families corresponding to the homotopy class σ . Clearly F is a
forward invariant family. Since the homotopy class σ is non-trivial, (cf. [16, Th.
2.1.8, page 37]):

inf
F∈F

max
(x,T )∈F

length(x) =: a > 0.

By inequality (9) there are a1, b > 0 such that L(x, v) > a1|v|x − 2b for all
(x, v) ∈ TM. We can assume that b ( k. If (x, T ) ∈ 
M is a closed curve with
length � ≥ a, bounded action Ak(x, T ) ≤ α and speed |v|, then

�2 =
[∫ T

0
|v|
]2

≤ T
∫ T

0
|v|2,

α ≥ Ak(x, T ) ≥ a1

∫ T

0
|v|2 − 2b T + k T ≥ a1

�2

T
− (2b − k) T .

Hence (2b − k) T 2 + α T − a1�
2 ≥ 0. Since T ≥ 0 and �2 ≥ a2, we have that

T ≥ −α +√α2 + 4 (2b − k) a1a2

2 (2b − k)
=: d > 0.

And then

Ak(x, T ) = Ac(L)(x, T )+ [k − c(L)] T

≥ 0 + [k − c(L)] d > 0.

Thus
c(F) := inf

F∈F
sup

(x,T )∈F
Ak(x, T ) ≥ [k − c(L)] d > 0.
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Since c(F) �= 0, Corollary B, Lemma 6.9 and Proposition 6.3 with B = A =
X = 
M imply that there is a critical point on 
M for Ak .

By definition of cu(L), if e0(L) < k < cu(L) then there is a closed curve
(x1, T1) ∈ 
M homotopic to a point, such that Ak(x1, T1) < 0. Then Proposi-
tion C.(2) and Proposition 7.1 imply that for almost every k ∈]e0, cu[ there is a
critical point for Ak in 
M with c(k) > 0: i.e. a periodic orbit with trivial homo-
topy class and positive (L + k)-action which is not a strict local minimizer.

The case k < e0(L) is proven in Corollary 8.3. The closed orbit obtained in
Corollary 8.3 could be a singularity of the Euler-Lagrange flow. But in that case k
is a critical value of the energy function. By Sard’s theorem that can only happen
on a set of measure zero of values of k.

(b) For item (b) and k > cu(L) the proofs are similar to those of item (a)
working on �M (q0, q0). Namely, if π1(M, q0) �= 0 one finds a minimizing
loop in a non-trivial homotopy class. If π1(M, q0) = 0 we decompose a map
(S�, N.Pole) → (M, q0) in a non-trivial homotopy class of π�(M, q0) into a fam-
ily of closed loops in �M (q0, q0).

For E(q0, 0) < k < cu(L), item (b) follows from Proposition C.(1) and Propo-
sition 7.1 similarly to item (a).

(c) If k < cu and the Palais-Smale condition holds, the proof is similar to
items (a) and (b), but now using Corollary 6.5, with B = A = X instead of
Proposition 7.1. ��

Now we will prove Theorem E. Let H : T ∗M → R be the hamiltonian as-
sociated to L and ψt its hamiltonian flow. Recall that two points θ1, θ2 are said
conjugate if there is T ∈ R \ {0} such that

θ2 = ψT (θ1) and dθ1ψT (V (θ1)) ∩ V (θ2) �= {0},
where V (θ) := ker dθπ ⊂ Tθ (TM) is the vertical subspace and π : TM → M
is the projection. This definition coincides with the one given in Sect. 1.3 because
the Legendre transform L(x, v) = (x, Lv) maps the vertical subspace of Tvx TM
to the vertical subspace of TL(vx )T ∗M .

Proposition 9.1 Suppose that the forward orbit of (x0, v0) has no conjugate
points. Let γ : [ε, T ] → M be the solution γ (t) = π(ϕt (x0, v0)). Let xε,T (s) :=
γ (ε + s(T − ε)), s ∈ [0, 1] and k := E(x0, v0). Then for all T > ε > 0 the
solution (xε,T , T − ε) is a strict local minimizer of the free time (L + k)-action
Ak on �M (γ (ε), γ (T )).

In [7, p. 663] we gave an example of an orbit segment (x, T = π) which has
no conjugate points and which is not a local minimizer of Ak on �M (x(0), x(1)).
But in that example the forward orbit of (x(0),

ẋ(0)
T ) has a conjugate point at time

t = 2π (it is the same lagrangian as in Example A.3, p. 949 in [5]).

Proof Let H : T ∗M → R be the hamiltonian associated to L , ψt its hamilto-
nian flow and X its hamiltonian vector field. Let ω = dp ∧ dx be the canonical
symplectic form on T ∗M . Given θ ∈ H−1{k}, let

� := H−1{k}, �π(θ) := T ∗
π(θ)M ∩�, V (θ) := ker dθπ = Tθ (T ∗

π(θ)M) and


π(θ) := ∪t>0 ψt (�π(θ)).
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Then Tθ�π(θ) = V (θ) ∩ Tθ� and

Tθ
π(θ) = (V (θ) ∩ Tθ�)⊕ 〈X (θ)〉 =: W (θ),

Tψt (θ)
π(θ) = dψt (W (θ)) .

By definition iXω = −d H , hence iXω|T � ≡ 0. Since the vertical subspace V (θ)
is lagrangian, we get that 
π(θ) is an invariant lagrangian submanifold of T ∗M
inside the energy level �. Since V = ker dπ , the kernel of the projection dπ |
π(θ)

restricted to 
π(θ) is

ker dψt (θ)π |
π(θ)
= V (ψt (θ)) ∩ dψt (W (θ)).

By Proposition 1.16 and Remark 1.17 in [5], if the whole forward orbit of θ has
no conjugate points then V (ψt (θ)) ∩ dψt (W (θ)) = {0} for t > 0, and hence
the derivative of the projection dψt (θ)π |
π(θ)

is injective along the forward orbit
ψt (θ), t > 0. If T > ε > 0, then the projection π |
π(θ)

is an immersion in a
small tubular neighbourhood N ⊂ 
π(θ) ⊂ H−1{k} of the compact orbit segment
ψ[ε,T ](θ).

Now fix θ0 := Lv(x0, v0). Observe that if the tubular neighbourhood N is
small enough, then N is either contractible or N is homeomorphic to a solid torus
and the orbit of θ0 is periodic with period smaller than or equal to T − ε.

If (x, p) ∈ N we have that

k = H(x, p) = sup
v∈Tx M

p · v − L(x, v).

Since N ⊂ H−1{k}, for any curve (z(s), q(s)) inside N ,

q(s) · ż(s) ≤ L(z, ż)+ k,

with strict inequality if Lv(z, ż) �= q ∈ N .
Now let (y, S) ∈ �M (γ (ε), γ (T )) be a curve near (xε,T , T − ε) in the

metric of H1(M) × R
+. Since the time parameters S, T − ε, are bounded, by

Lemma 2.3, if (y, S) is sufficiently near (xε,T , T − ε) then the Hausdorff distance
dH (y([0, 1]), xε,T ([0, 1])) is small. In particular, y is homotopic to xε,T with fixed
endpoints and y([0, 1]) ⊂ π(N ). Let z(t) := y(t S) and let (z(s), q(s)) be the lift
of z to N with q(0) = ψε(θ0). Then (z, q) is homotopic in N to the orbit segment
ψ[ε,T ](θ0) with fixed endpoints. Since N is a lagrangian submanifold of T ∗M , the
Liouville 1-form p dx is closed on N . Then

Ak(xε,T , T − ε) =
∮

γ

(L + k) =
∮

ψt (θ0)

p dx

=
∮

(z,q)

p dx ≤
∮

z
(L + k) = Ak(y, S), (76)

with strict inequality if q(s) �= Lv(z, ż) on a set of positive measure. Thus γ |[ε,T ]
is a local minimum of the (L + k)-action.

We now show that γ |[ε,T ] is a strict local minimum of the (L + k)-action. Let
L : TM → T ∗M be the Legendre transform L(x, v) = Lv(x, v). Observe that the
hamiltonian vector field X satisfies

dπ ◦ X (x, p) = L−1(x, p) for all (x, p) ∈ T ∗M.
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Suppose that (76) is an equality. Then q(s) = Lv(z, ż) ∈ N for almost every
s ∈ [0, S]. Therefore

ż = L−1(z, q) = dπ(X (z, q)) for almost every s ∈ [0, S]. (77)

Since z(s) is continuous, its lift q(s) is continuous. Hence, from (77), its deriva-
tive ż is continuous. Then equation (77) says that the curve z is an orbit of the
projection of the hamiltonian vector field on N . Since X is tangent to N , N is
ψt -invariant and the lift (z, q) is unique, we have that (z, q) must be an orbit of
X . Since z(0) = γ (ε) and (z(0), q(0)) = ψε(θ0), we have that z(t) = γ (t) for all
t ∈ [ε, T ]. Since z(S) = xε,T (1) = γ (T ), either S = T − ε or θ0 is a periodic
point and |S − (T − ε)| is a multiple of its period. Since we are assuming that
|S − (T − ε)| is small, S = T − ε. Therefore (76) is a strict inequality unless
(z, S) ≡ (xε,T , T − ε).

��
Lemma 9.2 If H : T ∗M → R is a convex superlinear Hamiltonian, then the set
of energy levels k ∈ R such that H−1{k} has an orbit with a conjugate point is
open in [min H,+∞[.
Proof Backgorund information for this proof can be found in [4]. Let ω = dp∧dx
be the canonical symplectic form on T ∗M and let

G := {E ⊂ Tθ T ∗M
∣
∣ θ ∈ T ∗M, dim E = dim M, ω|E ≡ 0}

be the Lagrangian Grassmannian bundle over T ∗M . The Maslov cycle associated
to the vertical subbundle V := ker dπ ⊂ T (T ∗M) is


 := {E ∈ G

∣
∣ E ∩ V �= {0}}.

The Maslov cycle 
 is a compact stratified submanifold of G of codimension 1
which defines a homological cycle [
] ∈ H1(G, Z) because it has no codimension
2 strata. Moreover, it is transversally orientable.

Given a continuous curve � : [a, b] → G whose endpoints are in G \ 
, the
Maslov index M(�) of � is the oriented intersection number of � with 
. Then
M(�) is a homotopy invariant of � under homotopies with endpoints in G \
.

Given θ ∈ T ∗M , let �θ : R → G be the curve �θ(t) = dθψ(V(θ)), where
ψ is the Hamiltonian flow of H . The convexity of H implies that if the curve �θ

intersects the Maslov cycle 
, then the intersection is positively oriented. More-
over, the set {t ∈ R | �θ(t) ∈ 
} is discrete on R. Also, if T > 0 and �θ(T ) /∈ 
,
then for ε > 0 sufficiently small

M
(

�θ |[ε,T ]
) =

∑

�θ (t)∈

0<t<T

dim[�θ(t) ∩ V(ψt (θ))]. (78)

In particular, the orbit segment ψ[0,T ](θ) has a conjugate point if and only if the
Maslov index in (78) is non-zero.

The homotopy invariance of the Maslov index and the continuity of ψt and
dψt on H and θ imply the Lemma. ��
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Proof of Theorem E Observe that the convexity of L implies8 that
minv∈Tx M E(x, v) = E(x, 0). If k > em(L) then there is x0 ∈ M such that
k > E(x0, 0). Then Theorem D.(b) says that for almost every k ∈]em(L), cu(L)[
there is an orbit segment with energy k which is not a strict local minimizer of
the action functional Ak . Then Proposition 9.1 implies that the forward orbit of
the initial point of such an orbit segment must have a conjugate point. Lemma 9.2
proves that having a conjugate point is an open condition.

If for a specific k ∈]em(L), cu(L)[ the energy level E−1{k} satisfies the Palais-
Smale condition then the same argument, now using Theorem D.(c) and Proposi-
tion 9.1, implies that the energy level k has conjugate points. ��

10 Contact type energy levels

Fix k ∈ R and let � := H−1{k} be the energy level. Let X be the hamiltonian
vector field for H and ψt be its flow. Let π : T ∗M → M be the projection,
ω = dp∧ dx the canonical symplectic form on T ∗M and � = p dx the Liouville
1-form on T ∗M .

Given a ψt -invariant Borel probability measure ν supported on �, the
Schwartzman asymptotic cycle S(ν) ∈ H1(�, R) ≈ H1(�, R)∗ of ν is defined by

〈S(ν), [η]〉 =
∫

�

η(X) dν

for every closed 1-form η on �. The map (π |�)∗ : H1(�, R) → H1(M, R) maps
S(ν) to the homology class ρ(ν) of ν.

Proposition F If � is of contact type and π∗ : H1(�, R) → H1(M, R) is injec-
tive, then Ak satisfies the Palais-Smale condition.

Proof Let � = p dx be the Liouville 1-form. Observe that on the energy level �:

�(X) = p · Hp = v · Lv = L + k.

Suppose that Ak does not satisfy the Palais-Smale condition. Let µ be the measure
given by Theorem A and let ν = L∗(µ) be its push-forward under the Legendre
transform L(x, v) = Lv(x, v). Let λ be a contact-type form on �. Since λ(X) �=
0, λ(X) has a fixed sign on each connected component of H−1{k}, in particular in
the support of ν. Since dλ = ω = d�, the form η := λ−� is closed on �. Since
π∗(S(ν)) = ρ(ν) = ρ(µ) = 0 and π∗ is injective, S(ν) = 0. Then

AL+k(µ) =
∫

�

�(X) dν + 0 =
∫

�

�(X) dν + 〈S(ν), [η]〉

=
∫

�

(�+ η)(X) dν =
∫

�

λ(X) dν �= 0. (79)

This contradicts Theorem A. ��
Since for k > e0 we have that π(�) = M , the next Lemma 10.1 and Proposi-

tion F prove Corollary G.

8 See e.g. Lemma 3.1.



388 G. Contreras

Lemma 10.1 If dim M ≥ 2 and either

• M �= T
2 or

• M = T
2 and k ≤ e0,

then π∗ : H1(�, R) → H1(π(�), R) is an isomorphism.

In the following proof we shall use the lagrangian9 version � = E−1{k}. Its
intersections with the fibers of TM, � ∩ Tx M are, if non-empty, convex subsets
containing (x, 0) in its interior which are either homeomorphic to a sphere Sn−1

or to a point, when E(x, 0) = k.

Proof Suppose first that k > e0(L) and M �= T
2.

Since k > e0(L), the energy level � := E−1{k} is isomorphic to the unit tan-
gent bundle of M with the projection π : � → M . If M is orientable, the Lemma
follows from an argument using the Gysin exact sequence, e.g. [26, Lemma 1.45].

If M is not orientable and n = dim M ≥ 3, from the exact homotopy sequence
of the fiber bundle π : � → M :

0 = π1(Sn−1)
i∗−→ π1(�)

π∗−→ π1(M) −→ π0(Sn−1) = 0,

we get that π∗ : π1(�) → π1(M) is an isomorphism. This implies that π∗ :
H1(�, R) → H1(M, R) is an isomorphism.

If M is not orientable and dim M = 2, from the homotopy sequence above
we get an isomorphism f : π1(�)/im i∗ → π1(M). Let h : π1(M) →
H1(M, Z)/Torsion and k : π1(�) → H1(�, Z)/Torsion be the natural homomor-
phisms. We show that im i∗ ⊂ ker k and therefore, k induces a homomorphism
k1 : π1(�)/im i∗ → H1(�, Z)/Torsion. Indeed, the fiber F = S1 lies inside a Klein
bottle K inside �, which is π−1(γ ), where γ is a closed curve containing the
base point π(F) along which M is non-orientable. Then the generator 1F of the
fundamental group of the fiber π1(F) = Z is represented by a cycle which is ho-
mologous in � to itself with inverse orientation. Hence its image in homology is
torsion and thus k(i∗(1F )) = 0 ∈ H1(�, Z)/Torsion.

The following diagram commutes. There k1 and h are surjective and f is an
isomorphism.

π1(�)/im i∗
f−→≈ π1(M)

k1 ↓ ↓ h

H1(�, Z)/Torsion
π∗−→ H1(M, Z)/Torsion

Then π∗ is surjective. Suppose that π∗(a) = 0. Let b ∈ π1(�)/im i∗ be such that
k1(b) = a and let c = f (b). Then h(c) = 0. Hence some power cm is in the com-
mutator subgroup of π1(M). Since f is an isomorphism, bm is in the commutator
subgroup of π1(�)/im i∗ . Therefore a = k1(b) = 0. Thus π∗ is injective. Hence
π∗ is an isomorphism and also in real coefficients π∗ : H1(�, R) → H1(M, R) is
an isomorphism.

Now assume that k ≤ e0(L). Let B := π(�) and let E := T 1
B M be the

restriction of the unit tangent bundle to B. Let ≡ be the equivalence relation on
E defined by (x, v) ∼ (y, w) iff either E(x, 0) �= 0 and (x, v) = (y, w) or

9 The hamiltonian version, � = H−1{k}, may not contain the zero section in its interior
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E(x, 0) = k and x = y. Then the energy level � is homeomorphic to E/∼, i.e.
the one point compactification of the fibers over the points x with E(x, 0) = k.

We can assume that B is connected, for the connected components of � are in
1-1 correspondence with the connected components of B under the projection π .

We can also assume that there is b1 ∈ B such that E(b1, 0) �= k.
For, if not, then E−1{k} = {(x, 0) | x ∈ B} and the Lemma becomes
trivial.

Let p : E → B be the restriction of the projection of the unit tangent bundle
and f : E → � = E/∼ the canonical projection. Then p = π ◦ f . The homotopy
exact sequence of the fibering Sn−1 ↪→ E → B gives

π1(Sn−1)
i∗−→ π1(E, e1)

p∗−→ π1(B, b1) −→ π0(Sn−1) = 0.

Then p∗ is an epimorphism and it induces an isomorphism g : π1(E)/im i∗ →
π1(B). We see that im i∗ ⊂ ker f∗, so that f∗ induces a homomorphism f̂∗ :
π1(E)/im i∗ → π1(�). Indeed, if n ≥ 3 then π1(Sn−1) = 0 and so im i∗ = 0. If
n = 2, let 1F be a generator of the fundamental group of the fiber π1(S1) = Z.
Since k ≤ e0(L) there is a point x1 ∈ B such that E(x1, 0) = k. Let λ be a
curve in B joining b1 to x1. Since E(b1, 0) �= k, by a suitable choice of x1 and
λ we can assume that E(λ(t), 0) �= k for t ∈ [0, 1[. The fiber bundle E over the
interval λ is trivial E |λ ≈ S1×[0, 1]. Observe that the inverse image π−1(λ) ⊂ �
has the topology of a cylinder with one of its boundary circles compactified to a
point. Hence it is homeomorphic to a 2-disc, and the class 1F is represented by its
boundary circle. Hence f∗(i∗(1F )) = 0 ∈ π1(�).

We prove that π∗ : π1(�) → π1(B) is an isomorphism. This implies the
Lemma. Since g = π∗ ◦ f̂∗, it follows that f̂∗ is injective and π∗ is surjective. In
order to prove that π∗ is injective it is enough to prove that f̂∗ is onto. Since f∗
and f̂∗ have the same image, it is enough to prove that f∗ is surjective.

Let σ1 = f (e1) ∈ �. Let � : (S1, 1) → (�, σ1) be a loop in � based at
σ1. We want a preimage under f∗ of the homotopy class of �. If �(s) �= 0 for all
s ∈ S1, such preimage is the homotopy class of �E (s) = �(s)

‖�(s)‖ . In general, the
problem is that such definition of �E may have no continuous extension to the s
where �(s) = 0. Assume now that there is s0 ∈ S1 such that �(s0) = 0.

Let γ = π ◦ � : (S1, 1) → (B, b1) be the projection of �. Let C := {x ∈
M | E(x, 0) = k} and D := {t ∈ S1 | γ (t) ∈ C}. Then D is a compact subset
of S1 and its complement is a union of open intervals Ii . Choose any continuous
loop 
E : (S1, 1) → (E, e1) such that p ◦
E = γ .

The pullback of the sphere bundle E along each open segment γ (Ii ) is trivial
(γ |Ii )

∗E ≈ Ii × Sn−1. Then the inverse image π−1{γ (Ii )} ⊂ � of the closed
segment γ (Ii ) has the topology of a cylinder Sn−1 × [0, 1] with its boundary
spheres Sn−1 × {0} and Sn−1 × {1} compactified to two points {A, B} or to a
single point A = B.

Both segments f ◦ 
E |Ii
and �|Ii

must have the same endpoints A and B.

Hence they are homotopic with fixed endpoints inside π−1{γ (Ii )} ⊂ �. Join all
these homotopies for each interval Ii to obtain a homotopy in � between f ◦
E
and �. Therefore f∗([
E ]) = [�] ∈ π1(�). ��
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Fig. 1 The left figure shows the flow lines of the vector field X in the example. The right figure
shows a curve (xn, Tn) ∈ �M (q1, q2) in an unbounded Palais-Smale sequence. The probability
measures associated to (xn, Tn) converge to the non-ergodic measure 1

2 µ1 + 1
2 µ2, where µ1

and µ2 are the invariant probabilities for the Euler-Lagrange flow corresponding to the periodic
solutions γ1 and γ2.

Appendix A: A non ergodic measure in Theorem A

Consider the flat metric on the 2-torus T
2. Let X be a vector field with norm 1 on T

2 whose
orbits form a Reeb foliation. Let L : T T

2 → R be the lagrangian

L(x, v) := 1

2
|v − X (x)|2 .

Its Euler-Lagrange flow is the same as the exact magnetic flow with lagrangian

L(x, v)− 1

2
= 1

2
|v|2 − ηx (v),

where ηx (v) = 〈X (x), v〉. It is easy to see from the definition of critical value that c(L) = 0.
The vector field X has two closed orbits γ1 and γ2 with opposite homology classes. Since L ≥ 0
the Euler-Lagrange flow has only two ergodic invariant measures µ1, µ2, with zero L-action,
corresponding to the periodic orbits �i = (γi , γ̇i ). The unique invariant probability µ with
AL (µ) = 0 and zero homology class is µ = 1

2 µ1 + 1
2 µ2. It follows that cu(L) = c0(L) =

c(L) = 0. Let L : T R
2 → R be the lift of L to the universal cover R

2 of T
2.

It is easy to see that the Peierls barrier for L is finite, because one can join two points
q0, q1 ∈ R

2 by curves with bounded action which spend long time on a lift of γ1 and come back
on a lift of γ2. Since the action of γ1 and γ2 is zero, the total action spent on them is bounded.
By Corollary B, there is an unbounded Palais-Smale sequence (xn, Tn) with limn Tn = +∞.
Nevertheless, there is no ergodic invariant probability in TM with zero action and zero homology
class.

Appendix B: Energy levels of non-contact type

The following theorem is not explicitly stated in [25].

Theorem B.1 (G. Paternain) Suppose that dim M ≥ 2.
If k > c0(L) then H−1{k} is of contact type.
If M �= T

2 and cu(L) < k ≤ c0(L) then H−1{k} is not of contact type.
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There is an example in [8] of a Lagrangian on T
2 for which the energy level E = c0(L)

is of contact type. In Proposition C.2 below we prove that for a non-magnetic lagrangian every
regular energy level is of contact type.

As an application (cf. [25, Th. 1.1]), if M admits a metric with negative curvature and if the
Lagrangian flow on an energy level H−1{k} with cu(L) < k < c0(L) is Anosov, then the strong
stable and unstable subbundles Ess , Euu can not be C1. For if they were C1, the form λ defined
by λ(X) ≡ 1 and λ|Ess⊕Euu ≡ 0 is a contact form on H−1{k} (cf. U. Hamendstädt [12], G.
Paternain [25, Th. 5.5]). Examples of such Anosov energy levels appear in G. Paternain & M.
Paternain [27].

If � is a regular energy level, the Liouville measure m on � is the smooth measure induced
by the volume form iY ωn , where Y is a vector field on T ∗M such that ω(Y, X) ≡ 1 on �. It is
invariant under the hamiltonian flow because L X (iY ωn) = 0. We choose the orientation on �
that makes m a positive measure.

Lemma B.2 If λ is a 1-form on � such that dλ = ω and λ(X) �= 0, then λ(X) > 0 on �.

Proof Let ξ be a 1-form on �. We have that

ξ(X) iY ωn = iX (ξ ∧ iY ωn)+ ξ ∧ (iX iY ωn)

= 0 + ξ ∧ iX [n (iY ω) ∧ ωn−1] because dim � = 2n − 1

= ξ ∧ (n ω(Y, X) ωn−1 − 0) because on �, iX ω = −d H ≡ 0

= n ξ ∧ ωn−1. (80)

We show first that the asymptotic cycle (cf. Sect. 10) of the Liouville measure m is zero.
Indeed, let � := p dx be the Liouville 1-form on T ∗M and τ := � ∧ ωn−2. If η is a closed
1-form on � then η ∧ ωn−1 = η ∧ dτ = d(η ∧ τ). Hence by (80),

∫

�

η(X) dm =
∫

�

η(X) iY ωn = n
∫

�

η ∧ ωn−1 = n
∫

�

d(η ∧ τ) = 0.

Since λ(X) �= 0 on �, it is enough to prove that for any connected component N of � we
have

∫

N λ(X) dm > 0. Since dλ = ω = d�, the form η = λ−� is closed on �. Then

∫

N
λ(X) dm = 〈S(m), [η]〉 +

∫

N
�(X) dm =

∫

N
�(X) dm.

From (80) we have that
�(X) iY ωn

∣
∣
�
= n � ∧ ωn−1

∣
∣
�

.

Let W be the fiberwise convex hull of N in T ∗M . Then ∂W = N . By Stokes Theorem,

∫

N
�(X) dm =

∫

∂W
�(X) iY ωn =

∫

∂W
n � ∧ ωn−1 = n

∫

W
ωn .

We prove that the last integral is positive.10 Since d H(Y ) = iY (−iX ω) = 1, the convexity
of H implies that Y is an outwards pointing vector in � = ∂W . A basis (v1, . . . , v2n−1) of T �
is positively oriented iff iY ωn(v1, . . . , v2n−1) = ωn(Y, v1, . . . , v2n−1) > 0, and Stokes theorem
uses (Y, v1, . . . , v2n−1) as a positively oriented basis for TW . ��
Remark B.3 Lemma B.2 also says that the Liouville measure has always positive (L+k)-action,
for in the energy level E−1{k} we have that �(X) = v · Lv = L + k.

10 Alternatively, the integral is equal to the (L + k) action of the Liouville measure mk on
E−1{k}. If � > c0(L) by (1), AL+�(m�) > 0, and one can show that the orientation on E−1{�}
defined by the Liouville measure varies continuously with �.
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Proof of Theorem B.1 From (1), there is a closed 1-form η on M such that c0(L) = c(L − η).
The Hamiltonian of L − η is H(x, p) = H(x, p + η). If k > c0(L), by Theorem A in [6] there
is a smooth function u : M → R such that H(x, dx u) < k for all x ∈ M . From the definition (3)
of the Hamiltonian H we have that

L(x, v)− ηx (v)− dx u(v)+ k > 0 for all (x, v) ∈ TM.

Let � = p dx be the Liouville 1-form on T ∗M . Let λ := � − η ◦ dπ − du ◦ dπ , where
π : T ∗M → M is the projection. Since η is closed, dλ = d� = ω. On H−1{k} we have that

�(X) = p · Hp = L(x, v)+ k,

where v = Hp(x, p). Since X = (Hp, ∗), on H−1{k} we have that

λ(X) = L(x, v)+ k − ηx (v)− dx u(v) > 0,

where v = Hp(x, p), proving the first claim.
Now assume that cu(L) < k < c0(L). Let L̂ be the lift of L to the abelian cover M̂ . Since

k < c0(L) = c(L̂), there exists a closed curve γ̂ in M̂ with negative (L + k)-action. Observe
that the projection γ of γ̂ to M has trivial homology class. The homotopy class of γ can not be
trivial because if it where, its lift to the universal cover would be closed and since k > cu(L) its
(L + k)-action would be non-negative. Let σ be the free homotopy class of γ and let


σ := {(x, T ) ∈ 
M | x ∈ σ, T > 0}.
Since k > cu(L), by Lemma 4.1,

−∞ < inf
(x,T )∈
σ

Ak(x, T ) ≤ AL̂+k(γ̂ ) < 0.

Since k > cu(L), by Corollary B, Ak satisfies the Palais-Smale condition. By Corollary 6.11 the
gradient flow of −Ak is relatively complete on [Ak ≤ 0]. Then by Corollary 6.6 there is a min-
imizer (x, T ) of Ak on 
σ . The curve y(t) := x(t/T ) is a periodic orbit of the Euler-Lagrange
flow with negative (L + k)-action and energy k. Let µ be the invariant probability measure
supported on the periodic orbit (y, ẏ) and let ν = L∗(µ), L(x, v) = (x, Lv(x, v)). Since the
homology class corresponding to σ is trivial, ρ(µ) = 0. Since k > cu ≥ e0, π(H−1{k}) = M .
By Lemma 10.1, since π∗(S(ν)) = ρ(µ) = 0 and M �= T

2, S(ν) = 0. If λ is a contact-type
form, since supp(µ) ⊂ E−1{k}, the same calculation as in (79) gives

∫

λ(X) dν = AL+k(µ) < 0. (81)

This contradicts Lemma B.2.
When k = c0(L), by (1) there is an invariant probability µ such that ρ(µ) = 0 and

AL+c0 (µ) = 0. The same argument as in (81) shows that H−1{c0} is not of contact type. ��

Appendix C: Non-magnetic lagrangians

The following result was suggested by R. Mañé in [17].

Theorem C.1 If L is a convex superlinear lagrangian and the 1-form θx := Lv(x, 0) is closed,
then every energy level contains a closed orbit.

Proof Since we are looking for closed orbits on specified energy levels, by [7, prop. 18] we can
assume that L is Riemannian at infinity. Since the 1-form θx is closed, the lagrangian L = L−θx
has the same Euler-Lagrange flow as L . Replacing L by L we can also assume that θx ≡ 0. If
k ≥ e0(L), by Lemma 3.1,

L(x, v)+ k ≥ 1

2
a0 |v|2x + [k − E(x, 0)] ≥ 0.
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Therefore c(L) = e0(L) = cu(L). By Theorem D, when k > e0 = c(L) the energy level
E−1{k} has (non-trivial) closed orbits and at k = e0 it has a singularity.

By Proposition 8.2 and by the Frauenfelder-Schlenk theorem [10], for k < e0 the set [E ≤
k] has finite Hofer-Zehnder capacity. Then [13, Th. 5, p. 123] it has a closed orbit on every
contact type energy level E−1{k} with k < e0.

Singular energy levels have a singularity of the Euler-Lagrange flow. Then Proposition C.2
finishes the proof. ��
Proposition C.2 If L is a convex superlinear lagrangian and the 1-form θx := Lv(x, 0) is
closed, then every regular energy level is of contact type.

We shall use the following

Proposition C.3 [McDuff [19], also [8, sec. 2 & app. B]] Suppose that the flow of a vector field
X on a compact orientable manifold � does not admit a global cross section. Let � be a smooth
1-form on �. Then the following are equivalent:

(1)
∫

�(X) dµ �= 0 for every invariant Borel probability with zero asymptotic cycle.
(2) There exists a smooth closed 1-form ϕ on � such that �(X)+ ϕ(X) never vanishes.

Corollary C.4 A compact energy level E−1{k} of a convex lagrangian is of contact type if and
only if AL+k(µ) > 0 for every Borel invariant probability on E−1{k} with zero asymptotic cycle.

Proof Let H : T ∗M → R be the Hamiltonian of L . Let � = p dx be the Liouville form on
T ∗M . Observe that on � = H−1{k} we have that

�(X) = p · Hp = v · Lv = L + k.

Suppose that � is of contact type and let λ be a contact type form on �, i.e. dλ = ω and
λ(X) �= 0. By Lemma B.2, λ(X) > 0 on �. Since d� = ω, the 1-form ϕ := λ − � is closed
on �. Let L(x, v) := (x, Lv(x, v)). If µ is an invariant probability on E−1{k} with asymptotic
cycle S(µ) = 0, then S(L∗(µ)) = 0 and

AL+k(µ) =
∫

�

�(X) dL∗(µ) =
∫

�

�(X) dL∗(µ)+ 〈S(L∗(µ)), ϕ〉 =
∫

�

λ(X) dµ > 0.

Conversely, suppose that AL+k(µ) > 0 for every invariant probability on E−1{k} with
S(µ) = 0. If ν is an invariant probability on � = H−1{k} with S(ν) = 0, then S(L−1∗ (ν)) = 0
and

∫

�

�(X) dν = AL+k(L−1∗ (ν)) > 0.

Since the Liouville measure has zero asymptotic cycle (see the proof of Lemma B.2) the
energy level � = H−1{k} has no global cross section. For, by Poincaré duality, such a cross
section would give a closed 1-form η such that 〈S(µ), η〉 = ∫

�
η(X) dµ > 0 for every invariant

probability µ.
By Proposition C.3 there is a closed 1-form ϕ on � such that �(X) + ϕ(X) �= 0. Let

λ = �+ ϕ. Then λ(X) �= 0 and dλ = d� = ω. ��
Proof of Proposition C.2 The convexity of L implies that

d

ds
[v · Lv(x, sv)] = v · Lvv(x, sv) · v > 0 if v �= 0.

Let k be a regular value of the energy function. Then µ([v = 0]) = 0 for all invariant probablities
µ in E−1{k}. If E(x, v) = k and v �= 0, we have that

L(x, v)+ k = v · Lv(x, v) = θx (v)+
∫ 1

0
v · Lvv(x, sv) · v ds > θx (v).

If µ is an invariant probability on E−1{k} with asymptotic cycle S(µ) = 0 then

AL+k(µ) >

∫

E−1{k}
θ dµ = 〈S(µ), π∗θ〉 = 0,

because π∗θ is closed. By Corollary C.4, E−1{k} is of contact type. ��



394 G. Contreras

References

1. Dias Carneiro, M.J.: On minimizing measures of the action of autonomous Lagrangians.
Nonlinearity 8(6), 1077–1085 (1995)

2. Contreras, G.: Action potentials and weak KAM solutions. Calculus of Variations and Par.
Diff. Eq. 13, 427–458 (2001)

3. Contreras, G., Delgado, J., Iturriaga, R.: Lagrangian flows: the dynamics of globally mini-
mizing orbits. II. Bol. Soc. Brasil. Mat. (N.S.) 28(2), 155–196 (1997)

4. Contreras, G., Gambaudo, J.-M., Iturriaga, R., Paternain, G.P.: The asymptotic Maslov in-
dex and its applications. Ergodic Theory Dynam. Systems 23(5), 1415–1443 (2003)

5. Contreras, G., Iturriaga, R.: Convex Hamiltonians without conjugate points. Ergodic Theory
Dynam. Systems 19(4), 901–952 (1999)

6. Contreras, G., Iturriaga, R., Paternain, G.P., Paternain, M.: Lagrangian graphs, minimizing
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lag, Basel (1994)
14. Jeanjean. L.: On the existence of bounded Palais-Smale sequences and application to a

Landesman-Lazer-type problem set on RN . Proc. Roy. Soc. Edinburgh Sect. A. 129(4),
787–809 (1999)

15. Jeanjean, L., Toland, J.F.: Bounded Palais-Smale mountain-pass sequences. C. R. Acad.
Sci. Paris Sér. I Math. 327(1), 23–28 (1998)

16. Klingenberg, W.: Lectures on closed geodesics, Grundlehren der Mathematischen Wis-
senschaften, vol. 230. Springer-Verlag, Berlin-New York, (1978)
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