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Abstract We prove that for a uniformly convex Lagrangian system L on a com-
pact manifold M, almost all energy levels contain a periodic orbit. We also prove
that below Maié’s critical value of the lift of the Lagrangian to the universal cover,
¢, (L), almost all energy levels have conjugate points.

We in addition prove that if an energy level is of contact type, projects onto
M and M # T?, then the free time action functional of L + k satisfies the Palais-

Smale condition.

1 Introduction

In this paper we continue the study of the Morse theory of the free time action
functional for convex lagrangian systems that we begun in [7]. This time we try
to include the case of low energy levels, where very little is known. The main
problem with the free time action functional is that it may fail to satisfy the Palais-
Smale condition, usually required for variational methods. Here we prove that if
an energy level is of contact type, projects onto the whole configuration space M
and M # T2 is not the 2-torus, then it satisfies the Palais-Smale condition. We
also prove that when an energy level projects onto M and is below Maiie’s critical
value of the universal cover, the set of closed loops has a mountain pass geometry.
An adaptation of an argument by Struwe to the mountain pass geometry shows the
existence of convergent Palais-Smale sequences for almost all energy levels. This
implies that for almost all energy levels which project onto M the Euler-Lagrange
flow has a periodic orbit, has closed orbit loops starting at any x € M, and has
conjugate points if the energy is below Maié’s critical value of the universal cover.
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The same holds for an energy level which satisfies the Palais-Smale condition, and
hence in particular for contact type energy levels.

In [7] we proved that high energy levels have a periodic orbit. Very low en-
ergy levels which do not project onto M are displaceable, and then, by results of
Frauenfelder and Schlenk [10, 28], they have finite Hofer-Zehnder capacity. Com-
bining these results we get that almost all energy levels have a periodic orbit. Our
class of Lagrangian systems includes exact magnetic flows on compact manifolds.

1.1 Critical energy values

Let M be a closed Riemannian manifold with dmM > 2. letw : TM — M
be the projection. A Lagrangian on M is a C* function L : TM — R. We shall
assume that L is (uniformly) convex: there is @ > 0 such that

3L
dv dv l(x,v)

*

w>a |w|§ forallx e M, v,w e T, M.

This uniform convexity and the compactness of M imply (see e.g. Lemma 3.1
below) that L is superlinear:

L(x,v)

I I P

= +oo uniformly on T M.

Since M is compact and L is autonomous, the Euler-Lagrange equation

daL( X) 8L( t) (E-L)
— (x5, %) = —(x, X -
dr ov ax

defines a complete flow ¢; on T M called the Euler-Lagrange flow of L. The en-
ergy function E : TM — R,

oL
E(x,v) = %(x, v)-v—L(x,v),

is invariant under the Euler-Lagrange flow.
The action of an absolutely continuous curve y € C%([a, b], M) is defined

by
b
Ap(y) = / L(y(s),y(s)) ds.

As noticed by Dias Carneiro [1] and Mané [18], critical points for the action of
L + k among curves with free time interval are solutions of the Euler-Lagrange
equation which have energy £ = k. The most direct way to obtain critical points
is to look for minima. It turns out that if £ is low enough there are no minima
because then the action of L + & is not bounded from below. The exact threshold

~ 23

is given by Maiié’s critical value:

c(L) =min{k € R| Ap4+x(y) > 0 for all closed curves y on M}.
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The action functional A4 is bounded from below on the space of curves with
fixed endpoints and on the space of closed curves if and only if £ > ¢(L). It is
also known [3, 18] that

¢(L) > eo(L) := min{k € R|7(E~{k}) = M}.

If p: N - M isacovering map and L1 = L odp is the lift of the Lagrangian,
it is easy to check that ¢(L|) < c¢(L). Thus we have that

eo(L) <c,(L) <co(L) <c(L),

where ¢, and ¢, = ¢ are the critical values of the lifts of L to the universal cover
and the abelian cover. The number cg(L) is also called the strict critical value and
has the following characterization [27]:

co(L) = —min { / Ld M)M is a ¢ -invariant probability with homology o (1) =O}

= min {c(L —w) | (0] € H' (M, R)}, ey
where the homology p(n) € Hi(M,R) =~ H L(M, R)* of an invariant measure
with compact support u is defined by

(@], p(w)) =/ wx (V) dpu(x, v)
™™

for any closed 1-form w on M. Here [w] € H'(M, R) is the cohomology class of
w.

Given acoveringmap p : N — M let L} = L o dp be the lift of the Lagrangian
Lto TN and c; = c¢(Ly) its critical value. The Peierls barrier he, : N x N — R
is defined by

he,(qo, 1) = = liminf @, (g0, q1; T),
T—+o00
@ (qo, qi; T) : =inf{Ar, 4, (¥) |y € C([0, T], N), y(0) = qo, y(T) = q1}.

1.2 The Palais-Smale condition

We describe now our setting for the Morse theory of the free time action func-
tional. Let ! (M) be the set of absolutely continuous curves x : [0, 1] — M such
that

1
/0 [#(9)]3 ) ds < oo.

Then H!(M) is a Hilbert manifold and its tangent space at x consists of weakly
differentiable vector fields along x whose covariant derivative is bounded in £°.
Set Rt := {r € R|¢ > 0}. We shall use the Hilbert manifold H' (M) x Rt with
the Riemannian metric

(€, ), (m, B)x,1) =B+ f(T)(0), n(O))x(s)
+g(T)/ < §(s), n( )> ds, (2)
x(s)
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where % is the covariant derivative along x(s) and f, g : RT™ — R™ are smooth
positive functions such that max{f, g} < 2,

2 .
T2 ifT <1 T ifT <1,
Ty = =5 d o(T) =
F1) {1 it7 =10, 4 8@ %e‘”z T > 10.

We shall discuss this choice of metric in more detail later on. Observe that this
metric is locally equivalent to the metric obtained when f = g = 1. In particular,
the set of differentiable functions on H! (M) x R is the same for this metric and
for the one with f = g = 1.

Given k € R define the free time action functional Ay : H' (M) x Rt — R

by
! x(s)
Ar(x, T) = / [L(x(s), —) —i—k] T ds.
0 T

Observe that if y(¢) := x(¢/T) then
A (x, T) = AL« ().

We say that L is Riemannian at infinity if there exists R > 0 such that
L(x,v) = % |v|§ if [v|y > R.In [7, prop. 18] it is proven that given a uniformly
convex lagrangian L and k € R, there exists a convex lagrangian Lo such that
L = Loon [E < k+ 1] and L is Riemannian at infinity. In [7, Lemma 19] it is
proventhatif L = Loon[E < c(L)+1]thenc(L) = c(Lg). Thus if our objective
is to find solutions of the Euler-Lagrange equation with prescribed energy, we can
assume that L is Riemannian at infinity.

Given qo, q1 € M let Q2p7(qo, q1) be the set of curves (x,T) € HY (M) x RT
with endpoints x(0) = ¢p and x(1) = ¢g;. Also, let Ay be the set of closed
curves in H' (M) x R*. The sets $2/(¢o, ¢1) and Ay, are Hilbert submanifolds
of HY(M) x R*. A connected component of 237(qo, q1) (resp. Ajpy) consists of
closed curves in the same homotopy class with fixed endpoints (resp. in the same
free homotopy class).

A theorem of Smale [29] implies that Ay is C 2on HY (M) x R* for the metric
with f = g = 1, and hence also for the metric (2). We show in Lemma 2.1
that a critical point of A restricted to 7(qo, ¢1) or to Ay is a solution of the
Euler-Lagrange equation with energy £ = k.

We say that A; satisfies the Palais-Smale condition on Q1(qo, q1) [resp.
on Ay or that the energy level k satisfies the Palais-Smale condition on
Qum(qo, q1) [resp. on Ay] if every sequence (x,, T,) in the same connected
component of Qp1(qo, q1) [resp. on Ay] such that | Ag(x,, T,)| is bounded and
lim, ||d(x, 1,) Akl (x,,T,) = 0 has a convergent subsequence.

We shall prove

Theorem A If L is Riemannian at infinity and Ay does not satisfy the Palais-
Smale condition on Q2y;(qo, q1), or on Ay, then there exists a Borel probability
measure L, invariant under the Euler-Lagrange flow, supported in a connected
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component of the energy level E = k, which has homology p(u) = 0 and whose
(L + k)-action is zero:

Ap+i(n) = /[L +kldpn=0.

In Appendix A we give an example in which the measure obtained in Theo-
rem A can not be ergodic. In [7, th. C] we found counterexamples to the Palais-
Smale condition at k = ¢(L), but in [7] we didn’t require the Palais-Smale se-
quences to be in the same connected component of the space of curves. Combining
the arguments in [7] with those of Theorem A we get the following Corollary B.
The novelty is that it allows curves with trivial homotopy class.

Corollary B If L is Riemannian at infinity, then Ay satisfies the Palais-Smale
condition for all k > ¢, (L). On Qum(qo, q1), Ac, satisfies the Palais-Smale con-
dition if and only if the Peierls barrier on the universal cover is h., = +00.

Another example is the lagrangian IL : 71D — R on the hyperbolic disc D C C,
where L(x, v) = % |v|§ 4y (v), | - |+ is the hyperbolic metric and 7 is a 1-form on
D whose differential d7 is the hyperbolic area form. In this case the Peierls barrier
at k = c¢(IL) = ¢, (L) is finite (cf. [2, ex. 6.2]) and A, does not satisfy the Palais-
Smale condition. If M is a compact surface with constant curvature K = —1,
the Euler-Lagrange flow of L projects to a (non-exact) magnetic flow on TM. At
the energy level k = ¢, (L) the projection of the Euler-Lagrange flow of L is the
horocycle flow! for M which has no closed orbits.

The idea of the proof of Theorem A is the following. Let (x,, T,,) be a Palais-
Smale sequence in the same connected component of Ay or Q7(qo, q¢1). We
first prove in Proposition 3.12, similar to [7], that if the times 7}, are bounded
away from O and 4-o0 then there is a convergent subsequence. In Corollary 3.6
we prove that if g9 # ¢ and (x,, T,) € Qum(qo, q1) then T, is bounded away
from zero. In Proposition 3.8 we prove that if liminf, 7,, = 0 and (x,, T,) € Ay
or (x,, Ty) € Qum(qo, qo) then x,, converges to a singularity (go, 0) € TM of the
Euler-Lagrange flow with zero action L(gg, 0) + k = 0 and energy k. In this case
the measure u is the Dirac probability supported at the point (gg, 0).

The most delicate case is when lim, T, = +o0. Since the gradient of —.A4;
at (x,, T,) converges to zero one expects that the curves y,(sT,) := x,(s) are
approximate solutions of the Euler-Lagrange equation with average energy k. If
Wn is the probability measure on TM defined by

1 .I’l 1 Tn
fdu, = / f(xna x_> ds = _/ FOunoyn) dt, [ya(sTy) :i=x,(5)],
™ 0 T, T, Jo

we prove that u, converges to an invariant probability for the Euler-Lagrange
flow with support in the energy level k. Since the L + k action of the curves y,
is bounded and lim,, T,, = 4-o0 their average action converges to zero. Since their
homotopy class is fixed, and lim, T, = +o0, their average homology class tends
to zero.

! When k > ¢,(L) the flow is Anosov on dz(E~'{k}) and for k < ¢, the energy level
drw(E~1{k}) is foliated by contractible periodic orbits.
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We use the functions f and g in the definition of the metric (2) to deal with the
cases lim, T,, = 0 and lim, T,, = +o00. In order to motivate their choice observe
that by suitably expanding the metric near the endpoints any bounded function
on the open interval ] — 1, 1[ can be made not to satisfy the Palais-Smale con-
dition. For example let ¥ (x) = x2on|x| < l.Leth : R -] —1,1[ be a
diffeomorphism. Then ¥ o & does not satisfy the Palais-Smale condition because
limy_, 400 d (¥ o h) = 0. So, if one is going to obtain any conclusion from the
fact that the Palais-Smale condition does not hold, one needs to use an appropriate
metric. Since our metric is locally equivalent to the usual one with f = g=1,
the critical points are still solutions of the Euler-Lagrange equation and also the
change of metric does not prevent finding Palais-Smale sequences by, say, a min-
imax argument.

1.3 The mountain pass geometry

We show that for low energy levels eg(L) < k < ¢, (L), the action functional 4;
exhibits a mountain pass geometry on the space of loops £2,7(qo, go) and closed
curves Ajp. This result is suggested by Taimanov in [33, p. 362] for a different
action functional for magnetic flows saying that “one-point curves form the man-
ifold of local minima of the functional £”. S. Bolotin (cf. [33, p. 362]) observed
that the results of the papers [20-24, 32] may not be valid because the Palais-
Smale condition could fail. The approach in this paper recovers the (a.e.)—validity
of some of those results.

Let k < ¢, (L). By the definition of ¢, (L), there are a closed curve (x1, T1) €
Ay and for any qo € T(E7Yk)) a loop (x2, T2) € Qum(qo, qo0), both with trivial
homotopy class and negative (L + k)-action.

Proposition C

1. Letqy € M andk > E(qq, 0). Then there exists ¢ > 0 such that ifT" : [0, 1] —
Q1 (qo, qo) is a continuous path joining a constant loop I'(0) = qo : [0, T] —
{go} € M (with any T > 0) to any closed loop T (1) € Qu(qo, qo) with
negative (L + k)-action, Ap+x(I'(1)) < O, then

sup Ap4x(I'(s)) > ¢ > 0.
s€l0,1]

2. Let k > eo(L). Then there exists ¢ > 0 such that if I" : [0,1] — Ay isa
continuous path joining any constant curve I'(0) = qo : [0, T] — {qo} C M
to any closed curve " (1) with negative (L + k)-action, Ap+x(I'(1)) < O, then

sup Ar4x(L(s)) >c > 0.
5€[0,1]

Standard critical point theory gives contractible periodic orbits on any energy
level eg(L) < k < c¢,(L) where the Palais-Smale condition holds. Since the
failure of the Palais-Smale condition can only be due to one direction of non-
compactness, namely the time parameter T on H!'(M) x R*, an argument orig-
inally due to Struwe in [30] (see also Struwe [31], Jeanjean [14] and Jeanjean,
Toland [15]) can be applied to the mountain pass geometry of Proposition C to
overcome the Palais-Smale condition for almost every k.
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Previous results on higher energy levels (cf. [3, 7, 18]) give that E ~Hk) has
a periodic orbit for every k > ¢, (L). When the energy level does not project onto
the whole configuration space M (i.e. k < eg(L)) we show that the displacement
energy of [E < k] is finite. Then by results of U. Frauenfelder and F. Schlenk [10,
28], the 71 -sensitive Hofer-Zehnder capacity of [E < k] is finite and so standard
arguments (cf. [13]) show that almost any energy level E~Yk}, k < eg(L) has a
contractible periodic orbit. We summarize this in the following:

Theorem D

a. There is a total Lebesgue measure set A C R such that for all k € A either the

energy level E~V{k} is empty or it contains a periodic orbit.

Moreover,

o The set A contains |c, (L), +o0l.

o Ifk <cy,(L)andk € A, then this periodic orbit is contractible.

o Ifeg(L) < k < cy(L) and k € A, this periodic orbit has positive (L + k)-
action and it is not a strict local minimizer of Ay on A .

b. For any qy € M, there is a total Lebesgue measure subset ]c, (L), +oo[C
B CJ]E(qo,0), +oo[ such that for all k € B there is a solution of the Euler-
Lagrange equation in 21 (qo, qo) with energy k. If E(qo, 0) < k < ¢, (L) and
k € B, this solution is not a strict local minimizer of Ay on Qp(qo, q0).-

c. The above items hold for a specific k €leo(L), c¢,,(L) [ (resp. k €]E (qo, 0),
cu (L)) if the energy level k satisfies the Palais-Smale condition.

As an example in Appendix C we prove that a lagrangian with no magnetic
term has a closed orbit on every energy level.

Two points 8y, 8; € TM, are said to be conjugate if there is T € R such that
01 = ¢ (0p) and V(01) N dgy: (V(6p)) # {0}, where V C T (TM) is the vertical
sub-bundle V(6) = kerdpm. R. Maié asked whether if k < co(L) there is always
an orbit with energy k and conjugate points. G. Paternain and M. Paternain in [27]
showed examples of magnetic flows with Anosov energy levels without conjugate
points with energy k €]c, (L), co(L)[. At k = ¢, (L) these examples do not have
conjugate points. The question remains open for k < ¢, (L).

In [7, p. 663] we gave an example of an orbit segment without conjugate points
which is not a local minimizer of the free time action functional. In Proposition 9.1
we prove that in an energy level without conjugate points every orbit segment is a
strict local minimizer of the action functional. Since a mountain pass critical point
can not be a strict local minimizer we get

Theorem E Let e, (L) = inf( yyerm E (X, v).

There is an open subset with total Lebesgue measure A C [ep, (L), ¢, (L)[ such
that if k € A then there is an orbit with energy k and conjugate points.

If e (L) < k < ¢, (L) and Ay, satisfies the Palais-Smale condition, then the
energy level k has conjugate points.

In [6, Prop. 8] and in [5, Cor. 1.13] we proved that if k is a regular value of the
energy function E and k < eo(L) then E~!{k} has conjugate points.
We don’t know if the following holds:

Question: Is it true that for the universal cover M,

cu(L) = inf{k e R|Vx,y € M Jorbity € Qu(x,y), E(y,y) = k}?



328 G. Contreras

An exact magnetic flow is the lagrangian flow of

1 2
L(x,v) = 3 vy — nx(v),

where |- |, is the Riemannian metric of M and 7, is a non-closed 1-form on M.
Thus for exact magnetic flows we get periodic orbits for almost all energy levels
and in particular for contact type energy levels, as seen below.

1.4 Contact type energy levels

We now concentrate on a property that ensures the Palais-Smale condition. Let
H : T*M — R be the hamiltonian associated to L:

H(x, p) = vlgﬁ%[p(v) — L(x,v)], 3)

and let @ = dp A dx be the canonical symplectic form on T*M. The hamiltonian
vector field X on T*M is defined by ixw = —d H. The induced hamiltonian flow
is conjugate to the lagrangian flow of L by the Legendre transform £ : TM —
T*M, L(x,v) = Ly(x,v). The energy function satisfies E = H o L, so that
energy levels for L are sent to level sets of H.

An energy level ¥ = H~'{k} is said to be of contact type if there exists a
1-form A on X such that dA = w|ry and A(X) # 0. We call such a form A a
contact-type form for X.

Proposition F If ¥ = H~ 'Yk} is of contact type and my : H{(Z,R) —
H{ (M, R) is injective, then Ay satisfies the Palais-Smale condition.

Corollary G If[H = k] is of contact type, dim M > 2, M # T? and k > ey,
then Ay satisfies the Palais-Smale condition.

In Sect. 2 we introduce the space of curves with free time interval and the
action functional and compare various metrics on the space of curves. In Sect. 3
we prove Theorem A. In Sect. 4 we prove Corollary B. In Sect. 5 we prove
Proposition C on the mountain pass geometry. In Sect. 6 we prove some results
in Morse theory that we need and the relative completeness of the gradient
flow of the action functional. In Sect. 7 we give the argument to overcome the
Palais-Smale condition in a mountain pass geometry for the action functional.
In Sect. 9 we prove Theorems D and E and in Sect. 10 we prove Proposition F
and Corollary G. In Appendix A we give an example in which the measure
of Theorem A can not be ergodic. In Appendix B we show energy levels of
non-contact type. In Appendix C we prove that non-magnetic lagrangians have
periodic orbits on every energy level.

The author wishes to thank Patrick Bernard that suggested the possibility of
using Struwe’s argument in our situation, Leonardo Macarini for mentioning the
existence of [10] and correcting a mistake in Proposition 8.2 and the referee for
his careful reading and useful suggestions.



The Palais-Smale condition 329

2 The action functional and the space of curves

Given a Riemannian metric on M, by Nash’s Theorem there exists an isometric
embedding of M into some RV Let

H' = H (®RY)

= {E :[0,1] — RN absolutely continuous

1
‘/E®Fm<+w}
0

be endowed with the metric

1

(&, M = (£(0), n(0)) + /0 (E(5),71(5)) ds.
The corresponding norm is given by
1 .
na@u=@@ﬁ+f|anﬁm.
0
On H!' x RT we shall use the Riemannian metric

1
(G ), (0, By =B+ f(T) (5(0),77(0)>+g(T)/0 (€(5),1(5)) ds, (4)

where f and g are smooth positive functions such that max{f, g} < 2,

2 .
TZ ifT <1 T ifT <1,
Ty = = d o) =
S {1 it7 =10, 04 8@ %e_‘”z i T > 10.

Let (1) := £(t/T),0 <t < T.Thené(¢/T) =T - ¢(¢) and

1 T
f HOE ds=T-/ 1Z (1)) dt.
0 0

In the variables (¢, @) the Riemannian metric above is written as

T
Mamﬁuv=M+TﬂamF+ﬂ/awﬁm if T <1,
0. )
2 .
n@ﬂm@n=aﬁﬂamﬁ+f“’f|u%n if T > 10.
0

This metric is locally equivalent to the metric of the product Hilbert space 1! x R.
Given qo, q1 € M, let

Q(q0,q1) i = {(x,T) e H' x RT|x(0) = qo, x(1) =q1},
A:={(x,T)eH xR x(0) =x(1)}.
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Their tangent spaces at (x, T') are given by

T 1y2(q0, q1) = {(§, @) € H' x R| £(0) = &(1) = 0},
Tor)A = (€, @) € H' x R| £(0) = £(1)}.

Endow €2(qo, q1) and A with the Riemannian metric (4).
Let

H (M) == {x e H'®RY) | x([0, 1]) € M},
Qum(qo, q1) := Q(qo, 1) NH' (M) x RT,
Ay = ANH (M) x RY.

Then H' (M) x RT, Q31(q0, q1) and Ay are Hilbert submanifolds of 7! (RV) x
RT, Q(go,q1) and A respectively. A connected component of Ay is given
by closed curves in the same free homotopy class. A connected component of
Qum(qo, q1) is given by the curves (x, T') in 2)7(qo, ¢1) belonging to a given ho-
motopy class with fixed endpoints.

On H'(M) x RT we shall use the intrinsic Riemannian metric defined by

((Sa a)’ (77, 13)>(X,T)

L)) D
2=Otﬁ+f(T)($(0),n(0)>x(0)+g(T)/ <d—S(S),—77(S)> ds (6)
0 K ds X(s)

where (-, -), is the Riemannian metric on M and % are covariant derivatives.
Since M is isometrically embedded into RV, the covariant derivative %é(s) =
P(£(s)) is the orthogonal projection P : T,RY — T, M of the derivative &(s)
taken in R" . Thus the norm in H! (M) x R* is smaller than the induced norm from
H'(RN) x R*. Formulas analogous to (5) hold for the norm on H!'(M) x R¥,
We also want to compare the metric on ! (M) x Rt with the metric induced by
H'(R™) x Rt on a local chart R” > U < M. In Lemma 2.2 below we shall
prove that the three norms are locally equivalent.

Given k € R, define the action functionals Ay : Qy(q0, ¢1) — R and Ay :
Ay — Rof L + k by

1 .
A(x. T) =f T [L(x(s),)@) +k} ds.
) T

Writing y (1) := x(£),0 <t < T, we have that

T
Ar(x, T) =/0 [L(y,y)+k] dt =2 ALk (y).

We say that a lagrangian L is quadratic at infinity if there is R > 0, a 1-form
6ron M anda, ¥ € C*(M,R),a > 0, such that L(x, v) = %a(x) |v|§+9x(v)+
Y (x) for all |v|, > R, where |v|, is the Riemannian norm of v in TM.

We say that L is Riemannian at infinity if there exists R > 0 such that
L(x,v) = %|v|§ for all |v|y > R. Since we are assuming that M is isometri-

cally embedded in RN, this is equivalent to L(x, v) = % |v|? for [v| > R, where
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|v| is the euclidean norm of v and (x, v) € TM C RN x RV . In a coordinate chart
such a lagrangian is given as L(x,v) = % v*G (x)v, when |v| is large enough,
where G (x) is the matrix of the Riemannian metric in the chart. Then in coordi-
nate charts L is quadratic at infinity.

It follows from a result of Smale [29] that if L is Riemannian at infinity then
the action functional A is C? on H! (M) x RT with the metrics with f = g = 1.
Since the Riemannian metrics (4), (6) are locally equivalent to the metrics with
f =g =1, then A is C? on Qu(qo0, q1) and on Ay, with respect to all three
Riemannian metrics.

The derivative of Ay is given by

die. 1) Ar (€, )
1 X X\ € 1 X
:/0 T|:Lx<x,?)$+Lv (X’T> ?i| ds+a/0 |:k—E<x,T>} ds
T . a T
=/0 Ly, y‘);+Lv<y,y'>;]dr+;/0 [k — Ey. )] dr, ™

where y(1) = x(%), (1) =&(5),for0 <7 <T and E : TM — R,
Ex,v)=vLy(x,v) —L(x,v)

is the energy function. The formulas (7) can be interpreted either in local charts
with usual derivatives or in covariant derivatives. In the latter case,

. D
L & =(V,L, é}-)x(s) and L,& = <VUL7 _é}-> ,
ds x(s)

where VL and V,L are the projections of the gradient of L in the splitting
To.yIM = H @ V and f—sé is the covariant derivative of &. The splitting
TyTM = H () @ V (0) is described after Proposition 3.13 below.

Fix C; > 0. Wesay that f : U C R" — M is a bounded chart if f is an
embedding such that the pull-back f*g of the Riemannian metric has matrix G (x)
such that G and G~! have C'! norm bounded by Cj. Fix a finite atlas of bounded
charts U/ = {U;};<; such that each U; C R is a convex set.

We fix some constants used repeatedly later on. Observe that the property of
being quadratic at infinity is invariant under transformations by bounded charts.
The following constants are taken to hold in any bounded chart of our finite atlas,
i.e. in Egs. (8)—(11) below the same constants are assumed to hold when the norm
| - |x is interpreted as either the riemannian metric on M, the euclidean norm on
RN > M or the euclidean norm on any bounded chart U; C R™ of our atlas.
The norms |Ly|, |L,| are interpreted as the euclidean norm in any bounded chart
U, i € U.

Since L is uniformly convex,

v-Lyy(x,v)-v

= 1n > O (8)
(x,v)ETM lv|2

aop :

Since L is quadratic at infinity there are a;, a>, Ao, b1 > 0 such that

L(x,v) > a; |v|)2(—a2, for all (x,v) € TM, )
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Ag := sup ||Lyy(x, v)|l, < +o00, (10)
(x,v)
by := sup |dx¥rll,, where ¥ (x) := L(x, 0). (11)
xeM

Since L is quadratic at infinity,

Ly(x,
by = L O oo, (12)
owerm 1+ [vlx
L ( k)
bz := sup M < 400. (13)

owerm L+ |vlx

Lemma 2.1 If (x,T) € Qu(qo,q1) [resp. (x,T) € Ayl is a critical point of
the action functional Ay : Q2(qo,q1) — R [resp. Ar : Ay — R] then the
curve y : [0, T] — M, y(t) := x(¢t/T) is a differentiable solution of the Euler-
Lagrange equation %Lv(y, y) = Ly(y, y) with y(0) = qo, y(T) = q1, [resp.
(y, y) is a closed orbit of the Euler-Lagrange flow] with energy E(y, y) = k.

Proof Cover the image y ([0, T']) by images 17,- C M of charts U; e U, U; C R™.
It is enough to prove that y is a solution of the Euler-Lagrange equation on each
intersection y([0, T']) N U;. Assume for a while that y([0, T]) C U; C R™. Using
the same notation as in (7), we have that

T
die, 1) A6, 0) = /0 [L(y,3) ¢+ Lo(y, y) Ll dt

T
—L, ¢! +f0 Loy, $) — Lo ()] - dt
=0, (14)

where L, (1) := fot Ly(y(s), ¥(s)) ds. Since Ly(y,y) < bo(1 + [y2) and x €
HY (M), we have that L (y,y) € £'([0,T], R”) and that L, is continuous in
view of Lebesgue’s theorem.

Since for both A s and 2,7 (qo, g1) we can choose ¢(0) = ¢(T) = 0,

T
/0 [Ly(y,$) —Ly(®)]- ¢ dt =0

forall ¢ € £2([0, T], R™) with | ¢ dr = 0.

This implies that L, (y, y) — LLy is constant a.e. in [0, T]. Since IL,(¢) is con-
tinuous, it is bounded on [0, T']. Since L is superlinear and L, is bounded, y is
bounded by a constant almost everywhere. Since L is convex, v — L,(y,v)
is a continuous bijection. Hence we can uniquely extend y to [0, T] so that
Ly(y,y) — L, is constant on all ¢ € [0, T']. Since L, (¢) is continuous, L, (y, y) is
also continuous and hence y(¢) is continuous.

We have that

t
Lo(y(0), 5(1)) = A+/O Ly(y.y) dt (15)
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for some constant A € R™. Since y(¢) is continuous, the right hand side of (15) is
differentiable and P
E Ly(y,y) =Lx(y, ).
Hence y () is a differentiable solution of the Euler-Lagrange equation. The theory
of ordinary differential equations implies that y is C” if L is C"+2.

Since y(f) is a solution of the Euler-Lagrange equation, its energy
E(y(t), y(2)) is constant. Since

oA

1 T
== = _ k—E(y,y)]dt =0,
3T T/o[ (v, W1

(. T)
E(y, y) = k. This completes the case of 2,7 (qo, q1)-

For the case of A, it remains to prove that y(0) = y(T). We choose a chart
U; C U whose image contains y(0) = y(T') and restrict ourselves to vector fields
¢ over y with support in the connected component of y([0, 7]) N U; containing
v(0). Since we already know that (y, y) is a differentiable solution of the Euler-
Lagrange equation, integrating by parts in (14) we have that

T d
d(x,T)Ak(S,O) =L, §|g +f0 (Lx - ELU) ¢ dt

= [Ly(y(T), y(T)) — Ly (y(0), y(0O))]-£(0) +0  (16)

whenever ¢(0) = ¢(T) € R™. Then L,(y(T), y(T)) = Ly(y(0), y(0)). Since
y(T) = y(0) and v — L,(y(0), v) is injective, y(T) = y(0). O

The following lemma shows that the intrinsic Riemannian metric

1
[ - ||Z)'f’;’;”)XR+ given by (6) on H!(M) x RT and the induced metric from

HY(RN) x R* are locally equivalent. Also the metric on H!(M) x R* and the
metric on H! (R™) x RT, m = dim M, on a bounded coordinate chart are locally
equivalent.

Lemma 2.2
1. Given Ay, T1 > 10, there exists B = B(Ay1, Ty, k, {f, g}) > 0 such that
if (x,T) € H'(M) x RY, | Ay (x, T)| < Ay and T < Ty, then
forall &,a) € T, 1y2m (g0, q1) U T, 7y Am,
HIRV) xR+

1 Hl M)xR+T Hl RN Rt
5 1E @I < IE ol <@ oIl " an

2. Let ¢ : U C R™ — M be an immersion such that the pull-back *gy
(v, w) = v*G(x) w of the Riemannian metric on M has matrix G (x) which
is bounded in the C'-norm:

maX{ ”G”CI(U,]R'"X”’) s ”G_1 ”CI(U,R”‘X’")} < C].

For all A1, Ty > 10 there exists B = B(Ay, T1,C1, k, {f, g}) > 0 such that
if(x,T) e H'R™) x RY, |Ax(Y ox,T)| < Ay and T < Ty, then
forall (dyy o€, ) € Tie 1ym(qo, q1) U T, 1) Am,

1 Hl R™) xR+ Hl M)yxR+ Hl R™)xR+
= IE (" <@y ot )l 1) <B G ol
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Proof (1).Let y(sT) := x(s). Then

T T
Al > App(y) = / (a1 193 —ax + k) di = al/ 915 di — (@ — k)T,
0 0

r A kT
fo |y-<;)|§d;g%, (1)
1 T _
fp'c(s)ﬁ ds=T/ ROk drsT[M]. (19)
0 0 ai

Let T(s,7) : Ty¢yM — Tx(s)M be the parallel transport along x (s). Then

N

' D
£(s) =T(s,0)-£(0) +/0 T(s,r) - EE(F) dr.

Thus
D D
E@) i) < 1EO) o) + || 5-& < 1O + d—§
ds |l c1qo.y s llz2q0,17)
1 1 HI(M)XR+
< max | ———, ——— | V2 [I(§,0)]|
{«/f(T) ¢g<T>} S
1
< V2 max (T~ a3, T2ET) g, 0 FE A0 (20)
where
= i t), g(t)}.
o 1?32“10”() g@®)}
By their definition max{f, g} < 2, hence
¢(T) <min{2T?, 2. (21)

Observe that for £, n € T, M the first two terms in (4), (6) are equal, so we
only have to bound the £2 norm of the derivatives & and d%é .

Let U be a small tubular neighbourhood of M in RN and let F : U — M be
the orthogonal projection onto M. Since &(s) € Ty ()M, we have that

dy)F - §(s) = §(s).

Differentiating this equation with respect to s we get that
A} F (). £() + dy(s) F - £(5) = &(s).
The second term is the projection of & to T, M:
. . D
dy)F -§(s) =P-§(s) = d—S(S);
s
and the first term is the projection of & to the orthogonal complement T M+ of

T M: )
EL(s) i=d( F (£(5). £(5)).
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Let ¢y := sup, .y, [|d?>F||?, then using (19), (20) and (21) we have that
1 1
g(T) fo |EL(s)I? ds < g(T) /O c1 () 1E(s)I* ds

1
<1 g(T) ||s||§o/0 1k (s)| ds

< ¢1 min{2 T2, 2} 2 max {sz, ofl, T, e4T12}

1 12 [Ai+(@—KT
<1 oty ) r [%]

1 rR+12
< [IE ot 22)
where

B1 = Bi(Ay, a1, a2, T1, k. {f, g})

A k)T
4T, [ 1+ (a2 + |k|) 1j|max{otl,T1 e4T12}.
aj

Observe that the bound ¢; By above holds forall 0 < 7' < T7.
Since £ =P £ + &1, we have that

g(T) [IEl1% < g(T) [IIP £11% + 1E-117%, ]

H' (M)xR* ]2

D 2
< ¢(T) Has e [IE ol
L

Then, forall0 < T < Tj,
LRY)xRT 12 | Rt 2
[ {55 P < e B [, IR P

Since | 76| = [P &§| <[], then | 2&llz2 < [1§]l 2. This implies the second
inequality in (17).
(2). We have that

D . .
TE=EO) + ) THEE) () &) e,
ijk
where the Ffj (x) are the Christoffel symbols for the Riemannian metric of M in

the coordinate chart ¥ ~! and ¢, is the k-th vector of the canonical basis of R”.
Our hypothesis on ¥ implies that c» = ¢(Cy) := m® SUP; jk xeU |Fl{‘]- (x)]? is
finite. Then ‘

D .
‘xé‘ < 1EG@I+ ez [l [E()]

Similar calculations as in (20) and (22) using é in (20) instead of the covariant
derivative show that if 0 < T < T}, then

HYR™)xRT )2

D |? )
g(T) HES - <2g(T) IIEIIZU +2c2 By (&, Ol 1)
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where By := B((Ay,ay,az, Ty, k, {f, g}) and ay, a, are constants such that the
inequality (9) holds in our coordinate system 1 for the euclidean metric in U C
R™ instead of the riemannian metric | - |, on M. Then, if 0 < T < T}, we have
that

Hl M ]R+ 1 Hl R™ R+
IE lE 37 < V2l + Bz 1E ol "

Now write

E(s) = d%s =D TE@(S) Hi(s) &) ex

ijk
+ /2 CLIES)ags) (5]

Writing ¢3 := ¢ C1, the same calculations as in (20) and (22) give

HOIES ‘%s

2
' ! Rt \2
§(T) €172 = 6| +20B(IEOILEE )
L
And then
lRm R+ 1 1 RE
I IS < V2 1+ e Bt I 0l S o

In the next lemma, we write d for the distance d'Hl( M)xR+ ON Qum(qo, q1) or
on Ay.

Lemma 2.3 Given To>O0 there exists C = C(Ty)>0 and ¢ = &(Ty)>0 such that
ifT e [TL(),TOL (x,T), (y,9) € Qu(go,q1) Y Ay and d((x,T), (y,5)) < ¢

then for the Hausdorff distance dy induced by the Riemannian metric, we have
that

dy (x (10, 1), (10, 1)) < C d((x, T), (3, ).
Proof Let

1
A3 :=4 m 2T
’ {f(r) g(t)‘ [ZTO 0]}

where f(¢) and g(¢) are as given in the definition of the Riemannian metric on
HY(M). Let 0 < 9 < 1 be such that

1 1
— —2¢0>— and Tp+ 2ey < 27Ty.

Ty 2Ty
Let 0 < ¢ = ¢(Ty) < & and write § := d((x, T), (y, S)) < &. There is a curve
') = (zx, Ty), A € [0, 1], from (x, T) to (y, S) in 2x7(qo, g1) or in Ay such
that

1
length(T") = /
0

d
“ro H dx < 26.
d

We can reparametrize I" so that the norm of its tangent vector is constant:

‘ dT; 325.(0) |? 2

ds < 452
dx A

7)(s)

+f (1)

Z

4/»(0)



The Palais-Smale condition 337

Since |T; — T| < d(T'(), (v, T)) < 25 < 2ep,then S = Ty, Ty, T €

[2170, 2To]. Hence

3z5(0) | 5

_ < A3 for X € [0, 1],

120
(23)
1 D 2
/ —z ds < A3 8> forx €10, 1].
o |dx (s)
Let
9
F(s) = / 2() [ da.
2 0 8)\, Z)L(S)

From (23), |F (0)| < A3 §%. We have that

F(s)—F(0) = / diF(s) ds

0
/ / <$a_,\ 2 (8), 3)~Z)L(S)>ZA(S) dir ds
/ / <— 2(s), Z/\(S)> dx ds,
ZA(S)

|F(s) — F(0)|<[// dsdk] [f/

< VA8 |:2/SF(S) ds:|
0

o=

8ZA(S)

d)»dsj|
2.(s)

1

F(s) < A3 8% + /2438 [/SF(S) ds:|2
0

Write

1

u(s) := |:/SF(I) dt:lz.
0

d
- u(s)? < A3 8%+ 8/2A3 u(s).
S

Then

Let

J = {te [0, 1]

u(s) < /24348 (s—i— %), Vs € [0, t]}.
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Then J is a closed interval. We show that J is also open in [0, 1]. If # € J, then

a2 2 .

u(s)" < A36°+2A36° s+ s

ds 2
<2A38%(s+ 1), Vs € [0, 7].

1
u(@®)> <2A38° (§z2+t), Vs € [0, 1],

1
u(s) <~+/2A368,/ Esz + s, Vs e [0, £].
Since \/E <5+ % for all s > 0O, we have that
1
u(t) <+/2A36 (t + 5)

Then J contains an open neighbourhood of ¢ in [0, 1]. Hence J = [0, 1].
Therefore, for all s € [0, 1],

F(s) < A38% 4+ 2A3 8 u(s)

3001
§A362+2A382\/;=: %52

2
We have that
U19z;.(5)
dpy (y(s), x(s)) = duy(z1(5), zo(s)) < / e dr <\2F(s) <C3¢
0
for all s € [0, 1]. This implies the lemma. O

3 The Palais-Smale condition

In this section we are interested in the validity of the Palais-Smale condition for
the action functional .4; on a connected component 2 (resp. A1) of Q7(qo0, 1)
(resp. Ay).

Theorem A [f L is Riemannian at infinity and Ay does not satisfy the Palais-
Smale condition on Q2p(qo, q1), or on Ay, then there exists a Borel probability
measure [u, invariant under the Euler-Lagrange flow, supported in a connected
component of the energy level E = k, which has homology p(u) = 0 and whose
(L + k)-action is zero:

Ap i) = / [L+ k] dps =0,
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Proof of Theorem A Let (x,, T,)) be a sequence in a connected component 2| of
Qum(qo, q1) (resp. A1 of Ayr) such that

1
Ao, Tl < A1 and - [ldgs, 1 A <~

Assume that (x,, T,) does not have an accumulation point in €,7(qo, q1) (resp.
A ). Then Proposition 3.12 implies that either liminf, 7,, = 0 or limsup, T, =
+00.

If limsup,, T), = 400, Proposition 3.13 implies the thesis of the theorem. So
assume that liminf, 7,, = 0.

If ((x,Tn)) C Qum(qo,q1) with g1 # go then Corollary 3.6 shows that

liminf, 7,, > 0. This contradicts our assumption. Hence g9 = g¢;. If either
((xn, T)) C (g0, q1) wWith go = gy or ((x,, T,)) C Ay, then Proposition 3.8
and Remark 3.9 imply the thesis of the theorem. O

3.1 Preliminary lemmas

Lemma 3.1 If L is convex and quadratic at infinity, then
1 1
540 W[} 46, () + ¥ (x) < Lix,v) < 3 Ao o]} + 6. () + ¥ (x),

1 1
—wm+5@wﬁsﬂmws—wm+§mw&

where 0 (v) := Ly(x,0) - vand ¥ (x) := L(x,0).

Proof Let Lo(x,v) := L(x,v) — 6(v) — ¥(x). Let f(¢) := Lo(x, tv). Then
f(0) =0, f/(0) =0and f"(t) = v - %(x,tv) - v, so that ag |v|)2( < @) <
Ao |v|)2(. Hence

1 pt 1 pt
1
Lo(x,v)z/ / f”(s)dsdti/ /ao lv|2 dsdt > = ag |v]?
o Jo o Jo 2

1 2
=< E AO |v|x‘
Now let g(¢) := E(x,tv) = tv - Ly(x,tv) — L(x, tv). Then g(0) = —¢(x)
and g'(t) =t v - Lyy(x, tv) - v, so that £ ag|v|?> < g'(t) < t Ao|v|?. Therefore,

1 1
E(x,v) =g() =g(0)-i-/0 g'(1)dt > —1//(X)+§ao|vlf»

1
s—wu»+5Ammi O

Let A > 0 be a Lebesgue number for our finite atlas &/ = {U;} of bounded
charts.

Lemma 3.2 Suppose that L is quadratic at infinity.
IfU; elU,x,y € Uj and dp(x,y) < X then in the chart U; we have:
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(i) [Ly(x,v) = Ly(y,w)]-¢+b3(lv[+Iw|+1)[¢]|x —y|+Aol¢|lv—w]| > 0.
(ii) aolv—wl|® < [Ly(x,v)—Ly(y, w)]-(v—w)+b3 (Jv|+|w|+1) [v—w]| |x—y].

Proof Recall that the domains U; C R are convex. We work in local coordinates
as if L were defined in TU; C R?".

1
/ ¢ Ly, v) + (0 =1)(y,w)) - (v—w)dt
0
= (Ly(x,v) = Ly(y,w)) - ¢

1
—/0 ¢ L, )+ (A —0)(y,w) - (x —y)dt.

This implies (i). Using £ = v — w one gets (ii). m|

Lemma 3.3 Let C := C*®([0, 1], M) x RT.
The subsets C N Qp1(qo, q1) and C N Ay are dense in Q2p1(qo, q1) and Ay re-
spectively.

Proof We prove the lemma for €2)7(qo, g1). The proof for Ay is similar. Let
A > 0 be a Lebesgue number for our finite atlas /.

Suppose first that length(x) < A. Then the image of x lies inside of a domain
of a chart U; € U and by Lemma 2.2 we can assume that M = U; C R™. Extend
x : [0, 1] — M to R by setting x(t) = x(0) fort < 0 and x(t) = x(1) for¢ > 1.
Then the extension is also in the Sobolev space Wll)’f (R, R™), see [9, Sect. 4.1].
Letn € C*(R, R) be

1
if 1| <1,
n(0) = Cexp(t2_l) if |¢] <
0 i | > 1,

where the constant C is chosen such that fR n dt = 1.Fore > 0let n.(¢t) :=
% n(é). Define

x8(1) = / Ne(s — 1) x(s) ds.
R

Then x® € C®°(R, R™), x* — x uniformly on compact subsets and X — X in
L£2([0, 1], R™), see [9, Sect. 4.2.1]. Let

yE(s) = x%(s) + (1 = 5)(x(0) — x°(0)) + s(x (1) — x°(1)).
Then (y*. T) € Qu(go. 41) N C. Since lim x*(0) = x(0). lim x*(1) = x(1) and
% — % in £2([0, 1], R™) we have that lim (%, 7) = (x, T) in Qu (0. 41).

Now assume that length(x) > A. Let 0 = 59 < 51 < --- < sy = | be such
that length(x|5;_, 5]) < % Let x;(¢) = x(s,- + 1 (Sit1 — si)), t € [0, 1]. For each
i do the construction above and obtain a C* curve y; with the same endpoints as
x; and which is near x; in H!(M). The curve y = y| % --- % yy, appropriately
parametrized on [0, 1], is piecewise C°° and is near x in HY(M). Let 0 = 59 <

1 <851 <t <--- <ty < sy = 1be such that length(y|[,j,,j+1]) < %. Then
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Ylit,1;411 18 in the domain of a chart U; C R™ and it is C* in neighbourhoods of
tj and Ljit1. Let Zj(S) = y(tj + s (l‘j+1 — tj)), s € [0, 1]. Let Cj: [0,1] — UJ' be
a C curve such that ¢; = z; in neighbourhoods of 0 and 1. Extend (z; — c;) to
R by setting (z; — ¢;)(s) = 0if s € R\ [0, 1]. Then (z; — ¢;) is C*°. Let n, be
as above and let

wj(t) = A‘%ng(s —1)-(zj —cj)(s) ds.

Then w® € C*°(R, R™) and w? is near (z; — ¢;) in HY(R™). Since (zj—c;)=0
in neighbourhoods of 0 and 1 and supp(n.) C [—e, €], if ¢ is small enough then
w? = 0 in neighbourhoods of 0 and 1. Let

250 =) +w' (@), tel0,1].

Then z° is C*, it is near z; in H!'(R™) and coincides with z j in neighbourhoods

of 0 and 1. Let z® := yl[o,/,] * 21 * - - - % Zn—1 * ¥ |[y.1] appropriately parametrized
on [0, 1]. Then z¢ is C°°, and (z°, T) is near (x, T') in Q37(q0, q1)- O

Lemma 3.4 Suppose that the injectivity radius of M is larger than 2. There is
K > O such thatif y : [0,1] — M is a geodesic with |y| < 1 and J is a Jacobi
field along y, then

srer%gﬁ]{IJ(S)l, @1, 1771} < KT O)] 4 17 (D]

Proof We first prove that there is Ky > 0 such that if J is a Jacobi field along y
and J (0) = 0 then
|/ ()| = Ko |J(D)].

Suppose that Ky does not exist. Then for all N € N there is a geodesic
yn : [0,1] — M with |yy| < 1, a Jacobi field Jy along yy with Jy(0) = 0,
and sy € [0, 1] such that |Jy(sy)| > N |Jy(1)|. Since M is compact, taking
a subsequence of (sy) we can assume that the limits s = limy sy € [0, 1],

Iy (sn)

(x,v) = limy (yn(0), yny(0)) € TM and limy Tveml € TM exist. Since Jacobi

fields are the projection of the derivative of the geodesic flow, which is C', the
map u = | szév((sl;v))l converges to a Jacobi field 7/ (1) along the geodesic § (1) with

(8(0), 8'(0)) = (x, v) such that 7 (0) = 0 and
|Jn (D] <1 |Jn (D]

[1(1)] = lim < lim =
N |JInGsn)I N N |[Jy(D)]
Also,
. InGn)I
1 (s0)| = lim YN0y
N |IN(sn)I

Then [ is a non-trivial Jacobi field along a geodesic § of length |v| < 1, which is
zero at the endpoints. Therefore the geodesic § has conjugate points. This contra-
dicts? the hypothesis that the injectivity radius of M is larger than 2.

2 When 7 = 0 and § is a constant geodesic, the Jacobi equation along & is J” = 0, which has
no conjugate points.
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Now let J be any Jacobi field along y. Let A(s), B(s) be the Jacobi fields
along y satisfying A(0) = 0, A(1) = J(1) and B(0) = J(0), B(1) = 0. Since
length(y) < 1 and the injectivity radius of M is larger than 2, the geodesic y has
no conjugate points. This implies that such Jacobi fields A and B exist.
_ By the estimate above |A(s)] < Ko [J(1)|. Considering the Jacobi field
B(s) := B(—s) along the geodesic y(s) := y(—s) we get that |B(s)| <
Ko |J(0)]. Since J (s) = A(s) + B(s), we get that

V()] = Ko [IJ(O) + [J(DI]  foralls € [0, 1].
Since |y| < 1, from the Jacobi equation J” 4+ R(y, J) y = 0, we get that
") < b)) <bKo (O] + [T (D),

for some b = b(M) > 0.

We have that

1 pt
J(1)=T0~J(0)+T0~J’(O)+/ / Ty - J"(s) ds dt,
0 Jo

where T : Ty syM — T, 1)M is the parallel transport along y. Then

1 t
770 < 17O + 1/ (D) +/O /0 7" ()] ds dt
= (1 +bKo) (|7(O)] + [J(D)D.

Also,
t
') < 17'(0)] +/0 177" (s)| ds
< (1 +bKo+ bKo) (IJ(O)] + [J(D)]).
Now take K = max{Ko, 1 +2bKy}. O

3.2 Palais-Smale sequences

During the rest of this section (x,, T,;) will be a Palais-Smale sequence. This is,
(xn, T,) will be a sequence in a fixed connected component of A s or 2,7 (g0, g1)
such that

H MyxR+ 1
(E 5 T

|Ak o, Tl < A1 and || di, 10 Ak |

Also, L will be a convex lagrangian on a compact manifold M, Riemannian at
infinity.



The Palais-Smale condition 343

Write y, (¢) :=x,(t/T,),0 <t < T,. As in (7) we compute
de, ) AKE, @)
! x}’l Xn ";: ! X-ﬂ
=/ Lilxp, —)E+Ly\xy, =— | = Tnds—i—af k— El|x,, —|| ds
0 Tn Tn Tn 0 Tn
T, ) o (T
=/[uwwm;+umdmum+7x;m—ﬂm»nm
0 n
(24)

where ¢(¢) :=&(t/T,).

Lemma 3.5 There exists B = B(k, Ay, A2) > 0 such that if x, € HY M),
A (n, Ty) < Avand T, < Aa, then

Z 2 Tn 1 1
isfwmm=—/uMM<&
Ty 0 T, 0

where £, := length(x,) and y,(t) = x,(t/T,). In particular if T, — O, then
lim, ¢, = 0.

Proof Using (9),

T,

At = Ar(xn, Tn) = Apgk(yn) = 01/ |9al> ds — (a2 + [k]) T
0

Let £, := length(y,). By the Cauchy-Schwartz inequality,

T, 2 T,
ﬁ=</|ﬁM0§ﬂr/ |3 | dt.
0 0

The inequalities above imply the lemma with

1
B = 1+a—[A1+(a2+|k|)A2] O
1

Corollary 3.6 If (x,, T,) € Qum(qo. q1), g0 # q1 and Ax(x,, Ty) < Ay, then T,
is bounded away from zero.

Corollary 3.7 If A is a connected component of Ay with a non-trivial free ho-
motopy class, then for all A1 > 0,

inf{T > 0| (x,T) € A1, A(x,T) < Aj} > 0.

Proof Since M is compact, inf{length(x) | (x,T) € A1} is positive. Now use
Lemma 3.5. O
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Recall that eq(L) = inf{k € R | w(E~'{k}) = M}. Observe that the radial
derivative of the energy function is positive:

d
— E(x, sv) =v- Ly, v)-v>0.
ds s=1

Therefore
in E(x,v) = E(x,0).
in (x,v) (x,0)
This implies that
eo(L) = max E(x, 0).
xeM

Proposition 3.8 If a sequence (x,,T,) € Ay satisfies Ar(x,, Ty) < Ay,
lde,, oAl < % and T, — O, then there is qo € M and a subsequence x,,
such that qo = lim; x,, (s) for all s € [0, 1] and

(i) lim; Ay (xn;, Ty;) = 0.

(ii) (qo,0) is a singularity of the Euler-Lagrange flow.
(iii) E(qo,0) = k. In particular k < ep(L).
(iv) lim; 2 [ L, ()] ds = 0,

In particular, the Dirac probability measure supported on (qo, 0) is an invari-
ant measure, supported on the energy level E ~Uk}, whose (L + k)-action is zero
and has trivial homology.

Also, the (singular) energy level E = k does not satisfy the Palais-Smale
condition.

Remark 3.9 Proposition 3.8 will be applied to sequences in Ay and also to se-
quences in Qy7(qo, q1) with g1 = ¢o. This means that ||dA| is to be un-
derstood as the norm of the derivative d(,, 1,)Ax restricted to the subspace
T, 1,)$2(x,(0), x,(1)) C Ty, 1, )Am given by variational vector fields which
are zero at the endpoints.

Proof Assume that 1 > T,, — 0. Let ¢, := length(y,). By Lemma 3.5, we have
that lim,, £, = 0. Since M is compact, taking a subsequence, we can assume that
lim,, y,(0) = g0 € M.

Since lim, ¢, = 0 and lim,, y,(0) = ¢, we can assume that all the curves
yn are in the domain U; C R, m = dim M, of a bounded chart U; € U. By
Lemma 2.2 we can assume that on the chart U; we have ||d(x, 1,) Ak l341 mmyxr+ <

% for all n. From now on we work on the chart U; as if M = R,

Let £(s) := x,(s) — x,(0). Then £(0) = £(1) = 0. Observe that’ (£.0) €
T, 1AM Let §(2) := &(t/Ty), t € [0, T,]. Then ¢(0) = ¢(T,) = 0, ¢(1) =
yu(t). Using T, < 1 and (5) we find

1 3 T 5 % T, T 5 %
| di, 1) Ak - (6,0) | < = [Tn / e df} < — |:/ | ¥nl dl}
n 0 n 0

3 Since £(0) = &(1) = 0 this tangent vector is also in Ty, 7,)2m (¢, q), where ¢ = x,,(0) =
x,(1).
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Using Lemma 3.2.(ii) with w = 0, we get that
Ly(x,v)-v > Ly(y,0)-v— b3 || |x — y| — b3 [v]* |x — y| +ag v, (25)

for all (x, v) € TU;. Using inequality (25) with (x, v) = (y,, y») and y = y,(0),
we get

T,

d(xnaTn)Ak : (é’ O) = /(; n[Lx(yﬂ’ yn) : C + Lv()’nv _)}I’l) : ;] dt El

Tn 2
T—[/ |y'n|2dt}
n 0

T, T,
= [1+|y'n|2]|yn—yn(0)|dz+ey,,<o>~([0 o dr)
T, Th
—b3/0 |y'n||yn—yn(0>|dr—b3/0 5al 1 — yu (0] dt

T, )
+610/ 5ul? dt
0

> _bZEn Tn +0_b3££ _(b3+b2)£n/
0

Ty ) Ty )
5l dr+ao/ 3l? dt
0

where 6, := L, (x, 0) and b, is from (12).
Dividing the last inequality by T}, we have that

02 1 T, o 1 T, o %
—byl, — b3 - +[ag — (b3 + b2) £,]| — / [Vl dt | < = / [ynl”dt] .
T, Ty Jo nipJo

n

(26)
Since Ai(x,, T;) < Ay, from Lemma 3.5 in the chart U; we get
52 Ty
limsup =+ < lim sup/ [9a|? dt < +o00.
n Tn n 0
From (26) and Lemma 3.5 we get that
limsup 22 < 1 ! /T"|' 2dr <+ 27)
imsup —= < lim sup — < +4o00.
n P Tnz - n P T, Jo o

Since lim,, T,, = 0, we get that

Kz Tn 1 Tn
limé¢, =0, lim -2 =0, lim/ [yn|? df = 0 and —/ |y|% dt is bounded.
n n T nJo Tn 0

n

Hence, from inequalities (27) and (26), we get that

2
1 Ty 02 1 T,
limsup[T—fO |)';,1|dti| =1imsupT—”2511an—/O |yu2dt =0. (28)
n n

n n n



346 G. Contreras

Changing variables in the integral, this proves item (iv).
(i). By Lemma 3.1, for all (x, v) € TM

1
IL@x,v) +kl < 5 Ao 017 + 16 )] + [ ()] + [k

Therefore,
1 Loy
| Ak Cen, To)| < EAO f b}”',Vn dt + ¢, sup [|6«]l + T, [|k| + sup |[¢ (x)] ]
0 xXeM xXeM

Hence lim,, Ay (x,, T,) = 0.

(i1). Let 4 : [0, 1] — [0, 2] be a smooth function such that 2(0) = h(1) = 0
and folh(s) ds = 1. Let &(s) := h(s)dv(qo) € R", s € [0,1], and ¢(¢) :=
&(t/T,). We have that

T, . . . 1
dx, 1) Ak - (§,0) = A [Lx(Yns Yn) - & + Ly, Yn) - £1dt < - 1, Dllx,.1,,) -

(29)

Using (13),

1
d

Lx(x,v)zLx(x,O)—i—/ —L(x,sv) ds

0 ds

Ly(x,v)- & =dy(x)- & —b3(1+[vlo) vl [¢]. (30)

Write 6, = Ly(qgo, 0). Using (30) and Lemma 3.2.(i) with (x,v) = (yu, Yn),
(y, w) = (qo, 0) in the inequality in (29), we get that

1 T)l
Tn/O dyr (xn(s)) - h(s) - dy(qo) ds — b3 [|¢ ]l A (19nl + 13a1%) dt

T, . . T, ‘
+ 04, (/0 é“dt> — b3S lloo 1yn —qolloo/O (14 [ynl) dt

T,
—Ao |I§||oo/0 |ynl dt

T, ,
< 71 ldyr (qo)| Al 2.

In the inequality above the third term is zero. Also lim, ||y, — qolloc = 0. Dividing
by Tp, letting n — 400 and using (28), we get

1
0 < ldy(q0)* = nl}rfoo/o dyr(xn(s)) - h(s) - d¥r(qo) ds < 0.

Hence (qo, 0) is a singularity of the Euler-Lagrange flow.
(ii1). We now show that E (gg, 0) = k. From (11),

[V (@) — ¥ (yn(0)| < b1 £, forall rel0,T,].
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The hypothesis ||d(x, 7,)Ax|| < & implies that

n

1| T

=7

oA
oT

1
- >
=

LE(Yn, yn) — k1l dt |. (3D

(x,Tn) 0

Using Lemma 3.1 we get that

a Tn . 1
W (3 (0) + K] — by £y + Of Gl de < &
2T, Jo n

Ao T .2
dt.
27T, /(; |V

1
_; <= yu0) +kl+ b1 €, +

Then from inequality (28), we get
E(q0,0) = —¥(qo) = lim ¥ (ya(0)) = k.

We have found that E(gp,0) = k = —v¥(go) and dir(qo) = 0, hence the
point (go, 0) € TM is a singularity of the Euler-Lagrange flow in the energy level
E = k. The Dirac measure supported on (gq, 0) is an invariant measure whose
(L + k)-action is zero and has trivial homology.

This (singular) energy level E = k does not satisfy the Palais-Smale condi-
tion because the curves (x,, T,,), where x,(t) = qo, T, = n, are in the same
connected component in Ay of closed curves with trivial homotopy class, they
satisfy4 A (xp, T) = 0 and d Ay (xp,, T,) = 0 but they do not have an accumula-
tion point in the topology of A ;.

In the case (x,, T;) € Q21(q0, qo), the same choice x,(s) = qo, T,, = n is an
unbounded Palais-Smale sequence in 2 (g0, qo)- m|

Corollary 3.10 If (q0,0) € Ty M is not a singularity of the Euler-Lagrange
flow and a sequence (x,,T,) € Qu(qo,qo) satisfies Ar(x,,T,) < Ay and

I, 1) Akl < L, then limint, T, > 0.

Remark 3.11 Observe that the Hilbert manifolds Ajs and €2j7(qo, ¢1) are not
complete with our riemannian metric (4) because they do not contain the points
(x,0) € HY(M) x {0} that would be at finite distance from (x, 1). The discus-
sion above shows that in order to prevent a Palais-Smale sequence (x,,, T,;) from
leaving the space at H!(M) x {0} we can either

e work on a connected component A of Ay or Q37(qo, g1) with a non-trivial
homotopy class.

e work on 2/ (qo, q1) wWith go # q1.

e work on 27(qo, go) where (qo, 0) is not a fixed point of the Euler-Lagrange
flow.

e ask that £~ {k} is not a singular energy level.

e ask that lim,, Ag(x,, T,) # 0.

4 Since E(q0,0) = —L(qo0,0) = k, we have that Ai(x,,T,) = 0. They satisfy
dAy(x,, T,) = 0 because in formula (7), E(go,0) = k, Ly(q0,0) = dv¥(q0) = 0 and
Ly (qo, 0) is constant. Alternatively, because the curves y,(t) = x,(¢t/T,) are solutions of the
Euler-Lagrange equation with energy &, see formula (16).
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On a given connected component A of Az or 2,7 (qo, g1) a singular energy level
may not satisfy the Palais-Smale condition as one sees by looking at sequences of
curves (x,, T,) with lim, T, = 400 which spend much time near the singular-
ity, as it happens, for instance if gq, ¢ are, respectively, in the projections of the
unstable and stable manifolds of a hyperbolic singularity. In such an example The-
orem A says that the measure u, defined at the end of Sect. 1.2 converges to the
Dirac measure at the singularity.

Proposition 3.12 If a sequence {(x,, Ty)}nen C Qm(qo, 1) or {(xn, Tp)}pen C
Ay satisfies

1
A (xn, Ty) < Aq, “d(x,,,T,,)-Ak || < - and 0 < 1irr}1inan < 4o00;

then there exists a convergent subsequence.

Proof Taking a subsequence we can assume that T = lim, 7T, € Rt ex-
ists. Since M is compact, after taking a sub-subsequence, we can assume that
qo := lim, x,(0), ¢ := lim, x,(1) and T = lim, T, € R™ exist. In the case of
Ay we then have gg = q.

We will extract a Cauchy sequence from {(x,, T;)},eN. Since T > 0, such
a Cauchy sequence has a limit in Ay (resp. in Q37(qo, q1)). By Lemma 3.3,
there are smooth curves X, such that d[(x,, T,), (X,, T,)] < % Hence we can
assume that the curves x,, are C®, for if {(X,, T;,)},eN is a Cauchy sequence, so is
{(xXn, T)Inen and since Ay is C1, also lim, ||d Ay (%, T,) | = 0. Similarly, since

dl(x,, Ty, x,, T)] < |T,, — T| 5 0, we can assume that 7,, = T for all n. Also,
since we are assuming that 7,, = T is fixed, it is equivalent to use the metric (6)
with f(T) = g(T) = 1.

Let y,(¢t) :=x,(t/T)and leta, : [0,1] > Mand B, : [T + 1, T +2] > M
be minimal geodesics joining o, (0) = go, @, (1) = y,(0); B, (T + 1) = y,(T),
Bn(T + 2) = q1. Taking a subsequence we can assume that d(x,(0), go) < 1 and
d(x, (1), q1) < 1. Then |&,| < 1and |B,| < 1. Define

a (1) if 0<r<l,
wu(t) =y —1) if 1<t<T+1,
Bu(t) fT+1<tr<T+2.

Then all the curves wy, : [0, T + 2] — M join gg to g;. Their action is uniformly
bounded because

Appc(wyp) = A, T) + Appi(an) + Ap1r(Bn)
< A +2-sup[L(x,v)+k]=: Aj.
vl=l
By the Cauchy-Schwartz inequality and Lemma 3.5,

5] T+2 2
ﬂwmxwm»s/|wmnms¢m—n{A |mﬁw}

n

< Bk, Ao, T +2)% |t — 11]2.
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So the family {w,} is equicontinuous. By the Arzela-Ascoli Theorem there is a
convergent subsequence of {w,} in the C° topology. This implies that also {x,}
has a convergent subsequence in the C° topology. In the sequel we work with a
convergent subsequence of {x,}.

We can assume that the injectivity radius of M is larger than 2. For n, m large
enough d(x,(s), x,(s)) < 1 for all s € [0, 1]. Let y5 : [0,1] — M be the
minimizing geodesic joining y,(0) = x,(s) to y5(1) = xp(s). Let I : [0, 1] X
[0, 1] — M be defined by I'(s, r) := ys(r). Then

al’ .
‘W(S’r) = |ys(r)| = dM(xn(S)a xm(s)) < dn.m, (32)

where dy ;= supgepo, 1) d(Xn($), Xp (s)). Observe that J(r) = %(s,r) is a
Jacobi field along y; with J(0) = Xx,(s) and J(1) = x,,(s). Since |ys| < 1,
by Lemma 3.4,

BF( )
—(s,r
s

=T = K [[xp ()] + [ Xm ()], (33)

d )‘_‘Ba—r( =170 < K [46)] + [t (34)
75 o s, r =17 s s, )| =) < K[|x, ()] + [Xm (S]],

By Lemma 3.5,
xnllgr < l1%nllg2 < T B(k, Ay, T) =: By,

Xn

T

LT IYnll g2 < Bk, A1, T) =: Bs. (35)
c

Let T)n,m(s) = %_’l"‘(s’ 1) e Txm(s)M and %‘n,m(s) = %—,I?(S, 0) e Tx,,(S)M~ We
have that

2
ds.

(UnY)

1
190, 151 11y = 10, )1 + fo () ds
ar 2ot
o+
From (32), (34) and (3.2),

0 1501 41y < 4000 (0), 2 () + K (2 1617 + 2 ml172)
<1+4K By =: K;.

2% 6
i e

Similarly,
1nm 341 4p) < K-
Also
||77n,m loo < dn,m and ”%_nm loo < dn,m-
Since lim,, ||d(x, 1) Akllx,.7) = 0, for the product norm || - 11 vy x> With
f(T)=g(T) =1, we also have that

lilgn ” dix,, ) Ak ||H1(M)><R =0, (36)
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where the derivative is restricted to the tangent space Ty, 1)22m(q0, q1) [resp.
T(x, 7yAm]. Therefore given ¢ > 0 there is N > 0 such that

for every n > N and [[nll31yy) < K1 with n(0) = n(1) = 0 when (x,,T) €
Qum (g0, q1) and n(0) = n(l) when (x,,T) € Apy. We can take n = n,,, and
n = &, m defined above over (x,,, T) and (x,, T') respectively. Therefore

axn Ak

(. T) n”HWM) )

“ax’"Aki(xm,T) *NMnm — 8X,,Ak|(me) : én,m HHI(M) <Eé&

From formula (7) for d,.A;, we have that
1 . .
X X
/ T |:<V)CL<XM7 _m)’ 77n,m> - <VXL<X,1, _n>’ %_n,m>:| ds +

0 T T

1 . .

+/ VoL Xm, )ﬁ , ﬁn,m —{ VoL xp, ﬁ , é_n,m ds
0 T T

for m,n > N. Since L is quadratic at infinity,

<é&

(37

ViL(x,v
by ;= sup [VxL 0 )l 2)|x < 400
coyerm 1+ vz

The first term in (37) is bounded by 2 T b, (14 Bzz) dp,m. Consequently the second

integral in (37) is small for big m, n.
Observe that the integrand in the second term of (37) is

<VvL <xm, Tm>, 77n,m> - <VUL(XI17 ?n)’ %-n,m>

1 ar D oI
= <VUL (F(s, r), T E(s, r)) , a a—r(s,r)>

/1D v, (1 )1ar( ) Dar( Y
= e S, r), ——(S,r , — —§,r r
o dr v T 0s ds or
/IBVLFIBF ar+aVLrlar 1 Dar Dard
== C [ R [ R r
o\ Tas) or " T ds) Tdrds  dsor
1 1or\ ar D ar
= VLD, =—— ) —, —— ) ar
0 T os or ds or

+/18VL1"18F 1 Dar Dard 38)
—_—— " ——— — — r
o \ " "T ds) Tdrds’ dsor ’

1

r=
r=0

here 9, V,L and 0,V,L are the partial derivatives of the second component of
™ > (x,v) — (x, VyL(x, v)) € TM with respect to the splitting Ty ) TM =
H @ V described below. The partial derivative 9, V, L (x, v) coincides with the
second derivative of v = L(x, v) € T, M in the vector space T, M.
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Since L is quadratic at infinity,

bs 10x VyL(x, v) |l
3 1= -
(x,v)eTM 1+ |vlx
Then, by (33), (32) and (34),
, ! 1ar|7|ar||Dp ar
| first term in (38)] < |1+ |=—|||—]| |——]| dr
0 T 0s or | |ds or

L. . . .
=b3 [1+?K(|xn(5)| + |Xm(s)|):| A, K (150 ()] + 15 (5)1).

By (3.2) and Cauchy-Schwartz inequality,

1
1
/ |first term in (38)| ds < b3 (2K By + - 4K%BY) dym =5 0.

Since 2 331; = dQ%—F from (8) we have that
D T |?
/ [second term of (38)] ds >/ / 0— ——| drds.
ds or

The integral of (38) corresponds to the second term in the left of (37). Since the
first term in (37) is small, we get that

1 1
lim
n,m——+o0o 0 0

Using (32), in H! (M) x R* we have that

D T |?

dr ds =0. (39
ds or

1 ar 2
dLCon, T, (o, TP < f ) ar
o 19 e
1 2 Ll par|?
:/ di’-i—// ——| dsdr
0 o Jo |ds or
1 ,l 2
D oT
<dz, + / / ——| dsdr.
o Jo |ds or
By (39), {(x,, T)} is a Cauchy sequence. O

The remainder of this section is devoted to the proof of
Proposition 3.13 Suppose that L is Riemannian at infinity. Let A | be a connected
component of Q(qo, q1) or Ay If a sequence {(xy,, T)}hnen C A1 satisfies
1 .
|Ag (xp, T)| < Aq, ||d(x,,,T,,)-Ak || < - and limsup T, = +o0,
n

then there exists a Borel probability measure ., invariant under the Euler-
Lagrange flow, supported on a connected component of the energy level E = k,
which has homology p (i) = 0 and whose (L + k)-action is zero.
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In the proof of this proposition we cannot use Lemma 2.2.(2) on the equiv-
alence of the metric of H!(M) x R* to the metric of H'(R™) x R* on local
charts because the times 7}, are not bounded. Here we shall use strongly that the
Lagrangian is Riemannian at infinity and not only quadratic at infinity.

We first fix the notation used in the proof of Proposition 3.13. There is a canon-
ical splitting of the tangent space

ToTM = H(O) ® V (0)

where the vertical subspace V (0) is the kernel of the derivative dym of the pro-
jection m : TM — M and the horizontal subspace H () is the kernel of the
connection map K : TyTM — Tr@)M. Both subspaces are naturally iden-
tified with T,o)y)M =~ H(0) ~ V(f) in the following way: a tangent vec-
tor ¢ = (h,v) € H @ V has horizontal and vertical components given by
h=dyn(¢) € TroyM ~ H(@®) andv = K () € Tr9yM =~ V (0).

The Sasaki metric on TM is given by

(C1,82)0 1 = {dom(81), dg7 ($1))m(0) + (K (£1), K($2))n(0)
= (h1, h2)z0) + (V1, V2)7(0),

where §; = (hj,v;)) e HO) DV (6),i =1,2.

We endow T*M with the metric for which the identification TM <— T*M
induced by the Riemannian metric (x, v) <> (v, ), = p is an isometry. Under
this identification, the canonical symplectic form w = dp A dx on T*M is sent to
the form

(81, 82) = (K (1), dm(2))x — (K (£2), dmw(81))x
= (v1, h2)e) — (v2, A1)reo)-

We shall ambiguously use this identification in the rest of this section.
Let H : TM — R be the hamiltonian associated to L:

H@m%=t@%@mh—L@wH peTiM.

veTy

The hamiltonian vector field X on TM is given by ixw = —dH. Its flow lines
solve the hamiltonian equations

D
¥=VpHx,p). - p=-VH(x, p).
When seen in TM, V, H and V,H are the projections to the horizontal and ver-
tical subspaces of the gradient of the hamiltonian A with respect to the Sasaki
metric. The hamiltonian flow of H is conjugate to the Euler-Lagrange flow of
L by the Legendre transform L(x,v) = (x,VyL(x,v)) = (x, p). This is,
(p, )x = %L(x, v), in the vector space Ty M.
Observe that

ViL(x,v) = -V H(x, p), ifp=V,L(x,v).
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If (x, T) € H(M) x R, x € C*([0, 1], M) and & € T, 1y (x(0), x(1)), the
partial derivative of the action functional is given by

Tl D
d(x,T)Ak(%_» 0) = / <p’ d_§> - <V,&'H(ya p)9 C)y dtv (40)
0 oy

where y(sT) := x(s), {(sT) := &(s) and p(t) = V,L(y(t), y(t)). Let 7 (¢, s) :
TysyM — Ty M be the parallel transport along y(¢). For ¢ € [0, T] let

'
H,@#) :=7(t,0)-a+ / T(t,s) - ViH(y(s), p(s)) ds,
0

where the constant @ € Ty)M is chosen such that

T
/ T(T,t)-[p@t)+H,(@)]dt =0. 41
0

Let
p(t) = p@t) + Hy (). (42)

Integrating by parts in (40) we have that

T T D
dx 1) A8, 0) = —(Hr 0, |+ /0 <p<r>,ac<z)> dr.  43)
()

Define ¢;(¢) by

t
a1(1) 2=/0 T(t,s)-[p(s)+ He(s)] ds.

By (41), ¢1(0) = ¢(T) = 0. Then if £(s) = ¢1(sT) we have that (£1,0) €
T(x,T)QM (x(0), x(1)) and also (&1, 0) € T(x,T)AM if x(0) = x(1). Observe that

D
7, 510 = p(0) = p(0) + Hi ().

Applying (43), we get

T
dx, 1) Ak (&1, 0) =/0 Ip(t)li(,) dr

< ”d(x,T).Ak H : ||51||(x,T)

T
< gy Ai] - e~ Uo
1

T 2
< |deer A - e UO FIGIS dt] if T > 10.

1

D |2 2
dt:| if T > 10,

E(l

y()
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Therefore?

_o72 .
lollz2qory <€ |dary A . if T > 10. (44)

Proof of Proposition 3.13 We can assume that 7, — +00. Moreover, we can
assume that
T, > n > 10.

Since Ay and d. Ay are continuous on 2,7(qo, q1) and Ajps, by Lemma 3.3 we
can assume that x, : [0, 1] — M is C* for all n. Observe that if g9 = ¢,
T 7y2m (g0, q1) C T, 7yAm. In the sequel we shall only use tangent vectors in
T, 1)2m (g0, q1), so that the arguments apply for both €2 (g0, ¢1) and Apy.

Let y,(t) :== x,(t/Ty),t € [0, T,], and

Pu(t) := VyL(y (1), ya(1)) € TYnM'
Let p, () be defined as in (42) for the path (y, (1), p,(1)):

pu(®) = pu(t) + Hy(0).

In particular

D D
Epn = Epn“l‘va(Yna Pn)- (45)
Since ||d(x,.1,) Akl < %, from (44) we have that

n’

T, , 1 o
I onll 2077 = [ /0 1O, ) dr} <— (46)
Let s
Ap = {1 € [0, Tu]| lpn )]y, < e 27}
If m is the Lebesgue measure on [0, T, ], we have that
377 » & 2 U _ar?
e in m(A,Ll) < / lon(OI7 dt < — e
0 n
Thus m(AS) < ”1—2 ¢~Ti and hence
1 —T2
m(Ay) >T, — e} e n, 47

We assume that the Riemannian metric on M has injectivity radius larger than
2. Since the Lagrangian is Riemannian at infinity then the Hamiltonian is also
Riemannian at infinity: H (x, p) = % |p|)2( when |p|y > R. Define R; > R by

1 1
ER% = sup {H(x,m, 3 IV, H (x, p)I2

1 2
Pl <R ZER-

3> Inequality (44) is our fundamental estimate for the rest of the section. Observe that since, by
definition, p(¢) = V,L(y, y), the first hamiltonian equation y = V,H(y, p) follows from
the Legendre transform of H. Thus the quantity p(¢) = p(¢) + H, (¢) measures the deviation of
(y(1), p(t)) from being a solution of the second hamiltonian equation p = —V,H (x, p). Our
problem now is to obtain a true invariant measure from this £2 estimate.
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Let di > |k| be such that
1
H(x, p) > 3 |p|§ —dy, forall (x,p)eTM. (48)

Choose Ry > 0 such that

Ro > max{R;, 10(|k| +d1 + 1)}. (49)
In particular

Hep =5 IpE if Ipl, > Ro.

Also
VpoH(x,p)=p and V,H(x,p)=0 if [p|x > Ro.

Lemma 3.14

1
[plx < Ry <= H(x,p) < 3 Ré < |v|x < Ro, wherev = V,H(x, p).

Proof If H(x, p) > %R(z) > %R% then |ply > R, v = V,H(x,p) = p
and H(x,p) = 5|pl?. Hence |v|, = |ply > Ro. If [ply > Ro > R then

H(x,p) = 5|pl2 = R If [, = [V,H(x, p)lx = Ro > Ry then |p|, > R,
v=V,H(x,p)=pand H(x,p) =1 |pl? =1 |v2 > L R2. O

We start by estimating the difference between (y,, p,) and an orbit of the
hamiltonian flow.

Lemma 3.15 Giventy € [0, T, ], let (x(t), q(t)) be the solution of the hamiltonian
equations
x=VyH(x,q), q=-—VH(x,q),

with initial conditions x (ty) = y,(to), q(to) = pn(to).
There is ng > 0 such that if n > no, to € A, and |p,(to)| < Ro, then for all
t €10, Ty],

dM(-x(t)a yﬂ(t)) < 17
2
drm[(x (@), ¢(0)), (@), pa@)] < 1P D]y, ) + € I, (50)
Remark 3.16 The bounds in Lemma 3.15 are actually made for z; defined in (52)
instead of the distance between (x(¢), ¢(¢)) and (y,(¢), p,(¢)).

Proof We only prove the estimates for r > ty. The case t < ¢ is similar.

Recall that using Lemma 3.3, we are assuming that y, is C°°. For all ¢
[0,T], let y; : [0, 1] — M be a geodesic joining x(¢) to y,(t) such that y; (s)
ya(to) for all s € [0, 1] and that f (s, t) := y,(s) is C*. Let

M m

e, o = |y| = length(y;) > dp (x(2), yn(2)).

Let I, be the maximal interval in [0, 7, ] containing #y such that |e;| < 1 for all
tel,.
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We first prove that there is B = B(L, Rg) > 0 such that for all n, if | p,, (fp)| <
Rpandt € I,,, then

dru[(x(0), g (), Gu(®), Pa)] < 1oa O]y, ) + (14 ) 10, (t0)1, (10)
+ B lpull 20,7, - (51)
Let A;(s2, 51) : Ty,(spM — Ty,(5,)M be the parallel transport along y;. Let
ze =+ [pn(t) — Ar(1,0) - q (], 1) - (52)
Let A; : [0, 2] — TM be the curve defined by
(), A5, 0) - q(0)) if0<s <1,
)= {(y,,(t), —Dpi@®+2—-5)A,(1,0)-q@) ifl <s<=<2.
Then
drm((x (1), (), (ya (1), pn(1)))
< length(A;)
1 2
< [ ds 10 = 41010 - ds
< Z;.

Recall that f(s,t) = y,(s). Then

1 1 P P
e,=/ e?ds=f |y',|2ds=/ <af f> ds.
0 0 0 \9s 35/ r(p

y; = 0, we have that

[\S}

Dof _
ds 9s — ds

L, o[, o
2 df 0 dt as F(s.0) 0 ds as f(s.0)

<—(1 1), (1 f)> —<—f(0 1), f(O f)>
ey N9t (1)

= (yn(?), )/t(l))y,,(t) — (A (1,0) - x(@), Ai(1,0) - %(0))y, )
= () — A (1,0) - x (@), e (D), 1)
< @) — A (1,0) - XDy, ) er- (54)
Since py, = VyL(Yu, ¥n)s Yo = VpH(yu, pn). Since V,H(y, p) = p when
Iply > Ro, (x, p) = V,H(x, p) has bounded derivative on TM. Let K| > 1
be a bound for its derivative. Then
1yn = Ar(1,0) - | = |VpH (Y, pn) — Ac(1,0) - V,H (x, )|
1
D
5/ d—[A,(l,min{Zs, 1)) - Vo, H(A:(25))]) ds
0 N
_/1 D
B 0 ds

< K length(A;) = K z.

Since

(55)
VpH(A(25))| ds
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Thus, from (54),

Since ¢;, = 0,
0

I]]dZ t
e,=/ -4 ds</Klzxds (56)
1 1

Let T(t2,t1) : Ty,cpM — Ty, 1,)M be the parallel transport along y, (7).
Since p, (tp) = q(tp), we have that

T

D
pn(t) — A (1,0) ~61(T)=f I'(z, f)[ palt) — —A +(1,0) - Cl(t)}

fo

:/ T(z, t)|:Dpn + V, H(ynapn)]dt
fo

+ / T(r,t)[Ai(1,0) - VeH (x, q) — Vi H (yn, pn)ldt (57)
I

+ /r T(t,t) [—A,(l, 0)-ViH(x,q) — %A,(l, 0) ~q(t)i| dt.
I

Since Vi H (x, p) = 0if |p|x > Ro, the function V, H has bounded derivative on
TM. Then, as in (55),

T

the norm of the second term in (57) < / K> z; dt,
fo

where K> is a bound for the derivative of V, H. We estimate the third term. Since

(x, @) is a solution of the hamiltonian equations,

b ViH(x,q).
—q=- X,
a1 q

Let F(s, 1) := Ai(5,0) - 2 qg(t) = 2 Ai(5,0) - q(t) € Tf(5,)M, then F(0, 1) =0
and

D D D D
—F(s, 1) = [Az(s 0) - —fZ(f) A (s,0) - 61(1)]

ds ’ ds
_o. DD
= —az ((5,0) - q()
D D f of
= —— 45,0 q(t)]-i—R(aS oy )[A (5,0)-q(1)]

(Vt(s) f)[At(s 0) - q (0],

where R is the curvature tensor. Let K3 > 1 be such that |R(u, v)w|, <
Ks|uly |v]x |w|y forallx €e M, u,v,w e TyM.
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Observe that J(s) = %(s, t) is a Jacobi field along the geodesic y; with
J(0) = x(), J(1) = y,(¢t) and that if r € I, then |y;| < 1. By Lemma 3.4
there is K4 > 1 such that

‘%‘ < Ky [lx @)+ [ya(®)]]  forall (s, 1) € [0, 1] x 1.
Ot | r(s.1)
Then, using (55),

D

‘%F(S’ D < Kze Kq[|Xx@)] + [yu(@)1] 1g(0)]

< Kze Kg [IX@)| 4 [yn (1) — Ar(1,0) - X (0)] + [X (@] g ()]
= K3Kye [2 XD+ K1 z/] lg@)].

Since, by hypothesis, |¢(f)| < Ro, by Lemma 3.14, E(x,x) = H(x,q) <
%R% and hence, by Lemma 3.14, |X(¢)] < Rp and |¢(t)] < Rp for all ¢. Let
Ks :=2KK3K4.Ift € I, then |e;| < 1 and hence

1
D
IF (1Dl = ‘0+/ A1,8)- —F(s,1) ds
0 ds

Yn(®)
1
< / [Ks R§ e + Ks Roz,| ds
0
<2KsRjz forallt €1,
Thus, when 7 € [,

T T
|third term in (57)] sf |F(1,0)l,,¢) dt <2Ks R(%/ z, dt.
I I

From (52), (56), (57) and (45) when 1 € [, we get that

tT t b t)| dt
fm[(r,rapn()]

T

T
—|—K2/ z dr+2K5R3/ z, dt
1o

fo

T
ZT§K1/ z; dt +
Iy

yn(7)

T

22 < |pn(@) = T(T.10) - puli)],, 1) + B / 20 di (58)

fo
T

zr < |pn(Oly, ) T 1on @)1y, 1) + B/ zpdt whent €I,
fo
where B := max{l, K; + K» +2 K5 R%}. Let u(t) := ft; z; dt. Then, using (59),
we have that

d
E(e—’“’—’o) u(t)) = e B0 (z, — Bu(r))

< e—B(t—lo)( 1on ()], ) + |:0n(t0)|y,,(to)) fort € I,.
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Since u(ty) = 0,

T
u(t) < eB(’*fo)/ =BT 1 on )]y, ) dt
0]
T
+eB(t—f0)/ e_B(t_IO) |,0n(2‘0)|yn(f0) dt
fo
eB(—1t0) eB—1)
< o1l lonll 220, 7,1y + B

lon (10) ]y, 1p) Whent € I.

Then from (59), if T € I,,,

It = |;0n(f)|yn(r) + |,0n(f0)|yn(t0) + Bu(t)
< 1on (@, ) + 1o 01y, 1)

5 _
+/5 " T onll 2o + €T 1oy, -

Since B > 1, \/g < B. This completes the proof of (51).
Since lim,, T,, = 400, by (46), there exists ng > 0 such that if n > ng then

BT,

n

(14 BTy =377 < %e*Tﬂz

1 2 1 _2
BeBTn ”pn”[]([o’Tn]) <Be e 21 < Ee T”,

and

1
K, (—\/Tn 2T 4T, e_r,g) <1
n

Ifty € A, then |p,(2p)] < e’%Tnz. Thus if n > ng each of the last two terms in (51)
is bounded by % ¢~Ti . This validates (50) whent € I,,.

It remains to prove thatif 7o € A, then I,, = [0, T,,]. Let I, = [a, b]. From (56)
and (50) we have that for 7 € I,,,

T T

T
|mmwh+m/nfﬁdu

fo

K]Z[d[le/

I

W@@JWDS&S/

fo

_72
< Ky llpallc2qo.r,yy V1T —tol + Ky |t — o] e
1
<K, (E 2T T, + T, e—Tnz>

< 1.

If b < T,, since t — e¢; is continuous, I,, could be extended. Then b = T,,.
Similarly, @ = 0. O

Lemma 3.17 Ift € A, and n is large enough then

3
|H (yn (1), pu(1)) — k| < . and  |pp()| < Ro.
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Proof
Claim 1. A, N {t € [0, T,]||pn(t)| < Ro} # ¥.
Proof Letd; > |k| be from (48). Since ||d(y, ) Axll < &

n’

1 fTn 1
= / [H(yn,pn)—k]dt < —.
0 n

oA
Ty In

oT

Then
Ty

1 Tn 1
3 R -l zRo])sf G dts/ [H (. pu) + di] di
0 0

1
=< |:k+d1 + —i| Tn-
n

2[k+di + 1]

m([|pnl = Rol) < R%

Ty

1
< T T,, from (49).
Therefore, using (47),

m(A, N [|pal < Rol) = T, — m(A5 Ullpal = Rol)
1 1

>Th—=——Ty

n 10
> 0.

This proves Claim 1.

Claim 2. There exist K = K(Ry) > 0 and n; > 0 such that

|Pn(t)|y,,([) < KRo) llpn®ly, iy + 11, Vi €[0,Tn]l, VYn>nj.

Proof By Claim 1 there exists ty) € A, such that |p,(f9)| < Ro. Let (x(¢), g(¢))
be the solution of the hamiltonian equations with initial conditions x (ty) = y, (),
q(10) = pn(t). By Lemma 3.15, dy (x (1), ya (1)) < 1 forall ¢ € [0, T,]. Given
t € [0,T,], let y : [0,1] — M be the minimizing geodesic joining x(¢) to
yn(t). Let Ay : [0, 2] — TM be defined by (53), let e, := dp(x(¢), y,(¢)) and let
zy :=e; + | pp(t) — A;(1,0) - g(¢)| be as in Lemma 3.15. Then

H (yn(t), pu(t)) — H (yn(t0), pn(t0))
=H(y,(t), pu(®)) — H(x(t),q(t))

1
- /0 (VH (A ), 74(5)),, ) ds

2
+‘/1 (VpH(Ai(5)), pa(t) — Ar(1,0) - q(0))y, ) ds.
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Since VH (x, p) = 0 when |p|; > Ry, there is dp > 0 such that
IViH (x, p)|l, <dp forall (x, p) e TM.
Since Vp, H (x, p) = p when |p|; > Ry, there is d3 > 0 such that
\VpH(x,p)|, <|pli+d3 forall (x, p) € TM.
Then
[H (yu (), pn()) — H (yn(t0), pn(10))]

1 2
< / dye, ds + / [0l + 19Oy + ds] 20 ds.
0 1

Since |p,(to)| < Ro, by Lemma 3.14, H (y,(t0), pn(10)) = H(x(1),q(1)) <
I RZ and |q(1)| < Ro for all . Let dy := max{da, d3}. Then

|H (yn (1), pn(0)) — H (yn(t0), pn(to))| < [Ipn(D)] + Ro + 2d4] z;. (59)

Suppose first that |p, (t)| > Ro. Then H (y,(t), p,(t)) = % |p,(t)*. In this
case we have that

1
3 |pn()I* < Ho + 1pn(0)] z; + [Ro +2da] z,

where Hy := H (y,(t9), pn(tp)). Using that Hy < % RZ, we get

! 1
5 [pn (@] — Zt]z < Ho+[Ro+2d4] z; + 3 th

1 1
§—R%+R02z+52,2+2d421

— N

IA

§[R0+Zr]2+2d4zz-

1pn()| < 20+ VIR0 + 21> + 4ds 7, . (60)

The other case is when | p, (#)| < Rp. Since the right hand side in (60) is > Ry, the
inequality (60) is valid for all € [0, T},]. Using the identity (a+b)* < 3 (a>+b?),
we have that

|pn(> <322 +3[Ro+ 2,1+ 12ds 2,

< ds [2,2 + R} ] for some constant ds > 0,
RE
< ds(Ro) |:Zz + E] for some dg(Ro) > 0,

1 2
< dg(Ro) [| on()] + e T 4 —} using Remark 3.16 and (50),

\8}

< de(Ro) [ pn ()| + 117 if n is large enough.
Now let K (Rp) := +/ds(Rp).
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Claim 3 There is ny > 0 such that if n > ny and t{, t» € A, then

1
|H (yn(t1), pn(11)) — H (ya(22), pn(t2))] < .

Proof By Claim 1 and the triangle inequality, it is enough to prove thatif 7o € A,,
|pn(to)] < Rop and t; € A, then

1
[H (ya(t1), pu(t1)) — H (yu(to), pn(to))| < E

Let (x(¢), g(¢)) be the solution of the hamiltonian equations with initial con-
ditions x (tp) = yn (%), q(to) = pn(to) and let z; be as in Claim 2.

If 11 € Ay, n > ng, then |p, (11)] < =27 and by Remark 3.16 and (50),
2o < lon)] + e <2770
From (59) and Claim 2, we get that
|H (yn(t1), pn(11)) = H (yn (10), pn(to))| < [K(Ro) (Ipn(t)] + 1) + Ro +2d4] z,

< [K(Ro) (72T + 1) + Ry +2ds] 2774
- L
2n

if n is large enough. O

We now finish the proof of Lemma 3.17. Let d7 > 0 be such that

1
‘H(x,p)—E Ip|2| <d7 forall (x, p) € TM.

Then, using Claim 2, and the inequality (¢ + b)? < 3(a? + b?),

/.

n

H |

1
fA <§ PG +d7) dt

n

IA

IA

1
5 K(Ro)? | (pa®)| + D*dt +dym(AS)
Aj

IA

3 3
5 KR llpallZe + [5 K (Ro)* + d7} m(A5)

1 3 1
K (Ro)? — =17 4 [5 K(Ro)* + d7] — e7T7, using (46) and (47),
n n

IA

IA
S| = W

, if n is large enough.
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Since [|d(x,.7,) Acll < +

n’

oA 1 T
- = (H (yn, pp) — kldt| < —,
or (v, Tn) Tn 0 ! ! n
Ty
T,
‘/ [H (yu, pn) — kldt| < —
0 n

Therefore

T
< + k| m(AS) + 7

/ H dt —km(Ay)
Ap

|
A¢

n

1 k T,
< —+|—2|e‘Tn2+—”. 61)
n
Lett € A,. By Claim 3, we have that
1
Hdt —m(Ap) H(yn (1), pa(1))| < ;m(An)- (62)
An

Adding (61) and (62) we get that

1 1 ke T T,
[H(yn(t), pa(t)) — k| m(Ap) < ;m(An)'i‘;'i‘ 2 + —

n
HOu 0. )~k < 2Ly W T
Y > P - = = S
e n " nmAD A (T, - e TF)
3
< - if n is large enough.
n

Since by (49), |[H (y (1), pa(1))| < [k|+1 < 3 R3, by Lemma 3.14, | p, (1)| <
Ro ift € A, and n is large enough. O

Let v, be the Borel probability measure defined by

1
/f dv, = —i /A Fn (@), pa(0)) di

for any continuous function f : TM — R. By Lemma 3.17 we have that

NG B
supp(v,) C H k—;,k—i—; CH (k—1,k+1)].

Since H~'([k — 1, k + 1]) is compact, there exists a convergent subsequence Vp;

in the weak™ topology. Let
V= limv,,.
1

Then
supp(v) € H ™' {k}.
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Lemma 3.18 We can assume that v is supported on a connected component of
H~ k).

Proof If k is a singular value of H then H~'{k} contains a singularity of the
Hamiltonian flow. In that case a Dirac measure supported on the corresponding
singularity of the Lagrangian flow satisfies the thesis of Proposition 3.13.

If k is a regular value of H then there is ¢ > 0 such that each of the finitely
many connected components of H ~!(Jk—e, k+¢[) contains exactly one connected
component of H~!{k}. Since the measures v, are supported on the images of the
connected curves y, and supp(v) € H 1k — e,k +¢[) forn large, we can take
the convergent subsequence v, in a single connected component of H 1k —
&,k +el). O

Lemma 3.19 The probability v is invariant under the hamiltonian flow.

Proof Given0 < s < 1 let

[N]

T,

3

_372 _3
Dy(s) :={r € [0, T,1 | lpn ()| < e 2T pu(t +5) <e2
= Ay N (Ap — ).

},

Then m (D \ [T, — 5. Tul) < m([0, Ty — 51N {AS U (A, =)D < % e”77, and

m(Dy) >T, —s — n%e_T"Z >T, —2.

Let Y : TM < be the hamiltonian flow. Let F : TM — R be a continuous
function with compact support.

Givent € D, C A,, by Lemma 3.17, |p,(¢)| < Rp. Observe thatt + s € A,.
By Lemma 3.15 we have that

Ara[s O (8, pu(©)). Gu(t + ). put + )] < |pu(t + )| + e 77

1
<e 3 e Th <2, ifnis large.
n
Since F is uniformly continuous then
OF, 1) := sup [F@) - Fw)| == 0.

d(z,w)<%

Since by (47) m(A,) > T, — 1, m(D¢) < 2 and % < 1, we have that

VF d(tp;"vn)—/F dvy

Hence, forall0 < s < 1,

mDy) 1 /IF s — F|
[¢] — N
m(A,)  m(Ay) Jp, S Onpn)

+0(F, 1)y Lo

’n

=2 [IFlls

_ 4Pl
=T, 1

/Fd(w;kv)z/‘de. o
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Let 4 = £,(v) be the push forward of v under the Legendre transform £ :
T*M — TM, £(x, p) = V,H (x, p).

Lemma 3.20 The homology class p(u) € Hi (M, R) of wu is zero.

Proof If we are working on Q37(qo, q1), let y = y, be a minimizing geodesic
joining the two common endpoints y (1) = go = y,(0), ¥ (0) = q1 = y,(Ty) of all
yn. If we are working on Ay, let y,, be the constant curve y, (1) = v,(0) = y,(T,),
t €10, 1].

Let ., be the probability measure defined by

T"i )
TMfdM”i = Tni 1 [L f(yn,'(s)v yn,’(s)) ds

1
[ F o170 ) ds }
0
for any continuous function f € F with quadratic growth:

wp @) <+oo}.

verm 1+ [v]?

F = {f e CUTM, R)

We show that for any f € F,

1im/ fduy = /fd,u = 1im/ fd(&vy,) = / f d(Lyv). (63)
We have that

“d _m(An,-) d(g
/f Mni_Tni_-Fl/f (Lsvy,) +

+ o L.
Ty +1 ‘(é’ni g Tn +1 Aﬁ-f

Observe that either y, is a constant curve or y, does not depend on n. Then

1
lim/fdun,. =lim/fd(£*vnl.)+0+limT
1 1 1

nj

fog
Ag

1
/ ! ]

nj

fokL.
A

Let || fll 7 := supyerm li(\z)é Then

/fo):snfnf/ [1+v]*]og.
A Af
Let d3 > 0 be such that

1€, Pl = [VpH (. p)|, < Iply +ds.
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Then, using Claim 2 in Lemma 3.17 and the identity (a + b)? < 3 (a* + b?),

[1+[v]*]og

2
< / L+ (120,010 + 5]
A¢

n

< (1+3d35)m(AS) +3K(R0)2/Ac [onm (O] + 117 dt

< (1+3d5) m(45,) + 3K R0 [3 | o [ +3m(45,)]

,4Tn2i
< (1+3d3)-2+3K(Ro)*- [3- ¢ —+3- 2} by (47) and (46).
nj
So that
li =0,
1ime i) fof
and hence (63) holds.

Let 7, be the closed curve n, = y, * y, and let [n,] € H{(M,Z) be its
homology class. Since all the y,’s are in the same free homotopy class, ¢ = [7,]
is constant in n. Let w be a closed (bounded) 1-form and [w] € H'(M,R) its
cohomology class. Observe that @ has linear growth, in particular v € F. Then

1
/ wdu:lim/  dy; =lim—fa)
™ ! ™ ! T”i Mn;

= lim L([a)],ot) =0. ]

! n;

Finally, we prove that the L 4 k action of u is zero. Since L is quadratic at
infinity then L € F. By (63), we have that

[L+kldu = lim/ [L + k] dupy
™ ! ™

ALtk (Yn) + ALk (Vy;)

= lim
i Ty +1
li Ak(xn,- s Tn) + Ak (V)
= |1m = 0
i Ty +1
This finishes the proof of Proposition 3.13. O

4 Energy levels satisfying the Palais-Smale condition

In this section we prove Corollary B. Let L =L :TM — Rbe the lift of L to the
universal cover M of M.
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Lemma 4.1  Identify S' =0, 11/0=1.
Leto € [SY, M] be a free homotopy class of closed curves in M. If k > ¢, (L)
then
inf{lAy(x,T) | x €0, T >0} > —0c0.

Proof Fix y € o. Since x and y are freely homotopic, there are points p €
y([0, 1]), g € x([0, 1)) and acurve z : [0, 1] — M, with z(0) = p, z(1) = g such
that z % x s z~! % y~! is homotopic to a point. We can assume that x (0) = q and
y(0) = p. Then there are lifts X, y, Zg, z1 of x, y, z such that zy * X * z1 Uy y~1
is a closed curve in M. Let @ be the deck transformation of the covermg M- M
such that ¢(Zg) = Zj. Let X, := ¢"(X), y, := ¢"(y) and z,, := ¢"(2). Slnce
the curves z, * X, * Eil * in’l = ¢"(Zp * X * Z| - 351 are closed in M

n il and §, have the same endpoints. Hence the curve

W= Zgx (X %X~ *xn)*in_i] # (7w -o % 370 % 571 s closed in M.
GivenT >0letS:=14+®+1)T +1+ (n+1)and 7(¢) := w(z/S). Since
k > ¢y (L),

AL = Az, D+ 4+ D A, T+ AL D+ i+ D Ay D = 0.

Dividing by n + 1,

the curves zZ, * X, % Z

1
?Ak(Z 1) + Ak(x T) +

Letting n — +o0o we getthatforall 7 > Oand x € o

1Ak(z—l, 1) > —AG™ D).

A, T) = =A™ 1. O

Proof of Corollary B Let A1 be a connected component of €2,7(qo, 1) or Apy.
Let (x,, T,) be a sequence in A such that

1
G Tol < A and - [ldeg, 1y A < -

Claim If the energy level E~'{k} does not contain singularities of the Euler-
Lagrange flow and T, is bounded from above, then there is a convergent sub-
sequence of (x,, Ty).

Proof By Propositions 3.8.(ii) and (iii), lim inf,, 7,, > 0. Since T}, is bounded, by
Proposition 3.12, (x,, T,) has a convergent subsequence.
Suppose that k > ¢,. If (x,,T,) € A1 C Qu(qo,q1) let (z,,S,) =

(xn * x(;la Th+1) € Ay. If (xp, Ty) € A1 C Ap let (zn, Sn) = (xn, Tp)-
By Lemma 4.1, B := inf, A, (z,, S,) is finite and so

A+ max{0, Ax(xg ', D} = Ak, Sn)
= Acu (zn, Sp) + (k—cy) Sy
Hence S, is bounded and so T}, is bounded. Since &k > ¢, > ey, the energy level

E~!{k} does not contain singularities of the Euler-Lagrange flow. By the claim,
(x,, T,) has a convergent subsequence.

v

B+ (k—cy) Sy.
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Now assume that Ay C Q(qo, g1). Since all the curves x, have the same
homotopy class with fixed endpoints, there are lifts g, g1 € M of qo, g1 and lifts
Xy, of x,, such that for all n, (X,, T,) € Q57(Go, 41).

Suppose that i, = +00. Since

A > Acu (xXp, Ty) > chu (6707 671§ T,)

and

he, (Go, g1) = liminf @, (go, g1; T) = +o0,
T—+o0

the sequence T, is bounded. If £~'{c,} contains a singularity (¢2, 0) of the Euler-
Lagrange flow, then L (g2, 0) + ¢, = 0 and

n
he, (@2.42) < lim inf / [L(g2.0) + ] di =0,
0

This contradicts i, = +00. By the claim, (x,, T,;) has a convergent subsequence.

If he, # 400, the proof of Theorem C in [7] applies to our action functional
A, with our riemannian metric, showing that A., does not satisfy the Palais-
Smale condition. Indeed, the Palais-Smale sequence (x,, T,) obtained from there
has lim,, T, = 400 and is made with solutions of the Euler-Lagrange equation
joining any two given points go, ¢1 in the universal cover M. Take their projections
Xp = 7 o X,. Then the curves x, are in the same homotopy class. Since the
curves x, are solutions of the Euler-Lagrange equation, %Acw (xn, Ty) = 0 and

k — E(x,, %) is constant. The theorem proves that

:‘k—E(x,,,x—">‘—n>O. 0
Tﬂ

|| d<xn ’Tn)ACu

a ACM
= ‘ (xXn, Ty)

oT

5 The mountain pass geometry

In this section we show that a small closed curve of a given length ¢ contained in
the the projection of the energy level E~!{k} has positive (L + k) action bounded
away from zero. This gives a mountain pass geometry when we consider families
of curves going from a constant curve, with arbitrarily small action, to a curve
with negative action® .

In the case of closed curves in Ay, without a basepoint, we need that k >
eo(L), because otherwise a family of curves could move by constant curves until
it leaves the projection 7 (E~!{k}), where it already becomes negative, without
passing through a curve of length ¢ inside 7 (E ! {k}).

6 This resembles the phrase by Taimanov in [33]: “constant curves are local minimizers of
the action” for magnetic flows. But in our case the constant curves are not critical points for
Ay, because they don’t have energy k, and also the gradient flow of —.Ay is not complete on a
constant curve (xg, T') because T reaches zero at a finite gradient flow time.
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Lemma 5.1 Let 0, be a I-form on M. Let xo € M and xo € V C M be a
neighbourhood of xo. Then there exists an open ball U C V centered at xo in M
and b > 0 such that if y is a closed curve in U then

o
Y

Proof Shrinking V if necessary and using a local chart, we can assume that V'
is a closed ball in R” with the euclidean metric. Moreover, we can assume that
y(0)=0€V C R™. Let b > 0 be such that |d, 6 (u, v)| < b |u||v| forall u, v €
R"™ xeV.Lety :[0,T] = V be aclosed curve. Let F : [0,1] x [0,T] = V
be defined by F (s, t) := s y (). Then

1 T oF
[l ool o2
v F 0o Jo ds

1T
=b / / lyO1-s ly @] dtds
0 Jo

1 T
< b/ / ) -5 170 drds
0 0

< b -length(y)>.

dtds

oF
ot

1
< b/ () s L) ds < b- LY,
0

where £(y) is the length of . Now let U be an open ball for the Riemannian
metric centered at xo and contained in V. O

Proposition C

1. Letxog € M andk > E(xq,0). Then there exists ¢ > O such that if T : [0, 1] —
Q0 (x0, X0) is a path joining a constant loop T'(0) = xo : [0, T] — {xo} C M
(withany T > 0) to any closed loop T" (1) € Q2 (x0, X0) with negative (L +k)-
action, Ap 4+, (I'(1)) < 0, then

sup Ar4x(C(s)) >c > 0.
s€[0,1]

2. Letk > eg(L). Then there exists ¢ > O such that if " : [0, 1] — Ay is a path
joining any constant curve I'(0) = xo : [0,T] — {xo} C M to any closed
curve I'(1) with negative (L + k)-action, Ay +x(I'(1)) < 0, then

sup Ap4x(I'(s)) > ¢ > 0.
s€[0,1]

Proof (1).Letd; € R be such that
E(x0,0) = =y (x0) < dy < k.
Let V be a neighbourhood of x( such that

inf ¥ (x) > —d;.
xeV
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Write, as in Lemma 3.1,

L@JOZ%aWﬁ+%@Y+W@%

where 6 (v) = L,(x,0) - v, ¥(x) := L(x,0) and @ := inf,{v - Ly, (x,v) -
v}/|v]2 > 0.
Let U € V be an open ball centered at xy given by Lemma 5.1 for (xo, V).

Let
1 k—d
0 < £o < min {5 diam(U)), ,/"(2—1721)}. (64)

Claim There exists 0 < so < 1 such that length(I"(sp)) = £p.

Proof Suppose that I'(s1) ¢ U for some s; € [0, 1]. Since s +— length(I"(s))
is continuous, length(I'(0)) = 0 and since length(I'(s;)) > d(xo,U¢) >
%diam(U) > {p, there exists 0 < so < s; such that length(I'(sg)) = €p <
1 diam(U).

Now assume that I'(s) C U foralls € [0, 1]. Write y; :=T(1) : [0, T1] - M
and ¢; = length(y1). By Lemma 5.1 we have that

J
4!

a (T 2 2
25/|n|m—b&+m—mﬂb
0

T

(L
0>AL+k(71)Z§/O aly | di — + Y (yi(0) dr + kT

By the Cauchy-Schwartz inequality,

2

T T,
n / bk dtz(/ y1l dr) =0
0 0
Hence
a
0> Ap4k(y1) = (ﬁ_b> €%+(k—d1)T1. (65)

Since (k — dy) > 0 and T > 0, we have that 2“71 —b <0,1.e.

a
T1 > —.
2b

From (65), we have that

sy k—=dpTi (k—dpTy a(k—dy) 2
£ > b 2 > b > B > L.
T

Since length(I"(0)) = 0, there is s¢ €]0, 1[ with length(I"(sg)) = £o. O
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Since length(I'(sg)) = £p < %diam U and U is an open ball centered at xg
and I'(sg) € Q27 (xg, xp), we have that I'(s9) C U. In particular, the right estimate
in (65) holds for I (sg). Let

f@ = (
If I'(sg) : [0, To] — M, then
Ar+x(T(s0)) = f(To) = g{l f(@) =4&lv2a(k—dy)—bly] =:c>0,

la (k —dy) J2a (k —dy)
Ly < < .
2 b2 b

(2). Since k > eg(L),

a

— 2 —
- b) 3+ (k —dp)t.

because

k > sup E(x,0) = ep(L). (66)
xeM
Let Uy, ..., Uy be a finite cover of M by open balls given by Lemma 5.1 with
corresponding constants b; = b;(U;) > 0. Let ro > 0 be such that any ball of
radius ro in M is contained in one U;. Write b = maxj<;<y b; and let

0<£0<min{r0, ,/%}. (67)

LetI" : [0, 1] — Ay be a path joining a constant curve I'(0) = xo : [0, T] —
{xo} C M to aclosed curve I'(1) with negative (L + k)-action, A; ¢ (I'(1)) < 0.

Claim There is so € [0, 1] such that length(I"(sg)) = £o.

Proof Suppose that length(I'(s)) < £g for all s € [0, 1]. Since ¢y < rop, for
each s € [0, 1], I'(s) is contained in some U;. From (66) we have that ¥/ (x) =
—E(x,0) > —eg forall x € M. Let £ := length(I'(1)). Then the same argument
as in item (1) proves that

61 > 2—1)2 > ZO.
Therefore there is so € [0, 1] such that length(I"(sg)) = £p. O
Let

50 = (57

Since length(I"(s9)) = £o < ro, ['(sg) is contained in some U; and we can apply
Lemma 5.1. Therefore, if I'(sg) : [0, To] — M, then

AL+ (T'(50)) = g(To) = tlgﬂi%r}r g(t) = Lolv2a (k —ep) —blo] =: ¢ >0,

—b) €+ (k= eo)r.

because

ak—eg) /2ak—epy)
202 b
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6 Some results on Morse theory

Let X be an open set in a Riemannian manifold and f : X — R be a C? map.
Observe that if the vector field —V f is not globally Lipschitz, the gradient flow
Y of — f is a priori only a local flow. Given p € X, define

a(p) :=sup{a > 0|s — Y,(p) is defined on s € [0, a]}.

We say that the flow ¥, of —V f is relatively complete on [a < f < b] if for
a < f(p) < b, either a(p) = +ooor f(Yp(p)) < aforsome0 < B < a(p).

We say that a function 7 : X — [0, 400 is an admissible time if t is differ-
entiable and 0 < t(x) < «(x) for all x € X. Given an admissible time 7 and a
subset F' C X, define

Fr = {¢r(x) |x € F}.

Given a closed subset B € X, we say that the function f satisfies the Palais-
Smale condition restricted to B at level ¢, (P S).,p, if any sequence {x,} C B with
lim, ||df (x,)|| = 0 and lim, f(x,) = c has a convergent subsequence.

Given a closed subset K C X and x € X, define

d(x.K) = inf d(x.k).

In the case when K is empty, define d(x, @) := oo.
Given ¢ € R, § > 0 and a closed subset B C X, define

Kep:={xeB|f(x)=c, df(x) =0},
Wesp:=1{x € B|d(x,K.p) <},
Ves,g:={xeB|lldf0)| <48, |f(x)—c| <}

Lemma 6.1 Let X be a Riemannian manifold and f : X — R a C! function.
If f satisfies the Palais-Smale condition (PS). p at level c restricted to B,
then

i. K. piscompact.
ii. The family {W, s p}s>o0 is a fundamental system of neighbourhoods of K. p
relative to B.
iii. The family {V.s p}s=o0 is a fundamental system of neighbourhoods of K. p
relative to B.

Proof

(1) By (PS).,p any sequence in K. p has a convergent subsequence. Since df
is continuous and B is closed, the limit is also in K. p.

(i) Suppose item (ii) is false. Then there is a relative neighbourhood U of
K. p with K. p C U C B, and a sequence x, € We 1/, N UC. Then there is
a sequence y, € K. p such that d(x,, y,) < % Since K. p is compact there is a
convergent subsequence z = limy y,, € K. p. Also, limg x,, = z € K. p. This
contradicts x,, ¢ U for all n.

(iii) Suppose item (iii) is false. Then there is a relative neighbourhood U of
K. p with K. p C U C B and a sequence x, € V¢ 1/,,8 N UC. By (PS). B
there is a convergent subsequence z = limy x,,. Since f € C',z € K. p. This
contradicts x,, ¢ U for all n. O
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Lemma 6.2 Let X be a Riemannian manifold and B C A C X closed subsets
such that A contains the 1-neighbourhood of B:

{xeX|dx,B) <e}CA.
Let f : X — R be a C? function. Let ¢ € R be such that

i. f satisfies the Palais-Smale condition (P S). a at level c restricted to A.
ii. The flow of —V f is relatively complete on [| f — c| < &2] for some &3 > 0.

Given any neighbourhood N of K. 4 relative to A and €3 > 0, there are 0 < ¢ <
8 < &3, such that for all 0 < ) < ¢ there is an admissible time t(x) such that

Ft CNU[f<c—A] and t(x)=0o0n[|f —c|=3],
where F = ([ f <c+e]lNB)U[f <c— Al
Proof By Lemma 6.1, there are 0 < §, p, n < min{e, €3, 1} such that

Ves,a CWepa CWeopa CVeyaCNC A.

1 {s% 52 ,08}
g:=—-mini—, &, &3, —, — ¢.

Let
2 2’ 27 2
Let 2 : X — [0, 1] be a smooth function such that

0 ifxe VC’%)A UIllf(x)—c| > 48],

= 8
MO=91 dtxemosn |:|f(x) —cl < 5].
Since f is C 2 the vector field Y (x) := —h(x)V f(x) is locally Lipschitz.

Since § < &3, by hypothesis (ii), the flow 1 of Y is complete.
Let y; be the flow of —V f. Define 7(x) by ¥¢(x)(x) = n1(x). We show that
7(x) is an admissible time. Write 1, (x) = V(5 (x), then

d
Y (ns(x)) = —h(ns(x)) Vf(ns(x)) = —i V f(ns(x)),

so that Z—E = h(ns(x)) and

1
T(x) =/ h(ns(x)) ds < 1.
0

Therefore t(x) is finite and differentiable.
Letx € F.If x ¢ B then f(x) <c— Xandhence f(n1(x)) < f(x) <c—A.
Let x € F N B. We can assume | f (n5(x)) —c|] < % for all s € [0, 1]. For, if
not, since s + f(ns(x)) is non-increasing and at s = 0, f(x) <c+e¢e <c+ %,
then we already have that

fWeo(x) = fOn(x) = Sei[r(l)fl] fns(x)) <c— g <c-—e.
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We can also assume that
ns(x) e A foralls € [0, 1]. (68)

For, if not, since x = no(x) € F N B and A contains the &-neighbourhood of B,

1
e1 < length [njo,1(x)] =/0 1 (ns (X)) V f(ns Q)| ds

1

1 3 ’ 5
2 2 2
5[/0 P V7] ds} 5[/0 0 IV ds} ,

1

and so

1
f(m(X))Zf(X)Jrfo (V. Y)ds Sc+8—/0 hVEIP ds

56+8—8%<c—8.

Suppose that x € FNB and ng(x) ¢ Vi 5.4 foralls € [0, 1]. Then A (ns(x)) =
1 for all s € [0, 1]. By (68), ns(x) € AN (Ves.4)€ forall s € [0, 1], and so
IV f(ns(x))]| = 6 forall s € [0, 1]. Then,

1
fmx)) <c+e —/0 h(ns () IV f (s I ds
§c+e—82§c—s.

Now suppose that x € F N B, ny(x) € V.54 for some so € [0, 1] and
ni(x) ¢ N. Let

spo=inf{s > 50| ns(x) & Vs al,

s2 i =inf{s > 51| ns(x) ¢ Vc,n,A} <1
By (68), the image of [0, 1] > s + ny(x) is in A. Since the segment [sy, s2] >
ns(x) crosses the annulus of width p: W2, 4 \ We 4, inside of A, we have that

5
p < lengthings, ] < / hns () 1V f (sl dis

S1

e
<< / BV FI? ds, because f, oi(r) C AN (Ves 4)
\)

Since s, < 1,
1
f(m(x))§c+e—f0 IV FI? ds
<c4+e—pd<c—es.

Therefore

Fe=m{F) SNU[f <c—el o
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Given a function f : X — R on a topological space X, we say that x € X
is a strict local minimizer of f if there is a neighbourhood V of x in X such that
fO) > f(x)forally e V \ {x}.

Let F be a family of subsets F C X. We say that F is forward invariant if
F, € F forall F € F and any admissible time 7. Define

c(f, F) = sup f (x).

inf
FeF xeF

Proposition 6.3 Let X be a Riemannian manifold and f : X — R a C? function.
Let F be a family of subsets of X. Suppose that

i. The subsets F € F are connected.
ii. Fis aforward invariant family.
iii. c:=c(f,F) eR.
iv. The flow of —V f is relatively complete on [c — &3 < f < ¢ + &3] for some
& > 0.
v. There is a closed subset B C X such that:
Ve >0, Ar €]0,¢[, IF € Fsuchthat F CBU[f <c—MXland F C[f <
c+ el
vi. There is €1 > 0 and a closed subset A C X which contains the &-
neighbourhood of B such that f satisfies the Palais-Smale condition (P S). A,
restricted to A at level c.

Then K. o # W, i.e. f has a critical point X in A with f(x) = c.
Moreover, if
sup inf f(x) <c, (69)
FeF el

then there is a point in K. s which is not a strict local minimizer.

Remark 6.4 1t is enough to consider admissible times 7 (x) such that 7(x) = 0 if
f(x) <c— 6 for some § > 0. For, the value of c(f, F) does not change and the
proof of Proposition 6.3 only uses this kind of admissible times.

Proof Suppose that K. 4 is empty. Let ¢, § > 0 be given by Lemma 6.2 for
N = () and €1, &2, and ¢3 = 1. By hypothesis (v), there is F € F such that
F CBU[f <c—Aland F C [f < c+¢]. By Lemma 6.2 there is an admissible
time v, witht =0on [f < ¢ — §], such that F; C [f < ¢ — A]. This contradicts
the definition of c(f, F).

Now suppose that K. 4 consists entirely of strict local minimizers of f and
that inequality (69) holds. Let &9 > 0 be such that

sup inf f(x) <c —2eyp. (70)
FeFXeF

For each x € K. 4 let N (x) be a neighbourhood of x such that f(y) > f(x)
forall y € N(x) \ {x}. Let

No:= U N©).

xeKe A

Let N := AN Np.



376 G. Contreras

Let 0 < ¢ < § < g be given by Lemma 6.2 for ¢, B, A and Ny. By hy-
pothesis (v) there are A €]0,¢[ and F € F suchthat F C BU[f < ¢ — A]
and F C [f < ¢+ ¢]. By Lemma 6.2, there is an admissible time 7 such that
Tl[fSC,(g] = 0and

F, SNU[f <c—2SNoUIf <c—2l.

By definition of Ny, the sets Nog and [ f < ¢ — A] are disjoint, and so N U[f <
¢ — A] is disconnected. By hypothesis (i) and (ii), F; € F is connected, so that
either F; C Nor F; C [f < c—A]. Since A < & < ¢gp and the value of
f decreases under the flow of —V f, by (70), F;: N [f < ¢ — A] # ¥. Hence
F: C [f < c¢ — A)]. This contradicts the definition of c( f, F). O

We shall use the following “mountain pass” theorem.

Corollary 6.5 Let X be a C? Riemannian manifold and f : X — R a C? func-
tion. Let p,q € X and
c:=inf sup f(y(s)),
Vel sefo,1]

where T :={y :[0,11 = X |y € C°, y(0) = p, y(1) =q).

Suppose that
i. ceR.
ii. The flow of —V f is relatively complete on [c — ey < f < c¢ + &3] for some

& > 0.

ii. max{f(p), f(q@)} <c.
iv. There are closed subsets B C A C X such that

(a) f satisfies the Palais-Smale condition (P S). a, restricted to A, at level c.
(b) For some g1 > 0, A contains the g1-neighbourhood of B.
(c) Forall ¢ > 0, there exist As €]0, e[ and v, € T such that

Ye([0,1) CBU[f =c—2ADN[f =c+el

Then c is a critical value of f. Moreover the set
Kea={xeX|xeA df(x) =0, f(x)=c}
contains a point which is not a strict local minimizer.

Proof Let F := {y([0,1])|y € C°(10, 1, X), y(©) = p, y(1) = ¢}. Let
& > 0 be such that max{f(p), f(q)} < ¢ —28. Then ¢ = c(f, F) and the family
F is forward invariant when we consider only admissible times 7 (x) such that
7(x) = 0 when f(x) < ¢ — 6. Then Proposition 6.3 and Remark 6.4 prove that
K. A # ) and that K. 4 contains a point which is not a strict local minimizer. O

Applying Proposition 6.3 to the family of subsets F = {p}, p € X, and
B = A = X, we obtain

Corollary 6.6 Let X be a C? Riemannian manifold and f : X — R a C? func-
tion. Suppose that

i. c:=infyecx f(x) > —o0.
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ii. The flow of —V f is relatively complete on [c — & < f < ¢ + ¢] for some
e>0.
iii. f satisfies the Palais-Smale condition (P S). at level c.

Then c is a critical value of f.

Now we concentrate on the relative completeness condition for the action func-
tional A;. For completeness we present the following statement:

Lemma 6.7 Suppose that f : X — R is C2, y is the gradient flow of — f and
the subset [a < f < b] C X is complete. Then the flow V; is relatively complete
onla < f <b].

This lemma can be found in [7, Lemma 22], but its proof is similar to the
first part of the proof of Lemma 6.9 below. Recall from Remark 3.11 that the
spaces Ay and Q37(qo, ¢1) are not complete with our riemannian metric. Also
the gradient flow of —.A4; is not complete as the following example shows.

Example 6.8 The gradient flow of —. Ay is not complete.

Let (go, 0) be a fixed point of the Euler-Lagrange flow, let x : [0, 1] — {go} be
the constant curve, let T > 0 and let y(t) = x(¢/T). Since x is a solution of
the Euler-Lagrange equation, from (7) or (16), we have that the partial derivative
0y Ag)(x, T) = 0. But

24

1
- 2/0 [k — E(qo,0)] dt =k — E(q0,0).

(x.T)

Suppose that £ > E(qo,0). Leta := k — E(qo,0) > 0. Since the metric on the
R* factor of H' (M) x R is the euclidean metric, the gradient flow W, of —A
at (x, T') has differential equations Z—’s‘ =0and ‘;l,—f = —a. Then

U(x,T)=(x,T — as),

which leaves the space H!(M) x R through (x, 0) in finite time.

One could change the riemannian metric (2) in such a way that HY (M) x {0}
lies “at infinity,” for example replacing the first term in (2), (4) by /T 2. In that
case the Hilbert manifolds A and 2,7 (go, ¢1) become complete and the gradient
flow of — Ay becomes relatively complete by Lemma 6.7. Indeed, in the example
above we would have

A 1
&k ‘a:aa:—z(aaTz):(aTz,a)T.
Thus the projection V7 A to the Rt component of H! (M) x RT of the gradient
of Ay is a T?. The differential equations for Wy become % =0, % = —aT?
and Uy (x, T) = (x, (T~ ' +as)™).

Nevertheless, such a change in the riemannian metric would make Proposi-
tion 3.8. and Theorem A false. Indeed, in Proposition 3.8 items (i), (ii) and (iv)
would still hold but not item (iii) because inequality (31) would have a factor 7}, on
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the right hand side. In the example above, the sequence (x,, T,)) = ¥, (x, a_l) =
(x, a(n—lH)), with Ty = a~!, would satisfy

Ag(xn, Ty) = Ty[L (o, 0) + k] = 0,

1
or A ,Ty) - o k — E(qo,0)] ds
i 1oy A | <2 A1 C0n To) - @ |_lo otk = Eo.O1ds|
10, )l .7, la| /Ty,
because y,(t) := x,(t/T,) = qo is a solution of the Euler-Lagrange equation

for all n and hence, by equation (16), 3, A (x,, T,) = 0. Therefore (x,, T,) is a
Palais-Smale sequence, but it is non-convergent because

distance[(x,, T,,), (xo, To)] = dist[(x, T,), (x, Tp)]

: / | RO Y LB R
Z/O ”(va(s))”(x,f(s))ds—/o o] ds—/T ;du—>+oo,

n

where f : [0, 1] — [T, To] is a diffeomorphism. But the energy E (x,, %) =
E(qo, 0) = k — a is not converging to k.

Also Theorem A becomes false. For, in the example above we can take M #
T2 and a lagrangian of the form L (x, v) = % |v|§. + ¢ (x), with ¢ (x) non-constant,
a regular energy level £~ {k} with

—max¢p(M) <k > ep(L) = —min¢p (M)

and go € M a minimum of ¢. Then (qo, 0) is a singularity of the Euler-Lagrange
flow with energy eo(L), so thata = k — E(qo, 0) > 0. The example above gives a
non-convergent Palais-Smale sequence. Thus E~!{k} does not satisfy the Palais-
Smale condition for the metric defined above.

But the energy level £~ !{k} contains no invariant probability as those in The-
orem A. Indeed, in Proposition C.2 below we prove that such regular energy lev-
els for L are of contact type. Suppose that u is such an invariant probability in
E~Yk}, with Ay x(n) = 0 and p(u) = 0. Since M # T2, by Lemma 10.1,
7y » HI(E7Yk},R) — H{(M,R) is injective. If S(u1) is the asymptotic cycle
of u (see Sect. 10), then 7, (S(n)) = p(u) = 0. Therefore S(u) = 0. Since
Ap 4« () = 0 this contradicts Corollary C.4. O

Lemma 6.9 Forall k € R, if0 ¢ [a,b] C R, then the gradient flow of — Ay on
Ay or Qp(qo, q1) is relatively complete on [a < Ay < b].

Proof Write [ = Ar : Ay — R [resp. f = Ar @ Qum(q0,q1) — R] and let i,
be the flow of Y = —V f. Then

[§)

[§)
ViWs(p)-Y (Ys(p)) dsz/ 1Y (s (p)I1* ds.

F W ()= f Wy (p))=— /
n
a1

31
Moreover, using the Cauchy-Schwartz inequality, we have that

15}

2 th
AW, (p). ¥, () < [/ 1Y (s () dS} =l —tul / 1Y (s (p)I* ds.
151 1
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Thus
AW, (p)s Ui (D) < 12 — t1] |f Wy (P)) — F Wiy (P))]- (72)

Let I = [0, o[ a maximal interval of definition of ¢t — ,(p). Suppose that
a < f(W(p)) <bfor0 <t < a < oco. By inequality (72), for any sequence
sy, 1 o we have that n — v, (p) = (x5,, T (s,)) is a Cauchy sequence in Ay N
la < f < b] (resp.in Quy(qo. 1) N[a < f < b]). Then

To=1mT(s) € [0+ oco[ exists.
sta
If 0 < To < +o0, since all such {y, (p)}, are Cauchy sequences, ¢ =
limgyo ¥s(p) = Yo (p) exists. Since f is C2, we can extend the solution ¢

Y (p) at t = «. This contradicts the definition of «.
If Ty = 0, then there is a sequence s, 1 « such that

dT( ) =0
— 1 (S .
ds n) =

Since L is quadratic at infinity, there exist constants ag, a1, bg, b1, co, c; > 0 such
that

co v} —c1 < L(x,v) +k <bov[} + b1,
E(x,v) Za0|v|§—a1. (73)
Write Ty, := T (sy), yu(t) := x5,(t/T,). Then

oA _

O>dT( ) = = k+1/TnE( V) dt
—T(sy)=—— =— — ,
~ ds " oT T, Jo s I

a (T,
z—k—al—i-—/ [vn|” dt.
Tn 0

Since lim,, T,, = 0, this implies that

T,
lim/ Iya]? dt = 0.
nJo

Also, from (73)

T,

T)I n
m/ Mﬁm—qESmWQMSM/ 3l di + by T
0 0

Hence lim, Ay (xs,, T,) = 0. This contradicts the hypothesis Ay (xs,, T,) €
la,b] #0. O

Corollary 6.10 For all k € R, if q0,q1 € M, qo # q1 and b € R, then the
gradient flow of — Ay on Q(qo, q1) is relatively complete on [A; < b].

Proof By Lemma 3.6, if g9 # ¢ then
inf{T" > 0] (x, T) € Qm(qo, q1) N [Ax <]} > 0.

Therefore the case Ty = 0 in the proof of Lemma 6.9 does not happen. O
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Corollary 6.11 Let Ay be a connected component of Ay or Qp(qo, go) with
non-trivial homotopy class. For all k,b € R, the gradient flow of — A on Ay is
relatively complete on [Ar < b].

Proof By Lemma 3.7, the case Tp = 0 in the proof of Lemma 6.9 does not happen.
O

7 Generic Palais-Smale condition for the Mountain-Pass geometry

Proposition 7.1 Given yy, y1 € Ay [resp. Qy(qo, q1)] let

C(yo, 1) :={I' : [0, 1] — Ay [resp. Q1(qo, q1)] |
[ is continuous, T'(0) = yy, T'(1) = ).

For k € R, let
c(k) ;= inf max  Ar(I'(s)).
reC(yo.y1) sel0,1]

Suppose that for some ko € R we have that lim,,_, Kt c(k) # 0 and

c(ko) > max{Ax, (v0), Ak, (Y1}

Then there exists € > 0 such that for Lebesgue almost every k €lkg, ko + €[, c(k)
is a critical value for Ay on Ay [resp. Q1(qo, q1)], with a critical point which is
not a strict local minimizer.

Proof Observe that for all k& € R, the number c(k) is finite and c(k) >
max{A(y0), Ar(y1)}. Since for all y € Ay [resp. Q2u(qo, ¢1)] the function
k — Aj(y) is non-decreasing, k — c¢(k) is non-decreasing. By the continuity of
Ay in k, the functions k — Ay (yp) and k — Ak (y1) are continuous. Let £ > 0 be
such that’

max{Ar(y0), Ar(y1)} < clkp) < c(k) #0 forallky <k <ko+e. (74)

Write I, :=]ko, ko + €[. Since the function ¢ : I, — R is non-decreasing,
by Lebesgue’s Theorem there is a total measure subset of I, where c(-) is locally
Lipschitz, i.e. the subset

K= 1{kel,|AM > 0,38 > 0,V|8] < 8 : [c(k +8) — c(k)| < M|S|}

has total Lebesgue measure in /.

Now fix k € K and a sequence k, > k with lim, k, = k. By the definition of
¢ in (74) the functionals Ay, , A, both show a mountain pass geometry with the
same set of paths C(yp, y1)-

Let I';, € C(yo, y1) be a path such that

max Ay, (Fy(s)) < c(ky) + (kn — k). (75)
s€[0,1]

7 Observe that the function k > c(k) may be discontinuous, in particular, we allow kg to be
a discontinuity point for k — c(k).
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Let M = M (k) > 0 be given by the property k € K. Let B C A C Ay [resp.
Qum(qo, q1)] be the closed subsets defined by

B:={,T) € Ay [resp. Qu(qo,qD] | T = M +2},
Ar={(x,T) € Ay [resp. @y (qo, gD | T = M + 3}.

Then A contains the %—neighbourhood of B in Ay [resp. Q27(qo, g1)]. Since
from (74), c(k) # 0, by Propositions 3.12 and 3.8.(i), the functional A satis-
fies the Palais-Smale condition restricted to A, at level c(k).

By the choice k € K, the function k£ + c¢(k) is continuous at k. Since k +—>
A (y) is increasing,

max Ax(T,(s)) < max A, (T, (s)) < c(kn) + (ky — k) — (k).
se[0,1] — s€[0,1]

If s € [0, 1] is such that
Ae(Tn(s)) > (k) — (ky — k),
then I'),(s) = (x, T) with

T — Ay Tn(8)) = AT () _ ekn) — cB)
B kn — ]i B kn — Ii

+2 < M(k)+2,

if n is large enough.
Given § > 0, let n be so large that

clkn) —c(k) + (kn — k) < 4,
0<Xy:=0ky,—k) <.
Then
T,([0, 1) C (B U [ Ak < c(k) — An]) N[Ag < c(k) + 6]

Since c(k) # 0, by Lemma 6.9 the gradient flow of —A; is relatively complete
on [c(k) — &, c(k) + €] for some ¢ > 0. Now Corollary 6.5 implies that A has a
critical point in A which is not a strict local minimizer. O

8 The displacement energy

Write 1 := [0, 1]. Given a subset A € T*M let H.(I x A) be the set of smooth
functions H : I x T*M — R whose support is compact and contained in I x A.
Tosuch H € H.(I x A) we associate its Hamiltonian vector field X y,, defined by

o(Xp,,-) =—dH(-), where ® = dp A dx, and its corresponding Hamiltonian
flow h;. The set of functions in H.(/ x A) which do notdepend on ¢ € I is denoted
by H.(A).

We say that F € H.(A) is slow if all non-constant contractible (in T*M)
periodic orbits of its hamiltonian flow f; have period > 1. Define the 7-sensitive
Hofer-Zehnder capacity of A by

¢y 7(A, T*M, w) :=sup{max F | F € H.(int A) is slow}.
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The equivalence of this definition of the Hofer-Zehnder capacity with the original
definition in [13] is proven in Theorem 2.9 of [11].
Given H € H.(I x A) define its norm || H || as

1
|H]| := / (supH(t, z) — inf H(t, Z)) dt.
0 zeA

zeA

The displacement energy e(A, T*M, w) of a compact subset A C T*M is defined
as

e(A,T*M,w) :=inf{||H|| | H € Hc(I x T*M), hi(A)N A = @},
where /1 is the time 1 map of the hamiltonian flow of H.

Lemma 8.1 Given an open subset U C M there is a smooth function p : M — R
whose critical points are all in U.

Proof Let f : M — R be a Morse function. Its set of critical points C(f) =
{x1,...,xn} is finite. Let {y,-}fvz1 be a collection of disjoint smooth curves y; :
[0, 1] — M such that y;(0) = x; and y;(1) € U. Let {Bi}l].v= be a collection of
disjoint tubular neighbourhoods of the curves y;. For each i, let 4; be a smooth
diffeomorphism of M with support in B; such that /; (y;(1)) = x;. Now let ¢ =
foh10~~-oh]\]. O

Proposition 8.2 Ifk < eg(L) then e([H < k], T*M, w) < +o0.

Proof Write N := nw([H < k]). Since k < eg(L) we have that U := M \ N is
a non-empty open subset of M. Let ¢ : M — R be a smooth function such that
all its critical points are in U. Consider the Hamiltonian G (x, p) := —¢(x). Its
Hamiltonian equations are

i= V,G=0,
[7 = —V.G =d.¢.

Its Hamiltonian flow is g;(x, p) = (x, p +t d,¢).
Since N is compact, minyey |dy@p| > 0. Since [H < k] is compact, there is
T > 0 such that
gr(lH <kDN[H < k] =0.

The set W = U,G[O’T] & ([H < k]) is compact. Let A : T*M — [0, +o0[
be a smooth function with compact support such that Ajyy = T.Let F := AG :
T*M — R. Then F has compact support and its Hamiltonian flow satisfies

fs(,p) =gsr(x,p) whenH(x,p) <k and 0<s<1.

Therefore f1([H < k])N[H < k] =@¥,andhencee([H < k], T*M,w) < ||F| <
—+o00. O

Corollary 8.3 For Lebesgue almost every k < eg(L) the energy level [E = k]
has a periodic orbit which is contractible in M .
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Proof By Theorem 1.3 in [28] (also [10]), c;_[Z(A, T*M,w) <4 e(A, T*M, w).
From Proposition 8.2, we get that ¢3;,([E < k], T*M,w) < +oo forall k <
eo(L). A standard argument using the Hofer-Zehnder capacity [13, p. 118-119]
shows that almost all energy levels [E = k], k < ep(L) have a periodic orbit
which is contractible in T*M but possibly non-contractible in [E < k]. Since
T*M retracts to the zero section M x {0}, the projection of the closed orbit to M
is contractible in M. O

9 Loops, closed orbits and conjugate points

Proof of Theorem D (a) We first prove that for all k > ¢, (L), E~'k} contains a
periodic orbit. By Corollary B, Ay satisfies the Palais-Smale condition.

Suppose first that 71(M) # 0. Let 0 € [S!, M] be a non-trivial free ho-
motopy class. Let A, be the connected component of Ay, corresponding to o. By
Lemma 4.1, Ay is bounded below on A, . Since o is non-trivial, by Corollary 6.11
the gradient flow of — A4 is relatively complete on [A; < b] N A, forany b € R.
By Corollary 6.6 there is a minimizer of Ay on A,.

If ;y(M) = 0, then ¢, (L) = ¢co(L) = ¢(L) and k > c¢(L). Since M is closed,
there is some non-trivial homotopy group m,(M) # 0. Choose a non-trivial free
homotopy class 0 # o € [S¢, M]. Amap f : S* — M with homotopy class o
can be seen as a family F of closed curves in M (see e.g. [16, page 37]). Let F
the set of all such families corresponding to the homotopy class o. Clearly F is a
forward invariant family. Since the homotopy class o is non-trivial, (cf. [16, Th.
2.1.8, page 37]):

inf max length(x) =:a > 0.

FeF (x,T)eF
By inequality (9) there are a;, b > 0 such that L(x,v) > aj|v|, — 2b for all
(x,v) € TM. We can assume that b > k. If (x,T) € Ay is a closed curve with
length £ > a, bounded action Ay (x, T) < « and speed |v/|, then

T T
zz:[/ |v|} sT/ v]?,
0 0

T 2

¢
o> Ap(x, T) zm/ > —=2bT + kT zal?—(Zb—k)T.
0

2

Hence 2b —k)T? +a T —a£*> > 0. Since T > 0 and ¢% > a?, we have that

—o 4o +42b—k)aja®

T > =:d > 0.
2(2b —k)
And then
A, Ty = Acy(x, T) + [k —c(D]T
>0+ [k—c(L)]d > 0.
Thus

c(F):= inf sup Ai(x,T) > [k —c(L)]d > 0.
FeF (x,T)eF
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Since ¢(F) # 0, Corollary B, Lemma 6.9 and Proposition 6.3 with B = A =
X = Ay imply that there is a critical point on A )y for Ay.

By definition of ¢, (L), if eg(L) < k < c¢,(L) then there is a closed curve
(x1, T1) € Ay homotopic to a point, such that A (x1, T1) < 0. Then Proposi-
tion C.(2) and Proposition 7.1 imply that for almost every k €]eg, ¢, [ there is a
critical point for A in A s with ¢(k) > 0: i.e. a periodic orbit with trivial homo-
topy class and positive (L + k)-action which is not a strict local minimizer.

The case k < eg(L) is proven in Corollary 8.3. The closed orbit obtained in
Corollary 8.3 could be a singularity of the Euler-Lagrange flow. But in that case k
is a critical value of the energy function. By Sard’s theorem that can only happen
on a set of measure zero of values of k.

(b) For item (b) and k > ¢, (L) the proofs are similar to those of item (a)
working on Q37(qo, qo). Namely, if 71(M, gp) # O one finds a minimizing
loop in a non-trivial homotopy class. If 71(M, gop) = 0 we decompose a map
(St, N.Pole) — (M, qo) in a non-trivial homotopy class of (M, go) into a fam-
ily of closed loops in ©37(q0, q0)-

For E (g0, 0) < k < ¢, (L), item (b) follows from Proposition C.(1) and Propo-
sition 7.1 similarly to item (a).

(c) If k¥ < ¢, and the Palais-Smale condition holds, the proof is similar to
items (a) and (b), but now using Corollary 6.5, with B = A = X instead of
Proposition 7.1. O

Now we will prove Theorem E. Let H : T*M — R be the hamiltonian as-

sociated to L and v, its hamiltonian flow. Recall that two points 6, 6, are said
conjugate if there is T € R\ {0} such that

0 =Yr(01) and dp 7 (V(61)) NV (62) # {0},

where V (0) := kerdgmw C Typ(TM) is the vertical subspace and & : TM — M
is the projection. This definition coincides with the one given in Sect. 1.3 because
the Legendre transform L£(x, v) = (x, L,) maps the vertical subspace of T, TM
to the vertical subspace of Tz, \T*M.

Proposition 9.1 Suppose that the forward orbit of (xo, vo) has no conjugate
points. Let y : [e, T] — M be the solution y(t) = m(¢;(x0, vo)). Let xo 7(s) :=
y(Ee+s(T —¢)),s € [0,1] and k := E(xg, vo). Then for all T > & > 0 the
solution (xg. 7, T — €) is a strict local minimizer of the free time (L + k)-action
Ar on Qu(y(e), y(T)).

In [7, p. 663] we gave an example of an orbit segment (x, T = 7) which has
no conjugate points and which is not a local minjmizer of A; on Q7 (x(0), x(1)).
But in that example the forward orbit of (x(0), @) has a conjugate point at time
t = 2 (it is the same lagrangian as in Example A.3, p. 949 in [5]).

Proof Let H : T*M — R be the hamiltonian associated to L, v, its hamilto-
nian flow and X its hamiltonian vector field. Let ® = dp A dx be the canonical
symplectic form on T*M. Given 6 € H ~'{k}, let

Si=H k), Zpe) =TrgMNZ, VO):=kerdgm = Ty(TjeM) and
Az@) = Ur=0 Y1 (Zr(9))-
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Then Ty ¥ ,9) = V(0) N Ty X and

ToAr@y = V(O)NTHE) & (X (0)) =: W(0),
Ty, 0)Arn@) = dv (W(9)) .

By definition iyw = —d H, hence ixw|rs = 0. Since the vertical subspace V (6)
is lagrangian, we get that Ay () is an invariant lagrangian submanifold of 7*M
inside the energy level X. Since V' = ker dm, the kernel of the projection dm |
restricted to Az (g) is

kerdy, )7 (A, =V (¥:(0)) Ndy (W (0)).

By Proposition 1.16 and Remark 1.17 in [5], if the whole forward orbit of 6 has
no conjugate points then V (1 (0)) N diy,(W(0)) = {0} for + > 0, and hence
the derivative of the projection dy, )7 |, ,, is injective along the forward orbit
Vi(0),t > 0.1f T > & > 0, then the projection 7|, is an immersion in a
small tubular neighbourhood N C A gy C H~'{k} of the compact orbit segment
Ve, 71(0).

Now fix 6y := L,(xp, vg). Observe that if the tubular neighbourhood N is
small enough, then N is either contractible or N is homeomorphic to a solid torus
and the orbit of 6y is periodic with period smaller than or equal to T — &.

If (x, p) € N we have that

7(6)

k=H(x,p)= sup p-v—L(x,v).
vel M

Since N € H~'{k}, for any curve (z(s), ¢(s)) inside N,
q(s)-2(s) < L(z,2) +k,

with strict inequality if L,(z,2) # q € N.

Now let (y,S) € Qu(y(e),y(T)) be a curve near (x. 7,7 — ¢) in the
metric of Hl(M ) x RT. Since the time parameters S, T — ¢, are bounded, by
Lemma 2.3, if (y, S) is sufficiently near (x. 7, T — ¢) then the Hausdorff distance
du (y([0, 1]), x¢, 7 ([0, 1])) is small. In particular, y is homotopic to x, 7 with fixed
endpoints and y([0, 1]) C w(N). Let z(¢) := y(S) and let (z(s), ¢(s)) be the lift
of z to N with ¢(0) = . (6p). Then (z, ¢) is homotopic in N to the orbit segment
Yr1e.71(00) with fixed endpoints. Since N is a lagrangian submanifold of 7*M, the
Liouville 1-form p dx is closed on N. Then

Ar(xer, T — &) = ?g (L +k) =f pdx
v Vi (6o)

:7{ pdxf?ﬁ(L + k) = A (v, S), (76)
(z,9) z

with strict inequality if ¢ (s) # L,(z, Z) on a set of positive measure. Thus y |j¢ 7]
is a local minimum of the (L + k)-action.

We now show that y |, 7] is a strict local minimum of the (L 4+ k)-action. Let
L :TM — T*M be the Legendre transform £(x, v) = L, (x, v). Observe that the
hamiltonian vector field X satisfies

dmnoX(x,p) = E_l(x, p) forall (x,p) e T*M.



386 G. Contreras

Suppose that (76) is an equality. Then ¢(s) = L,(z,z) € N for almost every
s € [0, S]. Therefore

z= ﬁ_l(z, q) =dm(X(z,q)) foralmostevery s € [0, S]. (77)

Since z(s) is continuous, its lift ¢(s) is continuous. Hence, from (77), its deriva-
tive z is continuous. Then equation (77) says that the curve z is an orbit of the
projection of the hamiltonian vector field on N. Since X is tangent to N, N is
Y,-invariant and the lift (z, ¢) is unique, we have that (z, ¢) must be an orbit of
X. Since z(0) = y(¢) and (z(0), g(0)) = ¥-(6p), we have that z(z) = y (¢) for all
t € [e,T]. Since z(S) = x,7(1) = y(T), either S = T — ¢ or fy is a periodic
point and |S — (T — ¢)| is a multiple of its period. Since we are assuming that
|S — (T — ¢)] is small, S = T — ¢. Therefore (76) is a strict inequality unless
(z,8) =1, T — o).

O

Lemma 9.2 I[fH : T*M — R is a convex superlinear Hamiltonian, then the set
of energy levels k € R such that H='{k} has an orbit with a conjugate point is
open in [min H, +o00][.

Proof Backgorund information for this proof can be found in [4]. Let o = dp Adx
be the canonical symplectic form on 7*M and let

G:={E CTyT*M |0 € T*M, dimE = dim M, o|g =0}

be the Lagrangian Grassmannian bundle over T*M . The Maslov cycle associated
to the vertical subbundle V := kerdmw C T(T*M) is

A:={EeG|ENV #{0}}.

The Maslov cycle A is a compact stratified submanifold of G of codimension 1
which defines a homological cycle [A] € H| (G, Z) because it has no codimension
2 strata. Moreover, it is transversally orientable.

Given a continuous curve I" : [a, b] — G whose endpoints are in G \ A, the
Maslov index 9(I") of T is the oriented intersection number of I" with A. Then
M(I") is a homotopy invariant of I" under homotopies with endpoints in G \ A.

Given 6 € T*M,let Ty : R — G be the curve I'y(t) = dpy (V(0)), where
Y is the Hamiltonian flow of H. The convexity of H implies that if the curve I'g
intersects the Maslov cycle A, then the intersection is positively oriented. More-
over, the set {r e R | I'g(¢) € A}isdiscrete on R. Also,if T > O0and I'y(T) ¢ A,
then for ¢ > 0 sufficiently small

M (Colie,) = Z dim[Tg (£) NV (4 (6))]. (78)

To(t)eA
0<t<T

In particular, the orbit segment o, 77(f) has a conjugate point if and only if the
Maslov index in (78) is non-zero.

The homotopy invariance of the Maslov index and the continuity of ¥, and
dyr; on H and 6 imply the Lemma. O
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Proof of Theorem E  Observe that the convexity of L implies® that
minyer, M E(x,v) = E(x,0). If k¥ > e, (L) then there is xo € M such that
k > E(xg,0). Then Theorem D.(b) says that for almost every k €le,, (L), ¢, (L)[
there is an orbit segment with energy k& which is not a strict local minimizer of
the action functional 4;. Then Proposition 9.1 implies that the forward orbit of
the initial point of such an orbit segment must have a conjugate point. Lemma 9.2
proves that having a conjugate point is an open condition.

If for a specific k €]e,, (L), ¢, (L)[ the energy level E —1{k} satisfies the Palais-
Smale condition then the same argument, now using Theorem D.(c) and Proposi-
tion 9.1, implies that the energy level k has conjugate points. O

10 Contact type energy levels

Fix k € R and let ¥ := H~!{k} be the energy level. Let X be the hamiltonian
vector field for H and v, be its flow. Let # : T*M — M be the projection,
® = dp A dx the canonical symplectic form on T*M and ® = p dx the Liouville
1-form on T*M.

Given a yy-invariant Borel probability measure v supported on X, the
Schwartzman asymptotic cycle S(v) € H (X, R) ~ H'(Z,R)* of v is defined by

(SW), nl) = / n(X) dv
b
for every closed 1-form n on X. The map (7 |x). : H{ (X, R) - H{ (M, R) maps
S(v) to the homology class p(v) of v.

Proposition F [f X is of contact type and w, : H1(X,R) — H{(M,R) is injec-
tive, then Ay, satisfies the Palais-Smale condition.

Proof Let ® = p dx be the Liouville 1-form. Observe that on the energy level X:
OX)=p-Hy=v-L,=L+k.

Suppose that A; does not satisfy the Palais-Smale condition. Let i« be the measure
given by Theorem A and let v = £, (u) be its push-forward under the Legendre
transform L(x, v) = L,(x, v). Let A be a contact-type form on X. Since A(X) #
0, A(X) has a fixed sign on each connected component of H ~Hk), in particular in
the support of v. Since dA = w = d®, the form n := A — ® is closed on X. Since
1.(S()) = p(v) = p(n) = 0 and 7, is injective, S(v) = 0. Then

A = /E OX) dv+0 = fz OX) dv + (SW). [n])

=/(®+n)(X) dv:/ A(X) dv # 0. (79)
) )

This contradicts Theorem A. O

Since for k > ep we have that 7 (¥) = M, the next Lemma 10.1 and Proposi-
tion F prove Corollary G.

8 Seee.g. Lemma 3.1.
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Lemma 10.1 /fdim M > 2 and either

o M +T?or
o M =T%andk < e,

then wy : Hi (X, R) — H{(7(X), R) is an isomorphism.

In the following proof we shall use the lagrangian® version & = E~!{k}. Its
intersections with the fibers of TM, ¥ N Ty M are, if non-empty, convex subsets
containing (x, 0) in its interior which are either homeomorphic to a sphere §”~!
or to a point, when E (x, 0) = k.

Proof Suppose first that k > eq(L) and M # T2.

Since k > eg(L), the energy level ¥ := E~!{k} is isomorphic to the unit tan-
gent bundle of M with the projection 7 : ¥ — M. If M is orientable, the Lemma
follows from an argument using the Gysin exact sequence, e.g. [26, Lemma 1.45].

If M is not orientable and n = dim M > 3, from the exact homotopy sequence
of the fiberbundle 7 : ¥ — M:

0=m (" <5 7(2) 5 1y (M) — 70(S"" 1) =0,

we get that wy : m(¥) — m(M) is an isomorphism. This implies that m, :
H{(X,R) - H{(M,R) is an isomorphism.

If M is not orientable and dim M = 2, from the homotopy sequence above
we get an isomorphism f : 7((X)/imi, — mM). Let h : mi(M) —
H{(M, Z)/Torsion and k : m1(X) — H{(X, Z)/Torsion be the natural homomor-
phisms. We show that imi, C kerk and therefore, £ induces a homomorphism
ki :7m1(2)/imi, = H1(Z, Z)/Torsion- Indeed, the fiber F' = S! lies inside a Klein
bottle K inside ¥, which is 7~ !(y), where y is a closed curve containing the
base point 77 (F) along which M is non-orientable. Then the generator 1 of the
fundamental group of the fiber 771 (F') = Z is represented by a cycle which is ho-
mologous in X to itself with inverse orientation. Hence its image in homology is
torsion and thus k(ix(1r)) = 0 € H{ (2, Z) /Torsion-

The following diagram commutes. There kj and % are surjective and f is an
isomorphism.

(D imi, > m(M)

ki I h
Ty
Hi (X, Z) /Torsion —> H1(M, Z) [ Torsion

Then m, is surjective. Suppose that w(a) = 0. Let b € 71(X)/imi, be such that
k1(b) = a and let c = f(b). Then h(c) = 0. Hence some power ¢” is in the com-
mutator subgroup of 1 (M). Since f is an isomorphism, 4™ is in the commutator
subgroup of 71(X)/imi,. Therefore a = k1(b) = 0. Thus 7, is injective. Hence
7, is an isomorphism and also in real coefficients m, : H{ (X, R) — H{ (M, R) is
an isomorphism.

Now assume that k < eg(L). Let B := 7(X) and let E = TéM be the
restriction of the unit tangent bundle to B. Let = be the equivalence relation on
E defined by (x,v) ~ (y,w) iff either E(x,0) # 0 and (x,v) = (y,w) or

9 The hamiltonian version, ¥ = H ! {k}, may not contain the zero section in its interior
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E(x,0) = k and x = y. Then the energy level ¥ is homeomorphic to E/~, i.e.
the one point compactification of the fibers over the points x with E (x, 0) = &.

We can assume that B is connected, for the connected components of X are in
1-1 correspondence with the connected components of B under the projection .

We can also assume that there is by € B such that E(b1,0) # k.
For, if not, then E~'{k} = {(x,0)|x € B} and the Lemma becomes
trivial.

Let p : E — B be the restriction of the projection of the unit tangent bundle
and f : E — X = E/~ the canonical projection. Then p = 7 o f. The homotopy
exact sequence of the fibering $"~! < E — B gives

(8" 5 (B er) 25 71 (B.by) —> mo(S") = 0.

Then p, is an epimorphism and it induces an isomorphism g : 71 (E)/imi, —
m1(B). We see that imi, C ker f,, so that f, induces a homomorphism f; :
m1(E)/imi, = m1(X). Indeed, if n > 3 then m; ($"~1 = 0 and so imi, = 0. If
n = 2, let 15 be a generator of the fundamental group of the fiber 1 (S') = Z.
Since k < eg(L) there is a point x; € B such that E(x;,0) = k. Let A be a
curve in B joining b; to x;. Since E (b1, 0) # k, by a suitable choice of x| and
A we can assume that E(A(¢),0) # k for ¢ € [0, 1[. The fiber bundle E over the
interval A is trivial £]; &~ S! x [0, 1]. Observe that the inverse image 7 ! (A) C =
has the topology of a cylinder with one of its boundary circles compactified to a
point. Hence it is homeomorphic to a 2-disc, and the class 1f is represented by its
boundary circle. Hence f(ix(1f)) =0 € m(Z).

We prove that w, : m1(¥) — m(B) is an isomorphism. This implies the
Lemma. Since g = m, o f;, it follows that fA* is injective and m, is surjective. In
order to prove that 7, is injective it is enough to prove that f; is onto. Since fi
and f* have the same image, it is enough to prove that f, is surjective.

Leto; = f(e;) € . Let : (S, 1) — (Z,01) be a loop in X based at
o1. We want a preimage under f, of the homotopy class of I'. If I'(s) # 0 for all
s € S', such preimage is the homotopy class of W (s) = % In general, the
problem is that such definition of Wr may have no continuous extension to the s
where I'(s) = 0. Assume now that there is sy € S' such that I'(sg) = 0.

Lety =mol : (S!,1) — (B, by) be the projection of . Let C := {x €
M|E(x,0) = k}and D := {t € S'|y(r) € C}. Then D is a compact subset
of ! and its complement is a union of open intervals /;. Choose any continuous
loop A : (S',1) = (E,ey) such that po Ap = y.

The pullback of the sphere bundle E along each open segment y (/;) is trivial
WIL)'E ~ I; x $7~1. Then the inverse image 7~ {y(I;)} C X of the closed
segment y (I;) has the topology of a cylinder $”~! x [0, 1] with its boundary
spheres §71 % {0} and S"7! x {1} compactified to two points {A, B} or to a
single point A = B.

Both segments f o A el and I'|7- must have the same endpoints A and B.
Hence they are homotopic with fixed endpoints inside 7 Yy )} c =. Join all
these homotopies for each interval /; to obtain a homotopy in X between f o Ag
and I'. Therefore f.([AEg]) =[] € 71 (2). O
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Fig. 1 The left figure shows the flow lines of the vector field X in the example. The right figure
shows a curve (x,, T,) € Qpr(q1, g2) in an unbounded Palais-Smale sequence. The probability
measures associated to (x,, 7,) converge to the non-ergodic measure % w1 + % 2, where g

and o are the invariant probabilities for the Euler-Lagrange flow corresponding to the periodic
solutions y; and y».

Appendix A: A non ergodic measure in Theorem A

Consider the flat metric on the 2-torus T2. Let X be a vector field with norm 1 on T2 whose
orbits form a Reeb foliation. Let L : TT? — R be the lagrangian

1 2
L(x,v):= 3 lv —X(X)|~.

Its Euler-Lagrange flow is the same as the exact magnetic flow with lagrangian

o1,
L(x,v) — 32 [v]” = nx(v),

where 1, (v) = (X (x), v). It is easy to see from the definition of critical value that ¢(L) = 0.
The vector field X has two closed orbits y; and y» with opposite homology classes. Since L > 0
the Euler-Lagrange flow has only two ergodic invariant measures (1, (2, With zero L-action,
corresponding to the periodic orbits I'; = (y;, 34). The unique invariant probability p© with
Ar(w) = 0 and zero homology class is 1 = 5 /11 + % uo. It follows that ¢, (L) = co(L) =
¢(L) =0.LetL : TR? — R be the lift of L to the universal cover R? of T2.

It is easy to see that the Peierls barrier for L is finite, because one can join two points
g0, q1 € R? by curves with bounded action which spend long time on a lift of | and come back
on a lift of y,. Since the action of y; and y; is zero, the total action spent on them is bounded.
By Corollary B, there is an unbounded Palais-Smale sequence (x,, T,,) with lim, T, = +o0.

Nevertheless, there is no ergodic invariant probability in TM with zero action and zero homology
class.

Appendix B: Energy levels of non-contact type

The following theorem is not explicitly stated in [25].
Theorem B.1 (G. Paternain) Suppose that dim M > 2.
Ifk > co(L) then H = {k} is of contact type.
If M # T2 and ¢, (L) < k < co(L) then H™! {k} is not of contact type.
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There is an example in [8] of a Lagrangian on T2 for which the energy level E = co(L)
is of contact type. In Proposition C.2 below we prove that for a non-magnetic lagrangian every
regular energy level is of contact type.

As an application (cf. [25, Th. 1.1]), if M admits a metric with negative curvature and if the
Lagrangian flow on an energy level H ~!{k} with ¢, (L) < k < co(L) is Anosov, then the strong
stable and unstable subbundles E**, E** can not be C. For if they were C 1 the form A defined
by A(X) = 1 and X|gssqgpm = 0 is a contact form on H‘l{k} (cf. U. Hamendstadt [12], G.
Paternain [25, Th. 5.5]). Examples of such Anosov energy levels appear in G. Paternain & M.
Paternain [27].

If ¥ is a regular energy level, the Liouville measure m on X is the smooth measure induced
by the volume form iy w", where Y is a vector field on 7*M such that w (Y, X) = 1 on X. It is
invariant under the hamiltonian flow because L x (iy ®") = 0. We choose the orientation on X
that makes m a positive measure.

Lemma B.2 If ) is a I-form on ¥ such that d) = w and A(X) # 0, then M(X) > Oon X.
Proof Let & be a 1-form on . We have that

EX)iyo" =ix(E Niye") +& A(ix iy o)

=0+£& Aix[n(iy o) A" ] because dim ¥ = 2n — 1
=EAnol,X)o" ' —0) becauseon X, ixyw = —dH =0
=néEnw" . (80)

We show first that the asymptotic cycle (cf. Sect. 10) of the Liouville measure m is zero.
Indeed, let © := p dx be the Liouville 1-form on T*M and 7 := ©® A ©"~2. If 1 is a closed
1-form on ¥ then n A "~ = n Adt = d(n A 7). Hence by (80),

/n(X)dm:/n(X)iyw"zn/n/\w”_lzn/d(nAr)zo.
b » b> b>

Since A(X) # 0 on X, it is enough to prove that for any connected component A of ¥ we
have fN M(X) dm > 0. Since dX = w = d©, the form n = A — ©® is closed on X. Then

/ AMX) dm = (S(m),[n])—i—/ O(X) dm:/ O(X) dm.
N N N

From (80) we have that

OX) iyo"|y =nO Ao

Let W be the fiberwise convex hull of A/ in T*M. Then VW = N. By Stokes Theorem,

/ @(X)dm:/ @(X)iyw":/ n@/\a)"_l:n/ .
N oW oW w

We prove that the last integral is positive.'” Since dH (Y) = iy (—ixw) = 1, the convexity

I

of H implies that Y is an outwards pointing vector in ¥ = dVV. A basis (vy, ..., vy—1) of T
is positively oriented iff iy " (vy, ..., v2y—1) = " (Y, vy, ..., v2,—1) > 0, and Stokes theorem
uses (Y, vy, ..., v2,—1) as a positively oriented basis for T V. m]

Remark B.3 Lemma B.2 also says that the Liouville measure has always positive (L +k)-action,
for in the energy level Eil{k} we have that ®(X) =v-L, =L + k.

10 Alternatively, the integral is equal to the (L + k) action of the Liouville measure m; on

E~Yk}.If £ > co(L) by (1), Ap4+¢(m¢) > 0, and one can show that the orientation on E~Y¢)
defined by the Liouville measure varies continuously with €.
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Proof of Theorem B.1 From (1), there is a closed 1-form n on M such that co(L) = c¢(L — 7).
The Hamiltonian of L — n is H(x, p) = H(x, p + n). If k > ¢o(L), by Theorem A in [6] there
is a smooth function u : M — R such that Hi(x, d,u) < k for all x € M. From the definition (3)
of the Hamiltonian H we have that

L(x,v) —ny() —dyu(v) +k >0 forall (x,v) € TM.

Let ® = pdx be the Liouville 1-form on T*M. Let L := ® — n o dn — du o dm, where
7 : T*M — M is the projection. Since 7 is closed, dA = d® = w. On H~'{k} we have that

OX)=p-H,=L(x,v) +k,
where v = H,(x, p). Since X = (H)p, %), on Hfl{k} we have that
A(X) = L(x,v) +k —nx(v) —deu(v) >0,

where v = H, (x, p), proving the first claim.
Now assume that ¢, (L) < k < co(L). Let L be the lift of L to the abelian cover M. Since

k < co(l) = C(Z), there exists a closed curve ¥ in M with negative (L + k)-action. Observe
that the projection y of 3 to M has trivial homology class. The homotopy class of y can not be
trivial because if it where, its lift to the universal cover would be closed and since k > ¢, (L) its
(L + k)-action would be non-negative. Let o be the free homotopy class of y and let

As ={(x,TYe Ay |x o, T > 0}.
Since k > ¢, (L), by Lemma 4.1,

- inf  Ay(x,T) < A7, (y) <O.
%0 < inf k(e T) < Ap () <

Since k > ¢, (L), by Corollary B, A; satisfies the Palais-Smale condition. By Corollary 6.11 the
gradient flow of — Ay is relatively complete on [A; < 0]. Then by Corollary 6.6 there is a min-
imizer (x, T') of A; on A,. The curve y(r) := x(¢/T) is a periodic orbit of the Euler-Lagrange
flow with negative (L + k)-action and energy k. Let p be the invariant probability measure
supported on the periodic orbit (y, y) and let v = L, (i), L(x,v) = (x, Ly(x, v)). Since the
homology class corresponding to o is trivial, p(u) = 0. Since k > ¢, > ey, r(H Yk} = M.
By Lemma 10.1, since 7,(S(v)) = p(u) = 0 and M # T2, S(v) = 0. If A is a contact-type
form, since supp(u) C E ~1{k}, the same calculation as in (79) gives

/K(X) dv = Ap(n) <0. (81

This contradicts Lemma B.2.
When k& = c¢o(L), by (1) there is an invariant probability p such that p(u) = 0 and
Al ¢y () = 0. The same argument as in (81) shows that / ~¢p} is not of contact type. ]

Appendix C: Non-magnetic lagrangians

The following result was suggested by R. Mafié€ in [17].

Theorem C.1 If L is a convex superlinear lagrangian and the 1-form 6y := L, (x, 0) is closed,
then every energy level contains a closed orbit.

Proof Since we are looking for closed orbits on specified energy levels, by [7, prop. 18] we can
assume that L is Riemannian at infinity. Since the 1-form 6, is closed, the lagrangian L. = L —6,
has the same Euler-Lagrange flow as L. Replacing L by IL we can also assume that 6, = 0. If
k > eo(L), by Lemma 3.1,

1
L(x,v) +k > ~ao 2 + [k — E(x,0)] > 0.
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Therefore ¢(L) = eg(L) = c¢,(L). By Theorem D, when k& > ¢y = c(L) the energy level
E~'{k} has (non-trivial) closed orbits and at k = e it has a singularity.

By Proposition 8.2 and by the Frauenfelder-Schlenk theorem [10], for k < eq the set [E <
k] has finite Hofer-Zehnder capacity. Then [13, Th. 5, p. 123] it has a closed orbit on every

contact type energy level E~!{k} with k < e.

Singular energy levels have a singularity of the Euler-Lagrange flow. Then Proposition C.2
finishes the proof. O
Proposition C.2 If L is a convex superlinear lagrangian and the I-form 6, := Ly(x,0) is
closed, then every regular energy level is of contact type.

We shall use the following

Proposition C.3 [McDuff [19], also [8, sec. 2 & app. B]] Suppose that the flow of a vector field
X on a compact orientable manifold ¥ does not admit a global cross section. Let ® be a smooth
1-form on X. Then the following are equivalent:

(1) [ ©(X) du # 0O for every invariant Borel probability with zero asymptotic cycle.

(2) There exists a smooth closed 1-form ¢ on X such that ® (X) + ¢(X) never vanishes.
Corollary C.4 A compact energy level E~V{k} of a convex lagrangian is of contact type if and
only if Ap 1 () > O for every Borel invariant probability on E~'{k} with zero asymptotic cycle.
Proof Let H : T*M — R be the Hamiltonian of L. Let ® = p dx be the Liouville form on
T*M. Observe that on ¥ = H~!{k} we have that

OX)=p-Hy=v-Ly=L+k.

Suppose that ¥ is of contact type and let A be a contact type form on %, i.e. dA = w and
A(X) # 0. By Lemma B.2, A(X) > O on X. Since d® = w, the 1-form ¢ := A — © is closed
on X. Let L£(x, v) := (x, Ly(x, v)). If u is an invariant probability on E —1{k} with asymptotic
cycle S(u) = 0, then S(L.(n)) = 0 and

AL+k(M):./E®(X) dﬁ*(u)=L®(X) dL () + (S(Li (), ¢) =/E)»(X) dp > 0.

Conversely, suppose that A; (x(1) > 0 for every invariant probability on E~!{k} with
S(w) = 0.If v is an invariant probability on & = H~!{k} with S(v) = 0, then S(L;'(v)) =0
and

/ O(X) dv = A (L)) > 0.
p))

Since the Liouville measure has zero asymptotic cycle (see the proof of Lemma B.2) the
energy level & = H~!{k} has no global cross section. For, by Poincaré duality, such a cross
section would give a closed 1-form 5 such that (S(u), n) = fz n(X) du > 0O for every invariant
probability ft.

By Proposition C.3 there is a closed 1-form ¢ on ¥ such that ®(X) + ¢(X) # 0. Let
A=0+4¢.Then A(X) #0and d) = dO = w. ul

Proof of Proposition C.2 The convexity of L implies that
d
I [v-Ly(x,sv)]=v-Ly,(x,sv)-v>0 1ifv#0.
s

Let k be a regular value of the energy function. Then p([v = 0]) = 0 for all invariant probablities
win E~Yk}. If E(x,v) = k and v # 0, we have that

1
L(x,v)+k=v-Lyx,v)=0y(v) +/ v Lyy(x,sv)-vds > 0,(v).
0

If 14 is an invariant probability on £~ !{k} with asymptotic cycle S(i) = 0 then

Ap+r(u) > /

E-1{

0du= (S, n*0) =0,
3}

because 7*6 is closed. By Corollary C.4, E~!{k} is of contact type. O
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