THE PALAIS-SMALE CONDITION ON CONTACT TYPE ENERGY
LEVELS FOR CONVEX LAGRANGIAN SYSTEMS

GONZALO CONTRERAS

ABSTRACT. We prove that for a uniformly convex Lagrangian system L on a compact
manifold M, almost all energy levels contain a periodic orbit. We also prove that below
Maifié’s critical value of the lift of the Lagrangian to the universal cover, ¢, (L), almost
all energy levels have conjugate points.

We prove that if the energy level [E = k] is of contact type and M # T? then the free
time action functional of L + k satisfies the Palais-Smale condition.

1. INTRODUCTION

In this paper we continue the study of the Morse theory of the free time action functional
for convex lagrangian systems that we begun in [6]. This time we try to include the case
of low energy levels, where very little is known. The main problem with the free time
action functional is that it may fail to satisfy the Palais-Smale condition, usually required
for variational methods. Here we prove that if an energy level is of contact type and the
configuration space M # T? is not the 2-torus, then it satisfies the Palais-Smale condition.
We also prove that when an energy level projects onto the whole configuration space M,
the set of closed loops has a mountain pass geometry. An adaptation of an argument by
Struwe to the mountain pass geometry shows the existence of convergent Palais-Smale
sequences for almost all energy levels. This implies that for almost all energy levels which
project onto M the Euler-Lagrange flow has a periodic orbit, has closed orbit loops starting
at any z € M, and has conjugate points if the energy is below Mané’s critical value of
the universal cover. The same holds for an energy level which satisfies the Palais-Smale
condition, and hence in particular for contact type energy levels.

In [6] we proved that high energy levels have a periodic orbit. Very low energy levels
which do not project onto M are displaceable, and then, by results of Frauenfelder and
Schlenk [9], [27], they have finite Hofer-Zehnder capacity. Combining these results we
get that almost all energy levels have a periodic orbit. Our class of Lagrangian systems
include exact magnetic flows on compact manifolds.

1.1. Critical energy values.

Let M be a closed Riemannian manifold with dim M > 2. Let 7 : TM — M be the
projection. A lagrangian on M is a C* function L : TM — R. We shall assume that L
is (uniformly) convex:  there is a > 0 such that

*  02L
ov Ov (z,0)

“w > a |w[§ forall x € M, v,w € T, M.
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This uniform convexity and the compactness of M imply (see e.g. Lemma 3.1 below) that
L is superlinear:
L(z,v)

[ole—+oo  |V]g

= 400 uniformly on TM.

Since M is compact and L is autonomous, the Euler-Lagrange equation

d OL oL
(E-L) &5(%55) = g(l‘?ﬂb)
defines a complete flow p; on T'M called the Euler-Lagrange flow of L. The energy function
E:TM — R,
E(x7v) = %(x7v) U= L(l‘,’l}),
is invariant under the Euler-Lagrange flow.
The action of an absolutely continuous curve v € C%([a, b], M) is defined by

b
MM=/LM%%W@-

As noticed by Dias Carneiro [1] and Mané [17], critical points for the action of L + k
among curves with free time interval are solutions of the Euler-Lagrange equation which
have energy E = k. The most direct way to obtain critical points is to look for minima.
It turns out that if k is low enough there are no minima because then the action of L + &
is not bounded from below. The exact threshold is given by Mané’s critical value:

¢(L) =min{k € R| Ar4+x(y) > 0 for all closed curves v on M}.

The action functional Ap.; is bounded from below on the space of curves with fixed
endpoints and on the space of closed curves if and only if & > ¢(L). It is also known [17], [3]
that

¢(L) > eo(L) ;== min{k e R|w(E~k})=M}.

If p: N — M is a covering map and Ly = L o dp is the lift of the lagrangian, it is easy
to check that ¢(L1) < ¢(L). Thus we have that

eo(L) < cu(L) < co(L) < (L),

where ¢, and ¢, = cg are the critical values of the lifts of L to the universal cover and
the abelian cover. The number cy(L) is also called the strict critical value and has the
following characterization [26]:

co(L) =— min{ /L du ‘ i is a @¢-invariant probability with homology p(u) =0 }
(1) =min{c(L —w) | [w] € H'(M,R)},

where the homology p(p) € Hi(M,R) ~ H'(M,R)* of an invariant measure with compact
support p is defined by

qwmw»zﬁwumowmw>

for any closed 1-form w on M. Here [w] € H'(M,R) is the cohomology class of w.
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Given a covering map p : N — M let Ly = L o dp be the lift of the Lagrangian L to
TN and ¢; = ¢(Ly) its critical value. The Peierls barrier he, : N x N — R is defined by

he,(qo, 1) : = 17{13}3;5 ., (90, q1;T),
(I)Cl (QO>Q1;T) L= inf{AL1+Cl (’7) |7 € Cac([oaT]7N)7 7(0) = qo, V(T) =q }

1.2. The Palais-Smale condition.
We describe now our setting for the Morse theory of the free time action functional.
Let H'(M) be the set of absolutely continuous curves z : [0,1] — M such that

1
/ #(5)2 ds < oo.
0

Then H!(M) is a Hilbert manifold and its tangent space at = consists of weakly differen-
tiable vector fields along & whose covariant derivative is bounded in £2. We shall use the
Hilbert manifold H!(M) x RT with the Riemannian metric

1
2) (€0 (0.)) ) = 0B+ D) (€O m(0), ) +9(T) [ (Be(o). Bus)

where % is the covariant derivative along z(s) and f, g : Rt — R™ are smooth positive
functions such that max{f, g} < 2,
T? fT<1 T? if 7<1
T) = - and T = -7
) {1 it 7 > 10, 9T {}em if 7 > 10,

We shall discuss this choice of metric in more detail later on. Observe that this metric
is locally equivalent to the metric obtained when f = g = 1. In particular, the set of
differentiable functions on H!(M) x RT is the same for this metric and for the one with
f=g=1.

Given k € R define the free time action functional Ay, : H'(M) x Rt — R by

1 .
Ap(z,T) = / [L(w(s), zgf)) + k} T ds.
0
Observe that if y(t) := x(t/T") then

Ag(z,T) = Ap i (y).

We say that L is Riemannian at infinity if there exists R > 0 such that L(z,v) = v
if |v|, > R. In [6, prop. 18] it is proven that given a uniformly convex lagrangian L and
k € R, there exists a convex lagrangian Ly such that L = Ly on [E < k 4 1] and Lg is
Riemannian at infinity. In [6, Lemma 19] it is proven that if L = Ly on [E < ¢(L)+1] then
¢(L) = ¢(Lg). Thus if our objective is to find solutions of the Euler-Lagrange equation
with prescribed energy, we can assume that L is Riemannian at infinity.

Given qo, q1 € M let Q7(qo, q1) be the set of curves (z,T) € H'(M)xR* with endpoints
2(0) = go and z(1) = q;. Also, let Ay be the set of closed curves in H!(M) x R*. The sets
Qun(qo, ¢1) and Ayps are Hilbert submanifolds of H!(M) x R*. A connected component
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of Qar(qo,q1) (resp. Aps) consists of closed curves in the same homotopy class with fixed
endpoints (resp. in the same free homotopy class).

A theorem of Smale [28] implies that Ay is C? on H!(M) x Rt for the metric with
f =g =1, and hence also for the metric (2). We show in Lemma 2.1 that a critical point
of Ay, restricted to Qas(qo,q1) or to Ay is a solution of the Euler-Lagrange equation with
energy F = k.

We say that Ay, satisfies the Palais-Smale condition on Qpr(qo, q1) [resp. on Ajs] or that
the energy level k satisfies the Palais-Smale condition on Qpr(qo, q1) [resp. on Ay if every
sequence (z,,T),) in the same connected component of Qar(qo,q1) [resp. on Ap] such that
| Ak (zn,T5)| is bounded and lim, }|d($an)AkH( = 0 has a convergent subsequence.

We shall prove

xnaTn)

Theorem A.

If L is Riemannian at infinity and Ay does not satisfy the Palais-Smale condition on
Qar(qo0,q1), or on Apy, then there exists a Borel probability measure u, invariant under
the Euler-Lagrange flow, supported in a connected component of the energy level E = k,
which has homology p(u) = 0 and whose (L + k)-action is zero:

Apsal) = [ [L+4] du=o.

In appendix A we give an example in which the measure obtained in Theorem A can
not be ergodic. In [6, th. C] we found counterexamples to the Palais-Smale condition
at k = ¢(L), but in [6] we didn’t require the Palais-Smale sequences to be in the same
connected component of the space of curves. Combining the arguments in [6] with those
of Theorem A we get the following Corollary B. The novelty is that it allows curves with
trivial homotopy class.

Corollary B. If L is Riemannian at infinity then Ay satisfies the Palais-Smale con-
dition for all k > ¢, (L). On Qn(qo,q1), Ae, satisfies the Palais-Smale condition if and
only if the Peierls barrier on the universal cover is he, = +00.

Another example is the lagrangian I : TID — R on the hyperbolic disc D C C, where
L(z,v) = 3[v[2 4+ n.(v), | - |2 is the hyperbolic metric and 7 is a 1-form on D whose
differential dn is the hyperbolic area form. In this case the Peierls barrier at k = ¢(IL) =
cy(LL) is finite (cf. [2, ex. 6.2]) and A., does not satisfy the Palais-Smale condition. If M is
a compact surface with constant curvature K = —1, the Euler-Lagrange flow of L projects
to a (non-exact) magnetic flow on T'M. At the energy level k = ¢,(LL) the projection of
the Euler-Lagrange flow of L is the horocycle flow! for M which has no closed orbits.

The idea of the proof of Theorem A is the following. Let (x,,7,) be a Palais-Smale
sequence in the same connected component of Aps or Qar(qo,q1). We first prove in
Proposition 3.12, similar to [6], that if the times 7,, are bounded away from 0 and +oo
then there is a convergent subsequence. In Corollary 3.6 we prove that if ¢o # ¢1 and
(n, Th) € Qur(qo,q1) then T, is bounded away from zero. In Proposition 3.8 we prove
that if liminf,, T,, = 0 and (x,,T},) € A or (z,,,T) € Qar(qo, qo) then z;, converges to

"When k > ¢, (L) the flow is Anosov on dr(E~*{k}) and for k < c, the energy level dr(E~'{k}) is
foliated by contractible periodic orbits.
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a singularity (go,0) € T'M of the Euler-Lagrange flow with zero action L(gg,0) + %k = 0
and energy k. In this case the measure p is the Dirac probability supported at the point
(q0> O) :

The most delicate case is when lim,, T,, = +o00. Since the gradient of — Ay at (z,,T))
converges to zero one expects that the curves y,(sT,) := x,(s) are approximate solutions
of the Euler-Lagrange equation with average energy k. If pu, is the probability measure
on T'M defined by

[ Fapa= [ snras= 1 [ it [T = o],

we prove that u, converges to an invariant probability for the Euler-Lagrange flow with
support in the energy level k. Since the L + k action of the curves y, is bounded and
lim,, T}, = 400 their average action converges to zero. Since their homotopy class is fixed,
and lim,, T, = 400, their average homology class tends to zero.

We use the functions f and ¢ in the definition of the metric (2) to deal with the cases
lim, T, = 0 and lim,, T;, = +o00. In order to justify their choice observe that by suitably
expanding the metric near the endpoints any bounded function on the open interval | —1, 1]
can be made not to satisfy the Palais-Smale condition. For example let ¢(z) = 2? on
|r] < 1. Let h : R —] — 1,1[ be a diffeomorphism. Then % o h does not satisfy the
Palais-Smale condition because lim,_, 1+ d. (¢ o h) = 0. So, if one is going to obtain any
conclusion from the fact that the Palais-Smale condition does not hold, one needs to use an
appropriate metric. Since our metric is locally equivalent to the usual one with f =g =1,
the critical points are still solutions of the Euler-Lagrange equation and also the change
of metric does not prevent finding Palais-Smale sequences by, say, a minimax argument.

1.3. The mountain pass geometry.

We show that for low energy levels eg(L) < k < ¢, (L), the action functional Ay exhibits
a mountain pass geometry on the space of loops Q,/(qo, go) and closed curves Ap;. This
result is suggested by Taimanov in [32, p. 362] for a different action functional for magnetic
flows saying that “one-point curves form the manifold of local minima of the functional
£7. S. Bolotin (cf.[32, p. 362]) observed that the results of the papers [19], [20], [21], [22],
[23], [31] may not be valid because the Palais-Smale condition could fail. The approach
in this paper recovers the (a.e.)—validity of some of those results.

Let k < ¢,(L). By the definition of ¢, (L), there are a closed curve (z1,71) € Ay and
for any qo € 7(E~1{k}) aloop (w2, T2) € Qar(qo, qo), both with trivial homotopy class and
negative (L + k)-action.

Proposition C.

(1) Let g0 € M and k > E(qo,0). Then there exists ¢ > 0 such that if T : [0,1] —
Qr(qo, qo) s a continuous path joining a constant loop T'(0) = qo : [0,T] — {qo} C
M (with any T > 0) to any closed loop I'(1) € Qr(qo, q0) with negative (L + k)-
action, Ar4+x(T'(1)) <0, then

sup Ar1x(I'(s)) > ¢ > 0.
s€[0,1]
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(2) Let k > eo(L). Then there exists ¢ > 0 such that if ' : [0,1] — Aps is a continuous
path joining any constant curve T'(0) = qo : [0,T] — {qo} C M to any closed curve
['(1) with negative (L + k)-action, Ap(T'(1)) <0, then

sup Ar1x(I'(s)) > ¢ > 0.
s€[0,1]

Standard critical point theory gives contractible periodic orbits on any energy level
eo(L) < k < ¢y (L) where the Palais-Smale condition holds. Since the failure of the Palais-
Smale condition can only be due to one direction of non-compactness, namely the time
parameter T on H!(M) x R, an argument originally due to Struwe in [29] (see also
Struwe [30], Jeanjean [13] and Jeanjean, Toland [14]) can be applied to the mountain pass
geometry of Proposition B to overcome the Palais-Smale condition for almost every k.

Previous results on higher energy levels (cf. [17], [3], [6]) give that E~1{k} has a periodic
orbit for every k > ¢, (L). When the energy level does not project onto the whole configu-
ration space M (i.e. k < eg(L)) we show that the displacement energy of [E < k] is finite.
Then by results of U. Frauenfelder and F. Schlenk [9], [27], the 71-sensitive Hofer-Zehnder
capacity of [F < k| is finite and so standard arguments (cf. [12]) show that almost any
energy level E~1{k}, k < eo(L) has a contractible periodic orbit. We summarize this in
the following:

Theorem D.

(a) There is a total Lebesque measure set A C R such that for all k € A either the
energy level E=1{k} is empty or it contains a periodic orbit.
Moreover,
o The set A contains |c, (L), +00l.
o Ifk < cy(L) and k € A this periodic orbit is contractible.
o Ifeg(L) < k < cy(L) and k € A it has positive (L + k)-action.

(b) For any qo € M, there is a total Lebesgue measure subset |c,(L),+oo[C B C
1E(q0,0), +00[ such that for all k € B there is a solution of the Euler-Lagrange
equation in Qpr(qo, qo) with energy k.

(¢) The above items hold for a specific k €leg(L), cu(L)[ (resp. k €)E(qo,0), cu(L)[) if
the energy level k satisfies the Palais-Smale condition.

As an example in appendix C we prove that a lagrangian with no magnetic term has a
closed orbit on every energy level.

Two points 6y, 01 € TM, are said to be conjugate if there is 7 € R such that 61 = ¢, (6p)
and V(61) N dg,-(V(6p)) # {0}, where V C T(TM) is the vertical sub-bundle V(¢) =
ker dgw. R. Mané asked whether if k& < ¢g(L) there is always an orbit with energy k and
conjugate points. G. Paternain and M. Paternain in [26] showed examples of magnetic
flows with Anosov energy levels without conjugate points with energy k €]c, (L), co(L)].
At k = ¢, (L) these examples do not have conjugate points. The question remains open
for k < ¢y (L).

In [6, p. 663] we gave an example of an orbit segment without conjugate points which is
not a local minimizer of the free time action functional. In Proposition 9.1 we prove that
in an energy level without conjugate points every orbit segment is a strict local minimizer
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of the action functional. Since a mountain pass critical point can not be a strict local
minimizer we get

Theorem E. Let e,,(L) = inf(, )ern E(7,v).

There is an open subset with total Lebesgue measure A C [em (L), cy(L)] such that if
k € A then there is an orbit with energy k and conjugate points.

Ifem(L) < k < (L) and Ay satisfies the Palais-Smale condition, then the energy level
k has conjugate points.

In [5, prop. 8] and in [4, cor. 1.13] we proved that if k is a regular value of the energy
function E and k < eg(L) then E~*{k} has conjugate points.

We don’t know if the following holds:

Question: Is it true that for the universal cover M,

cu(L) = inf{k € R|Va,y € M 3 orbit v € Qur(z,y), E(y,%) =k } ?
An ezact magnetic flow is the lagrangian flow of
L(z,v) = 3 [v[; = 12(v),
where | - | is the Riemannian metric of M and 7, is a non-closed 1-form on M. Thus for

exact magnetic flows we get periodic orbits for almost all energy levels and in particular
for contact type energy levels, as seen below.

1.4. Contact type energy levels.
We now concentrate on a property that ensures the Palais-Smale condition. Let H :
T*M — R be the hamiltonian associated to L:

(3) H(z,p) = max [p(v) = L(z,v)],

and let w = dp A dz be the canonical symplectic form on T*M. The hamiltonian vector
field X on T*M is defined by ixw = —dH. The induced hamiltonian flow is conjugate to
the lagrangian flow of L by the Legendre transform £ : TM — T*M, L(z,v) = Ly(z,v).
The energy function satisfies £ = H o L, so that energy levels for L are sent to level sets
of H.

An energy level ¥ = H~'{k} is said to be of contact type if there exists a 1-form A on
Y such that d\ = w|pry, and A(X) # 0. We call such a form A\ a contact-type form for X.

Proposition F. If [H = k] is of contact type, dim M > 2 and
o M #T? or
o M =T? and k ¢ [eo, col,

then A;, satisfies the Palais-Smale condition.

In Section 2 we introduce the space of curves with free time interval and the action
functional and compare various metrics on the space of curves. In Section 3 we prove
Theorem A. In Section 4 we prove Corollary B. In Section 5 we prove Proposition C on
the mountain pass geometry. In Section 6 we prove some results in Morse theory that
we need and the relative completeness of the gradient flow of the action functional. In
Section 7 we give the argument to overcome the Palais-Smale condition in a mountain
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pass geometry for the action functional. In Section 9 we prove Theorems D and E and
in Section 10 we prove Proposition F. In Appendix A we give an example in which the
measure of Theorem A can not be ergodic. In Appendix B we show energy levels of non-
contact type. In Appendix C we prove that non-magnetic lagrangians have periodic orbits
on every energy level.

The author wishes to thank Patrick Bernard that suggested the possibility of using
Struwe’s argument in our situation.

2. THE ACTION FUNCTIONAL AND THE SPACE OF CURVES.

Given a Riemannian metric on M, by Nash’s Theorem there exists an isometric embed-
ding of M into some RY. Let

1
HY = HYRY) = {5 :[0,1] — RY absolutely continuous ‘ / £(s)|? ds < 400 }
0
be endowed with the metric

1 .
<amw:4ammm»+é<a@m@»w.

The corresponding norm is given by

1 .
uw%;:ame+/ya@e@.
0

On H! x Rt we shall use the Riemannian metric

1
@) (€l 5)) gy = B+ ST EOmO) +o(T) [ (€ (5) s

where f and g are smooth positive functions such that max{f, g} < 2,

T #T<1 T? ifT<1
T) = =0 d T) = =0
) {1 fr>10. 4 90 {;e“z if 7 > 10,

Let C(t) := £(t/T), 0 <t < T. Then &(t/T) =T - {(t) and

1 T
' S 2 S = . - 2 .
Ara>|d I’Arqw\ﬁ

In the variables (¢, @) the Riemannian metric above is written as

T
1€ )20y = 02 + T2 C(O) + T3/0 CRdt T <1,
(5) 2 2 2 472 T 2 .
I(€0) ey = 0 +ICOF + 7 [P ar 7> 10
This metric is locally equivalent to the metric of the product Hilbert space H' x R.
Given qg,q1 € M, let

qa,q1) :{ T) e H' x RY | 2(0) = qo, =(1) =aq1 },

{ EHlxRJF‘xO :c(l)}
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Their tangent spaces at (z,T') are given by
T2y Qg0 ¢1) = {(&; @) € H' xR | £(0) = £(1) =0},

TmA = {(§,0) e H' x R | £(0) =£(1) }.

Endow €(qo, 1) and A with the Riemannian metric (4).
Let
HY M) = { z € H*RY) | 2([0,1]) ¢ M },
Qg0 1) = Qqo, 1) NH (M) x RF,
Ay = ANHY (M) x RT.

Then H' (M) xR*, Qrr(qo, q1) and Ay are Hilbert submanifolds of H'(RY) x RT, Q(qo, q1)
and A respectively. A connected component of Ajs is given by closed curves in the same
free homotopy class. A connected component of Qy/(qo,q1) is given by the curves (z,T)

in Qas(qo,q1) which have a given homotopy class with fixed endpoints.
On HY(M) x RT we shall use the intrinsic Riemannian metric defined by

1
(6) (&), (1.8) )y = @B+ F(T) (£(0),n(0))o0) + 9(T) /O (RE(), Zn(3)) sy s

where (-,-), is the Riemannian metric on M and % are covariant derivatives. Since
M is isometrically embedded into RY, the covariant derivative 2¢(s) = IP’(§ (s)) is the
orthogonal projection P : T,RY — T, M of the derivative & (s) taken in RY. Thus the
norm in H'(M) x R* is smaller than the induced norm from H!(R") x R*. Formulas
analogous to (5) hold for the norm on H!(M) x RT. We also want to compare the metric
on HY(M) x R* with the metric induced by H*(R™) x RT on a local chart R™ > U — M.
In Lemma 2.2 below we shall prove that the three norms are locally equivalent.

Given k € R, define the action functionals Ay : Qu/(g0,q1) — R and Ag : Ay — R of
L+ k by

1 .
Ap(z,T) :/ T {L(az(s), ng)) +kz} ds.
0
Writing y(t) := #(%), 0 <t < T, we have that

T
Ap(e.T) = / L(y,3) + k] dt = Ap4(y).

We say that a lagrangian L is quadratic at infinity if there is R > 0, a 1-form 6, on
M and a,¢p € C®(M,R), a > 0, such that L(z,v) = $a(z)|v|2 + 0,(v) + ¢(z) for all
|v|z > R, where |v|, is the Riemannian norm of v in T M.

We say that L is Riemannian at infinity if there exists R > 0 such that L(z,v) = %|v?
for all |v], > R. Since we are assuming that M is isometrically embedded in R¥ this is
equivalent to L(x,v) = % |v|? for [v| > R, where |v| is the euclidean norm of v and (z,v) €
TM C RN xRY. In a coordinate chart such a lagrangian is given as L(z,v) = 3 v*G(z)v,
when |v| is large enough, where G(x) is the matrix of the Riemannian metric in the chart.
Then in coordinate charts L is quadratic at infinity.



10 G. CONTRERAS

It follows from a result of Smale [28] that if L is Riemannian at infinity then the action
functional Ay, is C? on H' (M) xR* with the metrics with f = g = 1. Since the Riemannian
metrics (4), (6) are locally equivalent to the metrics with f = g = 1, then Ay is C? on
Qar(qo,q1) and on Ay, with respect to all three Riemannian metrics.

The derivative of Ay is given by

1 . ) . 1 )
. d(zyT)Ak(g,a):/O T [Lx(:v,%)f—i—Lv(x,%) %} ds+a/0 [k—E(m,%)] ds
7 T
= [ [newircrntie] a3 [ 1k~ Bw]
0
3

where y(t) = z(%), ((t) =&(%), for 0<t < T and E: TM — R,

E(z,v) =v Ly(xz,v) — L(z,v)

is the energy function. The formulas (7) can be interpreted either in local charts with
usual derivatives or in covariant derivatives. In the former case,

Lo €= (VoL &)y and  Ly& = (VyL, 28,4,

where VL and V, L are the projections of the gradient of L to the splitting T{, ) T'M =
H &V and £¢ is the covariant derivative of £. The splitting TyT'M = H(0) & V(0) is
described on page 29.

Fix C1 > 0 we say that f: U C R™ — M is a bounded chart if f is an embedding such
that the pull-back f*g of the Riemannian metric has matrix G(x) such that G and G~!
have C! norm bounded by C; > 0. Fix a finite atlas of bounded charts U = {U; };cs such
that each U; C R™ is a convex set.

We fix some constants used repeatedly. Observe that the property of being quadratic
at infinity is invariant under transformations by bounded charts. The following constants
are taken to hold in any bounded chart of our finite atlas, i.e. in equations (8)—(11) below
the same constants are assumed to hold when the norm |- |, is interpreted as either the
riemannian metric on M, the euclidean norm on R O M or the euclidean norm on any
bounded chart U; C R™ of our atlas. The norms |L;|, | Ly, | are interpreted as the euclidean
norm in any bounded chart U; € U.

Since L is convex,
v+ Lyy(z,v) - v

(8) ap ;= inf > 0.

(z,0)eTM |U|%
Since L is quadratic at infinity there are a1, as > 0 such that
9) L(z,v) > a1 |v]2 — as, for all (z,v) € TM.
(10) Ag = sup || Lyy(z,v)], < +o0,

(z,v)
(11) b= sup [[dsol,,  where 4(x) = L(z,0),
zeM
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Since L is quadratic at infinity,

L
(12) by := sup M < +o0,
(z,w)ETM 1+ ’U|x
L
(13) by := sup M < 4-o00.

(x,v)eTM 1+ |v|36

2.1. Lemma. If (z,T) € Qu(qo,q1) [resp. (x,T) € Af] is a critical point of the action
functional Ay, : Qar(qo,q1) — R [resp. Ay : Ay — R] then the curve y : [0,T] — M,
y(t) == x(t/T) is a differentiable solution of the Euler-Lagrange equation %Lv(y,y) =
L. (y,y) with y(0) = qo, y(T) = q1, [resp. (y,¥) is a closed orbit of the Euler-Lagrange
flow]| with energy E(y,y) = k.

Proof: Cover the image y([0,7]) by images U; C M of charts U; € U, U; C R™. Tt is
enough to prove that y is a solution of the Euler-Lagrange equation on each intersection
y([0,T]) N U;. Assume for a while that y([0,7]) C U; C R™. Using the same notation as
in (7), we have that

T
(14) d(ac,T)Ak(gv O) = /0 [Lx(ya y) ¢+ Lv(y’ y) C] dt

T T . :
—L, (! +/0 [ Lo(y,3) — La(t)] - ¢ dt
-0,

where L, (t) := fg L (y(s),9(s)) ds. Since Ly (y, ) < ba(1+[y|2) and z € H* (M), we have
that L. (y,v) € £1([0,T],R™) and that L, is continuous in view of Lebesgue’s theorem.
Since for both Ays and Qas(qo, ¢1) we can choose ((0) = ¢(T) =0,

T
/0 [Lo(y,3) — Lo(t)] - ¢ dt = 0

for all ¢ € £2([0,T],R™) with [ ¢ dt = 0.

This implies that L,(y,y) — L, is constant a.e. in [0, T]. Since L, () is continuous, it is
bounded on [0,7]. Since L is superlinear and L, is bounded, y is bounded by a constant
almost everywhere. Since L is convex, v — L, (y,v) is a continuous bijection. Hence we
can uniquely extend 9 to [0,77] so that L,(y,y) — L, is constant on all ¢ € [0,7]. Since
L, (t) is continuous, L,(y, ) is also continuous and hence y(¢) is continuous.

We have that

(15) Lot i) = A+ | La(y.g) dt

for some constant A € R™. Since y(t) is continuous, the right hand side of (15) is
differentiable and

& Lo(y,9) = La(y, 9).
Hence y(t) is a differentiable solution of the Euler-Lagrange equation. The theory of
ordinary differential equations implies that y is C" if L is C"*2.
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Since y(t) is a solution of the Euler-Lagrange equation, its energy E(y(t),y(t)) is con-

stant. Since
/ k Eyy d 0,
(z.T)

E(y,y) = k. This completes the case of Q7(qo,q1)-

For the case of Ajs it remains to prove that §(0) = y(7'). Choose a chart U; C U
whose image contains y(0) = y(7T") and restrict ourselves to vector fields ¢ over y with
support in the connected component of y([0,T]) N U; containing y(0). Since we already
know that (y,y) is a differentiable solution of the Euler-Lagrange equation, integrating by
parts in (14) we have that

BAk

T
Aoy Ar(€,0) = Ly C[] + /0 (Lo — 2L,) ¢ dt
= [ Lo (y(T), §(T)) = Lo (y(0),5(0)) ] - ¢(0) + 0

whenever ((0) = ¢((T) € R™. Then L, (y(T),y(T)) = Ly(y(0),5(0)). Since y(T) = y(0)
and v — Ly (y(0),v) is injective, §(T") = (0). .

The following lemma shows that the intrinsic Riemannian metric || - ||( M)XR given

by (6) on H'(M) x RT and the induced metric from H'(RY) x Rt are locally equivalent.
Also the metric on H'(M) x Rt and the metric on H'(R™) x R*, m = dim M on a
bounded coordinate chart are locally equivalent.

2.2. Lemma.
(1) Given A1, Ty > 10, there exists B = B(A1,T1,k,{f,g}) > 0 such that
if (v, T) € HY (M) x RT, |Ax(x,T)| < Ay and T < T, then
for all (§, @) € Tz Q0(q0,q1) U Ta A,

HY(RN HY(M)xR+ HY(RY) R+
(16) B E s < e ot a™ ™ < e alfes

(2) Let ¢ : U C R™ — M be an immersion such that the pull-back * g (v, w) =
v* G(x)w of the Riemannian metric on M has matriz G(x) which is bounded in
the Ct-norm:

maX{HGHCl(U,]RmX’”) ) HG‘IchU,Rmm} <Cr.

For all Ay, Ty > 10 there exist B = B(A1,T1,C1,k,{f,g}) > 0 such that
if (v, T) € HYR™) x R, |Ar(v oz, T)| < Ay and T < Ty, then
for all (dypo&, ) € TzT)QM(QOa%) UT(zm)AM,

HY(R™)xRT HY(M)xRT (R™)xR*
B IE DS < (o & [FEN T < B (€ fe
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Proof: (1). Let y(sT) := x(s). Then

T T
A1 > AL+k(y) > / (a1 |y|§ —ag + ki) dt = al/ |y|§ dt — (CLQ - ki) T,
0 0

(17) / DR At =BT
0 ai
- T . 2 Al + (CLQ — ]{:) T
(18) / 2(s)2 ds = T/O ly@)l, dt <T [ o } .

Let T(s,7) : TypyM — Ty(s)M be the parallel transport along z(s). Then

£(s) = T(5.,0) - £(0) + /0 (s, r) - Re(r) dr.

Thus
€6)age) < 1O ago) + | 2l 3 g0y < OV agoy + | 2l 2
1 +
max{ e F} V2 (g, 0)7C B07®
3 1 1 1 +
(19) < V2 max{Ta 27T12€2T12} ||(£,0>||Z,§§4)XR
where

@ =, V0 e}

Observe that for &, € T, M the first and second terms in (4), (6) are equal, so we only
have to bound the £2 norm of the derivatives f and dQ

Let U be a small tubular neighbourhood of M in RY and let F' : U — M be the
orthogonal projection onto M. Since £(s) € T, M, we have that d,F - {(s) = £(s).
Differentiating this equation with respect to s we get that

d3 (o) F (#(5),6(5)) + dus)F - £(5) = (5)-
The second term is the projection of f to T, M:
o) F - €(s) =P - £(s) = 2&(s);
and the first term is the projection of f to the orthogonal complement T, M=+ of T, M:
fl(s) = di(s)F(jf(S%f(S))
Let ¢1 := supgepr Hd%FHQ, then using (18) and (19) we have that

1 1 1
T) /0 E5(3)]2 ds < g(T) /0 1 [#(3) 2 [6(3)? ds < 1 o(T) ||| /0 i(s)[2 ds

A+ ((ZQ — k)T
ai

T T 2
sa mln{2 27 2} 2 HlaX{ _23 a_l’ T 64T12} |:||(§7 0)||z_9{?1f§1];/[)XR+:| T |:
(20)

+
<c B [”(5 0)”71%4 e } ’



14 G. CONTRERAS

where

A k|) T
Bl:Bl(Alualaa%Tl’kv{f)g}) =4T |: 1+(a2+| ‘) 1:|maX{Oél,T1€4T12},

ay

Observe that the bound ¢; By above holds forall0 < T < T3.
Since £ =P ¢ 4 £+, we have that

T) [|é]2 < 90 [P €lIZ + 112 |
L(M)xR* 2
T) || 2¢lf2 +a By 1€ 07N "]
Then, for all 0 < T < T7,
Ny R+ 2 ) 2
lice, >ux£§ PE < e B [IE @)l

Since |2¢] = [P ¢| <
n (16).
(2). We have that

f H 2 S H§ H 2 This implies the second inequality

2E=E(s) + 2 Th(a(9)) dls) &(s) ex,

ijk
where the Ffj(aﬁ) are the Christoffel symbols for the Riemannian metric of M in the
coordinate chart 1) ~! and ey, is the k-th vector of the canonical basis of R™. Our hypothesis
on ¢ implies that ¢y = ¢2(C1) := m? sup;jx 4ev ‘Ffj(x)f is finite. Then
| ZE < [66)| + vez €l 1 (s)]-

Similar calculations as in (19) and (20) using & in (19) instead of the covariant derivative
show that if 0 < T < T, then

) 12602 < 20() €)% + 262 By (J1(6.0) 7 E)",

where By := Bi(Aj,a1,a2,T1,k,{f,g}) and @1, a2 are constants such that the inequal-
ity (9) holds in our coordinate system v for the euclidean metric in U C R™ instead of
the riemannian metric | - |, on M. Then, if 0 < T' < T}, we have that

1 1(mm
I ™ < V2 [1+aB]? [Ea)lle ™™ .

Now write

£(s) = & — X Ti(a(s)) di(s) &(s) ex,

ijk

1$(9)] < [2€] + vez €l 13(s)]-

The same calculations as in (19) and (20) give

T) El2 < 20T) | Bl +22 B2 (€ OIS

And then
1(Rrm + 1 +
I IES ™™ < V2 [1+ e Ba]? (o)t o " O
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In the next lemma, we write d for the distance dy1 () xr+ on Qar(qo, q1) or on Apy.

2.3. Lemma.  Given Ty > 0 there exists C = C(Tp) > 0 and € = ¢(Tp) > 0 such that
if T € [T Tol, (2,7), (y,5) € Qulgo,q1) U Ay and d((z,T),(y,S)) < e then for the
Hausdorﬂ’ distance dp induced by the Riemannian metric, we have that

dir (x((0.1],y((0.1))) < C d((x.T). (5.5)).

Proof: Let
— 1 1 1
Az =14 max{—f(t), FO) ) te [TTO’QTO} },

where f(t) and g(t) are as given in the definition of the Riemannian metric on H!(M).
Let 0 < g9 < 1 be such that

7 — 260> g and Ty + 2e0 < 2Ty,

Let 0 < € = £(Tp) < g0 and write 6 := d((z,T),(y,S)) < e. There is a curve I'(\) =
(zx, Th), A € [0,1], from (z,T) to (y,S) in Qar(qo,q1) or in Aps such that

length (T /HdA )| d < 26,

We can reparametrize I" so that the norm of its tangent vector is constant:

2 2 1
d 2 dT 0zx(0) .2
1T = || + 7 | =5y o 9(Th) ; |, ) ds <40”.
Since [Ty — T| < d(T(A), (z,T)) <26 < 229 then S =Ty—1, Th, T € [2T ,2Tp]. Hence
8ZA( ) 2 2
(21) < Asé for A € [0, 1],
N 1.0

/ ‘d)\z,\‘ g ds < A3 52 for A € [0,1].

Let

dz(s) |
o\

dA.

2x(s)
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From (21), |F(0)| < A3 6% We have that

F(s)—F(O):/s 4 [(s) ds

//<dsm ;izx<s>>m) d ds
//<ZA N ()>ZA(S)dA ds

wor-ronz [ [ sl wa] [[ [ 1

< VA [2 [ F ds}
F(s)<A352+\/E5[/OSF(s)ds

[ roe]

% u(s)? < A3 0% + 5 v/2A43 u(s)
Let to :=sup{t € [0,1] | u(s) < /2436 (s + 1), Vs € [0,#] }. Then

Ly(s)? < A36* +2A456% (s+ 3) if s € [0,to],
<2A36%(s+1) if s € [0, ).
u(s)? <2A456% (35> + ),

<V2A384/532+s if s € [0, to].

Since \/%32 +s <s+ % for all s > 0, we have that ¢ty = 1. Hence, for all s € [0, 1],

F(s) < A36% + /2436 u(s)

< Aj 52 + 2 A3 52 \/Eg
< FC*8%

é?Z)

3
dA ds]
za(s)

=

| I
N

Write

Then

‘We have that
dar(y(s), 2(5)) = dar(1(s), 20(s)) < /0

for all s € [0,1]. This implies the lemma.

H92x(s)
O\

d\ < \/2F(s) < C6.
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3. THE PALAIS-SMALE CONDITION.

In this section we are interested in the validity of the Palais-Smale condition for the
action functional Ay on a connected component €y (resp. A1) of Qar(qo, q1) (resp. Anr).

Theorem A.

If L is Riemannian at infinity and Ay does not satisfy the Palais-Smale condition on
Qar(qo,q1), or on Ay, then there exists a Borel probability measure u, invariant under
the Fuler-Lagrange flow, supported in a connected component of the energy level E = k,
which has homology p(p) = 0 and whose (L + k)-action is zero:

Aptr(p) = / [L+k] du=0.

Proof of Theorem A:

Let (z,,T),) be a sequence in a connected component € of Qx7(qo, q1) (resp. Ay of Apy)
such that

|~Ak($n,Tn)’ < Ay and Hd(men).AkH < %
Assume that (x,,7,) does not have an accumulation point in Qps(qo,q1) (resp. Ans).
Then Proposition 3.12 implies that either lim inf, 7;, = 0 or limsup,, T;, = +o0.
If limsup,, T, = +o00, Proposition 3.13 implies the thesis of the theorem. So assume
that liminf,, T;, = 0.
If ((zn,Ty)) C Qar(qo,q1) with ¢1 # o then Corollary 3.6 shows that liminf, 7,, > 0.
This contradicts our assumption. Hence gy = ¢1. If either ((x,,T,)) C Q(qo,q1) with

qo = q1 or {(xn,Ty)) C Aps, then Proposition 3.8 and Remark 3.9 imply the thesis of the
theorem.

O

3.1. Preliminary lemmas.

3.1. Lemma. If L is convexr and quadratic at infinity, then
30 [0]3 + 0o (v) + ¥(2) < L(z,v) < 5 Ao [u]z + 0:(0) + ¢ (),
—(z) + gag|vf3 < E(z,v) < —v(x) + 5 Ao |vl,
where 0,(v) := Ly(x,0) - v and ¥(x) := L(x,0).

Proof: Let Lo(x,v) := L(z,v) — 05(v) — ¢(z). Let f(t) := Lo(x,tv). Then f(0) = 0,
f/(0)=0and f'(t) =v- %(x,tv) -v, 8o that ag |[v]2 < f"(t) < Ag |v]2. Hence

1 gt 1t
Lo(z,v) = / / f"(s) dsdt > / / ao |v|2 dsdt > & ag |v|2
o Jo 0 Jo

< 1 Ao vl2.
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Now let g(t) := E(z,tv) = tv - Ly(z,tv) — L(x,tv). Then g(0) = —¢(z) and ¢'(t) =
t v+ Lyy(x,tv) - v, so that taplv|2 < ¢'(t) < t Ag|v|2. Therefore,
1
Ba.0) = 9(1) = 9(0) + | (0) &t = (@) + Sao ol

< —tp(x) + 3 Ao |vf2.

Let A > 0 be a Lebesgue number for our finite atlas & = {U;} of bounded charts.

3.2. Lemma. Suppose that L is quadratic at infinity.
IfU; eU, xz,y € U; and dpr(z,y) < X then in the chart U; we have:

0)  [Lo(@,v) = Loy, w) ] - C+ b (o] + [w] + 1) [¢] |2 — y[ + Ao [¢] [v — w] = 0.
(i)  aolv—w* < [Ly(z,v) = Ly(y,w) ] - (v — w) + b3 (o] + |w| + 1) [v — w| |z — y|.

Proof: Recall that the domains U; C R™ are convex. We work in local coordinates as if
L were defined in TU; C R?".

1
/OC'Luv(t(SC,U)+(1t)(y,w))-(vw)dt:
= (Ly(x,v) = Ly(y,w)) - ¢

_/0 C'va(t(x7v>+(1_t) (y7w)) ~(x—y) dt.

This implies (i). Using ¢ = v — w one gets (ii).

3.3. Lemma. Let C := C*([0,1], M) x RT.
The subsets C N Qar(qo, q1) and C N Apr are dense in Qar(qo, q1) and Ay respectively.

Proof: We prove the lemma for Q3/(qo,q1). The proof for Ay is similar. Let A > 0 be a
Lebesgue number for our finite atlas U.

Suppose first that length(z) < A. Then the image of x lies inside of a domain of a chart
U; € U and by lemma 2.2 we can assume that M = U; C R™. Extend x : [0,1] — M to R
by setting z(t) = 2(0) for t < 0 and x(¢t) = z(1) for ¢ > 1. Then the extension is also in
the Sobolev space Wlif(R,Rm), see [8, §4.1]. Let n € C*°(R,R) be

C ) if Jt] <1
U(t) — exp(t271) 1 ’ ’ = 5
0 if [t| > 1,

where the constant C is chosen such that [ n dt = 1. For & > 0 let n.(t) := 2 n(%). Define

x5(t) == /RT]E(S —t) xz(s) ds.

Then [8, §4.2.1], 2° € C*°(R,R™), 2° — z uniformly on compact subsets and & — & in
£2([0,1],R™). Let

ye(s) :=a2°(s) + (1 — 5)(x(0) — 2°(0)) + s(z(1) — 2°(1)).
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Then (y5,T) € Q(qo0,q1) N C. Since iig%xa(()) = z(0), giir(l):vg(l) = z(1) and #* — & in
£2([0,1],R™) we have that lin%)(yE,T) = (z,T) in Qpr(q0,q1)-
.

Now assume that length(z) > A. Let 0 = sp < s; < -+ < sy = 1 be such that
length(z[fs,_, 5) < 2. Let z;(t) = x(s; + t(siy1 — s3)), t € [0,1]. For each i do the
construction above and obtain a C'*° curve y; with the same endpoints as x; and which is
near z; in H'(M). The curve y = y; * - - - * yn, appropriately defined in [0, 1], is piecewise
C"’OandisnearxinH( ). Let 0 = sp < t] < 51 <ty <--- <ty < sy =1Dbesuch
that length(y|(; ¢,,,1) < 4 Then yl, +,,,) is in the domain of a chart U; C R™ and it is
C’OO in neighbourhoods of ¢; and tj41. Let zj(s) = y(t; + s (tj41 — t;)), s € [0,1]. Let

:10,1] — U; be a C* curve such that ¢; = z; in neighbourhoods of 0 and 1. Extend
(zj —c¢j) toR by setting (z; — ¢;)(s) =0if s € R\ [0,1]. Then (z; —¢;) is C*°. Let 7. be
as above and let

wit) = [ nels=0)- (5= e)() ds.
Then w® € C®(R,R™) and w® is near (z; — ¢;) in H}(R™). Since (z; — ¢j) =
neighbourhoods of 0 and 1 and supp(n.) C [—¢,¢], if € is small enough then w® =
neighbourhoods of 0 and 1. Let

25 (t) := c;(t) + we(t), t €0,1].

Then 2§ is €, it is near z; in H!(R™) and coincides with z; in neighbourhoods of 0 and

01
01

1. Let 2% := y|[o,¢,] % 21 % - ¥ 2N -1 * Y|ty 1] appropriately defined on [0, 1]. Then 2 is C*°,
and (z°,7T) is near (z,T') in Q7(qo,q1)-
U

3.4. Lemma. Suppose that the injectivity radius of M is larger than 2. There is K > 0
such that if 7 : [0,1] — M is a geodesic with |¥| <1 and J is a Jacobi field along v then

mas {17()L176)] 17|} < K (170)]+ 17(0)
Proof:

We first prove that there is Ky > 0 such that if J is a Jacobi field along v and J(0) =
then

[J(s)] < Ko [J(1)].

Suppose that K does not exist. Then for all N € N* there is a geodesic vy : [0,1] —
M with |9ny| < 1, a Jacobi field Jy along vy with Jy(0) = 0, and sy € [0,1] such
that |Jy(sy)| > N |Jn(1)|. Since M is compact, taking a subsequence of (sy) we can
assume that the limits sp = limy sy € [0,1], (Z,7) = limy (yn(0),¥n(0)) € TM and
JN(SN)
I (sn)]

geodesic flow, which is C', the map u —

limp € T'M exist. Since Jacobi fields are the projection of the derivative of the

JIn(u)

————— converges to a Jacobi field I(u) along
I (sn)]
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the geodesic 0(u) with (6(0),4’(0)) = (%, v) such that I(0) =0 and
@ N

I(1)| = lim < lim =0.
IO = 10 o] = W N ()]
Also,
. |JIn(sn)l
I(sg)| = lim ——% = 1.
[£(s0)] = lin T o))

Then I is a non-trivial Jacobi field along a geodesic § of length [o| < 1, which is zero
at the endpoints. Therefore the geodesic 6 has conjugate points. This contradicts? the
hypothesis that the injectivity radius of M is larger than 2.

Now let J be any Jacobi field along v. Let A(s), B(s) be the Jacobi fields along -y
satisfying A(0) = 0, A(1) = J(1) and B(0) = J(0), B(1) = 0. Since length(vy) < 1 and
the injectivity radius of M is larger than 2, the geodesic v has no conjugate points. This
implies that such Jacobi fields A and B exist. N

By the estimate above |A(s)| < Ko |J(1)|. Considering the Jacobi field B(s) := B(—s)
along the geodesic ¥(s) := y(—s) we get that |B(s)| < Ko |J(0)|. Since J(s) = A(s)+B(s),
we get that

7(5)] < Ko [19(0)] + (1) forall s e[0,1].
Since |¥| < 1, from the Jacobi equation J” + R(¥,J) ¥ = 0, we get that
|[J(s)] < b[J(s)] < b Ko (|J(0)] + [J(1)]),

for some b = b(M) > 0.
We have that

J(1) =Ty - J(0) = /01 T, J'(s) ds,

where Ty : T, 0)M — T,)M is the parallel transport along ~. Then there is 59 € [0, 1]
such that |J'(so)| < [J(0)| + |J(1)|. Therefore

/S " ()| du

S0

< [J(O)f+ ()] +b Ko (|JO0)+ [J(1)]),

[T ($)] < 1 (s0)| +

Now take K = max{Ky, 1 +b Ky }.

2When v = 0 and § is a constant geodesic, the Jacobi equation along § is J” = 0, which has no conjugate
points.
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3.2. Palais-Smale sequences.

During the rest of this section (x,, 1)) will be a Palais-Smale sequence. This is, (xy,, T},)
will be a sequence in a fixed connected component of Ay or Qa/(qo, g1) such that

HY(M)xRT

‘Ak(fﬂn,Tn)’ < Al and Hd(afan)AkH(xn,Tn)

<1
Also, L will be a convex lagrangian on a compact manifold M, Riemannian at infinity.
Write y,(t) := z,(t/Ty), 0 <t <T,. As in (7) we compute
1 . 1
Az 1) AR(E, ) = / [La(zp, )&+ Lo(z, 7) 7%] T, ds + « / [k — E(zn, %)] ds
0 0

T, ] o [T
(22) - /0 [ Lol )€+ Lulms i) €] de+ 7+ /0 [k = E(ya, ja)] dt,

where ((t) := &(t/T,).

3.5. Lemma. There exists B = B(k,A;,A3) > 0 such that if ©, € HY (M),
A (zy, Ty) < Ay and T,, < As, then

E%</T"y' \2dt—1/1]5c ?ds < B
Tn = 0 yn - Tn 0 n )
where €, := length(x,) and y,(t) = xn(t/Ty). In particular if T,, — 0, then lim, ¢, = 0.
Proof: Using (9),

Tn
A1 > A(em To) = Apsi(yn) > @ / gl? ds — (az + [K]) T,
0

Let ¢,, := length(y,). By the Cauchy-Schwartz inequality,

Ty 2 Tn
2= (/ |ynrdt) <t [l ar
0 0

The inequalities above imply the lemma with B =1 + % [A1 + (a2 + |K])A2].
O

3.6. Corollary. If (xn,T,) € Qar(q0,q1), 90 # @1 and Ag(xyn,T,) < A1, then T, is bounded
away from zero.

3.7. Corollary. If A1 is a connected component of Ay with a non-trivial free homotopy
class, then for all Ay > 0,

inf {T > 0| (2,T) € Ay, Ag(z,T) < Ay } > 0.

Proof:
Since M is compact, inf{length(x) | (x,T) € A; } is positive. Now use Lemma 3.5.
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3.8. Proposition.
If a sequence (x,,T,) € A satisfies Ag(xn, Ty) < Aj, Hd(men).AkH < % and T, — 0,
then there is qo € M and a subsequence x,, such that qo = lim; zp,(s) for all s € [0,1] and

(1) lim; Ag(xn,, Tn,) = 0.
(ii) (qo,0) is a singularity of the Euler-Lagrange flow.
(iii) E(qo,0) = k. In particular k < eo(L).
1
)

(iv hml/ |xm(s)| ds = 0.
ni 0
In particular, the Dirac probability measure supported on (qo,0) is an invariant mea-
sure, supported on the energy level E=1{k}, whose (L + k)-action is zero and has trivial
homology.
Also, the (singular) energy level E =k does not satisfy the Palais-Smale condition.

3.9. Remark. Proposition 3.8 will be applied to sequences in Ay; and also to sequences
in Qar(go, 1) with g1 = go. This means that ||dAg| is to be understood as the norm of
the derivative d(,, 7,)Ax restricted to the subspace T, 7,)U2n(0), (1)) C T(y, 1) AM
given by variational vector fields which are zero at the endpoints.

Proof:
Assume that 1 > T,, — 0. Let ¢, := length(y,). By Lemma 3.5, we have that lim,, ¢, =
0. Since M is compact, taking a subsequence, we can assume that lim,, y,(0) = g0 € M.
Since lim,, ¢, = 0 and lim,, y,,(0) = qo, we can assume that all the curves y, are in the
domain U; C R™, m = dim M of a bounded chart U, € 4. By lemma 2.2 we can assume
that on the chart U; we have Hd(man)Ak < % for all n. From now on we work

on the chart U; as if M = R™.

Let £(s) := xn(s) — 2,,(0). Then £(0) =
Let ((t) == £(t/T), t € [0,T5]. Then ¢(0)
that

HHl(Rm)xR“'

£(1) =o0. Ob‘serve that® (£,0) € Tz 1) A0 -
= ((T,,) =0, ((t) = yn(t). Using (5), we have

1 5 T o 3 T, Ty ) 3
dayi A €0 < 1 |72 [Tiip ] < T [T al

Using Lemma 3.2.(ii) with w = 0, we get that
(23) Ly(2,v) v > Ly(y,0) - v = bg v |z — y| = b3 [v]* |« — y[ + ag 0],

for all (z,v) € TU;. Using inequality (23) with (z,v) = (yn, ¥n) and y = y,(0), we get

Tn .
oyt (€0) = [ [ Lulun ) - €+ L) -] .

3Since £(0) = £(1) = 0 this tangent vector is also in T(w, 1) 20 (q, q), where ¢ = 2,(0) = 2, (1).
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Th Tn 3 Tn .
[ [l ] = < [ b = ) 4 0,0
Tn T
by /0 il [ — 5 (0)] i — b /0 nl2 [y — ya(0)] dt +

Tn
+ao / lil? dt
0
T

Th
z—bzfnan—bsﬁi—<b3+b2>en/ yn|2dt+ao/ il dt
0 0

where 0, := L,(z,0) and by is from (12).
Dividing the last inequality by 7;, we have that

T”L
%ﬁ)+

62 1 Th 1 Tn %
@) bt —bo oo Gat b)) [ [ liaP ] < ] [l et

Tn Tn 0 n 0
Since A (zy,T,) < Ajp, from lemma 3.5 in the chart U; we get

62 Th
limsup -2 < lim sup/ |9 |? dt < +o0.
n Tn n 0
From (24) and lemma 3.5 we get that
62 1 Th )

25 limsup —= < limsu / In|? dt < +o0.
(25) SUp 7y < lmsup - | |9n|

Since lim,, T,, = 0, we get that
. .2 . T 2 I 2 5, -
lim/, =0, lim =+ =0, lim |9n|* dt =0 and — |Yn|* dt is bounded.
n T, n Jo T Jo

n

Hence, from inequalities (25) and (24), we get that

1 Tn 2 62 1 Tn 9
26 lim su / | dt| = limsup — <lim/ | dt = 0.
(26) sup | 7 [ il de] = timsup 7% <t e [

Changing variables in the integral, this proves item (iv).
(i). By lemma 3.1, for all (z,v) € TM

|L(z,v) + k| < § Ao [v]3 + 10 (0)] + | ()| + |k
Then

Tn
’Ak(xnaTn” < %AO / |yn‘zﬂ dt +£n sup HexH + T |:|k| + sup W](x)’] .
0 zeM rEM

Hence lim,, Ag(x,,T,) = 0.

(ii). Let h : [0,1] — [0,2] be a smooth function such that h(0) = h(1) = 0 and
fol h(s) ds = 1. Let £(s) := h(s) di(z,(0)) € R™, s € [0,1] and ((¢t) := £(t/T),,). We have
that

Tn .
(27)  dim)Ae- (€0) = /0 | La(ns i) - €+ LoCyms ) - €] dt < L€l 1)
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Using (13),
1
Ly(xz,v) = Ly(z,0) —I—/ %Lx(x, sv) ds
0

(28) Ly(w,v) - ¢ = dip(z) - ¢ = by (1 + [v]) 0] [¢].

Write 04, = Ly(qo,0). Using (28) and Lemma 3.2.(i) with (z,v) = (yn, n), (y,w) = (g0, 0)
in inequality in (27), we get that
Tn

1
T [ dten(s)) - hs) - den(©) ds = s [€l, [ il + 1307
0 0
T, ' T ' T,
+9qo(/0 cdt)—bgncnooen/o (Ul dt = Aol [l

T .
< 2 ldg(q0)| 1
In the inequality above the third term is zero. Dividing by T),, letting n — +oo and
using (26), we get

1
0 < |di(qo)|* = nggloo/o dip(zn(s)) - h(s) - dip(2,(0)) ds < 0.

Hence (qo,0) is a singularity of the Euler-Lagrange flow.
(iii). We now see that F(qp,0) = k. From (11),
[ (yn () — ¥ (yn(0))| < b1y, for all t € [0,T,].
The hypothesis Hd(men)AkH < L1 implies that
Ty
a;zlf /0 | By i) — k| dt‘.
Using Lemma 3.1 we get that

(29) 1

n =

1

1y

(n,Th)

ap [T . 1
~ [0(on(0) + ] = bt [ i<
< [0 (n(0) R 4 bt AO/T" (G| dt.
n 2T, Jo
Then from inequality (26), we get
E(g0,0) = —(q0) = lim =9 (yn(0)) = k.

We have that E(qp,0) = k = —1(qo) and di)(qo) = 0, hence the point (gp,0) € TM is
a singularity of the Euler-Lagrange flow in the energy level E = k. The Dirac measure
supported on (go,0) is an invariant measure whose (L + k)-action is zero and has trivial
homology.

This (singular) energy level E = k does not satisfy the Palais-Smale condition because
the curves (zp,T),), where z,(t) = qo, T, = n, are in the same connected component
in Ay of closed curves with trivial homotopy class, they satisfy Ag(z,,T,) = 0 and
dAk(xn, T,,) = 0 but they do not have an accumulation point in the topology of Ajy.
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In the case (z,,,T) € Qar(qo, qo), the same choice z,(s) = qo, T, = n is an unbounded
Palais-Smale sequence in Q7(qo, qo)-
Il

3.10. Corollary. If (q0,0) € Ty, M is not a singularity of the Euler-Lagrange flow and
a sequence (xn,T,) € Qur(qo,qo) satisfies Ag(xn,T,) < Ay and Hd(xn,Tn)AkH < L
then liminf,, T,, > 0.

3.11. Remark.

Observe that the Hilbert manifolds Ay; and Q3/(go, 1) are not complete with our rie-
mannian metric (4) because they do not contain the points (z,0) € H!(M) x {0} that
would be at finite distance from (z, 1). The discussion above shows that in order to prevent
a Palais-Smale sequence (z,,,T,,) from leaving the space at H!(M) x {0} we can either

e work on a connected component A of Ays or Qx7(qo,¢1) with a non-trivial homo-
topy class.

work on Q/(qo, q1) with go # 1.

work on Q7(qo, qo) where (gg,0) is not a fixed point of the Euler-Lagrange flow.
ask that E~'{k} is not a singular energy level.

ask that lim,, Ag(z,,T,) # 0.

On a given connected component Ay of Ay or Qpr(qo, q1) a singular energy level may not
satisfy the Palais-Smale condition with a counter-example made with sequences of curves
(xn,Ty) with lim, T;, = 400 which spend long time near the singularity. For example
in Qar(qo,q1) when the singularity is hyperbolic and gy and ¢; are respectively in the
projections of the unstable and stable manifolds of the singularity. In such an example
theorem A says that the measure u, defined in page 5 converges to the Dirac measure at
the singularity.

3.12. Proposition.
If a sequence {(zn, Th) tnen C Qar(qo, q1) or {(zn, Ty) fnen C A satisfies

Ak (2, Ty) < Ax, Hd(%,Tn)AkH < % and 0 < liminf T, < 4o00;
n
then there exists a convergent subsequence.

Proof: Since M is compact, if (z,,T},) € Ay, taking a subsequence, we can assume that
qo := limy,, 2,,(0) = lim,, z,,(1) exists. In this case write ¢; := go. Thus in both cases, in
A and Q3/(qo,q1), we have that gy = limy, 2,(0) and ¢; = lim,, z,,(1).

Taking a subsequence we can assume that 7' = lim, 7, € R*" exists. We will ex-
tract a Cauchy sequence from {(x,,Ty)}nen. Since T' > 0, such Cauchy sequence has
a limit in Aps (resp. in Q37(qo,q1)). By Lemma 3.3, there are smooth curves Z, such
that d[(zn,Tn), (Zn,Tn)] < +. Hence we can assume that the curves z, are C*, for
if {(#5,Ty)}nen is a Cauchy sequence, so is {(2n,T})} neny and since Ay is C!, also
lim,, |dAg(Zn, Tp)|| = 0. Similarly, since d[(z,,Ty), (20, T)] < |Tn — T| = 0, we can
assume that T,, = T for all n. Also, since we are assuming that T, = T is fixed, it is
equivalent to use the metric (6) with f(7T") = g(T") = 1.
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Let y,(t) := x,(t/T) and let o, : [0,1] — M and G, : [T+ 1,7 + 2] — M be minimal
geodesics joining ay,(0) = qo, an(1) = yn(0); Bn(T + 1) = yp(T), Bn(T + 2) = ¢q1. Taking
a subsequence we can assume that d(z,(0),q0) < 1 and d(z,(1),q1) < 1. Then |d&,| <1
and |3,| < 1. Define

an(t) if 0<t<1,
wp(t) = S yn(t —1) if 1<t<T+1,
B (t) if T4+1<t<T+2.

Then all the curves wy, : [0,7 4+ 2] — M join gy to ¢;. Their action is uniformly bounded
because

Apyk(wn) = Ag(zn, T) + Apr(an) + Ap1k(Bn)
< A1+ 2 sup [L(z,v) + k| =: As.
o<1

By Cauchy-Schwartz inequality and Lemma 3.5,

1

it wnle) < [l ds < ][ [ il as]

t1
< B(k, Ay, T +2)7 |ty — t1]2.

Then the family {w,} is equicontinuous. By Arzeld-Ascoli Theorem there is a convergent
subsequence of {w,} in the C® topology. This implies that also {z,} has a convergent
subsequence in the C? topology. For the sequel we work with a convergent subsequence
of {z,}.

We can assume that the injectivity radius of M is larger than 2. For n, m large enough
d(zn(s),zm(s)) < 1forall s € [0,1]. Let 75 : [0,1] — M be the minimizing geodesic joining
75(0) = @ (s) to vs(1) = 2 (s). Let T': [0,1] x [0,1] — M be defined by T'(s,r) := ~4(r).
Then

or ,
(30) E(sar) = [¥s(r)| = dM(xn(S),xm(S)) < dn,m,
where dy,;m = SuPgejo1) d(Tn(8), Tm(s)). Observe that J(r) := %1;(8,7") is a Jacobi field
along vs with J(0) = @, (s) and J(1) = &y, (s). Since |¥s| < 1, by Lemma 3.4,
or
or _ < , :
(31) (5| = 1] < K [[an(s)] + im(s)]].
D or D or , . .
- = |——— = <
(32) g )| = | 5 50| = 17O < K [ln(o) 0],
By Lemma 3.5,
(33) [Enllpr < ll@nllz2 < T B(k, Ay, T) =: By,

H%Hﬁ = ||Unllp2 < B(k, A1, T) =: Bs.
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Let np,m(s) == g—f(s, 1) € Ty, ()M and & m(s) == g—l;(s,O) € Ty, (syM. We have that

1
oy = IO + [ i) s

or
[zesf+ [
From (30), (32) and (33),

or
”77n,mH3-[1(M) < d(zn(0),2m(0)) + K (2 Han%tl(M) +2 meHg-tl(M) )
<14+4K B =: K;.

2

D or
4 ds.

0,1) ds 87"(

s,1)

Similarly,

||§n,m||$11(M) < K.

Also
[7n.mlloo < dnm and 1€nmllo < dnym-

Since limy, Hd(mmT)AkH(w Ty = 0, for the product norm || |[31(ppxr, With f(T) =
g(T) = 1, we also have that

(34) lim || (g, 1) Ak =0,

HHl(M)X]R

where the derivative is restricted to the tangent space T{,,, 1,)2n (g0, q1) [resp. T, ) A M-
Therefore given € > 0 there is N > 0 such that

|02, Ak (2, 7) '77HH1(M) <ie

for every n > N and [|nly1(pp) < K1 with 9(0) = n(1) = 0 when (2, T') € Qa(qo, q1) and
n(0) = n(1) when (z,,T) € Ay. We can take n = 1y, and n = &, ,,, defined above over
(m,T) and (x,,T) respectively. Therefore

H@ Ak;| (zm,T *Tnom — aank:| (zn,T) " fanHl(M)

From formula (7) for 0;.Ay, we have that

‘/ V L( xm: T m), 77n,m> — (Vo L(xn, an), ’fn,mﬁ ds +

1
T ? b
(35) - / (T L %), inm) = (T L(n, ), Enm)] ds| < e
0
for m, n > N. Since L is quadratic at infinity,

«L(z,
e sy Ve,

< +o00.
(z,0)eETM 1+ |'U|%

The first term in (35) is bounded by 2T by (1+ B3) dy, . Consequently the second integral
in (35) is small for big m, n.
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Observe that the integrand in the second term of (35) is

(Vo L(xm, me), nn,m> — (Vo L(2n, ITTL) gn m>
= (VoL (D) 4 3 5.) - 2 3|
'D 1 or D or
= | (VL) 4 5hr) . RS er)) dr
1
_ 19Ty . or 19T\ . 1 DT DT
—/0 <3xva (T, 7%5:) - o + VoL (U, 1%55) 735 55 » £W> dr
(36)
1 1
190y . or DU 190\ . 1 DT D r
:/0 <8wVvL (T 7%5:) - % s Em> dr+/0 <5vVvL (T 75s) * Tar s - £W> dr,
here 9,V,L and 0,V,L are the partial derivatives of the second component of TM >
(z,v) — (:E, VuL(z, v)) € T'M with respect to the splitting T, yTM = H © V described
in page 29. The partial derivative 9,V,L(x,v) coincides with the second derivative of

v — L(z,v) € T;M in the vector space T, M.
Since L is quadratic at infinity,

L
b3 := sup 192 Vo Lz, v)]| < 400.
(z,0)ETM 1+ ’U|x

Then, by (31), (30) and (32),

| first term in (36)]§/ by |m£m L\ DAL g
< b3 [14 7 K (|in(s)] + |2m()])] dnm K (JEn ()] + |£m(5)])-
By (33) and Cauchy-Schwartz inequality,

n,m

1
/ | first term in (36) | ds < b3 (2 KB + %4K23%) dnm — 0.
0

Since %g—z = %%E, from (8) we have that

1 |Dar?
/ | second term in (36) | ds >/ / Il b

The integral of (36) corresponds to the second term in the left of (35). Since the first
term in (35) is small, we get that

1 1
(37) Jim /‘/
n,m—-+00 0 0

dr ds.

D or|?

15 Or dr ds = 0.
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Using (30), in H!(M) x Rt we have that

1 2
d[(zn. T), <zm,T>}2s/ or dr

o 19 llwemm

Lior 2 L 1 por|?
—/0 7(0,7") d’l“—F/O /0 %E ds dr

L riirpor|?

<d? - :
_dn7m+/0/0 15 Or ds dr

By (37), {(xn,T)} is a Cauchy sequence.
O

3.13. Proposition. Suppose that L is Riemannian at infinity. Let A1 be a connected
component of Qar(qo,q1) or Apr. If a sequence {(xn, Ty) fnen C A1 satisfies

|Ag (2, Tr)| < A1, Hd(xn,Tn)AkH <1 and limsupT, = +oo,
n

then there exists a Borel probability measure 1, invariant under the Euler-Lagrange flow,
supported on a connected component of the energy level E = k, which has homology p(p) =
0 and whose (L + k)-action is zero.

In the proof of this proposition we can not use Lemma 2.2.(2) on the equivalence of the
metric of H!(M) x R* to the metric of H!(R™) x RT on local charts because the times T},
are not bounded. Here we shall use strongly that the lagrangian is Riemannian at infinity
and not only quadratic at infinity.

We first fix the notation used in the proof of Proposition 3.13. There is a canonical
splitting of the tangent space

TyTM = H(0) & V(0)

where the wvertical subspace V(@) is the kernel of the derivative dpm of the projection
m : TM — M and the horizontal subspace H(0) is the kernel of the connection map
K : TyTM — TyM. Both subspaces are naturally identified with T\ M ~ H(0) =~ V()
in the following way: a tangent vector ( = (h,v) € H & V has horizontal and vertical
components given by h = dgmn(¢) € TyM ~ H(0) and v = K(¢) € TyM ~ V (6).

The Sasaki metric on T'M is given by

(C15G2)e = = (dam(C1), dom(C1))m(o) + (K (C1), K(C2))n(0)
= (h1, ha)r(g) + (V1,V2)x ()5

where (; = (hi,’Ul') € H(G) D V(Q), 1=1,2.

The identification TM «— T M induced by the Riemannian metric (z,v) < (v, )y =p

preserves the norm on each fiber and the canonical symplectic form w = dp A dx on T*M
is sent to the form

wy(C1, G2) = (K(C1), dm(C2))e — (K (C2), dm(C1))a
= (v1, h2)r(6) — (v2, h1)x(0)-
We shall ambiguously use this identification along the rest of this section.



30 G. CONTRERAS

Let H : TM — R be the hamiltonian associated to L:
H<$7p) = max <p7 > L((L‘,’U), b € TxM
veT,
The hamiltonian vector field X on T'M is given by ixw = —dH. Its flow lines solve the
hamiltonian equations
&= VpH(z,p), %p = —V.H(z,p).

When seen in TM, V,H and V,H are the projections in the horizontal and vertical
subspaces of the gradient of the hamiltonian H with respect to the Sasaki metric. The
hamiltonian flow of H is conjugated to the Euler-Lagrange flow of L by the Legendre
transform L(z,v) = (v,VyL(z,v)) = (z,p). Thisis, (p, )z = a%L(m,v), in the vector
space T M.

Observe that

ViL(z,v) = =V, H(z,p), if p=V,L(z,v).

If (2,T) € H' (M) x R", € C([0,1], M) and & € T(, 7 Qa(2(0),2(1)), the partial
derivative of the action functional is given by

T
(38) Ao AR (€,0) = /0 (0,20, — (VoH(y,p), Oy dt,

where y(sT') := x(s), ((sT) := £(s) and p(t) = V,L(y(t),y(t)). Let T(t,s) : TyyM —
TyyM be the parallel transport along y(t). For t € [0,7]] let

H, () == T(4,0) - a + / T(ts) - VaH(y(s), p(s)) ds,

where the constant a € T M is chosen such that

(39) /TTt p(t) + Ho(8)] dt = 0.
Let
(40) p(t) = p(t) + Ha(t).

Integrating by parts in (38) we have that

T T
(41) dairy A, 0) = (B2, ), |+ [ (0(0) + B0, Be(0) .,
Define (1 (t) by

/Tts (s) + Hy(s)] ds.

By (39), ¢1(0) = ¢1(T) = 0. Then if & (s) := (1(sT') we have that (£1,0) € T, 7y (2(0), 2(1))
and also (£1,0) € T(x ryAn if 2(0) = z(1). Observe that

D¢i(t) = p(t) = p(t) + Hy(1).
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Applying (41), we get

T
dem)Ar(61,0) :/0 POl t < MlderyAell - 18l o,
272 T D~ |2 % X
< |y Ar]| - €~ UO ydtg\y(ﬂ} if 7> 10,

T 3
<l | [Tt itT 210

Therefore *

(42) | p ”L"’([O,T]) < 6_2T2 Hd(x,T)-AkH , if T > 10.

Proof of Proposition 3.13:
We can assume that T, — +00. Moreover, we can assume that

T, >n > 10.

Since Ay and dAy are continuous on Q,7(qo,q1) and Ay, by Lemma 3.3 we can assume
that @, : [0,1] — M is C* for all n. Observe that if g0 = q1, Tz, 1)20(q0, 1) C Tz ) Ans-
In the sequel we shall only use tangent vectors in T(, 7y2nm (o, q1), so that the arguments
apply for both Qps(qo,q1) and Ayy.
Let yy(t) := x,(t/T}), t € [0,T,] and
Pn(t) := Vo L(yn(t), yn(t)) € Ty, M.
Let p,(t) be defined as in (40) for the path (y,(t), pn(t)):
pu(t) = plt) + Ha (1)
In particular
(43) % Pn = %pn + Ve H (Yn, pn)-
From (42) we have that

Tn 9 % 6_2T7‘2L
(44 ooy = [ [ oa®l 0 @] <

Let

n

An = {t €0, T]| loa(t)l,, 0 < e 2T% ).

If m is the Lebesgue measure on [0,75,], we have that

Tn
_372 _aT?
e 3T m(AS) §/ lpn(t)|? dt < # e 4,
0

“nequality (42) is our fundamental estimate for the rest of the section. Observe that since, by definition,
p(t) = VuL(y, ), the first hamiltonian equation ¢ = V,H(y,p) follows from the Legendre transform
of H. Thus the quantity p(t) = p(t) + Hx(¢t) measures the deviation of (y(¢),p(t)) from being a solution
of the second hamiltonian equation p = —V,H(z,p). Our problem now is to obtain a true invariant
measure from this £2 estimate.
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2
Thus m(AS) < # e~Tn and hence

(45) m(An) > Ty — e 17,

We assume that the Riemannian metric on M has injectivity radius larger than 2.
Since the lagrangian is Riemannian at infinity then the hamiltonian is also Riemannian at
infinity: H(z,p) = % Ip|2 when |p|, > R. Define R; > R by

s R =sup {H(z,p), 5 [VpH(z. )} | Il <R} >3 R
Let d; > |k| be such that
(46) H(z,p) > L |p2 —di,  forall (z,p) € TM.
Choose Ry > 0 such that
(47) Ro > max { Ry, 10(|k| +d1 +1) }.
In particular
H(x,p)=3 lpl; if |pl, > Ro.
Also
VpH(z,p)=p and V H(z,p)=0 if |p|, > Ro.
3.14. Lemma.

Iple < Ry <= H(x,p) < %R% < |v|z < Ry, where v=V,H(z,p).

Proof: If H(z,p) > %R(Q) > %R% then |p|lz > R, v = VpH(z,p) = p and H(z,p) =
1|p2. Hence |v|, = |pls > Ro. If [pl > Ry > R then H(z,p) = 3[p|2 > L RZ. If
|v|z = |VpH(x,p)|z > Ro > Ry then |ply > R, v=V,H(z,p) =p and H(z,p) = % Ip|2 =
L2 > 1 R? O
2 1Vl = 3 o

We start by estimating the difference between (y,, p,) and an orbit of the hamiltonian
flow.

3.15. Lemma.
Given to € [0,T;], let (z(t),q(t)) be the solution of the hamiltonian equations

.Z‘:VPH(JZ',Q) s q:_va(x7Q)7

with initial conditions x(ty) = yn(to), q(to) = pn(to).
There is ng > 0 such that if n > ng, tog € Ay, and |py(to)| < Ry, then for all t € [0,T,],

dar(2(8), ya(8)) < 1,
(48) dra [(2(8), 4(8)), Wn (D), ()] < (), + € 7.

3.16. Remark. The bounds in Lemma 3.15 are actually made for z; defined in (50) instead
of the distance between (z(t), ¢(t)) and (y,(t), pn(t)).
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Proof: We only prove the estimates for t > tg. The case t < tg is similar.

Recall that using Lemma 3.3, we are assuming that y,, is C*°. Let v : [0,1] — M
be a geodesic joining x(t) to y,(t) such that v, (s) = yn(to) for all s € [0,1] and that
f(s,t) :=y(s) is C*°. Let

= Y| = length(ve) > dar(z(t), ya(t)).

Let I,, be the maximal interval in [0, T},] containing ¢y such that |e;| < 1 for all t € I,,.
We first prove that there is B = B(L, Ry) > 0 such that for all n, if |p, ()| < Ry and
t € I, then

drar[((), (1)), (yn () pa(8)] < [pa()]y, ) + (14 €PE) Jpulto)l,, o)

(49) + BePlto) lonll 220,z -
Let A¢(s2,81) : Ty, (s;)M — T, (s,yM be the parallel transport along ~;. Let
(50) 2 = length(y) + [pa(t) — 44(1,0) - q(t)], -
Let A; : [0,2] — T'M be the curve defined by
. i <s<
(51) Aus) = (’yt(s),At(s,O) q(t)) ?f 0<s<1,
(Un(); (s = D) palt) + (2 — 5) A(1,0) - (1)) 1< s <2
Then
dra ((2(t), (), Pu(t))) < length(Ay)
/ il s+ [ Iou(®) = A(1,0)- 0, s
< Zt-

Recall that f(s,t) = v(s). Then

1 1 1
e?z/ e; dS:/ e ds:/ <8f 8f> ds.
0 0 0 \0s" 95/ pp)

Since %% = %*'yt = 0, we have that
ldet_1/1D<6f€)f> ds_/1D<8f@f> ds
2 dt  2Jy dt \Os s/ 0 ds \ Ot 0s/ sy
of of of of
(1,t), ==(1,¢) < (0,t), =(0, t)>

<3t 0s () ot s (1)
< 7%(1 > <A ), Ai(1,0) "'Yt(0)>yn(t)
< — Ay 1 0) ( )’%(1)>yn(t)

Since pr, = VyL(Yn,Un), Un = VpH(yn,pn). Since V,H(y,p) = p when |p|, > Ry,
(x,p) — VpH(z,p) has bounded derivative on T'M. Let K; > 1 be a bound for its
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derivative. Then
‘yn - At(l)o) : $| = |VPH(yn7pn) - At(l’o) : VPH(xv Q)|

1

g/ |2 [A(1,min{2s,1}) - V, H(A(25))]] ds
0
1

:/0 129, H (A (25))] ds

< K; length(At) = K z.
Thus, from (52),

1 de?
- — <K .
2 dr —
Since e, = 0,
t11d2 t
(54) et:/ S 2 %% < | Ky at.
tozet dt tO

Let T'(t2,t1) : Ty, (1)yM — Ty, (1,)M be the parallel transport along y,(t). Since py,(to) =
q(to), we have that
pn(T) — A-(1,0) - q(7) = / T(r,t) [%pn(t) — %At(l,O) . q(t)} dt,

to

= / T(Ta t) [%pn + VzH(ym pn)} dt

to

(5) + [ TEO[A0.0) - Vot ) — Vot ()| i

to
+ [ T - A1.0) - VaH(w0) - BAL0) - gft)] .
to
Since V,H(z,p) = 0 if |p|o > Rp, the function V,H has bounded derivative on TM.
Then, as in (53),

T

the norm of the second term in (55) < Ko z dt,
to

where K is a bound for the derivative of V,H. We estimate the third term. Since (z, q)
is a solution of the hamiltonian equations, then

% q=—V.H(z,q).
Let F(s,t) :== Ay(s,0) - 2 q(t) — 2 A4(s,0) - q(t) € Ty(54yM, then F(0,¢) = 0 and
DR(s,t) = 2[A44(5,0)- Ba(t) - 2 4(5,0) - q(t)]
=0— 3 3 A(5,0) - q(t)
—5 2 [4u(5.0) - a0)] + R(5E. 5 ) [4el5.0) - a(1)]

= R(%u(s). 5 ) [Au(s,0) - (1))
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where R is the curvature tensor. Let K3 > 1 be such that |R(u,v)w|, < K3 |uly vz |w]e
forallz € M, u,v,w € T, M.

Observe that J(s) = ‘3{ (s,t) is a Jacobi field along the geodesic v with J(0) = #(¢),
J(1) = 9 (t) and that if t € I,, then |4| < 1. By Lemma 3.4 there is K4 > 1 such that

‘ s < Ky [|az(t)| + |yn(t)|} for all  (s,t) € [0,1] x

Then, using (53),
| ZF(s,t)] < Ky e Ky [ [#0)] + [i(®)] ] la(t)]
< K er K [ J5(0)] + lgn(t) — A4(1,0) - #(8)] + |#(8)|| la(2)
< Ky Kaer |2 [a(t)] + K1 2] Ja(0)].
Since, by hypothesis, [¢(0)| < Ry, by Lemma 3.14, E(x, &) = H(z,q) < 3 R3 and hence,

by Lemma 3.14, |z(t)| < Ry and |q(t)] < Ry for all t. Let K5 := 2 K1 K3Ky. If t € I, then
le:] <1 and hence

1
Pl = |0+ [ A1) BP0 ds

yn(t)
1
< / [K5Rg€t + K5 R()Zt] ds
0
<2K5R: % for all ¢ € I,.

Thus, when 7 € I,
T T
|third term in (55)| < [F(L, 1)y, ) dt <2K5 R(%/ 2zt dt.
to

to

From (50), (54), (55) and (43) when 7 € I,,, we get that

| 1w Bouto)]

to

-
zTSKl/ zy dt +

to

T T
+K2/ ztdt+2K5R3/ 2z dt
yn(T) to to

22 < lpnlr) = T(r10) - pulto)y oy + B [ 20

to

(56) ze < pn(T)ly, () + lon (o), o) + B/ z dt when 7 € I,.

to
where B := max{1, K1 + K2 + 2 K5 R%}. Let u(r ft 2z dt. Then, using (56), we have
that

%(G*B(t*to) u(t)) = e*B(t*tO)(z — Bu(t))
< e=Bl=t0) (1o, (1) (e T 1000y, (1o) ) for t € I,,.
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Since u(tp) = 0,

u(r) < P10 / e B (b)) dt + BT / P pnto)l,, 1

to to

B(T—to) B(T—to)

(& (&

< W Han,CZ([O,Tn]) + T
Then from (56), if 7 € I,,

zr < pn(T)y, () + 1on(0)ly, (1) + B u(T)

B T— (r—
<o (Dly,, (7 + on(to)ly, 1) + 1/ 563( to) lonll 220, + P10 |p, (t 0y (t)-

Since B > 1, \/g < B. This completes the proof of (49).

[pn(t0)ly, (1) when 7 € I,,.

Since lim,, T;, = 400, by (44), there exists ng > 0 such that if n > ng then

o2 2
B e |lpnll2or,y < BeP™ G e < e,
1

and
Ki (L /T e 2 4 Te ™) < 1.
If tg € A, then |p,(to)| < e=3T%. Thus if n > ng each of the last two terms in (49) is
bounded by %e‘Tg. This validates (48) when t € I,.
It remains to prove that if ¢y € A, then I,, = [0,T,]. Let I,, = [a,b]. From (54) and (48)
we have that for 7 € I,,,

T T

dy(zt),yn(t) < e < | Kizdt <Ki [ |pa(t)| dt+ Kl/ e~ Th dt,

to to to

2
< K1 llpnllc2ormy) VIT = tol + K1 |r — tol e
< K; (% e 2Tx VI, + T, e*szl)

< 1

If b < T, since t — e; is continuous, I,, could be extended. Then b = T,,. Similarly,
a=0. O

3.17. Lemma. Ift € A, and n is large enough then
| H (yn(t),pn(t)) — k| < 2 and Ipn(t)] < Ro.

Proof:
Claim 1. A, ﬁ{te [0, T,] }|pn ]<Ro}7$@

Proof: Let dy > |k| be from (46). Since Hd(xn 1) Ak < L

0.Ak T" 1
— n,Pn) — k| dt < —.
or (@n,Th) / H(yn. pn) ] < n
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Then
T, T,
3 Bg - m([lpal = Ro]) < / 3 [pa(®)? dt < / [H (yn, pn) + da] dt
0 0

< [k+di+ 3] Tn
2[k+d1+%]

m([‘pn‘ > RO]) < R2 T
0
1
<= .
<70 Th, from (47)
Therefore, using (45),
m(An N [Ipn| < Ro]) = T — ( 7 U llpn| > Ro)
1
> 0

This proves Claim 1.

Claim 2. There ezxist K = K(Rp) > 0 and ny > 0 such that
pn(t )|yn(t) < K(Ro) “Pn(t)|yn(t) + 1], Vi€ [0,Tn], Vn>ni.

Proof: By Claim 1 there exists ¢y € A, such that |p,(to)| < Ro. Let (z(t),q(t)) be the
solution of the hamiltonian equations with initial conditions x(t9) = yn(t0), q(to) = pn(to)-
By Lemma 3.15, das (2(t), yn(t)) < 1for all t € [0,T,]. Givent € [0,T,], let v : [0,1] — M
be the minimizing geodesic joining x(t) to y,(t). Let A; : [0,2] — T'M be defined by (51),
let e; := dpr(x(t),yn(t)) and let z; := e; + |pn(t) — Ai(1,0) - ¢(t)| be as in Lemma 3.15.
Then

H(yn(t)vpn(t)) - H(yn(tO)vpn(tO)) = H(yn(t)vpn(t)) - H(x(t)7Q(t))

1
- /0 (VaH(Ai(5))5 e(5))., ) d

b [T, )~ 400,0)-a0),, 05
Since VyH (z,p) = 0 when |p|; > Ro, there is d2 > 0 such that
|\VoH(x,p)|, <do for all (z,p) € TM.
Since V,H (x,p) = p when |p|, > Ry, there is d3 > 0 such that
\VpH (z,p)|, < |pls +ds  for all (z,p) € TM.
Then

1 2
»m%wmw»—m%wmmmngﬁ@aw+[Um@m@+mmw+@th
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Since |pn(to)| < Ro, by Lemma 3.14, H(yn(to), pn(to)) = H(z(t),q(t)) < 3 R% and
lg(t)| < Ro for all t. Let d4 := max{ds, d3}. Then

(57) ’H(yn(t)apn(t)) - H(yn(to)apn(to))} < “pn(t)’ + Ro + 2d4] Zt-

Suppose first that [p,(t)| > Ro. Then H(yn(t), pn(t)) = % [pn(t)|?. In this case we have
that

3 1pa(D)° < Ho + pa(t)] 2¢ + [Ro + 2da] 2
where Ho := H (y,(to), pn(to)). Using that Hy < 5 R3, we get
%Hpn |—Zt] <H0+[R0+2d4]zt+l 2
§R0+ROZ7§+ Zt+2d42?t
< $[Ro+ 2)* + 2da 2.

(58) Ipn(t)] < 2zt + /[Ro + 2|2 + 4dy 2 .

(
The other case is when |p,(t)| < 0 Since the right hand side in (58) is > Ry, the
inequality (58) is valid for all t € [ T,]. Using the identity (a+b)? < 3 (a® +b?), we have
that

Ipn()? <322+ 3[Ro + 2] + 12dy 2

<ds[z}+ R3] for some constant ds > 0,
< dg(Rp) [zt + %]2 for some dg(Rg) > 0,
< dg(Ro) [ |pn(t)] + e T+ %}2 using Remark 3.16 and (48),
< dg(Ro) [ |pn(t)] + 1}2 if n is large enough.

Now let K(Ro) = dﬁ(RO).

Claim 3. There is ng > 0 such that if n > ng and t1,t3 € A, then

|H (yn(t1), pn(t1)) — H(yn(t2), pu(t2))| < +.

Proof: By Claim 1 and the triangle inequality, it is enough to prove that if ¢ € A,,
|pn(to)| < Ro and t; € A,, then

|H (yn(t1), pn(t1)) — H(yn(to), pn(to))| < o

Let (z(t),q(t)) be the solution of the hamiltonian equations with initial conditions
x(to) = yn(to), q(to) = pn(to) and let z; be as in Claim 2.

If t; € Ay, n > ng, then |py(t1)] < e 377 and by Remark 3.16 and (48),

_2 2
2, < |pn(t)| + e In < 2e71n,



THE PALAIS-SMALE CONDITION

From (57) and Claim 2, we get that
| H (yn(t1), pa(t1)) = H(yn(to), pu(to))| < [K(Ro) (|pn(t)] + 1) + Ro + 2da] 2,
< [K(Ro) (2% + 1) + Ry + 2d4] 27T+
1
<2
if n is large enough.
We now finish the proof of Lemma 3.17. Let d7 > 0 be such that
|H(z,p) = } Il
Then, using Claim 2, and the inequality (a + b)? < 3(a? + b%),

/"

n

< dy for all (x,p) € TM.

< [ G+ d) ai

n

<EROP [ (Il 1)+ it

§ K (Ro)? lpnllz2 + [§ K (Ro)? + dg] m(47)
3 K(Ro)* & e 4 [3 K(Ro)®+d7] & e Tl using (44) and (45),
1

, if n is large enough.

Since Hd(znaTn)AkH < %’

R S H(yn,pn) — k| dt| < —,
Ty T,
/ [H(ynapn) k] dt‘ < —.
0 n
Therefore
/ Hdt — km(A,)| < / H|+ k| m(A5) + =
An n
L L = 2%
(59) sotme Tt

Let t € A,,. By Claim 3, we have that

(60)

Adding (59) and (60) we get that

kle” T2 T,

n? n

|H (yn(t), pu(t)) — k| m(An) < 1 m(Ay) + % n

3
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1 k| e~ T Ty
+ 1

+ nm(A,)  n?m(A,)  n(T, —

|H(yn(t)7pn(t)) _k| < TeiT”%)’

< if n is large enough.

S|lw 3|+

Since by (47), |H(yn(t),pn(t))| < |k| +1 < § RE, by lemma 3.14, [p,(t)| < Ry if t € A,
and n is large enough. O

Let v,, be the Borel probability measure defined by

/1 dyn:m(;n) /A £ (un0), pa(t)) dt

n

for any continuous function f: TM — R. By Lemma 3.17 we have that
supp(vp) C H M([k— 3,k + 2]) CH ' ([k — 1,k +1]).

Since H _1([k: - 1,k+ 1]) is compact, there exists a convergent subsequence v, in the
weak™® topology. Let
v:=limu,,.
(2

Then
supp(v) C B {k}.

3.18. Lemma. We can assume that v is supported on a connected component of H=*{k}.

Proof: If k is a singular value of H then H~'{k} contains a singularity of the Hamiltonian
flow. In that case a Dirac measure supported on the corresponding singularity of the
Lagrangian flow satisfies the thesis of proposition 3.13.

If k is a regular value of H then there is ¢ > 0 such that each of the finitely many
connected components of H~!(Jk — &,k + ¢[) contains exactly one connected component
of H='{k}. Since the measures v, are supported on the images of the connected curves
yn and supp(v) € H~1(Jk — ¢,k +¢[) for n large, we can take the convergent subsequence

Vn, in a single connected component of H~1(Jk — ¢, k + ¢[).
(|

3.19. Lemma. The probability v is invariant under the hamiltonian flow.
Proof: Given 0 < s < 1 let
Da(s) = {1 € 10,3 Iou®)] < 2T, [palt+ )| < 274},
=A,N (A, —s).
Then m(DE \ [Ty, — 5, T]) < m([0, Ty — s] N {AS U (An — 5)°}) < Z e, and
m(Dy) > Ty —5— S e >T, —2.

Let ¢ : TM < be the hamiltonian flow. Let F': TM — R be a continuous function with
compact support.
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Given t € D, C Ay, by Lemma 3.17, |p,(t)| < Ry. By Lemma 3.15 we have that

drm ws (yn(t)vpn(t)), (yn(t +8),pn(t + s))] < lpn(t+ )| + e Tn

32 2 1 . .
<e2ln i < 2 if n is large.
n

Since F' is uniformly continuous then

O(F,Y):= sup |F(z)— F(w) =—=350.

d(z,w)<%
Since by (45) m(A,) > T, — 1, m(Dg) < 2 and ZEZ:; <1, we have that
m(D5) 1
5 n) n < & F S - F
4 | Fl 1y n
< e = .
= 7,1 PO =0

Hence, for all 0 < s < 1,

/F d(w?v) = /F dv.

Let p = £,(v) be the push forward of v under the Legendre transform £ : TM — TM,
L(z,p) = VpH(z,p).

O

3.20. Lemma. The homology class p(n) € Hi(M,R) of p is zero.

Proof: If we are working on Q3/(qo,q1), let v+ = 7, be a minimizing joining the two
common endpoints y(1) = qo = y»(0), v(0) = ¢1 = yn(T3) of all y,. If we are working on
Apr, let 4, be the constant curve v, (t) = yn(0) = yn(Th), t € [0, 1].

Let i, be the probability measure defined by

[ / 91 (9) ds + / (i (5), A (9)) ds}

for any continuous function f € F with quadratic growth:

1
dlty,, =
TMf L To+1

F = {f e C°(TM,R) ‘ sup. i < +oo}.
ve

We show that for any f € F,

(61) lizm/fduni = /fdu = lign/f d(Lavp,) = /f d(L.v).
We have that

m(Ap,) 1
Ay, = : A(LyVn, .
/f s Tn+1/f (3”1)+Tn.+17£n.f+Tm+1 i

7

i
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Observe that either ~, is a constant curve or -, does not depend on n. Then

lim/fd,uni zlim/fd(ﬂ*um) + 0+ lim

of

:/fdqulim fog.
7 A%i

T,, +1

Let Hf”]—' 1= SUDueT M l‘i(‘fjg Then

[ foe<ifly [ [1+1P]es
A Ae

Let d3 > 0 be such that

|£(z,p)|, = [VpH (2,p)|, < [pl, +ds.

Then, using Claim 2 in Lemma 3.17 and the identity (a + b)? < 3 (a® + b?),

/

[1+[v]’] oss/A L+ (120, 0 + ]

c c
g g

< (3B mldr) + 3K [ [lpn (0] 1] dt

< (143d2) m(AS) + 3K (Ro)? [3 | pnll%2 + 3m(AS,)]

2

g

<(1+3d3)-2+3K(Ry)* [3-¢ +3-2] by (45) and (44).

n;2

So that

£=0
mr—i ), fos=0

and hence (61) holds.

Let 7, be the closed curve 7, = y, * v, and let [n,] € Hi(M,Z) be its homology class.
Since all the y,’s are in the same free homotopy class, o = [n,,] is constant in n. Let w be
a closed (bounded) 1-form and [w] € H'(M,R) its cohomology class. Observe that w has
linear growth, in particular w € F. Then

1
/ w dp = lim wd,um:hm%w
TM t JTM i Tni M,

1
= lign T—ni([w],a) = 0.
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Finally, we prove that the L 4 k action of y is zero. Since L is quadratic at infinity then
L € F. By (61), we have that

/ [L + k] dpp = lim [L + k] dpn,
TM

¢ TM
— lim AL—HC (ym) + AL-I—k (’Ym)
i Ty, +1
— lim -Ak(xma Tm) + AL+k(7ni) —=0.
i T, +1
This finishes the proof of Proposition 3.13. U

4. ENERGY LEVELS SATISFYING THE PALAIS-SMALE CONDITION.

In this section we prove corollary B. Let L =1L:TM — R be the lift of L to the
universal cover M of M.

4.1. Lemma. Given Ty, Ay > 0 there is R = R(k,Tp, A1) such that if 0 < T < Ty

R
y € C%([0,T), M) and A~ _,(y) < A1, then d(y(0),y(t)) < R for all t € [0,T].

L+k

Proof: By the superlinearity there is b > 0 such that L(x,v) > |v|,—b for all (z,v) € TM.
We have that
t T
aty0).p0) < [ il de< [ [Ewd)+0] de< A+ 0= BT,

4.2. Lemma. Identify S' =1[0,1]/0=1.
Let o € [St, M] be a free homotopy class of closed curves in M. If k > c,(L) then

inf{ Ag(2,T) |z €0, T >0} > —o0.
Proof: Fix y € 0. Using the homotopy between x and y, there are points p € y([0,1]),
q € z([0,1]) and a curve z : [0,1] — M, with z(0) = p, 2(1) = ¢q such that z*z 271 %y~ !
is homotopic to a point. We can assume that z(0) = ¢ and y(0) = p. Then there are

1

lifts &, g, Zo, 21 of x, y, z such that Zy x & x 21_1 x4~ is a closed curve in M. Let ¢ be

the deck transformation of the covering M — M such that ¢(z9) = 21. Let Z,, := ¢"(Z),
Un = ¢"(g) and Z, := ¢™(Z). Since the curves Z, * Z,, * égil * g]gl = " (Zp % T * 2;1 g1
are closed in M , the curves z, * T, * Zgil and ¥, have the same endpoints. Hence the
curve W = 20*(5:*9%1---*:Z'n)*Z;il*(ggl*---*yjfl*gjfl) is closed in M. Given T > 0
let S:=1+(n+1)T+ 14+ (n+1)and 7(t) := w(t/S). Since k > ¢, (L),

AZJrk(ﬁ) = Ap(z,1) + n Ap(z, T) + Ap(z75 1) + n Ax(y~1,1) > 0.
Dividing by n,

L Ap(2,1) + Az, T) + 2 A5x4, 1) > Ay, 1).

n
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Letting n — 400 we get that for all T > 0 and z € ¢
Az, T) > —A(y™,1).
O

Proof of Corollary B: Let A; be a connected component of Qas(qo,q1) or Aps. Let
(zn,T,) be a sequence in Aj such that

| Ag(zn, Tp)] < A1 and ez ) Ar|] < %

Claim: If the energy level E='{k} does not contain singularities of the Euler-Lagrange
flow and T,, is bounded from above then there is a convergent subsequence of (xy,,T).

Proof: By Lemma 4.1, the curves Z,, stay in a compact ball B(gy, R). Hence we can apply
propositions 3.8 and 3.12. By Proposition 3.8.(ii), liminf,, 7, > 0. Since T,, is bounded,
by proposition 3.12, (Z,,7,) has a convergent subsequence, and so does (z,,T)).

%
Suppose that k > ¢,. If (x,,T,) € A1 C Qar(q0, q1) let (zp, Sp) = (x4, * xal,Tn +1) €
Ay I (20, Th) € Ay C Apg let (2n,Sp) = (xp,Ty). By Lemma 4.2, B := inf,, A., (2, Sh)
is finite and then
Al > .Ak(Zn,Sn) > -Acu(znvsn) + (k - Cu) Sn > B+ (k - Cu) Sn

Hence S, is bounded and then T;, is bounded. Since k > ¢, > eq, the energy level Eil{k}
does not contain singularities of the Euler-Lagrange flow. By the claim, (x,,T),) has a
convergent subsequence.

Now assume that A1 C Qar(qo,q1). Since all the curves y, have the same homotopy
class with fixed endpoints there are lifts ¢y, ¢1 € M of qo, q1 and lifts z,, of x,, such that
for all n, (.fn,Tn) € Q]\N/[(qm(jl)

Suppose that h., = +o00. Since

A > -Acu (xnaTn) > (I)cu (dﬁa q1; Tn)

and
hc“ (QO, (jl) = lim inf (I)Cu ((jOa QIa T) = 400,
T—+4o00

we have that the sequence T}, is bounded. If E~1{c,} contains a singularity (g2, 0) of the
Euler-Lagrange flow then L(g2,0) + ¢, = 0 and

he, (g2, q2) < lim inf/ [L(qg, 0) + cu] dt = 0.
n 0

This contradicts h., = +00. By the claim, (z,,7;,) has a convergent subsequence.

If he, # 400, the same proof of Theorem C in [6] applies to our action functional A,
with our riemannian metric, showing that A., does not satisfy the Palais-Smale condition.
Indeed, the Palais-Smale sequence (Z,T},) obtained there has lim,, T,, = 400 and is made
with solutions of the Euler-Lagrange equation joining any two given points o, g1 in the
universal cover M. Take their projections z, := m o Z,,. Then the curves z,, are in the
same homotopy class. Also %Acu (xn,Ty) = 0, and the theorem proves that

Hd(rn’Tn)ACuH = ‘8§Z€u (xnaTn)

- ‘ka(xn,%) N 0
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5. THE MOUNTAIN PASS GEOMETRY.

In this section we show that a small closed curve of a given length ¢ inside the projection
of the energy level E~'{k} has positive (L+k) action bounded away from zero. This gives
a mountain pass geometry when we consider families of curves going from a constant curve,
with arbitrarily small action, to a curve with negative action® .

In the case of closed curves in Ajy; without a basepoint, we need that k > eq(L), because
otherwise, a family of curves could move by constant curves until it leaves the projection
7(E~{k}), where it already becomes negative, without passing through a curve of length

¢ inside 7(E~{k}).

5.1. Lemma. Let 0, be a 1-form in M. Let xgo € M and xo € V C M be a neighbourhood
of xo. Then there exists an open ball U CV centered at x¢ in M and b > 0 such that if v
18 a closed curve in U then

0
Y

< b-length(y)?.

Proof:

Shrinking V' if necessary and using a local chart, we can assume that V is a closed ball
in R™ with the euclidean metric. Moreover, we can assume that 7(0) =0 € V C R™. Let
b > 0 be such that |d 0(u,v)| < b |u| |v| for all u, v € R™, x € V. Let v:[0,7] — V be a
closed curve. Let F': [0,1] x [0,7] — V be defined by F(s t) := s7(t). Then

fee 1= //
—b// (t)] dtds
< // 5(t)] dtds

gb/o 0(y) - s €(y) ds < b-L(v)?,

where /() is the length of 4. Now let U be an open ball for the Riemannian metric
centered at zg and contained in V.

d 0 dtds

O

Proposition C.

(1) Let zy € M and k > E(x0,0). Then there exists ¢ > 0 such that if T : [0,1] —
Qs (o, zo) s a path joining a constant loop I'(0) = z¢ : [0, T] — {xo} C M (with
any T > 0) to any closed loop T'(1) € Qpr(xo, o) with negative (L + k)-action,
Ar4+1(T'(1)) <0, then

sup Arpyi(T'(s)) >c¢>0.
s€[0,1]

5This resembles the phrase by Taimanov in [32]: “constant curves are local minimizers of the action”
for magnetic flows. But in our case the constant curves are not critical points for A, because they don’t
have energy k, and also the gradient flow of — Ay is not complete on a constant curve (zo,7T") because T'
reaches zero at a finite gradient flow time.
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(2) Let k > eg(L). Then there exists ¢ > 0 such that if I' : [0,1] — Aps is a path
joining any constant curve I'(0) = xg : [0,T] — {zo} C M to any closed curve
I'(1) with negative (L + k)-action, Ar4+,(I'(1)) <0, then

sup Apix(T(s)) >c¢>0.
s€[0,1]

Proof:
(1). Let d; € R be such that
E(x(],()) = —@D(l’o) <dy <k.
Let V be a neighbourhood of z( such that

inf > —d.
AR

Write, as in Lemma 3.1,
L(z,v) > %a [v|2 + 0,(v) + ¥(z),
where 0,(v) := Ly(z,0) - v, ¥(x) := L(x,0) and a := inf,{v - Ly,(z,v) - v}/|v|2 > 0.

Let U C V be an open ball centered at xy given by Lemma 5.1 for (z¢, V). Let

(62) 0 < o < min {; diam(U7), a(];;jl) } .

Claim: There exists 0 < so < 1 such that length(I'(so)) = £o.

Proof: Suppose that I'(s1) ¢ U for some s1 € [0,1]. Since s — length(I'(s)) is continuous,
length(I'(0)) = 0 and length(I'(s1)) > d(zo,U°) > 3 diam(U) > {o; then there exists
0 < sp < s1 such that length(I'(sg)) = ¢y < 5 diam(U).
Now assume that I'(s) C U for all s € [0,1]. Writing ~; := I'(1) : [0,71] — M and
¢ =length(y;). By lemma 5.1 we have that
e
7

J R SN

5 | alnl -

0

a [T .12 2

2/ ”71‘ dt*bfl‘F(kZ*dl)Tl.
0

Ty
+ ; P(n(t) dt + kT

v

0> Arix(11)

Y

By the Cauchy-Schwartz inequality,
2

T1 9 Tl
n [ ez ([ ) =
0 0

Hence
(63) 0> Apin(y1) > (;}1 —b> 4 (k—dy) Ty
Since (k —dy) > 0 and 77 > 0, then 53 — b <0, ie.

T > —

2b
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From (63), we have that

k—dy)T k—dy)T; k—d
E%>( 1)1>( DT af 21)>£3.
b— ﬁ b 2b
Since length(T'(0)) = 0, there is sg € [0, 1] with length(I'(s¢)) = 4o. O

Since length(I'(sg)) = 4y < %diam U, U is an open ball centered at zp and I'(sg) €
Qur(zo, zo), we have that I'(sgp) C U. In particular, the right estimate in (63) holds for
F(SO). Let

F(t) = (2% - b) 4 (k—dy)t.
If T(so) : [0, To] — M, then

Ap4(T(s0)) = f(T) = min (1 {«/2@ k— dy) bzo] —c>0,

because
’ a(k—dy) k d1
0 252
(2). Since k > eo(L),
(64) k> sup E(z,0) = eo(L).
reM

Let Uy, ..., Up be a finite cover of M by open balls given by Lemma 5.1 with corresponding
constants b; = b;(U;) > 0. Let rg > 0 be such that any ball of radius rg in M is contained
in one U;. Write b = maxi<;<n b; and let

. a(k—e
(65) 0<£0<m1n{r0, (21)20) }

Let I' : [0,1] — Aps be a path joining a constant curve I'(0) = zo : [0,T] — {xo} C M to
a closed curve I'(1) with negative (L + k)-action, Ay, (T'(1)) < 0.

Claim: There is s € [0,1] such that length(I'(sg)) = 4p.
Proof: Suppose that length(I'(s)) < o for all s € [0,1]. Since ¢y < rg, for each s € [0, 1],

I'(s) is contained in some U;. From (64) we have that ¢(z) = —E(z,0) > —eg for all
x € M. Let £; := length(I'(1)). Then the same argument as in item (1) proves that
a(k — eo)
Therefore there is sp € [0, 1] such that length(I'(sp)) = £p. O
Let
g(t) == (27 b) 4 (k—eo)t.

Since length(I'(sg)) = £ < 7o, ['(sp) is contained in some U; and we can apply Lemma 5.1.
Therefore, if I'(sg) : [0,Tp] — M, then

AL+k(F( )) > g(To) > tIélln g [\/2& - 60 bfo] =:c> 0,
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because

a(k—e 2a(k —e
to< /o) VI =]

6. SOME RESULTS ON MORSE THEORY

Let X be an open set in a Riemannian manifold and f : X — R be a C? map. Observe
that if the vector field —V f is not globally Lipschitz, the gradient flow ¢, of —f is a priori
only a local flow. Given p € X, t > 0, define

a(p) :=sup{a > 0]s — 1s(p) is defined on s € [0,a] }.

We say that the flow ¢, of —V f is relatively complete on [a < f < b] if for a < f(p) < b,
either a(p) = 400 or f(13(p)) < a for some 0 < 5 < a(p).

We say that a function 7 : X — [0, +o0o[ is an admissible time if 7 is differentiable and
0 <7(z) < a(z) for all x € X. Given and admissible time 7 and a subset F' C X, define

Fro={v;u(@)|zeF}

Given a closed subset B C X, we say that the function f satisfies the Palais-Smale con-
dition restricted to B at level ¢, (PS). g, if any sequence {x,} C B with lim,, ||df (z,)| = 0
and lim,, f(x,) = ¢ has a convergent subsequence.

Given ¢ € R, § > 0 and a closed subset B C X, define

K.p:={zeB|f(x)=c, df(z) =0},
Wc,&,B = {.75 € B|d($,KC’B) < 5},
Vosp: = Lo € B| |df@)| < 6, 1f(z) — e < 6 }.

6.1. Lemma. Let X be a Riemannian manifold and f : X — R a C function.
If f satisfies the Palais-Smale condition (PS).p at level ¢ restricted to B, then
(i) K¢ p is compact.
(ii) The family {W,s B}s>0 is a fundamental system of neighbourhoods of K. p relative
to B.
(iii) The family {V,s5B}s>0 is a fundamental system of neighbourhoods of K. p relative
to B.

Proof:

(i). By (PS).,p any sequence in K. p has a convergent subsequence. Since df is con-
tinuous and B is closed, the limit is also in K. p.

(ii). Suppose item (ii) is false. Then there is a relative neighbourhood U of K. p with
K.p CU C B, and a sequence x, € W, 1/, g N U®. Then there is a sequence y, € K. p
such that d(z,,y,) < % Since K. p is compact there is a convergent subsequence z =
limy, yn, € K. p. Also, limy x,, = z € K. p. This contradicts x,, ¢ U for all n.

(ili). Suppose item (iii) is false. Then there is a relative neighbourhood U of K. p with
Kc.p C U C B and a sequence x, € V1, g N U By (PS).p there is a convergent
subsequence z = limy 2, . Since f € Cl ze K. p. This contradicts x,, ¢ U for all n.

O
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6.2. Lemma. Let X be a Riemannian manifold and B C A C X closed subsets such that
A contains the e1-neighbourhood of B:

{rzeX|3JyeB, duxy) <e } CA.

Let f : X — R be a C? function. Let ¢ € R and suppose that

(i) f satisfies the Palais-Smale condition (PS)q a at level ¢ restricted to A.
(i1) The flow of —V f is relatively complete on [|f — c| < e2] for some 9 > 0.

Given any neighbourhood N of K. 4 relative to A and €3 > 0, there are 0 < € < § < €3,
such that for all 0 < X < e there is an admissible time T(x) such that

F.CNU[f<ec—)] and T(x)=0on[|f—c >0d],
where F = ([f <c+e]NB)U[f <c— Al
Proof: By Lemma 6.1, there are 0 < ¢, p, n < min{ 9,3, 1 } such that
Vesa CWepa CWeopaCVepaCNCA
Let
€= % min{%, €2, €3, %, %‘S}.
Let h: X — [0,1] be a smooth function such that
h(z) = {o if xe Vs, Ullf(@)—cl >3],
1 if e (Vosa)n[f(x) —cl <3l

Since f is C2, the vector field Y (z) := —h(x) Vf(z) is locally Lipschitz. Since § < &3,
by the hypothesis (ii), the flow ns of Y is complete.

Let ¢ be the flow of =V f. Define 7(z) by ;) (%) = m(x). We show that 7(z) is an
admissible time. Write ns(x) = vy, (), then

Y (ns(@)) = ~h(ns(x)) V f(ns(2)) = =5 V f(n5(2)).
So that % = h(ns(x)) and

1
7(z) :/o h(ns(zx)) ds < 1.

Therefore 7(x) is finite and differentiable.
Let x € F. If v ¢ B then f(x) < c¢— X and hence f(ni(x)) < f(z) <c— A
Let # € F'N B. We can assume |f(ns(z)) — ¢| < § for all s € [0,1]. For, if not, since

s +— f(ns(z)) is non-increasing and at s =0, f(z) <c+e<c+ g, then we already have
that

by (@) = fm(z)) = inf f(ns(z)) <c—5<c—e.

s€[0,1]

We can also assume that

(66) ns(z) € A for all s € [0,1].
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For, if not, since x = ng(z) € F N B and A contains the e1-neighbourhood of B,

1
e1 < length [y 1j(2)] :/0 [h(ns () V f (ns(2))]| ds

weiwara] <o o]
s[/o W2 IV ds| < /0 BV FI? ds

1 1
f(m(x))=f(ac)—/0 (V1Y) ds§c+e—/o hIVFIP ds

§c+€—.€%<c—5.

Suppose that € F'N B and ns(x) ¢ V. 5.4 for all s € [0,1]. Then h(ns(x)) = 1 for all

s € [0,1]. By (66), ns(x) € An (V.54)¢ for all s € [0,1], then ||V f(ns(z))| > ¢ for all
s €]0,1]. Then,

And then

fm(z)) <ct+e— /01 h(f (ne(@)) 1V £ (pe)) ||t
<ct+e—06<c-—-=e.
Now suppose that z € F'N B, 1y (z) € V.54 for some so € [0,1] and n;(x) ¢ N. Let
s1:=1inf{s > so|ns(x) & Vesa },
sy =1inf{s > s1|ns(x) & Vepat < 1.

By (66), the image of [0,1] s+ ns(x) is in A. Since the segment [s1, s3] — ns(z) crosses
the annulus of width p: We2, 4 \ Wep 4, inside of A; we have that

p < length (] < [ (@) 9 5] s

S1

1 [
< (5/ h HVfH2 ds, because N, ,[(7) C AN (Ves5a)

1
Since s9 < 1,

1
fon(e) < cre= [ 0 ITfP ds
<ct+e—pd<c—e.
Therefore
F,=mF)CNU[f<c—¢]
O

Given a function f : X — R on a topological space X, we say that x € X is a strict
local minimizer of f if there is a neighbourhood V' of x in X such that f(y) > f(x) for all
y e V\{z}

Let F be a family of subsets F' C X. We say that F is forward invariant if F. € F for
all F' € F and any admissible time 7. Define

c(f,F) = jnf sup f(@).
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6.3. Proposition. Let X be a Riemannian manifold and f : X — R a C? function. Let
F be a family of subsets of X. Suppose that

(i) The subsets F' € F are connected.
(il) F is a forward invariant family.
(iii) c:=c(f,F) € R.
(iv) The flow of =V f is relatively complete on [c — e < f < ¢+ e2] for some €9 > 0.
(v) There is a closed subset B C X such that:
Ve >0, 3X €]0,¢e], IF € F such that F C BU[f <c— A and F C [f <c+¢].
(vi) There is e1 > 0 and a closed subset A C X which contains the €1-neighbourhood
of B such that f satisfies the Palais-Smale condition (PS)c a, restricted to A, at
level c.
Then Kea # 0, i.e. f has a critical point T in A with f(T) = c.
Moreover, if

(67) sup inf f(z) <e,
Ferzel

then there is a point in K. o which is not a strict local minimizer.

6.4. Remark. It is enough to consider admissible times 7(z) such that 7(z) = 0 if
f(z) < ¢ — 6 for some 6 > 0. For, the value of ¢(f, F) does not change and the proof of
Proposition 6.3 only uses that kind of admissible times.

Proof: Suppose that K. 4 is empty. Let &, § > 0 be given by Lemma 6.2 for N = () and
€1, €2, and €3 = 1. By the hypothesis (v), there is F' € F such that FF C BU[f < ¢—\] and
F C [f <c+¢]. By Lemma 6.2 there is an admissible time 7, with 7 =0 on [f < ¢ — 4],
such that F. C [f < ¢— A]. This contradicts the definition of ¢(f, F).

Now suppose that K. 4 consists entirely of strict local minimizers of f and that inequal-
ity (67) holds. Let ¢g > 0 be such that
(68) sup inf f(z) < c—2¢.

FeF el

For each x € K. 4 let N(z) be a neighbourhood of x such that f(y) > f(x) for all

y € N(z)\ {z}. Let
No:= | N(x).
T€EK . A

Let N := AN Ng.

Let 0 < € < § < g9 be given by Lemma 6.2 for ¢, B, A and Ny. By hypothesis (v)
there are A €]0,¢[ and F € F such that F C BU[f <c— A and F C [f < c+¢€]. By
Lemma 6.2, there is an admissible time 7 such that 7|;<._s5 = 0 and

F.CNU[f<c—=ACNU[f <c— A

By definition of Ny, the sets Ny and f < ¢ — \ are disjoint, in particular, disconnected.
By hypothesis (i) and (ii), F; € F is connected. Then the set F; lies either in F- C N or
F; C [f <c— Al Since A < e < gg and the value of f decreases under the flow of =V f,
by (68), F; N[f <c¢— A # 0. Hence F; C [f < c¢— A]. This contradicts the definition of
c(f, F).

O
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We shall use the following “mountain pass” theorem.

6.5. Corollary. Let X be a C? Riemannian manifold and f: X — R a C? function. Let
p,q € X and

c:=inf sup f(vy(s)),
Il sup (v(s))
where T := {7 :[0,1] = X |y € CY, v(0) =p, (1) =q}.
Suppose that
(i) ceR.
(ii) The flow of =V f is relatively complete on [c —eq < f < ¢+ &3] for some g2 > 0.
i

ii
)
(i) max{ f(p), £(g)} < c.
(iv) There are closed subsets B C A C X such that
(a) f satisfies the Palais-Smale condition (PS)¢ a, restricted to A, at level c.
(b) For some e1 >0, A contains the e1-neighbourhood of B.

c) For all e > 0, there are \; €]0,¢[ and 7. € I such that
7([0,1]) C (BU[f <c—A])N[f <c+el.
Then c is a critical value of f. Moreover the set
Koa={zeX|axecA df(z)=0, f(x)=c}
contains a point which is not a strict local minimizer.

Proof: Let F := {~([0,1]) |7 € C°([0,1], X), (0) = p, v(1) = ¢}. Let § > 0 be such
that max{f(p), f(¢)} < ¢—20. Then ¢ = ¢(f,F, B) and the family F is forward invariant
when we consider only admissible times 7(z) such that 7(z) = 0 when f(x) < ¢—J. Then
Proposition 6.3 and Remark 6.4 prove that K. 4 # () and that K. 4 contains a point which

is not a strict local minimizer.
O

Applying Proposition 6.3 to the family of subsets F' = {p}, p€ X, and B=A = X, we
obtain

6.6. Corollary.
Let X be a C? Riemannian manifold and f : X — R a C? function. Suppose that

(i) ¢:=infzex f(x) > —o0.
(i1) The flow of —V f is relatively complete on [c —e < f < ¢+ €] for some & > 0.
(iii) f satisfies the Palais-Smale condition (PS). at level c.

Then c is a critical value of f.
Now we concentrate on the relative completeness condition for the action functional
Ay. For completeness we present the following statement:

6.7. Lemma. Suppose that f : X — R is C?, 1)y is the gradient flow of —f and the subset
[a < f <b] C X is complete. Then the flow 1y is relatively complete on [a < f < b].
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This lemma can be found in [6, Lemma 22], but its proof is similar to the first part of the
proof of Lemma 6.9 below. Recall from remark 3.11 that the spaces Ay and Q57(qo, q1) are
not complete with our riemannian metric. Also the gradient flow of —.Ay is not complete
as the following example shows.

6.8. Example. The gradient flow of — Ay is not complete.

Let (qo,0) be a fixed point of the Euler-Lagrange flow, let x¢ : [0,1] — {qo} be the
constant curve, let 7" > 0 and let y(t) = x(¢/T). Since z( is a solution of the Euler-
Lagrange equation, from (7), we have that the partial derivative (0 Ax)(z,T) = 0. But

0A

1
Ol _/0 [k — B0, 0)] dt = k — E(go, 0).

(z,T)
Suppose that k > F(qp,0). Let a := k— F(qp,0) > 0. Since the metric on the R™ factor of

HI (M) x R* is the euclidean metric, the gradient flow U, of — Ay on (x, T) has differential
equations Z—i =0 and % = —a. Then

Vy(z,T) = (z,T — as),

which leaves the space H!(M) x Rt through (z,0) in finite time.

One could change the riemannian metric (2) in such a way that H!(M) x {0} lies “at
infinity”, for example replacing the first term in (2), (4) by a3/T. In that case the Hilbert
manifolds Ay; and Qps(qo, q1) become complete and the gradient flow of —.A; becomes
relatively complete by Lemma 6.7. Indeed, in the example above we would have

O a:aa:%(aaT):<aT,a>T.

OT |(a,1)
Thus the projection VrAy to the RT component of H!(M) x RT of the gradient of Ay
is aT. The differential equations for Vs become fli—fs = 0, % = —aT and ¢s(x,T) =
(z,Te ).

Nevertheless, such a change in the riemannian metric would give a weaker hypothesis
in Proposition 3.8: inequality (29) would have a factor T}, on the right hand side. Indeed,
Proposition 3.8 would be false. Items (i), (ii) and (iv) would still hold but not item (iii).
In the example above, the sequence (z,,T),) = ¥, (z,T) = (x, Te™*") would satisfy

Ak(20, T,) = Te" " [L(z,0) + k] - 0,

1
r Ay T) -] |a Jy [k = B(,0)] ds|
100, )Ml 72) lal /T,
so that it is a non-convergent Palais-Smale sequence, but the energy E(z,0) = a is not

converging to k. In fact the energy level E~1{k} could be a regular energy level, above
the critical value, which has no invariant measure as that of theorem A.

=Te ™. .q 50,

Hd(l’ann)Ak H =

6.9. Lemma. For all k € R, if 0 ¢ [a,b] C R, then the gradient flow of — A on Ay or
Qar(qo, q1) is relatively complete on [a < A < b].
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Proof: Write f = Ag : Apy — R [resp. [ = Ag : Qa(qo, 1) — R] and let ¢y be the flow
of Y = -V f. Then

69) £ (1) — FWu(p) = — | VF@L0) Y (W(p) ds = / Y @) ds.

t1 t1

Moreover, using the Cauchy-Schwartz inequality, we have that

A @) v < [ [V @] ds] < - al [T 1Y @00 ds

Thus
(70) AP, (p), 1, ()% < Jt2 — 11| | F (0, (p) — F (e () |.

Let I = [0, «f a maximal interval of definition of ¢ — 1;(p). Suppose that a < f(¢,(p)) < b
for 0 <t < o < 00. By inequality (70), for any sequence s,, | « we have that n — v, (p) =
(2s,,T(sp)) is a Cauchy sequence in Ay Na < f < b] (vesp. in Qas(qo, ¢1) Nfa < f < b)).
Then
Ty = liTm T(s) € [0+ oo exists.
S|

If 0 < Tp < 400, since all such {¢5, (p) }», are Cauchy sequences, then ¢ = limgyq ¢s(p) =
o (p) exists. Since f is C!, we can extend the solution ¢ — 1;(p) at t = a.. This contradicts
the definition of a.

If Ty = 0, then there is a sequence s,, T « such that

47(s,) <O0.
Since L is quadratic at infinity, there exist constants ag, a1, by, b1, co, ¢1 > 0 such that
(71) co vl —e1 < L(x,v) +k < bo |[v]2 + by,
E(z,v) > ag [v]2 — ay.
Write T, := T(sp), yn(t) := x5, (t/T},). Then

0>dT(s):—8Ak=—k+1/TnE( m) dt > —k —a +(10/T”‘,’2dt
= ds n oT Tn Jo Yn, Yn = 1 T Jo Yn .

Since lim,, T,, = 0, this implies that
Tn
lim/ |in|* dt = 0.
nJo
Also, from (71)

Th T
co/ lin|? dt — c1 Ty, < Ap(s, , Tp) < bo/ 9n|? dt + by T,
0 0

Hence lim,, Ag(zs,,T,) = 0. This contradicts the hypothesis Ay (zs,,Ty) € [a,b] Z 0.
O

6.10. Corollary. For all k € R, if qo,q1 € M, qo # q1 and b € R, then the gradient flow
of — A on Qar(qo, q1) is relatively complete on [Ay < b].
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Proof: By Lemma 3.6, if gy # g1 then
inf {T>0|(z,T) € (g0, q1) N [Ax <0 } > 0.
Therefore the case Ty = 0 in the proof of Lemma 6.9 does not happen.
O

6.11. Corollary.
Let Ay be a connected component of Apr or Qar(qo, qo) with non-trivial homotopy class.
For all k,b € R, the gradient flow of — Ay on Ay is relatively complete on [Ap < b].

Proof: By Lemma 3.7, the case Ty = 0 in the proof of Lemma 6.9 does not happen.
O

7. GENERIC PALAIS-SMALE CONDITION FOR THE MOUNTAIN-PASS GEOMETRY.

7.1. Proposition. Given vy, v1 € Ay [resp. Qar(qo,q1)] let
C(v0,m) == {T:[0,1] — Aps [resp. Qar(go, q1)] | T is continuous, '(0) = ~o, T(1) =7 }.

For k e R, let

k) := inf r .
k)= il ey AeTs)

Suppose that for some ko € R we have that c¢(ko) # 0 and

C(k:o) > max { 'Ako (70)3 Ako (’Yl) }

Then there exists € > 0 such that for Lebesgque almost every k €|k, ko + €[, c(k) is a
critical value for Ag on Ay [resp. Qar(qo, q1)/, with a critical point which is not a strict
local minimizer.

Proof: Observe that for all k € R, the number ¢(k) is finite and ¢(k) > max{ Ax(y0), Ax(71) }
Since for all v € Aps [resp. Qas(qo, q1)], the function k +— Ak () is non-decreasing, then

k +— c(k) is non-decreasing. By the continuity of Ay on k, the functions k — Ag(7) and

k + Apj(v1) are continuous. Let € > 0 be such that®

(72) max { Ax(70), Ax(m) } < c(ko) < c(k) #0 for all ko < k < ko +e.
Write I, :=]ko, ko + ¢[. Since the function ¢ : I. — R is non-decreasing, by Lebesgue’s
Theorem there is a total measure subset of I, where ¢(-) is locally Lipschitz, i.e. the subset
K:={kel |3M>0,36 >0, V|6] <do: |c(k+0d)—c(k)] <M |5}

has total Lebesgue measure in I.
Now fix k € K and a sequence k,, > k with lim, k, = k. By the definition of ¢ in (72)
the functionals Ay, , Aj both show a mountain pass geometry with the same set of paths

0(707 ’Yl)
Let I';, € C(0,71) be a path such that
(73) max Ag, ([(s)) < e(kn) + (kn — k).

s€[0,1]

60bserve that the function k — c(k) may be discontinuous, in particular, we allow ko to be a disconti-
nuity point for k — c(k).
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Let M = M (k) > 0 be given by the property k € K. Let B C A C Ay [resp. Qar(qo, q1)]
be the closed subsets defined by

B:={(z,T) € Aps [resp. Qur(qo,q1)] | T <M +2},
A:={(z,T) € Ay [resp. Qur(qo,q1)] | T < M +3}.

Then A contains the %—neighbourhood of Ain Aps [resp. Qar(qo,q1)]. Since from (72),
c(k) # 0, by Propositions 3.12 and 3.8.(i), the functional Aj satisfies the Palais-Smale
condition restricted to A, at level ¢(k).

By the choice k € K, the function k — c(k) is continuous at k. Since k — Ag(7y) is
increasing,

sef01]” T se[0,1]
If s € [0,1] is such that

max Ag(In(s)) < max Ay, (Tn(s)) < clkn) + (kn — k) = c(k).

Ag(Tn(s)) > (k) — (kn — E),

then I'y,(s) = (z,T) with

A, (Ta(s) = Ax(Ta(s)) _
kn - E - kn - E

c(kn) — c(k) +2< M(k) +2,

T

if n is large enough.
Given ¢ > 0, let n be large enough so that

(k) — (k) + (b — k) < 6,
0< Ap = (kn — k) < 6.
Then
Da((0,1]) € (B U [Ag < (k) — M) 1 [ Ay < e(k) + 3]
Since c(k) # 0, by Lemma 6.9 the gradient flow of —Ay, is relatively complete on [c(k) —

g,c(k) + €] for some € > 0. Now Corollary 6.5 implies that Aj; has a critical point in A
which is not a strict local minimizer. O

8. THE DISPLACEMENT ENERGY.

Write I := [0, 1]. Given a subset A C T*M let H.(I x A) be the set of smooth functions
H : IxT*M — R whose support is compact and contained in I x A. To such H € H.(Ix A)
we associate its Hamiltonian vector field Xp,, defined by w(Xp,,-) = —dH;(-), where
w = dp Adx and its corresponding Hamiltonian flow h;. The set of functions in H.(I x A)
which do not depend on ¢ € I is denoted by H.(A).

We say that F' € H.(A) is slow if all non-constant contractible (in 77 M) periodic orbits
of its hamiltonian flow f; have period > 1. Define the m;-sensitive Hofer-Zehnder capacity
of A by

(A, T*M,w) :=sup{max F' | F' € H.(int A) is slow }.
The equivalence of this definition of the Hofer-Zehnder capacity with the original definition
in [12] is proven in theorem 2.9 of [10].
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Given H € H (I x A) define its norm ||H|| as

1
| H|| ::/ <supH(t, z) — inf H(t,z)) dt.
0 z€A

z€A
The displacement energy e(A, T*M,w) of a compact subset A C T*M is defined as

e(A, T*M,w) :=nf{|H|| | H € H(I xT*M), hiy(A)NA=0},
where hq is the time 1 map of the hamiltonian flow of H.

8.1. Lemma. Given an open subset U C M there is a smooth function ¢ : M — R whose
critical points are all in U.

Proof: Let f : M — R be a Morse function. Its set of critical points C'(f) = { z1,..., 2N }
is finite. Let {7;}2, be a collection of disjoint smooth curves v; : [0,1] — M such that
7i(0) = z; and v;(1) € U. Let {B;}Y, be a collection of disjoint tubular neighbourhoods
of the curves ;. For each i, let h; be a smooth diffeomorphism of M with support in B;
such that h;(y;(1)) = ;. Now let ¢ = fohyo---0hy. O

8.2. Proposition. If k < eg(L) then e([F < k], T*M,w) < +oc.

Proof: Since k < eg(L) then U := M \ «([E < k]) is a non-empty open subset of M. Let
¢ : M — R be a smooth function such that all its critical points are in U. Let G := V¢
be the gradient vector field of ¢ and g¢; its gradient flow. The w-limit of every orbit of g,
is a critical point of ¢ which is inside U. Since M \ U is compact, there is a finite time
T > 0 such that gr(M \U) C U. Let F =T - G, then its time-1-flow f; = gr satisfies
fiM\U)CU.

Let R:T*M — R be R(z (p, F(2))z. The Hamiltonian equations for R are

p) =

&= VpR(z,p) = F(z),

p=—ViR(z,p) = —p- D, F.
In particular, the Hamiltonian flow r; of R lifts the flow f;. Hence

r([E<k) Cri(x Y (M\U))Cca'(U).
Let
A= 1+ supf Inu(w, )| | H(z,p) <k, ¢ €[0,1] }

Let A : R — [0,400] be a smooth function such that A(r) = 1 if |[r| < A and A\(r) =0
if |r|] > A+ 1. Now let S : T*M — R be S(z,p) := A(|p|lz) (p, F(x)),. We have that
S has compact support and its flow s; satisfies si(z,p) = ri(x,p) when t € [0,1] and
H(z,p) < k. In particular s1([H < k]) N [H < k] = () because s1([H < k]) c =~ Y(U).
Therefore e([H < k|, T*M,w) < ||S|| < +oc.
[

8.3. Corollary. For Lebesgue almost every k < eog(L) the energy level [E = k] has a
periodic orbit which is contractible in M.

Proof: By theorem 1.3 in [27] (also [9]), ¢, (A, T*M,w) < 4 e(A,T*M,w). From Propo-
sition 8.2, we get that ¢}, ([E < k], T*M,w) < +4oo for all k& < eg(L). A standard
argument using the Hofer-Zehnder capacity [12, p. 118 -119] shows that almost all energy
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levels [E = k], k < eo(L) have a periodic orbit which is contractible in T*M but pos-
sibly non-contractible in [E < k]. Since T*M retracts to the zero section M x {0}, the
projection of the closed orbit to M is contractible in M. O

9. LOOPS, CLOSED ORBITS AND CONJUGATE POINTS.

Proof of Theorem D:

(a). We first prove that for all k > ¢,(L), E~'{k} contains a periodic orbit. By
Corollary B, A satisfies the Palais-Smale condition.

If 7 (M) # 0, by Lemma 4.2, Ay, is bounded below on each non-trivial free homotopy
class o € [S', M]. Let A, be the connected component of Aj; corresponding to o. By
Corollary 6.11 the gradient flow of —Ay is relatively complete on [A; < bl N A, for any
b € R. By corollary 6.6 there is a minimizer of A on A, .

If m (M) = 0, then ¢, (L) = ¢o(L) = ¢(L) and k > ¢(L). Since M is closed, there is
some non-trivial homotopy group m(M) # 0. Choose a non-trivial free homotopy class
0+# o € [S* M]. A map f:S*— M with homotopy class ¢ can be seen as a family I of
closed curves in M (see e.g. [15, page 37]). Let F the set of all such families corresponding
to the homotopy class o. Clearly F is a forward invariant family. Since the homotopy
class o is non-trivial, (c.f. [15, Th. 2.1.8, page 37)):

inf sup length(xz) =:a > 0.
FeF (z,T)eF

By the superlinearity of L there is b > 0 such that L(z,v) > |v|? — 2b for all (z,v) € TM.
We can assume that b > k. If (z,T) € Ay is a closed curve with length ¢ > a, bounded
action Ag(z,T) < « and speed |v|, then
T
<7 [ 1P,
0

<[] < e

T

14

a> Ag(z,T) 2/ > = 26T+ kT > ?—(2b—k)T.
0

Hence (2b — k) T? +aT — ¢? > 0. Since T > 0 and ¢? > a2, we have that
—a+ /a2 +4(2b— k) a?

2

T> (20— k) =:d>0.
And then
Ap(z,T) > Ay (z, T) + [k — e(L)] T
>0+ [k—c(L)]d>0.
Thus

o(F):= inf sup Ag(z,T)>[k—c(L)]d>D0.
FEF (x,T)eF

Since ¢(F) # 0, Corollary B, Lemma 6.9 and Proposition 6.3 with B = A = X = Ay
imply that there is a critical point on Aj; for Ayg.
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By definition of ¢, (L), if eg(L) < k < ¢, (L) then there is a closed curve (z1,71) € Ay
homotopic to a point, such that Ag(z1,71) < 0. Then Proposition C.(2) and Proposi-
tion 7.1 imply that for almost every k €]eg, ¢, [ there is a critical point for Ay in Ay with
c(k) > 0: i.e. a periodic orbit with trivial homotopy class and positive (L + k)-action
which is not a strict local minimizer.

The case k < eg(L) is proven in Corollary 8.3. The closed orbit obtained in Corollary 8.3
could be a singularity of the Euler-Lagrange flow. But in that case k is a critical value of
the energy function. By Sard’s theorem that can only happen on a set of measure zero of
values of k.

(b). For item (b) and k > c¢,(L) the proofs are similar to those of item (a) working
on Q7(qo,q0). Namely, if m1(M,qp) # 0 one finds a minimizing loop in a non-trivial
homotopy class. If 71 (M, q) = 0 we decompose a map (S, N.Pole) — (M, qo) in a non-
trivial homotopy class of m;(M, qo) into a family of closed loops in Q,/(qo, qo)-

For E(qo,0) < k < ¢u(L), item (b) follows from Proposition C.(1), and Proposition 7.1
similarly to item (a).

(c). If K < ¢, and the Palais-Smale condition holds, the proof is similar to items (a)
and (b), but now using Corollary 6.5, with B = A = X instead of Proposition 7.1.

O

Now we will prove Theorem E. Let H : T*M — R be the hamiltonian associated to L

and v its hamiltonian flow. Recall that two points 61,6 are said conjugate if there is
T € R\ {0} such that

02 =r(01) and  dg,hr(V(01)) NV (02) # {0},

where V(6) := kerdpm C Tp(TM) is the vertical subspace and m : TM — M is the
projection. This definition coincides with the one given in page 6 because the Legendre
transform L(x,v) = (z, L,) maps the vertical subspace of T,,, T M to the vertical subspace
of Tﬁ(vm)T*M.

9.1. Proposition.

Suppose that the forward orbit of (xo,vo) has no conjugate points. Let vy : [e,T] — M
be the solution v(t) = m(p¢(xo,v0)). Let z-r(s) := v(e + s(T —¢)), s € [0,1] and
k := E(xg,v9). Then for all T > ¢ > 0 the solution (z.7,T — €), is a strict local
minimizer of the free time (L + k)-action Ay, on Qar(y(€),v(T)).

In [6, page 663] we gave an example of an orbit segment (z,7 = 7) which has no
conjugate points and which is not a local minimizer of Ay on Q7(x(0),x(1)). But in that
example the forward orbit of (z(0), @) has a conjugate point at time ¢ = 27 (cf. it is
the same lagrangian as in example A.3, p. 949 in [4]).

Proof: Let H : T*M — R be the hamiltonian associated to L, v its hamiltonian flow
and X its hamiltonian vector field. Let w = dp A dx be the canonical symplectic form on
T*M. Given 6 € H=1{k}, let

Si=H Yk}, Zng) =TipMNE, V() :=kerdym = Ty(T}, M) and
Aoy = U0 ¥i(Zrs))-
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Then TQEF(Q) =V (0) NTp% and
TyArg) = (V(0) NTHE) © (X (0)) =: W(0),
T (0)Ar(o) = dibe (W (9)).

By definition ixw = —dH, hence ixw|rs = 0. Since the vertical subspace V() is la-
grangian, we get that Ay () is a invariant lagrangian submanifold of 7% M inside the energy
level . Since V' = ker dm, the kernel of the projection dﬂAﬂ(g) restricted to Arg) is

ker dy, )7 |6 = V (11(0)) N diyy (W (9)).

By Proposition 1.16 and Remark 1.17 in [4] if the whole forward orbit of # has no conjugate
points then V(¢4(6)) N dyy(W(9)) = {0} for t > 0, and hence the derivative of the
projection dwt(g)ﬂ'h\ﬂ_(g) is injective along the forward orbit ¢4(0), t > 0. If T > ¢ > 0,
then the projection (s (6 18 an immersion in a small tubular neighbourhood N C Ay C
H~'{k} of the compact orbit segment 1. 77(6).

Now fix 0y := L,(z0,vp). Observe that if the tubular neighbourhood N is small enough,
then N is either contractible or N is homeomorphic to a solid torus and the orbit of 8y is
periodic with period smaller than or equal to T' — €.

If (x,p) € N we have that

k= H(z,p) = sup p-v— L(x,v).
vETL M

Since N C H~ Yk}, for any curve (2(s), ¢q(s)) inside N,
a(s) - 5(s) < L(z 2) + F,

with strict inequality if L,(z,2) #q € N.

Now let (y,S) € Qur(y(g),7(T)) be a curve near (z. 7, T —¢€) in the metric of H! (M) x
RT. Since the time parameters S, T —¢, are bounded, by Lemma 2.3, if (y, S) is sufficiently
near (z.p,T —¢) then the Hausdorff distance dg (y([0,1]), z,7([0, 1])) is small. In partic-
ular, y is homotopic to x. r with fixed endpoints and y([0,1]) C w(N). Let 2(t) := y(t5)
and let (z(s), q(s)) be the lift of z to N with ¢(0) = ¥-(0y). Then (z, q) is homotopic in N
to the orbit segment 9. 77(6) with fixed endpoints. Since NV is a lagrangian submanifold
of T*M, the Liouville 1-form pdx is closed on N. Then

(74) Ak(a:,T—e)—j(I{(L—i-k) —ﬁ(e)pdx—j{ )pdmﬁj{(L—i—k) = A(y, S),

g
with strict inequality if q(s) # Ly (2, 2) on a set of positive measure. Thus | 7} is a local
minimum of the (L + k)-action.

We now see that 7| 7 is a strict local minimum of the (L + k)-action. Let £L: TM —
T*M be the Legendre transform L(z,v) = Ly(x,v). Observe that the hamiltonian vector
field X satisfies

dro X(x,p) = L (z,p) for all (x,p) € T*M.
Suppose that (74) is an equality. Then ¢(s) = Ly(z,%) € N for almost every s € [0, S].
Therefore

(75) 5 =L"Y2,q) =dn(X(z,q)) for almost every s € [0, S].



THE PALAIS-SMALE CONDITION 61

Since z(s) is continuous, its lift ¢(s) is continuous. Hence, from (75), its derivative 2 is
continuous. Then equation (75) says that the curve z is an orbit of the projection of the
hamiltonian vector field on N. Since X is tangent to N, N is ¢,-invariant and the lift (z, q)
is unique, we have that (z,q) must be an orbit of X. Since z(0) = v(¢) and (2(0), ¢(0)) =
1=(0p), we have that z(t) = ~(t) for all ¢t € [¢,T]. Since 2(S) = z.7(1) = ~(T), either
S =T —¢ or f is a periodic point and |S — (T" — ¢)| is a multiple of its period. Since we
are assuming that |S — (T" — ¢)| is small, S = T'— e. Therefore (9) is a strict inequality
unless (z,5) = (z. 7, T —¢).

0

Proof of Theorem E:

Observe that the convexity of L implies” that minyez, 3r F(2,v) = E(x,0). If k > e, (L)
then there is xy € M such that k > FE(x0,0). Then Theorem D.(b) says that for almost
every k €len (L), cy(L)[ there is an orbit segment with energy k which is not a strict local
minimizer of the action functional A;. Then Proposition 9.1 implies that the forward
orbit of the initial point of such orbit segment must have a conjugate point. From the
definition of conjugate point and the continuity of the derivative of the hamiltonian flow,
it is easy to see that having a conjugate point is an open condition.

If for a specific k €len (L), cy(L)[, the energy level E~1{k} satisfies the Palais-Smale
condition then the same argument, now using Theorem D.(c) and Proposition 9.1, implies
that the energy level k£ has conjugate points.

O]

10. PrROOF OF PROPOSITION F.

Proposition F follows from Corollary B and Lemmas 10.1 and 10.2 below.

Fix k € R and let ¥ := H~'{k} be the energy level. Let X be the hamiltonian vector
field for H and 1 be its flow. Let w : T*M — M be the projection, w = dp A dz the
canonical symplectic form on T*M and © = pdx the Liouville 1-form on 7% M.

Given y-invariant Borel probability measure v supported on Y, the Schwartzman as-
ymptotic cycle S(v) € H1(X,R) ~ H' (X, R)* of v is defined by

SO = [ () av
for every closed 1-form n on 3. The map (7|x)« : H1(X,R) — Hy(M,R) maps S(v) to the
homology class p(v) of v.

10.1. Lemma. If ¥ is of contact type and 7, : H1(X,R) — Hy(M,R) is injective, then
Ay satisfies the Palais-Smale condition.

Proof: Let © = pdx be Liouville 1-form. Observe that on the energy level X:
OX)=p-Hy,=v-L,=L+E.

Suppose that Ay does not satisfy the Palais-Smale condition. Let p be the measure given
by Theorem A and let v = L,(u) be its push-forward under the Legendre transform

7e.g. Lemma 3.1.
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L(z,v) = Ly(z,v). Let A be a contact-type form on X. Since A\(X) # 0, A\(X) has a single
sign on each connected component of H~'{k}, in particular in the support of v. Since
d\ = w = dO, the form 1 := A — O is closed on X. Since 7,(S(v)) = p(p) = 0 and 7, is
injective, S(v) = 0. Then

Apo(p) = /E O(X) dv +0 = /E O(X) dv + (S(), [n])

(76) _ /E(@—l—n)(X) dv = / AX) dv £ 0.

P

This contradicts Theorem A.

10.2. Lemma. Ifdim M > 2 and either

o M #T? or
o M =T? and k < e,

then m, : H1(3X,R) — Hy(M,R) is an isomorphism.

In the following proof we shall use the lagrangian® version ¥ = E~1{k}. Its intersections
with the fibers of TM, ¥ NT,M are convex subsets containing (x,0) in its interior which
are either homeomorphic to a sphere S"~! or to a point, when E(z,0) = k.

Proof: Suppose first that k > eq(L) and M # T2.

Since k > eg(L), the energy level ¥ := E~1{k} is isomorphic to the unit tangent bundle
of M with the projection 7 : ¥ — M. If M is orientable, the Lemma follows from an
argument using the Gysin exact sequence, e.g. [25, Lemma 1.45].

If M is not orientable and n = dim M > 3, from the exact homotopy sequence of the
fiber bundle 7 : ¥ — M:

0= m(S"Y) 0 (D) T (M) — mo(S™1) =0,

we get that 7, : m(X) — 71 (M) is an isomorphism. This implies that m, : H1(X,R) —
H,(M,R) is an isomorphism.

If M is not orientable and dim M = 2, from the homotopy sequence above we get an
isomorphism f : m(X)/imi, — m(M). Let h : my(M) — Hy(M,R) and k : m(¥) —
Hi(%,R) be the natural homomorphisms. We show that imi, C kerk and therefore, k
induces a homomorphism k; : 71(X) /ims, — H1(2,R). Indeed, the fiber F = S! lies inside
a Klein bottle K inside ¥, which is 77!(7), where v is a closed curve containing the base
point 7(F') along which M is non-orientable. Then if 15 is a generator of the fundamental
group of the fiber 1p € m(F) = Z, its image i,(1r) has order at most 2 in m1(X). Hence
k(i.(1r)) =0 € H1 (X, R).

8The hamiltonian version, > = H 71{1@}, may not contain the zero section in its interior
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The following diagram commutes. There ki and h are surjective and f is an isomor-
phism.

(D) fimi. —L—  m(M)

ol J»

Hl(27R> L) Hl(MaR)

Then m, is surjective. Suppose that m.(a) = 0. Let b € m1(X)/imi, be such that k1(b) = a
and let ¢ = f(b). Then h(c) = 0. Hence c is in the commutator subgroup of 7 (M).
Since f is an isomorphism, b is in the commutator subgroup of 71(3)/imi,. Therefore
a = ki(b) = 0. Thus 7, is injective.

Now assume that k < eg(L). Let B := 7(X) and let E := THM be the restriction
of the unit tangent bundle to B. Let = be the equivalence relation on E defined by
(x,v) ~ (y,w) iff either (z,v) = (y,w) or E(z,0) =k and = y. Then the energy level ¥
is homeomorphic to £/, i.e. the one point compactification of the fibers over the points
x with E(x,0) = k.

We can assume that B is connected, for the connected components of ¥ are in 1-1
correspondence with the connected components of B under the projection 7.

We can also assume that there is by € B such that E(b;,0) # k. For, if not, then
E~YEk} = {(2,0) |z € B} and the Lemma becomes trivial.

Let p : E — B be the restriction of the projection of the unit tangent bundle and
f:+ E — ¥ = E/. the canonical projection. Then p = mo f. The homotopy exact
sequence of the fibering S"~! «— E — B gives

m1(S"Y) L5 1 (B, er) 25 m (B, b)) — mo(S"1) = 0.

Then p, is an epimorphism and it induces an isomorphism ¢ : 71 (F)/imq, — m(B). We
see that imi, C ker f,, so that f, induces a homomorphism f, : 71(E)/imi, — m1(2).
Indeed, if n > 3 then m1(S™ ') = 0 and then imi, = 0. If n = 2, let 1r be a generator of
the fundamental group of the fiber 71(S') = Z. Since k < eg(L) there is a point z; € B
such that E(x1,0) = k. Let A be a curve in B joining b to x1. The fiber bundle E over
the interval \ is trivial E|y & S! x [0,1]. Observe that the inverse image 7~ 1(\) C ¥ has
the topology of a cylinder with one of its boundary circles compactified to a point. Hence
it is homeomorphic to a 2-disc, and the class 1g is represented by its boundary circle.
Hence fi(i«(1p)) =0 € m(2).

We prove that m, : m1(X) — m1(B) is an isomorphism. This implies the Lemma. Since
g =TxO f‘*, it follows that f* is injective and 7, is surjective. In order to prove that m, is
injective it is enough to prove that f* is onto. Since f, and f* have the same image, it is
enough to prove that f, is surjective.

Let 01 = f(e1) € X. Let I': (S',1) — (3,01) be a loop in ¥ based at o1. We want a
preimage under f, of the homotopy class of I'. If I'(s) # 0 for all s € S*, such preimage

is the homotopy class of ¥g(s) = % In general, the problem is that such definition of

U may have no continuous extension to the s where I'(s) = 0. Assume now that there is
so € S! such that T'(sg) = 0.
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Let v = mol': (S',1) — (B, b;) be the projection of . Let C := {x € M| E(x,0) =k}
and D := {t € S'|y(t) € C'}. Then D is a compact subset of S' and its complement is
a union of open intervals ;. Choose any continuous loop Ag : (S',1) — (E, e;) such that
polAp=r.

The pullback of the sphere bundle E along each segment ~y(I;) is trivial (v|;,)*E =~
I; x S"~1. Then the inverse image 7~ {y(I;)} C X of the closed segment v(I;) has the
topology of a cylinder S"~! x [0, 1] with its boundary spheres S"~! x {0} and S"~! x {1}
compactified to two points { A, B} or to a single point A = B.

Both segments f o A E|IT and I‘\[—i must have the same endpoints A and B. Hence they

are homotopic with fixed endpoints inside 7= {~(I;)} € X. Joint all these homotopies for
each interval I;, to obtain a homotopy in ¥ between f o Ap and I'. Therefore f.([Ag]) =
[[] € m(%).

O
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APPENDIX A. A NON ERGODIC MEASURE IN THEOREM A.

Consider the flat metric on the 2-torus T?. Let X be a vector field with norm 1 on T?

whose orbits form a Reeb foliation. Let L : TT? — R be the lagrangian
L(z,v) =3 v — X(2)*.
Its Fuler-Lagrange flow is the same as the exact magnetic flow with lagrangian
L(z,0) — 5 = 3 [v]* = n:(v),

where 1, (v) = (X (z),v). It is easy to see from the definition of critical value that ¢(L) = 0.
The vector field X has two closed orbits v; and ~2 with opposite homology classes. Since
L > 0 the Euler-Lagrange flow has only two ergodic invariant measures pi, pe, with
zero L-action, corresponding to the periodic orbits I'; = (74,4i). The unique invariant

probability p with Az (u) = 0 and zero homology class is pu = % w1+ % wo. It follows that
cu(L) = co(L) = ¢(L) = 0. Let L. : TR? — R be the lift of L to the universal cover R? of

T2.
T2

T, /\ /\ o qe ¢ 9.

T

FIGURE 1. The left figure shows the flow lines of the vector field X in
the example. The right figure shows a curve (2,,7,) € Qum(q1,¢2) in an
unbounded Palais-Smale sequence. The probability measures associated to
(2n,Ty) converge to the non-ergodic measure %,ul + %ug, where pq and po
are the invariant probabilities for the Euler-Lagrange flow corresponding to
the periodic solutions v; and .

It is easy to see that the Peierls barrier for L is finite, because one can join two points
g0, g1 € R? by curves with bounded action which spend long time on a lift of 7 and come
back on a lift of 5. Since the action of v; and -5 is zero, the total action spent on them
is bounded. By Corollary B, there is an unbounded Palais-Smale sequence (z,,,T},) with
lim,, T}, = 4+00. Nevertheless, there is no ergodic invariant probability in T'M with zero
action and zero homology class.
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APPENDIX B. ENERGY LEVELS OF NON-CONTACT TYPE.
The following theorem is not explicitly stated in [24].

B.1. Theorem (G. Paternain).  Suppose that dim M > 2.
If k > co(L) then H1{k} is of contact type.
If M # T? and ¢, (L) < k < co(L) then H=1{k} is not of contact type.

There is an example in [7] of a lagrangian in T? for which the energy level E = co(L) is
of contact type.

As an application (c.f. [24, Th. 1.1]), if M admits a metric with negative curvature and
if the Lagrangian flow on an energy level H'{k} with ¢, (L) < k < co(L) is Anosov, then
the strong stable and unstable subbundles £, E“* can not be C'. For if they were C!,
the form A defined by A(X) = 1 and A|gssqgpus = 0 is a contact form for H~'{k} (c.f.
U. Hamendstéadt [11], G. Paternain [24, Th. 5.5]). Examples of such Anosov energy levels
appear in G. Paternain & M. Paternain [26].

If ¥ is a regular energy level, the Liouville measure m on X is the smooth measure
induced by the volume form iyw™, where Y is a vector field on 7% M such that w(Y, X) =1
on X. It is invariant under the hamiltonian flow because Ly (iyw™) = 0. We choose the
orientation on ¥ that makes m a positive measure.

B.2. Lemma.
If X is a 1-form on 3 such that dX = w and A\(X) # 0 then A(X) > 0 on X.

Proof: Let £ be a 1-form on . We have that
f(X) yw" =ix (§ A iyw”) +EN (iX 3% w")

=04+&ANix [n (iy w) /\w"il] because dim ¥ =2n —1
=¢A (nw(Y,X)u/“1 — 0) because on X, ixw =—dH =0
(77) =néAw™ L

We show first that the asymptotic cycle (c.f. page 61) of the Liouville measure m is
zero. Indeed, let © := p dx be Liouville 1-form on T*M and 7 := @ Aw™ 2. If nis a
closed 1-form on ¥ then n A w™~! =n Adr = d(n A 7). Hence by (77),

Jonxydm = [ qxyiver =n [ gaet=n [ dman) o

Since A(X) # 0 on X, it is enough to prove that for any connected component N of 3
we have [, A(X) dm > 0. Since d\ = w = d©, the form 1 = X\ — © is closed on . Then

/N)\(X) dmz(S(m),[n]}—l—/N@(X) dm:/NG)(X) dm.

From (77) we have that
O(X) iyw”‘z =n0OA w”fl}z.
Let W be the fiberwise convex hull of N in T*M. Then W = N. By Stokes Theorem,

/@(X)dm: @(X)iyw”:/ n@/\w”_lzn/ w".
N ow ow w
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We prove that the last integral is positive.? Since dH(Y") = iy (—ixw) = 1, the convexity

of H implies that Y is an outwards pointing vector in ¥ = OW. A basis (v1,...,v2,—1)
of TY. is positively oriented iff iyw™(v1,...,vop—1) = W™ (Y,v1,...,v2,—1) > 0 and Stokes
theorem uses (Y, v1,...,v2,-1) as a positively oriented basis for TWW.

O
B.3. Remark.

Lemma B.2 also says that the Liouville measure has always positive (L + k)-action, for
in the energy level E~'{k} we have that ©(X) =v-L, = L+ k.

Proof of Theorem B.1:

From (1), there is a closed 1-form 7 on M such that co(L) = ¢(L —n). The Hamiltonian
of L —wis H(z,p) = H(x,p+mn). If K > ¢y(L), by Theorem A in [5] there is a smooth
function u : M — R such that H(z,dyu) < k for all z € M. From the definition (3) of the
Hamiltonian H we have that

L(z,v) — nz(v) — dyu(v) + k>0 for all (z,v) € TM.

Let © = pdx be the Liouville 1-form on T*M. Let A := © — n o dr — du o dw, where
7 : T*M — M is the projection. Since 7 is closed, d\ = d® = w. On H~'{k} we have
that
O(X)=p- H, = L(z,v) + k,
where v = Hy(x,p). Since X = (Hp, *), on H 1{k} we have that
AMX) = L(z,v) + k — ng(v) — dyu(v) > 0,

where v = Hp(z, p).

Now assume that ¢,(L) < k < co(L). Let L be the lift of L to the abelian cover M.
Since k < co(L) = ¢(L), there exists a closed curve 3 in M with negative (L + k)-action.
Observe that the projection v of ¥ to M has trivial homology class. The homotopy class
of v can not be trivial because if it where, its lift to the universal cover would be closed
and since k > ¢, (L) its (L + k)-action would be non-negative. Let o be the free homotopy
class of v and let

Ao ={(x,T)EAM |z €0, T>0}.
Since k > ¢, (L), by lemma 4.2,

—00 < (mﬂlrr)lé\g Ay(z,T) < Az, (7) <0.
Since k > ¢, (L), by Corollary B, Ay, satisfies the Palais-Smale condition. By Corollary 6.11
the gradient flow of —Aj is relatively complete on [A; < 0]. Then by Corollary 6.6
there is a minimizer (z,7) of A; on A,. The curve y(t) := x(t/T) is a periodic orbit
of the Euler-Lagrange flow with negative (L + k)-action and energy k. Let p be the
invariant probability measure supported on the periodic orbit (y,9) and let v = L. (u),
L(z,v) = (x, Ly(z,v)). Since the homology class corresponding to o is trivial, p(u) = 0.

9Alternatively7 the integral is equal to the (L 4 k) action of the Liouville measure my on E~'{k}. If
£> co(L) by (1), Ar1e(me) > 0, and one can show that the orientation on E~{¢} defined by the Liouville
measure varies continuously with £.
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By lemma 10.2, since m,(S(v)) = p(u) = 0 and M # T?, S(v) = 0. If X is a contact-type
form, since supp(p) C E~'{k}, the same calculation as in (76) gives

(78) / MX) dv = Apia(p) < 0.

This contradicts lemma B.2.
When k& = ¢o(L), by (1) there is an invariant probability p such that p(u) = 0 and
AL e, (1) = 0. The same argument as in (78) shows that H~'{cg} is not of contact type.
O

APPENDIX C. NON-MAGNETIC LAGRANGIANS.
The following result was suggested by R. Mané in [16].

C.1. Theorem. If L is a convex superlinear lagrangian and the 1-form 6, := L,(x,0) is
closed, then every energy level contains a closed orbit.

Since we are looking for closed orbits on specified energy levels, by [6, prop. 18] we
can assume that L is Riemannian at infinity. Since the 1-form 6, is closed the lagrangian
L = L — 0, has the same Euler-Lagrange flow as L. Replacing L by L. we can also assume
that 0, = 0. If £ > eg(L), by lemma 3.1,

L(z,v) + k> Lag|v]2 + [k — E(z,0)] > 0.

Therefore ¢(L) = eg(L). By theorem D, when k > ey = ¢(L) the energy level E~'{k} has
(non-trivial) closed orbits and at k = eg it has a singularity.

By Proposition 8.2 and Frauenfelder-Schlenk theorem [9] for k£ < ep the set [E < k]
has finite Hofer-Zehnder capacity. Then [12, Th. 5, p.123] it has a closed orbit on every
contact type energy level E~1{k} with k < eg.

Singular energy levels have a singularity of the Euler-Lagrange flow. Now we see that
the regular energy levels of L are of contact type. We use the following

C.2. Proposition. [McDuff [18], also [7, sec. 2 & app. B]] Suppose that the flow of a
vector field X on a compact orientable manifold ¥ does not admit a global cross section.
Let © be a smooth 1-form on X. Then the following are equivalent
(1) [O(X) du # 0 for every invariant Borel probability with zero asymptotic cycle.
(2) There exist a smooth closed 1-form such that ©(X) + ¢(X) never vanishes.

Let k be a regular value of the energy function. Let H be the hamiltonian of L and
X its hamiltonian vector field. Since the Liouville measure has zero asymptotic cycle
(inside Lemma B.2) the energy level ¥ = H~'{k} has no global cross section. For, by
Poincaré duality such cross section would give a closed 1-form 7 such that (S(u),n) =
Jsn(X) dp > 0 for every invariant probability . Since E~'{k} is a regular energy level,
if (x,v) € E71{k} then k = E(x,v) > E(x,0). By Lemma 3.1, writing © = pdz,

O(X) =v- Ly(z,v) = L(z,v) + k > $ao [v]2 + [k — E(z,0)] >0 if  E(x,v)=k.
By proposition C.2 there is a closed form ¢ on 3 such that ©(X) + p(X) # 0. Let
A=0+ . Then \(X) # 0 and d\ = dO = w.

Indeed, as above, from Lemma B.2 and proposition C.2 we have
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C.3. Proposition.

A compact energy level E=H{k} of a convex lagrangian is of contact type if and only if

Apk(p) > 0 for every Borel invariant probability in E~1{k} with zero asymptotic cycle.
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