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1 Introduction.

A real Markov process X = (X, ¢ > 0) with cadlag paths is a self-similar process if for
every k > 0 and every initial state x > 0 it satisfies the scaling property, i.e., for some
a>0

the law of (kXy-as,t > 0) under P, is Py,

where P, denotes the law of the process X starting from x > 0.

In this article, we focus on positive self-similar Markov processes and we will refer to
them as PSSMP. We use the notation X® or (X,P,) for the PSSMP starting from
x > 0. These processes are to be found in many areas of probability theory. To give
just a few examples, let us mention: the continuous-state branching process which is
associated to a self-similar Lévy tree (see for instance Duquesne and Le Gall [13]) and
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whose genealogy may be described by the beta-coalescent (see Birkner et al. [8]), the
size of a tagged individual in the self-similar branching Markov chain (see Krell [19]),
the so-called tagged fragment of a self-similar fragmentation (see Bertoin [6]), ... These

processes also appear as the limit of local structure of random quadrangulations (see
Krikun [20]).

Self-similar processes were the object of a systematic study first done by Lam-
perti [21]. In later work, Lamperti [22] studied the Markovian case in detail. The main
result in [22] proves that any PSSMP starting from a strictly positive state is a time-
change of the exponential of a Lévy process. More precisely, let X be a self-similar
Markov process started from x > 0 that fulfills the scaling property for some o > 0,
then

X = wexp{&uaa )  0<t<aI(©), (1.1)

where

T = inf{s >0:1,(§) > t}, I,(&) = /08 exp {a&, }du, I(¢) = lim [,(§),

t——+oo

and £ is a real Lévy process possibly killed at an independent exponential time. This
famous path construction of PSSMP is well-known as the Lamperti representation.

Several authors have studied the problem of the existence of an entrance law at 0 for
(X,P,), see for instance Bertoin and Caballero [3], Bertoin and Yor [4], and Caballero
and Chaumont [9]. Bertoin and Caballero [3] studied for the first time this problem
for the increasing case. Later Bertoin and Yor [4] generalized the results obtained in
[3]. They also gave sufficient conditions for the weak convergence of P, to hold when
x tends to 0, in the sense of finite dimensional distributions. The entrance law was
also computed in the mentioned works. Recently, Caballero and Chaumont [9] gave
necessary and sufficient conditions for the weak convergence of X®) on the Skorokhod’s

space. In [9], the authors also gave a path construction of this weak limit, that we will
denote by X© or (X, Py).

The aim of this work is to describe the upper envelope at 0 and at +oo for a large

class of PSSMP such that limsup,_, Xt(x) = oo almost surely, through integral tests
and laws of the iterated logarithm. We will give special attention to the case when the
process has no positive jumps since we may obtain general integral tests and compare
the rate of growth of X®) with that of its future infimum process and the PSSMP X (*)
reflected at its future infimum.
Several partial results on the upper envelope of X have already been established
before, the most important of which is due to Dvoretsky and Erdés [14] who studied
the case of Bessel processes. More precisely, we have the well known Kolmogorov-
Dvoretsky-Erdos integral test, see for instance It6 and McKean [17].

Theorem 1 (Kolmogorov-Dvoretsky-Erd8s) Let h be a nondecreasing, positive
and unbounded function as t goes to +o0o, and X© be a Bessel process of dimension
0 > 2 starting from 0. Then its upper envelope at 0 is as follows,

IP’(Xt(O) > Vth(t), i.o., ast — 0) =0 orl,
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according as, /h‘s(t) exp{—h?(t)/2}t7'dt is finite or infinite.
0

Thanks to the time inversion property of Bessel processes, we also have the above
integral test for large times. The integral test for transient Bessel processes will be
improved in Section 4 (Theorems 2 and 3).

Recall that the future infimum of a PSSMP starting at x > 0 is defined by

J@ = inf X7
t>s

Khoshnevisan et al. [18] studied the asymptotic behaviour of the future imfimum of
transient Bessel processes. In that paper, the authors obtained the following law of

the iterated logarithm (LIL for short) for J© and for the Bessel process reflected at
its future infimum, X© — J©:.

5O ~O _ 50
limsup —————— =1 and limsup —me—n—"t— =1 a.s. (1.2)

t—+oo /2t log |logt| t—+oo /2t log |logt|

In Section 6, we extend these results and we also study the small time behaviour.
If X© is a stable Lévy process with no positive jumps conditioned to stay positive and
with index 1 < a < 2, we have the following LIL due to Bertoin [1],

. X"
lim sup
=0 t1/2(log |logt|)

i = c(a) almost surely, (1.3)

where ¢(«) is a positive constant. Recently in [23], the author studied the asymptotic
behaviour of the upper envelope of the future infimum of PSMMP under general hy-
photesis. In particular, when X (@ is the aforementioned class of conditioned stable
processes, we have

i (a) (14)
lim sup =c(a), a. s. 1.4
t—0 tl/a(log | logt|)1_l/a

We remark that the above LIL is also satisfied for large times and any starting point.
In Section 6, we will see that under the assumption that IP’(JI(O) > t) is log-regular, i.e.

—log P(Jl(o) > 1) ~ MOL(t) as t— +oo,

where A\, > 0 and L is a function which varies slowly at +oo, the upper envelope
of X® will be described by an explicit LIL which agrees with the LIL describing the
upper envelope of its future infimum. The asymptotic results presented in Section 6
are consequences of general integral tests which are stated in Sections 3 and 4.

The rest of this paper is organized as follows. Section 2 is devoted to some preliminaries
of Lévy processes and PSSMP. In Section 3, we study the asymptotic properties of the
first passage time of X(9. In Section 4, we give the general integral tests for the upper
envelope of Xz > 0. Sections 5 and 6 are devoted to applications of the results of
Sections 3 and 4. Finally in Section 7, we will give some examples.
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2 Preliminaries.

2.1 Weak convergence and entrance law of PSSMP.

Let D denote the Skorokhod’s space of cadlag paths. We consider a probability measure
in D denoted by P under which ¢ will always be a real Lévy process such that £ = 0.
Let IT be the Lévy measure of £, that is the measure satisfying

/ (1A zH)I(dz) < oo,
(—O0,00)

and such that the characteristic exponent ¥, defined by E(e™¢) = 7Y™ 4 € IR, is
given, for some b > 0 and a € IR, by

1
U(u) = iau + §b2u2 + /

(—O0,00)

(1 — e 4 ium]l{mgl})l_l(dx), u € IR.
Define for x > 0,

M () = ((z,00)), T (z)=T((—00, —z)), M(:c)z/oxdy/ooﬁ_(z)dz,

xﬁJr(x)
[1,00) 1+ M(l‘)

Let us denote by P, the law, under I, of the PSSMP X (®) starting from x > 0 associated
to the Lévy process £ via the Lamperti representation. Then according to Caballero
and Chaumont [9], necessary and sufficient conditions for the weak convergence of X ()
in the Skorokhod’s space are

J=

either 0 < E(&) < E(|&]) < oo,

(H) ¢ is not arithmetic and
or E(|&]) < 00, E(&) =0 and J < oo,

and T
E <log+/ exp {afs}ds) < 0, (2.5)
0

where T, is the first passage time above z > 0, i.e. T, = inf{t > 0: & > x}.

The weak limit found in [9], denoted by X© or (X,Py), is a PSSMP starting from 0
which fulfills the Feller property on [0, c0) and with the same transition probabilities as
X@ 2> 0. In the sequel, we suppose that the Lévy processes considered here satisfy
conditions (H) and (2.5). We will distinguish the case 0 < E(&;) < E(|&1]) < oo by
saying that m := E(&;) > 0. Note that if m > 0, we have that E(7}) < oo and hence
condition (2.5) is satisfied. Another example when (2.5) is satisfied is when £ has no
positive jumps (see Section 2 in [9]).

Now, we introduce the so-called first and last passage times of X(© by

Sy:inf{tzO:Xt(O)zy} and Uy:sup{tzO:Xt(O)gy},
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for 5y > 0. Note that when the process X© drifts to 400 (i.e. m > 0), the last passage
time U, is finite a.s. for > 0. Moreover, if the process X satisfies the scaling
property with some index o > 0, then we deduce that the first passage time process
S = (S;, z > 0) and the last passage time process U = (U,,z > 0) are increasing self-
similar processes with scaling index a~'. From the path properties of X(© we easily

see that both processes start from 0 and go to +o0 as x increases.

With no loss of generality, we will suppose that o = 1. Indeed, we see from the
scaling property that if X®, & > 0, is a PSSMP with index oo > 0, then (X(”"))a is a
PSSMP with index equal to 1. Therefore, the integral tests and LIL established in the
sequel can easily be interpreted for any o > 0.

2.2 PSSMP with no positive jumps and some path transfor-
mations.

Here, we suppose that £ has no positive jumps. It is known that under this assumption,
the process ¢ has finite exponential moments of arbitrary positive order (see [2] for
background). In particular, we have that IE( exp{uft}) = exp{ti(u)}, for u > 0 where
(u) = —W(—iu). Note that if m > 0, then for all z > 0, S, and U, are finite and
X gi) = Xl(]z ) = x, almost surely.

From the Caballero-Chaumont construction and the path decomposition in Corollary
1 in [11], we deduce that the first and last passage time processes are increasing self-
similar processes with independent increments. We also remark that when m = 0, the
process S is still an increasing self-similar process with independent increments.

We are interested in describing the law of the process (X ((gz—t)*’ 0<t<S,) and in
obtaining the law of the first passage time in terms of the underlying Lévy process. To
this end we briefly recall the definition of the Lévy process conditioned to stay positive,
denoted by ¢', and refer to [10] for a complete account on this subject. The process &'
is an h-process of £ killed when it first exists (0,00), i.e. at time R = inf{t : & < 0}.
The law of this strong Markov process ¢! is defined by its semi-group:

h
]P(f;rs Edy\fl:x):MP(£t+x€dy,t<R), $,t>0, x,y>0

h(z)

and its entrance law:
P(¢) € dx) = h(z)N(& € dx, t < (),

where N is the excursion measure of the reflected process { — I = (& —inf,<; &, > 0),
( is the lifetime of the generic excursion and h is the positive harmonic function (for &
killed at time R) defined by:

h(l‘) =E (/ ]I{ItZ—I} st> , X Z 0,
0

where [, = inf,<; & and L is the local time of the reflected process & — 1.
Note that ¢! has no positive jumps and that almost surely

el - 1
ltllrglﬁt—o, t%l_{loloft——i-OO? and & >0 forallt>0.



The following time reversal property of ¢! is an important tool for our next result. Its
proof can be found in Theorem VII.18 in Bertoin [2].

Lemma 1 The law of (x — &,0 < t < T,) is the same as that of the time-reversed
process (ﬁT .0 <t <Al(x)), where ' (x) = sup{t > 0,¢ < x}. Moreover, for

(YT (=)—t)
every x > 0, the process ({;, 0<t< VT(m)) 1s independent of ( N 0), and

T
gﬁ(ﬂf)-%
the latter has the same law as that of the process &1.

For every y > 0 let us define

where

TtT :inf{s >0: ]S(—ST) > t}, and fs(—fT) = /SGXP{ —f,l}du.

0

We denote by ]IE’y, the law of X®. Since &1 drifts towards 400, we deduce that X,

reaches 0 at an almost surely finite random time, denoted by p, = inf{t > 0, )N(t(y) = 0}.

Proposition 1 Suppose m > 0. The law of the process time-reversed at its first
passage time above z, (X((gi_t)_,O <t < Sx) 18 the same as that of the process
(X7,0<t < py).

Proof:  Let us take any decreasing sequence (z,) of positive real numbers which

converges to 0 and such that x; = z. By Lemma 1, we can split (Xt(w), 0 <t<p,) into
the sequence

(I‘l €xXp { - f’lT'T(t/xl)}’ wl-['y(”) ( - fT) S t S xlln/("+1)( - é"T)>’ n Z 17

where v = sup{t > 0 : & < log(z,/x1)}.

To complete the proof, it is enough to show that, for each n > 1

(X082 80) © (w100 { =€l b T (<€) S < Lo (=€)

where S™ =5, — S

Tn41"

Fix n > 1. From Theorem 1 in [9], we know that the left-hand side of the above
identity has the same law as

(ifinﬂ exp {f(nﬂ) )}, 0 <t < xppilpmsy (€(n+l))>7 (2.6)

Tt (IT(n+1> (5<"+1)) —t/Tnt1

where T+ = inf{t > 0 : £V > log(z,,/7,41)}. On the other hand by Lemma 1,
we know that (—5;, 0 <t < ™) is independent of £'™ = (log(z/x,) — Sl(n)ﬂ,t >0)
and that the latter has the same law as —&T. Since

TT<[W<H)(_€T)—{—25/QZ> :fy(”)+jnf{320:/ exp{_d(n)}duzt/xn},
0
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it is clear that the right-hand side of the above identity the same law as

N
(ffn exP { = i1/, 10 <t < Tyt ogan /o) (= 5))- (2.7)
Therefore, it is enough to show that (2.6) and (2.7) have the same distribution.
Now, let us define the exponential functional of (ﬁ((;;?l)_ - 0<t< T(”“)) as follows,
B = / exp {&lil)_, fdu fors € 0,700
0

and set H(t) = inf {0 < s < T+ Bt > t}, the right continuous inverse of the
exponential functional B t1),
By a change of variable, it is clear that B{"™ = I 1) (£ = Iy o (€MD) If

we set t = xn+1B§"+1), then s = H(t/x,+1) and hence
L(nt+1) (IT(”H) (g(n—&-l)) _ t/xn+1> — 1) <]T<”+1)—5 (g(n—&-l)))
= T(nJrl) - H(t/ﬂ:n+1)

Therefore, we can rewrite (2.6) as

n+1 n+1
(an exXp {5(T<:+3>_H(t/a:n+1)}’ O=<t< xn+1B;<:+3>>' (2.8)

Applying Lemma 1, we get that (2.8) has the same law as that of the process defined
in (2.7). |

An important consequence of this Proposition is the following time-reversed identity.
For any y < =,

(¥ <t 25) 2 (X00<0<0) 29

where U, = sup {t>0, Xt(x) <y}

Recall that a random variable X is self-decomposable if for every constant 0 < ¢ < 1
there exists a variable Y, which is independent of X and such that Y.+ ¢X has the
same law as X.

Corollary 1 Let m > 0. For every x > 0, S, has the same law as x/ exp{—¢&Ydu.
0
Moreover, Sy is self-decomposable.

Proof:  Let I(—¢") = / exp{—¢&/ }du. From Proposition 1, we see that S, and
0

p- have the same law. By the Lamperti representation of X@ we deduce that Pz =
xl ( ¢ T) and then the identity in law follows.
Now, let 0 < ¢ < 1. Since ¢! does not have positive jumps, it is clear that

) 71 (log(1/c)) . +oo '
I(-¢") = /0 exp{—¢&]}du + c/o exp { — &1 log(1/e))+u — 108 c}du.

Hence, the self-decomposability follows from Lemma 1. [ |



3 The lower envelope of the first passage time.

In this section, we are interested in describing the lower envelope at 0 and at +oo of
the first passage time of X () with the help of integral tests. We first deal with the case
when X(© has no positive jumps since we may obtain explicit integral tests in terms of
the tail probability of 7(—¢T) and also we may consider the case when X () oscillates
(i.e. that m = 0).

3.1 The case with no positive jumps.

Let us define F1(t) ‘< P (I(=¢") < t) and denote by Hy', the totality of positive
increasing functions h(x) on (0, 00) that satisfy

i) h(0) =0 and

ii) there exists 3 € (0,1) such that sup h(t)/t < co.
t<3

The lower envelope at 0 of the first passage process S is given as follows.

Proposition 2 Let m > 0 and h € H,".

i) If | F'(h(z)/z)r dz < oo, then for all ¢ > 0
o+

IP’(SJ; < (1 —=¢)h(x), i.o., as x — O) = 0.

i) ]f/ F' (h(z)/x) 2 dz = oo, then for all ¢ > 0
0+
P(Sx < (1+4+¢€)h(x), i.o., as x — 0> = 1.

The above result is a consequence of Lemma 3.1 of Watanabe [25], Corollary 1 and
the fact that S is an increasing self-similar process with independent increments. It is
important to note that Proposition 2 may be proved using similar arguments to those
of Theorems 3 in [23]. In this respects, it is enough to exchange I(€) by I(—¢') and
note that I' = 1.

The integral test for large times is very similar. In this case, we need to define H!,
the totality of positive increasing functions h(t) on (0, 00) that satisfy

i) limy_o h(t) = +o0 and

h(t)

ii) there exists § € (1, +00) such that sup —= < oo,
t>p

and replace / F'(h(z)/z) 2z dz by /00 F'(h(z)/z) z d.

o0+



3.2 The general case.

Let us define o R
G(t) = P(S) <t) and F(t) = P(I(E) <t).

The lower envelope at 0 of the first passage process S is given as follows.

Proposition 3 Let m >0 and h € Hy".

i) If | G (h(z)/z)r 'de < oo, then for all € > 0
o+

]P’(SI < (1 —=e¢)h(x), i.o., asx — O) = 0.

i) If | F (h(x)/z)x 'dx = oo, then for all e > 0

0+

]P’(Sx < (1+e)h(x), io., asx — 0) =1

Proof: We first prove part (i). Let (z,) be a decreasing sequence of positive numbers
which converges to 0 and let us define the events A,, = {S,,., < h(z,)}.
Now, we choose x, = r", for r < 1. From the first Borel Cantelli’s Lemma, if
> . P(A,) < oo, it follows

Spnt1 > h(r”) P-a.s.,

for all sufficiently large n. Since the function h and the process S are increasing, we

have
S, > h(x) for "t <z <o

On the other hand, from the scaling property, we get that
SP(Se < () < / P(r'S) < h(r'))dt
~ 1

00T

From our hypothesis, this last integral is finite. Then from the above discussion, there
exist xp such that for every x > xq

S, > r?h(x), forall r<1.
Clearly, this implies that

Py (Sx < r’h(z), i.0., as r — 0> =0,

which proves part (7).
Part (i7) follows from part (ii) of Theorem 3 in [23]. u



As in the case with no positive jumps, there is an integral test for large times which
holds for h € H!.

Note now that the integral tests of Proposition 3 no longer depends on F! as in the
case with no positive jumps and that we are assuming that m > 0. We also remark
that F(t) < G(t), for t > 0, but for our purpose Proposition 3 will be very useful for
our applications (see Sections 5 and 6 below).

4 The upper envelope of PSSMP.

Here, we are interested in describing the upper envelope at 0 and at 400 of PSSMP
through integral tests. For the same reasons as those mentioned in the preceding
section, we will first study the case with no positive jumps.

4.1 The case with no positive jumps.

The following theorem shows in particular that the upper envelope at 0 of X© only
depends on the tail behaviour of the law of I(—¢') and on the additional hypothesis

E(log" 1(~€)7") < o0, (4.10)

Let us recall that F'(t) = P(I(—¢") < t), and denote by Hy the totality of positive
increasing functions h(t) on (0,00) that satisfy

i) h(0) =0 and

t
ii) there exists € (0, 1) such that sup — < cc.
t<p h(t)

Theorem 2 Let m > 0 and h € Hy.

i) If [ F'(t/h(t))t"'dt < oo, then for all € >0
o+

Py (Xt > (1+€)h(t), io., ast — O) =0.

ii) Assume that (4.10) is satisfied. If | F'(t/h(t))t"'dt = oo, then for all e > 0
0+
P, (Xt > (1 - e)h(t), i.o., ast — o) ~ 1.

Proof: Let (x,) be a decreasing sequence which converges to 0. We define the events
A,, = {There exists ¢ € [S Sz, ] such that x> h(t)}. From the fact that S,

Tn+41)
tends to 0, a.s. when n goes to +00, we see

{Xt(o) > h(t), i.0., as t — O} = limsup A,,.

n—-4oo
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Since h is an increasing function the following inclusions hold

{0 >n(80) } € Auc {on>n(S0) | (4.11)

Now, we prove part (). We choose z,, = ", for r < 1 and h,(t) = r~2h(t). Since h is
increasing, we deduce that

ZIP’(r > e (Spn) ) < /1+Oop<rt > h(Sy) )dt < —10;/(:@@ > h(SQ)%.

Replacing h by h, in (4.11), we see that we can obtain our result if

/OT]P’(t>h(St))% <

From elementary calculations and Corollary 1, we deduce that

r dt A7) dt
/0 P<t ~ h(st)> Pk (/0 ]I{t/r<f<—ew<t/h<t>}7> ’

where h™'(s) = inf{t > 0, h(t) > s}, the right inverse function of h. Then, this integral

converges if / P (1(—¢") < t/h(t)) t'dt < co. This proves part (i).
0

Next, we prove the divergent case. We suppose that h satisfies / FU(t/h(t))t™'dt
o0+
diverges. Take, again, x,, = r", for r < 1 and define

B, & U Ap = {There exists t € (0,S,»] such that X > h, (t )}

Note that the family (B,,) is decreasing and

B'Z ﬂ B, {Xt(o) > h,(t), i.0., as t — O}.
n>1
Hence it is enough to prove that limP(B,,) = 1 to obtain our result.
Again replacing h by h, in inclusion (4.11), we see

P(B,)>1— IP’(rj < h(S,)), foralln <j <m— 1), (4.12)

where m is chosen arbitrarily m > n + 1.
Now, we define the events C,, ‘=’ {7"” > rh (&n)) } We will prove that > P(C,,)

diverges. Since the function h is increasing, from the identity in law of Corollary 1 it
is straightforward to show that

SEC) > [ ( s a(s))ar= gt [B(nr(- )

n>1
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Hence, if this last integral is infinite, we get that >  P(C,,) = oo. In this direction, we

have o
r dt h=(r dt
/0 P(t > h(11( - fT)))7 - </o H{t/m(—awq/hm}?) |

On the other hand, we see that

/Oh_l(r)ﬁb ([(_g) < %) % :/Oh_lmlp (; <I(-¢) < %) %

and ) B
A e R e G Sl
0 r) i T

which is clearly finite from our assumptions. We thus deduce that

hil(r) dt
E I &) =
(/0 {t/r<1(—£T)<t/h(t)}t> °

and hence ) P(C,) = oo.

Next, for n < m — 1, we define

H(n,m) (deh P(rj < Th(Srj — Sr,»'m), foralln <j<m— 1).
We will prove that there exist two increasing sequences to 0o, (n;) and (m;), such that
0<n; <my—1and H(n;,m;) tends to 0 as [ goes to infinity.

Suppose the contrary, i.e., there exist 6 > 0 such that H(n,m) > ¢ for all sufficiently
large integers m and n. From the independence of the increments of S,

121@( U Cm>2 > P<Cmﬂ(ﬁq>)

m=n-+1 m=n+1
> mglp(rm > rh (S ) ) H(n,m) > 5m;ﬂp(cm).

Since Y PP(C,,) diverges there is a contradiction and we see that our assertion is true.
Now, we define

(def)

o (2) < P17 < rh(Sys = Sy + ) for,m < j <mi—2), 2 >0,

and
(def)

G(ny,my) = ]P(Tj < Th(SN-) for, ny < 7 <my — 1).
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Since h is increasing, we see that p,, m,, () is increasing in .
If we denote by p and j the laws of S7 and S; — .5, respectively, by the scaling property
we may express H(n;,m;) and G(n;, m;) as follows

+oo
H(ny, my) :/0 ﬂ(dx)ﬂ{h(rml—lz)zrml}pnz,mz(rmﬁl%) and,

+oo
_ m;—1
Glowsm) = [ AT, (7).

In particular, we get that for [ sufficiently large

+oo
H(ni,mi) > poye(N) / ide)  for N >rC.

N

where C' = sup,;2/h().

Since H(n;,m;) converges to 0, as [ goes to +oo and i does not depend on [, then
Pny.m, (V) also converges to 0 when [ goes to 400, for every N > rC.

On the other hand, we have

Glos.m) < puns () [ (da) + [ pfdta)

N

Letting [ and N go to infinity, we get that G(n;,m;) tends to 0. Then, by (4.12) we
get that limP(B,,) = 1 and with this we finish the proof. |

For the integral tests at 400, we define H,, the totality of positive increasing functions
h(t) on (0,00) that satisfy

i) limy_,o h(t) = oo and

t
ii) there exists 5 > 1 such that sup — < 0.
>3 h(t)

The upper envelope of X at +oo is given by the following result.

Theorem 3 Letm >0 and h € Hs.

+oo
i) [f/ F'(t/h(t))t 'dt < oo, then for all € > 0 and for all x > 0,

]P’I<Xt > (14 €)h(t), i.o., ast — +oo> = 0.

+oo
ii) Assume that (4.10) is satisfied. ]f/ FU(t/h(t))t~tdt = oo, then for all e > 0
and for all x > 0

P, <Xt > (1 —€)h(t), i.o., ast — —|—oo> =1

13



Proof: We first consider the case where x = 0. In this case the proof of the tests at +o0
is almost the same as that of the tests at 0. It is enough to apply the same arguments
to the sequence x,, = ", for r > 1.

“+oo
Now, we prove (i) for any z > 0. Let h € H,, such that / F'(t/h(t))t~ dt is finite.

+oo
Let > 0 and S, = inf{t > 0: x> x}. Since clearly / FU(t/h(t — S,)) t~'dt is

also finite, from the Markov property at time S, we have for all ¢ > 0
Py <Xt > (14€)h(t—S5,), 1. o., as t — oo) =P, (Xt > (1+¢€)h(t), i. 0., as t — oo) =0,

which proves part (7). Part (i) can be proved in the same way. |

4.2 The general case.

Proposition 4 Let m > 0 and h € H,.

i) If | G(t/h(t))t 'dt < oo, then for all € > 0
o+

P(Xt(o) > (1+¢€)h(t), i.o., ast — O) = 0.

i) If | F(t/h(t))t 'dt = oo, then for all € > 0
o+
IP’(Xt(O) < (1= Oh(t), io., ast — 0) — 1.

Proof: Let (x,) be a decreasing sequence which converges to 0. We define the events
A, = {There exists t € [S Sz, ) such that Xt(o) > h(t)}. From the fact that S,

Tp+17 MT
tends to 0, a.s. when n goes to +00, we see

{Xt(o) > h(t), i.o., as t — 0} = limsup A,,.

n—-+00

Since h is an increasing function the following inclusion holds
Ay & > h(Se) (4.13)

Next, we prove the convergent part. We choose z,, = r", for r < 1 and h,(t) = r—2h(t).
Since h is increasing, we deduce

S P(r > hy(Sen)) < —loér /OTIP’<t > h(St))%.

Replacing h by h, in (4.13), we see that we can obtain our result if/ P(t > h(St) ) tlde
0

is finite. From elementary calculations, we get

, dt h=1(r) dt
/0 ]P’(t > h(&:))? =E (/0 H{t/r<51<t/h(t)}?> 7

14



where h™1(s) = inf{t > 0, h(t) > s}, the right inverse function of h. Then, this integral
h=1(r)
converges if / P (S, < t/h(t))t 'dt is finite. This proves part (i).

0
The divergent part follows from part (i7) of Theorem 1 in [23]. |

Proposition 5 Let m > 0 and h € Ho.

“+00

i) If G (t/h(t))t 'dt < oo, then for all € > 0 and for all x >0

]P’(Xt(x) > (1+€)h(t), io., ast — —|—oo> = 0.

+oo
i) ]f/ F (t/h(t))t'dt = oo, then for all e > 0 and for all x > 0
IP’(Xt(w) < (1 —=e€)h(t), i.o., ast — —I—oo) = 1.

Proof: We first consider the case where x = 0. In this case the proof of the tests at 400
is almost the same as that of the tests at 0. It is enough to apply the same arguments

to the sequence z,, = r™, for r > 1.
+o0

Now, we prove (i) for any > 0. Let h € H such that / G (t/h(t)) t~'dt is finite.

+o0o
Let z > 0 and S, and note by p, the law of Xé(i). Since clearly / G (t/h(t — S,))t~tdt

is also finite, from the Markov property at time .S,, we have for all € > 0

]P’O(Xt > (1+e)h(t—S,), i. 0., as t — oo)
(4.14)
:/ P, (Xt > (1+e)h(t), i. 0., as t — oo),ux(dy) = 0.
[z,+00)

If  is an atom of ., then equality (4.14) shows that
P(Xt(x) > (1+€)h(t), i. 0., as t — oo) =0

and the result is proved. Suppose that x is not an atom of y,. From Theorem 1 in [9],

d . .
we know that X éi) @ xe’, where 6 is a positive r.v. such that

NNy

—Z
fTZ Z—+00

Then from Section 2 in [9], the law of 0 is given by

PO >t)= E(ol)/ sv(ds), t>0,

(t,00)

15



where ¢ is the upward ladder height process associated with £ and v its Lévy measure.
Hence, P(e? > z) > 0 for z > 1, and for any o > 0, p, (2, 2+ ) > 0. Now (4.14) shows
that there exists y > x such that

IP’(Xt(y) > (1+h(), i o., ast — oo) —0,

for all € > 0. The previous arguments allow us to conclude part (7). Part (i7) can be
proved in the same way. [ |

5 The regular case.

In this section, we will assume that m > 0. According to Chaumont and Pardo [11] the
law of Uy, the last passage time below level 1, is the same as v1(£) where v is a positive
random variable bounded above by 1 and independent of the exponential functional

~ ~ ~

I(§). Hence, we have the following inequality v1(§) < I(§) a.s.
Now, let us define F,(t) := P(vI(§) < t), and suppose that

ctPL(t) < F(t) < F,(t) < CH°L(t) as t— 0, (5.15)

where § > 0, ¢ and C are two positive constants such that ¢ < €' and L is a slowly
varying function at 0. An important example included in this case is when F' and F),
are regularly varying functions at 0.

Proposition 6 Under condition (5.15), we have that
ctPL(t) < G(t) < CAPL(t) as t—0,
where C, is a positive constant bigger than C.

Proof: The lower bound is clear since F/(t) < G(t), for all + > 0 and our assumption.
Now, let us define Mt(o) = SUPg<s<y X and fix € > 0. Then, by the Markov property
and the fact that J® is an increasing process, we have

1—ce¢
>E (Sl/t < 1,ng(i)/t (JO > ; )) .

Since X é?)/t > 1/t a.s., using the Lamperti representation (1.1), we deduce that

1—ce¢ .
E (Sm < 17PXS?“ (Jo > — )) > P(Si) < 1)[@(;121%55 > log(1 — e))

16



On the other hand, under the assumption that £ drifts towards +oo, we know from
Section 2 of Chaumont and Doney [10] (see also Proposition VI.17 in [2]) that for all

e>0
K. := P(igggs > log(1 — 6)) > 0.

Hence .
K 'P, <J1 > %) >P(S < t)

which implies that

t

-1
CK. (1

The proposition is proved. [ |

Theorem 4 Under condition (5.15), the lower envelope of S at 0 and at +00 is as
follows.

i) Let h € Hy', such that either lim, .o h(z)/z =0 or liminf, .o h(z)/z > 0, then

IP(SQC < h(x), i.0., as x — O) =0 orl,

accordingly as / F (h(z)/x) z~ dx is finite or infinite.

o+

i) Let h € H!, such that either lim, ., h(z)/z = 0 or liminf, . . h(z)/x > 0,
then
P(Sx < h(zx), i.0., as z — oo) =0 orl,

+o0
accordingly as / F (h(x)x) 2~ 'dx is finite or infinite.
Proof: First let us check that under condition (5.15) we have

by A
/ F (@) dz < oo if and only if / G <M> de < 0. (5.16)
0 x x 0 T x

Since F'(t) < G(t) for all t > 0, it is clear that we only need to prove that

A A
/ F (@> d_x < oo implies that / G (M) d_x < 00
0 x x 0 x x

From the hypothesis, either lim, o h(x)/z = 0 or liminf, o h(z)/x > 0. In the first
case, from condition (5.15) there exists A > 0 such that, for every x < A

() o7 (2) () 1(2).
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A
Since, we suppose that / F (h(z)/x) z~ dx is finite, then
0

NEORCIER

A

Hence from Proposition 6, we get that / G (h(z)/x) z~'dz is also finite. In the second
0
case, since, for any 0 < § < 0o IP’(I < 5) > 0, and liminf, o h(z)/z > 0, we have for

any y € IR
0<P (I < liminf M) <P <I < M) . (5.17)

x—0 x Yy

As, F(t) < G(t) for all t > 0, we deduce that

[(2)2[o(2) 2

Now, let us check that for any constant 5 > 0,

/AF (@) dz < oo if and only if //\F (ﬁh(m)) de < 00. (5.18)
0 T T 0 x T

Again, from the hypothesis, either lim, o h(z)/x = 0 or liminf, o h(z)/x > 0. In the
first case, we deduce (5.18) from (5.15). In the second case, from (5.17) both of the
integrals in (5.18) are infinite.

Next, it follows from Proposition 3 part (i) and (5.16) that if/ F (h(z)/z) v dx is

o+

finite, then for all € > 0,

P(S, < (1 —€)h(z), i.0., as z — 0) = 0.

If / F (h(x)/z) 2~ dx diverges, then from Proposition 3 part (ii) we have that for all
0+

e >0,
P(S, < (1 + €)h(x), i.0., as z — 0) = 1.

Equation (5.18) allows us to drop € in these implications. [ |

From the previous Theorem, we deduce that under condition (5.15) the first and the
last passage time processes have the same lower functions ( see Theorem 5 in [23]). In
fact, we may deduce that under the same condition a PSSSMP and its future infimum
have the same upper functions ( see Theorem 6 in [23]). We state the following result
without proof since it follows from the same arguments as those presented for the lower
envelope of the first passage time.

Theorem 5 Under condition (5.15), the upper envelope of the PSSMP at 0 and at
+00 is as follows:

18



i) Let h € Hy, such that either lim;_ot/h(t) =0 or liminf, ,qt/h(t) > 0, then

P(Xt(o) > h(t), i.0., ast — 0) =0 orl,

accordingly as / F (t/h(t))tdt is finite or infinite.

0+

ii) Let h € Hoo, such that either limy_ ;o t/h(t) =0 or iminf, . t/h(t) > 0, then
forallz >0
P(Xt(x) > h(t), i.0., ast — oo> =0 orl,

+oo
accordingly as / F (t/h(t))tdt is finite or infinite.

6 The log-regular case.

In this section, we also assume that m > 0 and study two types of behaviour of F' and
F,,, which allow us to obtain laws of the iterated logarithm for the upper envelope of
X©_ The first type of behaviour that we will consider is when log F' and log F,, are
regularly varying at 0, i.e.

—log F,(1/t) ~ —log F(1/t) ~ M°L(t), ast— oo, (6.19)

where A > 0, 0 > 0 and L is a slowly varying function at +oo.
The second type of behaviour that we will consider is when log F' and log F',, satisfy
that

—log F,(1/t) ~ —log F(1/t) ~ K(logt)", ast— +oo, (6.20)

where K and + are strictly positive constants.

6.1 Laws of the iterated logarithm for PSSMP.
Proposition 7 Under condition (6.19), the tail probability of Sy satisfies

—log G(1/t) ~ M°L(t) as  t— +oo. (6.21)
Similarly, under condition (6.20), the tail probability of S1 satisfies
—log G(1/t) ~ K(logt)” as t— +oo0. (6.22)

Proof: First, we prove the upper bound of (6.21). With the same notation as in the
proof of Proposition 6, we see

—1ogP(yJ(é) < 1/t) - —log]P’()(Jl > t) > —logIP’O(Ml > t),

which implies

—log]P’O (Ml > t)
1>1
= P TN L)
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Since P (M1 > t) = IP’(Sl < 1/t), we get the upper bound.
Now, fix € > 0. Again from the proof of Proposition 6, we have

IP’O(Jl > (1— e)t) > ]P’(St < 1)1[”(12%55 > log(1 — e))
On the other hand, we know
K@=P<g¥;>bg1—@>>a

Hence,
—logPo(J; > (1 —€)t) < —logIP’<51 < 1/t) — log K.,

which implies the following lower bound

) i f—log]P’<Sl<1/t>
(1=€)" < liminf ——27

Since € can be chosen arbitrarily small, (6.21) is proved.
The upper bound of tail behaviour (6.22) is proven in the same way. For the lower
bound, we follow the same arguments as above and we get that

—logPy(J1 > (1 —€)t) < —logIP’<Sl < 1/t> —log K,

which implies that

. ¥ —logIP’(Sl < 1/t>
1= timinf (28N ,
logt t—00 K(logt)”

t—o0

and the proposition is proved. [ |

The following result gives us laws of the iterated logarithm for the first passage time
process when condition (6.19) is satisfied. Define the functions

X

) = Ry > Jlogay T T
and 2

Theorem 6 Under condition (6.19), we have the following law of the iterated loga-
rithm for S.

Sy : S
limsup—— =1 and limsup—— =1 almost surely.
a0 () 200 P(2)

The upper envelope of PSSMP, under condition (6.19), are described by the following
law of the iterated logarithm. For all x > 0

X(O) X(x)
limsup —— =1, and limsup —— =1, a.s.

t—0 19(75) t—-+oco 19(75)
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Proof: This Theorem is a consequence of Propositions 3,4, 5, and 7, and it is proven
in the same way as Theorem 4 in [11], we only need to emphasize that we can replace
log G by log F, since they are asymptotically equivalent. [ |

Note that under condition (6.19) a PSSMP and its future infimum satisfy the same
law of the iterated logarithm (see Theorem 8 in [23]) but they do not necessarily have
the same upper functions.

Similarly, under condition (6.20) we may establish laws of the iterated logarithm for
the upper envelope of PSSMP and their future infimum. In this direction, let us define

o(x) ::xexp{ — (K_llogllogaz])l/v}, x>0, x#1,

and
t>0, t#1.

We recall that J®) = (Jt(m),t > 0) is the future infimum process of X®, for z > 0,
where Jt(m) = inf; X@).

Theorem 7 Under condition (6.20), we have the following laws of the iterated loga-
rithm.

Sy _ Sy
i) Almost surely, limsup—— =1 and limsup—— = 1.

it) Almost surely, limsup & =1 and limsup Ve _ 1
’ z—0  O(T) r—too O(T) '

The upper envelope of a PSSMP and its future infimum processes under condition
(6.20) are described by the following laws of the iterated logarithm:

(0) 7
iii) Almost surely, lil?jélp CI)Zt) =1 and hr?_%l P % =1
| N moup 2
w) For all x > 0, almost surely 11535213 D(t) =1 and hl?—%lp o(t) -

Proof: We first prove part (i) for small times. Note that it is easy to check that both
¢(x) and ¢(z)/z are increasing in a neighbourhood of 0, moreover the function ¢(z)/z
is bounded by 1, for = € [0,1).

From condition (6.20) and Proposition 7, we have for all k; < 1 and ko > 1 and for all
x sufficiently small,

k1K (log(1/2))" < —log G(z) < k2K (log(1/2))",
so that for ¢ defined above,

kilog|log x| < —log G (¢(x)/x) < kolog |log x|.
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Hence G (¢(x)/x) > (|logz|)~*2. Since ky > 1, we obtain the convergence of the

integral / G (¢(z)z) 2~ dx. This allows us to deduce with the help of Proposition 3
0+

() that for all € > 0,

P(S, < (1 —¢e)¢(x),i.0., as x — 0) = 0.

The divergent part is proven in the same way using that from Proposition 4 part (i),
one has for all € > 0,

P(S, < (1+¢)p(x),i.0., as z — 0) = 1.

Condition (6.20) implies that ¢(z) is increasing in a neighbourhood of +oo whereas
¢(x)/z is decreasing in a neighbourhood of +o0o. Hence, the proof of the result at 400
is done in the same way as at 0.

The parts (ii), (iii) and (iv) can be proved following the same arguments. It is enough
to note that the LIL of the last passage process and the future infimum process will
use the integral tests in [23], (see Theorems 1,2,3 and 4 in [23]) |

6.2 The case with no positive jumps.

Here, we suppose that the PSSMP X *) has no positive jumps. Our next result means
in particular that if there exists a positive function that describes the upper envelope
of X® by a LIL then the same function describes the upper envelope of the future
infimum of X®) and the PSSMP X ®) reflected at its future infimum.

(0)

Theorem 8 Let us suppose that limsup m =1 a.s., where A is a positive func-
t—0
tion such that A(0) = 0, then
g x© _ ;0
li Lo =1 d 1 —t "t =1 almost surely.
H? j&lp A an H? j&lp A almost surely
X(ff)
Moreover, if for all x >0, limsup m = a.s., where A is a positive function such
t——+o00
that lim_, 1o, A(t) = 400, then
J(ﬁ) X(O) _ J(O)
limsup—4-— =1 and limsup ———-— =1 almost surely.
t—>+oop A(t) t—>+oop A(t) Y

Proof:  First, we prove the result for large times. Let x > 0. Since Jt(x) < Xt(x) for
every t > 0, in light of our hypothesis tha is clear

(z)

limsup -~ < 1 almost surely.
t—too A(1)
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Now, fix € € (0,1/2) and define

X
=1 >n:——2>(1— .
R, 1nf{s_n AGs) > (1 e)}

From the above definition, it is clear that R, > n and that R,, diverges a.s. as n goes
to +00. From our hypothesis, we deduce that R, is finite, a.s.

Since X has no positive jumps, applying the strong Markov property and the Lam-
perti representation (1.1), we have

J5) o (120X
P (A(Rn) > (11— 26)) =P (J,(%n) > ﬁ)

1—26) X%
:E<P<J§§Q2—( : X,

o)

— (infgzlog (1_2€>> =W (log 1_6> >0,

t>0 (1—¢) 1 — 2

where W : [0, +00) — [0, 4+00) is the unique absolutely continuous increasing function
with Laplace exponent

+oo 1
e MW (x)de = ——  for A >0,
I =50

and ¢ = 1/W (400), (see Bertoin [2] Theorem VIL.8).
Since R,, > n,

J(I) J(m)
P m > (1 —2¢), forsomet>n| >P A(]f?n) > (1—2¢) | .

Therefore, for all € € (0,1/2),

P (f@) > (1-2¢), 10, as t — +O°) Z AP (A(Z;) -1 26)) "

The event of the left hand side is in the upper-tail sigma-field ﬂta{Xs(x) s >t} which
is trivial. Therefore

(z)
limsup —t— >1—2 almost surely.
e Ay = e

The proof of part (i) is very similar, in fact

X(x) _ J(z) EX(x) EX(x)
P Ry R 1-9 —P J(W) < Rn | _ ElP J(z) < Ry X(x)
( ARy 22 o =T B = [T R

1—
¢ )zl—cW(log 6>>0.
1—¢ €

= ] <
P (uge < s
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Since R, > n,

X(I) o (=) X(ff) _ J(ff)
P(%Z(l—%), forsomet>n| >P MZ(l—Qe) )

Hence, for all € € (0,1/2),

X(Z) _ J(I) X(x) _ J(x)
P (tA(—t)t > (1 — 2¢),i.0., a8 t — 0 ZnErEOOP W > (1—-2¢) ] >0

The event of the left hand side of the above inequality is in the upper-tail sigma-field
Mo {X : s >t} which is trivial and this establishes part (ii) for large times.
In order to prove the LIL for small times, we now define the following stopping time

1 x
=inf< — <s: > (1 — .
R, =in {n <s AGs) > ( 6)}

Following same arguments as above, we get that for a fixed € € (0, 1/2) and n sufficiently
large,

7O ) _ 50

IP’(A(Z"”) 2(1—26)) >0 and P(WEG—%)) > 0.

Next, we note

Jg)) JO
IP’( L 2(1—2(—:),f0rsomep2n>2P< B 2(1—2(—:)),

A(R,) A(Ry)
and
X}(%O) _ J}(;?) X(O) _ J(O)
Pl ———2>(1—2¢), forsomep>n]| >P MZ 1—2¢)].
( AR =T ARy =)

Since R,, converges a.s. to 0 as n goes to oo, the conclusion follows taking the limit
when n tends to +o0. [ |

Hence, when F'! satisfies condition (6.19) we have the following laws of the iterated
logarithm for the future infimum of X® and the PSSMP X @) reflected at its future
infimum.

Corollary 2 Under condition (6.19), we have the following laws of the iterated loga-
rithm.

(0) (x)
J
i) Forallz >0, limsup—— =1 and limsup—— =1 a.s.
) =0, lmsup 5 msup G
X(O) _ J(O) X(x) _ J(»’C)
i) For allz >0, limsup —4——-" = and limsup—~—— "1 =1 a.s.
) = ) R TT)
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7 Examples.

Example 1. The first examples that we will consider are the only continuous PSSMP
up to a power rate: Bessel processes. Recall that a Bessel process of dimension § > 0
with starting point > 0 is the diffusion R whose square satisfies the stochastic
differential equation

t
R? = 2 + 2/ R, + dt, t >0, (7.23)
0

where (3 is a standard Brownian Motion.

From Ito’s formula, we get that the underlying Lévy process of a Bessel process of
dimension 0 is £ = (2(B; + at),t > 0), where B is a standard Brownian motion and
a = (6§ —2)/2. The process ¢ satisfies the conditions under which we can define X ®)
when z = 0. When a > 0, X® is transient and when a = 0, the process X ®) oscillates.
Gruet and Shi [16] proved that there exist a finite constant K > 1, such that for any
0<s<2,

1 1
K172 exp {—2—} <P(S) <s)=F'(s) < Ks' ™% exp {—2—} : (7.24)
s s

Hence, from (7.24) and Proposition 2, we may obtain integral tests for the lower en-
velope of the first passage time of the squared Bessel process X (©). Similarly, but now
using Theorems 3 and 4 , we may obtain a variant of the Kolmogorov-Dvoretsky-FErdés
integral tests for the upper envelope of Bessel processes. Finally, we also note that F'!
satisfies condition (6.19).

Example 2. Let X© be a stable Lévy process conditioned to stay positive and index
0 < a <2 (see [10] for a proper definition). From Chaumont et al. [12], we know that
when X (@ has positive jumps then there exists a constant C' such that

F(t) ~ Ct* 1, as t—0,

where p is the positivity parameter of the stable Lévy processes.
On the other hand, from Fourati [15], we have that

F,(t) ~ Ct*, as t— 0.

Hence under the assumption that X (® has positive jumps, we get the following corol-
lary. Here, we only the state the results at 0 but we recall that the results for large
times also holds.

Corollary 3 Let S be the first passage time of the stable Lévy process conditioned to
stay positive X O with index o € (0,2]. The lower envelope at 0 is described as follows.
Let h € Hy' be such that either lim,_o h(x)/x =0 or liminf, .o h(x)/z > 0. Then

P(Sx < h(t), i.0., as x — O) =0 orl,

25



accordingly as

ap—1 ap
/ (M) d_:c s finite  or / <M> d_x 18 infinite.
0+ e e 0+ xr xr

The upper envelope of X© at 0 is described as follows. Let h € Hy, such that either

limt/h(t) =0 or lirtn iglf t/h(t) > 0.

t—0

Then
P(Xt(o) > h(t), i.0., ast — 0) =0 orl,

accordingly as

ap—1 ap
/ (_h(x)) d_x is finite  or / <_h(x)> d_x is infinite.
o+ T T o+ xr X

Now, suppose that X© has no positive jumps. In this case, it is known that 1 < a < 2.
From [23], we know that X® drifts towards +oco and that

B 1 1\ V@D
—log F'(1/t) ~ aa <a> Vel as t— +oo.

Then applying Proposition 6, Theorem 6 and Corollary 2, we get the following LIL.

Corollary 4 Let X© be o stable Lévy process with no positive jumps conditioned to
stay positive and o > 1. Then, the first passage time process satisfies

a—1 a—1
Si(log |logt 1 1
lim inf t(log log ) T o (1 - _) ,  almost surely.

t—0 te o o

The processes X, JO gnd X©O — JO) satisfy the following laws of the iterated loga-
rithm

) Xt(o) _a-1
lim sup e = @ (—1)" = | almost surely,
=0 tl/o(log|logt|)
J(O) oot
. t _a—l
lim sup e = @ (—1)" =, almost surely,
=0 t1/2(log|logt|)
x© _ 50O a1
lim sup : : =a(a—1) & . almost surely.

=0 ¢/« (log]| logt\)l_l/a

Example 3. Let & be a Lévy process which drifts towards 400, with finite exponential
moments of arbitrary positive order. Note that this condition is satisfied, for example,
when the jumps of £ are bounded from above by some fixed number and in particular
when ¢ is a Lévy process with no positive jumps. In that case, we have

E(e*) = exp {t(\)} < +o0, t,A>0.
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From Theorem 25.3 in Sato [24], we know that this hypothesis is equivalent to assuming
that the Lévy measure II of £ satisfies

/ M (dz) < 400 for every A > 0.
[1,00)

Under this condition and with the hypothesis that v varies regularly at +oo with index
B € (1,2), the author in [23] gave the following estimates of the tail probabilities of

I(§) and vI(§),

logP(u[( ) < 1/:c) ~ —logP (I(é) < 1/:c> ~(B-1)H(z) as «— +oo,

where

P

H(z) = inf {s >0, ¢%(s)/s > x},

is a regularly varying function with index (8 —1)~!
Hence, the PSSMP associated to £ satisify condition (6.19). This allows us to obtain
an LIL for the first passage time process and for the PSSMP in terms of the function

log | log |

0= o Tog )

for t>1, t#e.
Using integration by parts, we can see that the function 1(\)/\ is increasing. Hence it

is straightforward that the function ¢f(¢) is also increasing in a neighbourhood of co.
Similarly to Example 2, we only state the LIL for small times.

Corollary 5 If 1) is reqularly varying at +oo with index 5 € (1,2), then

liminf —— = (8 — 1)1, almost surely.

it

Let us define
(t) = W (log | log t|)

for t>1, t#e.
log | log t| o  tFe

Corollary 6 If 1) is reqularly varying at +oo with index 5 € (1,2), then

lim sup ——

Xt
= (8 —1)"6D, almost surely.

Moreover, if the processes X© has no positive jumps, J© and X© — JO satisfy the
following laws of the iterated logarithm.:

Jo 0 _ 5O

x0 _
lim su = — 1B gnd  limsup —L— 7t — — 1)~ g
t—0 Pia®) tg(t) =0 ) t—0 P tg(t) o )
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Example 4. Let £ = N be a standard Poisson process. We remark that in this case
the limit process X (*) may not be defined with Caballero and Chaumont’s construction.
This is a consequence of the fact that N is arithmetic.

According to Bertoin and Caballero [3], we can define a limit process for the PSSMP
X @ associated to N in the sense of finite dimensional distributions. With an abuse
of notation, we will denote such limit process by X(®. From Proposition 3 in Bertoin
and Yor [5] and Example 1 in [23], we know that

. - 1
—logP(I(§) <t) ~ —logP(vI(§) <t) ~ 5(1og 1/t)?, as t — 0.
Hence, we obtain the following LIL. Let us define
m(t) := texp{ - \/210g|10gt|}.

Corollary 7 Let N be a Poisson process, then the PSSMP X associated to N by
the Lamperti representation satisfies the following law of the iterated logarithm,

XOm(t
lim sup #U =1 almost surely.
t—0 t
Forx >0
X m(t
lim sup t;n( ) =1 almost surely.
t—+o00

The first passage time process S associated to X©) satisfies the following law of the
iterated logarithm,

Sg
, and liminf =1, almost surely.

lim inf S =1
T—+00 m(x)

0 ()
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