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Preface

Algebraic K-theory is the branch of algebra dealing with linear algebra
(especially in the limiting case of large matrices) over a general ring R
instead of over a field. It associates to any ring R a sequence of abelian
groups K;(R). The first two of these, Ky and K3, are easy to describe in
concrete terms; the others are rather mysterious. For instance, a finitely
generated projective R-module defines an element of Ky( R), and an invert-
ible matrix over R has a 1determinantT in K;(R). The entire sequence of
groups K;(R) behaves something like a homology theory for rings.

Algebraic K-theory plays an important role in many areas, especially
number theory, algebraic topology, and algebraic geometry. For instance,
the class group of a number field is essentially Ko(R), where R is the ring
of integers, and Whitehead torsionT in topology is essentially an element
of K1(Zn), where « is the fundamental group of the space being stud-
ied. K-theory in algebraic geometry is basic to Grothendieckis approach
to the Riemann-Roth problem. Some formulas in operator theory, involv-
ing determinants and determinant pairings, are best understood in terms
of algebraic K-theory. There is also substantial evidence that the higher
K-groups of fields and of rings of integers are related to special values of
L-functions and encode deep arithmetic information.

This book is based on a one-semester course | gave at the University
of Maryland in the fall of 1990. Most of those attending were second- or
third-year graduate students interested in algebra or topology, though there
were also a number of analysis students and faculty colleagues from other
areas. | tried to make the course (and this book) fairly self-contained, and
to assume as a prerequisite only the standard one-year graduate algebra
course, based on a text such as [Hungerford], [Jacobson], or [Lang], and the
standard introductory graduate course on algebraic and geometric topol-
ogy, covering the fundamental group, homology, the notions of simplicial
and CW-complex, and the definition and basic properties of manifolds. As
taught at Maryland, the graduate algebra course includes the most basic
definitions and concepts of category theory; a student who hasnit yet seen
these ideas could consult any of the above algebra texts or an introduc-
tion to category theory such as [Mac Lane]. Since many graduate algebra
courses do not include much in the way of algebraic number theory, | have
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included many topics such as the basic theory of Dedekind rings and the
Dirichlet unit theorem,. which may be familiar to some readers but not
to all. 1ive tried in this book to presuppose as little topology as possible
beyond a typical introductory course, and to develop what is needed as
I go along, but to give the reader a flavor of some of the important ap-
plications of the subject. A reader with almost no topology background
should still be able to follow most of the book except for parts of Sections
1.6, 1.7, 2.4, 4.4, and 6.3, and most of Chapter 5 (though I would hope
this book might encourage him or her to take a more systematic course
in topology). A problem one always has in writing a book such as this
is to decide what to do about spectral sequences. They are usually not
mentioned in first-year graduate courses, and yet they are indispensable
for serious work in homological algebra and K-theory. To avoid having
to give an introduction to spectral sequences which might scare off many
readers, | have avoided using spectral sequences directly anywhere in the
text. On the other hand, | have made indirect reference to them in many
places, so that the reader who has heard of them will often see why they
are relevant to the subject and how they could be used to simplify some of
the proofs.

For the most part, this book tends to follow the notes of the original
course, with a few additions here and there. The major exceptions are
that Chapters 3 and 5 have been greatly expanded, and Chapter 6 on
cyclic homology has been added even though there was no time for it in
the original course. Cyclic homology is a homology theory for rings which
may be viewed as the ilinearized versionT of algebraic K-theory, and itis
becoming increasingly clear that it is both a useful computational tool and
a subject of independent interest with its own applications.

Each chapter of this book is divided into sections, and | have used a
single numbering system for all theorems, lemmas, exercises, definitions,
and formulas, to make them easier to locate. Thus a reference such as
1.4.6 means the 6th numbered item in Section 4 of Chapter 1, whether
that item is a theorem, a corollary, an exercise, or a displayed formula.
The exercises are an integral part of the book, and | have tried to put at
least one interesting exercise at the end of every section. The reader should
not be discouraged if he finds some of the exercises too difficult, since the
exercises vary from the routine to the very challenging.

I have used a number of more-or-less standard notations without special
reference, but the reader who is puzzled by them will be able to find most
of them listed in the Notational Index in the back of the book.

Why This Book?

The reader might logically ask how this book differs from its icompeti-
tion.T [Bass] remains an important reference, but it is too comprehensive
to use as a text for an elementary course, and also it predates the defini-
tion of K3, let alone of higher K-theory or of cyclic homology. My original
course was based on the notes by Milnor [Milnor], which are highly recom-
mended. However, | found that [Milnor] is hard to use as a textbook, for
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the following three reasons:

(1) Milnor writes for a working mathematician, and sometimes leaves
out details that graduate students might not be able to provide for
themselves.

(2) There are no exercises, at least in the formal sense.

(3) The subject has changed quite a bit since Milnoris book was writ-
ten.

For the working algebraist already familiar with the contents of [Milnor]
who wants to learn about Quillen K-theory and its applications in alge-
braic geometry, [Srinivas] is an excellent text, but it would have been far
beyond the reach of my audience. The notes of Berrick [Berrick] give a
more elementary introduction to Quillen K-theory than [Srinivas], but are
rather sketchy and do not say much about applications, and thus again are
not too suitable for a graduate text. [LluisP] is very good for an up-to-date
survey, but it is, as the title says, an overview rather than a textbook. For
cyclic homology, the recent book by Loday [LodayCH] is excellent, but to
be most useful it requires that the reader already know something about
K-theory. Also, I do not believe that there is any book available that dis-
cusses the applications of algebraic K-theory in functional analysis (which
are discussed here in 2.2.1G2.2.11, 4.4.19-4.4.24, 4.4.30, 6.3.8-6.3.17, and
6.3.296.3.30). Thus for all these reasons it seemed to me that another
book on K-theory is needed. | hope this book helps at least in part to
fulfill that need.
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1
Ky of Rings

1. Defining K

K-theory as an independent discipline is a fairly new subject, only about
35 years old. (See [Bak] for a brief history, including an explanation of the
choice of the letter K to stand for the German word Klasse.) However,
special cases of K-groups occur in almost all areas of mathematics, and
particular examples of what we now call K, were among the earliest stud-
ied examples of abelian groups. More sophisticated examples of the idea of
the definition of Ky underlie the Euler-Poincaré characteristic in topology
and the Riemann-Roth theorem in algebraic geometry. (The latter, which
motivated Grothendieckis first work on K-theory, will be briefly described
below in 53.1.) The Euler characteristic of a space X is the alternating sum
of the Betti numbers; in other words, the alternating sum of the dimen-
sions of certain vector spaces or free R-modules H;(X; R) (the homology
groups with coefficients in a ring R). Similarly, when expressed in modern
language, the Riemann-Roth theorem gives a formula for the difference of
the dimensions of two vector spaces (cohomology spaces) attached to an
algebraic line bundle over a non-singular projective curve. Thus both in-
volve a formal difference of two free modules (over a ring R which can
be taken to be C). The group Ky(R) makes it possible to define a similar
formal difference of two finitely generated projective modules over any
ring R.

We begin by recalling the definition and a few basic properties of pro-
jective modules. Unless we say otherwise, we shall assume all rings
have a unit, we shall require all ring homomorphisms to be unit-
preserving, and we shall always use the word module to mean
Tleft module.”

1.1.1. Definition. Let R be a ring. A projective module over R
means an R-module P with the property that any surjective R-module
homomorphism a: M — P has a right inverse 3: P — M. An equivalent
way of phrasing this is that whenever one has a diagram of R-modules and
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R-module maps P

lso
M Y N

with M % N surjective, one can fill this in to a commutative diagram
P

9/ Jvcp

W

M —— N.

Indeed, given the diagram-completion property and a surjective R-mod-
ule homomorphism a.: M — P, one can take N = P, ¢ =idp, and
1 = o, and the resulting  : P — M is a right inverse for a, i.e., satisfies
aof = idp.

In the other direction, suppose any surjective R-module homomorphism
a : M — P has a right inverse #: P — M, and suppose one is given a
diagram of R-modules and R-module maps

P

|e
M LN N
. — . id
with M % N surjective. Replacing M % Nby M & P 2292, N g p
and ¢ : P — N by (g, idp) : P — N & P, we may suppose ¢ is one-to-one,
and then replacing N by the image of ¢ and M by ¥~1(im¢), we may
assume itis an isomorphism. Then take a = ¢ to and the right inverse
B :P — M enables us to complete the diagram.
When a: M — P is surjective and 3: P — M is a right inverse for a,
then p = 80« is an idempotent endomorphism of M, since

(Boa)’ = (Boajo(foa)
=po(aoP)oa
=fBoidpoa=Boaq,
and then z— (a(z), (I-p)(z)) gives an isomorphism M = P& (1—p)(M).

Using this observation, we can now prove the fundamental characteriza-
tion of projective modules.

1.1.2. Theorem. Let R be a ring. An R-module is projective if and only
if it is isomorphic to a direct summand in a free R-module. It is finitely
generated and projective if and only if it is isomorphic to a direct summand
in R™ for some n.

Proof. If P is projective, choose a free module F and a surjective R-mod-
ule homomorphism a: F — P by taking F to be the free module on some
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generating set for P, and « to be the obvious map sending a generator of F
to the corresponding generator of P.\We are using the universal property of
a free module: To define an R-module homomorphism out of a free module,
it is necessary and sufficient to specify where the generators should go. If
P is finitely generated, then F will be isomorphic to R™ for some n. The
observation above then shows P is isomorphic to a direct summand in a
free R-module, which we can take to be R™ for some n if P is finitely
generated.

For the converse, observe first that free modules F are projective, since
given a surjective R-module homomorphism a : M — F with F free, one
can for each generator z; of F choose some y; € M with a(y;) = z;, and
then one can define a right inverse to « by using the universal property
of a free module to define an R-module homomorphism g : F — M with
B(z:) = ;- Next, suppose F =P @ Q and F is a free module. Given a
surjective R-module homomorphism a : M — P, a®idg is a surjective
R-module homomorphism (M & Q) — (P & Q) = F, so it has a right
inverse. Now restrict this right inverse to P and project into M to get a
right inverse for a. Finally, if F = R™ with standard generators z,..., Ty,
then P is generated by p(x;)}, where p is the identity on P and 0 on Q.
Thus a direct summand in R™ is finitely generated and projective. O

Weire now almost ready to define Ky of a ring R. First of all, note that
the isomorphism classes of finitely generated projective modules over R
form an abelian semigroup Proj R, in fact a monoid, with @ as the addition
operation and with the O-module as the identity element. To see that this
makes sense, there are a few easy things to check. First of all, Proj R is a
set! (This wouldnit be true if we didnit take isomorphism classes, but in
fact we have a very concrete model for Proj R as the set of split submodules
of the R™, n € N, divided out by the equivalence relation of isomorphism.)
Secondly, direct sum is well defined on isomorphism classes, i.e., if PP’
and Q= Qi, then PeQ = P'®Q’. And thirdly, direct sum is commutative
(P®Q =Q® P) and associative (P ® Q)& V=P & (Q & V)) once we
pass to isomorphism classes.

In general, though, Proj R is not a group, and may not even have the
cancellation property

a+b=c+b=>a=c

Itis therefore convenient to force it into being a group, even though this
may result in the loss of some information. The idea of how to do this is
very simple and depends on the following, which is just a generalization of
the way Z is constructed from the additive semigroup of positive integers, or
Q* is constructed from the multiplicative semigroup of non-zero integers,
or aring is TlocalizedT by the introduction of formal inverses for certain
elements.

1.1.3. Theorem. Let S be a commutative semigroup (not necessarily
having a unit). There is an abelian group G (called the Grothendieck
group or group completion of S), together with a semigroup homo-
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morphism ¢ : S — G, such that for any group H and homomorphism
¥ : S — H, there is a unique homomorphism 8 : G — H with ¥ =80 ¢.

Uniqueness holds in the following strong sense: if ¢’ : S — G’ is any
other pair with the same property, then there is an isomorphism «:G—G’
with ¢’ = aop.

Proof. We will outline two constructions. The simplest is to define G
to be the set of equivalence classes of pairs (z, y) with =,y € S, where
(z,y) ~(u,v) if and only if there is some t € S such that

(1.1.4) z+v+t=u+y+t inS.

Denote by [(z, y)] the equivalence class of (z, y). Then addition is defined
by the rule

(@, )] + (&, )] =z + 2/, v + ¥)].

(It is easy to see that this is consistent with the equivalence relation, and
that the associative rule holds.)
Note that for any x and y in S,

[(z, 2)] = (%, v)]

since x +y =y + z. Let 0 be this distinguished element {(z, X)]. This is an
identity element for G, i.e., G is a monoid, since for any x, y,and¢in S,

(z+ty+t)~(z,y)
Also, G is a group since
(@] +lw2)]=z+yz+y]=0
We define ¢:S — G by
o(z) = [z + =, )],

and it is easy to see that this is a homomorphism. Note that the image of
p generates G as a group, since

[(z, )] = ¢(z) — o(y)

in G. Given a group H and homomorphism % : S — H, the homomorphism
0:G — H with ¢ =600 ¢ is defined by

0 ([(z, »)]) = ¥(z) - ¥(y).

Alternatively, one may define G to be the free abelian group on gen-
erators [z],x € S, divided out by the relations that if x +y =2z in S,
then the elements [x] + [y] =[2] in G. Note that [(z,¥)] in the previous
construction corresponds to [X] — [y] in this second construction. The map
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¢ is z+—[z], and of course any homomorphism from S into a group H
must factor through G by construction.

To prove the uniqueness, suppose ¢’ : S — Gi has the same universal
property. First of all, ¢’'(S) must generate Gi, since otherwise, if G” is the
subgroup generated by the image of ¢’, then there are two homomorphisms
6:Gi -G'®G'/G" with

(@,7 0) = 00(/7,,

namely, 8 = (id, 0) and 8 = (id, q), ¢ the quotient map. By the universal
properties for G and Gi, there must be maps a: G — Gi with ¢’ =aop
and 8 : Gi — G with ¢ = 80 ¢’. But then a0 8 = id on the image of ¢/,
hence on all of Gi, so «ais a left inverse to 8. Similarly 8 0 a = id on the
image of ¢; hence « is also a right inverse to 4, as required. O

Remarks. The assignment S ~ G = G(S) is in fact a functor from the
category of abelian semigroups to the category of abelian groups, since if
~v:8 — S’ is a homomorphism of semigroups, it induces a commutative
diagram

g 2, g

1
G(§) — G(5),

where the arrow at the bottom is uniquely determined by the universal
property of G(S).

In fancier language, Theorem 1.1.3 just asserts that the forgetful functor
F from the category of abelian groups to the category of abelian semigroups
has a left adjoint, since

HomSemigroups(Sv FH) = HomGroups(Gy H)

This could also have been deduced from the adjoint functor theorem (see
[Freyd] or [Mac Lane]).

It is convenient that we do not have to assume that cancellation (z+z =
y + z=x =y) holds in S. Indeed, the map ¢ :S — G is injective if
and only if cancellation holds in S. One of the reasons for introducing
Grothendieck groups is that semigroups without cancellation are usually
very hard to handle; yet in many cases their Grothendieck groups are fairly
tractable.

1.1.5. Definition. Let R be a ring (with unit). Then Kg(R) is the
Grothendieck group (in the sense of Theorem 1.1.3) of the semigroup Proj R
of isomorphism classes of finitely generated projective modules over R.
Note that Ky is a functor; in other words, if ¢:R — Ri is an R-
module homomorphism, there is an induced homomorphism Ko(g) = @«:
Ko(R)— Ko(R') satisfying the usual conditions id, = id, (¢£09). = @.0..
To see this, observe first that ¢ induces a homomorphism Proj R — Proj R/
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via [P] — [RT &, P], for P a finitely generated projective module over R.
As required, R'®, P is finitely generated and projective over R', since if
P& Q= R", then

(Ri ®, P) o(R®,Q)=R®,(PoQ)¥(R®,R")=R".

And of course, the tensor product commutes with direct sums so we get a
homomorphism. Fiunctoriality of Kp now follows from functoriality of the
Grothendieck group construction.

1.1.6. Example. If R is a field, or more generally a division ring (i.e.,
a skew-field), then any finitely generated R-module is a finitely generated
R-vector space and so has a basis and a well-defined dimension. This
dimension is the only isomorphism invariant of the module, so we see
that Proj R 2N, the additive monoid of natural numbers. Since the
group completion of Nis Z, Ky(R) = Z, with the isomorphism induced
by the dimension isomorphism Proj R — N. The inclusion of a field F
into an extension field Fi induces the identity map from Z to itself, since
dimp (F' @ P) = dimp P for any F-vector space P.

This same example also shows why we only use finitely generated
projective modules in defining Ky. If R is a field, the same arguments
show that the monoid of isomorphism classes of countably generated
modules is isomorphic to the extended natural numbers N U {oo), with the
usual rule of transfinite arithmetic, n + oo = oo for any n. This is no longer
a monoid with cancellation; in fact, any two elements become isomorphic
after adding oo to each one. Thus the Grothendieck group of this monoid is
trivial. A similar phenomenon happens with infinitely generated modules
over an arbitrary ring; see Exercise 1.1.8.

1.1.7. Exercise. Let S be the abelian monoid with elements a,, ,,, Where
n €N, and

m=0ifn=0o0r 1,
meZifn=2,
meZ/2ifn>3.

The semigroup operation is given by the formula
An,m+ Gn/, m'= Cnin’, m+m’,

where m + m/ is to be computed in Zifn+n'<2andin Z/2ifn+n'>3.
(If for instance n = 2 and ni > 1, then m is to be interpreted mod 2.)
We shall see in §1.6 that S is isomorphic to Proj R with R = CR(S2), the
continuous real-valued functions on the 2-sphere. Compute G(S) and the
map ¢ : S — G(S). Determine the image of S in G, and show that while
¢~ 1(0) = 0, ¢ is not injective.
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1.1.8. Exercise (the iEilenberg swindleT). Show that for any ring
R, the Grothendieck group of the semigroup of isomorphism classes of
countably generated projective R-modules vanishes.

1.1.9. Exercise. Recall that if a ring R is commutative, then every left
R-module is automatically a right R-module as well, so that the tensor
product of two left R-modules makes sense.

(1) Show that the tensor product of two finitely generated projective
modules is again finitely generated and projective.

(2) Show that the tensor product makes Kg{R) into a commutative
ring with unit. (The class of the free R-module R is the unit
element .)

2. Ky from idempotents

There is another approach to K which is a little more concrete and there-
fore often convenient. If P is a finitely generated projective R-module, we
may assume (replacing P by an isomorphic module) that P & Q = R™ for
some n, and we can consider the R-module homomorphism p from R"™ to
itself which is the identity on P and 0 on Q. Clearly p is idempotent, i.e.,
p? = p. Since any R-module homomorphism R"™— R™ is determined by
the n coordinates of the images of each of the standard basis vectors, it
corresponds to multiplication on the right (since R is acting on the left)
by an n x n matrix. In other words, P is given by an idempotent n x n
matrix p which determines P up to isomorphism.

On the other hand, different idempotent matrices can give rise to the
same isomorphism class of projective modules. (When R is a field, the only
invariant of a projective module P is its dimension, which corresponds to
the rank of the matrix p. When the characteristic of the field is zero, the
rank of an idempotent matrix is just its trace.) So to compute Ko(R) from
idempotent matrices, we need to describe the equivalence relation on the
idempotent matrices that corresponds to isomorphism of the corresponding
modules.

1.2.1. Lemma. If p and g are idempotent matrices over a ring R (of
possibly different sizes), the corresponding finitely generated projective R-
modules are isomorphic if and only if it is possible to enlarge the sizes of p
and q (by adding zeroes in the lower right-hand corner) so that they have
the same size N x N and are conjugate under the group of invertible N x N
matrices over R, GL(N, R).

Proof. The condition is sufficient since if u€ GL(N, R) and upu~!=q,
then right multiplication by u induces an isomorphism from R¥gqto RN p.
So the problem is to prove necessity of the condition. Suppose pisn xn
and q is m x m, and R"p = R™q. We can extend an isomorphism a:
R"p — R™q to an R-module homomorphism R™ — R™ by taking o =0
on the complementary module R™( 1 — p), and by viewing the image R™g
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as embedded in RT. Similarly extend a~! to an R-module homomorphism
B : R™ — R"which is 0 on R™( 1 — q). Once weiVve done this, « is given
by right multiplication by an n x m matrix a, and 3 is given by right
multiplication by an m x n matrix b. We also have the relations ab = p,
ba=q,a=pa=aq,b=qb=bp. ThetrickisnowtotakeN=n+mand

to observe that )
1-p a (1 0
b 1-¢q/ \0 1

(with usual block matrix notation) and that
1-p a p O 1-p a
b 1-4q/\0 O b 1—gq
_{1-p a 0 ay_(0 0
- b 1—-g/\O0O 0] \0 ¢/
Thus(1 -p @ ) is invertible and conjugates p&0 to 064¢. The latter

b 1—¢q
is of course conjugate to ¢® 0 by a permutation matrix. O

Now we can give a simple description of Proj R.

1.2.2. Definition. Let R be a ring. Denote by M(n, R) the collection of
n x n matrices over R and by GL(n, R) the group of n x n matrices over

R. We embed M(n,R) in M(n + 1, R) by a — ( (this is a non-

a
00
unital ring homomorphism) and GL(n, R) in GL(n + 1,'R) by the group

0
unions of the the M(n, R), resp. GL(n, R). Note that M(R) is a ring
without unit and GL(R) is a group. It is important to remember that
each matrix in M(R) has finite size. Let Idem(R) be the set of idempotent
matrices in M(R), and note that GL(R) acts on Idem(R) by conjugation.

homomorphism e("i‘a 0 . Denote by M(R) and GL(R) the infinite

Now we can restate Lemma 1.2.1.

1.2.3. Theorem. For any ring R, Proj R may be identified with the set
of conjugation orbits of GL(R) on Idem(R). The semigroup operation is
p
0
tivity after passage to conjugacy classes.) Kp (R) is the Grothendieck group
of this semigroup.

induced by (p, ) — ( 2) (One only has commutativity and associa-

Using this fact we can now show that Kj is invariant under passage from
R to M,(R) and commutes with direct limits. We will also construct an
example of a ring for which K vanishes.

1.2.4. Theorem (“Morita invarianceT). For any ring R and any pos-
itive integer n, there is a natural isomorphism KO(R)E»KO(M,,(R)).

Proof. Via the usual identification of My (M, (R)) with M, (R),
Idem(M,(R)) = Idem(R) and GL(M,(R)) = GL(R).
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The result therefore follows immediately from Theorem 1.2.3. O

Next we show that Kj is a continuous functor, i.e., that it commutes
with (direct) limits. A direct system or directed system in a category
is a collection {A4)aer Of objects, indexed by a partially ordered set | with
the property that if «,3 €1, there is some y&I with y>a,v> 8.
In addition, one supposes there are morphisms @qg: A, — Ag defined
whenever a < g3, with the compatibility condition

PBy ° Pap = Pav, a<f<y.
A (direct) limit for such a system is an object A = lii)nAa, together with
morphisms ¥,: A, — A satisfying the compatibility condition ), =
¥ 0 pop Whenever a < 8, with the universal property that compatible
morphisms

€a5Aa“*B, €a=€5°¢aﬂa
must factor as £o1),, for some £: A — B. For example, if G is the increasing
union of an increasing sequence

Gi1CGC--

of subgroups, it is their categorical direct limit in the category of groups
(with respect to the obvious inclusion maps), and similarly if one replaces
groups by rings or other algebraic objects.

1.2.5. Theorem. Let (Rq)acI,(fap: Ba— Rg)a<ps be a direct system of
rings and let R = lim R, be the direct limit of the system. Then Ko(R) =

lim Ko(Ra)-

Proof. Applying Kj, we obtain a directed system of abelian groups
(Ko(Ra))act, (Baps : Ko(Ra) — Ko(Rg))a<s and thus a limit group
li_n}1KdR,,). By the universal property of the direct limit, there is a natu-
ral map h_H)lKo(Ra) — Kp(R). We want to show this is an isomorphism.

To prove surjectivity, first observe that each p€Idem(R) is a matrix with
finitely many entries, each one of which must come from some R,. If
we choose v greater than or equal to all of these indices «, then p is the
image of a matrix in Idem(R,), hence the class [p] of p in Ko(R) is in
the image of the natural map Ko(R,) — Ko(R), hence in the image of
lim Ko(Ra) — Ko(R). Since the [p], p € Idem(R), generate Ko(R), this
proves surjectivity.

Now we prove injectivity. Suppose mel_i_LnKo(Ra) and z— 0 in Ko(R).
We may suppose z comes from Ky ( R, ) for some « and is of the form [p]—[g],
p, q € Idem(R,). The fact that £ — 0 means that the images of p and of
g in Idem(R) are stably isomorphic in the sense of (1.1.4). Without loss
of generality, we may first add on zeroes in the lower right corners of p
and g, then replace p and g by p® 1, and ¢ & 1,,, so that when mapped
into Idem(R), p and ¢ represent the same element of Proj R, hence are
conjugate under GL(R). (This is by Theorem 1.2.3.) Once again, the
matrix that does the conjugating must come from some GL(R,),v>a,
and then [p]— [q] t-t 0 in Ko(R,), hence x = 0 in the direct limit. O
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1.2.6. Example: a ring with vanishing Kg. We shall also use Theorem
1.2.3 to construct a ring R for which all projective modules are stably
isomorphic to one another (in the sense of (1.1.4)), hence for which Ky(R) =
0. Let k be a field and let V be an infinite-dimensional vector space over
k. Let R = Endy(V). If p,g€Idem(R), then p and g are idempotents in
some M,,(R). Consider p® 1@ 0 and ¢® 140 in

Myi2(R) = End (k"?) @& R = Endg (k™+?) ®, Endy (V)
= Endk(V"+2) = Endk(V) = R,

since V™**t2 and V have the same dimension over k when V is infinite-
dimensional. Now 0 < rankp <dim, (V™) = ndim V =dim V, and simi-
larly 0 < rank ¢ <dim V, whereas rank 1z = dim V. So

dimV <rank{p® 10 0) <dimV +dimV =dimV
and rank(p © 1 © 0) = dim V. Similarly, rank(q @ 1 © 0) = dim V and

rank (1916 1)(p® 16 0)) =rank((1-p)d0® 1) =dimV,
rank (1618 1) (¢®1®0)) =rank((1 - ¢)®0& 1) = dim V.

Sincep@®1®0and ¢® 1 ® 0 are idempotent endomorphisms of a vector
space and have the same rank and corank, they are conjugate. Hence
PP1Dd0=gd1®0 and hence {p| = [g] in Ko(R).

1.2.7. Exercise: construction of a simple ring for which Kj is not
finitely generated. Let k be a (commutative) field and define a map
of rings ¢, : Man(k) — Man+1 (K) by a — (ga9>how that the in-
duced map on Kj is multiplication by 2 (when we use the isomorphisms
Ko(Mgn (k‘)) = Ko(k) = Z, Ko(M2n+1 (k)) = K()(k) = Z defined by Theo
rem 1.2.4). Deduce that if A= li_xg(Mzn (K), ¢n), then

KO(A)=1i_n}(Z_2+Z_2+Z—».--)_—A:Z[—].

Note that since matrix rings over fields are simple, A is a limit of simple
rings and so is simple. (One needs to show that if x € A, then the 2-sided
ideal generated by x is everything, or that there exist elements a;,b; in A
with 1 = Zj a; zb; . However, x must lie in (the canonical image of) one
of the approximating rings Masn, and one can construct the elements there
by simplicity of the matrix ring.)

1.2.8. Exercise: behavior of Ky under Cartesian products. Let
R = Ry X Ry, a Cartesian product of rings. By using the obvious decompo-
sitions Idem(R) = Idem(R;) x Idem(R3) and GL(R) = GL(R1) x GL(R,),
show that Proj R = Proj R; x Proj Rz and hence that Ko{R)= Ko(R;) ®
Ku(R5). Generalize to arbitrary finite products.
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1.2.9. Exercise: construction of rings with quite general count-
able torsion-free K.

(1) Use Theorem 1.2.4 and Exercise 1.2.8 to show that if k is a field and
R is a finite product of r matrix rings over k, then Ko(R)=Z".

(2) Show that a homomorphism Z" — Z" given by right multiplica-
tion by a matrix A € M, ,-(Z) can be implemented by a unital
homomorphism of rings as in (1) if and only if all the entries of
the matrix A are non-negative and no row or column of A is iden-
tically 0.

(3) Generalizing Exercise 1.2.7, show that any countable torsion-free
abelian group can be realized as Ky(R) of a ring. (Write the group
as an inductive limit of a sequence of finitely generated free abelian
groups, with maps given by matrices as in (2).)

3. Kg of PIDs and local rings

Weire now ready to begin computing K, for more rings of practical inter-
est. Recall that a PID (principal ideal domain) is a commutative integral
domain (ring without zero-divisors) in which every ideal can be generated
by a single element. Standard examples are Z and a polynomial ring in
one variable over a field. More general polynomial rings will be discussed
in Chapter 3.

1.3.1. Theorem. If RisaPID, every finitely generated projective module
over R is isomorphic to E™ for some unique n, called the rank of the
module. The rank induces an isomorphism Ky(R) — Z.

Proof. Needless to say, this follows from the general structure theorem
for finitely generated modules over a PID, which we presume most, readers
have seen in an algebra course. However, since thereis an easier proof that
will motivate what weill do for Dedekind rings, we give it here. Let M be
a finitely generated projective module over R. We may assume that M is
embedded in some RT. We argue by induction on n that M is isomorphic
to RF for some k < n. If n = 0, there is nothing to prove. So assume
the result for smaller values of n and let 7: R® — R be projection on the
last coordinate. Note that = maps M onto an R-submodule of R, i.e., an
ideal. If m(M) = 0, then we may view M as embedded in ker 7= R"~1
and use the inductive hypothesis. Otherwise, #{M) is a non-zero ideal and
so is isomorphic to R as an R-module (by the PID property). So 7(M)
is projective and hence M splits as ker 7|5 @ R (recall the remarks in
1.1.1). Since we may view ker | s as embedded in R™~1, we may apply
the inductive hypothesis to conclude that itfs isomorphic to R*' k' <n- 1.
SoM=RFwithk=k+1<(n-1)+1=n.

Finally, we need to know that, the rank k of M is well defined. This
follows from the fact that we may also characterize it as the dimension of
F ®g M over F, where F is the field of fractions of R. The calculation of
Kpisasinl1ll16. O
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Remark. The proof actually showed a little more, namely that every
submodule M of a finitely generated free R-module is free. We never
explicitly used the fact that M is projective.

For any ring R with unit, there is a unique ring homomorphism .:Z— R
sending 1 to the identity element of R. By Theorem 1.3.1, Ko(Z) % Z, so
we obtain a map ¢, :Z— Ky(R). The image of this map is the subgroup
of Ko(R) generated by the finitely generated free R-modules. In general,
the map ¢. need not be injective; in Example 1.2.6, it is even 0.

1.3.2. Definition. The reduced Ky-group of R is the quotient
Ko(R) = Ko(R)/t.(Z).

Note that we have seen that Ky(R) vanishes if R is a division ring or a
PID. In general, Ko(R) measures the non-obvious part of Ko(R). We will
see in the next section that it recaptures a famous classical invariant of
Dedekind rings.

Next we compute K, for local rings (which are not necessarily commu-
tative). We begin with a review of some useful general ring theory.

1.3.3. Definition. A ring R (not necessarily commutative) is local if
the non-invertible elements of R constitute a proper 2-sided ideal M of R.
Examples of commutative local rings include &[[t]], the ring of formal power
series over a field k, and Z,, the ring of rational numbers of the form £,
where p is a prime, b# 0, and ptb. For an example of a non-commutative
local ring, let S be any non-commutative unital k-algebra, where k is a
field, and let

R={a +ait+axt’+...€S[[t]:a0€k}.

Since any power series in R with ag # 0 is invertible (by the usual algo-
rithm for inverting power series), and since the elements in R with ap =0
constitute an ideal, R is a local ring.

1.3.4. Proposition. For a ring R (not necessarily commutative), the
following are equivalent:

(a) R has a unigue maximal left ideal, and a unique maximal right
ideal, and these coincide.
(b) R is local.

Proof (b) = (a). If R is local with ideal M of non-invertible elements,
no element of R~ M can lie in a proper left ideal or proper right ideal,
hence M is both the unique maximal left ideal and the unique maximal
right ideal.

Now letis show (a) = (b). Assume (a) and let z € R. If  does not
have a left inverse, then Rx is a proper left ideal, which by Zornis Lemma
lies in a maximal left ideal, which by (a) is unique. Similarly, if x does not
have a right inverse, then x lies in the uniqgue maximal right ideal. Thus
all non-invertible elements lie a proper 2-sided ideal M. O
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1.3.5. Corollary. In a local ring, an element with a one-sided inverse is
invertible.

Remark. Note that replacing (a) by the condition that R has a unique
maximal 2-sided ideal gives a very different class of rings in the non-
commutative case. A simple ring R (one with no 2-sided ideals other than
0 and R) need not be local; a matrix ring over a field is a counterexample,
since a sum of singular matrices need not be singular.

1.3.6. Definition. If R is any ring, the radical (or Jacobson radical)
of R is the intersection of the maximal left ideals. By Proposition 1.3.4, in
a local ring, the radical coincides with the maximal ideal.

1.3.7. Proposition. For any ring R, the radical of R is a 2-sided ideal.

Proof. If I is a maximal left ideal, the annihilator of R/l in R certainly
is contained in I. Hence

Anng(R/I)C( I = rad R.
| @ max. left ideal I

On the other hand,

Anng(R/I) = n Anng(z),
#€R/I, &40

an intersection of maximal left ideals. So rad R is exactly the intersection
of the Anng(R/I), and so is 2-sided. 0O

Remark. The proof showed that the radical of R is the set of elements
that annihilate all simple left R-modules. One observation we will need
later is that since every simple module for M,(R) is isomorphic to one of
the form R" ®z M with M a simple R-module, any matrix all of whose
entries lie in rad R must annihilate all such modules, hence must be in the
radical of M,(R).

1.3.8. Proposition. For any ring R, the radical coincides with
{z€R:Va€R, 1-az has a left inverse}

and with the intersection of the maximal right ideals.

Proof. First we show that rad R is contained in the indicated set. If x
lies in every maximal left ideal, then Rz lies in every maximal left ideal.
Suppose a € R and 1 — ax does not have a left inverse. Then 1 — ax lies
in a proper left ideal, hence in a maximal left ideal M. Since ax € M, we
have 1 € M, a contradiction.

Conversely, suppose that for all a € R, 1 —az has a left inverse. Let
M be a maximal left ideal. If x ¢ M, then Rx + M = R. Thus for some
a€R, 1-axe M, acontradiction. So rad R coincides with

{X€R :VaeR, 1-axhas a left inverse}.
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Similarly, we can define the right radical

r-rad R = ) max. right ideals
={reR:Ya€eR, 1 — xa has a right inverse}.

Since rad R is aright ideal by 1.3.7,if x erad Rand a € R, thereisac€R
with (1 —¢)(1—-xa) = 1. This gives (1 — xa)(l —c¢) = 1 + zac — cxa, and
since x € rad R, xac — cxa € rad R. Thus 1 + xac — cxa has a left inverse,
which shows 1 —c¢ has a left inverse. Since it also has a right inverse, namely
1 — xa, they coincide, and 1 — za is invertible with inverse 1 — c¢. Hence
rad R C r-rad R. By symmetry, r-rad R € rad R and the two coincide. El

1.3.9. Theorem (Nakayamais Lemma). Suppose R is a ring and M
is a finitely generated R-module such that (rad R)M = M. Then M = 0.

Proof. Suppose M # 0. Pick a set of generators z1,..., ,, for M with
m as small as possible. (This implies in particular that each x;# 0.) By
the assumption that (rad R)M = M, there are elements rq,...,mn inrad R
such that
T =T1T1+ -+ TmTm.-

Hence
1 —rm)Tm=r1T1+  + Tym_1Tm_1.

By Proposition 1.3.8, 1 —rn, is invertible; hence z., can be expressed as a
linear combination of z;,..., £m-1. This contradicts the assumption that
m was as small as possible. O

1.3.10. Corollary. If R is a ring, M is a finitely generated R-module,
andz1,...,Z, € M, thenzy,...,z, generate M if and only if their images
Z1,..., Ty generate M/(rad R) M as an R/ rad R-module.

Proof. The Tonly ifi statement is trivial. Suppose #i,...,&m generate
M/(rad R)M. Let N = Rz; + ---+ Rz, C M and consider M/N. This
satisfies the hypotheses of Nakayamais Lemma, so M/N =0 and M =
N. O

1.3.11. Theorem. If R is a local ring, not necessarily commutative, then
every projective finitely generated R-module is free with a uniquely defined
rank. In particular, Kp(R) 2 Z with generator the isomorphism class of a
free module of rank 1.

Proof. Note R/ rad R is a division ring D. If M is a finitely generated
projective R-module, we may assume M @& N = R* for some k. Then
M/(rad R)M and N/(rad R)N are D-modules, hence are free, say of ranks
m and n, respectively, with m+n = k. Choose basis elements and pull them

back to elements zi,...,Zm € M, Zm+1,. .., Tk € N. By Corollary 1.3.10,
these generate R*. We want to show that z, .. ., zx are a free basis for
R* . This will show in particular that zi,. .., z,, are a linearly independent

generating set for M, so that M is free with the uniquely determined rank

rank M = dimp M/(rad R)M.
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Let ey, ..., ex be the standard free basis for R¥. Since we now have two

generating sets for R*, each can be expressed in terms of the other, and
there are elements a;;, b;; € R with

k k
e; = E a,'ja:j, Xi = E b,-jej‘
j=1 Jj=1

Thus we get
K k
e = Zaij ijlel,
j=1 =1
o)
Ek
E E (aijbji — bu)er= 0,

and if A =(a;;), B =(b;;), this means (since the ¢; are linearly indepen-
dent) that AB = I. Substituting the other way, we get

k k
30 (bijai - by =0,

j=11l=1

and since the z; are linearly independent modulo the radical of R, this
shows BA — | € M,(rad R) C rad M,(R) (using the remark following
1.3.7). By Proposition 1.3.8, BA is invertible, hence B is invertible. Since
A was a left inverse for B, this shows it is also a right inverse, i.e., BA = I.
This proves the zi, . . ., z,, are a free basis for R*.

Part of the interest in local rings stems from the importance of localiza-
tion as a technique for studying more general commutative rings. Recall
that if R is a commutative ring, the set Spec R of prime ideals in R be-
comes a topological space, called the spectrum of R, when equipped with
the so-called Zariski topology. The closed sets Ey in this topology are
parameterized by the ideals | of R, where for | 4 R,

E;={PeSpecR: PD I}

1.3.12. Proposition. Let R be a commutative ring and let Spec R be
its prime ideal spectrum. If P is afinitely generated projective R-mod-
ule, then P has a well-defined rank function rank P :Spec R — N, and
this function is continuous. In particular, if R is an integral domain, it is
constant. Furthermore, for any commutative ring R, there is a splitting
Ky(R)=2Z o K, (R).

Proof. GivenpeSpec R, P,= R, ®@p P is a finitely generated projective
module over Ry, which is a local ring. So by Proposition 1.3.11, it is free
with a well-defined rank, which is the dimension of the associated module



16 1. Ko of Rings

over the field R, /m,, where m, is the unique maximal ideal of R,. Since
mp, = R,®pgp, the rank at p may also be computed by first taking P/pP,
which is a module over the integral domain R/p, then taking the dimension
of the associated vector space over the field of fractions of R/p.

Next we prove continuity of the rank function. One way of seeing this is
via the idempotent picture. Suppose P is defined by an idempotent matrix
p € M,(R). Then rank, P = k if and only if the image of p in M,(R/p) has
rank k. Thus rank, P <k if and only if every (k + 1) x (k + 1) submatrix
of p has a determinant in p. This is clearly a closed condition, since itis
equivalent to saying p contains certain specific elements of R, and the most
general closed set in Spec R is of the form {p:p 2D I} for some ideal 1. But
itis also an open condition since

rankp < k <= rank{(1 -~ p) >n—k.

To prove the final remarks, note that if R is an integral domain, then
(0) is an open point in Spec R, hence Spec R is connected and rank P must
be constant. The splitting map Ko(R) — Z for a general commutative ring
is obtained simply by fixing a point p € Spec R and computing the rank
there. O

1.3.13. Exercise (The finite generation hypothesis in Nakayamalis
Lemma is necessary). Show from Nakayamais Lemma that if R is a left
Noetherian ring and (rad R)? = rad R, then rad R = 0.

Let R be the ring of germs at 0 of continuous functions R — R. Show
that R is a local ring, with radical the germs of functions f with f(0) = 0,
and that (rad R)% =rad R. (R is not Noetherian, which is why this is
possible.)

1.3.14. Exercise. Compute Ko(Z/(m)) in terms of m, for any integer
m > 0. Hint: write m as a product of prime powers and use the Chinese
Remainder Theorem to get a corresponding splitting of Z/(m) as a product
of local rings. Then use Theorem 1.3.11 and Exercise 1.2.8.

4. Ky of Dedekind domains

A particularly rich family of rings for which Ky is interesting are the
Dedekind domains. We begin with the definition and basic properties of
these domains, and then proceed to the most important examples, namely,
the rings of integers in number fields. In this section R will always
denote a commutative integral domain embedded in its field of
fractions F.

1.4.1. Definition. A non-zero R-submodule | of F is called a fractional
ideal of R if there exists some a € R with aI CR. Clearly a non-zero
ideal of R may be viewed as a fractional ideal; for emphasis, such an ideal
is called an integral ideal. Also, if € F (a, b€ R; a, b# 0), then
R( ) is a fractional ideal since bR($)C R. Such a fractional ideal is called
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principal. One can multiply fractional ideals, and under multiplication
they form an abelian monoid with identity element R.

1.4.2. Definition. R is called a Dedekind domain or Dedekind ring
if the fractional ideals under multiplication are a group, i.e., if given a
fractional ideal I, there is a fractional ideal I-!with I='I = R. Observe
that necessarily I"'={a€F:al CR}. For if 3 ={a€F:al C R},
then I"'ICRso I~1CJ, but then

so[I"l'=1Jand I71=1"11J = J.

1.4.3. Definition. Note that the principal fractional ideals are a subgroup
of the fractional ideals isomorphic to F*/R*. The class group of the
Dedekind domain R is defined to be

CR) =
{group of fractional ideals}/{group of principal fractional ideals}.

1.4.4. Proposition. The class group of a Dedekind domain may also be
identified with the set of R-module isomorphism classes of integral frac-
tional ideals.

Proof. Clearly any fractional ideal is isomorphic to an integral one I
(via multiplication by some element of R ~{0}). And if I =(J)(Ra),
then multiplication by a implements an R-module isomorphism J — 1.
Conversely, if ¢:I— Jis an R-module isomorphism and aq €I ~ {0},
then for any a €1,

p(aoa) = aop(a) = ap(ao),
s0 p(ap)l =apJ and [I] = [J] inC(R). O

1.4.5. Theorem. If R is Dedekind, then every fractional ideal is finitely
generated and projective. In particular, R is Noetherian.

Proof. Let I be a fractional ideal. Since I~1I = R, there are elements
T1,...,Tn € I"and y1,.. ., yn €1 such that >  zy;= 1. If bel,
then b = > (bx;)y; with bz; € 71 =R, so y1,.. ., yn generate 1. Thus
1 is finitely generated. Since every ideal of R is finitely generated, R is
Noetherian.

But in addition, the homomorphism R™ — | defined by (a1,...,a,) —
¥~ a;y; splits, with right inverse b+— (bzy,...,bz,), by the same calcula-
tion. So | is isomorphic to a direct summand in B™ and so is projective by
Theorem 1.1.2. O

1.4.6. Corollary. If R is Dedekind, then every finitely generated projec-
tive R-module is isomorphic to a direct sum of ideals. In particular, the
isomorphism classes of the ideals generate Ky (R) -

Proof. We use the same argument as in the proof of Theorem 1.3.1.
Let A4 be a finitely generated projective module over R. We may assume
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that M is embedded in some R™. We argue by induction on nthat M is
isomorphic to a direct sum of k ideals for some k<n. Ifn = 0, there
is nothing to prove. So assume the result for smaller values of n and let
m:R™— R be projection on the last coordinate. Note that = maps M onto
an R-submodule of R, i.e., an ideal. If 7(M) = 0, then we may view M as
embedded in ker 7 = R"~! and use the inductive hypothesis. Otherwise,
n(M) is a non-zero ideal I and so is projective by Theorem 1.4.5. Hence
M splits as ker |5 & I (recall the remarks in 1.1.1). Since we may view
ker | pr as embedded in R™~!, we may apply the inductive hypothesis to
conclude that itis isomorphic to a direct sum of ki ideals, k'<n—1. So
M is a direct sum of kidealswith k=ki + 1<(n—1)+1=n. O

Our next goal is to relate Ky(R) to C(R), but first we need to develop
more of the theory of Dedekind domains. This will also enable us to prove
a useful characterization of Dedekind domains that will show that the ring
of algebraic integers in a number field is a Dedekind domain. The next
theorem generalizes the ifundamental theorem of arithmeticT (unique fac-
torization of an integer into primes).

1.4.7. Theorem. In a Dedekind domain R, every prime integral ideal is
maximal. And every proper integral ideal can be factored uniquely (up to
renumbering of the factors) into prime (or maximal) ideals. The group of
fractional ideals is the free (multiplicative) abelian group on the (non-zero)
prime ideals.

Proof. (a) Suppose 0 CIC R and I is prime but not maximal. Then
there exists an mtegral |deal J with | gJ g R. Let K = J~1I; since
I¢J, KgJ 1J=R. Since JK =1and I is prime but 3¢ 1, KC .
But then | = JK C JI g RI =1, a contradiction. So | is maximal.

(b) Existence of factorizations. Let

C = {proper integral ideals that are not products of prime ideals}.

If this is empty, weire done. Otherwise, since every ascending chain of
ideals in R has a maximal element (R is Noetherian by Theorem 1.4.5), C
has a maximal element I by Zornis Lemma. I canit be a maximal ideal
(otherwise it would be prime itself and would have a trivial factorization
I=1)s0o IGIGR for some ideal I,. Let I,= I7M. This is also an
ideal in R since | CI;, and since | gIl, it is a proper ideal containing |
properly. Since I and I, are both strictly bigger than I and I was maximal
in C, both have factorizations into primes. But since I = I; I, multiplying
gives a factorization of I, a contradiction.

(c) Uniqueness of factorizations. Suppose Pl =Q1...Qn
with P;,Q; prime and m < n. Then P2 P --- P, Q1 .. Qn 0]
some @; lies in P;. After renumbering if necessary, we may assume Q1
P;. Write Q1= 5P, by the Dedekind property (where S;= P 1Q;).
Multiplying through by P gives Py--- P, =5,Q2 . ..Q,. Continuing by
induction, we get down to the case Where m =1, in which case it is clear
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that we must have n = 1 and @ = P;. So factorizations into primes are
unique.

(d) Clearly thereis a map from the free abelian group on the prime
ideals into the multiplicative group of the fractional ideals. By (b) above,
itis surjective. If there is something non-trivial in the kernel, we have
Pt ... PP =R for some distinct prime ideals Pj and some n;€ Z. If for
some j, n; < 0, multiply through hy Pj!"jl. Then we end up with some
ideal in R having two distinct factorizations, contradicting (c). O

1.4.8. Lemma. Let R be any commutative ring and let I, I; be ideals
in R. IfIl + I2 = R, then IlI2 = Il nIg.

Proof. Clearly I;I, C I; NI;. On the other hand, if a; € I1,as € I, and
ai+tax =1 then for x e[ N4, x=ajx +axc il + L1 =L, O

1.4.9. Lemma. Let R be a Dedekind domain and let | be a fractional
ideal, J an integral ideal. There exists a € | such that I='a + J = R.

Proof. Let Pi,..., P. be the distinct prime ideals that occur in the fac-
torization of J given by Theorem 1.4.7. Choose a,-eIPl---Pi --- P, with
a; ¢ IP,---P,.. Let a = Zai. Note aiI”lg Pj if j #1, but aiI‘lgt_H,
sice otherwise weid have

a; 171 C nPj = P;---P. by iterated use of (1.4.8),

hence
a; €EIP, .- P,

a contradiction. Now note that I~'a ¢ Pj for any j. Itis an integral ideal
and this says I~ta+ J canit be divisible by any Pj. But it canit be divisible
by any other prime ideal, either, by the choice of a, so it canit be a proper
ideal and must be all of R. Cl

This implies that a Dedekind domain doesnit miss being a PID by very
much. If Ris a PID, any fractional ideal is singly generated. In a Dedekind
domain, the best one can say along these lines is the following.

1.4.10. Corollary. If Ris a Dedekind domain, any fractional ideal of R
can be generated by at most two elements.

Proof. Let I be a fractional ideal, 0 #b el. Let J =bI~1, which is an
integral ideal. By Lemma 1.4.9, there is some a €I with el '+bI"'=R.
Thenl=Ra+Rb. O

1.4.11. Lemma. Suppose R is a Dedekind domain and I, I; are frac-
tional ideals for R. Then I; ® I, 2 R & I; I as R-modules.

Proof Choose a; #0in I and let J = alll_l, which is an integral ideal.
Apply Lemma 1.4.9 with | = I,. We get a2 € I such that I; 'ag+a1 I; ' =
R. Choose by I; Y, bye Iy with aiby + agbpy = 1. Then

by —a a) as \ _ 1 0
b2 ai —b2 b1 - 0o 1)’
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by —a2

showing that <b2 ay

) is invertible with inverse ( aéz ‘;2>,and
- 1

(21, 22) = (21, 72) (ZZ _az)

a1

gives the desired isomorphism (with inverse given by multiplication by the
inverse matrix). O

1.4.12. Theorem. Let R be a Dedekind domain. Then any projective
R-module of rank k can be written as R¥~*@ I, with | an ideal, and the
isomorphism class of | is uniquely determined. If P and Q are finitely
generated projective modules of the same rank k, say P 2 R*~1@ I and
Q = R¥1g I, for ideals I; and Iz, the map [P] — [Q] + I, sets up an
isomorphism from Ko(R) to C(R). In fact,

[B* @ I (k, [1])
sets up an isomorphism of abelian groups
Ko(R)—Z & C(R).
As a commutative ring (see 1.1.9),
Ko(R)={(k,[I)): k€2, [I]€C(R)},
with the operations

(k, (1)) + (&, [I']) = (k + K, [1][I']),
(1.4.13) (k, [1]) - (k', [I']) = (kK', [IT¥'[I']%),
rank : (k, [1]) — K € Z.

Proof. By Corollary 1.4.6, every finitely generated projective module
P over R is isomorphic to a direct sum I1®---® I of ideals, and by
Proposition 1.3.12, P also has a well-defined rank. If I is an ideal, then
rank | =dimg(F ®g 1) = dimg F = 1, so the rank of P is just the number
k of ideals in a direct sum decomposition. Using Lemma 1.4.11 iteratively,
we can rework the decomposition into the form R¥~! &I with a single ideal
I. The only problem is to show that if

(R* e L) (RF'ol),

then I 2 I, as R-modules, or (equivalently, by Proposition 1.4.4) {I1] =
[I]in C(R). 0nce this is done, the formulae 1.4.13, and the identification
of Ko(R) with C(R), then follow upon taking the direct sum or tensor
product of R¥ @ I and of R¥ @ IT and applying Lemma 1.4.11 iteratively.
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So suppose we have an isomorphism
a:(RF'eh) S (RF 1o l)

with inverse 8. Since any R-module map from one ideal to another is given
by multiplication by an element of F (compare the proof of Proposition
1.4.4), a and g are induced by right multiplication by &k x k matrices A
and B (with entries in F) which are inverses of each other. Now if X is the
diagonal matrix with diagonal entries (1, 1, . ..,1,z), where z € I;, then
right multiplication by X maps R* into R¥~1@ I, hence right multiplica-
tion by XA maps R* into R*~1@& I,. The rows of XA are the images of the
standard basis vectors for R¥ under this map, so they have their first k-1
entries in R and last entry in I;. Thus expansion of the determinant along
the last column shows that det(X A) € I,. Since det X = z, we obtain the
condition z det A € I for all x € I;. Similarly y det B = y(det A)~'e I,
for all y € I5. So multiplication by det A implements an isomorphism from
Ltol,, O

We proceed now to the characterization of Dedekind domains. This will
eventually make it possible to show that the rings of integers in number
fields are Dedekind domains. Recall that a subring R of another ring S
is called integrally closed in S if any element of S which is a root of a
monic polynomial with coefficients in R actually lies in R.

1.4.14. Lemma. Let R be a Noetherian integral domain which is inte-
grally closed in its field of fractions F. Suppose 1 is a fractional ideal of R.
Then {s€ F:sIC I} = R.

Proof. Since R is Noetherian, 1 is finitely generated. Let S={s € F:
sI C1}. Clearly RCS. But ifs € S, s is integral over R, by the following
argument. Choose generators a; for I. Then there are elements b;: €R
such that sa; = ijkak. Thus if B = (bjk), s is an eigenvalue of B and
so is a root of its characteristic polynomial, which is a monic polynomial
with coefficients in R. Hence s € R since R is integrally closed. Thus
SCR. éi

1.4.15. Lemma. Let R be a Noetherian commutative ring and let | be a
non-zero proper ideal of R. Then | contains a product of non-zero prime
ideals.

Proof. Suppose the result is false, and let C be the family of non-zero
proper ideals of R which do not contain a product of non-zero prime ideals.
Since R is Noetherian, C must contain a maximal element (under inclusion),
say I. Clearly I is not prime, so there must be a, b€ R with abe I,
a, b¢l Wehave 1G1+Ra I GI+RbIfIl+Ra=R, then
(I+Ra)(1+Rb) = I+Rb2 I, while on theotherhand (I+Ra)(1+Rb) C
I+Rab C 1, a contradiction. So | gI+Rag R. Similarly 1 GI+RbG R.
Since ] was maximal in C, | + Ra and | + Rb do not lie in C. Thus
I+Ra2P---P.,I+RbD Q- .Q, for some prime ideals P; and Q.-
Then I =(1 +Ra)(l + Rb) D P;--- P.Q; ... Qs, a contradiction. O
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1.4.16. Lemma. Let R be a Noetherian integral domain in which every
prime ideal is maximal. Let | be a non-zero proper ideal of R. Then there
exists ¢ € F with ¢ ¢ R such that ¢ C R.

Proof. Let a#0in |. Then Ra contains by Lemma 1.4.15 a product of
non-zero prime ideals, say P;-- - Py, and we may assume m is chosen to be
minimal with this property. Let P be a maximal ideal containing I. Then

P---PpnCRaCICP

so some P;C P, say P CP. Since all prime ideals are maximal, we have
P =P.If m =1, then I =Ra =P is maximal and a 1¢ R,a ! ICR.
If m > 2, then by minimality of m, Ra ,2_3P2-~-Pm. Choose be Py --- P,
with b ¢ Ra, and let c = 2. Then c ¢ R but

a

cICcPi=a P, Ca'P---P,Ca ' Ra=R. Cl

1.4.17. Theorem. A commutative integral domain R is Dedekind if and
only if it has the following three properties:

(@) Every non-zero prime ideal is maximal.
(b) R is integrally closed in its field of fractions F.
() R is Noetherian.

Proof. If Ris a Dedekind domain, it satisfies (c) by Theorem 1.4.5 and
(a) by Theorem 1.4.7. Suppose a € F,a# 0, and a is integral over R.
Then a is a root of some monic polynomial z® + a,_12" ! +---+ag, Where
ag,-..,an,-1€ R. Consider M =R + Ra + Ra?+-.-+ Ra™!. This is
an R-submodule of F, and since a® = —a,_1a™ ' —- .- —ay, it is stable
under multiplication by a. If we write a= s,p, g €Rand q#0, then
¢" M CR,soMis a fractional ideal. Multiplying aM CM by M™!
gives aR C R, so a € R. This shows R is integrally closed.

Now we show the conditions (a)-(c) imply R is Dedekind. Suppose R
satisfies (a)-(c) and | is a fractional ideal. Let J={a € F:al € R}. We
want to show 1J = R, so that Jis an inverse for I. Now 1J is an integral
ideal. Let K ={a € F:alJ € R}. By definition, K(I1J) = (KJ)I CR,
so KJ CJ. By Lemma 1.4.14, KCR. On the other hand, if 1J g R,
then KgR by Lemma 1.4.16, a contradiction. So IJ=R and I is
invertible. Cl

1.4.18. Theorem. Let F be a number field, i.e., a finite algebraic ex-
tension of Q, and let R be the ring of algebraic integers in F, that is, the
integral closure of Z in F. Then R is a Dedekind domain.

Proof. We need to check the conditions of Theorem 1.4.17. Condition
(b) is the easiest. RCF, and if a € F is integral over R, then it is integral
over Z by Ttransitivity of integrality,T hence already contained in R. So R
is integrally closed.

To check (a), let p be a non-zero prime ideal in R. Then pNZis a
prime ideal in Z. We claim it canit be zero. Indeed, if b#0is in p,
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the product Ng,),q(b) of the conjugates of b (in some Galois extension
K D F)is + the constant term of the minimal polynomial of b, which
by the assumption that b € R has coefficients in Z. Now this product of
the conjugates of b is a product of b with a product c of other algebraic
integers, and since bc € ZC F, c € F and is integral over Z. Hence c € R
and 0#bceRbNZCp N Z. Thus puZ is a non-zero prime ideal in Z,
i.e., pNZ = (p) for some prime number p. Since F is a finite algebraic
extension of Q, R/p must be contained in a finite algebraic extension of
Z/(p NZ) = Z/(p), in other words in a finite field of characteristic p. Since
a finite integral domain is a field, R/p is a field, i.e., p is a maximal ideal.

It remains to check (c), i.e., that R is Noetherian. One way of seeing
this is by using the trace. Recall that if z € F, Trg/q(z) is the trace of
the linear operator of multiplication by x on F, when we regard F as an
n-dimensional vector space over Q, where n = [F:Q)}. The trace pairing
(z, y) = Trp/q(xy) is a non-degenerate symmetric Q-bilinear pairing on F
(since for x £ 0in F, Trg/q(zz~!) -n # 0). Choose elements Ay,..., A\, €
R which span F over Q. (One may obtain such elements by taking any
basis elements for F over @ and then multiplying them by suitably large
(ordinary) integers to kill off any denominators in the coefficients of their
minimal polynomials.) Then

r— (TI'F/Q(.’L‘)\l), R TI‘F/Q(.’EA,,))

is an embedding of R into Z™. In particular, R is a finitely generated
Z-module, so any ascending chain of ideals in R is an ascending chain of
submodules in a finitely generated Z-module, and so terminates (since Z is
Noetherian). Thus R is Noetherian. O

Finally, we show that the Dedekind domains given by Theorem 1.4.18,
which are the main subject of study in algebraic number theory, have finite
class groups. The computation of these groups is not easy and is a problem
of major interest.

1.4.19. Theorem. Let F be a number field, i.e., a finite algebraic ex-
tension of Q, and let R be the ring of algebraic integers in F, that is, the
integral closure of Z in F. Then the class group 1?-,(R) is finite.

Proof. The proof requires the notion of the norm of an ideal. If I is
an integral ideal of R, with prime factorization P;"--- P?r, then by the
Chinese Remainder Theorem,

R/I=R/P™ x --- x R/P™.

Since R/Pj; is a finite field for each j (by the proof of Theorem 1.4.18) and
R/P;” clearly has a composition series with n; composition factors, each
isomorphic to R/Pj,R/P;‘" is finite with |R/P;|™ elements, and R/l is
finite. Thus we can define

IZll = |R/T| = |R/Pi[™ ---|R/Po[™ = [T I1P51I™.
j=1
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It is clear that this norm is multiplicative:
L]l = (1]l || 22]]-
If I happens to be a principal ideal (a), note that since Ng,q(a) is the

determinant of the Z-linear operator of multiplication by a on R (which is
isomorphic to Z™ as a Z-module), Ra has index |Ng/q(a)|in R and thus

{a)ll = |Np/q(a)l-

Recall from the proof of Theorem 1.4.18 that if P is a prime ideal with
PNZ = (p), then R/P is a finite extension of Z/(p) of degree <n =[F: Q),
so that | P|| = p’ for some j with 1 <j<n. Thus for any C >0, ||P||<C
implies p < C for the corresponding p. On the other hand, for a fixed prime
number p, there are only finitely many prime ideals P cR with PNZ =(p)
(namely, those prime ideals occurring in the prime factorization of Rp). So
putting all of this together, we see there are only finitely many ideals I
satisfying [[I[[< C.

To prove the theorem, it therefore suffices to show that there is a con-
stant C > 0 such that every element of C(R) has a representative I with
|I}j< C. Choose a basis Xi,. .., A, for R as a Zmodule. (That such a
basis exists was shown in the proof of Theorem 1.4.18.) Let A be the max-
imal absolute value of a conjugate of one of the A;in C and let C = n™A™.
Choose any element of C(R) and represent it by a fractional ideal of the
form K = J~!, with J an integral ideal. We will show there is another
representative I for the same ideal class with ||I{|< C. Consider the set

S={amM + .+ apdn:a;€Z, 0 <a; <[|| J||*].}
(The square brackets denote the 1greatest integerT function.) This set has
Py
(II=1 + 1™ > 1T = |R/J|
elements, so there must by the pigeonhole principle be two elements 7

and ¢ of S with the same image in R/J. Let £ =n—¢{€Jand let
I=()J1=(¢)K ~ K. Thasis an integral ideal and (¢) = 1J, so that

NI = N = 1 Nryo(©)l-

On the other hand, since £ is the difference of two elements of S, we
may write

£=amAi+- +azd, with |ai] <[ J]=],
SO

T = | Nejo(®)l

= L1000 +- . + ano(ha)]
o F—C

II UarlloOl+ - +lanllo(ra))

o:F—C

< I (sl171%1a)

o:F—C
<nMJIA" = Cl I,
proving the desired estimate. O

IA
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1.4.20. Exercise (Construction of a non-trivial torsion element in
a class group). Let R = Z[/-5].

(1)
()

®)

®)

(6)

1.4.21.

Show that R is the algebraic closure of Z in Q(+/=5), so that R is
a Dedekind domain by Theorem 1.4.18.

Show that p = (3, 2 + v/=5) is a prime ideal in R. Hint: itiS easy
to see that R/p is a field of 3 elements, so that p is a maximal
ideal.

Show that p is not principal. Hint: show that neither of the two
generators divides the other, and that if there were a single gener-
ator a + by/=5, then

(@+bv-5)(c+dv—-5)=3forsome a, b, c, d € Z,
and (multiplying by complex conjugates)
(@l +5b%)(c? + 5d%) = 9.

If the factorization is non-trivial, a? + 5% = 3, which is impossible.
Show that p is an element of order 2 in the class group C(R). Hint:
by (2), it is not of order 1. Show that p2 = (2 + v/=5).

In fact, C(R) is the cyclic group of order 2 generated by p, though
it is hard to prove this by such elementary methods. Can you
supply a proof?

Suppose we replace R by the integral closure R’ of Zs) in Q( v=5).
This is a localization of R that will have the property that if p is
a maximal ideal in R, then pNZg) = (3). Show that R’ is also
Dedekind and compute its class group.

Exercise (A ring of algebraic integers that is almost, but

not quite, Dedekind). Let R = Z[y/—3], with field of fractions F =
Q(v-3).

(1) Show that R is not integrally closed in F, so that R is not a

Dedekind domain, by Theorem 1.4.17.

(2) Exhibit a fractional ideal in R that does not have an inverse. Is

1.4.22.

this fractional ideal a projective module?

Exercise. Show that a Dedekind domain R with only finitely

many prime ideals is a PID, using the following (slightly non-standard)

sketch:
(1)

®)

Let Pi,..., P, be a complete list of the distinct maximal ideals.
Show using the Chinese Remainder Theorem that

R/radR = R/P, x ---x R/P,,

a finite product of fields.

Let P be an integral ideal of R. Show using (1) and the fact that
P has rank 1 at each prime ideal that P/(rad R)P is free of rank
1, hence principal.

Lift a generator of P/(rad R)P to a generator of P using Corollary
1.3.10.
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1.4.23.

Exercise (Complete calculation of a non-trivial class

group). In this exercise, let R = R[z,y]/(z? + y2—1), the ring of (real-
valued) polynomial functions on the circle.

(1) Show that R is a Dedekind domain.

(2) If p is a prime (and thus maximal) ideal in R, show that R/p is

@)

1.4.24.

an algebraic extension of R, and thus isomorphic to either R or C.
Show that both possibilities can occur, and that in the first case,
p is of the form (z — o,y —B), where a, 3€R and o? + 82 = 1,
and that in the second case, p is a principal ideal generated by
some linear polynomial y + b, where b€R,|b| > 1, or z + ay + b,
where a, b € R,b%—a%> 1. Deduce that the class group Ko(R)is
generated by the classes of the ideals (z — o, y— ), where o, B€R
and o? + 32 = 1.

Show that if p; and ps are prime ideals of the form (z —a;,y — 5;),
respectively, where a;, ;€ Rand o2 +83=1, j= 1, 2, then p1p>
is a principal ideal, with generator a linear polynomial vanishing
at both (a1, 1) and (a2, B2), if these points are distinct, or else
the linear polynomial a;z + f1y — 1, if p2 = pi. Conclude that all
non-principal prime ideals of R define the same element of the class
group, and that this element is of order 2, hence that Ko(R)= Z/2.

Exercise (More on class groups of quadratic number

fields). Let d be a square-free integer and let F = Q(+v/d), which is the
most general quadratic extension of Q.

(1) Show that the ring R of algebraic integers in Fis Z[v/d], provided

(2)

that d =2 or 3 mod 4, and is. [" 34 if d = 1 mod 4. (This

explains Exercises 1.4.20(1) and 1.4.21(1).)

Let peN be a (rational) prime. Show that R/(p) is a two-
dimensional algebra over the field F, of p elements, and that there
are exactly three possibilities for R/(p):

(@) RI(p) = Fp[z]/(z?) contains a nilpotent element. In this case
we say p is ramified. Show that this case happens exactly
when p divides d or, if d =2 or 3 mod 4, when p = 2.

(b) R/(p)=TFp is a field, so the principal ideal (p) in R is
maximal. In this case we say p is inert.

(c) R/(p) = Fp x Fp. In this case we say the prime p splits in
F

(Hint: suppose R = Z[¢] with ¢2 = d, which is the case if d =
2 or 3 mod 4. Then R/(p) =F,[z]/(z*— d), so you just have to
analyze whether the polynomial z2-d has 0, 1, or 2 roots in Z/(p).
The case d = 1 mod 4 is similar; itis just that the polynomial is
different.)

'3) Show that in case (a), the ramified case, (p) = p? for some prime

ideal p of R, and that in case (c), the split case, (p) = p1p2 for some
distinct prime ideals of R. In either case, if R has no elements of
norm p, then the prime ideals occurring cannot be principal and



5. Relative K and excision 27

are thus non-trivial in C(R). Thus show that in the ramified case,
one gets an element of C(R) of order 2.
(4) Show how Exercise 1.4.20 fits into this general framework.

5. Relative Ky and excision

One of the things that makes K-theory so computable and useful is the fact
that it behaves like a Thomology theoryT for rings. (The precise connection
with a cohomology theory for topological spaces will be made in the next
section.) In particular, when R is a ring containing a two-sided ideal I,
there is an exact sequence relating Ko (R), Ko(R/I), and a certain irelative
K-group.T This exact sequence looks something like the exact sequence in
cohomology for a pair of topological spaces (X, A):

Hi(X, A) — HI(X)— HI(A).

The first aim of this section is to define the relative group Ko(R, 1) and
the exact sequence relating it to K,-,(R) and Ko(R/I). Then we prove an
algebraic analogue of the excision axiom for homology and develop some
applications.

1.5.1. Definition. Let R be aring and | CR an ideal (in this section, al-
ways two-sided). The double of R along I is the subring of the Cartesian
product R x R given by

DR, I)={(z,y) ERxR:z—ye I}

Note that if p; denotes projection onto the first coordinate, then there is a
split exact sequence

(1.5.2) 0—1-DR, 1) R— 0,

in the sense that p; is split surjective (with splitting map given by the
diagonal embedding of R in D(R, 1)) and that ker p; may be identified
with 1.

1.5.3. Definition. The relative Kc-group of a ring R and an ideal 1 is
defined by

Ko(R, 1) = ker ((p1)s: Ko(D(R, 1)) — Ko(R)).

Relative K-theory is closely linked to the phenomenon that while any
matrix over R/1 can be lifted to a matrix over R, an invertible matrix
cannot always be lifted to an invertible matrix. The following lemma will
also be used in the next chapter.
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1.5.4. Lemma. Let Rbe a ring and 1 CR an ideal. Then if A€

GL(n, R/N), the 2nx 2n matrix (’3 A(ll) lifts to a matrix in GL(2n, R).

Proof. Note that

(6 ) =( D= DEDE D)

The matrix ((1) _01> lifts Tas isT to an invertible matrix over R. If B

and C are any (not necessarily invertible) matrices in M,(R) lifting A and
A1) respectively, then

1 B d 1 0
o 1/ 2" -C 1
are invertible and lift

(6 1) = (i 3)

Now just multiply. Cl

1.5.5. Theorem. LetR be a ring and |1 C R an ideal. Then there is a
natural short exact sequence

where ¢, is induced by the quotient map ¢q:R — R/I and the map
Ko(R, 1) = Ko(R) is induced by pa: D(R, 1) — R.

Proof. For simplicity of notation in the proof, if Ais an element of R or
a matrix with entries in R, we will often denote q(A), the corresponding
matrix over R/I, by A. First consider an element [e] — [f] € Ko(R, 1),
where e = (e1, e2), T = (fi1, f2) €Idem(D(R, 1)). The image of [e] —
in Ko(R x R) = Ko(R) x Ko(R) (using (1.2.8)) is ([e1] — [f1], [e2] — [f2])-

So
o (p2)«([e] = [f]) = gulle2] = [f2]) = [2] - [fa],

whereas [e1]—[f1] = 0 since by assumption [¢] — [f] €ker(p;).. But since
e, TeD(R, 1), é1=¢3 and f, = fo. Thus

[€2] = [f2] = [e1] - [f1] = qu(fea] - [1)) = 0.

Hence the image of the first map is contained in the kernel of the second.
Now suppose e, T €Idem(R) and ¢.([e]— [f]) = [¢]=[f] = 0. Then é
and f are stably equivalent, so for suitably large r,

édl, =qe ®l)~f@l.=q(f ®1,)
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under GL(R/I). Replacing e by e $1, and f by f & 1,, we may assume
f = gé(g)~" for some matrix g € GL(R/I). In general, ¢ will not lift to a
matrix in GL(R). However, §&(g)~! does conjugate é®0 to f&0, and lifts
to a matrix h in GL(R) by Lemma 1.5.4. Thus we may replace fby f@ 0
and e by h(e ® 0)h~! without changing [e] and [f], and reduce to the case
where é= f. This means (e, f)eIdem(D(R, 1)). Then [(e, )] — [(e, f)]
is a class in Ko (D(R, 1)) which maps to 0 under (pi), and to [e] -]
under (p2).. This completes the proof of exactness. The naturality of the
sequence (under homomorphisms R — Ri sending I — I’) is obvious from
the definition of the maps and from functoriality of Kc. Cl

Remark. In general, the map Ky(R)— Ko(R/I) is not surjective, and
the map Ko(R, 1) — Kp(R) is not injective. The one exception will be
the case where the ring homomorphism R — R/I splits. In this case it is
obvious that the map Ky(R)— Ko(R/I) is split surjective, and it will also
turn out (see 1.5.11 below) that Ky(R, 1) is the kernel of this map.

Next we want to prove the analogue of the excision theorem for topo-
logical homology. Recall that this says that under suitable hypotheses,
the relative homology H.(X, A) is unchanged when a large subset U of
A is removed from both A and X. Under optimal circumstances (for in-
stance, for CW-pairs), H.(X,A) = H,(X/A) and thus only depends on
the 1differencem between X and A. The analogous statement for K turns
out to be true, and says that the relative group Kp(R, 1) only depends
on the idifferenceT between R and R/I, which is measured by | (with its
structure as a ring without unit). In fact, it turns out that Ko makes
sense and is functorial even for rings without unit and for non-unital ring
homomorphisms. With this language, we show that Ko(R, I) = Ko(I).

1.5.6. Definition. Let I be a ring that doesnit necessarily have a unit
element. The ring obtained by adjoining a unit element to I, denoted
I.,is as an abelian group just I ¢ Z, with multiplication defined by the
rule

(2,n) . (y,m) = (ay + ny + mz, mn),

X, Y €1l;m, n€&Z. It is an easy exercise to check that this is indeed a
ring with unit, the unit element being (0, 1). The notation I, is suggested
by topology, where X is standard notation for a space X with a disjoint
basepoint added.

It is useful to note that if a: 1 — 1T is a homomorphism in the cate-
gory of rings without unit, it automatically extends uniquely to a unital
homomorphism I, =5 I

Remark. The reader might wonder what happens if | already has a unit
element, say e. In this case, there is a unital isomorphism a.: 1+ - I xZ
(the Cartesian product of rings) defined by

a(z, n) = (z + ne, n),



30 1. Ko of Rings
since

a((z, n) - (y, m)) = e(zy + ny + mx, mn)
(xy + ny + mx + mne, mn)

il

=(X+ne,n)-(y+me m)
= a(z, n) . a(y, m).

1.5.7. Definition. Let I be a ring that doesnit necessarily have a unit.
Note that one has a split exact sequence

(1.5.8) 0~I-I1, 570

Define
K()(I) = ker (p* H Ko(I+) g K()(Z) = Z) .

At first sight, there might appear to be some ambiguity here, since if | has
a unit, we have given two different definitions of Ko(Z). However, by the
remark above, in this case I+ =1 x Z, so Ko(I+) = Ko(I) ® Ko(Z), and
ker p. just picks out the first summand. So the new definition agrees with
the old one in this case.

Also, this new definition makes K into a functor from the category of
non-unital rings to abelian groups. This observation is occasionally useful
even when one wants to deal only with rings with unit. For instance, if R is
a ring with unit, there is a non-unital homomorphism R — M, (R) defined
by @ (a 0

) 0
by this non-unital homomorphism is the Morita invariance isomorphism of
Theorem 1.2.4.

_ The reader can check that the homomorphism induced

1.5.9. Theorem (Excision). If | is a two-sided ideal in a ring R, then
Ko(R, 1) =2 Ko(I) (and thus does not depend on R, only on the structure
of I as a ring without unit).

Proof. Define a unital homomorphism «:1, — D(R, 1) by
(z,n)—(n-1,n-1+z), z€l, nel,
and note that the diagram

I, — X D(R, 1)
”l pll
Z —— R

commutes. Hence 7, : Ko(Iy)— Ko(D(R,I)) sends ker p. to ker(p1).,
i.e., maps Ko(I) to Ko(R, ).
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Next we show that this map is surjective. Consider a class [e] —[f] €
Ko(R, I), where e = (€1, e2), f = (f1, f2) € Idem(D(R, I}) and [e1] = [f1]
in Ko(R). After replacing e and f by e®1, and f®1, for a suitably large r,
we may assume that e; and f; are conjugate under GL(R), say e; = gfig~!
for some invertible matrix g. Replacing (f1, f2) by (gf197%, gf297 1), we
may assume that in fact f; =e;. Next, if e is an s x s matrix, we may
replaceeand fbye® (1, —e,1,—ej)and by f & (1, —e1, 1, —e1). Note
that there is an invertible 2s x 2s matrix h with entries in R conjugating
e;1 ® (1, —e1)tols ®0,. Conjugating everything by h finally reduces us
to the case where e = (1, ® 05, e2), f = (1, ® 05, f2). Since e and f are
matrices over D(R, 1), e2—(1,® 0,) and f>— (1, $0,) have entries in I.
Now [e] —[f] is clearly in the image of Ko([).

Finally, we have to show +, is injective on Ko(I). We may represent a
general element of Ky (1) by [e] —[f] , where e, f € Idem(I,) and rank p(e) =
rank p(f). As above, if fis anr xr matrix, we may stabilize by taking direct
sums with 1, — f and conjugating, and thus assume f =1,, rank p(e) = r.
We may also assume gp(e)g~! = 1, for some g € GL(Z). Viewing g as an
element of GL(I+) via the split exact sequence 1.5.8, we may replace e by
geg~! and assume that p(e) = 1,. Now if v.([e] —[1,]) = 0, this means

[(1r, )] = [(Ir, 1s)]  in Ko(D(R, I)).

We may stabilize if necessary by increasing r and assume that there is a
matrix (g1, 92) € GL(D(R, 1)) with

g1lrgit = 1, goegy! - 1,

Then (1, 97 '92) € GL(D(R, 1)) and

1

(97'92)e(9792) 7" = 97 '(g2e95 V)91 = 971,91 = 1.

Since g;y'g2= 1 mod I, g7 ‘g2 lies in GL(I+) and this says [e] —[1,] =0
in Ko(I), proving that the kernel of ~, is trivial. O

1.5.10. Examples.

(a) Suppose R =Z and I = (m), where m > 0. Thus R/l = Z/(m).
Ko(R/I) was computed in Exercise 1.3.14; the map Ko(R)—
Ko(R/I)is always injective but in general has a free abelian co-
kernel of rank k —1, where k is the number of distinct prime factors
of m. As a ring without unit, | is the free abelian group on a gen-
erator t satisfying ¢2 = mt. Hence I, Z[t]/(t2— mt), a fairly
complicated ring. Ko{I) is not so easy to compute directly, though
we will find a way to compute it in the next chapter. It turns out
to be a finite abelian group.

(b) For applications to topology (see Section 1.7 below), rings of the
form R = Z@G, the integral group ring of a group G, are of partic-
ular importance. It is a long-standing conjecture that when G is
torsion-free, Ko(R) = 0. This is known in some cases, for instance
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when G is free abelian; this case will be treated in Chapter 3. For
finite groups, Ko{ZG) is often non-trivial and contains interesting
arithmetic information. Consider the simplest example, when G is
cyclic of prime order p, say with generator t. Then R = ZG may
be identified with Z[t]/(t? — 1). If £ = €*™/P a primitive pth root
of unity, and if § = Z[£], then S is the ring of integers in the cyclo-
tomic field Q(£), hence is a Dedekind domain by Theorem 1.4.18.
There is a surjective homomorphism R — S defined by sending
t— £. Since the cyclotomic polynomial fp(t) = Pyt t4+1
is irreducible, any polynomial g(t) € Z[t] with g(£¢) = 0 must be
divisible by f,. In particular, anything in the kernel | of the map
R — S must be a multiple of f,. Note that as an element of R,
fj = pfp. Thus I in this example is, as a ring without unit, the
same as in the last example if we specialize to the case m = p. In
particular, Ko(R, I) = Ko(Z, (p)). It is a result of Rim, which we
will discuss later on, that the map R — Sinduces an isomorphism
on Kp. In particular, Ko(R)= C(S), the class group of the cy-
clotomic field. This is known to be non-zero for primes p > 23.
(See Example 3.3.5(b) below.) The smallest group G for which
f(o(ZG) is non-trivial is the quaternion group of order B-in this
case, f(g(ZG) is of order 2 and an explicit generator is exhibited
in Exercise 1.7.20(3) below.

1.5.11. Exercise. The excision theorem may be interpreted as saying
that the split exact sequence 1.5.2 gives rise to a split exact sequence of
Ke-groups, the first group of which is Ko(I). The same holds by definition
in the case of the split exact sequence 1.5.8. Using ideas from the proof of
the excision theorem, show that if

0—=I—->R—-R/I—0

is split exact (i.e., |is an ideal in a ring R, and there is a splitting homo-
morphism R/l — R), then

is split exact.

6. An application: Swanis
Theorem and topological K-theory

To many mathematicians, the term K-theory suggests not algebraic K
theory but topological K-theory, an exceptional cohomology theory o
compact Hausdorff spaces defined using vector bundles. The connectio:
between the two comes from specializing what we have done to the cas
where R is a ring of continuous functions. In this context, the Excisio
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when G is free abelian; this case will be treated in Chapter 3. For
finite groups, Ky(Z@Q) is often non-trivial and contains interesting
arithmetic information. Consider the simplest example, when G is
cyclic of prime order p, say with generator ¢. Then R = ZG may
be identified with Z[t]/(t? — 1). If £ = e*™/P a primitive pth root
of unity, and if S = Z[¢], then S is the ring of integers in the cyclo-
tomic field Q(£), hence is a Dedekind domain by Theorem 1.4.18.
There is a surjective homomorphism R — S defined by sending
t— €. Since the cyclotomic polynomial fp(t)=tP"1+---+t+1
is irreducible, any polynomial g(t) € Z{t] with g(J) = 0 must be
divisible by f,. In particular, anything in the kernel | of the map
R — S must be a multiple of f,. Note that as an element of R,
fg = pfp- Thus I in this example is, as a ring without unit, the
same as in the last example if we specialize to the case m = p. In
particular, Ko(R, 1) = Ko(Z,(p)). It is a result of Rim, which we
will discuss later on, that the map R — S induces an isomorphism
on Ky. In particular, Ko(R)= C(S), the class group of the cy-
clotomic field. This is known to be non-zero for primes p > 23.
(See Example 3.3.5(b) below.) The smallest group G for which
f(o(ZG) is non-trivial is the quaternion group of order 8-in this
case, f(o(ZG) is of order 2 and an explicit generator is exhibited
in Exercise 1.7.20(3) below.

1.5.11. Exercise. The excision theorem may be interpreted as saying
that the split exact sequence 1.5.2 gives rise to a split exact sequence of
Ky-groups, the first group of which is Kg(I). The same holds by definition
in the case of the split exact sequence 1.5.8. Using ideas from the proof of
the excision theorem, show that if

0—-I—-R—-R/I—-0

is split exact (i.e., | is an ideal in a ring R, and there is a splitting homo-
morphism R/I — R), then

0 — Ko(I) = Ko(R) = Ko(R/I) — 0

is split exact.

6. An application: Swanis
Theorem and topological K-theory

To many mathematicians, the term K-theory suggests not algebraic K-
theory but topological K-theory, an exceptional cohomology theory on
compact Hausdorff spaces defined using vector bundles. The connection
between the two comes from specializing what we have done to the case
where R is a ring of continuous functions. In this context, the Excision
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Theorem (1.5.9) gives the excision property for this cohomology theory.
We do not attempt here to cover any of the deep properties of topological
K-theory, the most fundamental of which is the Bott Periodicity Theo-
rem, but we at least give a quick introduction to the fundamentals. This
provides an interesting application of what we have done so far, as well
as a useful motivation for a number of results and constructions in future
chapters. The reader who wants to see more details can consult any of the
texts [Atiyah], [Husemoller] , or [Karoubi].

1.6.1. Definition. Let X be a topological space (in most of what we will
do, assumed to be compact Hausdorff) and let F =R or C. A F-vector
bundle (in the weakest sense) consists of a topological space E and a
continuous open surjective map p : E — X, with extra structure defined
by the following:

a) each fiber p~!(z)of p, z€ X, is a finite-dimensional vector space
over F;
b) there are continuous maps

Ex,E—-E and FxE—E

which restrict to vector addition and scalar multiplication on each
fiber.

Such bundles E 2 X make up a category, in which the morphisms are

commutative diagrams
f

E — F

L
X —— X
for which the map E N is linear on each fiber.

For any X and any n €N, the category always includes the trivial F-
vector bundle of rank n, which is X x F* % X, where 7, is projection
on the first factor and the vector bundle structure is the obvious one coming
from the vector space structure on the second factor.

The category has a binary operation called the Whitney sum, denoted

&. By definition, if E 2 X and E’ 2> X are F-vector bundles over X,
their Whitney sum is defined by

E®El ={(z,2'):z€ E, xi €EI, p(z)=p'(z')},

with the obvious map to X.

For most purposes we want a more restrictive definition. A (locally
trivial) F-vector bundle is a F-vector bundle in the above sense with
the additional property that for each x € X, there is a neighborhood
U of x in X and an isomorphism (in the category of F-vector bundles)

from p~}(U) LN U to a trivial bundle of some rank over U. The
rank of such a bundle is then a continuous function X — N defined by
rank,(E) = dimp~1(z). If X is connected, the rank must be constant.
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1.6.2. Definition. If X is a compact Hausdorff space, let Vecty(X) de-
note the monoid of isomorphism classes (in the category of IF-vector bun-
dles) of locally trivial F-vector bundles over X, with an addition opera-
tion induced by the Whitney sum. The O-element of this monoid is the
trivial bundle of rank 0. The topological K-theory of X is defined
by KR(X) = G(Vectg(X)). Sometimes this is denoted simply K(X) or
KU(X) if F=C, KO(X) if F=R. (The “U” 10T stand respec-
tively for TunitaryT and iorthogonal after the names of isometric linear
transformations.) We will often suppress mention of F when it is under-
stood from context. If X is connected, the reduced topological K-theory
isK}X) = ker K}X)xZ).

K°(X)astually a contravariant functor from the category of compact
Hausdorff spaces (and continuous maps) to the category of abelian groups.

This follows from the fact that vector bundles pull back under continuous

maps. If X L. v is continuous and E & Y is a vector bundle over Y, we

define f*(Y) to be the fiber product

{(z,e):x€ X, e€ E, f(z) = ple)},

with the obvious map to X. The pull-back clearly induces a monoid homo-
morphism f*: Vectg(Y) — Vecty(X) and thus a map K°(Y)— K%(X).

Weire now ready for the connection between vector bundles and projec-
tive modules that explains the connection between topological and alge-
braic K-theory.

1.6.3. Theorem [Swan2]. Let F =R or C, let X be a compact Hausdorff
space, and let R = C*(X) be the ring of continuous F-valued continuous
functions on X (with pointwise addition and multiplication). If E 2 X is
a (locally trivial) F-vector bundle over X, Jet

(X, E) = {s: X — E continuous |p os=1idx}

be the set of continuous sections of p. Observe that this is naturally an R-
module. Then T'(X, E) is finitely generated and projective over R, and ev-
ery finitely generated projective module over R arises (up to isomorphism)
from this construction. The map E ~» (X, E) induces an isomorphism of
categories from the category of (locally trivial) vector bundles over X to
the category of finitely generated projective R-modules. It also induces an
isomorphism K°(X)— Ko(R).

Proof. Let E 2 X be a (locally trivial) F-vector bundle over X and let
(X, E) be its R-module of sections. For each x € X, there is an open
neighborhood U over which E looks like a trivial bundle U x F™ for some
n. The n constant functions e;: U — F™ determined by the standard
basis vectors of F™ clearly generate the sections of this trivial bundle as a
module over the continuous functions. Since X is compact, we can cover
X by finitely many such open sets U; and choose a partition of unity (f;)
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subordinate to the covering. (Thus 0 < f; <1, f; is supported in U;, and
3" fi= 1.) Muliplying the e; corresponding to U; by f;, we get sections
e;; supported in U; which clearly extend to all of X by taking them = 0 off
Ui, and by construction, the e;; generate I'( X, E) as an R-module. Hence
I'(X, E) is finitely generated.

Next we show that I'(X, E) is projective. Choose generators s;,1 <
j <k, for T'(X, E) as an R-module. (These may or may not be the ones
we just constructed above.) Consider the trivial bundle X x F¥ ™% X and
construct a morphism ¢ : X x F¥ — E by

K
(x, v1,...,0%) Zvjsj(x).
Jj=1

Since the s;(z)span p~!(z) for each z, this vector bundle morphism is
surjective on each fiber. Define a subbundle of the trivial bundle by Ei =
ker ¢, i.e,, by E, = ker ¢,. This is also locally trivial since one can check
that it is trivial over any open set where E is trivial. We claim now that
E @ Ei 2 X xF*, which will show that

I'(X,E)® D(X,E')= T'(X, X x F¥)~ Rk,

hence that T'(X, E) is a projective module over R.
The easiest way to do this is by introducing hermitian metrics, i.e., inner
products. A hermitian metric on E is a continuous map

(, Y:ExxE—-F

which restricts to a positive-definite inner product on each fiber of E (bi-
linear if F = R, sesquilinear if F = C). Such metrics clearly exist since they
exist on trivial bundles (use the standard inner product on F™) and can
be patched together using a partition of unity. Therefore we may choose
such a metric on E and the metric on X x F* coming from the standard
inner product on F*. With respect to these metrics, ¢ has an adjoint ¢*
satisfying the usual relation

(o, w) = (v, p*w).

Since o is surjective on each fiber, ¢* will be injective on each fiber, with
image the orthogonal complement of E = ker ¢. So ¢* gives an isomor-
phism of vector bundles from E to E'*, showing that E & Ei = X x F¥,
as desired.

Now we have to show that every finitely generated projective module
over R corresponds to a vector bundle. Suppose P is such a module and
P®Q=R"=C(X, FT). Then we may view P as a collection of functions
X —-TF"and let

E ={(z,v1,...,vn)€ XX IFT : 3s € P with s(z)=(v1,...,vn)}.
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Define p : E — X using projection onto the first factor. It is now quite
easy to see that E 2, X is a vector bundle. Vector addition and scalar
multiplication just come from vector addition and scalar multiplication in
F™. (These operations map E into itself since P is an R-module.) We need

only check the local triviality. Given z € X, choose elements el,...,e"€P
such that e!(z), . . , e"(z) are a basis for the subspace E, = p~!(z) of F".
Recall these are vector-valued functions; write e* = (e},.. ., €%). Then
since e}(z),...,e" (x) are linearly independent, we can choose 1 < j; <
... <Jjr<nsuch that
1 1 1

€1 €5 €;,
(1.6.4) e = det

6;1 6;2 e e;r
is non-zero at x. We may choose similar elements f!,...,f™ 7€ Q such

that f! (x), ..., f* "(z) are a basis for the image of Q in F” at x. (The
dimensions are complementary since P & Q = R*= (C(X, IFT).) From
the f¥ we may construct an (n —r) x(n—r) determinant f, similar to
(1.6.4), which is non-zero at x. Since e and f are continuous, there is
some neighborhood U of x in which both e # 0 and f# 0. For y €U,
ei(y),..., ei(y) are linearly independent and generate a rank-r free sub-
module of P. Similarly, f!(y),..., fi-é(y) are linearly independent and
generate a rank-(n —r) free submodule of Q. By dimension counting, these
must exhaust P and @, so both P and Q are trivial over U. The statement
about an equivalence of categories is now easy to check. O

Theorem 1.6.3 suggests that we should extend the definition of K° to
the category of locally compact spaces and proper maps (maps that
extend continuously to the one-point compactification) by letting K°(Y) =
Ko(CE(Y)), where CE(Y) is the ring of functions vanishing at infinity on
Y and we are using K-theory for rings without unit, as in Definition 1.5.7.
The resulting theory is called K-theory with compact supports. See
Exercise 1.6.14 below for a more geometric definition.

1.6.5. Proposition. If X is a compact Hausdorff space and A is a closed
subspace, there is (for F = either C or R) an exact sequence induced by
the inclusion A — X:

K%X \ A) — K°(X)— K°(A).

Proof. Let R = CF(X), and let I be the closed ideal of functions van-
ishing on A, which as a ring without unit is isomorphic to C§(X \ A),
the functions vanishing at infinity on the locally compact space X \ A.
By the Tietze Extension Theorem, every continuous function on A is the
restriction of a continuous function on X, hence R/l may be identified
with CF(A), with the quotient map R — R/I identified with restriction
of functions. The result now follows immediately from Theorem 1.6.3 and
Theorem 1.5.9. O
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Proposition 1.6.5 shows in effect that K° satisfies two of the Eilenberg-
Steenrod axioms for a cohomology theory: exact sequences and excision. It
also satisfies the other key axiom, homotopy invariance, and we prove this
next by using special properties of Banach algebras. Recall that a Banach
algebra Ais an algebra over R or € which also has the structure of a
Banach space, such that for any a, b€ A, ||ab||<||al|||b]|. The principal
examples for our purposes are M, (CT (X)) , X a compact Hausdorff space,
or M, (CE(Y)), Y a locally compact Hausdorff space. The latter does not
have a unit.

1.6.6. Lemma. Let A be a (real or complex) Banach algebra with unit
and let x € A with ||1 — z|| < 1. Then for each a € R there is an element
z% in A with the usual properties (z!=x, 2°%=1, z® 27 = z**8). In
particular, X is invertible in A.

Proof. Define 2 by the usual binomial power series for (1 + (x —1))<.
The norm of the n-th term in the series is bounded by the corresponding
term in the series for (1+||z—1]|)®, which converges absolutely. Since Ais a
Banach space, the series for z® therefore converges absolutely. The relation
z% - P = 2210 follows as usual from multiplication of the series.  Cl

1.6.7. Lemma. Let A be a Banach algebra and let p, g be two idempo-
tents in A with |[p—gq||< 1. Then the projective A-modules Ap and Aq
are isomorphic.

Proof. Observe that pAp and ¢Aq are Banach algebras with unit ele-
ments p and g, respectively. Since ||p—pgp||< 1 and ||g—gpg|l<1, x =
(pqp)'% makes sense in pAp and gpq is invertible in gAgq, both by Lemma
1.6.6. Thus there is an x € pAp commuting with pgp with z2(pgp)=p and
of course with x = xp = px. Observe then that

(1.6.8) (zq) (gz) = zpgpz = =* (pgp) = p,

that

(1.6.9) p(zq) = xq = (zq)g, 4q(qz) = gz = (q7)p,
and that

(1.6.10) (¢2°9)(qpq) = qz’qpq = qz°(pap)q = qpg.

The equation (1.6.10) says (gqx) (xq) is a left unit for gpg in gAq. But since
gpq is invertible in gAgq,(qz)(xq) must be equal to the unit element of
gAq, which is q. The equations (1.6.8) and (1.6.9), together with this fact,
imply that right multiplication by gx gives an isomorphism from Aq onto
Ap, whose inverse is right multiplication by xq (compare the calculation in
Lemma 1.2.1). O
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1.6.11. Corollary (Homotopy invariance of topological K-theo-
ry). Let A and B be Banach algebras and let p;: A—B,0<t<1,
be a homotopy of homomorphisms from A to B. (This means exactly
that there is a homomorphism ¢ : A — C( [0, 1], B) which when composed
with evaluation at t gives ¢;.) Then g and ¢; induce the same map on
K-theory Ky(A)— Ko(B).

Proof. If necessary, adjoin units to A and B and extend ¢, to a homotopy
of unital homomorphisms of unital algebras A+ — B,. Since Ky(4)—
Ky(A4) and Ko(B) — Ky(By), this reduces us to the unital case. For
simplicity, we therefore assume without loss of generality that A, B, and
the homomorphisms are unital. For any p € Idem(A), p lies in M,(A) for
some n, so we may replace A and B by M,(A) and M,(B), respectively.
(These are still unital Banach algebras, and ¢, extends naturally to M,(A)
just by application of the homomorphism to each matrix entry separately.)

Then ;(p) is a continuous path of idempotents in B. We may partition
the interval [0, 1] into subintervals such that |[i:(p)—¢s(p)|| < 1 for ¢, s in
the same subinterval. By Lemma 1.6.7, the class of ¢;(p) remains constant
in each subinterval, hence remains constant in the whole interval. So g
and ¢; induce the same map Idem(A4)— Idem(B) and hence the same
map on Kp. O

1.6.12. Corollary. The functors X ~» Vectg(X) and X ~ K°(X) are
homotopy-invariant functors from the category of compact Hausdorff topo-
logical spaces to the category of abelian monoids and the category of abelian
groups, respectively. In particular, if X is contractible, all vector bundles
over X are trivial, and K°(X) = 0.

Proof. Specialize to the case of Banach algebras of the form M, (CF (X)) .
Since homotopic idempotents are equivalent, we deduce that the map from
X to isomorphism classes of direct summands in a trivial bundle of rank
n over X is a homotopy functor. The rest of the statements follow from
this. CI

1.6.13. Example. Corollary 1.6.12 shows that the classification of vector
bundles, and hence the calculation of K°(X), are homotopy-theoretic in
nature. Consider for instance the case where X = §™. This is a union of
two contractible hemispheres joined along the equator $™~!.(If n =0, the
hemispheres are single points and the iequatorT is the empty set.) Thus
any rank-r bundle over X is trivial over the hemispheres and determined
by the homotopy class of the 1gluing dataT along Y = $™~1, which gives
an isomorphism between the two trivializations of the bundle coming from
the two hemispheres. Now an isomorphism between two trivial bundles
Y x F" 25 Y is just given by a continuous map Y — GL(r, F). So
isomorphism classes of rank-r F-vector bundles over S™ are in one-to-one
correspondence with homotopy classes of maps $*~!— GL(r, IF). Fur-
thermore, by polar decomposition, any matrix in GL(r, F) can be written
uniquely in the form up, where w is unitary if F = C, orthogonal if F =R,
and p is positive-definite self-adjoint. The positive-definite self-adjoint ma-
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trices form a contractible space (since one can write any such matrix as
e® with h hermitian and use the contraction given by e**, 0 <t<1), so
GL(r,C) has a deformation retraction to U(r) and GL(r,R) has a defor-
mation retraction to O(1). Thus the isomorphism classes of rank-r IF-vector
bundles over S™ are given by m,_1(U(r)) if F = C,m,—1(O(r)) if F = R.
The O-element of the homotopy group corresponds to the trivial bundle.

Now we can make some computations. O(r) always has two components
with identity component the rotation group SO(r), and U{r) is connected.
Thus m(U(r)) = 0 and mo(O(r)) = Z/2, so I?TJO(SI) =0, I%O(SI)E
Z/2. In low dimensions, one can check that O(1) = {1,—1}, SO(2) = S?,
SO(3) = RP3, SO(4) has S® x S2 as a double cover, U(1) &S, SU(2) &
S3. Thus, for instance,

0, r =1,
m(0(r)) = Z,r = 2,
Z/2, r>3,

so that Vectg($?) is the monoid described in Egercise 1.1.7. One finds sim-
ilarly that 7, (U(r)) = Z for all r, so that KU (S?)=Z. The calculations

——0 —~—0

of KO (S™) and of KU (S™) for all n follow from the Bott Periodicity The-
orem, which says that the answer only depends on the value of n mod 8
in the real case or the value of n mod 2 in the complex case. One obtains

0, 7#0,1,2,4 mod 8,

80" (S") ={ Z, r=0,4 mods,
Z/2, r=1,2 mod 8§,

=0, 0, r odd,

KU (8 )_{Z, T even

1.6.14. Exercise. Give another description of K-theory with compact
supports for a locally compact Hausdorff space Y in which K°(Y) is a set
of equivalence classes of triples (Ey, E1, ), where Eg and E; are (locally
trivial) vector bundles over Y and ¢ is a morphism of vector bundles Ey —
E; which is an isomorphism outside of a compact set, and with relations

(a) [Eo, Er, @] + [Fo, F1, ¢] = [Eo ® Fo, E1 @ F1, ¢ ® 9],
(b) [Eo, Er, @] = [Eo, E1, ¢'] ifp=¢ outside of a compact set,

(¢) [Eo, E1,¢] = 0 if ¢ is an isomorphism.

Impose the necessary equivalence relation to get an isomorphism with our
old description of K°. Hint: when Y is actually compact, condition (b)
says that one can forget the ¢ altogether. In this case, the isomorphism of
this description of K° with the usual one is given by

[Eo, Er, @] — [Eo] — [E1].
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1.6.15. Exercise. Show that if one defines K~7(X)= K°(X x R?) (using
K-theory with compact supports) that the short exact sequence of Propo-
sition 1.6.5 can be extended to a long exact sequence

o KX\ A) = KjX) = K+(A) - KT X\ A) - . ...

Hint: the problem is construct the boundary map K%(AxR)— K%(X\ A).
This can be done by letting Y be the space (A x (0, 1]) u X, with (a, 1)
identified with a € X for a € A. (Y is the 10pen mapping coneT of the
inclusion A — X.) One gets from Proposition 1.6.5 exact sequences

K°%A x (0, 1)) - K%Y)— K%X)

and
KX\ A) = K%Y)— K°A4 x (0, 1]).

Show using homotopy-invariance and excision that K°(Ax (0, 1]) vanishes
and that K°(X ~ A) — K%(Y) is an isomorphism. Then splice these exact
sequences together with the sequence

K%X \ A) - K°(X)— K°(A).

1.6.16. Exercise (The Karoubi Density Theorem [Karoubi, 11.6.
15]). Let A and A be (unital) Banach algebras over C,and let .: 4 — A
be a continuous injection of A into A as a dense subalgebra. Extend .
to matrices in the usual way, by applying it to each entry of the matrix.
Assume that for all n, if x € M,(A) and.« i} invertible in M,(A), then
z is invertible in M,(d).

(1) Show that cinduces an isomorphism Ko(A) — Kg(A). Hint for
the surjectivity: if e is an idempotent in M,(A), then e can be
approximated in the topology of A by an element z of M, (A).
Show that the spectrum of x in M,,(A) coincides with its spectrum
in M, (A), and thus that x has spectrum close to {0, 1). Deduce
that the Banach subalgebra of M, (A) generated by x contains an
idempotent f with ¢(f)dose to e, by justifying the definition

1 ¢

“oami -2

where T is a contour in the complex plane encircling the part of the
spectrum of x close to 1, and excluding the part of the spectrum
of x close to 0. Then use Lemma 1.6.7.

(2) Show that the two hypotheses are satisfied if A is the algebra of
continuous complex-valued functions on a compact subset X of
R™ (equipped with the sup norm |||}, and if A is the algebra
of continuously differentiable functions on X, equipped with the
norm

IFlla=llF I+ NV F -

Deduce that Tevery vector bundle over X has a differentiable struc-
ture.”
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7. Anot her application: Euler characteristics
and the Wall finiteness obstruction

In this final section of Chapter 1, we discuss the algebraic background of
most of those applications of Ky to topology that do not involve topological
K-theory. While what we will be doing here is pure algebra, it is worth
saying a bit about the topological motivation to explain what is going on.
If X is a path-connected, locally I-connected topological space with fun-
damental group G and R = ZG, we can manufacture from X its singular
chain complex with local coefficients S.(X). This is a chain complex
of free R-modules which is the same thing as the usual singular chain com-
plex of the universal cover X of X, together with the R-module structure
coming from the action of G on X by covering transformations. Further-
more, the chain homotopy equivalence class of the chain complex S.(X)
only depends on the homotopy equivalence class of the space X. The chain
complex S.(X) is quite large in general; for most spaces of interest, the
R-modules in it are not even countably generated. However, if X is a finite
CW-complex, then S.(X) is chain homotopy equivalent to the cellular
chain complex with local coefficients C.(X), a chain complex of free
R-modules with only finitely many non-zero chain groups and with each of
these chain groups finitely generated. Thus an obvious necessary condition
for a space X to be homotopy-equivalent to a finite CW-complex is for
S.(X) to be chain-homotopy-equivalent to a finitely generated complex of
free R-modules.

Under some circumstances, it is easy to check not this condition but
something weaker, called finite domination. The space X is finitely dom-
inated if up to homotopy it is a retract of a finite CW-complex; in other
words, if there is a finite CW-complex Y and there are maps f: X —Y,
g:Y — X with g o f ~idx. An important question is then whether
this implies that X is homotopy-equivalent to some (other) finite CW-
complex. (It is not hard to show that X is homotopy-equivalent to some
CW-complex (see [Varadarajan, Theorem 3.9] or [Spanier, Ch. 7, Exercise
G6]), but this complex is not necessarily finite.) This question was an-
swered by C. T. C. Wall in an important series of papers. Wall showed
that if X is finitely dominated, then S.(X) is chain-homotopy-equivalent
to a finitely generated complex of projective R-modules. The Wall finite-
ness obstruction of X is then the TEuler characteristicT of this complex
in the group Ko(R). Though we will not show here that vanishing of the
obstruction is sufficient for finiteness (for this see [Wall] or [Varadarajan]),
it will be clear that it is necessary. The Wall obstruction occurs in many
problems in geometric topology, such as the question studied by Sieben-
mann of when a non-compact manifold is homeomorphic to the interior of
a compact manifold with boundary. For this and other geometric problems
related to the Wall obstruction, see [Weinberger, Ch. 1, §1 and §4].

We shall now provide an abstract treatment of the Wall finiteness ob-
struction for chain complexes of R-modules, as an outgrowth of the classical
theory of the Euler-Poincare characteristic for topological spaces. Since we



42 1. Ko of Rings

donit assume the reader is very familiar with homological algebra, we be-
gin with a review of some classical notions and facts. The reader who has
had a course in homological algebra or homology theory can probably skip
ahead to 1.7.9 after reviewing the statements of Theorems 1.7.4 and 1.7.7.

1.7.1. Definition. Let R be a ring (with unit). A chain complex of
R-modules is a pair (C., d), where C. is a Z-graded R-module and dis an
R-module homomorphism C — C of degree -1 such that 42 = 0. (In other
words, dis defined by maps d, : C, — Cn—1 such that dn_10d, =0.)
Recall that the homology of such a chain complex is H(C) = ker d/ im d;
more precisely, H, = ker d,,/ im d,1. Elements of ker d are called cycles
and elements of imd are called boundaries. The chain complex is called
acyclic if H(C) = 0, i.e., if the sequence
dnyi dn dn—1
L LN 6 A< Ny B S N

is exact.

1.7.2. Definition. If (C., d), (C}, di) are chain complexes of R-modules,
a chain map between them is an R-module homomorphism ¢ : C —C’
of degree 0 intertwining d and d', i.e., is given by maps ¢, : C,, — C/, such
that d,, 0 ¢, = pn—10d, It is immediate that such a ¢ induces maps on
homology ¢.: H,,(C) = H,(C'). If ¢p: C—=C"and ¥ : C —» ' axe chain
maps, a chain homotopy between them is an R-module homomorphism
s: C — (' of degree +1 such that

(1.7.3) sod+d os=p—1.

Chain homotopy is an equivalence relation on chain maps. We write ¢~
if there is a chain homotopy between them. A chain homotopy from id¢
to 0 is called a chain contraction, and if such a homotopy exists, C. is
called chain-contractible.

Note that (1.7.3pmplies that . = 1. on homology. Indeed if dx = 0,
then

p(z)—y(z)=sod@z) + di o s(z)=d(s(z)),
so that ¢(z) and ¥(z) lie in the same homology class. Thus if a chain
complex is chain-contractible, it is acyclic. The converse is false without
additional conditions.

If there exist chain maps ¢ : C —C’ and ¥ : Ci — C such that
Pop~ide and oy ~ide , then we say C and C’ are chain-homotopy-
equivalent. This of course implies by our previous remark that ¢. is an
isomorphism on homology with inverse %,.

1.7.4. Proposition. If (C,,d) is an acyclic chain complex of projective
R-modules and C, is bounded below, i.e., C; =0 for j sufficiently small,
then C, is chain-contractible.

Proof Without loss of generality assume C; =0 for j < 0. (Otherwise
reindex.) We construct a contraction s, : C,, — Cy 1 by induction on n
to satisfy the needed condition

(*n) Sp—10dp + dpt1 08, =ide,.
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At the same time, we also show by induction that ker d,, is a direct sum-
mand in C,. To begin the induction, set s; = 0 for j < 0 and note that
by the assumptions that Hy(C)=0and C_; =0, d; : C; — Cp must be
surjective. Since Cc is projective, d; must have a right inverse sg, SO (*g)
holds. Furthermore, im dy = ker dy = Cj is projective.

For the inductive step, assume weiVe constructed sjfor j <nto satisfy
(*j) and we know ker d;=imd;; is a direct summand in C; for j<n,
hence projective by Theorem 1.1.2. We shall construct s,, to satisfy (x,,).
By inductive assumption, Cy,—; = (im d,,)®Q,,—1 for some projective Q,,_;.
On imd, = kerd,,_,8,-20d,_1=0,s0d,0s,_; iS the identity. Thus,
by (*n—1),$n~1 is a right inverse for

dn . Cn—> |md, QCn_l.

Therefore s,-10d, is an idempotent endomorphism of C,, with image @,
complementary to ker d,, and ker d,=im d,,11 is R-projective. Since

dn+1 R Cn+1 —>imdn+1 = ker dn

is surjective, it has a right inverse s,. Extend s, to all of C,, by making
it 0 on @,. Then (x,) is satisfied and weive completed the inductive step.
The Proposition now follows by induction. O

1.7.5. Definition. Suppose ¢ : (C., d)—(CJ, di) is a chain map between
chain complexes of R-modules. Its mapping cone is (C/, d7), where
Cj = C;j-1© C} (note the degree shift in the first summand!) and

dj(c, ¢i) = (—dj-1c,(c) + dj(c')).
This is a chain complex since
d;-/_lod_;’(c, Ci) = (dj_z 0 dj_lc,go(—dj_lc) + d;_l (SD(C) + d;(cl)))

= (0, —pod;_1(c) + dj_op(c) + 0) = (0,0).

1.7.6. Theorem (Fundamental Theorem of Homological Alge-
bra). Suppose

0— (Ch, di) 5(Cy, d) D(C, dD) =0

is a short exact sequence of chain complexes. (This means a and g3 are
chain maps and the sequence of R-modules

0—)C]l-—a—>Cj£>C;.'—>O

is exact for each j.) Then there is an induced long exact sequence of
homology modules

- H;(C) 25 Hy(0) 25 Hy0"y 2 Hy_((C) — - -



44 1. Ko of Rings

Proof. This is the quintessential “diagram chase.T First we go through
the definition of H;(C") 3>Hj_1(C”); then we go through the proof of
exactness. Let [2”] be a class in H;(C") represented by z” € C}' with
d"z" = 0. Since 3 is surjective, xT = B(z) with x € C;. Since d” o 8(z) =
and 3 is a chain map, Bod(x) =0, ie, dx) €ker3 =ima. Hence
d(x) = a(z’) for some xi €C;_;. We claim di(xi) = 0, so that xi is a
icycle,” i.e., represents a class in H;_; (Ci). Indeed, since a is a chain
map, a o d'(z') = do a(z’) = d?(z) = 0. But a was injective, so d'(z') = 0.
Now let 9[z"] = [z']. We leave to the reader the simple argument that
shows this is independent of the choice of z” within its homology class and
independent of the choice of the lift x of z”.

We proceed now to the proof of exactness. The construction of d[z"|
above gives o, (8[z"]) = [a(z')] = [0], and also shows that if [xT] = B.[z]
for some [x] € H;(C), then 9[z"] = 0 (since d(x) = 0). Also, B0 a, =0
since B0 a = 0. So the image of each map in our sequence is contained in
the kernel of the next one.

For the reverse containments, suppose for instance that x € Cj, d(x) =
and B.fz] = 0 in H;(C"). Then B(z) = d"(y") for some y”e NP
Since 3 is surjective, we may choose y € C;41 with 8(y) = y”. Since
d"oB(y) = Bod(y) = B(x), x-d(y) Ekerf = ima, and [x] €imay. Thus
ker 8, C im a,.

Next, suppose x€Cy, di(x) = 0, and 9[z"]-0 in H;-1(C"). By
the description of 8 above, this means xT = 8(z) with d(x) = a(z’) and
o' = d'(y), yi €Cj. Then d o a(y') = ao d'(y) = a(z') = d(x), so
x —a(y')€ kerd. Since also B(z — a(y’)) = B(z) = 2", this shows [z"] =
Bi[z — a(y’}]. Hence ker 8 Cim g,.

Finally, suppose xi €C;_1, di(xi) = 0, and ax[z'] =0 in H;_1(C). Then
al(z') = d(x) for some z € C;. Let =" = B(z). Then d"(z")=Fo d(x) =
Boa(z')=0,s0xT defines a class [z”] in H;(C"). From the description of
8,0[z"] = [z], so ker a.Cim 8. This completes the proof of exactness. 0O

1.7.7. Theorem. A chain map between chain complexes of R-modules is
a chain homotopy equivalence if and only if its mapping cone is contractible.
If the complexes are below andof R-mod
then it is a homotopy equivalence if and only if the mapping cone is acyclic,

L e tp (C,, —(CLia b a chain map and let (C, , di) be its
mapping cone. First observe that there is a short exact sequence of chain
complexes

0 = (C,, di) —(Cy, d7) —(Ce-1, -d) — 0.
The maps here are the obvious ones: we map Cjto C/ =C;-1®Cj by

(0, ¢f), and we project C{ onto the first summand C;_;. The fact that
these maps commute with the boundary maps is obvious from Definition

1.7.5. Since changing the sign of d doesnit change the homology of C, we
obtain from Theorem 1.7.6 an exact sequence

(17.8) -+ — Ho(C") = Hp_1(C) > Ho1(C') = Ho_y(C") >
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Here it is easy to check from the definition of 8 that the map H,,_1(C) —
H,_1(C")is just ,. Thus ¢,

C’'ntte timegmappingldone Furthermore, if C and CI are
bounded below and consist of projective modules, then the same is true of
C”. Hence, by Proposition 1.7.4, the mapping cone in this case is acyclic
if and only if it is contractible.

It remains to show that ¢ is a homotopy equivalence if and only if C”
is contractible. Suppose s”:C"” — C"isa chain contraction. Then we
define s :C—C,s':C'">C',and ¥ : C' — C by

s"(c, 0) = (s(c), *++)s
s"(0, ¢) = (¥(c), =5'()).
Since d"s"” + s"d" =idc~, we have
(c, 0) = (-do s(c), ---) + si(-dc, @(c))
= (-do s(c) + Yo p(c)—sed), .. "),
(0, cf) = d"(3(c’),—s'(c’)) + s"(0, di(ch))
= (-do ¢(c'), p 0 %(c') — di 0 () + (Y 0 d'(c)),~s" 0 d'(c)),
which says
—do (') + 4 o di(ci) =0V (3 is a chain map);
c=—dos(c) +¥op(c) —sod(c) Ve ($opxide);
d=poy(d)—di 0s'()- s od()V (po0e=~ide).

In the other direction, suppose ¢ is a homotopy equivalence with homo-
topy inverse 1, and suppose one has homotopies s from o ¢ to id¢ and
st from ¢ 04 toides. Let

s"(c, ¢f) = (s(c) + ¥(c) + Yos'op(c)popo 5(c),

-si(cl) + st 0p05s(c) —(s)20¢(c)).
We will check that one obtains a chain contraction of CT. Note that
(d"s" +s"d")(c, cf) = d" (s(c) + ('Y + o5 0p(c)—yop o s),
—s'(c) + st opos(c) —(s")? 0 p(c))
+ 8" (-d(c), w(c) + d(c))
= (-do s(c) — do ¢¥(c’)—do % o si o p(c)
+do % o9 05s(c), pos(c)+poy(c)
+poyosi op(c)—popopos(c)
~d'0s'(c') + di 0si 0gpos(c)—di o(s')?0¢(c))
+ (-s 0 d(c) + ¥ o plc)+9pod(c)
+¥ 0si 0p(—d(c))+ Yo os(d(c)),
—sf 0p(c)—si od'(c)
+5 0 ¢ 0 5(-d(c)) —(s")? 0 p(—d(c))).
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The first coordinate (after some regrouping) is

=[~do s(c) —so d(c)] + [—do ¥(c') + ¢ o d'(c)]
+[~dotos’ op(c)—pos oypod(c)
+[do oo s(c) + bo po sod(c)]+vo p(c)
= —(dos+sod)(c)+ (Yoposod+popodos)(c)
—o (di 0 si +si odf) 0 p(c)+¥op(c)
=c+yoypo(¥oy—ido)(c)
— o (po¥—ide)oplc)
=C.

The second coordinate (after some regrouping) is

=Jpoy(c)—di 08 ()~ si o di(ci)]
+[ploos6d) + dopo s(epoypop 0 s(c)]
Pop(c)— To(s)op(c) ¢ @ Togp(c)
—si  posodc)+ (s)? o

¢ (ido—¢@ ap Tosi)ogp
((pO’l//'—idC/— di o Sl,) i ocp(c)
— fop (s")? 0 o d(c)

=ci —si od' 0pos(c)
+s' od os' op(c)
—si oposod(c)+(s')2opod()
=c —s'opo(dos+sod)(c)
+sf o (di 0s +sio0df)ogc)
=ci —si 0opo(yop—idec)(c)
+si o (po—ide)op(c)

=c.

This confirms that s” is a chain contraction of CT. O
Now weire ready to introduce the connection with Kp(R).

1.7.9. Definition. A chain complex (C., d) of R-modules is called bound-
ed if the modules C; are non-zero for only finitely many j,and is called of
finite type if it is bounded and all the C; are finitely generated. (The
connection with topology is that the cellular chain complex of a finite
CW-complex is of finite type, and the cellular chain complex of a finite-
dimensional CW-complex is bounded (with non-zero chain groups only in
the dimensions of the cells of the complex) .)
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If (C., d) is a chain complex of finite type of projective R-modules, we
define its Euler characteristic by

x(C) = > (-1)[Gy] (in Kc(R)).

j=-©

Note that this is really a finite sum, and that dis not used in the definition
of x(C). Also define x(C) to be the image of x(C) in Ko(R).

1.7.10. Proposition (“Euler-Poincaré PrincipleT). The Euler
characteristic is additive on short exact sequences of complexes of finite
type. In other words, if

0-C'-C"->C—0

is a short exact sequence of chain complexes of finite type of projective
R-modules, then x(C”) = x(C") +x(C). tithermore, if (C,, d) is a chain
complex of finite type of projective R-modules, and if all its homology
modules are projective, then

x©) = 3 (CIH(O).

j=—o0

Proof. Since any short exact sequence of projective modules splits, if
0-C -C"-C—0

is a short exact sequence of chain complexes of finite type of projective
R-modules, then C} = C} & Cj, hence [C}]=[C}] + [C;] and the formula
x(C")=x(C") + x(C) follows upon taking the alternating sum over j.

Next, suppose (C., d) is a chain complex of finite type of projective
R-modules and all the homology modules H;(C) are R-projective. Let
Zj = ker(dj . Cj — Cj_l), Bj = im(dj+1 : Cj+1 — CJ) We have short
exact sequences

(*) 0= Zj41— Cjy1 % B; 0,
(*¥) 0—-B;j—Z;—H;—0.

Since Hj is assumed projective, () splits, and Z; = B; & Hj. Since the
complex is assumed to be of finite type, we may assume (after reindexing)
that C; = 0 for j< 0, in which case Cc = Zp is projective; hence, since

Zy = By ® Hy, By is projective. Thus Cl—'i’—>Bo must split and so
C\2 By® Z,. This implies Z; is projective, and since Z1= B, & H,,



48 1. Ko of Rings

B, is projective. Continuing by induction, all the B;and Z; are projective
and all of the above short exact sequences split. Thus we obtain

[Zj+1] + [Bj]=[Cjz1] (from (),

(B;] + [H;] = [Z;]  (from (xx)).
Substituting in the definition of x(C), we obtain

x(C) = ) (-1)[C}]
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1.7.11. Corollary. The Euler characteristic is well defined on chain
complexes of projective R-modules which are homotopy-equivalent to com-
plexes of finite type of projective R-modules, and is constant on homotopy
equivalence classes. It is also additive on short exact sequences of such
chain complexes.

Proof. Suppose (C,, d) is a chain complex of projective R-modules which
is homotopy-equivalent to a chain complex of finite type (CZ, d*) of pro-
jective R-modules. We define x(C)= x(C?). Of course, to know that
this makes sense, we need to check that it is independent of the choice
of CL. If (CZ%, d?) is another possible choice, then C! and C? are each
homotopy-equivalent to C, hence are homotopy-equivalent to each other.
Let ¢ : C*— C? be a homotopy equivalence between them and let C3
be its mapping cone. Since C! and C? are of finite type and consist of
projective R-modules, the same is true of C3. Furthermore, from the short
exact sequence

0 = (CH—(CH—(Co)— 0

and Proposition 1.7.10, we obtain that
x(C%) = x(C?) - x(C).

But C3 is acyclic by Theorem 1.7.7, so its homology modules are 0 and
hence x(C®) = 0 by Proposition 1.7.10 again. Thus x(C') = x(C?),
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as required. The same calculation shows that homotopy-equivalent chain
complexes have the same Euler characteristic. Finally, additivity on short
exact sequences also follows immediately from Proposition 1.7.10 and the
fact that short exact sequences of projective modules must split. [

Weire now finally ready for Wallis theorem.

1.7.12. Theorem [Wall]. Let (C., d) be a chain complex of projective
R-modules which is homotopy-equivalent to a chain complex of finite type
of projective R-modules. Then (C., d) is homotopy-equivalent to a chain
complex of finite type of free R-modules if and only if %(C) =0 in Ko(R).

Proof. Suppose (C,, d) is homotopy-equivalent to (CJ, di) of finite type,
with both complexes consisting of projective modules. By Corollary 1.7.11,
x(C) = x{(C’); hence x(C) = x(C"). If C’ consists of finitely generated free
modules, then clearly x(C’) =0 so ¥(C) =0.

On the other hand, suppose x(C’) = 0. It will be enough to show C’
is homotopy-equivalent to a complex of finite type consisting of free R-
modules. Suppose Cj =0 for j outside of an interval {k,k+1,. .., k4
n}. Choose projective modules Qn, . .., Qo such that C;_, ® Q, is free,
Chrin-19Qn®Qyn_1 is free, and in general such that Cj . ;® Q;+1 ®Q; is
free for 0 < j<n. If (T,, dr)is chain-contractible, then replacing (C%, di)
by (C, di) @ (T., dT) doesnit change its homotopy class. So let (T4,d”)
be defined by

0, i#k+j,k+j-1,
T _
l{_ Qj’ Z=k+],k+]—1,

with dfij:Qj — @ the identity map. This is clearly contractible, so now

(CY, dP) = (C., di) @@(TJ d™’)

j=0

is homotopy-equivalent to (C., di) and has free modules in all degrees ex-
cept k — 1. Thus

= x(C") = x(C") = (=DM[C 4] (in Ko(R)),

so Cy_, is stably free. Choose a finitely generated free R-module F such
that Cy_, ® F = F. Let (T,,dT) be defined by

Te = O’J#k—:l» k-2,
= F’ ]=k—17k_2’

with d;{_l: F — F the identity map. This is clearly contractible, and
(¢, d")y @ (T, d¥) now has free modules in all degrees. So (C,, d) is
homotopy-equivalent to a chain complex of finite type of free R-mod-
ules. O

When R is Noetherian, we can also relate finite generation of a chain
complex C to finite generation of its homology, as shown in the following
theorem.
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1.7.13. Theorem. Let R be a (left) Noetherian ring.If (C,,d)is a
bounded chain complex of projective R-modules, then H;(C)is finitely
generated over R for all j if and only if C is homotopy-equivalent to a com-
plex of finite type of projective R-modules. In particular, if the homology
modules of C are finitely generated, its Euler characteristic is well defined.

Proof. One direction is easy. If C is homotopy-equivalent to a complex
of finite type, then its homology is the same as that of a complex of finite
type, so we might as well assume C is already of finite type. If R is
Noetherian and Cj is finitely generated, then its submodule Z;=kerd;
must also be finitely generated, hence H; (C), which is a quotient of Zj, is
finitely generated. Thus all homology modules are finitely generated.

For the converse, without loss of generality, assume C; =0 for 7<0
and for j> n. We first construct by induction on m, starting at 0 and
continuing up to m = n, a complex of finite type (C}, d')j<m of free R-
modules and a chain map

p:(Ce, d)— (Cs, d)

which induces isomorphisms on homology through degree m — 1. Of course
we take C;- =0 for j< 0 and for 5> n. To begin the induction, note
that since C;_; =0, Ho(C) = Cp/imd;. Choose a finite set of generators
[z1],-..,[z+] for Ho(C) and representatives i, ...,z € Cy. Let Cj be the
free R-module on generators y,..., ¥ and let po(yx) = k. Since R is
assumed Noetherian, the kernel B of the composite map

cly £5% Co — Ho(0),

being a submodule of the finitely generated module CY, is also finitely gen-
erated. Choose generators 21, ..., 2z for By and let C] be free on generators

wy, - .., w;. Define df so that df (wx) = zx. Then C{i‘+C{, is a chain com-
plex with Ho(C') = Cp/Bg and o induces an isomorphism on Hp. Since
we want ¢g to be the O-degree part of a chain map, we need to define ¢;
so that

Ci —i—* Cl

d;l dll
cl 22 ¢
commutes. Since q(z2x) goes to 0 in Ho(C), we can choose uy € C1, with
d1(uk) = wo(2x)- So we let 1(wx) = ux and the condition is satisfied.
This completes the first step in the induction.

For the inductive step, assume weiVe constructed a complex of finite type
of free R-modules (C},d;) for < m and a chain map ¢ :C’— C which
is an isomorphism on homology in degrees < m. Continuing as before,
choose generators [z1],...,[z] for H,(C) and representatives z1,...,%»€
Zm C Cry. Replace the old C?, by its direct sum with the free R-module
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on generators yy, . .., ¥ and let ¢ (yx) = zk. We keep ¢, the same on the
old Cj,,. Similarly, we do not change d;,, on the old C},, and let d/, (yx) = O.
Then we still have a chain complex and a chain map for j7 < m but now
@« is surjective on Hy,. As before, we choose Cy, ., finitely generated and
free with dm1: CJ,,; — Cr mapping onto the kernel of the composite

c £ Zy — Hop(O),

and define ¢,,+1 as above so that we have a chain map which now is an
isomorphism in homology through degree m. We continue by induction
until weive constructed a complex of finite type of free R-modules and a
chain map ¢: Ci — C which is an isomorphism on homology in degrees
< n and a surjection in homology in degree n. Of course, since everything
is zero in degrees > n, ¢, is actually an isomorphism on homology in all
degrees except n.

Now consider the mapping cone (C. , d") of ¢. This is a bounded com-
plex of projective R-modules with non-zero chain modules only in degrees
0 through n + 1. By the exact sequence (1.7.8) (in our situation C and
C’ are reversed), C” has only one non-zero homology module, in degree
n + 1. Repeating the proof of Proposition 1.7.4, we can construct a chain
contraction of C” through degree n, which shows thatd,,,: C,, — B is
split surjective and thus that H,41(C"”)=Z;,, = ker d, , , is R-project&e
and a direct summand in CJ,;, = C;,. Hence we may replace C;, by a pro-
jective complement to H,, 4, (C") and thereby make Ci a complex of finite
type of projective R-modules and ¢. an isomorphism on homology, hence
a chain-homotopy equivalence, by Theorem 1.7.7. O

Remark. This proof demonstrates clearly the origin of Wallis obstruc-
tion. At the last step of our induction, we can either make ¢, into a
homology isomorphism in degree n at the expense of making C,, a possibly
non-free projective module, or we can make C}, free and . an epimorphism
on homology in degree n, but in general we canit take C, free and at the
same time make ¢ a homotopy equivalence.

Now for some topological applications. Wallis work on finiteness ob-
structions for chain complexes arose from the question of when a connected
space X is homotopy-equivalent to a finite CW-complex. If Y is a finite
connected CW-complex, Y is locally simply connected (so that covering
space theory applies) and has a finitely presented fundamental group =.
(The fundamental group of the I-skeleton of Y is a finitely generated free
group surjecting onto «, and 7 is obtained from this free group by adding
in one relation for each 2-cell.) Thus we may form the universal covering Y
of Y, which carries a free cellular action of «. The cellular chain complex
of Y, while not of finite type over Z, may be viewed as a chain complex
of finite type of free R-modules, where R = Zr, the integral group ring of
«. Alternatively, we may think of this complex as the chain complex of Y
with local coefficients. Thus if X is a space which is homotopy-equivalent
to Y, it must also have fundamental group = (finitely presented), and its
singular chain complex with local coefficients S.(X), which is a complex of
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free R-modules but is very far from being of finite type in general, must be
chain-homotopy-equivalent to a complex of finite type of free R-modules.

Theorem 1.7.12 now gives a necessary and sufficient condition for S.(X)
to have this property. Call S.(X) finitely dominated if it is chain-
homotopy-equivalent to a complex of finite type of projective R-modules.
Theorem 1.7.12 says that a finitely dominated complex has a well-defined
finiteness obstruction in Kq(R), and is chain-homotopy-equivalent to a
complex of finite type of free R-modules if and only if this finiteness ob-
struction vanishes. If R = Zm happens to be Noetherian, which is not the
case for all finitely presented groups =, but is true say if 7 is a product of
a finite group and a free abelian group (the group ring of a finite group is
finitely generated as a Z-module, hence Noetherian, and the group ring of
mx Z™ is a Laurent polynomial ring in n variables over the group ring of
m), one can apply Theorem 1.7.13 to see that an R-module chain complex
C is finitely dominated if and only if it is homologically finite-dimensional
and its homology groups are finitely generated.

Wall actually went further than this; he showed that a connected space X
with finitely presented fundamental group and the homotopy type of a CW-
complex is finitely dominated if and only if S.(X) is finitely dominated,
and has the homotopy type of a finite CW-complex if and only if S.(X) is
finitely dominated and has vanishing finiteness obstruction. The method
of proof for the TifT directions is to inductively construct a sequence Y,
(n > 1) of finite CW-complexes by attaching cells, along with maps Y, — X
which are dominations (resp., homotopy equivalences) ithrough dimension
n—1" The proof of Theorem 1.7.13 is an abstract version of this technique,
in the case where R is Noetherian. In proving homotopy finiteness, the
finiteness obstruction is precisely the obstruction to having this inductive
process terminate after a finite number of steps.

1.7.14. Example. Let us illustrate a geometric application of Theorems
1.7.12 and 1.7.13. Suppose X" is a connected non-compact (topological
or smooth) manifold and one wants to know whether X is homeomorphic
to the interior of a manifold W™ with boundary. Precise necessary and
sufficient conditions were found by Siebenmann (provided one stays away
from the problem dimensions 3 and 4 by assuming n <2 or n > 6) us-
ing surgery theory, but we have done enough now to at least give some
interesting necessary conditions.

If W™ exists, then it must have the homotopy type of a finite CW-
complex, hence so must X, since the inclusion of X into W is a homotopy-
equivalence. Furthermore, for each component N™~!of 8W, N must have
a icollarT neighborhood in W homeomorphic to N x [0, 1), so the corre-
sponding TendT of X = W ~.dW must be homeomorphic to N x (0, 1),
and in particular must be homotopy-equivalent to the compact manifold N.
(For a locally compact Hausdorff space X, a neighborhood of infinity
may be defined to be the complement of a compact set. An end may be
defined to be a connected component of 38X \ X, where 8X is the Stone-
Cech or maximal compactification of X (the space of maximal ideals of the
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algebra of bounded continuous real-valued functions on X). Equivalently,
an end is an equivalence class of components of neighborhoods of infinity.
In the present situation, the ends must be in one-to-one correspondence
with the components of 8W.) So the homotopy type of N is determined
by that of the corresponding neighborhoods of the associated end of X.

In particular, we now derive a number of necessary conditions for our
being able to complete X to a compact manifold with boundary. X must
have finitely many ends, and for each end E of X, if X; is a sequence of
connected open neighborhoods of E with X;\ E, the fundamental groups
of the X; must stabilize to some finitely presented group 1(E) (in the
sense of the Mittag-Leffler condition, that glllwl(Xi):nl(E), and for
each ¢, the images in m1(X;) of the m,(X;), 7 >1, eventually stabilize). Let
R = Zm(E). Then we obtain an inverse system (H.(X;; R)) of homology
groups with local coefficients in R which must also stabilize to what will
correspond to He(N;R). Thus for a suitable open connected neighbor-
hood U of E, 7, (U) = m; (E) and H, (U; R) looks like the homology of a
compact manifold of dimension n — 1. If for instance 1 (E) is finite (this
is not so essential but it already covers an interesting case), R is Noether-
ian and the homology must be finitely generated by Theorem 1.7.13. By
the same Theorem, the cellular chain complex of U with coefficients in R
is homotopy-equivalent to a complex of projective modules of finite type.
Thus the obstruction %(C.(U; R)) is defined and must vanish in Ko(R).
Siebenmannis Theorem says that once this is satisfied, one can put a bound-
ary on the end E provided at least that n # 3, 4, or 5. See [Weinberger,
8§ 1.5 and 1.6] for a further explanation. The homeomorphism class of
the boundary to be added is not always uniquely determined; but the non-
uniqueness is also related to K-theory: it is classified by the Whitehead
torsion invariant to be studied in §2.4 below.

1.7.15. Remarks. Since this is not a book on topology, we will not
prove any purely topological results here. However, in the interests of
completeness, let us say a few more words (without proofs) about Wallis
original results (in the topological setting) and about one other important
area of application, the spherical space form problem.

Wallis work on the finiteness problem was motivated in part by ear-
lier work of Swan [Swanl] on the question of when a finitely dominated
space X, with finite fundamental group = = m;(X) and universal cover X
homotopy-equivalent to a sphere, can be homotopy-equivalent to a finite
CW-complex. Swan already realized that at least in this particular situa-
tion, an obstruction in f('g(Zvr) plays a fundamental role, and he showed
how to Kkill off this obstruction in order to solve a particular geometric prob-
lem in which he was interested. This geometric problem was a modified
version of what is now known as the spherical space form problem: to
classify compact manifolds M™, known as spherical space forms, having
a sphere as universal cover, M™22 8™, Certain obvious examples, such as
real projective spaces and lens spaces, arise from free orthogonal actions of
finite groups, and the groups that can act in this way are completely known
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(see [Wolf]). However, a rather subtle question remains: can there be any
examples of spherical space forms not homotopy-equivalent to examples of
this type, for instance with fundamental groups (such as the non-abelian
group of order pq, where p and ¢ are distinct odd primes with p|(g — 1))
that cannot have a free orthogonal action on a sphere?

The answer to this latter question turns out to be 1yes,T and the question
of what finite groups can act freely on spheres is now totally understood
(see [Madsen]). The relevance of the finiteness obstruction comes from
the following method of attack. We begin by looking at n-dimensional
CW-complexes X with the desired finite fundamental group =, having the
property that the universal cover X is homotopy-equivalent to a sphere
S™. This means of course that X must have vanishing homology in degrees
0 < j<n, and infinite cyclic homology in degree n, but in fact, by the basic
theorems of homotopy theory (the Hurewicz and Whitehead Theorems, to
be discussed in §5.1 below), this homology condition is not only necessary
but also sufficient. The study of the hom6f5§)\/of X shows then that 7 must
be a Tgroup with periodic homologyT [CartanEilenberg, pp. 357-358], for
which there is an elegant classification theorem [CartanEilenberg, Ch. XII,
§11]. It turns out that a necessary and sufficient condition for the existence
of such a space X is that each Sylow subgroup of # be either a cyclic group
or a generalized quaternion group.

However, one is still faced with another problem: given the X whose uni-
versal cover is homotopy-equivalent to a sphere, is X homotopy-equivalent
to a (smooth) compact manifold M? If the answer is 1Yes,T then the uni-
versal cover of M will be a compact manifold homotopy-equivalent to a
sphere. By known results on the Poincaré Conjecture, the universal cover
is then actually homeomorphic to a sphere, except perhaps when n = 3.
(See the remarks following Theorem 2.4.4 below.)

A detailed sketch of how this problem is attacked may be found in Mad-
senis survey [Madsen]. However, a crucial first step already understood by
Swan comes from the well-known fact that any smooth compact manifold is
homotopy-equivalent to a finite CW-complex. Thus if M is to exist in the
homotopy type of X, the CW-complex X must have vanishing finiteness
obstruction in RO(Zn). This group is known to be finite when = is finite,
but is usually quite hard to compute. For cyclic groups of prime order,
we began the calculation of this group (in terms of number-theoretic in-
variants) in Example 1.5.10, and will complete the calculation in Example
3.3.5(b) below.

1.7.16. Exercise (Nontriviality of the finiteness obstruction for
bounded complexes of free modules), Let R be a ring with unit, P a
finitely generated projective R-module which is not stably free.

(a) Show that there is an R-module homomorphism ¢ : F — F, where
F is a free R-module of countable infinite rank, that is, split sur-
jective with kernel = P. (This is attributed to Eilenberg, though
the idea may be older. Compare Exercise 1.1.8.)
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(b) Deduce that the complex
=020 FA5FS50—-50—---
is homotopy-equivalent to the complex

+-—=0—-0->oP->0—-0—-20—>-...,

but not to a complex of finite length consisting of finitely generated
free modules.

1.7.17. Exercise. Show that the condition that R be Noetherian in The-
orem 1.7.13 is necessary, by exhibiting a non-Noetherian ring R and a chain
complex of finite type of free R-modules that does not have finitely gen-
erated homology. Hint: find a non-Noetherian commutative ring R (not
an integral domain) containing an element x whose annihilator in R is not
finitely generated.

1.7.18. Exercise (Behavior of the finiteness obstruction under
products). It is of interest to know how homotopy finiteness of X and of
X x Z are related, when Z is itself a finite CW-complex, for instance, a
sphere or a projective space. The algebraic analogue of this is to take the
tensor product of two complexes to obtain a double complex. Note that
m(X x Z) = m(X) x71(Z), so that the relevant ring for the geometrical
problem is

Z7T1(X X Z)EZ[W](X) X 71'1(2)] = Z7I"1(X) Rz Z7r1(Z)

(a) Show that if (C},d') and (C%, d') are complexes of projective R-
modules and S-modules, respectively, then

C; = D Cjk ®2CE,
k=—o00

d;j=d'®id + (-1)Pid ®d* on C, ®zC?

defines a complex of projective R ®z S-modules, called the total
complex of the double complex C}®z C2.

(b) Show that if (CL,d!) is homotopy-equivalent to (C?,d) and if
(C2,d?) is homotopy-equivalent to (C2,d?), then the total com-
plex of C!®z C2? is homotopy-equivalent to the total complex of
Cl®z C?. (You can either carry the homotopies around, or else
use a mapping cone argument and Theorem 1.7.7 to reduce to the
case where one of the complexes is contractible.)

(c) Deduce that if x(C?)and x(C?) are well defined, so is X(C), and
that if either x(C?') or x(C?) vanishes, so does X(C).

(d) Suppose S = Z (this is the algebraic analogue of taking Z to be
simply connected in the geometrical problem). Show that when
x(C") is well defined and C? is of finite type, then

X(C) = X(CHx(C?),
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where x(C?)€ Ko(Z)=Z. The topological version of this exercise
shows that if X is dominated by a finite CW-complex and Z is a fi-
nite complex with x(Z) =0, then X x Z is homotopy-equivalent to
a finite complex, and that if Z is simply connected with x(Z)# 0,
then the Wall obstruction of X x Z is x(Z)x (the Wall obstruc-
tion of X). In particular, taking a product with S* Kills finiteness
obstructions, and taking a product with §% multiplies them by 2.

1.7.19. Exercise (Algebraic finite domination) [Ranicki]. Recall that
a space X is called finitely dominated if up to homotopy it is a retract of
a finite CW-complex; in other words, if there is a finite CW-complex Y
andtherearemapsf : X - Y, g:Y — X with go f~ idx.Now if
X is literally a retract of a finite CW-complex, in other words, if we can
arrange to have g o f =idyx, then obviously the singular chain complex
of X is a direct summand in the singular chain complex of Y, which in
turn is homotopy-equivalent to the cellular chain complex of Y, which is of
finite type. Thus in this case it is clear that the singular chain complex of
X satisfies the hypothesis of Theorem 1.7.12. However, it is perhaps not
immediately apparent that the same holds true if we only have go f ~idyx ,
for then the singular chain complex C, of X is only a direct summand of
the singular chain complex D, of Y iup to homotopy.”
The following trick for dealing with the general case is due to Ranicki.

(1) Suppose C, is a chain complex of projective R-modules, bounded
below (say non-zero only in non-negative degrees) which is a idirect
summand up to homotopyT of a complex of finite type D, of free
R-modules. In other words, we assume we are given chain maps
f:Ce— Dy and g : D, — C,, as well as a chain homotopy h
satisfying idc—go f =doh+hod. Notethat f o g — (F o g)? =
do f hg + f hg o d, so that £ hg gives a chain homotopy between fog
and (f 0 g)2. Show that the endomorphism p of @, D; given by
the matrix

fg ~d 0 0
~fhg 1—~fg d O
—fh*q  fhg fg —d

is an idempotent, so that its image is a finitely generated projective
module over R.

(2) LetCi= @;:0 Dj and define a map d': C; — C}_, by the (i-l) xi
matrix

fg —d 0 O
—-fhg 1—-fg d O
—fh?g fhg fg —d
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if 7 is even,

1-fg d 0 0
fhg fg -da 0
fh*q —fhg 1—fg d

if  is odd. Show that (d)%2 =0, so that (C., di) is a chain complex.
(3) Define maps ¢ : C; — C! and ¢:C[— C; by

0
0 !
p(z) = : €C,=Dy®D:1®---0D;
f(=z)
and by
Zg
I R .
| . | =h'g(ze) + K g(zi) + . . . + hg(zimi) + g(z:) € Ci
T

Show that ¢ and ¥ are chain maps and that they give a chain
homotopy equivalence between C, and C,. (Hint: op=go f,
which we already know is chain homotopic to the identity. The
homotopy between ¢ 0 4 and the identity is given by a simple
Ishiftt map.)

(4) Suppose D, is of idimension n,” in other words, that D; =0 for
i>n. Thus C;= @’_, D; for all i >n. Show by itruncating? C
that its finiteness obstruction (and thus the finiteness obstruction
of C,) is well defined, and equal to the class in f(o(R) of the image
of p from ().
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1.7.20. Exercise [Swanl, §6]. The work of Swan discussed in Remarks
1.7.15 above leads to some interesting examples of finitely generated pro-
jective modules over group rings. Suppose G is a finite group of order n
and let R = ZG, the integral group ring. Define the norm element of R
by jv = dec g. Observe that for any g € G, gN = Ng = N, so N is
central in R and N?2=nN. Let r € Z be prime to n, and let P, be the
ideal of R generated by r and N. (It doesnit matter whether one takes

the ideal to be one-sided or two-sided, since N and r are both central.)
Obviously P is just R itself.

(1) Show that P. is the universal R-module defined by two generators
u and v and the relations gv = v all g € G, Nu = rv. (Here u
corresponds to r and v corresponds to N.)

(2) Show that P, = P, provided =" mod n. (Use (1) and define
the isomorphism by v — v/, u~— v’ + hvi, where r —7'=hn.)

(3) Show that R @ P,,»= P.@ P... Note the suggestive analogy with
Lemma1.4.11! (Again use (1). If 4 and v1 are the generators of
P..., send (0, vI) — (v, 0), (1, 0) —(u, aui + bv'),and (0, u")+—
(r'u, c(nu’ — r'v')), where a, b,c € Z are suitably chosen.)

(4) Choose r and 7' in (3) to be multiplicative inverses of each other
mod n, and deduce that P, ® P2 R?, hence that P, and P
are projective modules whose images in Ky(R) are the negatives
of each other. In particular, we find that if n = 8 and r = 3,
then since 32= 1 mod 8, P; defines an element of f{o(R) which
must be either trivial or of order 2. It is known to be of order 2
and to be a generator of KO(R) when G = Qs is the quaternion
group. The projective modules P, naturally arise in the study of
the finiteness obstructions coming up in the spherical space form
problem (as explained above in 1.7.15).
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K7 of Rings

1. Defining Kj

Most courses in linear algebra begin with a discussion of vector spaces and
dimension, and then go on to a study of automorphisms of vector spaces,
i.e., linear transformations and their invariants (determinants, canonical
forms, and so on). The usual development of K-theory for rings follows
the same pattern. One begins by studying projective modules and their
stable classification via Ky, and then goes on to the study of the stable
classification of automorphisms of free and projective modules, in other
words, to invariants of (invertible) matrices, which are given by the functor
K;.

We will begin with the classical approach to K; via matrices, and in
the next chapter will describe a more category-theoretic approach via the
study of the category of finitely generated projective modules.

2.1.1. Definition. Let R be a ring (with unit). Recall the definitions of
M(R) and GL(R) from 1.2.2. We call an n x n matrix elementary if it
has Iis on the diagonal and at most one non-zero off-diagonal entry. More
precisely, if a € Rand i# 7,1 <4, j< n, we define the elementary matrix
eij(a) to be the (n x n) matrix with 1is on the diagonal, with an a in the
(i, j)-slot, and with Ofs elsewhere. The subgroup of GL{n,R) generated by
such matrices is denoted E(n, R). Via the usual embedding of GL(n, R)
in GL(n + 1, R) (see 1.2.2), E(n, R) embeds in E(n + 1, R). The infinite
union of the E(n, R) is denoted E(R), and is usually called (by slight abuse
of language) the group of elementary matrices.

The following lemma, which summarizes some easy matrix identities, is
only needed in part at the moment, but is included here for future reference.

2.1.2. Lemma. The elementary matrices over a ring R satisfy the rela-
tions
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eij(a)es;(b)= eij(a + b); (a)
eij(a)eri(b) = ex(b)eij(a), Jj#k and i#(; (b)
eij(@)esk(b)esj(a) ek ()™ einlab), 4, ], k distinct; (c)

€ij (a)eki(b)eij (a)_leki(b)'l = ekj(~ba), ’i,j, k distinct. (d)

Furthermore, any upper-triangular or lower-triangular matrix with 1’s on
the diagonal belongs to E(R).

Proof. The relations axe easily checked by matrix multiplication. Sup-
pose A =(a;i;j) € GL(n, R) is upper-triangular with 1is on the diagonal.
Then

A" = (aj;) = Aera(—ai2)ess(—az3) - en-1,n(~Cn-1,n)
still is upper-triangular with 1is on the diagonal and has OIS on the super-
diagonal j —i = 1. Let

AT = (a’:;) = A'el3(—a'13)624(—a’24) : "en-2»"(_a"’n—2,n)'

This now is upper-triangular with Iis on the diagonal and has Ofs on the
super-diagonals j —i = 1, 2. Continuing by induction, we construct a
sequence

A, Al, AT, ..., A D

of matrices in GL(n, R), each differing from the previous one by an element
of E(n, R), each upper-triangular with 1is on the diagonal, and with the
additional property that az(-;‘) vanishes for 0 <j —i < k. Thus A®~D=1,,
the n x n identity matrix, so A € E(n, R). The lower-triangular case is
similar. O

2.1.3. Corollary. For any matrix A € GL{n, R), the 2n x 2n matrix
A 0 .o
( 0 A_l) lies in E(2n, R).

Proof. Apply the identity

(6 2) =GN 60

from the proof of Lemma 1.5.4. By Lemma 2.1.2, the first three factors on
the right lie in E(2n, R). And

0 -1\ _(1 —=1\(1 0)[(1 -1

1 0/ \0 1 11 o 1)’
hence the last factor on the right is also in E(2n, R), by Lemma 2.1.2
again. O
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2.1.4. Proposition (Whiteheadis Lemma). For any ring R, the com-
mutator subgroups of GL(R) and of E(R) coincide with E(R). In par-
ticular. E(R) is normal in GL(R) and the guotient GL(R)/E(R) is the
maximal abelian quotient GL(R)ap, 0f GL(R).

Proof. Since E(R) € GL(R), [E(R), E(R)] € [GL(R), GL(R)]. Fur-
thermore, relation (c) of Lemma 2.1.2 shows that

eij(a) = [eix(a), ex;(1)]

provided 4, j, and k are distinct. Thus each generator of E(R) is a com-
mutator of two other generators and [E(R), E(R)] = E(R). We need only
show that [GL(R), GL(R)] C E(R). Let A, B € GL(n, R). We embed
GL(n,R) in GL(2n, R) and compute that

ABA-1B-! 0\ _[AB 0 A1 0\ (B! 0
0 1) 0 B1A7! 0 A 0 B/
By Corollary 2.1.3, all the factors on the right lie in E(2n, R), S0

ABA™'B 'e E(R). O

2.1.5. Definition. If R is a ring (with unit), we define K;(R) to be
GL(R)ab = GL(R)/E(R). Note that R ~» K;(R) defines a functor from
rings to abelian groups, for if ¢: R — S is a (unit-preserving) ring ho-
momorphism, « induces a map from GL(R) to GL(S) and hence from
GL(R)ab to GL(S)ap.

If A, B € GL(R), the product of the corresponding classes [A], [B] €
K1(R) may be represented in two convenient ways. On the one hand,
[A] - [B] = [AB]. On the other hand, one may form the iblock sum”

A®B= (A 0),and since

0 B
(A 0) _ (AB 0) (B—l 0)
0 B 0 1 0 B)’
Corollary 2.1.3 shows that
[A® B] = [AB @ 1]=[AB].

One may also interpret K (R) as the group of canonical forms for invert-
ible matrices over R under elementary row or column operations (in the
usual sense of linear algebra). For if A € M(n,R), e;j(a)A is the matrix
obtained from A by adding a times the j-th row to the i-th row (an elemen-
tary row operation), and Ae;;(a) is the matrix obtained from A by adding
a times the i-th column to the j-th column (an elementary column opera-
tion). Vanishing of K (R), for instance, would mean that every matrix in
GL(R) can be row-reduced or column-reduced to the identity matrix.
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2.1.6. Exercise: behavior of K; under Cartesian products. Let
R = Ry X Ry, a Cartesian product of rings. By using the obvious decompo-
sition GL(R) = GL(R;) X GL(R3), show that K, (R)= K(R;)x K1(Rz2).
Generalize to arbitrary finite products. (Compare Exercise 1.2.8.)

2.1.7. Exercise: a ring with vanishing K;. Let k be a field and let V
be an infinite-dimensional vector space over k. Let R = Endg (V). Show
that K, (R) = 1. Hint: V is isomorphic to an infinite direct sum of copies
of itself. Thus if A € GL(R), one can form

A0
oo-A=(0 A )

and regard it also as an element of GL( R). Show that A & (co- A) is conju-
gate to (oo A), hence that A represents the identity in K (R). (Compare
Example 1.2.6.)

2.1.8. Exercise: Morita invariance of K;j. In analogy with Theorem
1.2.4, show that K, (M,(R))= K;(R), for any ring R and any positive
integer n.

2.1.9. Exercise: K; of a direct limit. Show by an argument somewhat
similar to the proof of Theorem 1.2.5 that if (Rq)acr; (fas: Ra— Rg)a<s
is a direct system of rings and R = li_n)lRa is the direct limit of the system,
then K; (R) 2lim K (R,).

2. K of division rings and local rings

We now begin to compute K; for rings of practical interest. In the case of
a commutative ring, the determinant gives us our first piece of information.

2.2.1. Proposition. If R is a commutative ring and R* = GL(1, R) is
its group of units, the determinant det : GL(n, R) — R* extends to a-split
surjection GL(R) — R* and thus gives a split surjection Ky(R) — R*.

Proof. Note that det(A @ 1) = det A, so that the determinants on
GL(n, R) for various n are compatible with the embeddings of GL(n, R)
in GL(m, R) for n < m. Since det(AB) = det(A) det(B), we obtain a ho-
momorphism GL(R) — R*which must factor through a map GL(R).p, —
R* (since R* is commutative). There is a splitting defined by R* =
GL(l, R) — GL(R). O

Remark. When R is commutative, it is standard to denote the matri-
ces of determinant 1 in GL(n, R) by SL(n, R) and in GL(R) by SL(R).
The notations GL(R) and SL(R) stand for the general linear group and
special linear group of R, respectively. Note that since each elementary
matrix has determinant 1, E(R) C SL(R). The quotient SL(R)/E(R) is
denoted SK;(R).

Now it is easy to compute K in the case of a field.
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2.2.2. Proposition. If F is a (commutative) field, then SK;(F)istrivial,
i.e.,, the determinant induces an isomorphism det : K;(F)— F'*.

Proof. This is basically a classical theorem of linear algebra, that any
matrix can be row-reduced to a triangular matrix. If A =(a;;)€GL(n,F),
then the first column of A canit consist entirely of zeroes, since then the
matrix couldnit be invertible. So a;; # 0 for some n. If = 1, fine. If not,
as in the proof of (2.1.3),

0o ... 1
enea(-De) 4 1
1 i T -1 0 0 . ]
0 0 1
so premultiplying A by ey;(1)e;1(—1)es;(1) puts something non-zero into

the (1, 1)-slot. So we may as well assume a;;# 0. A —a;apjgtimes
the first row to the i-th row for 7 # 1, we can now Kkill off all the other
entries in the first column. This reduces A to the form a(1)1 Z,) with
Ai an (n — 1) x (n — 1) matrix, and of course det A =a,; det Af.

We now repeat the same procedure for Af, thus changing A by elemen-
tary row operations to the form

a1l * *
0 a92 *
0 0o A"

with AT an (n-2) x (n-2) matrix. Continuing by induction, we see that A
can be changed into an invertible upper-triangular matrix via elementary
row operations.

Now assume Ais an invertible upper-triangular matrix. Adding multi-
ples of the last row to the other rows, we can kill off all the entries in the last
column except for a,,. Then adding multiples of the (n — 1)-th row to the
other rows, we can Kkill off all the entries in the (n — 1)-th column except for
@n-1,n-1. Continuing by induction, we can row-reduce Ato an invertible
diagonal matrix D =(d;;). Since elementary row operations donit change
the determinant, this diagonal matrix D has the same determinant as our
original matrix A.

Finally, we have to transform D into a diagonal matrix with at most
one diagonal entry different from 1. This can be done using Lemma 2.1.3,
which shows that matrices of the form

diag(1,...,1,a, a7 1,1,...,1)

are elementary. Premultiplying D by such matrices, we transform D into a
diagonal matrix with at most one diagonal entry, say the one in the (1, 1)-
slot, different from 1. This entry must be the same as the determinant, so if
A had determinant 1, we see that it can be transformed by elementary row
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operations into the identity matrix. In other words, SL(n,F) = E(n, F)
and SKi(F) is trivial. O

Remark. Note that the proof above still works to some extent if Fis
replaced by a non-commutative division ring R. The one thing that is
different is that there is no good definition of a determinant for matrices
over general non-commutative rings, so that the argument only proves the
following.

2.2.3. Proposition. If R is a division ring, the inclusion
R*=GL(l, R) = GL(R)

induces a surjection R — Ki(R).

Proof. Exactly the same proof shows that every matrix in GL(n,R)
can be transformed by elementary row operations into a diagonal matrix of
the form diag(e, 1, ...,1), in other words, into the image of GL(l, R) in
GL(n,R). Since K1(R) is abelian, the resulting surjection R*— K;(R)
factors through R} = R*/[R*, R*]. O

In fact, the same proof works in still greater generality.

2.2.4. Proposition. If R is a local ring (not necessarily commutative),
the inclusion R*= GL(l, R) — GL(R) induces a surjection R} —»
Ki(R).

Proof. In the proof above, we only used the fact that R is a division ring
to show that each row and column of a matrix A =(a;;) € GL(n, R) must
contain an invertible element. However, this is still true over a local ring
since the non-units constitute the radical. Indeed, if A were to contain a
row or column all of whose entries were in the radical, then itfs obvious A
couldnit be invertible. (For example, if the i-th row of A had all its entries
in the radical, then the same would be true for AB for any matrix B, so
A couldnit have a right inverse. Similarly, if the j-th column had all its
entries in the radical, then the same would be true for BA for any B, and
Acouldnit have a left inverse.) O

Now we get to the main theorem of this section, which is a calculation
of K3 (R) when R is a local ring or division ring. Since we already have an
upper bound on the size of K;(R) from Proposition 2.2.4, we need a lower
bound, in other words, a homomorphism out of K;(R) into some abelian
group, akin to the determinant. The main idea of the construction is due to
Dieudonné; we have followed the exposition in [Srinivas,(1.6)] (with small
variations).

2.2.5. Theorem. Let R be a local ring, not necessarily commutative.
Then there exists a unique ideterminant? map GL(R) — R}, with the
following properties:

(a) The determinant is invariant under elementary row operations. In
other words, if A € GL(n, R) and Ai is obtained from A by adding
a (left) multiple of one row to another row, then det Ai = det A.
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(b) The determinant of the identity matrix is 1.

(c) If AeGL(n,R) and if a € R*, and if Al is obtained from A
by (left-)multiplying one of the rows of A by a, then det Al =
(@)(det A), where @ denotes the image of a in R};,.

The determinant also has the following additional properties:

(d) If A, B € GL(n, R), then det{AB) = (det A)(det B).

(e) If A €eGL(n, R) and if Ai is obtained from A by interchanging
two of its rows, then det Al =(—1)(det A).

(f) The determinant is invariant under taking the transpose of a ma-
trix.

Proof. First we check the uniqueness and the fact that (d)-(f) follow
from (a)-(c). Then we prove the existence by an induction argument.
Suppose a map det exists satisfying (a)-(c). By Proposition 2.2.4 and
its proof, any matrix in GL(n, R) can be row-reduced to one of the form
diag(a, 1,. .., 1). Hence by (a), the determinant is determined by its value
on such matrices. But by (c), det(diag(a, 1,...,1)) = a@(det1), which
by (b) is just @. Hence (a)-(c) determine det uniquely. Furthermore, if
E € E(n,R) and EA = diag(a, 1,. ..,1), then we have det A =@, while
det(AB) = det(EAB) by (a), whihan be rewritten as det ((EA) B). Since
premultiplying a matrix by diag(a, 1,..., 1) amounts to left-multiplying the
first row by a, we have by (c) that

det(AB) = det((EA)B) = a(det B) = (det A)(det B),

proving (d). To check (e), note that if A€ GL(n,R) and i< j <n, then
interchanging the i-th and j-th rows can be accomplished in two steps: pre-
multiplying by the elementary matrix e;;(1)e;;(—1)e;;(1), and then mul-
tiplying the i-th row by -1. Hence (e) follows from (a) and (c). Finally,
to check (f), note that by (a) the determinant is equal to 1 on elementary
matrices, whereas by (d) it is multiplicative. Hence the determinant is un-
changed under postmultiplication by elementary matrices, in other words,
elementary column operations. Furthermore, condition (c) implies that for
a€ R%,
det (diag(1,..., 1,a,1,..., 1)) =a.

Now consider the map deti : A+~ det(A?), where At is the transpose of A.
This clearly satisfies (b), and since the transpose of an elementary matrix

is elementary, deti is also equal to 1 on elementary matrices. Furthermore,
we have

det'(AB)

det ((AB)") = det(B*A") = det(B") det(A®)
deti(B)deti(A) = deti(A)deti(B),

since the determinant takes values in an abelian group. So deti satisfies (d),
and since it is 1 on elementary matrices and a on diag(1,...,1, a, 1,...,1),
it satisfies (a) and (c) as well. By the uniqueness of a map satisfying (a)-(c),
deti must coincide with det, proving (f).
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Now we proceed to the existence proof. We define det,(A4) for A €
GL(n, R) by induction on n, in such a way that det,,+,,(A® 1,,) = det, A,
so that we get a well defined map on GL(R). Clearly when n = 1 we
define dety(a) = @, and properties (a)-(c) are satisfied. So this starts the
induction. Assume now that weive defined dety for k< n with properties
(a)-(c) and compatibility for varying k, and letis define det, and show
that it satisfies (a)-(c) and compatibility with detg for k < n. Let A€
GL(n,R), and denote the rows of A by A4,..., A, Let by,...,b, be the
entries of the first row of A~!. Since A™'A =1,,, expanding out the matrix
product gives the relation

In particular, if we write 4;=(a;1 B;), where B;€ R*!, then Y5 B;
=0.

By an argument already used before in the proof of Proposition 2.2.4,
an entire row of A~! can’t consist of elements of rad R, so at least one of
the b,’s is invertible, say the i-th one. We then obtain

bi_lblBl-f- I o b;lbi_lBi_l + Bi + bi_lbi+lBi+1 + ...+ b,L_lann =0.

so adding multiples of the other rows to A; row-reduces A to the form

an B,

since

ai+ ) b tbja = b 'biaa + Y blbjas
i i

= b:l ijajl = b,l_l
If relations (a)-(c) are to hold, we see that we must therefore take
B,
det, A = (=1)b; 1 det,_; | B; |,

B
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and we therefore adopt this as our definition. The only problem is to
show that this is independent of the choice of 2 (subject to the condition
b;€ R*). Suppose i< j and b;,b; € R*. We need to show that

(~1)b; ! detn_1 C; = (=1)75; " detn_1 Cj,

where
B, B,

— —

Ci=| B |,Cj=| Bj
B, B,
Now C; can be obtained from C; by first permuting the order of the rows
to get
B1 \

B;_,
B;
c=| Bin

—

B;

B, /
then changing the i-th row from B;to B;. Now going from C; to C involves
cyclically permuting the j — i rows (Bjt1,...,B;). Hence by condition
(E) for det,,_i,det,.; C = (—1)j_i—l det,—1 C. And B; = —bi_lbij+(a
linear combination of other rows), so by conditions (a) and (c) for det,_1,
detn_l Cj = —Bi_l_l;j detn_l C and

(~1)7b; det_1 C;j = (—1)"'8;'5; b, detn—1 C
= (~1)b; 'b; 'b; detn_1 C;
= (—1)b; * detn_; Ci,

as required. Thus det, is well defined.

To complete the proof, we only need to show that det, satisfies (a)-
(c) and agrees with det,_.; on matrices of the form B & 1, B and (n—
1) x (n— 1) invertible matrix. Condition (b) is trivially true from the
definition. As for (a), suppose Al with rows A, ..., A} has A} = A; for
j#1,Al = A; + aAg, where a € R and i #k. Then Al = e;x(a)A, hence
(A")~1= A~ le;y(—a) and the elements bY,. .., b), of the first row of (4’) !
are the same as by, ..., b, except for by = by — bsa. If b;€ R* for some



68 2. K; of Rings

j#Kk, then we have

det, Ai = (—1)3'5;1 dety,_1 B

so by (a) for det,_1, det, Al = det, A. The only case we havenit covered
is where bt and b}, = by — b;a are both invertible and &; lies in rad R for
i1# K. In this case,

det, Al = (—1)*¥';  detn_1 | Bx

and

det, A = (—1)*b;det,_y | B |,

B,

whereas b = b, (since b;a € rad R) and again det, Ai = det, A. So this
confirms property (a) for det,.

Now we check (c). Suppose Al with rows A41,..., 4, has A;= A; for
j #1,A,=aA;,where a € R*. Then Ai = d;(a)A, with d;(a) the diagonal
matrix with all Iis on the diagonal except for an a in the (i, i)-slot. Hence
(A")~1=A"'d;(a"') and the elements &}, ..., b!, of the first row of (4")~!
are the same as by,. .., b, except for b} = b;a~!. Again there are two cases.
If b; € R* for some j # 4, then we have

det, A' = (~1)b; ' detn_, | Bt |,




2. K of division rings and local rings 69

s0 by (c) for det,_,, det, Al = @ det, A. The only case we havenit covered
is where b; is invertible and b; lies in rad R for j #1. In this case,

B;

—

det, AT = (—1)'%; 'det,_; | B;

Br

and
B,
det, A = (1) detn_y | B; |,
B,
whereas ¥; = b;a—! and so again det, Al = det, A. So this confirms

property (c) for det,. For compatibility with det,,_;, note that B&1 can be
transformed into 1 & B by cyclically permuting both the rows and columns,
hence by (d) and (f), which follow from (a))(c), det,(B®1)=det, (14 B).
The latter is trivially the same as det,.; B by our definition. So this
completes the proof. O

2.2.6. Corollary. If R is a local ring, not necessarily commutative, then
the determinant of (2.2.5) induces an isomorphism

Ki(R) = R},

Proof. This is immediate from 2.2.4 and 2.2.5, since the composite GL(1,
R) — GL(R)d—ei R}, is just the quotient map R*—Ry. O

2.2.7. Exercise. (Compare Exercise 1.3.14.) Compute Ki(Z/(m))in
terms of m, for any integer m > 0. (Split into local rings and use Exercise
2.1.6 and Corollary 2.2.6.)

2.2.8. Exercise. Compute K;(k[t]/(t™)), for any field k and for any
integer m > 0.

2.2.9. Exercise (Another approach to a determinant over the
quaternions). Let H be the usual ring of quaternions a + & + ¢j + dk,
where a, b, ¢,d €eR and ij =k, i2 = j2 = k? = -1. Recall that one defines
at+bi+cj+dk=a—bi—cj—dk.
a) Show that if one defines N(z)=zZz, then N gives a surjective ho-
momorphism H*— RX. In particular, the commutator subgroup
of H* must lie in the kernel of N.
b) Show that the kernel of N is exactly the commutator subgroup
of HX. (Hint: show that 3e7i—1=¢e~39 and similarly with i,]j,
k cyclically permuted. Deduce that €279 e2% and €279 are all
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commutators. Show that these generate an open neighborhood of
1in N~1(1)=S3. But $% is connected.) Thus H}, = RJ.

¢) Since H is a vector space over R of dimension 4, H may be embed-
ded in M4(R) by the left regular representation, and GL, (H) —
GL4n(R). Composing with the determinant gives a homomorphism
detg : GL,,(H) — R*. Relate this to the Dieudonné determinant

andto N, and s h oNvK;(H)=—AR’.

2.2.10. Exercise (Some rings of interest in operator theory).
Here is an exercise dealing with some rings (actually, algebras over C)
of great importance in operator theory and functional analysis. While they
are not themselves local rings, we will study a ideterminantT somewhat
similar to that which we have constructed above in Theorem 2.2.5, and we
will make a connection with local rings in the next exercise.

Let ‘H be an infinite-dimensional separable Hilbert space with an or-
thonormal basis e;, eg,.... A bounded operator on H is called compact
if it sends the unit ball to a pre-compact set, or equivalently, if it is a limit
(in norm) of operators of finite rank. It is a well-known fact that the spec-
trum of any compact operator consists of 0 and of a sequence of eigenvalues
tending to 0. (This is to be interpreted to mean iCounting multiplicities,”
in the sense that no non-zero eigenvalue has infinite multiplicity. Zero itself
may or may not be an eigenvalue.) A compact normal operator is diago-
nalizable. We denote by K(H) the Banach space of all compact operators
with the operator norm:

[Tl = sup [ITE]l.
lel<

This is a closed two-sided ideal in the algebra B(™) of all bounded opera-
tors.
Now if S is a positive bounded operator on M, its trace is defined by

o0

™S = Z(Sei,ei>E[O, OO]

i=1

The trace is independent of the choice of orthonormal basis, for if the sum

converges and e}, e5,... is another orthonormal basis, then
o0
Z(Sez,ez Z Z(Seu J> e]: €;
=1 i=1\7j=1
= Z (Seza FIANZE i)
i,j=1
o0
- 2 (56, edfen )



2. K of division rings and local rings 71

z<z<> 5)
>(se)

Jj=

[y

An immediate consequence is that if U is a unitary operator, Tr S =
Tr(U*SU). (Compute the trace of U*SU using the original basis and the
trace of S using the basis {Ue;}.) If S= T*T is a positive operator and
the trace Tr(S) is finite, then (Se;,e;) — 0, i.e., || Te;|| — O, so that {Te;}
is norm-convergent to 0. Thus T is compact and S is compact.

If 1 <p < o0, the Schatten p-class of H is the Banach space LP(H) of
operators T for which

Il = (Tr (ITIP))? < oo,

where |T| = (T*T)%. The Schatten classes consist of compact operators
since this condition implies |T'|? is compact, hence |[T|and T are compact.
It turns out that |||, is a norm and that £P(H) is complete in this norm.
Furthermore, £P(H) C LP (H) for p< pf, since (for T compact) T € LP(H)
if and only if the sequence of eigenvalues of |T|lies in . When p = 2,

[ o)

ITl> = (Tx %ZTM&—ZWJW

i=1
so ||T|l2 = (T, T)us, Where the inner product ( ,)us is defined by

oo

(Ta S>HS = Z<T€1, SC,;).

Thus in this case £%(H) is a Hilbert space, called the Hilbert space of
Hilbert-Schmidt operators. In general note that clearly (AT, = |A|||Tp
and ||T’|l, > O. If||T||, = O, then the positive quadratic form defined by
|T|P vanishes on all the e;, hence everywhere, so |T|P =0, |T|= 0, and
T = 0. The triangle inequality can be verified by showing first that

1 1
ITIl, = sup | Te(TF), =+==1,
F of finite rank P q
II1Fllq<1

where if p= 1 we interpret || F||, to mean the operator norm of F. (Since
TF has finite rank, its trace is well defined in the usual sense.) One can
also check easily that £P(H) is a two-sided ideal in B(H) (though not closed
in the operator norm).

The space £}(H) is called the space of trace-class operators. If T €
L (H), the sum 3 (Te;, e;) converges absolutely, and defines a linear func-
tional Tr T independent of the choice of orthonormal basis (just as before).
Hence, once again Te(U*TU) = Tx(T) for U unitary.
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Now let K(H) = C-14+K(H), and similarly let £LP(H) = C-1p+LP(H).
Each of these rings has a unique maximal two-sided ideal, of codimension
one. (For instance, K(H) is a two-sided ideal in X(H) of codimension one,
so it is maximal even as either a left ideal or right ideal.)

(1)

@)
(4)

Complete the proof that || ||; is a norm and that £!(H) is complete,
by showing that for A € B(H)and T € L (H),

| Tr(AB)| < | Allol|T -

Hint: Use the polar decomposition T =U|T} to split AB as
(AU|T|2)(|T|?) anduse the Cauchy-Schwarz inequality for (, )us.
Then if T, S € LY(H), write T + S = U|T + 5| (polar decompo-
sition) and estimate Tr(|T + S|)as Tr(U*(T + S)) = Te(U*T) +
Tr(U*S) via the above estimate.

Show that if T or S is of trace class, then Tt(T'S) = Tr(ST). Hint:
if T is of trace class and S is unitary, this follows from invariance
of the trace under conjugation by S. Now get the result for all S
(with T still of trace class) by taking linear combinations.

Show that K(H) and £P(H) have split surjections onto C inducing
surjections on Kj. _

(The operator determinant) Let R = £1(#), the trace-class
operators with identity adjoined. Let R} = ker(R* — C*), and
call this the group of determinant-class operators. Construct a
homomorphism det : R{ — C* with the property that

*) det(e”) = €™ for T € L(H).

(Here the exponential of an operator is constructed via the usual
exponential power series.)

Hint: First show that every determinant-class operator D is an
exponential of a trace-class operator. One can do this by noting
that every element of the spectrum of D, except perhaps for 1, is
an eigenvalue of finite multiplicity, and that 1 is the only accu-
mulation point of the spectrum. Hence, if V; is the span of the
generalized eigenspaces for D corresponding to the eigenvalues A
with [A—1|> 1, one obtains a (not necessarily orthogonal) direct
sum decomposition of H into two invariant subspaces V; and V,
for D, where V; is finite-dimensional and the spectral radius of
(D —1})|y, is < 1. Then one can take a logarithm of Dy, using
the usual power series

1ogz=(z—1)—%(z—1)2+---

and choose any logarithm for the invertible operator D|y, of finite
rank (using, say, the Jordan canonical form).

Next, observe that if T and S are both of trace class and eT =
e’ = D, then if T has eigenvalues Aj and S has eigenvalues g, the
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set {e*} must coincide with the set {e#*}, and the multiplicities
must match up. On the other hand, A; — 0 and g, — 0. One can
see from this that again one can find a (not necessarily orthogonal)
direct sum decomposition of H into two invariant subspaces V; and
V, for both T and S, where V; is finite-dimensional and 7|y, =
e°|v,, and where Ty, = S|v,. In particular,

Tx(T) - Tr(S) = Tr(T|v;) — Tr(Sly,) € 2miZ, S0 €™ =™,

This shows that () gives a well-defined definition of det.

Finally, show that the determinant is multiplicative, i.e., that if
T and S are of trace class, then det(eTe) = det(e”) det(e®). On
can do this using the Campbell-Baker-Hausdorff formula

etT sS

€

exp {tT 8+ Sts[T, 5] + (T[T, S]] + St (S, ST + - }

and the fact ((2) above) that Tr vanishes on commutators.
(5) Extend the definition of det to a homomorphism defined on

ker[GL(R) — GL(C)].

(Hint: if T € GL(n,R) and T — 1 € GL(n,C), then T may be
viewed as a determinant-class operator on ‘H ®¢ C".)

2.2.11. Exercise (A local ring in operator theory). In this exercise,
we pursue the use of K-theory in operator theory in the context of local
rings. Let 3-t be a complex Hilbert space as in the last exercise and let A be
some algebra of bounded operators on H, not necessarily with unit. Thus
A could be B(H) or £L}(H). Let R be the ring of formal operator-valued
power series ag+ 1 + zA; + 2245 + -+, where A;€ Afor j> 1 and the
constant term ag- 1 is a scalar multiple of the identity operator.

(1) Show that if ag#0, thenag- 1 + zA; + 224, + --- has an inverse
in R. Deduce that R is a local ring, with radical the power series
without constant term.

(2) If A is a Banach algebra, show that the same holds for Ri if we
define R’ similarly using only those power series with a positive
radius of convergence in z, in other words, with germs at z = 0 of
analytic operator-valued functions in place of formal power series.

(3) Let A€ B(H).Then 1 — zAhasan inverse in R, which is essen-
tially (except for the change of variable z+~ z71) what is called in
operator theory the resolvent of A. Show that the power series
for (1 — z4)~! converges for |z| < || A ~!.

(4) Let A= L(H). Show that the determinant of the last exercise
defines a homomorphism from (RT) * to the group of units in the
commutative local ring of germs of analytic functions around O.
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Show also the following useful fact: if A is a trace-class operator,
fa(z) = det(1 — 24)~1 extends to a function of z analytic in the
whole complex plane except perhaps for countably many isolated
singularities, and that if zp is a zero or singularity of f4, then
zo‘leSpecA. (Actually, more is true; f4 is entire analytic, and
fa(z0) = 0 if and only if 25! € Spec A. 3] for
more details.)

3. Kj of PIDs and Dedekind domains

As we did in Chapter 1 in studying Kc, we shall proceed from the study
of K, of division rings and local rings to the study of K; of the most
elementary examples of non-local commutative rings. Of particular interest
are the sorts of rings that occur in algebraic geometry and number theory.
Here we shall discuss PIDs and Dedekind domains; polynomial rings will
be dealt with in the next chapter.

The easiest examples to treat are Euclidean rings. These include Z,
the Gaussian integers Z[i],Z[:‘—gﬂ@], the rings of integers in a few other
special number fields, and the polynomial ring k[t] in one variable over a
field k. To fix notation, we remind the reader of the basic definition.

2.3.1. Definition. A (commutative) integral domain R is called a Eu-
clidean ring or Euclidean domain if there is a norm function ||:
R — N with the following properties:
(i) Ifa€R,|a|=0if and only if a = 0.
(ii) If a, b € R, |ab] = |a||b].
(iii) (Euclidean algorithm) If a, b € R, b # 0, then there exist g,
r€ R, called the quotient and remainder, respectively, such
that a = gb + r and 0 <|r|<|b|.

In the examples Z, Z[i], Z[=1£/3] and {t], the norm function is given
by the usual absolute value, by (a + bi|=a®+ b2, by (a +b“—1‘5ﬂ'@| =

a?— ub + b2, and by | f(t)|=29%¢/ (with the convention that deg 0 = —oc0),
respectively.

2.3.2. Theorem. If R is a Euclidean ring, then SK;(R) vanishes and
K;(R)= R*. In fact, for each n,SL(n, R) = E(n, R).

Proof. Let A = (a;;) € GL(n, R). We try to proceed roughly as in the
proof of Proposition 2.2.2, but the problem is of course that there is no
guarantee that there will be an invertible entry in a given row or column
of A. However, the norm function on R gives us a mechanism for doing an
induction. To illustrate, start with the first column of A. Not all elements
of this column can be zero, so there is some a;; # 0 and with |a;; | minimal
subject to this condition. If |a;;1| = 1, then a;; must be a unit. (By the
Euclidean algorithm, 1 = ga;; + r with 0 <|r| < 1, hence with |r| = 0,
so r =0 by (i) of (2.3.1).) If |a;;] > 1, then a;; is not a unit, and so
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generate,a proper ideal (a;;). On the other hand, since 4 is invertible, the
ideal generated by the elements of the first column must be all of R, and so

there s some j#withayr¢ (a). Applying the division algorithm g
a1 = Qa; r, where |r|<|a;1]. Since a;1 ¢ (a;1),r # 0 and thus |r|> 0.
So by subtracting g x (i-th row of A) from the j-th row, we can row-reduce
A to decrease the minimal norm of a non-zero element in the first column.
Once weiVe shown this, then iterating the reduction procedure enables us
to reduce to the case where thereis a unit in the first column. So then
we can proceed as in the case of R a field and row-reduce A to the form

aél AI'* ), where a1 is a unit and AT is of size (n — 1) x (n — 1) and
invertible. Then we repeat the whole process with Af, etc. The rest of the
proof is identical to that of Proposition 2.2.2. &l

2.3.3. Corollary. K (Z)={1, -1}, Ki(2Z[]]) ={1,4, -1, —i},
K1(2[=2£3)) (6-th roots of 1}, and K (k[t]) = k>

Proof. In the examples of 2.3.1, itis easy to see which elements have
norm 1. O

Theorem 2.3.2 naturally raises the question of whether the same state-
ment is true or not for more general PIDs or Dedekind domains. Unfor-
tunately, the answer is inoT; there are PIDs with non-zero SK;, though
they are not so easy to find. (For examples, see [Ischebeck] and [Grayson].)
Thus it seems the idea of the proof of Theorem 2.3.2 cannot be pushed
any further. However, there is one general result about K; of Dedekind
domains that arises as a special case of BassiS general theory of iStable
range.T One may view the vanishing of SK for a commutative ring R as
the statement that K;(R) is generated by the image in GL(R) of GL(1, R).
When this doesnit hold, the next best thing would be for K;(R) to be gen-
erated by the image in GL(R) of GL(2, R). Instead of trying to explain
the general theory (for which one can consult [Bass]), which gives for a ring
R an estimate on the smallest value of n for which K; (R) is generated by
the image in GL(R) of GL(n, R), we will give a simplified proof of the one
case we need. We begin with a lemma which will also be used in Section 5
of this chapter. Because of Corollary 2.1.3, Lemma 1.5.4 is just a special
case of the following.

2.3.4. Lemma. Let R be a ring (with unit) and I a two-sided in R. Then
for any n, the natural map E(n, R) — E(n, R/1) is surjective.

Proof. By definition, E{(n, R/I) is generated by elementary matrices
e;j(a), where @ is the image in R/1 of a € R. Such a matrix clearly lifts to
the elementary matrix e;j(a)€ E(n,R). O

K, (R) is gener:
by the image in GL(R) of GL(2, R) (in fact, by the images in GL(R) of
GL(1, R) and of SL(2, R)).
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Proof. Let A € GL(n, R) and suppose n > 3. We will show that A

*
can b® row-reduced to a matrix of the form é A , where Al is of size
(n-1) x (n-l)and invertible. Subtracting ay; X (the first column of A)
from the i-th column then reduces A to the form 3 ;_)3 with B €

GL(n -1, R), so [A] € K1(R) lies in the image of GL(n — 1, R). Induction
on n then gives the result of the theorem. (We already know the image of
GL(2, R) is generated by GL(I, R) and by SL(2, R).)

Now consider the first column of A. Since A is invertible, the ideal
generated by its entries is all of R. We will show we can do elementary
row operations on A to put at least one zero in the first column. One
this is done, the ideal generated by the remaining entries in the column is
all of R, so adding multiples of the other rows to the row with the zero,
we can change the zero to a 1. Then if necessary, we may premultiply by
e1i(1)ei1(—1)ey;(1) to put the 1 in the (1, 1)-slot. Subtracting multiples of
the first row from the other rows then reduces A to the desired form.

Let | be the ideal generated by as1,...,an1-1f | =0, then az; =0 and
weire already done. If | =R, then subtracting a linear combination of rows
3 through n from the first row puts a zero in the (1, 1)-slot, and weire again
done. So we may assume | is a proper non-zero ideal. By Theorem 1.4.7,
we may factor I uniquely into a product of maximal ideals. By the Chinese
Remainder Theorem, this gives a corresponding factorization of R/l into
a product of local rings of the form R/P¥, where P is a maximal ideal. By
Proposition 2.2.4, SK,(R/P*) =0, so by Exercise 2.1.6, SK;(R/I)=0.
In fact, by the method of proof, we know that SL(m, R/1) = E(m, R/1)
for any m. We will use this fact for m = 2.

For each element a € R, let a be its image in R/I. Since Ra;; +---+
Ray; = R, dividing by I gives that (R/I)a;; + (R/I)ag; = R/1. In other
words, we can find z; and 2 in R such that &1a1; + £2a21 =1, or

det( o1 a:g) =1i.

—az1 411

So we have a matrix in SL(2, R/1) = E(2,R/1). By Lemma 2.3.4, it lifts

”Ifz) in SL(2, R), and byz; + boza = 1
1

(here we may have to change the original z; and 3 within their I-cosets).
But on the other hand, z1a11 +x2a91 — 1 €I, so there exist z3,...,z, €R

with 30 z;a;1 = 1. For i> 3, we have z; = z;(b;z1 + bozs). So we get

the equation

to an elementary matrix ( wg
—02

z1a11+T2a21 +(T3b1T1031 +23bozaazi )+ -+ (Tnb1Z1Gn1 +TubeZoany) = 1
or
zl(au + z3b1a31 + -+ :cnblanl) + .’172((121 + x3bsazy + -+ acnb2an1) =1.

This says exactly that by adding (z3b1) x (the 3rd row) + -+ (z,b ) x
(the nth row) to the first row, and by adding (z3b2) x (the 3rd row) +---+
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(znb2) x (the pth row) to the second row, we can change A so that the ideal
generated by the new ay; and az; is all of R. Then subtracting a linear
combination of the first and second rows from the last row, we can achieve
the desired zero. O

The above theorem suggests studying, for commutative rings R and
especially Dedekind domains, the subgroup of SKL(R) generated by the
image of SL(2, R). The convenient way to do this is in terms of so-called
Mennicke symbols.

2.3.6. Theorem. Let R be a commutative ring.

(1) For a, b € R with Ra + Rb =R, choose ¢, d € R with ad —bc = 1.

b

d €
the choice of ¢ and d, hence can be denoted [a b] without possibility
of confusion. Such an element of SK;(R) is called a Mennicke
symbol, and if R is a Dedekind domain, all elements of SK;(R)
are of this form.

(2) [ab]=1ifa€eR*,beER.

(3) For a, b €R relatively prime, the Mennicke symbols satisfy the
relations [a b] = [b a] and [a b] = [a + bA b] for any A€R.

(4) If Rajaz + Rb = R, then [a; b] - [az b] = [a;a2 b].

Then the class in SK; (R) of (Z )SL(Z, R) isindependent of

Proof. (1) The assertion that the class of (‘Z Z) is independent of the

choice of ¢c and d follows immediately from the calculation that if (Z Z),

dl

a b (a B\ ' [a b d —b\ _ 10
c d d d T \c d - a ) \ed-dd 1)
The Mennicke symbols clearly exhaust the image of SL(2, R) in K;(R), so

by Theorem 2.3.5, they exhaust SK;(R)if R is a Dedekind domain.
(2) is clear from the fact that if a € R*and A = (Z Z) € sL(2, RB),

(g, b) € SL(2, R), then

then we can subtract ca™! x (1st row) from the second row to change

A to the forr( gaﬁl)' Then multiplying by the elementary matrix
-1
aO 0 makes the matrix strictly upper-triangular, hence elementary.

For (3), note first that

a b 0 1\ (-b a
c d -1 0) \-d ¢}’
so [a b] = [-b a]. When we verify (4), it will follow that
[a b] =[ba] =[ba][-1la]=[ba] (by(2).
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a b 1 0y _fa+bXx b
c dJ\ X 1 _<c+d/\ d)’
so [a b] = [a + bX D).

To check (4), assume Rajay + Rb = R. Then if a b 2 b
a d c2 dp

Furthermore,

have determinant 1,
ag b 0 as 0 b 0
cg di 0 0 1 0 1
0 0 1 C2 0 d2 0
aiaz b aib
= Cc1a2 d1 Clb
C2 0 d2
aas b 0
= c1a2 d1 -1 .
[&)) 0 d2

0 O
Premultiplying by 0 1 ) now keeps the first row the same and
-1 0

OO R

puts a 1 in the (3, 3)-slot, and further elementary operations reduce the

matrix to the form
ajas b 0
* * 0].
0 01

So [a1 b][a2 b] = [(11(12 b] a

2.3.7. Corollary. If Ris a Dedekind domain and R/P is a finite field for
each non-zero prime ideal of R, then SK;(R) is a torsion group.

Proof. Consider a Mennicke symbol [a b]. If b =0, then a € R* so
[a b] = 1 by (2) of the theorem. Similarly, [a b] = 1 if b € R*. If neither is
the case, (b) is a non-zero proper ideal of R and so is a product of non-zero
primes ideals P; by Theorem 1.4.7. Since each R/P; is finite, it follows that
R/(b) is finite (cf. the beginning of the proof of Theorem 1.4.19). Since the
image of a in R/(b) is a unit and (R/(b)) * is a finite group, there is some
k with a* = 1 mod (b), and then by (4) of the theorem,

[ab*=[a*b] = [L+bA b] (for some ) =[1b]=1

by (3) and then (2) of the theorem. O

This is about as much as one can say about general Dedekind domains.
However, for the examples of greatest interest in number theory, namely
the rings R of algebraic integers in number fields (finite extensions of Q}, it
turns out that one can explicitly compute R* and also show that SK;(R)
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vanishes. The computations for these cases are also of great interest in
topology because of Example 1.5.10(b), which shows that the group ring
of a cyclic group of order p is closely related to Z[e?"*/?], and the following
Section 4 of this chapter, which shows that K, of group rings is of great
importance in topology. We proceed to the calculation of RX, which is a
famous classical result of Dirichlet.

2.3.8. Theorem (Dirichlet Unit Theorem). Let F' be a number field,
i.e., a finite algebraic extension of Q, and let R be the ring of algebraic
integers in F, that is, the integral closure of Z in F. Then R* is finitely
generated, with torsion subgroup the finite cyclic group of roots of unity in
F, and with torsion-free part a free abelian group of rank ri +rq — 1, where
71+ 2r; =n = [F : Q] and where ry is the number of distinct embeddings
of F into R, and ry is the number of distinct conjugate pairs of embeddings
of F' into C with image not contained in R. In particular, R* is infinite if
and only if F is not Q or an imaginary quadratic field.

Proof. We begin by recalling that by elementary Galois theory, if [F :
Q] = n, then F must have n distinct embeddings o; into C. In general, a
certain number of these, say o1,...,0,,, will have image contained in R.
The rest occur in complex conjugate pairs; let these be

Ory+1y--- yOri+ray 5.T1+1) e ’&T1+T2'

So r1 + 2r2 = n. Define a map ), called the logarithmic embedding,
from F* to R™*72 by

Aa) = (M(a), ..., Ary 4y (a))
= (log(lo1(a)]), - . -, log(lor, (a)]),
2log(jors +1(a)]), - -, 2log(|or, +r,(a)]))

n

and note that since Np/q(a) = [];_, o;(a), we have the relation

1472
log(| Nejg(@)) = > Aj(a).
7=1

(Incidentally, X is not injective since A(—1) = 0, but we will see shortly that
A does give an embedding of the torsion-free part of R* .) Furthermore,
by multiplicativity of the usual absolute value on C or R and the additivity
of the logarithm for products, A : F* — R"™*"2 is a group homomorphism
(the group operation is multiplication in the left-hand group, addition in
the right-hand one). In particular, since N F/@(a) is a unit in Z, hence +1,
for @ € R*, X restricts to a homomorphism (which we will also denote by
A) from R* to the hyperplane

T1+7r2

V={(z1,...,Tr4r,): z z; = 0},

Jj=1
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a real vector space of dimension r; + ro— 1. Now a bound on

(Ial(a”’ R |UT1+T2 (a)D

implies a bound on the absolute values of the elementary symmetric func-
tions of the ¢; (a), which are the coefficients of a monic polynomial equation
satisfied by a, and are ordinary integers. So the inverse image under X of
any given ball of R™+7+2 s finite, which shows that A(R*) is discrete and
the kernel of A is finite.

The kernel of A therefore consists of a € R for which a? = 1 for some
¢, in other words, of roots of unity. On the other hand, since A maps into
a torsion-free group, all roots of unity in F must lie in the kernel of A,
and the kernel coincides with the group of roots of unity in F, the torsion
subgroup of R*. If F = Z, then obviously R* is just {fl}, and coincides
with the kernel of A. If F is an imaginary quadratic field, then r, =1,
r1 =0, and V =0, so again R* = ker A. Furthermore, for general F, since
the image of X is a discrete subgroup of a real vector space of dimension
r1+ro— 1, A(R*) is free abelian of rank <r; + 7o — 1, and R* is finitely
generated.

It remains only to show that the rank of A(R*)is precisely ry + ro — 1.

obvious elements of R* other than the roots of unity, even if r{ +ro— 1

is large. Since A(RX) VvV o,
AR*) has rank equal to kheedunme

to showing that V/A(R*) is compact, or to showing that there is some

compact subset K of V whose translates under A(R*) cover V.

To show this, we first recall that by the proof of Theorem 1.4.18,
[ oy o of twgtdipivef R as a lattice
(discrete cocompact subgroup) in R™ x €. In particular, the volume (in
the sense of n-dimensional Lebesgue measure) of (R™ x C"2)/o(R) is some
finite positive constant, say Civ = (v1,..., vp4r) €V, let

e’ = (e”,...,e"1*t2) € R™M*™  R™ x C2.

Note also that since ) v; = 0, the product of the coordinates e¥sis .
Hence ev - o(R) (where - denotes coordinatewise multiplication) is again
a lattice in R™ x C" of covolume C;. So if Q is a closed cube or ball of
volume > (' centered at the origin in R™ x C"2, its image in the quotient by
e”-o(R) must have smaller volume, hence there had to be two points z; and
z2 in Q with the same image. In other words, z; —z2€e’-g(R), S0 that 2Q
(the cube or ball with dimensions twice as big) contains a point of e”-a(R).
Let Ki be the compact image of 2Q under the map R™ x C™2 — Rz
defined by taking the logarithm of the absolute value of each coordinate.
Then we have shown that for all points v€V, v + A(R~ {0}) meets KI.
This is almost, but not quite, what we want, since we are interested in
A(R*), not A(R~{0}) (whtls a semigroup but not a group). However,
if Cy denotes the maximum L!-norm of a point in K’, in other words, the
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maximum value of the sum of the coordinates, then any a € (R ~{0}) with
eV a(a) € 2Q must satisfy

|Nr/gla)| < 2.

However, as observed in the proof of Theorem 1.4.19, there are only finitely
many integral ideals in R of norm <e®2 (for any C»), and so up to units
there are only finitely many possibilities for a, say ai,...,ax. Thus we have
shown that for any v €V, there is a unit u€ R* such that v+ A(a;)+ A(w)
meets K’ for some j < k. Thus there is a compact set K independent of v
such that v + A(u) meets K for some w € R*, and this proves the theorem.
(Take K = U5_ (K"~ X(g;)).) O

It has been shown in [BassMilnorSerre] and in [Milnor, §16] that in fact
SK;(R) vanishes when R is the ring of algebraic integers in a number field,
so that Theorem 2.3.8 gives the complete calculation of K;(R) in this case.
However, this is not an easy theorem and there doesnit seem to be an ele-
mentary proof. With less effort, one can prove somewhat less, for instance,
that SK; (R) is finite. There are quite a number of proofs available, though
all seem to require some additional tools. One method is to first show that
SL(2,R) is finitely generated, for instance, by constructing an explicit fun-
damental domain for SL(2, R) as a discrete subgroup of a product G of
1 copies of SL(2, R) and of r2 copies of SL(2, C). It then follows from
Theorem 2.3.6 and Corollary 2.3.7 that SK;(R) is finite.

An alternative argument in [Kazhdan] uses representation theory. One
can show that for each n, SL(n, R) is a discrete subgroup of a product
G(n) of r; copies of SL(n,R) ando £, copies of SL(n,C), and that the
quotient G(n)/SL(n,R) has finite invariant measure. On the other hand,
Kazhdan shows that for n > 3, the locally compact group G(n) has prop-
erty T, i.e., its trivial one-dimensional representation is an isolated point
in the space of all irreducible unitary representations of the group. Kazh-
dan also observes that property T inherits to discrete subgroups of cofinite
volume and to quotients thereof. Therefore the abelianization SL(n,R)ap
has property T. However, for a locally compact abelian group A, the ir-
reducible unitary representations are just the continuous homomorphisms
into T, the circle group, so property T means that A = Hom(A, T) is dis-
crete. For A discrete, A is compact, so the only way it can also be discrete
is if it is finite. So SL(n, R)ap, is finite for n > 3. In particular, SK;(R),
which we have seen is a quotient of SL(3, R)ab, is finite.

2.3.9. Exercise (Finite generation of E(n) and SL(n)).

(1) Show using Lemma 2.1.2(a) that if a ring R is finitely generated as
a Z-module, then E(n,R) is finitely generated as a group. Deduce
from Theorem 2.3.2 and Corollary 2.3.3 that SL(n,Z),SL(n,Z][i]),
and SL(n, Z[=1£Y3)) are finitely generated groups for all n. (This
is not so easy to show directly.)

(2) Show using Lemma 2.1.2(c) that for any ring R, E(n, R) is its
own commutator subgroup (i.e., is a perfect group) for n > 3.
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Also use Lemma 2.1.2(c) to strengthen the result of (1): if a ring
R is finitely generated as a Z-algebra, then E(n,R) is finitely
generated as a group for n > 3.

(3) Show that SL(2, Z) = E(2, Z) is not, its own commutator sub-
group, by exhibiting a homomorphism onto an abelian group. Hint:
what is SL(2, Z/(2))?

2.3.10. Exercise (Stabilization of GL(n)/E(n) for Dedekind
domains).

(1) Let R be any ring. Show using the proof of Proposition 2.1.4
that [GL(2, R), GL(2, R)]C E(4, R) (when GL(2) is embedded
in GL(4) as usual).

(2) Again let R be any ring. Show that the image of GL(2, R) in
GL(n, R) normalizes E(n,R) if n > 3. Hint: first note that the
image of GL(2, R) normalizes the subgroup E; generated by the
e;;(a) with <2 and j> 3, the subgroup E; generated by the
e;j(a) with j< 2 and i> 3, and the subgroup E3 generated by
the e;;(a) with ¢, > 3. Then use Lemma 2.1.2(c) to show Ej, Es,
and Ej generate all of E(n, R).

(3) Now let R be a Dedekind domain. By the proof of Theorem 2.3.5,
if n > 3, GL(n, R) is generated by E(n, R) and by the image
of GL(2, R). Deduce from this fact and from (1) and (2) above
that for any n > 3, E(n, R) is normal in GL(n, R), and that for
any n >4, GL(n, R)/E(n, R) is the abelianization of GL(n, R).
(In fact there are cases where E(2, R) is not normal in GL(2, R).
With somewhat more work, one can show that GL(n, R)/E(n, R)
is already abelian for n = 3.)

(4) Deduce from (3) and from part (2) of Exercise 2.3.9 the following
theorem about finite generation of SL(rn, R): if R is a Dedekind do-
main which is finitely generated as a Z-algebra, and if SL(2, R)ap is
finitely generated, then SL(n,R) is finitely generated as a group
for all n > 4. (As remarked in (3), this can be strengthened to
n>3)

2.3.11. Exercise (Non-triviality of Mennicke symbols). The fol-
lowing famous example from [BassMilnorSerre] shows there are Dedekind
domains with non-trivial Mennicke symbols. Let R = R[z,y]/(2% + 4% —1),
the ring of polynomial functions on the circle. This is a Noetherian integral
domain with field of fractions F = R(z,y)/(z? + y% - 1).

(1) Show that R is a Dedekind domain. (This part of the exercise
also appeared in Exercise 1.4.23. There are several possible argu-
ments, such as checking the original definition or showing that R
is integrally closed in F and applying Theorem 1.4.17.)

(2) Observe that (_xy Z) € SL(2, R) and that for any n > 2, the
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associated function S*— SL(n,R), defined via the formula

Ty 0
(y—=|-y =z 0 |,
0 0 1,-9

represents a non-trivial element of 71 (SL(n,R)) = m1(SO(n)) (see
Example 1.6.13 for the calculation of this fundamental group).

(3) Argue on the other hand that if g(z,y) € E(n, R), then the
matrix-valued function (z,y)~ g(z,y) € SL(n,R) must rep-
resent 0 in m;(SL(n,R)). Hint: itis enough to check this for el-
ementary matrices, for which thereis an obvious homotopy to a
trivial loop.

(4) Deduce that thereis a homomorphism SKl(R)—eI’{\éo(.SQ) =
Z/(2) sending [x y] to the non-zero element of Z/(2).

(5) Show that in fact [x y] is an element of order 2 in SK;(R) by using
Theorem 2.3.6 to show [z y]” = 1.

4. Whitehead groups and Whitehead torsion

For applications of Kj to topology, just as in the case of the Wall ob-
struction, the rings of interest are integral group rings ZG, where G is a
group which in the applications is the fundamental group of some topolog-
ical space. Note that K;(ZG) always contains certain 10bviousT elements,
namely the images of the units g, g € G. We therefore focus attention on
the inon-obvioust part of K; (ZG).

2.4.1. Definition. If G is a group, its Whitehead group Wh(G) is the
quotient of K (ZG) by the image of {fg: g € G} C(ZG)*.

Thus if G is the trivial group, Wh(G) = K (Z)/{£1} is trivial by Corol-
lary 2.3.3. The rings ZG are in general quite complicated from the ring-
theoretic point of view; for instance, in what would appear to be the sim-
plest non-trivial case, if G is the cyclic group of two elements with generator
t, the map a-+bt — (a+b, a-b) embeds ZG into the Cartesian product ZxZ
aswhat we called in Definition 1.5.1 the double D(Z, (2)) of Z along the
ideal (2). The units £1,+¢ of ZG correspond in D(Z, (2)) to (1, 1) and
to £(1,—1), which are all the units of Z x Z, so Wh(G) = SK; (D(Z, (2))).
One can show that this vanishes (see Theorem 2.4.3 below), but to do this
from scratch is a bit involved, and this only handles the case of the simplest
non-trivial group! Thus the computation of Whitehead groups is usually
not easy. Nevertheless, the Whitehead groups of finite groups are now
thoroughly understood, and we refer the reader to [Oliver] for a complete
treatment. Here we content ourselves with a few elementary results.

Since it may not be apparent from Definition 2.4.1 that Whitehead
groups are ever non-zero, we begin with an example.
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2.4.2. Example. Let G be a cyclic group of order 5, with generator t.
We shall exhibit an element of infinite order in Wh(G). Leta = 1—-t—¢"!
and note that

QA—=t—tH) A=) =1—t—t 23341 442
=1,

so that a € (ZG) *. Under the homomorphism « : ZG — C defined by
sending t—e?™/5 {fg : g€ G} maps into the roots of unity and in
particular into the complex numbers T of absolute value 1. So b — |a(b)]
defines a homomorphism from Wh(G) to RZ. Since

) X 2
la(a) | = |1 — e2™/% — ¢=27i/5| = |1 — 2 cos ?’r |~ 0.4,

we deduce that a gives an element of infinite order in Wh(G).

The example may be generalized. Suppose G is any group and we are
given a homomorphism a : G — U(n), the unitary n x n matrices over
C. This group homomorphism clearly extends to a ring homomorphism
a:ZG — M, (C), and thus induces a homomorphism

a,,:Kl(ZG)—e Kl(Mn(C)) = Kl(C) = Cx.

(Here we have used Morita invariance, Exercise 2.1.8.) But a{£+G)CU(n),
which maps to T in K3(C) under the determinant. Hence the absolute value
of the determinant gives a homomorphism a, : Wh(G) — R which can be
used to detect elements of infinite order in the Whitehead group. Detecting
elements of finite order in Wh(G) is trickier and requires more sophisticated
methods. Nevertheless, the technique of Example 2.4.2 in fact detects all of
Wh(G) for many groups of practical interest, for instance for cyclic groups,
though we arenit prepared to prove this at the moment. To give an idea of
what can be done by brute force, we show that the Whitehead group of a
cyclic group of order two is trivial. (More powerful methods of computation
use the exact sequences of the next section and Chapter 4.)

2.4.3. Theorem. The Whitehead group of a cyclic group of order two is
trivial.

Proof. We have seen above that this is equivalent to proving that
SK; (D(Z, (2))) vanishes. Suppose (A, B) € SL(n,D(Z, (2))). This
means A, B€SL(n,Z) and A —B= 0 mod 2. By Theorem 2.3.2,
A € E(n,Z). Thus clearly (A, A) € E (n,D(Z, (2))). Multiplying (A, B)
by (A, A)~1, 1., the n x n identity ma
trix. So suppose A=1, and B= 1, mod 2. If we could row-reduce
B = (b;;) to the identity matrix by elementary operations involving adding
even multiples of one row to another row, then it would be clear that
(1, B) € E(n, D(Z, (2))).
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So we try to apply the division algorithm as in the proof of Theorem
2.3.2. Let (b21,-..,bp1)=(b1). Then b, is even and by; is odd. We show
that we can reduce B by elementary operations of the allowable sort so

*
that by = +1,b; = 0, ie., B = (%1 &
procedure with Bi, and so on. Eventually we come down to the case where
B is upper-triangular with flis on the diagonal and even entries above.
More allowable elementary operations now reduce B to a diagonal matrix
with flis on the diagonal, and since det B = 1, the number of -1is is
even. To finish the argument, we only have to see what to do with the case

-10
n=2 B= 0 -1
B is a direct sum of blocks of this type and of some identity matrix). In

fact the matrix (

,). Then we repeat the same

(since after renumbering of the rows and columns

0 ) is not contained in the subgroup of SL(2,Z)

0 -1
generated by ((1) ?)and by(é(l) ); however,

((3 (1)) <—01 —01))=(1» e -1~

is elementary as a matrix over D(Z, (2)) by Corollary 2.1.3. So this com-
pletes the argument except for the step about reducing b;; to 1 and b,
to 0.

For this we note that if [b11| = 1, we can subtract even multiples of
the first row of B from the other rows and thereby reduce |b;| to 0. If
Iby] = 0, then since (b11)+ (b1) = Z, we must have |by;|= 1. If |b11}> 1
and |b1] > 0, there are two cases, depending on which of these is larger. If
|b11] < |b1], then by the division algorithm we can write b; = gby; + r with
0 <|r| < |b11|(r canit be O since by; and b, are relatively prime). If q is
even, then we may reduce the size of |b;| by adding even multiples of the
first row to the other rows. If ¢ is odd, then r is odd and we write instead
b1 = (g £1)b11 + (r F b11). With the correct choice of the sign, we have
0 <|r Fb11| <|b11], but ¢ =1 is even so we can argue as before.

In the other case,|bi1| > |b1]- Again we apply the division algorithm
and obtain by = gby +r with 0 < |r| < |b1] and r odd. If ¢ is even,
this means we can subtract even multiples of other rows from the first row
to reduce the absolute value of b;;. If ¢ is odd, we use the same trick as
before and write by; = (¢ £1)b; + (r ¥ b;) with the sign chosen so that
0 <|r Fb1|<b1]- Again we can subtract even multiples of other rows
from the first row to reduce the absolute value of b;;. After repeating the
algorithm finitely many times, we eventually come down to the case where
lbu| = 1. O

The reader will presumably agree after seeing this proof that computing
Whitehead groups from scratch is not very practical. But at least we know
now that Wh(G) is trivial for some finite groups and infinite for others.
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In the rest of this section, we will give a brief exposition of the concept
of Whitehead torsion, which provides the motivation for introducing the
Whitehead groups. Whitehead torsion gives an algebraic obstruction for
homotopy equivalences between certain topological spaces to be isimple,”
or of the 1obviousT sort. Since for present purposes a homeomorphism is
to be viewed as an 10bviousT sort of homotopy equivalence, Whitehead
torsion can be used to distinguish homotopy-equivalent spaces which are
not homeomorphic.

The most famous application of Whitehead torsion is the “s-cobordism
theorem,T which is the main tool in classifying manifolds in dimension > 5.
So that the reader can appreciate the importance of the Whitehead groups
for topological problems, we will give the statement here. However, we
shall not discuss the proof as it will take us too far afield. For details, see
[MilnorHCT] for the simply connected case and [RourkeSanderson, Ch. 6]
and [Kervairel] for the general case.

2.4.4. Theorem (“s-cobordism theoremT-Barden, Mazur,
Stallings). Let M™ be a connected compact n-manifold of dimension >5
with fundamental group m, and consider the family 3 of all “h-cobordisms”
built on M. These are connected compact manifolds W=+! with exactly
two boundary components, one of which is M™ and the other of which is
some other manifold M'™, such that W has deformation retractions onto
both M and Mi. There is a map 7:3 — Wh(x), called the 1Whitehead
torsion,T and 7 induces a natural one-to-one correspondence from F/~ to
Wh(~), where ~ is the equivalence relation induced by homeomorphisms
W — W' which are the identity on M. If W is the TtrivialT h-cobordism
W =M x [0, 1], then r(W) = 1.

2.4.5. Corollary. If M™ is a connected compact n-manifold of dimension
> 5 with fundamental group 7, and if Wh(r) = 1 (for instance, if M is
simply connected or if = is of order 2), then every h-cobordism built on M
is homeomorphic (rel M) to a product M x [0,1]. In particular, the other
boundary component M’ is homeomorphic to M.

Remarks. We have been deliberately vague about what category of man-
ifolds we are dealing with here. In fact, the theorem is valid in all three
of the major categories of manifolds: topological manifolds and continuous
maps, PL manifolds and PL maps, and smooth manifolds and C° maps.
In the last of these, “homeomorphism” in the theorem is to be interpreted
as 1diffeomorphism.”

One of the main applications of the Corollary, as noticed by Smale, is
the proof of the Poincaré conjecture: that in dimension n > 6 (this can
be reduced to 5 with a little more work), any manifold ¥* homotopy-
equivalent to S™ is (topologically) homeomorphic to ST. Furthermore,
the set of diffeomorphism classes of smooth homotopy spheres ™ is in
one-to-one correspondence with the group Diffq(S™~!) of isotopy classes
of diffeomorphims of S*~1. To prove this, cut out two small disks from
", viewed as the 1polar capsT of the homotopy sphere. What remains
is a manifold W™ with the homotopy type of a cylinder and with two



4. Whitehead groups and Whitehead torsion 87

boundary components each homeomorphic to "~ 1. Since n —1 > 5 and
8§71 is simply connected, the hypotheses of the Corollary are satisfied and
there is a homeomorphism (or diffeomorphism, if X is a smooth manifold)
from W to $™~1x [0, 1] which is the identity on the boundary component
corresponding to the south polar cap. Hence we can glue the south polar
cap back in and deduce that X™®= B™ Uy B™, a union of two balls glued by a
homeomorphism (if weire in the topological category) or diffeomorphism (if
weire in the smooth category) f from $*~1to itself. In addition, itis clear
that any such f defines a homotopy sphere B™ Uy B™. The equivalence class
of this homotopy sphere only depends on the isotopy class of f, since an
isotopy of fis gives an h-cobordism of the corresponding homotopy spheres
and we can apply the Corollary again. Conversely, if there is an orientation-
preserving diffeomorphism from B™Us B™ to the standard sphere, it is
not hard to see that there must be an isotopy from f to the identity.
This explains why the smooth homotopy spheres are parameterized by
Diffy(S™~1). In the topological category, since B" is the cone on §771,
any self-homeomorphism f of S~ ! extends to a self-nomeomorphism F of
B™ by the simple formula

F(rz)=rf(z), re€[0,1],2 € S" 1.

(This is the TAlexander trick.1) This yields a homeomorphism from B™ Uy
B" to 8™, proving the Poincaré conjecture.

The most elementary context in which to discuss isimplicityT of ho-
motopy equivalences is that of a finite relative CW-complex (X, A). In
other words, we assume A is a (Hausdorff) topological space and that X
is obtained from A by attaching finitely many cells, so that k-cells are al-
ways attached before (k + 1)-cells and the inclusion A — X is a homotopy
equivalence. We assume as well that A and X are both path-connected
and locally simply connected, with the same fundamental group = (com-
puted with respect to some basepoint zgin A). Let X and A be the
universal covers of X and A, which carry free actions of = by covering
transformations, and let R = Zx be the group ring of «. In this situ-
ation, the relative homology groups H,(X,A; Zn)= H,(X, A;Z) must
vanish. However, these may be computed from the cellular chain complex
Co(X, A; Zm) = Co(X, A; Z), which is the direct sum of one free rank-one
R-module in degree k for each k-cell added in obtaining X from A. The
hypothesis that A — X is a homotopy equivalence means (by the White-
head and Hurewicz theorems) exactly that this chain complex of finite type
is acyclic. The Whitehead torsion of the homotopy equivalence will be an
invariant of the chain complex Co(X, A; Zr) defined using one extra piece
of structure-a choice of basis elements for the free modules Ci (X, A; R).
Since the k-chain module contains one free rank-one R-module for each
geometric k-cell, there is a choice of a basis which is canonical up to an
element of {+g:g €} for each cell. Namely, we choose a basis element
for the free cyclic submodule corresponding to each cell in X < A, and it
only depends on a choice of orientation for this cell (hence the % sign) and
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on a choice of a lift of this cell to a cell in X~ A (hence the element of
the covering group). If there are only cells in two consecutive dimensions,
k — 1 and k, then once we have fixed our basis elements, the differential
di : Cx(X, A; R) — Cx-1(X, A; R) must be given by an invertible n xn
matrix over R, where n is the number of k-cells or (k — 1)-cells. (The num-
ber of cells must be the same in both dimensions since Ho(X, A; Q) must
vanish, hence dim Cy_1(X, A; Q) = dim Cx(X, A; Q).)

2.4.6. Definition. The Whitehead torsion 7(X, A) of the homotopy
equivalence A — X is the image in Wh(r) of the matrix of di in GL(n, R)
if k is even, or the inverse thereof if k is odd. Note that while the matrix
of dy is not well defined as it depends on the choice of basis, the torsion is
well defined since we have divided out by all possible ambiguities.

Now consider the general case where Co(X, A; R) is allowed to be any
acyclic chain complex of finite type of free R-modules, starting in degree 0,
with bases chosen for each chain module. By the argument in the proof of
Theorem 1.7.12, one may increase the ranks of the chain modules (adding
icancelling pairsT of cells in consecutive dimensions) so that By = Zx =qef
ker dy, is free for each k. Then di, defines an isomorphism Cy /By — Bj_1.
We choose bases for the non-zero By's, taking the basis for By = Cjy to be
the basis we already have for Co, and idempotents py:Cix — Bg. Then
Pk @D di, : Cr, — By, & By_1 is given by an invertible matrix with entries in
R, and we let [di] be its class in Wh(m). (We can suppress the p because if
), is another projection from Cj onto Bg, then pix — pj, vanishes on By and
hence factors through di. But the matrix of (pi + s 0 di) @ di differs from
that of p @ di by an elementary matrix, so their classes in Kj (R) are the
same.) The Whitehead torsion 7(X, A) of the homotopy equivalence
A — X is then defined to be the alternating product (since weire writing
Whitehead groups multiplicatively) ], [di] V"

This is independent of the choice of bases for the Bg’s, since if we change
the choice of basis for By by an invertible matrix P, this multiplies the ma-
trix for dx41 by P and the matrix for di by P!, so that we get cancellation
in the alternating product. Notice also that this agrees with our previous
definition when C, =0 for p #Kk, k — 1, since By = 0 and By_1 = Ci_1,
so that we can use the same basis for By_; as for Cx_;. Note finally that
the fact that we had to stabilize to make all the By’s free, by adding on
icancelling pairsT of cells in consecutive dimensions, does not matter, since
this kind of geometric stabilization corresponds to passage to the limit from
GL(n, R) to GL(R) in the definition of Kj;.

There is a geometric definition that corresponds to the algebraic condi-
tion of vanishing torsion.

2.4.7. Definition. The homotopy equivalence A — X is called elemen-
tary, or given by an elementary collapse, written X \. A, if X is ob-
tained from A by attaching two cancelling cells in adjacent dimensions; in
other words, if for some k, X = (AU B*¥~1)U,B*. Here f:S*2— Alis the
attaching map for the (k — 1)-cell and we suppose g : S*~1—(Au; B*~1)
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maps one hemisphere identically onto the (k— 1)-cell and the other hemi-
sphere of S¥~into A. This is illustrated in the following picture.

2.4.8. Figure: An elementary collapse

Note that if f collapses $*~2 to a point a, this just means that X = Av,B*
and one can obviously collapse B* to the attaching point a. In the general
case, f extends to a map f: B*~1— Aand X has a deformation retraction
down to A collapsing the k-cell down to f(B¥-1), as one can see in Figure
2.4.8.

More generally, we say X collapses to A or A expands to X and
write X \(Aor A 7 X if

X\eXl \eX2\e"'\‘eAa

and say the homotopy equivalence A — X is simple if it is in the equiva-
lence relation generated by \,i.e., if X / X1\, X2 /..., A (with all
the collapses and expansions fixing A pointwise).

2.4.9. Theorem (Geometric characterization of Whitehead tor-
sion). In the above context of a finite CW-pair (X, A) with A and X
Hausdorff, path-connected, and locally simply connected, and where the
inclusion A — X is a homotopy equivalence, the inclusion is simple if and
only if 7(X, A) = 1 in Wh(x). In particular, if Wh(r) = 1, for instance if
X and A are simply connected or = is of order 2, then every such homotopy
equivalence A — Xis simple.

Furthermore, for fixed A and a fixed element a € Wh(r), there exists
a finite CW-pair (X, A) such that the inclusion A — X is a homotopy
equivalence with 7(X, A) = a.

Proof (Sketch). If X \\e A, then 7(X, A) = 1 since the boundary map
in the cellular chain complex just corresponds to the 1 x 1 matrix (1), as
one can see from Figure 2.4.8. Next observe that if

A=Xgo X1 Xo— - X, =X
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and all the inclusions are of finite CW-pairs and are homotopy equivalences,
then
(X, A) = 7(X, Xn-1)---7(X1, A).

This follows from the fact that
C.(X, A, R) = Co(Xa Xn—l; R) B--- @Co(Xl, A; R)

and the matrix defining [d] for (X, A) differs from the direct sum of those
defining the [dx] for the successive pairs (X, X;_1) by an elementary ma-
trix. It follows that the torsion vanishes if X X\, A. The same principle
also shows the torsion vanishes if A — X is simple, for if for instance
X1\ X2 Aand X3\, X222 A, then 7(X;, A) = (X1, X)7(X, A) =
7(X1, X2)1(X2, A), 50 7(X, A) = 7(X2, A). The general case follows from
the same argument by iteration.

The existence part of the theorem is a direct construction. Given a €
Wh(r), realize it by a matrix B € GL(n, R). Then let

X;=AvS?v...v§?
R e

n times

and construct X from X; by attaching n 3-cells so that in the universal
cover the cellular boundary map is given by

B:C3(X,A; R)2R" > R"=(Cy(X, A; R).

This is possible since m3(X1, A) is a free R-module on n generators. Then
(X, A) obviously has the right torsion.

For the last part of the theorem, one needs to note first that if X’ differs
from X by a homotopy of the attaching maps for the cells rel A, then X can
be converted to Xi by a sequence of expansions and collapses (rel A). For
this itfs enough to consider the case of X = AUy, B¥and Xi = AUy, B,
where

f:81x[0,1—- A

is a homotopy of attaching maps. Merely define W = A Uy (B* x [0, 1]),
which is defined by attaching B* x [0, 1]to A along S*~1x [0, 1]. Then
(W, A) is a finite CW-pair: one can first attach two k-cells to A via fo and
fi,then glue in a (k + 1)-cell B**! = B x [0, 1] via f on S*¥~1x [0, 1] and
via the identity maps to the two k-cells along B* x {0, 1). But W \,¢ X
and W\, Xi since one can icancelT the (k + 1)-cell with either of the two
k-cells.

The hardest part of the theorem is to show that if 7(X, A) = 1, then
A — X is simple. For this the idea is to proceed in two steps: first to
modify X (rel A) by means of elementary expansions and collapses (which
as we have seen do not affect the torsion) so that all the cells added to A
to form X are in two consecutive dimensions k and k — 1, then to show
that each elementary matrix operation applied to

di 1 Ce(X, A; R) ®R" > R Cr_1(X, A; R)
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has a geometric analogue. Here we only deal with the last part; see [Rourke-
Sanderson] or [Cohen] for the full argument. Suppose X; is obtained from
A by attaching n (k — 1)-cells, and X is obtained from Xi by attaching n
k-cells via an elementary matrix e;;(a). Using the observation about ho-
motopies of attaching maps, one can change X by expansions and collapses
so that for m # j, the m-th k-cell is glued onto the m-th (& — 1)-cell as in
Figure 2.4.8, and the pair of cells collapses down to A. The j-th k-cell is
glued onto both the j-th (k — 1)-cell and the i-th (k— 1)-cell. But now since
the i-th (k— 1)-cell can be collapsed down to A (along with the i-th k-cell
glued onto it), the attaching map for the j-th k-cell can be homotoped
through A to TunhookT this cell from the i-th (k— 1)-cell. So after further
expansions and collapses, we can assume each k-cell is glued onto exactly
one (k— 1)-cell as in Figure 2.4.8, and the cells can be collapsed in pairs
down to A. ClI

The concept of Whitehead torsion can be carried over from inclusions
A — X to general homotopy equivalences f from one finite (connected)
CW-complex X; to another, X,. To do this, if f is cellular, form the
mapping cylinder X = Cy = Xi x [0, 1]Us X5 (here we use f to attach X; x
{1} to X3). Since we assumed f is cellular, this is a finite CW-complex, and
since f was assumed a homotopy equivalence, it has deformation retractions
down to the subcomplexes A = X;x{0} and X;. We define 7(f) =
7(X, A). Note that if f is actually an inclusion of a finite CW-subcomplex,
then the pair (X, A) is an expansion of the pair (Xs, X1) and so 7(f) agrees
with our existing definition of 7(X3, X;). Furthermore, if two homotopy
equivalences fo and fi: X1 — X, are homotopic to one another, then Cy,
is obtained from Cjy, by a homotopy of attaching maps, and hence by the
proof of Theorem 2.4.9, their torsions are the same.

This makes it possible to define 7(f) for a homotopy equivalence f which
isnit cellular. We homotope f to a cellular map fo (this is possible by the
icellular approximation theoremT) and define 7(f)=7(fo). The result is
well defined since if we homotope f to a different cellular map f, , then fo~
fiand so 7(f1) = 7(fo). It also turns out that if f is a homeomorphism,
then 7(f) = 1, but this is a hard theorem [Chapman] unless f is cellular,
in which case itfs a triviality. (If f is a cellular homeomorphism, then C;
is cellularly isomorphic to X; x [0, 1], which clearly collapses to X;.)

For further discussions of the various guises and applications of White-
head torsion, see [MilnorWT] and [Weinberger, Ch. 1].

2.4.10. Exercise. Extend the proof of Theorem 2.4.3 to show that the
Whitehead group of any elementary abelian 2-group (product of finitely
many cyclic groups of order 2) is trivial.

2.4.11. Exercise (Behavior of Whitehead torsion under prod-
ucts). This exercise is in some sense the K;-parallel of Exercise 1.7.18.

(a) Suppose (C?,d') and (C},d') are complexes of finite type of based
free R-modules and S-modules, respectively, with C acyclic (so
that 7(C?) is defined). Show that the total complex of the double



92 2. Kjof Rings

complex C1 ®z CZ of free R ®z S-modules,

C;i= @ C},eCi,

k=—00
d; = d* @id + (-1)?id®d® on C,®zC}
is also based and acyclic.
(b) Suppose that in the situation of (a), S = Z. Show that

7(C) = 7(CHx(C?),

where x(C?) e Ko(Z) = Z.

(c) Suppose A — X is a homotopy equivalence satisfying the hypothe-
ses of Theorem 2.4.9, so that its torsion is defined, and let Z be a
finite connected and simply connected CW-complex. Show using
(b) that Ax Z— X x Z is also a homotopy equivalence satisfying
the hypotheses of Theorem 2.4.9, and that (X x Z,Ax Z) =
(X, A)x(Z). Thus if Z = 83, deduce that A x Z— X x Z is
always simple.

(d) Show also that in the situation of (a), if x(C?) =0, then 7(C)=0
regardless of what S is. Deduce that if Z =8, then AXxZ — XxZ
is always simple.

5. Relative K; and the exact sequence

As with Ky, we want to be able to relate K; of a quotient ring R/1 to
K1 (R) and to some invariants of the ideal I (and the way it is embedded
in R). In this section, we will define the relative group Kj (R, I) and show
that the three-term exact sequence of Section 1.5 extends to a six-term
exact sequence relating Ko and K,. This will provide us with some more
computational tools for computing K-groups.

2.5.1. Definition. Let R be a ring (with unit) and let | be a two-sided
ideal in R. We define D(R, 1) as in 1.5.1 and define the relative K;-group
of the ring R and the ideal I to be

K1(R, 1) = ker ((p1)+: K1(D(R, I)) - K:\(R)) .

Note that this is the exact parallel of Definition 1.5.3. Since itiS conve-
nient to have another definition closer in spirit to Definition 2.1.5, we now
prove a relative version of Whiteheadis Lemma and rework the definition
of K1 (R, I) into a more usable form.

2.5.2. Definition. Let R be a ring (with unit) and let I be a two-sided
ideal in R. We define GL(R, 1) to be the kernel of the map GL(R) —
GL(R/I)induced by the quotient map R — R/I. We define E(R, 1) to be
the smallest normal subgroup of E(R) containing the elementary matrices
eij(a),a € I. Note that since each such elementary matrix is congruent to
the identity matrix modulo I, E(R, 1) CGL(R, I).
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2.5.3. Theorem (Relative Whitehead Lemma). Let R be a ring
(with unit) and let | be a two-sided ideal in R. Then E(R, ) is normal in
GL(R,1) and in GL(R),

GL(R,I)/E(R, I) 2 K:(R, 1),

and GL(R,I)/E(R, l) is the center of GL(R)/E(R, 1). Furthermore,
E(R,)) = [E(R), E(R, I)] = [GL(R), E(R, I)].

Proof. The first assertion follows from the fact that if A € GL(n,R)
and B€ E(n, R, 1), then

()2 2) (B9 (52

Since is elementary by Corollary 2.1.3 and by its definition

A 0
0 A1
E(R, 1) is normal in E(R), the right-hand side lies in E(R, I).

Next suppose (Ai, 42) € GL(D(R, 1)) € GL(R x R) and maps to
the identity element of K; (R) under (p1).. This means of course that
A€ E(R) But then (Al,Al)EE(D(R, |)), since if A, = Hk eikjk(ak),

(Al, Al) = T e (ar, ax).
k
Multiplying (41, A2) by (A1, A1)~ changes it to the form (1, B) with B €
GL(R) but without changing its class in K;. Since (1, B) e GL(D(R, 1)),
B=1mod I and B € GL(R, I). Conversely, every B € GL(R, |) defines
a class in GL(D(R, 1)). So to show GL(R,I)/E(R, 1) =2 Ki(R, I), we
need only check that if B € GL(R, ), then (1, B) € E(D(R, I)) if and
only if B € E(R, I). For one direction, note that E(R, |) is generated by
matrices of the form Se;;(a)S~! with a €I and S € E(R). But

(1, Se,-j(a)S_l) = (S, S)e,-,-(O, a)(S‘l, S_l)

and all three factors on the right lie in E(D(R, ). For the other direction,
suppose

(1, B) = Heikjk (ak, bx) € E(D(R, I)), Hei"j’“ (ax) =1€ E(R).
k=1 k

Note that for each K,
Cirjx (a, be) = €ikin (ax, ak)eikjk (0, by ~ ax) = (Sk» Sk)(1, Ty),
where

Sk=e,-kjk(ak)€E(R), Tk=eikjk(bk—ak), bk —ap€l.
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Then we have

IT eiie (ars B) = [T (S, SkTi)
k k

= (S1, S1T1S71)(S2, S152T2S5 ST 1)
. (ST, 5’152 PN STTT)
=(1, (S1TyS71)(818:T2 851 ST1)
- (518, STTTST—I .. 52—151—1)),

since $1S:... S, = 1, and weive written our element B as a product of
generators of E(R, I).

Since E(R, 1) is normal in GL(R,I) and in GL(R), [E(R), E(R,I)]|C
[GL(R), E(R, I)] € E(R, I). Equality holds since E(R,I) is generated by
matrices of the form Se;j(a)S~! with a €I and S € E(R), and

Sei;(a)S™" = [S, eij(a)leij(a) = [S, eij(a)][en(1), ex;(a)]
€[E(R), E(R, I)], k#1,j.

It remains only to show that GL(R,I)/E(R, 1) is the center of GL(R)/

E(R, 1). Note first that if A € GL(R, I),

(61 A(ll):(é A1_1) .
{(i D6 )G }(—(A1~1> )

- —A-l(A—
and since A —1 has its entries in I, (1 4 1), <1 A4 1)>,

0 1 0 1
and (—(Al— ) (1)) lie in E(R, 1), hence this calculation shows that
(Q Aql) lies in E(R, I). So if B € GL(R),

ABA-'B~!' 0 0 A 0 0 B o o0
0 1 0]=fl0 AT 0o}),[{0 1 0O
(G ) (60 )
€ [E(R, I), E(R) = E(R, I).

So GL(R, 1) and GL(R) commute modulo E(R, I). On the other hand, the
center of GL(R)/E(R, 1) must map (under the homomorphism induced by
the quotient map R — R/I) to the center of GL(R/I), which is trivial. (A
central matrix must be diagonal with equal diagonal entries, but since for
a matrix in GL all but finitely many of the diagonal entries are 1, GL(S)
has trivial center for any S, in particular for S = R/l.) Hence the center of
GL(R)/E(R, I) is contained in the kernel of the map to GL(R/I), which
is GL(R, I)/E(R, 1). O

Weire now ready for the main theorem of this section, which is an ex-
tension to the left of the exact sequence of Theorem 1.5.5.
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2.5.4. Theorem. Let R be a ring and 1 € R an ideal. Then there is a
natural exact sequence

Ky(R, 1) = K1(R) 5 K1 (R/1) 2 Ko(R, 1) — Ko(R) = Ko(R/I),

where ¢, is induced by the quotient map q : R —» R/l and the maps
K; (R, I) = K; (R) are induced by p2: D(R, 1) = R.

Proof. For simplicity of notation in the proof, if A is an element of R or
a matrix with entries in R, we will often denote q(A), the corresponding
matrix over R/l, by A.

We begin by proving exactness of

Ki(R, 1) — K:i(R) = Ki(R/I).
We have seen that any class in Kj (R, 1) is represented by
(1, B) e GL(D(R, 1)) CGL(R x R)

with B€ GL(R, 1), so B=1 and ¢.[B] = 1. Conversely, if Be GL(R)
and ¢.([B]) = 1, then B € E(R/I). Now if a€ R/I, it comes from some
a € Rand e;;(a) = g(esj(a)). So each generator of E(R/I) lies in the
image of E(R) and hence E(R/I)=q(E(R)) (this argument was used
in Lemma 1.5.4). So B lifts to a matrix C € E(R), and ¢(BC~1!)=1.
Then (1, BC~1)e GL(D(R, 1)) and [B] = [BC~!]in K;(R) comes from
(1, BC7Y)] € Ky(R, I).

Next we have to define the boundary map K; (R/l) —aeKO(R, 1) and
prove exactness at K;(R/I) and at Ko(R, 1). Theorem 1.5.5 will then
complete the proof. The definition of the boundary map is based on what
in topology is called a iclutchingT construction. Given A € GL(n, R/l)
(the image of some matrix A € M,(R), not necessarily invertible), we use
Ato iclutchT together two free modules to get a projective module over
D(R, 1). In other words, let

R"x;R"={(z,y) € R x R":y=12A}.

(We are thinking of z and y as 1 x n matrices.) Make this into a module
over D(R, 1) by letting

(r1, 72) - (2, y) = (N1, T2y).
This makes sense since 7, = 79, hence
q(ray) = 7oy = 11(24) = g(riz)A.
Note that if A= q(A) with A€ GL(n, R), then

(z, y) = (zA,y) € R" x; R" = D(R, I)"
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sets up an isomorphism from R™ x 4 R™ to a free module of rank n. In
particular, since we have seen that E(R/I)=q(E(R)), R"x 4 R is free
of rank n if A is elementary. For a general AeGL(n R/l), we can
always choose B € GL(n, R/1) such that A®B is elementary (for instance,
B = (A) "' works by Lemma 1.5.4 or Corollary 2.1.3), and then

(RT x4 R & (RT xpz RT) 2R*™x .. R* > D(R,I)**

so that R™ x 4 R™ is a direct summand in a free module, i.e., a projective
module. Thus it makes sense to define

9[A] = [RT x4 RT] —[D(R,I)"| € Ko(D(R, 1)).

We will show that 8 is in fact a homomorphism K (R/l) — Ko(R, 1).
It maps into Ko(R, 1) = ker(p; ). since

(p1)«(B[A]) = (p1)«([R™ x 4 R"]) — (p1)([D(R, I)™)) = [RT] — [RT] = 0.

It is additive on direct sums of matrices since

(RT x4 RT) & (RT x5 RT) 2R x ;. R
and it sends classes of elementary matrices to 0 since if A is elementary,
dlA] = [RT x 4 RT] —[D(R, )i] =[D(R, I)"] -[D(R, i1 = 0.

More generally, it is well defined on classes in Kj since if A = BC with
B € E(R), then
((E, y) — (wBa y) ER" XC’ R®

sets up an isomorphism from R™x 4 R"™ to R" x RT. Thus we obtain a
well-defined homomorphism K;j (R/1) — Ko(R, 1). Furthermore we have
already seen that the composite

K1 (R) 25 Ky (R/T) 2 Ko(R, T)
is zero. The composite
K1(R/I) 2 Ko(R, 1) — Ko(R)
is zero since
(p2)+(OLA]) = (p2)«([R™ x 4 R"]) —(p2)([D(R,I)"]) = [RT] — [R7] = 0.
It remains only to check that ker 8 C ¢, (K7 (R)) and that

ker {(p2). : Ko(R, I) — Ko(R)} C (K1(R/I)).
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Suppose 8([A]) = 0. Th1s means that R™ x ; R" is stably isomorphic to a
free module of rank n, or that for some m,

R"x ; R"® D(R, I)™ = D(R, )™*™.
After replacing A by A ®1,,, we may assume that in fact
R"x ; R*= D(R, I)i.
Choose an isomorphism
D(R, )T = R* x; R*— R" x, R".

Then we can define matrices B,C € M,(R) by (e;B,e;C) = p(e;, €;),
where e; is the j-th standard basis vector for R™, or in other words by
taking the j-th rows of B and C to be the first and second coordinates
(respectively) of ¢(ej, e;). Then by linearity, ¢(u,v) = (uB,vC) for any
(u, v) € D(R, )T = R™ x; R, and since for such u and v, & = v, we have
BA=C. Since pis mvertlble it is clear that B and C are invertible with

Yz, y) = (B, yC!) for (z,y) €R"x; RT. Thus A = ¢(B~'C)
and so ker 0 C q. (K1 (R)).

Finally, suppose one has a class in Ko(R, 1) going to 0 in Ko(R). This
means we have a class in Kq(D(R, 1)) going to 0 under both (pi), and
(p2)«- Represent the class by [P]—[D(R,I)"], where P is a projective
D(R, Q-module such that (p; )« (P) and (p2)(P) are stably isomorphic to
R™. If necessary, we may add on a free module of rank k to P and replace
n by n + k so that (p1)«(P) and (p2)«(P) are both actually isomorphic to
RT. Then itis clear that P is of the form R™ x 4 R™,and thus

[P~ [D(R, )"] = 8(JAD.

This completes the proof. O

2.5.5. Corollary. (Cf. Exercise 1.5.11.) Let R be aring, | € R an ideal
such that the quotient map ¢: R — R/I splits (in other words, such that
there exists a ring homomorphism s : R/I — R with go s = idg/1). Then

is split exact.

Proof. Clearly s, is a splitting for ¢., by functoriality of K. We need
only show that Ky(I) — Ko(R) is injective. But this follows from the fact
that s, : K1(R/I)— K1(R) is a splitting for ¢.: K1 (R)— K1(R/I), hence
0 = 0 in the exact sequence of 2.5.4. 0O
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2.5.6. Examples. (Cf. Examples 1.5.10.)

(@) Suppose R = Z and I = (m), where m > 0. Then K;(R)= {fl}

by Corollary 2.3.3, while K; (R/1) was computed in Exercise 2.2.7.
It is thus possible to compute Ky(I) from the exact sequence. For
example, suppose m=2. Then R/I is the field of two elements
and (R/I)* = {1}. The exact sequence therefore becomes

Ki(R, ) — {fl} > {1} > Ko(D) - Z 5 Z,

and Ky(I) = 0. At the same time, we see that K;(R, ) must
surject onto {fl}.

Next, suppose m =p is an odd prime. Then R/l is the field F,
of p elements and (R/1) * is cyclic of order p— 1. Hence the exact
sequence becomes

Ki(R, 1) — {fl} = F; 2 Ko(I) > 2 > Z,

and Ko(I)= F,;  /{£1}, which is cyclic of order %1 In this case,
the map K (R, ) — {fl} is trivial.

As a third example, suppose m = 2T is a power of 2 with 7> 1.
Then R/1 is a local ring with maximal ideal of index 2, and (R/I)*
is an abelian group of order 27—, Furthermore, £1 are distinct
elements of this group. For instance, if m = 8, then since any odd
square is = 1 (mod 8), all elements of (R/1) * are of order 2 and
(R/I)* is a Klein 4-group (Z/(2) x Z/(2)). By Corollary 2.2.6,
K, (R/1) = (R/1) . The exact sequence has the form

Ki(R, 1) — {fl} >R/ K1) > 252,

and Ko(I)=(R/I)*/{£1}, an abelian group of order 27~2 which
is not necessarily cyclic. Again in this case, the map K;(R, ) —
{fl} is trivial.

(b) Suppose G is a cyclic group of prime order p, say with generator

t,and R = ZG is its integral group ring, which may be identified
with Z[t]/(t? — 1). If £ = €2™/P a primitive pth root of unity, and
if S = Z[¢], then S is the ring of integers in the cyclotomic field
Q(£), hence is a Dedekind domain by Theorem 1.4.18. There is a
surjective homomorphism R — S defined by sending ¢ +— &. Since
the cyclotomic polynomial f,(t)=tP~1+..-+t+ 1 is irreducible,

any polynomial g(t) € Z[t] with g(£) = 0 must be divisible by f,.
In particular, anything in the kernel I of the map R — S must be
a multiple of f,. Note that as an element of R, fZ=pf,. Thus
I in this example is, as a ring without unit, the same as in the
last example if we specialize to the case m = p. In particular,
Ko(R, |) = Ko(Z, (p) 2 F}/{%1}, which is cyclic of order 25
by (a). We thus have an exact sequence

K1\(R, I) — K1(ZG) — K\(Z[€]) 2 FX /{£1}
— Ko(ZG) — Ko(Z[€)).
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If p =2, then Z[{] = Z and this specializes to
Ki(R,I) — K1(ZG) — {fl} > 0 — Ko(ZG)— 0.

Thus Ko(ZG) = 0 in this case, and of course we already know
by Theorem 2.4.3 that K;(ZG)= {fl} x G, so that the map
K,(ZG)— K1(Z) is surjective with kernel of order two.

If p is an odd prime, the cyclotomic field Q(£) has no real embed-
dings and %1 conjugate pairs of complex embeddings. Thus by
the Dirichlet Unit Theorem (Theorem 2.3.8), (Z[£]) ¥ is the prod-
uct of the group of roots of unity in Q(¢), which is of order 2p, with
a free abelian group of rank 25* — 1 = 222 Granted the fact that
SK;(Z[€)) vanishes (quoted but not proved in Section 2.3, though
we know this at least for p = 3 by Theorem 2.3.2), we obtain the
exact sequence

Ki(R,I)— Wh(G) x {fl} x G »Z"T x {fl} x G
2 Fy {21} - Ko(ZG) - Ko(ZIE])
or
Ki(R, I) = Wh(G) — 2"=°

8, FY/{+1} — Ko(ZG) — Ko(Z[g)).

If we donit assume the vanishing of SKi(Z[£]), then Z*7° should
be multiplied by this group, which we at least know is a torsion
group (by Corollary 2.3.7). This is almost, but not quite, enough
information to compute RO(ZG), the group in which in Wall finite-
ness obstruction lives, and the Whitehead group Wh(G). To com-
plete the calculation, we need some information about the map
7" 3»][";,‘ /{%1} and also need to extend the exact sequence one
step to the left and one step to the right. The extension to the
right involves K_j, to be discussed in the next Chapter, and the
extension to the left involves K3, to be discussed in Chapter 4.

Lemma (Rim). Let R = ZG, G a cyclic group of order p, an

odd prime, and let R/l = Z[¢], £ = e2™/P (as in Example 2.5.6(b) above).

Then the boundary map 732, Fy /{£1} in the exact sequence (2.5.7)
is surjective.

Proof. Consider the commutative diagram

Ky (R) —— Ki(Z[f]) —2— Ko(R,I) —— Ko(R)

! ! ! !

(#1} —— F; —2— Ko(Z, (p)) — 0,
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where the vertical arrows are induced by the homomorphisms ZG — Z
sending t— 1 and Z[¢] - F, sending 1 — 1, {— 1. Since I — (p), the
vertical arrow Ko(R,I) — Ko(Z, (p)) = F; /{£1} is the excision isomor-
phism. Thus a diagram chase shows that Kl(Z[g])ﬂKO(R, I} is surjective

if the vertical arrow Kl(Z[f])ﬁrlF;f is surjective. Let 1 <k<p-1, so
that k represents an element of F,, and suppose kl= 1 (mod p). Let

+ o+ (€)1

Then uv =1 in Z[£] and u reduces modulo p to k, which shows K; (Z[E])—‘l
Ky(R,I) is surjective. Furthermore, if 2 <k <p - 2, then u is of infinite
order in Z[¢]* since
k
-1
|u| = 3 | >1

e~
in this case (¢ and ¢! are closer to 1 than the other primitive pth roots
of 1), so 727 2, FXx /{£1} in the exact sequence (2.5.7) is surjective. O

2.5.9. Corollary. If R=ZG, G a cyclic group of order p, an odd prime,
then Wh(G) surjects onto Zp%s, and Ky(ZG) injects into the class group
Ko(Z[€]), € = e*™/7.

Proof This follows immediately from the exact sequence (2.5.7). O

In the last part of this Section, we will now discuss how to find explicit
generators for K (R, I) for some rings of interest in number theory and
topology. This will help us to get more explicit information about the
size of this group, and hence to sharpen the information about Whitehead
groups in Corollary 2.5.9. The discussion will parallel Theorems 2.3.5 and
2.3.6.

2.5.10. Proposition. (Cf. Proposition 2.2.1.) Let R be a commutative
ring and | € R an ideal. Then K;(R, 1) splits canonically as

{aeR*:a=1 mod I} x SK,(R, 1),
where SK;(R, 1) = SL(R,I)/E(R, 1) and SL(R, 1) is by definition

SL(R) 1l GL(R, 1).

Proof. Clearly the determinant gives a split surjection
det :GL(R,1) »{a€e R*:a=1 mod I}

with kernel SL(R, 1). Now divide by E(R,1) and use Theorem 2.5.3. O
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It is immediately evident that when R is commutative, the first part of
the exact sequence of Theorem 2.5.4 splits into two exact sequences

l1-{a€R*:a=1 mod I} - R*—(R/])*,

2.5.11. Theorem. (Cf. Theorem 2.3.5.) Let R be a Dedekind domain
and | C R an ideal. Then SK;(R, 1) is generated by the image in SL(R, I)
of SL(2, R, I).

Proof. The method of proof of Theorem 2.3.5 works here as well provided
we can show that given A =(a;;)€SL(n,R, I) with n > 3, we can find
t;€l,1<i<n- 1, such that

R(a1 + tiny) +-- -+ R(an—11+ th—1an1) = R.

(Note that adding ¢;x (last row) to the i-th row of A corresponds to mul-
tiplying A by a matrix in E{R, 1), hence gives a new matrix Ai with the
same class in SK; (R, I). Then once we have arranged to have c;af;+---+
Cn—10,,_11 =1, we can subtract ¢;a,; x (i-th row of Af) from the last row
(this is also an allowable elementary operation since a,; € I—recall Ai =1
mod 7} and Kill off the entry in the (n, I)-slot.)

By assumption that A =(a;;)€SL(n, R, 1), we have a;;=1 mod I,
a;1€ 1 for > 1, and Rayy +---+ Ra,; = R. But then also

Raji+ -+ Ran_11+ Ra2; = R,

since if (any) is relatively prime to (a11,-..,a,-11), SO is its square. By
the proof of Theorem 2.3.5, we can then find ¢; € R with

R(an +tjaz;)+ -+ R(@n-11+ tn 1a};) = R.

Set t; =t.a,1 and weire done. O

2.5.12. Theorem. Let R be a commutative ring, I € R an ideal.

(1) For a, be RwithRa+ Rb =R, a =1 mod I, b € I, choose c,
de Rwithcel, d=1 mod I, and with ad — bc = 1. (This is
possible since if adi —bc’ = 1, then automatically d’= 1 mod I,
and abdi —b%¢ =b, hence adi —c/(abd’ —b%c’)=ad —bc =1
with d = d’(1— bei) =1mod I,c = —bc*€ 1) Then the

. .ab

classin SK{(R, 1) cd
choice of ¢ and d, hence can be denoted [a b]; without possibility
of confusion. Such an element of SK;(R, 1) is called a relative

Mennicke symbol, and if R is a Dedekind domain, all elements

of SK,(R, 1) are of this form.

) € SL(2, R, I) is independent of the
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2 [abj=1ifaeR*,a=1mod I, bel.
(3) For a, be R relatively prime with a=1 mod I, b € I, the relative
Mennicke symbols satisfy the relations [a b]; = [a + bA b]; for any
A€R, and [a b]; = [a b+a)]; 6r any A€ | (note the asymmetry).
(4) If aand be R are relatively prime with a=1mod I, b€ I, and
b= +1 mod a, then [a b]; = 1.
(5) When both sides are defined, [a b1]; . [a b2]; = [a b1b2]1.
Proof. (1) The proof that [a b]; is well defined is the same as the cor-
responding step in the proof of Theorem 2.3.6. If (‘Z b), (a b ) €

d d d
SL(2, R, I), then

a b\ (a b\ ' fa b\[(d -b)_ 1 0
c d d d “\c d —c a ) \ed-cd 1)’
and this lies in E(R, 1) since cdi — cid € I. The Mennicke symbols clearly
exhaust the image of SL(2, R, I) in K;(R, 1), so by Theorem 2.5.11, they

exhaust SK,(R, 1) if Ris a Dedekind domain.
(2) is clear from the fact that if a € R* and [a b] is defined, then

(8.2)=(52) ("))

and both factors on the right lie in E(2, R, 1), the first by the proof of
Theorem 2.5.3, and the second since b€ |, hence a™lb e l.

For (3), suppose that (‘CL 2) €SL(2, R, I). If A€, then ((1) /1\) c
E(2,R, 1) and

a b 1 X\ _fa b+l
c d 0 1) \c¢c d+X)’
so[ab]I:[ab+a)\]1.
Furthermore, for any A€ R,

1 0\[a b\ (1 O\ _[a+br b
-2 1 c dJ\X 1) \c+dx d)’
and since [E(R), E(R, )] CE(R, 1), this shows [a b]; = [a + bA b];.
To check (4), assume b==*1+ta, teR,and let g=1—a€l. Then
[a b]; = [a b- ba]; = [a bq];

=[abg—a(tg)lr=[atdgr=[a+q Ed:
= [liq]IZ 1.
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For (5), assume that [a b1]r and [a b2]; are defined and that Rb;bs +

Ra=R. Thenlf( Z)and (c“ 32> lieinSL(2, R, 1),

(517
)

a 0 -1 0
via the elementary matrix [ 0 0 -1 ],

is conjugate to (01

1 0 0 1 0 c a b 0 d2 0 —c
—C1 d2 1 0 01 0 C1 d1 0 0 1 0
b2 0 1 0 0 1 0 0 1 —-by 0 a

1 0 c2 ada b1 —acy
= —Cldz 1 —0162d2 Cld2 d1 -C1C2
b 0 boce+1 -4 0 a

1 0 0
and

ad2 - bng b] 0
= c1d2(_ad2 + 1 - C2b2) dy — biaady  —ciez
( bg(adg ~bacy— 1) b1bo a )
1 by 0
= 0 di — bhcdy —cic2
( 0 b1b2 a )

Since b; € I, we may eliminate the —b; from the first row, and with d =d;—
bicida= 1 mod 1, [a | bels is represented by the class in SK1(R, 1)

1 0 0
of (0 d —clcz) and thus of its conjugate by the elementary matrix

0 b1b2 a
0 01
0 10.
( -1 00

Finally, wé compute that

0 01 1 0 0 0 0 —1 a biba O
0 1 0 0 d —C1C2 01 0 = —C1C2 d 0
-1 0 0 0 bibe a 10 0 0 0 1

so that [a blh[a bg]] =Ja ble]I- a

2.5.13. Corollary. (Cf. Corollary 2.3.7.) If R is a Dedekind domain and
R/P is a finite field for each non-zero prime ideal of R, and if I is a proper
ideal of R, then SK;(R, 1) is a torsion group.

Proof. Consider a relative Mennicke symbol [a b];. Ifa€ R*,[ab]r=1
by (2) of the theorem. If not, (a) is a non-zero proper ideal of R and so is
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a product of non-zero prime ideals P; by Theorem 1.4.7. Since each R/P;
is finite, it follows that R/(a)is finite (cf. the beginning of the proof of
Theorem 1.4.19). Since the image of bin R/(a) is a unit and (R/(a))*is a
finite group, there is some k with ¥* = 1 mod (a), and then by (4) of the
theorem,

[a b)* = [ab*] = 1.

So [a b]; has order kin SK7 (R, I). But relative Mennicke symbols generate
SKy (R, 1) by (1) of the theorem. éi

2.5.14. Proposition. Let R = Z[t]/(t?— 1) and [ = (P71 +---+t+ 1)
be as in Example 2.5.6(b), so that R is the group ring of a cyclic group
G of prime order p and R/1 = Z[¢], £ = €2™/?_the ring of integers in the
cyclotomic field Q(¢). Then SK1(R, 1) 22 SK1(Z, (p)).

Proof. Consider the homomorphism ¢:R — Z defined by t+— 1. It
is obviously surjective and sends | onto (p). We will show it induces an
isomorphism SK;(R, 1) E»SKI(Z, (p)). For surjectivity, suppose A €
SL(n,Z, (p)). Then A€ SL(n,Z)and A—1=0mod p, so A—1=pB
with B e M(n,Z). Let g(s) = det(l + sB). Then g is a polynomial
with integer coefficients and g(0) = g(p) = 1, so we can write g(s) =
1 + s(s—p)h(s) for some h. Since fg =pfpin R, g(fp) =1 and thus
1+ f,(¢t)B lies in SL(n, R, 1) and maps to A under . This shows . is
surjective on SK;.

Now suppose A€ SL(n,R, 1) and [A] — 1 in SK1(Z, (p)). This means
»(A) lies in E(Z, (p)). First we show that the map E(R, 1) — E(Z, (p))
is surjective; this will imply that after changing A within the same class
in SK;, we may suppose ¢{A)= 1. Now a typical generator of E(Z, (p))
is Ce;;(pk)C~1, where C € E(Z), k € Z. We may lift C to a matrix in
E(R) by the argument in the beginning of the proof of Theorem 2.5.4, and
we may lift e;;(pk) to e;;(fp(t)k), so each generator of E(Z, (p)) lifts to an
element of E(R, 1), hence every element may be lifted.

Thus we may assume o(A) = 1. But the kernel of ¢ is the augmentation
ideal of R, which is generated by t—1,s0 A=1 mod (t — 1). On the other
hand, we were assuming A =1 mod f,(t). These two facts together give
A=1,since ((—1)n 1 = 0 in R. So g, is also injective. Cl

2.5.15. Corollary. If G is a cyclic group of odd prime order p, then the
guotient of Wh(G) by its torsion subgroup is free abelian of rank exactly
R

Proof. By Proposition 2.5.14, SK;(R, 1) 2 SK,(Z, (p)), which by Corol-
lary 2.5.13 is a torsion group. Substituting in (2.5.7), we get the desired
result. O

Remark. Note, by the way, that the proof of Corollary 2.5.15 is “elemen-
tary” in that it does not depend on the vanishing of SK;(Z[¢]). However,
to show that the torsion subgroup of Wh(G) is exactly the group of roots
of unity in Z[£], which has order 2p, one needs to prove that SK;(Z[¢]) =0
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and that the image of SK;(Z, (p)) in the Whitehead group vanishes. In
fact, one can even show that SK1(Z, (p)) = 0.

2.5.16. Exercise. Show that if G is a finite abelian group containing an
element of order m > 4 with m # 6, then Wh(G) is infinite. Hint: m
must be divisible by 8, by 9, by 12, or by some odd prime p > 5. First
show that for a cyclic group of one of these orders, there is a unit in the
integral group ring which under some representation of the group maps to
a complex number of absolute value > 1. The proof of Lemma 2.5.8 and
Corollary 2.5.9 basically take care of the case of a cyclic group of order
an odd prime p > 5. Thus you need to find units of infinite order in the
group rings of cyclic groups of orders 8, 9, and 12. Then reduce the general
case to these particular cases using the structure theorem for finite abelian
groups.

2.5.17. Exercise [Mennicke]. Show that for any m > 1, SK;(Z, (m))
= 0. Here is an outline. The proof requires use of Dirichletis theorem on
primes in arithmetic progressions [SerreCourseArith, §VIL4], which
asserts that if a, b> 0 and (a, b) = 1, then the arithmetic progression
a+ kb,ke€Z, contains infinitely many primes.

Let R =Z, | = (m). Choose any element [a b]; of SK; (R, 1). We will
show it is the identity. First use Dirichletis Theorem to choose a prime
p=a mod b. Then if ¢ is Euleris phi-function, we have ¢(p)=p— 1, and
[a b]; = [p b]r nhas exponent dividing p— 1 by the argument of Corollary
2.5.13. Let qq,...,g- be the odd prime factors of p— 1. Using Dirichletis
Theorem again, choose primes p; and ps with

pr=-p mod b, mod g,..., mod g,

p2= -1 mod b, mod ¢;,..., mod g,.

Let ai = p1ps. Show that [a b]; = [al b];; hence it has exponent dividing
#(a’) = (p1 —1)(p2 — 1). Show that this cannot have any g, as a factor,
and hence that the exponent of [a b]; canit have an odd prime factor and
so is a power of 2.

To finish the argument, first suppose b is not a multiple of 4. Then
applying Dirichletis Theorem at the beginning modulo 4b instead of modulo
b, we can also suppose p= 3 mod 4. This means ’-’—;—1 is odd and some odd
power of b is = -1 mod p. Deduce from (4) of Theorem 2.5.12 that [a b];
has odd exponent and so is = 1.

If b is a multiple of 4, argue similarly, except that if a = 1 mod 4, find
a prime p= 3 mod 4 with —p=a mod b.

2.5.18. Exercise. Deduce from Exercise 2.5.17, from Proposition
2.5.14, from the exact sequence of {2.5.7), and from Corollary 2.3.3, that
the Whitehead group Wh(G) vanishes if G is a group of order 3.

2.5.19. Exercise (Relative K; for split extensions). (Cf. Exercise
1.5.11.) Show that if

0-I—-R—->R/I—0
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is split exact (i.e., | is an ideal in a ring R, and there is a splitting homo-
morphism s :R/1 — R), then

1 - Ki(R, 1) - Ki(R) —» Ki(R/I)— 1
is split exact. (Hint: first show that GL(R) is a semidirect product
GL(R,I)x GL(R/I).
Then obtain a splitting of E(R).)

2.5.20. Exercise (Failure of excision for K;). It is not true in gen-
eral that K (R, I) only depends on the structure of I as a ring without
unit; it also depends on R. Here is a simple counterexample due to Swan
[SwanExcision]. Let k be a field and let

r={ (§7) cxmw}.r={(52) crmm},
([ (18) naon).

Note that there are split extensions
0—-I—>R—kxk—0, 0-I—->R —-k—0.

Show that R k[t]/(#?), a commutative local ring with maximal ideal I,
and use Corollary 2.2.6 and Exercise 25.19 to show that K (R, 1) 2k
(here k is viewed as an additive group).

Show on the other hand that K;(R, 1) = 1. Since | is contained in the
radical of R, you can apply the method of proof of Proposition 2.2.4 to see
that Ki(R, l)sgenerated by the image of {z € R*:z=1 mod I}. Then
you can show th t1 Obl
the exceptional case where k has only 2 elements, in which case its image
in K (R, 1) is still trivial).

2.5.21. Exercise (The iCongruence Subgroup ProblemT). IfRis a
commutative ring, the famous iCongruence Subgroup ProblemT for R asks
if every normal subgroup H of SL(R) is one of the iCongruence subgroups”
SL(R, 1) = {A € SL(R): A=1 mod I} for some two-sided ideal I of R.
First observe that by Theorem 2.5.3 and Proposition 2.5.10, this can be
the case only if SK; (R, 1) =1 for all I (for I = R this says SK; (R) = 1).
Prove the converse, by proving the following fact [Bass]:

€ R is always a commutator in R* (except in

Theorem (Bass). If R is a ring and H is a normal subgroup of GL(R),
then there exists a unique two-sided ideal I of R such that E(R, 1) CHC
GL(R, I).

Hint. If H = 1, then take I = 0. Otherwise, let H(n) = H NGL(n, R).
This is non-zero and normalized by E(n, R) for some n> 2. Show by
looking at the commutators

G 2) (5 7)) memoneem
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that H(n + 1) D E(n + 1, R, 1) for some non-zero ideal 1i. Show that
HDE(R, 11). Then let | be the largest two-sided ideal of R such that
HDE(R, ). If HEGL(R, 1), let Hi be the image of H in GL(R/I),
repeat the same reasoning with H’ D GL(R/I), and derive a contradiction.

To prove the uniqueness of I, note that if E(R,I)C HC GL(R, J),
then projecting to R/J, we obtain E(R/J, (1+ J)/J)=1, hence I C J.
Thus if E(R,J)CHCGL(R,1)also, JCland I=J.

Deduce from Proposition 2.2.2, from Corollary 2.3.3, and from Exercise
2.5.17 that the Congruence Subgroup Problem has an affirmative answer
ifRisafieldor R=2Z.

2.5.22. Exercise (Non-triviality of relative Mennicke symbols).
Let R be the Dedekind domain of Exercises 1.4.23 and 2.3.11, i.e., R[z,y]/
(2% + y?— 1). It was shown in the second of these Exercises that [z y]
represents an element of order 2 in SK;(R). By Exercise 1.4.23, I =
(y, z— 1) is a prime ideal in R and R/1 = R. Deduce from 2.5.10 that
SK; (R, 1) #0, in fact that [z y}; # 0 in SK; (R, 1). Is this element also
of order 27
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Ko and K; of Categories,
Negative K-Theory

1. Ky and K; of categories, Gg and G; of rings

For many of the applications of K-theory, it is useful to have the notion of
K-theory for categories and not just for rings. In this more general context,
the K-theory of a ring R is just the K-theory of the category Proj R of
finitely generated projective modules over R. Another natural example is
the topological K-theory of a compact space X, which is the K-theory of
the category Vect X of (locally trivial, real, or complex) vector bundles
over X. The identification of this with the K-theory of the ring R = C(X)
then follows from an equivalence of categories Proj R = Vect X. But
there are also many examples that donit come so directly from rings; for
instance, if X is a projective algebraic variety, one can consider in a similar
way the category Vect X of algebraic vector bundles over X. We will see
many more examples shortly.

To begin with, we need to place limitations on the sorts of categories we
will consider. These are of two sorts. On the one hand, the category needs
to have enough structure so that it makes sense to talk about an object as
being built up as an extension of smaller objects. There are several ways
of ensuring this and weiVve chosen here what seems to be the most stan-
dard choice, though not the most general one. In addition, the category
has to be iIsmallT enough to avoid set-theoretic difficulties when we try to
make isomorphism classes of objects into a group. Of course, it suffices
to require that the category be iésmallT in the usual sense of category the-
ory (i.e., for its objects and morphisms to constitute sets), but this seems
overly restrictive since the natural examples Proj R and Vect X are not
small categories. This should explain the following definition. Call a cate-
gory A preadditive (this term is not entirely standard) if Horn (A, B) is
an abelian group for each A, B € Obj d, and if composition of morphisms
is bilinear. Recall first of all that an additive category is a preaddi-
tive category A with a distinguished object 0 such that Hom(A, 0) = 0,



1. Kg and K, of categories, Gg and Gy of rings 109

Horn (0, A) = 0 for each A € Obj d, equipped with a binary operation &
which is both the categorical product and the categorical coproduct. An
abelian category is an additive category in which every morphism has
a kernel and cokernel, and in which every monomorphism is a kernel and
every epimorphism is a cokernel. Any abelian category has a notion of
exact sequences for which the Five-Lemma and Snake Lemma are valid.
Good general references on abelian categories are [Mac Lane] and [Freyd],
though we will need very little of the theory developed in these books.

3.1.1. Definition. A category with exact sequences is a full additive
subcategory P of an abelian category .4, with the following properties:

(1) P is closed under extensions, i.e., if
0-PL—-oP—->P—-0

is an exact sequence in A and Py, P, € Obj P, then P € Obj P.

(2) P has a small skeleton, i.e., P has a full subcategory Py which is
small, i.e., such that Obj Py is a set, and for which the inclusion
Py P is an equivalence.

The exact sequences in such a category are defined to be the exact se-
quences in the ambient category 4 involving only objects (and morphisms)
all chosen from P.

3.1.2. Examples.

(1) Any small abelian category, or more generally any abelian category
with a small skeleton, is a category with exact sequences. Exam-
ples include the category of finite-dimensional vector spaces over
a field F, or the category of finite-dimensional complex represen-
tations of a topological group G. To get a small skeleton, take
{FT : n e N} in the first case, or {Hom(G, GL(n,C)): n €N} in
the second case. When G = Z, the category of finite-dimensional
complex representations of G may be identified with the category
of pairs (V, T), where V is a finite-dimensional complex vector
space and T € Aut V is the image of the generator of G. Another
similar example is the category of finite-dimensional complex rep-
resentations of the monoid N, which may be identified with the
category. of pairs (V, T'), where V is a finite-dimensional complex
vector space and T € End V.

(2) Let R be a ring. Then Proj R, the category of finitely gener-
ated projective R-modules, is a category with exact sequences,
with small skeleton the set of direct summands in {RT : n € N}.
However, this is usually not an abelian category since the coker-
nel of a map between projective modules is usually not projective
(think of the simple case R = Z,Z—%»Z). The category Proj R
has the additional property, not true for the category of finite-
dimensional complex representations of Z, that every short exact
sequence splits.
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(3) Let R be a ring and let R-Modjgg be the category of finitely gen-
erated R-modules. This is an additive subcategory of the abelian
category of all R-modules, and has as a small skeleton the set of
quotient modules of the {R” : n € N}. If R is not left Noetherian,
this is not an abelian category, since the kernel of a map between
finitely generated R-modules may fail to be finitely generated. (If
I is a left ideal of R that is not finitely generated, then R and R/1
are singly generated but the kernel of the quotient map R — R/I
is not finitely generated, so this morphism doesnit have a kernel in
the category.) Nevertheless, R-Modg is always a category with
exact sequences, since if

0-M; - M- M —0

is an exact sequence of R-modules with M; and M- finitely gen-
erated, one can choose a finite set of elements of M whose images
in M, generate M», and these together with the images of a finite
set of generators of My will generate M.

(4) Let R be aring and let R-Modg,, be the category of R-modules
with a finite-type projective resolution, i.e., R-modules M for
which there exists an exact sequence

(3.1.3) 0—-FP,—... o B —-M-—-0

with P;€ Obj Proj R. This is a full additive subcategory of
R-Modgg, and may or may not coincide with R-Modgg. If it
does and R is left Noetherian (so that R-Modgz = R-Mod+, is
an abelian category), the ring R is said to be (left) regular. For
a ring to be left regular, it is sufficient (but not necessary) that it
be left Noetherian and have finite global dimension (which means
that there exists an N such that every R-module has a projective
resolution of length < N). For the fact that R is left Noetherian
implies that every finitely generated R-module has a resolution by
finitely generated projective modules, and the global dimension
condition then guarantees that every such resolution has length
< N. In particular, any PID is left regular (since any submodule
of a free module is free). Any Dedekind domain R is left regular,
since R is Noetherian by Theorem 1.4.5, and the proof of Corol-
lary 1.4.6 shows that every submodule of a finitely generated free
R-module is projective.

The group rings of non-trivial finite groups are not left regular.
To see this, note that for a non-trivial finite cyclic group H one
has H,(H,Z)+# 0 for all odd =, so that the finitely generated
ZH-module Z cannot have a finite projective resolution. Then if
G is any non-trivial finite group, we can choose a non-trivial cyclic
subgroup HC G, and it follows from iShapirois Lemmal that

H,.(G,ZG ®zn Z)= H,(H, Z)Y#0
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for all odd n, so that the finitely generated ZG-module ZG ®@zy Z
cannot have a finite projective resolution.

We will see in Proposition 3.1.4 below that whether or not R is
left regular, R-Modg,, is a category with exact sequences.

(5) Let A be an abelian category in which every simple object is iso-

(6)

()

morphic to an element of some set S of objects. (A simple object
in an abelian category is the natural generalization of a simple
module over a ring; it is an object M € Obj A (with M # 0) such
that any monomorphism N — M is either 0 or an isomorphism.
The definition has a number of immediate consequences. If M
is simple, then End A4 is a division ring (Schuris Lemma), and
any non-zero morphism M — M’ is necessarily a monomorphism,
since its kernel N »— M canit be an isomorphism, hence must be
0.) Call the simple objects in A objects of length one, and de-
fine inductively (for n > 2) the objects of length n to be those
objects M € Obj A for which there is an exact sequence in A

0-M - M-—->M;,—0

with M of length n — 1 and with M; € S. We will see in Propo-
sition 3.1.5 below that the full subcategory Ag of A consisting of
objects of finite length, objects M of length <n for some n, is a
category with exact sequences. The Jordan-Holder Theorem holds
in this context (with the usual proof), i.e., for M of finite length,
the length ¢(M) is well defined, and the simple modules that occur
in a 1composition seriest for M are unique up to isomorphism and
permutation. The category of finite-dimensional representations of
a (topological) group G is a good example of a category of objects
of finite length.

Let X be a compact Hausdorff space. Then Vect X is a cate-
gory with exact sequences, equivalent to Proj R, R = C(X), by
Theorem 1.6.3. Here one can work over either R or C.

Let X be a projective algebraic variety [Hartshorne, Ch. I, §2]
over an algebraically closed field (or more generally a projective
scheme--see [Hartshorne, Ch. Il]-over a commutative Noetherian
ring). Then Vect X, the category of algebraic vector bundles over
X, is a category with exact sequences. Since a vector bundle is
determined by its sections over open sets, Vect X is the same as
the category of finitely generated locally free Ox-modules, where
Ox is the sheaf of germs of regular (algebraic) functions over X.
As such, it may be identified with an additive subcategory of the
abelian category of Ox-modules. A major difference between this
example and Example (6) is that short exact sequences of algebraic
vector bundles, unlike short exact sequences of topological vector
bundles, do not necessarily split. This is due to the fact that in the
algebraic setting, one does not have partitions of unity, and thus
it is not possible to mimic the proof of Theorem 1.6.3.
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A related (usually slightly larger) category with exact sequences
is CohShX, the category of coherent sheaves over X; this is
the category of finitely generated Ox-modules with resolutions by
modules from Vect X. One can show that CohShX is an abelian
category. Under suitable regularity assumptions (e.g., X a non-
singular variety), resolutions of coherent sheaves by locally free
sheaves will have finite length, and the relationship between the
two categories Vect X and CohShX is then the same as between
Proj R and R-Modg when R is a left regular ring.

3.1.4. Proposition. Let R be a ring and let
0-M SME M -0

be a short exact sequence of R-modules. If M; and M; have resolutions of
length n by modules in Proj R (of the form (3.1.3)), then so does M. In
particular, R-Modg,, (as defined in Example 3.1.2(4)) is a category with
exact sequences.

Proof. Choose resolutions
A ) @) )
0— PY) i,..."’_l_,péﬂ) 2, M; >0, j=1,2

By projectivity of Pé2), there is a map 5(()2):Pé2)—> M with ﬂoé((,z) = 7((,2).
Then using 7(()1), we can extend this to a surjection

60 : PO = Pél) & P.é2) - M
since two elements of M with the same image in M, differ by an element
of a(M;). Then we have a short exact sequence
)

0 — ker 7[()2) — ker 8o — ker 7(()1 -0

and we can repeat the process to get a surjection
61: P = P PP o ker 6.

Continuing, we eventually get a resolution of M by the P; :P;l)@PJ@. O
3.1.5. Proposition. Let A be an abelian category, for instance the cate-
gory of R-modules for some ring R, and let

00— M, M ﬁ» M;—0

be a short exact sequence in A. Assume M, is of length ny and My is of
length ns in the sense of Example 3.1.2(5). Then M is of length nj + ng.
In particular, Ag is a category with exact sequences.

Proof. The proof is by induction on ng = £(Ma). If this is 0, the result
is obvious, and if itis 1, this is true by definition. Otherwise, assume the
result for smaller values of £(Mz) and choose an exact sequence

0—-N-—->M,—S5—0
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with N of length ny — 1 and S simple (by definition of 4(M,)). Let M’ =
P-8(N). By mut tve hypothesis, ¢(M’)=mn;+ny— 1, and we have a
short exact sequence

0—-M - M-—-S5—0,

so M is of length ny + ng.  [J

Now that we have a reasonable number of examples to work with, we
are ready to define Ky and K; for categories and Gy and G; for rings.

3.1.6. Definition. Let P be a category with exact sequences with small
skeleton Py. We define Kp(P) to be the free abelian group on Obj Py,
modulo the following relations:

O-(i) [P] = [P'] if there is an isomorphism P PlinP.
0-(ii) [P] = [Pi] + [P»] if there is a short exact sequence

0P —-P—->P,—0

in P.

Here [P] denotes the element of Ky(P) corresponding to P € Obj Py, and
O-(i) is really the special case of O-(ii) with P; = 0. Note also that since
every P € Obj P is isomorphic to an object of Pq, the notation [P] makes
sense (by O-(i)) for any object of P.

We define K;(P)to be the free abelian group on pairs (P, a), where
P € Obj Py and a € Aut P, modulo the following relations:

I-(i) (P, )] + (P, B)] = [(P, aB)].

1-(ii) If there is a commutative diagram in P with exact rows

0 p————P "5 P 0
I |
0 ~p—>P "5 P 0,

where a € Aut P, a; € Aut P, and a; € Aut P, then
(P, @)] = [(P1, c1)] + [(P2, a2)].
If R is a ring (with unit), we define Go(R) = Ko(R-Modg), G1(R) =
K, (R-Modygg).

This definition is justified by the fact that in the case of Example
3.1.2(2), it gives us back our old definitions of Ky and K for rings.

3.1.7. Theorem. If Risaring and Proj R is the category of finitely gen-
erated projective modules over R, then Ky(R) may be identified naturally
with Ky(Proj R), and K;(R) may be identified naturally with
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K, (Proj R). In particular, if R is a division ring, then since Proj R =
R-Modg,, Go(R) = Ko(R)=Z and Gy(R) = K,(R) = R%,.

Proof. (1) By their definitions, Ko(R) and Ko(Proj R) are both abelian
groups with one generator [P] for each isomorphism class of finitely gen-
erated projective modules over R. In Kg(R), [P] + [Q] is defined to be
[P & Q], whereas in Ky(ProjR), by relation 0-(ii), [P] + [Q] is given by
[N] for any finitely generated projective module N for which there exists a
short exact sequence

0—-P—-N-Q—0.

Since N = P @ Q clearly has this property, the addition operations in the
two groups coincide. Finally, we need to see that any relation satisfied in
one group is satisfied in the other. By the definition of the Grothendieck
group (cf. Theorem 1.1.3), Ko(R) is the free group on the generators [P]
modulo the relations [P] = [Pi] if P2 Pi, [P] + [Q] = [P & Q]. These
relations are satisfied in Ky(Proj R), S0 we only need check that relation
0-(ii) of Definition 3.1.6 is satisfied in Kp(R). But if

0—-P -P—->P,—0

is a short exact sequence in Proj R, this sequence must split since Py is
projective, and thus P & P, @ P;, S0 that

[P]z[P1®P2]=[P1]+ [Pz] in K()(R),
as required.

(2) If A€ GL(n,R), then A defines an automorphism « € Aut(R™), so
let us define a map ¢:K; (R) — K1(ProjR) by [A]— [(RT, a)]. To show
this is well defined, suppose Ai € GL(r/,R) defines o’ € Aut(R"™). Recall
that [A] = [Ai] in K, (R) if and only if there is some N > n, ni, such that

(A®ly_n)= (Al ®1x_n) mod E(N,R).
But first of all,
[(R™, a)] = (RN, a®1lgn-a)] and [(RT¢, ai)] = [(RN,0'@1pn_w)]
in K;(Proj R) by relation 1-(ii) of Definition 3.1.6. Secondly, if B¢
GL(N,R) defines B8 € Aut(RY) and C € GL(N, R) defines vy € Aut(RN),

then BC € GL(N, R) defines 3 € Aut(R") (we are letting matrices act
on the right), and thus (by I-(i) of Definition 3.1.6)

¢([B]-[C)) = o(IBC)) = (R", 78)] = [(RY, »] + (B, B)),

which is the same as ¢([B]) + ©([C]). So to complete the proof that ¢ is
well defined, we need only show that ¢([C]) = 1if C € E(NV, R). It suffices
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to prove this with C = e;;(a), a € R. But note that there is a commutative
diagram with exact rows

0 —— RN-1 _° T

|1 el

0 —— RN-1 __°

> 0

I

5 0,

™

where ¢ is the obvious map from R¥—1to the vectors in RN with i-th co-
ordinate O, and = is projection onto the i-th coordinate, so that by relation
1-(ii) of Definition 3.1.6, we have

[(RY, eij(a)] = (RN !, 1pw-1)] + (R, 1R)] = [(RY, 1gw))-

Thus ¢ is well defined, and the proof has shown at the same time that it
is a homomorphism.

Now let us show that ¢ : K; (R) — K;(ProjR) is an isomorphism.
(Note by the way that we are writing K1(R) multiplicatively and K; (Proj
R) additively.) To show g is surjective, it suffices to observe that if P €
ObjProjR and « € Aut P, then there must be (by Theorem 1.1.2) some
Q € Obj Proj R and NeN with P & Q= RM. Using relation 1-(ii) of
Definition 3.1.6, we have

(P, )] +[(@ 19)] = [(P® Q,a®1q));

which, since P & Q = R¥, lies in the image under ¢ of GL(N, R). But
[(Q,1g)]is the icknti ty element of K; (Proj R), S0 this shows [(P, )] lies
in the image of .

So it remains only to show injectivity. Suppose ¢([C]) = 0 for some
C € GL(n, R). This means that if 7 is the corresponding automorphism
of R™, then [{R™,~)] lies in the subgroup of the free abelian group on all
pairs [(P, )], P € Obj Proj R and a € Aut P, generated by the relations

(P, o] + [(P, B)] - [(P, aB)],

(P, @)] = [(P1, a1)] = [(P2, 02))

associated to I-(i) and 1-(ii) of Definition 3.1.6. But these relations can all
be rewritten as linear combinations of the relations

(P, @) - [(P ®Q,a®1q)]

whenever P & Q & R™, together with the relations associated to I-(i) and
1-(ii) with all modules not just projective but free. So we can suppose
[(RT, «)] lies in the subgroup generated by relations associated to finitely
generated free modules.

Since we may take our finitely generated free modules to run over the set
{R"™ : n e N}, we may identify each automorphism of a free module with
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the corresponding matrix, and we may suppose that in the free abelian
group F on generators [A, j], with A € GL(j, R), j € N,[C, n] lies in the
subgroup generated by the relations

corresponding to the relations associated to I-(i), and by the relations
|'(iii) [A, J+ k] - [Ah j] — L-42, k]
attached to diagrams
0 y R - RItk T, Rk - 0
I O
0 » I —*— Ritk =, Rk - 0,

corresponding to the relations associated to 1-(ii). We may further rewrite
the relations of type I-(iif) as linear combinations of those of two sorts:
relations

1-(ii')-a [4, j] — [BAB™1, 4]
(corresponding to the case k = 0 above), allowing for arbitrary changes of
basis, and relations

- A1 O . .
1'(“’ )'b yJ+ k|l — [Ala .7] - [A2a k]

* A2

corresponding to the case where the injection R — Rtk is the standard
one given by the first j coordinates. The quotient of the free abelian group
F by the subgroup generated by relations 1-(if) and 1-(i¢’')-a is clearly the
direct sum 69]. GL(j, R)a,. Dividing by the subgroup generated by the
relations 1-(iif)-b then gives im GL(j, R)ab = GL(R)ab = K1(R), divided
by the additional relation that

A1 0 _ Al 0

x  As - 0 Ay /|-
However, this relation is already satisfied in K;(R),s0 [C] = 1€ K;(R)
and ¢ is an isomorphism. O

Let us now examine the meaning of Definition 3.1.6 for the other Ex-
amples 3.1.2. When X is a compact Hausdorff space, it is obvious that
Ko(Vect X) is the Grothendieck group of the semigroup of isomorphism
classes of vector bundles over X, and may be identified with K°(X).
K;(Vect X) is a less familiar object, but since Vect X & Proj R with
R = C(X) by Theorem 1.6.3, this is the same as K;(C(X)). It turns out
(see Exercise 3.1.23 below) that there are exact sequences of abelian groups

0 — CT(X) =2 K;(VectgX) - KO™}(X)— 0,
0 - C(X,Z) 2 c@(X) 2B K (VecteX) — KU~1(X) — 0.

The example of finite-dimensional representations of a topological group
G is a special case of Example 3.1.2(5), so we turn to this sort of situation
next. The following result was pointed out by Grothendieck in his earliest
investigations of K-theory.
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3.1.8. Theorem (“Devissage”). Let A be an abelian category in which
every simple object is isomorphic to one and only one element of some set
S C Obj A. Then

(1) Ko(Aq) is canonically isomorphic to the free abelian group on the
set S.

(2) K1(Aa) is canonically isomorphic to €,,.g Ki1(End M). (Since
for M € S, End M is a division ring, we have K;(End M) =
(End M)} = (Aut M), by Corollary 2.2.6.)

Proof. (1) Clearly there is a homomorphism ¢ from the indicated free
abelian group F to G = Ky(Aa), defined by sending a generator [M],
M € S, to the corresponding generator of G. To define an inverse ¥ to
this homomorphism, if M € Obj A is of finite length, map [M] € G to
Y-.[M;]e F, where the M; € S are the composition factors of M (repeated
according to their multiplicities), which are well defined by the Jordan-
Holder Theorem. This gives a well-defined map on G since if

0-M MM 50

is a short exact sequence, the composition factors of M (counting mul-
tiplicities) are just the union of the composition factors of M’ and the
composition factors of M. We have ¥ 0 ¢ =1g by the construction. To
prove that o =1g, we show ¢ o ([M]) = [M] for M € ObjAa by
induction on £(M). If I(M) < 1, this is obvious, so assume the result for
M’ with £(M') < £(M), and choose a short exact sequence

0- M -M->M'->0

with M” e S. By inductive hypothesis, po9([M’]) = [Mi] and ¢o
Y([M"]) = [MI1]. But [M] = [Mi] + [MT], so ¢ o ¢([M])=[M], and this
completes the inductive step.

(2) Let Agg denote the category of semisimple objects in A, i.e., the finite
direct sums of simple objects. We will define an isomorphism ¢: K (Agq)—
@Nes K; (End N) as follows. Given M € Obj .Ag and a € Aut M, note
that the largest semisimple subobject M; of M (this is usually called the
socle of M, denoted soc M) exists and must be non-zero, and is necessarily
a-invariant. So there is an o-invariant canonical finite filtration of M with
composition factors M; in Obj Ass. (Take the cokernel of soc M »— M, take
its socle, and keep iterating the construction as many times as necessary.)
Let a; be the automorphism of the composition factor M; induced by a. By
relation 1-(ii) of Definition 3.1.6, we have [(M, a)]=3".[(M;,a;)]. Now
each M; is isomorphic to a direct sum of simple objects N € S with certain
multiplicities n¥, and End M; = HNes Mniv (End N). So «; may be viewed
as an element of HNeSGL(nﬁv, End N) (this is really a finite product), and
thus defines an element [o;] of @y K1 (End N). We let ¢ ([(M, a)]) =
Y ;lai]. This defines a homomorphism from the free abelian group on the
pairs (M, @) to @ s K1 (End N), and since it is clearly compatible with
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relations I-(i) and 1-(ii) of Definition 3.1.6, it passes to a homomorphism ¢
K1(Aa) = @y K1 (End N). Furthermore, ¢ is clearly surjective, since
if N €S and a € Aut N, ¢([(N, a)]) = [a] € (Aut N),, = K1(End N), and
thus the image of ¢ contains a set of generators for @ g K1 (End N).

It remains only to show that ¢ is injective. For this it is enough to note
that the proof of surjectivity of ¢ in fact gives a construction of an inverse,
namely, if Np,..., Ny are distinct elements of S and a; € Aut N,

e[

This is well defined since replacing each a; by a conjugate element of Aut N;
does not change the K-class on the right, and v obviously gives a right
inverse to . To see that ¥ gives a left inverse to ¢, note that with (M, )
as above,

Yo (M, a)])= Z¢([ai]) = K@Nz @detai)] ,

which agrees with (M, &) by the proof of the fact that K;(Proj End N;)
K, (End N;) (Theorem 3.1.7). O

The next theorem, also due to Grothendieck, applies to our other main
classes of examples, and relates BR-Modg, to Proj R and (in the regu-
lar case) CohSh X to Vect X. The version in which we state it, taken
from [BassHellerSwan]|, is probably not as general as possible, but will be
adequate for our purposes. First we need a simple observation about the
functoriality of Ky and Ky, a simple lemma about the “Euler-Poincaré
principleT of §1.7, and a lemma about iresolutionsT in a category with
exact sequences.

3.1.9. Proposition. Suppose P and M are categories with exact se-
guences, and F: P — M is an exact functor, i.e., a functor sending short
exact sequences to short exact sequences. Then F induces homomorphisms
F,: Ko(P)— Ko(M) and F,: K;(P)— K;1(M). In fact, Ky and K; are
functors from the category of all categories with exact sequences and exact
functors to the category of abelian groups.

Proof. This is immediate from the fact that F sends relations O-(i), 0-
(i), I-(i), and 1-(ii) for P to corresponding relations for M. O

3.1.10. Lemma. Let M be a category with exact sequences contained in
some abelian category A, and assume that if

0—-M —- M, — M;—-0

is a short exact sequence in A and M3, M3 € Obj M, then M; € Obj M.
(In other words, M contains the kernel of each of its morphisms which is
an epimorphism in A.) Then for any exact sequence

0—-M,—---— M — M;—0,
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the Euler characteristic Zj(~1)j [M;] vanishes in Ky(M).

Proof. This is true by O-(i) of Definition 3.1.6 if n = 1, and by 0-(ii)
of Definition 3.1.6 if n = 2. So let n > 3 and assume by induction on
n that the Lemma is true for exact sequences of shorter length. By the
assumption on M, the kernel K of M; — Mj lies in M, so we can split
the given exact sequence into the shorter exact sequences

0—-K— M — My —0,

0-M,—---—> M —-K—0.
By 0-(ii), [K] + [Mp] = [M1], and by inductive hypothesis,

[KI- ) (-1¥[Mj]=o0.

=2

Combining these two equations gives Y7 o(~1)/[M;]=0. O

3.1.11. Lemma. Suppose M and P are categories with exact sequences,
both contained in the same abelian category A, and with P a full subcat-
egory of M. Also assume:
(1) that for each object M € Obj M, there is a finite resolution by
objects of P, i.e., an exact sequence (3.1.3) in M of finite length
with P; € Obj P;
(2) that if
0 —>M1—>M2—>M3—> 0

is a short exact sequence in A and M3, M3 € Obj M (resp., Obj P),
then M; € Obj M (resp., Obj P). (In other words, M and P each
contain the kernels of each of their morphisms which are epimor-
phisms inA.)

Then if M’ % M is a morphism in M and
0P, — - —PS5M-—0

is a resolution of M by objects of P, one can complete these to a commuting
diagram in M

0_)...__;P;l+1—>P7'1—>...——)P6i>M'——>0
H l “"l ""l "l I
0 -...— 0 —»Pn——>—>P0—€->M——>O

whose rows are finite resolutions by objects of P.

Proof. Note that PoeBM’m M is an epimorphism since Py = M
is, hence by hypothesis (2) on M it has a kernel B> Py @ Mi in M. (This
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is the Tpull-backT of ¢ and a.) Hence by hypothesis (1) on M, there is an

epimorphism P}—» B. Composing with the maps B — Py and B — M’
we get a commuting diagram

P, —— M 0

Py —= M )

The remaining o;, > 1, are constructed by induction on j. Suppose
j>1 and o has been constructed for 0 <k < j. By hypothesis (2) on

M, Péi’»M’ and P,-5 M have kernels Z} and Zo in M. Then P} — Z}
and P; — Zy are epimorphisms, and also have kernels in M. Iterating
the argument, we see we have ZJ’._l, Zj-1€0bj M and a commutative
diagram with exact rows

O—»Z}_1—>P;_1—>---—>Péil>M'—>0
l‘eSC!j._.ll aj_ll aol al H
0 > Zjy > P4 — > P 5 M — 0

Now we just repeat the above construction to fill in the commutative dia-

gram
P —— 2 —— 0

of ]
Pj - Zj_l — 0.

This completes the inductive step, so the induction gives us a commuting
diagram with exact rows

0 > Z!, — P! » Py —— M’ 0
R = H
O-0 — p—+ B —— M 0

We complete the diagram by using hypothesis (1) to get a finite resolution
of Z/, by objects of P. O
3.1.12. Corollary. Under the same hypotheses as Lemma 3.1.11, if M €

Obj M and P, M, P.’E—'> M are two differen'; finite resolutions of M
by objects of P, then 3 .(=1)’[Pj]p = 3_,;(=1)’[P{]p in Ko(P).
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Proof. Apply the Lemma to complete the diagram

0 — P,’l’ — e — P(;' 6—”> M — 0

H (an o), (ao,aa)l Al |

0 P,®P — ... > P oP =2, MoM— 0,

where A is the diagonal map. Consider cr. and «/ as chain maps of bounded
chain complexes in P:

ae: P/ — P, and a,:P)— P..

Note that we have cut off the Mis at the end, so that P/, P., and P, are
only chain complexes, not exact sequences. Each one is acyclic except at
the 0-th slot and has non-vanishing homology Hg = M. Since o, and o/,
are isomorphisms on homology because of the commutative diagram above,
the mapping cones C, and C, are acyclic (recall Theorem 1.7.7; we are in
a general abelian category rather than the category of modules over a ring,
but otherwise the proof is the same). So by Lemma 3.1.10 (applied in the
category P), together with the definition of the mapping cone, we have

0 = x(Ca) = x(Pa) —x(P)), 0= x(Cu) = x(Py) = x(P))

in Ko(P). The result follows immediately. O

3.1.13. Theorem (iResolution theoremT). Suppose M and P are
categories with exact sequences, both contained in the same abelian cate-
gory A, and with P a full subcategory of M. Also assume:

(1) that for each object M € Obj M, there is a finite resolution by
objects of P, i.e., an exact sequence (3.1.3) in M of finite length
with P;€ Obj P;

(2) that if

O—>M1HM2—>M3—)O

is a short exact sequence in A and My, M3 € Obj M (resp., Obj P),
then M; € Obj M (resp., Obj P). (In other words, M and P each
contain the kernels of each of their morphisms which are epimor-
phisms in A.)

Then the inclusion functor P — M induces an isomorphism on Kj.

Proof. If a category with exact sequences P is a full subcategory of a
category with exact sequences M, then the inclusion functor ¢ : P — M
is exact, so it induces a map t. on Ky and K; by Proposition 3.1.9. Using
the idea of the Euler characteristic from $1.7, we construct an inverse map
o : Ko(M) — Ko(P) by wo : [M]pm = 32;(~1)[Pj]p if

0—-P,—... o P ->M->0
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is exact in M, with P; € Obj P. This is well defined, i.e., independent of
the choice of resolution, by Corollary 3.1.12. By Lemma 3.1.10, [M]xm =
3 (=1Y [Pl min Ko(M), 50 ts 0 po([M]a1) = [M] 1. On the other hand
it is clear that ¢g o t«([P]p) = @o([Plam) = [P]p for P € Obj P, S0 ¢4 is an
isomorphism on Kp.O

Next we have the analogue of Theorem 3.1.13 for K, again following
[BassHellerSwan]. Note that the hypotheses are a bit stronger than those
of 3.1.13, though they will still be satisfied for all cases of interest.

3.1.14. Theorem (iResolution theorem for K;”). Suppose M and
P are categories with exact sequences, both contained in the same abelian
category A, and with P a full subcategory of M. Also assume:

(1) that for each object M € Obj M, there is an epimorphism P —» M
in A with P an object of P, such that every endomorphism of M
lifts to an endomorphism of P;

(2) that if

dn—
~—->Pn—dL>Pn_1—':>...—+PO—>M-—>O

is exact in M with P;€ Obj P, then kerd, € Obj P for some
(sufficiently large) n;
(3) that if
0O M —My—M;— 0

is a short exact sequence in A and Mz, M3 € Obj M (resp., Obj P),
then M; € Obj M (resp., Obj P). (In other words, M and P each
contain the kernels of each of their morphisms which are epimor-
phisms in d.)

Then the inclusion functor P < M induces an isomorphism on Kj.

Proof. First we want to show that every automorphism of an object of
M lifts to an automorphism of some finite resolution of M by objects from
P. Then we will be able to apply the same sort of reasoning as in the proof
of Theorem 3.1.13.

So let M € ObjM,a€ Aut M. Using (1), choose P -+ M with
P € Obj P so that every endomorphism of M lifts to an endomorphism of
P. Then consider a®a~! € Aut(M & M). By Lemma 1.5.4 (the same
argument works in a general abelian category), this factors as a product of
ielementary’ automorphisms of the form

1y B 1y O

0 1m)’ v 1m
with 8,y € End M. Lifting 8 and v to endomorphisms of P shows that
a®a~! lifts to an automorphism of P @ P. Then (P - M) & (P — 0)

gives us the first step of our desired resolution of M. The kernel of this
map P & P - M must be an object of M by hypothesis (3), so we can
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repeat the same construction over and over to get a (potentially infinite)
resolution of M by objects of P so that « lifts to an automorphism of
the resolution. Then we can cut off the resolution at some finite stage by
hypothesis (2).

The rest of the proof is as in Theorem 3.1.13. We construct an inverse
@1 to 1y 1 K1(P) — K1(M) by mapping [(M, )] = 3;(=1Y[(P;, &),
where a. is an automorphism of the finite resolution P, of M lifting a. To
show this is well defined (and independent of the choice of resolution), we
use Corollary 3.1.12 applied to the categories of pairs (M, a), a € Aut M,
M € Obj M (resp., P), where the morphisms are commutative diagrams

f

M —— M
S|
M L M

It is easy to see that the hypotheses of Corollary 3.1.12 apply to this situ-
ation, and we finish the proof as in Theorem 3.1.13. O

In order to apply Theorems 3.1.13 and 3.1.14 to the context of R-
modules, we need as a preliminary a familiar fact from homological algebra.
(See, for instance, [CartanEilenberg, Proposition VI.2.1].)

3.1.15. Lemma. Let R be any ring (with unit) and let M be an R-
module. Then the following are equivalent:

(a) M has a projective resolution of length n.

(b) For any R-module N,Ext%t (M, N) = 0.

(c) The functor N ~~ Ext%(M, N) is right exact.

(d) For any projective resolution

dn dy dn_ d
- — n+1-—+1)Pn—>Pn_1——l§---—)P0—O)M~)O,
imd, = kerd,_; is projective, and hence the resolution can be

shortened to

. dﬂ— d
0 —imd, > Py —5 - 5 P M — 0.

Proof. (a) = (b). Suppose O —»Pn—>---—>_PO—> M —0is a
projective resolution of M. Then by definition, Ext% (M, N) is the j-th
homology module group of the complex

Hompg (Py, N)— --- > Hompg (P, N) >0 — -+,

so clearly Ext}t! (M, N) =o.
(b) = (c). Assume Ext%™' (M, N) = 0. Given a short exact sequence

0 —)Nl—*N2—>N3—> 0,
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there is an associated long exact sequence
Ext}(M, Ni) — Extj(M, N,) — Ext}(M, N3) — ExtB™ (M, Ny) = 0,

and thus the functor N ~ Ext’ (M, N) is right exact.
(c) = (d). To check the projectivity of imd,, we need to show that
given a short exact sequence

0—’N1—>N2—>N3—*0

and a homomorphism «:im d,, — N3, factors through N,. In other
words, we need to show that the natural map Homg (imd,, N2) —
Hompg (imd,, N3) is surjective, i.e., that the functor

N ~»Hompg (imd,, N)

is right exact. This is immediate from (c) if » = 0, so assume n > 0. From
the short exact sequences

O—»imdj_,_l:kerdj—»Pj—ﬁmdj——»O, 7>0,
{0—+imd1 =kerdy —» Pp > M — 0,
we obtain exact sequences
0 = Ext}y (P, N;) — Ext% ! (imd,, N;)
— ExtR(M, N;) — Ext%(FPo, N;) = 0,

Ext}y (P;_1, N;) — Ext} ™ (imd;, N;) — Ext} 7 (imd;_, N;)
— Exty 7t (Pj_,N;) = 0,0 < j<n.
These yield isomorphisms
Ext}(M, N;) = Extly '(imd;, N;) = - - - = Exth(imd,_1, N;)
and thus an exact sequence
Homp, (P,_1, N;) = Hompg, (imdy,, N;) — Extx(M, N;) — 0.

Assuming (c) and using projectivity of P,_;, we obtain a commutative
diagram with exact rows and columns

Hompg (Pn-1, N2) — Hompg (imd,, N2) — Extj(M, N3) — 0

l | | |

Hompg (Pn-1, Ns) — Homp (imd,, N3) — Extk(M, N3) — 0

l ! H

0 0 0,

and surjectivity of Hompg (im dn, No) — Homp (im d,, N3)follows from a
diagram chase.
(d) = (a) is trivial. él
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3.1.16. Corollary (Grothendieck). Let R be a left Noetherian ring
(with unit). Then the natural map K; (R) — K; (R-Modg,) (induced by
the inclusion Proj R < R-Modg,, together with Theorem 3.1.7) is an
isomorphism for j = 0, 1. In particular, if R is left regular, then the nat-
ural map Kj; (R) — G; (R) (induced by the inclusion Proj R — R-Modgg
together with Theorem 3.1.7) is an isomorphism for j =0, 1.

Proof. We need only check the hypotheses of Theorems 3.1.13 and 3.1.14.
It is clear from the definition that every R-module in R-Modg,. has a finite
resolution by finitely generated projective modules. Furthermore, given an
epimorphism P - M with P surjective, and given an endomorphism a of
M, we can fill in the diagram

P - M - 0
S
P - M - O

by projectivity of P to get a lifting & of a to P, which checks hypothesis (1)
of Theorem 3.1.14. Next, every epimorphism in Proj R splits, hence has
kernel which is a direct summand in a projective module, hence has a kernel
in Proj R. Hypothesis (2) of Theorem 3.1.14 holds by the implication (a)
= (d) of Lemma 3.1.15.

To finish the proof, we need only show that if M and M’ have finite

projective resolutions of finite type and if M S Mi s an epimorphism, then
ker a also has a finite projective resolution of finite type. First of all, if M
and M’ each have projective resolutions of length n, then by the implication
(@) = (b) of Lemma 3.1.15, Ext}" ' (M, N) = Ext}(M’, N) = 0 for any
R-module N. By the long exact sequence associated to the short exact
sequence

0—kera—> M — M -0,

0 = Extit (M, N) — Ext}t" (ker @, N) — Extjt? (MT, N) = 0 is exact,
S0 Ext'};“(ker a, N) = 0 and ker a has a projective resolution of length n
by the implication (b) = (a) of Lemma 3.1.15. If R is left Noetherian, it is
immediate that ker o in fact has a projective resolution of finite type, since
we can start with any resolution of ker a by finitely generated free modules
(such a resolution exists, since any submodule of a finitely generated module
is finitely generated) and truncate it using the implication (a) = (d) of

Lemma 3.1.15. O

Remark. The same sort of reasoning shows that if X is a non-singular
projective algebraic variety, then the natural map

K; (Vect X) — K,; (CohSh X)

is an isomorphism for j = 0, 1. We omit the proof since setting up the
necessary machinery requires knowledge of too much algebraic geometry.
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Now we are prepared to explain the idea of Grothendieckis original moti-
vation for studying the K-theory of categories, namely, for use in studying
the Riemann-Roth problem. Grothendieck in fact substantially gener-
alized both this problem and the form of its solution, but for simplicity we
will restrict attention here to the classical situation.

For readers who are unfamiliar with it, we begin with a quick review of
the terminology of sheaf theory. If X is a topological space, a presheaf
3 (say of R-modules) over X is a contravariant functor from the category
of open sets of X (and morphisms given by inclusions) to the category of
R-modules. The notation I'(U, 3) is also used for 3(U), and we refer to
this module as the sections of 3 over U. A sheaf 3 of R-modules is
a special kind of presheaf: one which also satisfies the gluing condition,
that if {U;} is a collection of open subsets of X, the restriction map

r(JUs F) = {(fi) € [[TWs, F) : filuynve = felv,nue Vi, k}
J J

is a bijection. Typical examples of sheaves are the sheaf of germs of contin-
uous R-valued functions, whose module of sections over U is CT(U), and
the structure sheaf Ox of an algebraic variety, whose module of sections
over a Zariski-open set U is the set of regular (algebraic) functions defined
in U. These may be viewed as rational functions without poles in U.

In the category of sheaves over X, the global section functor 3 ~
I'(X, 3) is left exact but not right exact. It has derived functors H7 (X, F),
with the properties that H°(X, 3) = I'(X, 3) and that a short exact
sequence of sheaves

0 —>f1-—+.7:2—>.7:3-—* 0

gives rise to a long exact sequence
- HI(X, ) » HI(X, F2) - HI(X, F3) = HTY X, F)— .

We return now to the classical Riemann-Roth problem. Let X be a non-
singular projective algebraic variety of dimension 1 over C, or for short, a
nonsingular curve. X is a compact connected complex manifold of com-
plex dimension 1 and real (or topological) dimension 2, or in other words
a compact connected Riemann surface, say of genus g. (Recall that the
genus is a purely topological invariant of the underlying manifold of X that
doesnit depend on the algebraic structure. It may be defined as the number
of TholesT in X, or more precisely as 3 rank Hy(X;Z) =} dim¢c H*(X;C).)

A divisor D on X is just a formal finite Z-linear combination 3  n,z;
of points z;€ X, with n;€Z. The divisors D are in bijection with
isomorphism classes of algebraic line bundles over X via the map 3" n;z; =
D — Lp,where Lp is the line bundle whose (algebraic) sections over an
open set U are the rational functions f over U vanishing to order at least
—n; at z; (and thus regular at points x where n, < 0). By convention, we
say f vanishes to order 0 at z if f(x) € C*, and f vanishes to order —k at
X, k>0, if f has a pole of order k at x. We make the usual identification of
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a line bundle with the sheaf of its (algebraic) sections. This is a locally free
Ox-module of rank 1; in general, locally free Ox-modules of finite rank
correspond to algebraic vector bundles over X. Note that ﬁBl =L_p,in
the sense that Lp®x L. p = Ox, with ®x the tensor product for sheaves
(computed pointwise over X).

The classical Riemann-Roth problem was to compute the dimension
£(D) of the space I'(X; Lp) of global (algebraic) sections of Lp, for any
divisor D. We may think of this dimension as a Betti number for sheaf
cohomology, namely, as dim H°(X, Lp). For instance, if D =0, £Lp = Ox
and ¢(D) =1 (since any rational function on X without poles must be con-
stant by compactness and the maximum principle for analytic functions).
The Riemann-Roth Theorem (see for instance [Hartshorne, Ch. 1V, §1])
asserts that

(3.1.17) C(D) — &(K — D) = deg(D) + 1 —g,

where Lk is the canonical sheaf (the sheaf of algebraic I-forms f(z) dz)
and the degree of a divisor is defined by deg > n;z; =3 n;. The for-
mula (3.1.17) is clear if D = 0, since £(0) =1, deg0 = 0, and 4(K) =
dim H%(X, L) is the dimension of the space of algebraic I-forms on X,
while by the Hodge Theorem,

2g = dim H'(X; C)
= dim{harmonic I-forms on X}
= dim ({holomorphic I-forms on X}
@ {anti-holomorphic I-forms on X})

=dim H°(X, Lg) + dim HY(X, Lg)
=2 dim H°(X, L),

so that ¢(K)=g.

Let us now sketch a proof of (3.1.17) using Ko(CohSh X), the K-theory
of the category of coherent sheaves on X. Since X is non-singular and of
(complex) dimension 1, any coherent sheaf F over X has a resolution of
length 1 by locally free sheaves:

(3.1.18) 0-V—=Voy—=F—0.

Furthermore, H?(X,F) is finite-dimensional for j = 0, 1 and vanishes for
j > 1. One may prove this by using the long exact sequence in sheaf
cohomology associated to (3.1.18) to reduce to the case of a vector bun-
dle V. The finite-dimensionality of H® comes from compactness of X and
Montelis Theorem (which says that the space of holomorphic sections of
VY over X must be locally compact, hence finite-dimensional). The Serre
duality theorem says dim H! (X, V)= dim H%(X,V ®x Lx), where V
is the “dual” bundle to V (in the case of a line bundle this is just V~1).
Hence we have finite-dimensionality of H'as well. The vanishing of the
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cohomology past the (complex) dimension follows, for instance, from Dol-
beaultis Theorem, which identifies H7(X,V) with the j-th cohomology of
the complex of antiholomorphic differential forms with values in V.

Thus for 3 a coherent sheaf over X, the Euler characteristic

X(F)= Y HI(X,F)

Jj=0

is well defined and given just by dim H%(X,F)-dim H* (X, F). For a line
bundle £, Serre duality gives that

x(£) = dim H%(X, £)~ dim H°(X, L™ ®x Lk).

In particular,
¢(D)— (K — D) = dim H°(X,Lp)— dim H*(X,Lxk ®x L") = x(Lp),

so the Riemann-Roth Theorem amounts to the statement that
(3.1.19) X(Lp)—x(Ox) = deg D.

To prove this, note that by the “Euler-Poincaré PrincipleT (cf. Proposi-
tion 1.7.10), for any short exact sequence of coherent sheaves

0—’.7:1—>f2—>.7:3—>0,

we have additivity of the Euler characteristic: x(Fz) = x(F1) + x{(F3)-
(One may see this by taking the corresponding long exact sequence in
sheaf cohomology and applying Lemma 3.1.10 in the category of finite-
dimensional vector spaces over C.) It follows that the map 3 > x(F)
preserves relation 0-(ii) of Definition 3.1.6 and thus passes to a homomor-
phism x: Ko (CohSh X) — Z. It will suffice for us to get a better under-
standing of this homomorphism. The trick (which was the key contribution
of Grothendieck) is that even though we were initially only interested in
x(F) in the case of line bundles, it pays to study x in the larger category
CohSh X where we have more exact sequences and thus more non-trivial
relations to help us.

Let x be a point of X and let D be any divisor. There is a natural
monomorphism Lp— Lp4, coming from the fact that every section of
Lpis also a section of Lp,,. This map is an isomorphism away from z,
so the quotient sheaf S, is a coherent sheaf supported only at x. Fur-
thermore, if n, is the coefficient of x in D, then for U small enough,
(U, Lp+z)/T(U, Lp)is spanned by

1 ny+1
Z—
()
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in local coordinates, and hence dimT'(U, S, ) = 1 if x € U. From this one
can see that dim H%(X,S;) = 1, dim H(X,S;) = 0, so x(S;) = 1. Then
from the exact sequence

0_’£D_"ACD+:::_’S$_’O’

we obtain x(Lp+z)=x(Lp)+1. Reversing the roles of D and D+z, we get
x(Lp-z)=x(Lp)—1. So if D=3 njz;, we get x(Lp)=x(Lo) + >_nj,
which is (3.1.19).

3.1.20. Exercise. Let R be a PID, for instance Z. Show that if M is
a finitely generated torsion R-module, then [M] =0 in Go(R) = Ky(R)
(& Z).Is this necessarily true if R is only a Dedekind domain?

3.1.21. Exercise. Show that the analogues of Theorem 1.2.4, Exercise
1.2.8, Exercise 2.1.6 and Exercise 2.1.7 hold for Gy and G;. In other words,
show that G; is Morita-invariant and that G; (R x9)2 G; (R) & G; (S),
for =0, 1.

3.1.22. Exercise. Consider the categories Repz of finite-dimensional
complex representations of Z, which may be identified with the category
of pairs (V, T), whereV is a finite-dimensional complex vector space and
T eAutV is the image of the generator, and the category Repy of finite-
dimensional complex representations of the monoid N, which may be identi-
fied with the category of pairs (V, T), where V is a finite-dimensional com-
plex vector space and T €End V. Determine the simple objects in these
categories and use Theorem 3.1.8 to compute Kc and K for each category.

3.1.23. Exercise [Milnor, §7]. Let X be a compact Hausdorff space, and
recall that K;(Vectp X)= K;(R)withR = C"(X) by Theorem 1.6.3, for
F=RorC,j =0, 1. Show that there are exact sequences of abelian

groups

0 — CT(X) =2 K;(Vectg X) > KO™'(X) — 0,

0 - C(X,2) 25 CC(X) 22 Ky (Vectc X)— KU 1(X) — O.
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Here is a sketch of how to proceed. Recall from Exercise 1.6.15 that

K71 (X)=qet K§(X x R).

Let S= CF(X x[0,1]) and let I be the closed ideal of functions vanishing
on X x{0, 1). Then I=CF (X x (0, 1)) (as a Banach algebra without
unit) and from the short exact sequence

0—-I—-S—>RxR-—-0

we obtain an exact sequence

K;(S) — Ki(R) ® Ki(R) — Ko(I) = Ko(S) = Ko(R) ® Ko(R).

By homotopy invariance of Ky (Corollary 1.6.12), Ko(S) = Ko(R), and
the map on the right may be identified with the diagonal map Ko(R) —
Ko(R) & Ko(R), vhiclis injective. Furthermore, there is a splitting map
from the diagonal copy of R inside R x R to S (extend a function on X to
a function on X x {0,1} which doesnit depend on the second coordinate),
so that the above exact sequence gives the exact sequence

K1(8)— K (VectpX) — KZ(X x R) — 0,
where we think of K;(VectgX)as K1 (R) ® 0 — K1 (R) ® K1 (R).

Show that the image of K; (S) — K;(R) 0 can be identified with
the classes in K (R) represented by matrices in GL(R) = C(X, GL(F))
which are homotopic to elementary matrices. Then show that the part of
SK(R) coming from matrices homotopic to elementary matrices is triv-
ial, and that the classes in R* homotopic to the identity coincide with
the image of the exponential map CT(X) =2 C(X,GL(1, IF)). (Use the
idea of Lemma 1.6.6 to show that an element of C(X,SL(n, IF)) (resp.,
C(X, GL(1, F)))vhiich is close to the identity is an exponential of some-
thing in C(X, SL(n, P)) (resp., C(X, F)).) Finally, identify the kernel of
the exponential map CT(X) =5 C(X, GL(1, F)) for F = R, C.

3.1.24. Exercise. Let p be a prime number and consider the local ring
R = Z/(p?) with unique maximal ideal I = (p).

(1) Show that R is not left regular, by showing that R/1 has a resolu-
tion by finitely generated free R-modules for which condition (d)
of Lemma 3.1.15 is not satisfied for any n.
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(2) Note that R-Modsg is a category in which R/I is the unique simple
object (up to isomorphism), and in which every object has finite
length. Then use Theorem 3.1.8 to compute Gg{R) and G1(R). Is
the natural map K; (R) — G (R) an isomorphism for j = O? For
j=17

3.1.25. Exercise (A step toward Grothendieckis generalized Rie-
mann-Roth Theorem). Let X be a non-singular projective algebraic
variety over C, now of dimension n > 1. In this more general setting, a
divisor D on X is defined to be a formal finite Z-linear combination 3" n; X;
of subvarieties X;c X of codimension 1, with n;€Z. The divisors D
are again in bijection with isomorphism classes of algebraic line bundles
over X via the map ) n;X; =D ~ Lp, where Lp is the line bundle
whose (algebraic) sections over an open set U are the rational functions f
over U vanishing to order at least —n; along X; (and thus regular along
subvarieties Y of codimension 1 for which ny < 0). The generalized
Riemann-Roth problem, solved by Grothendieck, is to give a formula
relating x(Lp) to x(Ox), analogous to formula (3.1.19).

(1) Assuming that coherent sheaves over X have finite resolutions by
locally free sheaves and thus that the natural map Ky(Vect X) —
K, (CohSh X) is an isomorphism, and assuming the result of Serre
that for F a coherent sheaf over X, H(X, F) is finite-dimensional
for j < n and vanishes for j > n, show as in the one-dimensional
case above that the map F — x(F) preserves relation 0-(ii) of Defi-
nition 3.1.6 and thus passes to a homomorphism x: Ko(Vect X) =
Ky(CohSh X) — Z.

(2) Let Y be an irreducible subvariety of X of codimension 1, taken
for simplicity to be non-singular. Show as in the one-dimensional
case above that there is a short exact sequence of coherent sheaves

0—-Lp_y—Lp—S8py—0,

where the quotient sheaf Sb, y is a coherent sheaf supported along
Y. Note in fact that Sp, vy =2 Lp ®x Oy, where we think of the
structure sheaf of Y as being extended to a sheaf on X supported
along Y. Deduce that xx (£ -y)—xx(Ox)=—xy(Oy), or in gen-
eral that Xx(ﬁp_y) — XX(ED) = —Xy(L*[:D), where .:Y — X
is the inclusion and ¢*Lp is the pull-back of £p to a line bun-
dle on Y. This suggests a mechanism for proving a generalized
Riemann-Roth formula by induction on n.

3.1.26. Exercise (Relative K-groups for categories). Let Aand B
be categories with exact sequences, and let F - A — B be an exact functor,
sothat it defines homomorphisms F,:K; (A) — K;(B),forj=0, 1.
Define a relative group Ko(F) to be the free abelian group with generators
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[Aqg, A1, @] corresponding to pairs (Ag, A1) € Obj Ax Obj A together with
a morphism a:Ap — A4; in A for which F(a): F(Ap) — F(4:) is an
isomorphism in B, modulo the relations that

[Ag, A1,a] = 0 if @ is an isomorphism in d,
and that if there is a commuting diagram of short exact sequences

0 —— A7 —— Ao > Ay —— 0
H | J| «| I
0 - Al — 4 . AL 0

and F(a), F('), F(a) are isomorphisms in B, then
[A,, A1, 0] =[Ag, A;, ai] +[4g, Al al].
Define a map Ko(F) 2 Ko(4) by
[Ao, A1, a]ko(r) > [Aolko(a) — [A1]Ko(a)

and show that F,0¢ =0.

Assume further that F is what Bass calls iCofinal,T in other words that
given B; € Obj B, there is some B € Obj B with B; & Bs 2 F(A) for some
AeObjd, and also that one can choose the By so that F, : End A —
End F(A) is surjective (this condition is similar to the first condition in
Theorem 3.1.14). Show that there is an exact sequence

K (A) £ Ky(B) 2 Ko(F) 2 Ko(A) £ Ko(B)

by imitating arguments from Theorems 1.5.5 and 2.5.4. To define the
map 8, note that if B;€ObjB and 5 € Aut(B;), then with By and
F as above, [Bi1, 3] = [B1® Ba, B1® 15,] in K1(B) can be replaced by
[F(A), 8] with A € Objd and B € Aut F(A). Then if F,: End A —
End F(A) is surjective, 8 lifts to an endomorphism a of A, and we can
define 8([F(A), 8]) = [A, A, a]. One has to check that this is independent
of the choice of A and a.

Check that when A4 = Proj R, | is an ideal in R, B=Proj R/l, and F
is induced by the quotient map R - R/I, then the hypotheses on F are
satisfied and one recovers the exact sequence of Theorem 2.5.4.

2. The Grothendieck and
Bass-Heller-Swan Theorems

In this section, we consider the problem of computing the K-theory of
a ring of polynomials or Laurent polynomials over another ring whose
K-theory is already known. In the case where R = CF(X) is the ring
of continuous F-valued functions on a compact Hausdorff space X (with
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F =R or C), the ring of polynomials R[t] is, by the Stone-Weierstrass
Theorem, a dense subring of CF(X x [0, 1]) (via specialization oft to a real
number in [0, 1]). The homotopy invariance theorem for topological K-
theory (Corollary 1.6.11) says that the map ¢+~ 0 induces an isomorphism
Ko(CF(X x [0, 1])) = Ko(CF(X)). Thus it is reasonable to view the map
on K-theory

K;(R[t]) » K;(R) induced by t—0

as corresponding to ialgebraic homotopy,T and to expect this map to be
an isomorphism for suitable rings R. This turns out to be the case for R
left regular (Grothendieckis Theorem), though homotopy invariance fails
in general.

The case of the Laurent polynomial ring R[t,t~!] is more complicated.
When R = CC(X), there is a map R[t,t"!]— C¢(X x ST) defined via
specialization oft to a complex number of absolute value 1, and the image is
dense by the Stone-Weierstrass Theorem. On the other hand, in topological
K-theory, one has the formula

KU (X x S')= KU-j(X) ® KUT71(X).

In complex K-theory, Bott periodicity holds and K7 only depends on j
modulo 2. Thus if we specialize to j = 1, we have

KU Y(X x SY) = KU Y(X) ® KU(X) 2 KU (X) & Ko(R).

Since, by Exercise 3.1.23, KU~Y(X x Si) and KU~1(X) are closely re-
lated to K;(CC(X x §')) and to K,(R), respectively, and since R[t,t"!]
is dense in CC(X x Si), this suggests that perhaps one can expect to have
K1 (R[t,t7 )= K, (R) ® Ko(R) when R is a nice enough ring. In other
words, taking Laurent polynomials should correspond to ialgebraic desus-
pension.” Again, this will turn out to be the case for R left regular (the
Bass-Heller-Swan Theorem). We will also be able to study the extent to
which this and algebraic homotopy invariance fail for rings which are not
left regular. Finally, further study of these ideas will also lead to a defini-
tion of K-groups extending the exact sequence of Theorem 2.5.4 arbitrarily
far to the right.

We begin with a review of two famous theorems of Hilbert, the Basis
Theorem and the Syzygy Theorem, which together imply that if R is left
regular, so are R[t] and R[t,t~!]. The reader who is already familiar with
these classical theorems can skip to formulas 3.2.5 and 3.2.6 and to the
discussion surrounding them.

3.2.1. Theorem (iHilbert Basis TheoremT). Let R be a left Noe-
therian ring. Then the polynomial ring R[t] is left Noetherian.

Proof. Let J be a left ideal of R[t], and consider the sets I, I; of all
leading coefficients of the polynomials in J (respectively, of the polynomials
in J of degree < 7). Since J is closed under addition and left multiplication
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by elements of R, so are | and the I;, hence | and the I;are left ideals of
R. Since R is left Noetherian, we may choose a finite set of polynomials

A@) =a't" +--- +a)
EJ
falt) = at™ + - +ap

whose leading coefficients af!,...,a}~ are generators of I. Let m =
max; deg f;=max;r;. Then if f(t) =bet*+.--+ b€ J, the leading
coefficient by of f may be written in the form Z;.’zlcja;’,cje R, and if
k> m, then f(t) —2?21 ¢;t*=73 f;(t) lies in Jand has smaller degree than
f- A simple induction thus shows that J is generated as a left ideal of R[t]
by fi(t), - .., fo(t) and by the polynomials in J of degree < m. If we sim-
ilarly choose successively, for j=0,...,m— 1, finitely many polynomials
g, .. .gg']_eJ of degree <j whose leading coefficients generate I;, then it

is evident that the fi (t),..., fn(t) together with the g/ (t) generate J as a
left ideal of R[t]. ¢i

3.2.2. Corollary. If Ris a left Noetherian ring, then so is the Laurent
polynomial ring R[t,t~}].

Proof. R[t, t~1] is a localization of R[t], and a localization of a left Noe-
therian ring is left Noetherian. For a more explicit proof, let J be a left
ideal of R[t,t~1], and let Jo = JNR[t], which is a left ideal of R[t]. (Here we
think of R[t]as a subring of R[t,t71].) Using Theorem 3.2.1, choose finitely
many generators for Jp. Then these also generate J, since for f{t)e J,
f(&) = t7™t™ f(t), and t" f(t) € Jp for n > 0 sufficiently large. O

3.2.3. Theorem (“Hilbert Syzygy Theoremt). If R is a left regular
ring, then so is R|[t]. Furthermore, if R has (left) global dimension <n,
then R[t] has (left) global dimension <n+ 1.

Proof. By the Basis Theorem, R][t] is left Noetherian. Let M be a finitely
generated left R[t]-module. By Lemma 3.1.15, to show that M has a reso-
lution of finite type by projective R[t]-modules, it will be enough to show
that there exists a positive integer K such that Extf,f[t](M, N) =0 for all
R[t]-modules N, and to prove the final statement about global dimension,
we only need to show that if R has (left) global dimension < n, then K
can be taken to be n + 2.

By restriction, any R[t]-module can be considered to be an R-module,
which comes naturally with an R-module endomorphism ¢ defined by left
multiplication by t. So we can form the short exact sequence

0 Rif]®r M 24222, Ril@r M — M =0

Suppose that for some k, Ext'f_-t(M, N) = 0 for all R-modules N. In fact,
if R has (left) global dimension < n, k can be taken to be n + 1. We have
an exact sequence

k+1
Extly (R[] ®r M. N) = Extii1 (M, N) — Extpy (R[t] ®r M, N).
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Since R][t]is free as an R-module, Extﬁ[t] (R[t]®r M, N) = Ext%(M, N) =
0 for j >k, so Extfy (M, N) =0 for K =k + 1, as desired.

To complete the proof, we only need to get around one technical point:
M is assumed to be finitely generated as an R[t]-module, but may not
be finitely generated as an R-module, so that in the case where R is not
assumed to have finite global dimension, the definition of left regular ring
doesnit immediately tell us that M is of finite homological dimension as
an R-module. The following trick for getting around this may be found in
[Bass, pp. 634-635], though part of the idea is older. Let Me be a finitely
generated R-submodule of M which generates M as an R[t]-module, and
let M, =t"Mp + ... + Mp. Then M,, is an increasing sequence of finitely
generated R-submodules of M and M = h_r)n M,.Let

Qn = {.’L‘G My thz e Mn—l}

and observe that this is an increasing sequence of R-submodules of M.
Since My is finitely generated and R is left Noetherian, there is some ng such
that @, = Qn, for all n >ny. We claim that for n >ng, the homological
dimension of M, is <d, where d is the larger of the homological dimensions
of M,, and My, /M, —1. Indeed, this is true for n = ng, and if n > ng and
itfs true for n — 1, we can apply the exact sequence

0 ->M,y—>»M,—-M,/M,_1— 0.
By choice of ng and the assumption that n > ng, the map My, /M, -1 v

M, /M, _, has a trivial kernel and thus is an isomorphism. So for any R-
module N, we have an exact sequence

Ext, (M, /Mp, -1, N) — Exth(M,, N) — Exth(M,_;, N),

and since Ext%(My,/My,_1,N) = 0 and Ext%(M,_1,N) = 0, we get that
Ext%(M,, N) = 0. This proves the claim by induction.

To complete the proof, one needs to see that the homological dimension
of M is bounded by

limsup horn. dim. M,, <d.
This follows from the “liLnl-sequence”
0 —lim " Extg ' (Myn, N) — Ext§(lim My, N) — lim Ext}(M;, N) — 0

which comes from the long exact sequence in Ext associated to the short
exact sequence

0 — @Mn (:tn)»—v(:m,m—zo,...,z,,—:cn_l,..,)_'@Mn
n n

Lon)mEntn g M, —0. éi
—
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3.2.4. Corollary. If R is a left regular ring, then so is R[t, t™1]. Further-
more, if R has (left) global dimension < n, then R[t,t~!] has (left) global
dimension <n + 1.

Proof. Again this follows from the fact that R[t,¢~!] is a localization of
RJ[t]. More explicitly, if M is a finitely generated R|[t,t~!}-module, choose
generators zi,...,z, for M and let M; be the finitely generated R[t]-
module they generate. Then M = R[t, t™!] ® gy M1, and since R[t, t~1]is
flat over RJ[t],

Extly, ,-)(M, N) = Ext}y, o (Rlt, '] ®rpy M1, N) = Extipy, (M, N).

Hence the homological dimension of M over R[t, t~1]is the same as that
of M; over R[t]. O

Now weire ready to proceed with the study of the K-theory of R[t] and
R[t,t~1]. Note first of all that there are split short exact sequences

(3.2.5) 0 —tR[t]— R[] S R — 0,

(3.2.6) 0 — (t-1R[t,t"' |- R[t,t"} ]S R — 0,

so that the K-theory of R[t] or of R[t,t~1] contains that of R as a direct
summand. The basic problem is to study the other summands, if any. It
turns out that in this context, G-theory behaves better than K-theory, at
least for rings which are left Noetherian. Hence it is worth saying something
about the functoriality of G-theory under change of rings. In general, if
¢:R — S is a ring homomorphism, though it induces an exact functor
from Proj R — Proj S, ¢« is usually not exact as a functor from R-Modgg
to S-Modgg, hence does not induce a homomorphism G; (R) — G; (S).
However, if S is flat over R (which is another way of saying . is an
exact functor), in particular if S is projective as an R-module (via ¢), then
s : Gj(R) — G;(S) is defined. This will be the case, for instance, when
¢ is the obvious injection of R into S = R[t] or R[t,t}].
We would like, however, to have maps G;(R[t]) — G;(R) and

G;(Rlt, t7']) — G;(R)
in spite of the fact that the obvious maps R[t]r—()» R and RJ[t, t‘l]tll» R
are not flat. The device for constructing such maps, due to Grothendieck,
is based on the ideas that went into the proof of the Resolution Theorem
(Theorem 3.1.13). We use the fact that R has finite homological dimension
over R[t]or R[t,t~1]. In fact, from the resolutions

(3.2.7) { 0— R[] & Rl =% R -0,
0 — R[t, ¢~ R, 1] 2L R — 0,
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we see that R has homological dimension 1 over R[t]and R[t,¢™!],and
thus that if
0 —>M1—>M2—>M3—7 0

is a short exact sequence of R[t]-modules, there is a corresponding exact
sequence of R-modules

3.2.8) 0 — Tor™(R, M;) — Tor™(R, My) — Tor™(R, M,
1 1 1
— R ®Rg[y) Mi = R ®gjtjM2— RQpgy) M3—0,

and similarly with R[t,¢~!]in place of R[t].

3.2.9. Proposition. Let R be a left Noetherian ring. There are well-
defined homomorphisms Go(R[t]) = Go(R) and Go(R[t,t™1]) — Go(R)
defined by

[M] — [R®gjg M] - [Tory" (R, M)]

(or the same formula with R[t] replaced by R[t,t~1]). When R is left
regular, these agree with the usual homomorphisms Kg(Rt]) — Ko(R)
and Ko(R[t,t7]) - Ko(R).

Similarly, there are well-defined homomorphisms G; (R[t]) — G: (R) and
G1(R[t,t71]) = G1(R) defined by

[M, a] — [R ®gg M, 1®a] —[Tort (R, M), Tor(1, a)]

(or the same formula with R[t] replaced by R[t, t~!]) which agree with
the usual homomorphisms K;(R[t]) — K1(R) and K1(R[t,t7!])— K1(R)
when R is left regular.

Proof. First consider the case of Gg and R[t]. The indicated formula
gives a well-defined homomorphism for two reasons:
(i) If M is finitely generated as an R[t]-module, then R®g[; M is finitely

generated, and also 'ﬂi];R ,M) is finitely generated since it may be
computed from (3.2.7) to be the kernel of multiplication by t on M. This
is a submodule of M, so it is finitely generated if M is, since we are assuming
R is left Noetherian, hence R[t] is also left Noetherian by the Hilbert Basis
Theorem (Theorem 3.2.1).

(ii) We need to show that the relations in Gy are preserved by the map.
But this follows immediately from the exact sequence (3.2.8) together with
Lemma 3.1.10. (The hypothesis on the category R-Modgg needed for the
Lemma follows from the assumption that M is left Noetherian.)

If R is left regular, then so is Rt] by the Syzygy Theorem (Theorem
3.2.3). Hence by Corollary 3.1.16, the natural maps Kg(R)— Go(R) and
Ko(R[t]) — Go(R][t]) are isomorphisms. The diagram

Ko(R[t]) —— Go(R[t])

! !

Ko(R) —— Go(R)
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commutes since if M is a finitely generated projective module over R][t],

then Torf[t](R, M) =0, hence [M] —[R®gjy M] under both of the vertical

maps in the diagram.

Exactly the same reasoning works with R][t] replaced by R[t,t~], except
that now Tor; is computed to be the kernel of multiplication by t— 1. The
proof for G, is also almost exactly the same. O

3.2.10. Corollary. Let R be a left Noetherian ring. Then for =0, 1,
G;(R)sits naturally as a direct summand in G;(R[t]) and in G;(R[t,t™1]).

Proof. If M is a finitely generated R-module, then
Torfl)(R, R[t] ®r M) and Torflt VR, R[t,t™'|®r M)
are by (3.2.7) computed as the homology of the complexes
R)®r M S R{t|®r M,  R[t,t" | ®r M =5 R[t,t | ®r M.

So Tor; can be seen to vanish and Torg gives back M. Hence the composites

map of Proposition 3.2.9

G;(R)— Gj (R[t]) G;(R),

Gj (R) N G] (R[t, t_l]) map of Proposition 3.2.9 Gj (R)
are the identity. O

Now weire almost ready for the first major result of this section, which
is Grothendieckis Theorem comparing Gy for a ring R and for the ring of
polynomials R[t] or R[¢t,t~1]. It is convenient to begin by first proving the
version of the theorem for graded modules. Then we will use a trick to go
back to the ungraded case.

3.2.11. Theorem. Let R be a left Noetherian ring, viewed as a graded
ring with trivial grading concentrating everything in degree 0. Give the
polynomial ring Rlty,...,t,] its usual grading in which the elements ty,...,
t, have degree 1. For a (non-negatively) graded left Noetherian ring, let
Gg'aded denote Kj of the category of finitely generated graded modules
M = €D,.cz M. Note that because of the finite generation hypothesis and
the fact that the ring is non-negatively graded, these modules are automat-
ically bounded below (i.e., given the module M, there is some ng€ Z such
that M,, = 0 for n < no). Morphisms in this category are required to pre-
serve the grading. Then the exact functor M +— R[ty, ..., t.]®g M induces
an isomorphism Go(R) ®z Z[t] = GE24*%(R) — GE>*Y(R[ty, . .., t,]).

Proof. First of all, it is obvious that if R is trivially graded, then
Go(R) ®z Z[t] = G§™**(R),

since a finitely generated graded R-module is just a finite direct sum of
finitely generated graded modules M, each concentrated in a single degree,
and we identify [M,] e GE*4d(R) with [M,]® t™ in Go(R) ®z Z[1].
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Next, observe that everything we have just done works with graded
modules as well. In other words, there is a map GE*4*4(R[t]) — GE*(R)
defined by sending [M] to [R ®gjy M] ~[Tor?[t] (R, M)[-1]], where for N
a graded module, the symbol N[r] denotes N shifted in degree by r:

N[T]n = N'n,+'r-

The degree shift comes from the fact that in the category of graded mod-
ules, the resolution (3.2.7) is not as it stands a resolution by graded mod-
ules, since multiplication by ¢ increases degree by 1, but we can replace it by

0 — R[t][-1] — R[t] = R — 0.

Corollary 3.2.10 holds in the graded context, and tells us that the map
GEded(RIt])) —» G&** (R) is a split surjection, with right inverse the map
[M] — [R[t] ®& M]. Iterating all of this r times, we see that R[ty, ..., t-]
has finite homological dimension over R, and that there is a split surjection

Ggraded(R[th o t'r]) N G%raded (R)

defined using higher Toris.

For simplicity of notation, let S = R[ty, . . ., #.]. So it suffices to show
that the map GE=%4(R) — GE24*4(9) is surjective. Let 3 be the full
subcategory of finitely generated iR-flatT graded S-modules, whose ob-
jects are graded modules M satisfying Torf(R, M) =0 for j > 0. (For
instance, when r = 1, these are modules which are t;-torsion-free.) If M
lies in this subcategory, the map G&4°4(8) — G&2%(R) takes the sim-
pler form [M] — [R ®s M]. Because of the long exact Tor sequence, F
is a category with exact sequences and contains the kernel of each of its
surjective morphisms. So the hypotheses of the Resolution Theorem (The-
orem 3.1.13) are satisfied, and the inclusion of F induces an isomorphism
Ko(F) = Gg’aded (S). Now if M is a graded R-module, § ®g M is R-flat,
so the map GE*4*% (R) — G&>4 (S) naturally factors through K, (F), and
itis enough to show that the map GE2*d(R)— Ky(F) is surjective.

Let M be an object of 3, thus a finitely generated graded S-module,
and recall that S is left Noetherian by Theorem 3.2.1. For each integer
i, let

F;(M) = the S-submodule of M generated by Mj, j <1,
Q.,; = Mi/Mi N Fi_l(M).

Note that Q; is just the component of R ®¢s M in degree i, since (using
multi-index notation)

o0

MinF(M)=Y_ Y t'M;_;.

=t 1)=j

(The sum is really finite, since M is bounded below.) Similarly, R®g F;(M)
vanishes in degrees > i and coincides with R ®s M in degrees <.
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If M; =0 for i < no, then
0= Fpy_y (M) C Foo(M) C -+ C Fioo(M) = M,

and the filtration must terminate at some finite stage, i.e., F,,, (M) =M
for some ny, since M is finitely generated and Noetherian. Note that there
is a map of graded S-modules from S ® g M; to F;(M), which induces by
passage to the quotient a surjective map of graded S-modules

S ®r Qi— Fi(M)/F;_1(M).

Here we are viewing M; and @; as graded modules concentrated in the
single degree i. We will show this map is an isomorphism for each i.

For i < ngori>mni, this is obvious since both sides are zero. Suppose
we know that Tor? (R, F;(M)) =0, whichHs at least the case for i=mn,;
since M € Obj F. From the short exact sequence of graded modules

0 - F; (M) — Fy(M) — Fi(M)/F;_1(M)— 0
and the fact that the natural map
R ®s F;-1(M)— R ®s F;(M)

is injective with cokernel Q;, we see first that Tor; (R, Fy(M)) =0 implies
also Tor; (R, Fi(M)/F;_1(M))=0 and

Tor? (R, F;_1(M)) & Tor; (R, Fi(M)/F;-1(M)).
Then if K; denotes the kernel of
S ®r Qi — Fi(M)/F;_1(M),
tensoring with R gives the exact sequence

0 = Tor} (R, Fi(M)/F;_1(M)) — R ®s K;

— R®s (S®r Qi) — R ®g(Fi(M)/F;_1(M))

Qi - Qi
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This shows R ®¢ K; = 0, which since K; is a finitely generated graded
module forces K; = 0. Hence F;(M)/F;_1(M)= S®grQ;, which shows that
F,(M)/F;_1(M) € Obj F. Substituting back the fact that Tor; vanishes,
we get Tory (R, F;_1(M)) = 0. So by descending induction on 3, K; = 0
and Tor5 (R, F;(M)) = 0 for all i, as desired.

Now to conclude the argument, note that [M] = Y, [F;(M)/F;_1(M)]
in G&4#4(5). Butwe have seen that F;(M)/F;_1(M)= R[t|®rQ;, hence
[Fi(M)/F;_;(M)] lies in the image of GE™*R for each i, as required. O

As we have noted, the next theorem is really due to Grothendieck,
though this version of it first appeared in [BassHellerSwan].

3.2.12. Theorem (Grothendieck). Let R be a left Noetherian ring.
Then the natural maps Go(R) — Go(R][t]) and Go(R) — Go(R]t,t~1]) are
isomorphisms, with inverses given by the maps of Proposition 3.2.9.

Proof. We begin with the case of R[t]; the case of R[t,t ] will follow.
We need to show the map Go(R) — Gy(R][t]) is surjective. The trick is to
observe that if M is a finitely generated R[t]-module, then M = R[t]|®y N,
where N is a finitely generated graded R[t,s]-module (we give RJt, s] the
grading by the total degree of a polynomial) and where : R[t, s] — R[t]
is the surjective homomorphism sending t —¢,s + 1. To see this, note
that M = R[t]*/Q for some module of relations Q C R[t]™, and since M is
finitely generated and R is left Noetherian, Q is finitely generated because
of the Hilbert Basis Theorem (Theorem 3.2.1). Choose a finite set

f]=(fj,1(t)’af],n(t))a ISJSm)

of generators of Q and let d = max deg fjx. Define
g; = (gj,l(tv S)) ey gj,n(ta S))E R[ta s]n, 1 S .7 S m,

by replacing each monomial ati in the f;’s by at's?~!. Then each g; x is
homogeneous of degree d, and g; x— f;x under the map ¥ : R[t, s] — R[t].
Hence if Qi is the submodule of RJ[t,s|™ generated by the g;i’s, N =
R[t, s|*/Q'" is a finitely generated graded R|t, s]-module and 1. (N) = M.

Observe in addition that the functor . from graded RJ[t,s]-modules to
R[t]-modules is exact. Indeed, the tensor product functor is always right
exact. On the other hand, ¥.(N) may also be written as N/(s—1)N, and
we have left exactness because if N is a graded R[t,s]-module and N’ is a
graded submodule, and if =327 z;€N, (s —1)z€ N’, then

j=n
o0
!
~Tno + Y (s7j_1— ;)€ N,
j=no+1

so that Zn, € N/, Zn,+1€N',..., and x € Ni. Thus 1, induces by
Proposition 3.1.9 a homomorphism Gg'aded(R[t, s]) — Go(RJ[t]).
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Now consider the diagram

Ggraded (R) Ggraded (R[t, S])
forget gradingl Pu l

Go(R) ——  Go(R[t)),

where the horizontal arrows are induced by the inclusions of R into R[t]
and RJ[t, s]. This diagram obviously commutes. By Theorem 3.2.11, the
top horizontal arrow is an isomorphism. From the fact that every finitely
generated R[t]-module is #.(N) for some finitely generated graded R[t, s]-
module, the right-hand vertical arrow is surjective. Thus the bottom hori-
zontal arrow is surjective and we are done.

Now consider the case of Go(R) — Go(R[t, t71]). We must show that
this map is also surjective. Since R[t,t~1]is flat over R[t] (as an R[t]-
module, R[t,t"!]= lim t~™R[t], and t™"R][t] is free over R[t]), the

inclusion R[t]< R[t,t~!] induces a homomorphism
Go(R[t]) — Go(Rlt, t71])

by [M] —[R[t,t~!]®gjy M]. The map Go(R) — Go(RI[t, t~*]) obviously
factors through this map. Since we have seen that Go(R) — Go(R[t]) is an
isomorphism, we only need to show that Go(R]t]) — Go(R[t, t~1]) is surjec-
tive. But if M is a finitely generated R[t,t !]-module, M = R[t,t~1|"/S
for some finitely generated module of relations S. (We are using Corol-
lary 3.2.2.) Multiplication by t* induces an automorphism of R[t,t~ 1],
and for large enough k, it will Kkill off all negative powers of ¢ in a fi-
nite set of generators for S. Thus for large enough kK, t*S C R[t]",
and M =tER[t, t7"/t*S is extended from a finitely generated R|t]-
module. This shows Go(R[t]) — Go(R[t,t]) is surjective, completing
the proof. O

3.2.13. Corollary. Let R be a left regular ring. Then the natural map
Ko(R[t]) — Ko(R) induced by (3.2.5) and the natural map Ko(R[t, t~1])—
Ko(R) induced by (3.2.6) are isomorphisms. Alternatively Ko(tR[t]) and
Ko((t —1)R[t, t*]) (corrputedn the sense of Ko for rings without unit)
vanish.

Proof. This follows from combining Theorem 3.2.12, Corollary 3.1.16,
and Proposition 3.2.9. O

Remark. For rings which are not left regular, the maps Ko(R[t]) —
Ko(R) and Ko(R[t, t7!]) — Ko(R)can have a non-zero kernel. For an
example of the former phenomenon, see Exercise 3.2.24. The kernel of the
map Ko(R[t, t7!]) — Ko(R) actually consists of two different parts, both
of which can be non-zero. The first is related to the kernel of Ko(R[t]) —
K, (R); the second is the functor K_;(R) which will be studied in the next
section.
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3.2.14. Definition. If R is any ring with unit, we define NK;(R),j=0
or 1, to be the relative K-group K;(R][t],tR]t]). By the split short exact

sequence (3.2.5), this is the same as the kernel of the map on K-theory

induced by RJt] 20 R. (Recall Exercises 1.5.11 and 2.5.19.) Corollary

3.2.13 states that NKy(R) vanishes if R is left regular.

Next we come to the study of K; and G;. We would like to show as in the
case of Ky that Gy(R[t])= G1(R) for R left Noetherian, so that NK;(R)
vanishes if R is left regular. The case of Laurent polynomials will now be
a bit different, since as we remarked at the beginning of this section, there
is reason to believe K1(R[t,t~!]) should be related to K;(R)® Ko(R), not
just to K3 (R).

First we have the analogue of Theorems 3.2.11 and 3.2.12 for G;.

3.2.15. Theorem. Let R be a left Noetherian ring, viewed as a graded
ring with trivial grading, and Jet R[t,,.. ., t,] be given its usual grading. For
a (non-negatively) graded left Noetherian ring, Jet G’{“‘ded denote Kj; of the
category of finitely generated graded modules M = @, .z M,,. (Morphisms
in this category are required to preserve the grading.) Then the exact
functor M — R[ty,...,t,]®r M induces an isomorphism G;(R)®z Z[t]=
GF**Y(R) — GF**Y(R[ty,. . ., t.)).

Proof. For simplicity of notation, let S = R[t;,...,t,]. As in the proof of
Theorem 3.2.11, it suffices to show that the map G534 (R) — G&>4°d ()
is surjective. As in the proof of Theorem 3.2.11, let F be the full sub-
category of the category of finitely generated R-flat graded S-modules,
whose objects are graded modules M satisfying Torf(R, M) =0 for j >
0. These include the finitely generated free graded modules, and any
graded morphism lifts to a morphism of a free graded module. As in
the proof of Theorem 3.2.11, the hypotheses of the Resolution Theorem
(Theorem 3.1.14) are satisfied, and the inclusion of F induces an isomor-
phism K;(F)— G&2dd(g). Also the map G&F*d(R)— G&ded(3)
naturally factors through Kj(F), and itfs enough to show that the map
GE24*(R) — K, (F) is surjective.

Furthermore, by the method of the proof of Theorem 3.2.11, it is enough
to consider classes in K, (F) defined by an automorphism « of S ®g M,
where M is a graded R-module. Then since a is required to be grading-
preserving, « induces an automorphism of (S g M),, =M, and since M
generates S®g M as an S-module, « is determined by its restriction to M,
i.e., & = 1®a|p. Thus the map GE*3°4(R) — G8"*%°4(S) is surjective. El

3.2.16. Theorem (Grothendieck Theorem for Gy).LetR be a left
Noetherian ring. Then the natural map G;(R)— Gi(R[t]) is an isomor-
phism, with inverse given by the map of Proposition 3.2.9.
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Proof. As in the proof of Theorem 3.2.12, we consider the diagram
G%raded(R) G%raded(R[t’ S])
forget gradingl rp.l
Gi(R) ——  Gi(R[]),

where the horizontal arrows are induced by the inclusions of R into R{¢]
and R[t, s]. This diagram obviously commutes. By Theorem 3.2.15, the
top horizontal arrow is an isomorphism. So it will be enough to show that
the vertical arrow on the right is surjective. This is a bit more delicate
than in the case of G since we need to consider not just modules but also
their automorphisms. But ¢ : R[t,s] — R[t] factors through the inclusion
R[t,s] — RJt,s, s71], s0 closer examination shows that the right-hand side
of the diagram above can be factored as

G&*4*4(Rlt, s])

N\

¢.l G%mded(R[t, s, 3—1])

/

GI(R[t])a

where G&2%4(R]t,s, s71)) is defined using Z-graded modules that are not
necessarily bounded below. (If N is a graded R][t, s, s~!]-module, then
multiplication by s induces isomorphisms N; — N;_1 for all j,so N canit
be bounded below unless itis the zero module.) Furthermore, if M is an
R[t]-module, then R[s,s~!]®g M can be given the structure of a graded
R[t, s, s~!]-module F(M) (in which ¢ acts by the original action of ¢ com-
posed with multiplication by s), and the functors . and F are inverses to
one another, defining an equivalence of the category of finitely generated
R[t]-modules with the category of finitely generated graded Rft,s, s71}-
modules. So
G§*4(R[t, s, s]) - G1(RIt])

is an isomorphism and we need only see that
GF(RIt, s]) — GF****(Rlt, s, 57))

is surjective.

Thus let N be a finitely generated graded R][t, s, s~!]-module and let
a be a grading-preserving automorphism of N. Let P =B, , N,, be the
R[t, s]-module generated by Ng. Then P is finitely generated and a maps
P into itself, and N = R|t, s, s~ ] ®gyt, s} P. Since obviously a =1 ®(alp),
this shows [N, o] is in the image of G¥***4(R]t, s]). So

G%raded(R[t, S]) _'G%raded(R[t’ s, 5_1])

is surjective. O
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3.2.17. Corollary. IfR is a left regular ring, then the natural map
K, (R[t]) > K;(R) is an isomorphism. In other words, NK; (R) = 0.

Proof. This follows from combining Theorem 3.2.16, Corollary 3.1.16,
and Proposition 3.2.9. 4

We come now to the case of the Laurent polynomial ring R[t,t71]. We
begin with G; and then go on to Kj.

3.2.18. Proposition. Let R be a left Noetherian ring. Then there is a
natural embedding of G, (R) ® Go(R) as a direct summand in Gy (R[t,t1])
via

$: (M, o], M)~ [Rlt, t '|®r M,1® o] +[R[t,t7' ] ®r M, t ®1].

The left inverse ¥ to @ is given by Gy(R[t,t71]) — G1(R) as defined
in Proposition 3.2.9, together with the following map Gi(R[t,t7!]) —
Go(R): Let N be a finitely generated Rit,t!]-module,3€ Aut N, and
Jet N’ be a finitely generated R|[t]-submodule of N that generates N as
an R[t,t')-module. Then for suitably large k,t*3 maps N’ into it-
self and coker((t*3)|n+) is a finitely generated R-module. Map [N, g]€
G1(Rt, t71)) to

[coker((t*B)| n)] — k[coker(t|n/)] € Go(R).

Proof. It is clear that ® defines a homomorphism, and we already ver-
ified in Corollary 3.2.10 that it embeds G;(R)in G1(R][t,t~!]) as a direct
summand. It therefore suffices to check that the indicated formula gives a
well-defined homomorphism G (R[t,t™*]) — Go(R), and that the compos-
ite ¥ 0 @ is the identity.

The first problem is to show that, given a finitely generated R[t,t™!]-
module N and 3€ Aut N, [coker((t*8)|n+)] — k|coker(t|n+)] € Go(R) is
independent of the choice of N’ and of k. First of all, suppose NT is fixed
and t*8 maps NI into itself. Note that (¢8| n-) is an injective R[t]-module
homomorphism since it is the restriction of an automorphism of N. If we
replace k by k+7, > 0, then t**33(N’) C t*B(N') C Ni, and t*3 induces
an isomorphism

N’/ N' — t*B(N") /t*+I B(N).

Hence, in Go( R), we have
[coker(£58)|n+)] + [coker(t| /)] = [coker((£*+ )| ).
In particular, iterating this with 8 = 1 shows that
[eoker(t|x+)] = jlcoker (¢ )],
and so

feoker((#%+38) )] — (k-+) [coker(t]n-)] = [coker((t*8) )] ~ kcoker(t]:)]-
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Thus for fixed Ni we have independence of k.
Now suppose N” is another finitely generated R|[t]-submodule of N that
generates N as an R[t,t~!]-module. Then

oo o0
N= [ Jt7N'= | JtN",
=0 j=0

so for suitably large j,# N C Ni. If we choose k large enough so that t*3
maps Ni and NT into themselves, then (#t*G)N" C+ N" N (t*G)N'C N”
and in Gg( R) we have

N'/(B)N') + ()N /(B +*B)N")] = [N'JEIN"] + (¢ N" /(8 **B)N")

or

[N'/(E*B)N'] + [N'[HN"] = [N'// N"] + [N" /(£*B)N"],
so [N'/(t*B)N'}=[N"/(t*B)N"]. This proves independence of the choice
of N’ and shows ¥ is well defined.

Next we have to show that ¥ is a homomorphism. If 5 and « are two
automorphisms of N, and if we choose k large enough so that t*3 and t*v
both map NI into itself, then (t?*8y) N’ C (t*8)N' N (t*y)N'C Ni, so in
Go(R) we have

[N'/(t%*B7)N'] = [N'/(t*1)N'] + [(t*7)N'/ (2 Bv)N']
= [N"/(t*y)N'] + [N'/(t*B)N],

showing that ¥(|N, 8v]) = ¥([N, 8]) + ¥([N,~]). It remains to show that
¥ is additive on short exact sequences. Suppose

0—- Ny, —>Ny—>N3—0

is a short exact sequence of finitely generated R|[t,t~!]-modules, and 3
is an automorphism of N, that maps N; onto itself and that induces an
automorphism + of Ns. Choose a finitely generated R[t]-submodule N} of
N, that generates N, as an R[t,t !]-module. Let N] = NN Ny, and let
N} be the image of Nj in N3. Then Nj and Nj are finitely generated and
generate N; and N3, respectively. If we choose k so that t*3 maps Nj and
N! into themselves, then if z € NI N (t*3) N5, we have (t*8) 'z € NN N}
(since N is stable under (t*8)~1), which is NJ. Hence NiN(t*3)Nj =
(t*3)N{ and so in Go(R),

[N3/(t*B)N3] = N3/ (N7 + (t*B)N3)] + [(N + (t*B)N3) /(" B) N3]
= [N3/(t*y) N3] + [N/ (N1 N (¢ B)N3)]
= [N3/(t*y) N3] + [N}/ (t*B) N3]

It follows that ¥([Ns,~]) + ¥([N1, B|n,]) = ¥([N2, P]), so ¥ is additive
on short exact sequences.
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Finally, we show that the composite ¥ o ® is the identity. If M and M’
are finitely generated R-modules and a € Aut M, then

Yod ([M, o], [Mi]) = ¥([R[t,t™'|®r M,1® a]
+[Rlt, t7 | ®r M', t ®1])
= (M, o] + [M',1],
[coker(1® &)|igoam] + [coker(t ® 1)|pigpam])
= (M, 0] +0,0 + [M]) = (M, o], D,

as required. O

3.2.19. Theorem. Let R be a left Noetherian ring. Then the embedding
® of G1(R) ® Go(R) into Gy (R[t,t™]), defined in Proposition 3.2.18, is an
isomorphism.

Proof. We need to show that & is surjective. The intuitive idea is
easy to explain. Suppose [N, 8]€ Gi1(R[t,t71]) is defined by a finitely
generated RJt, ¢t !]-module and B € Aut N. We need to show that if
[N, 8]+ 0 in Go(R), then [N, Pl comes from a class in G; (R). Let
NT be a finitely generated R[t]-submodule of N that generates N as an
R|t, t~1]-module, and suppose for simplicity that 8 maps NI into itself.
The statement that [N, 8] — 0 in Go(R) then means that [N'/3(N’)]=0
in Go(R). If N'/B(N") were literally the zero-module, this would mean that
B restricts to an automorphism of Ni. But then N = R[t,t | ®g N”
and B8 =1® B|n+, which shows that [N, 8] lies in the image of the map
G1(R[t]) — G1(R][t, t1]). since (using Theorem 3.2.16) we have a com-
mutative diagram

G1 (R)

gl AV
G1(R[t]) — Gi(R[t, t71)),

this shows [N, 8] is in the image of G;(R).

To make this argument rigorous takes a bit of work, and can be done in
a number of ways. The easiest is probably to appeal to the method of proof
of Theorem 3.2.16, which shows that we can take Ni = R[t] ®y P, with
P a finitely generated graded R[t,s,s~!]-module, and that 3 extends to a
graded automorphism of R[t,t—l,s,s—l]@)R[t,s,3_1] P. Instead of assuming
that [N, 8]+ 0 in Go(R), welll make no assumption on 3 and show how
to write [N, 3] in terms of elements in the image of ®. First multiply 3 by
a suitably high power of t so that 8 maps Ni into itself. Then there will be
an induced grading-preserving endomorphism g of P. Let Pi = @,° , P,
be the graded Rit,s]-submodule of P generated by the elements of degree
0; 8 maps P’ into itself.

By the method of proof of Theorem 3.2.15, we may reduce to the case
where P’ = RJ[t,s]®r M, M a finitely generated graded R-module, and 3 is
determined by a graded endomorphism a of M. But then N = R[t,t }|®g
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M and 8 induces « on the quotient M 2 N/(t — I)N. Since 3 is invertible,
a is in fact an automorphism of M. We may identify N with @,,., t"M
and write B(t"z)= 3, ., B;(z)t"*’ for z€ M, where almost all of the
Bj(z) are 0, and 3_; B;(z) = a(z). From this one can see M is an iterated

extension of R-modules M; on which 8 takes the simple form t7a;, and we
have

[N, 8] =Y _[Rlt, t"|®r M;,t’ ® ay]

JEZ

=S ([Rlt, ) @r My, € @ 1] + [Rlt, 7] ®r M), 1 ®0y])
JEZ

=@ (IM;, o], §[M;)),
JEZ

which shows & is surjective. O

3.2.20. Corollary (Bass-Heller-Swan). Let R be a left regular ring.
Then there is a canonical isomorphism K (R[t, 1)) K1 (R)® Ko(R).

Proof. This follows from combining Theorem 3.2.19, Corollary 3.1.16,
and Proposition 3.2.9. CI

Since we are also interested in rings which are not left regular or even left
Noetherian, it will be convenient to try to analyze K;(R[t,t~']) directly,
without going through the intermediary of G-theory. This will lead to
another proof of the Bass-Heller-Swan Theorem (Corollary 3.2.20) as well
as a motivation for the definition of negative K-theory in the next section.

3.2.21. Lemma ([BassHellerSwan|). Let R be a ring. Then

(@) Any matrix B € GL(R[t]) can be reduced, modulo GL(R) and
E(R][t]), to a matrix of the form 1 + At, where A is a nilpotent
matrix with entries in R.

(b) Any matrix B € GL(R[t, t~!]) can be reduced, modulo GL(R)

n
and E(R[t,t™1]), to a matrix of the form (to (1)) 1+ At -1)),

where A is a matrix with entries in R and A(1 — A) is nilpotent.
Proof. (a) Write B = By + tB; + - -- + t*Byg, where the B; are matrices
with entries in R. We will first show by induction that B can be reduced

to something with d < 1. So assume d > 1. Then if ~ stands for Tis equal
to, modulo GL(R) and E(R][t]),” we have

B 0
5= (5 1)

~ B td—le
0 1
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(since we can add a multiple of the bottom row to the top row)

-~ B — tdBd t-1B,
—t 1 ’

(since we can subtract tx (the last column) from the first column).

Now we have something of degree <d — 1. Continuing by induction, B can
be reduced to something with d < 1.

If we can reduce to d = 0, the assertion of the Lemma is obvious. Oth-
erwise, we can reduce to the case d = 1, and assume B = By + tB;. Since
B is invertible as a matrix over R|[t], Be must be invertible. Factoring out
Be, we reduce B to the form 1 + At. This must be invertible as a matrix
over R[t], so we have B™1 = Cy +tC; + - - - + t"C,. for some C;’s and some
integer r. Multiplying out the equation

1=+ A)(Co+tCi+ - +tCp) = (Co +tCy+ --- +17Cr)(1+ At),
we obtain the equations

1200, OZAC()+01=COA+01,

0=AC, 1+Cr=Cr1A+C,, 0=AC, =C,A.

Solving inductively, we obtain Co=1, C1=-A, ..., C;=(—A)?,and A
is nilpotent since A™*!=o0.

(b) Since we are allowed to multiply B by a power oft, we may suppose B
involves only non-negative powers of t. Then we may repeat the same trick
and come down to the case where B = Be + tBy = (Be + B;) + (t —1)B;.
Since B is invertible as a matrix over RJ[t,t~!], Be + B; must be invertible.
Factoring out Be + By, we reduce Btothe form 1 + At—-1)= 1 —A+AtL
This must be invertible as a matrix over RJ[t,t~1],so after multiplying by
a power of ¢ it has an inverse which is a matrix over RJ[¢]. By the same
reasoning as in (a), (1 — A)A is nilpotent. O

3.2.22. Theorem (Bass-Heller-Swan). Let R be a ring. Let Nil R be
the category whose objects are pairs (P, A), where P is a finitely generated
free R-module and A is a nilpotent endomorphism of P. The morphisms
(P, A) — (Pi, AI) are R-module homomorphisms T : P — P’ such that
A'T = TP. Note that Nil R is a category with exact sequences, and Kj
of this category contains an obvious homomorphic image of Z coming from
the full subcategory of objects with A =0. Then
(a) K; (R[t]) = K1 (R) ® NK; (R), where N K, (R) is canonically iso-
morphic to KO(Nil R). (The notation Ko means K, divided out
by the canonical image of Z.)
(b) There is a natural splitting of K1 (R[t,t7}])as K1(R)® Ko(R) ®
NK,(R)® NK;(R). The two copies of NK;(R) come from the
embeddings R[t] — R[t,t"!] and R[t~!]— R]t,t71].
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Proof. (a) We already know there must be a splitting
Ki1(R[t]) = Ki1(R) @ NK1(R),

and (a) of Lemma 3.2.21 shows that NK; (R} is the image in K;(R[t]) of
matrices of the form 1 + At, A nilpotent. We define a map NK;(R)—
f(o(Nil R) by (when A is a nilpotent n x n matrix)

NK{(R)3[1 + At] —[(R™, A)] € Ko(Nil R).

To check that this is well defined, note that if 1 + At is conjugate to 1 +
Ait under GL(n, R[t]), then sending t— 1, we see 1 + A is conjugate to
1 + Ai under GL(n,R), hence A is conjugate to Ai under GL(n,R) and
[(RT, A)] = [(RT, Al)] in Ko(Nil R). Furthermore, if we replace 1, + At by
the (n+k)x(n+k) matrix (1, + At)® (1), this corresponds to replacing A
by A@® 0 and [(RT, A)] by [(RT, A)] + [(RF, O)]. This element is different
in Ko, but the same in Ko, so the map NK;(R)— Ko(Nil R) is well
defined. Finally, the map is a homomorphism since

[1+Af] +[1+Ait] = [1+At) & (1 + Ait)] = [1+ (A A')]
= [(R, A)] + (R, A)].

To show the map is an isomorphism, we construct its inverse by the
obvious formula [(RT, A)] —[1+ At]. Note that [1 + At] indeed defines a
class in NKi(R), since for any nilpotent A, 1 + At€ GL(R][t]) and maps
to 1 in GL(R) under the homomorphism defined by t+ 0. Since we know
all classes in NK; (R) can be represented in the form [1 + At], we will be
done if we can show that the map is indeed well defined. Clearly the class
of 1 + At doesnit change if we replace A by A & 0k (which corresponds to
changing our class in Ko(INil R) by something in the canonical image of
Z). So we only need to check additivity on exact sequences. Suppose

0P 2P 2 P50

is a short exact sequence of finitely generated free R-modules and we have
nilpotent endomorphisms A; € End(P;) such that Asa; = a1 A;, Azag =
azAy. This means that also (1 + Aet)on = a1 (1 + Agt) and (1 + Ast)ag =
az(1 + Ast), so

[1 + Azt] = [1 + Alt] + [1 + A3t] in K1 (R[t]),

and weire done.

(b) The maps ¢ and ¥ from Proposition 3.2.18 can be defined in K-
theory instead of in G-theory, by exactly the same formulas. The only
point that needs checking is that the second component of ¥ indeed sends
K1 (R[t,t71)) into Ko(R) and not just into Gg(R). To check this, we use the
fact that the cokernel of the map K;(R)— K;(R]t,t™1]) is described by
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Lemma 3.2.21(b) as being generated by matrices of the form 1+ A(¢t—1) with
A an n xn matrix over R and (1 — A)A nilpotent. Equivalently, A= P+N,
where P is idempotent, N is nilpotent, and P and N commute with each
other. To see this, suppose Ai( 1 — A)i = 0. Then since the polynomials
z"and (1 — )" are relatively prime in Z[z], there are polynomials p(z)
and g(x) with integer coefficients such that p(z)z" + ¢(z)(1—z)" = 1.
Let P = p(A)A". Then 1 — P = q(A)(1— A)i and since Ai(1 — A)i =
0, P(I = P) = 0. This shows P is idempotent, and P is a polynomial
in A. If N=A—P, then N is also a polynomial in A, so P and N
commute with one another. Furthermore, N = A (1 —p(A)A™"!) and
N=A-1)+1-P)=(1-A)(-1+ q(A)(l—A)T—l), so N is divisible
by both A and 1 — A, hence divisible by A(1 — A), hence nilpotent. But
then R[t]"/ (1 + A(t— 1)) R[t|*= im P is projective as an R-module. So
K, (R) ® Ko(R) naturally embeds as a direct summand in K;j (R[t]).

The cokernel of this embedding is once again described by Lemma 3.2.21
(b) as being generated by matrices of the form 1 + (P + N) (t —1), where
P is idempotent, N is nilpotent, and P and N commute with one another.
Thus 1 + (P + N)(t — 1) corresponds to a pair of nilpotent matrices, PN
and (1 — P)N. These correspond to the two copies of NK; (R). The rest
of the proof is just as in part (a). O

Remark. This explains a commonly used notation: the group NK;(R)
is often called Nil R because of (a) of the theorem.

3.2.23. Exercise (Non-triviality of NKj). Let k be a commutative
field, and let R = k[t]/(?).

(a) Show that R is a local ring and thus compute Ko(R) and K;(R).

(b) Let s be another indeterminate and compute the group of units R[s]*
in R[s].

(c) From the exact sequence (split on the right)

NEK\(R) — K:1(R[s) S Ki(R),

deduce that NK, (R) is not finitely generated (as an abelian group). (Recall
that since the ring R[s]is commutative, R[s]* < K;(R[s]).)

3.2.24. Exercise (Non-triviality of NKj). Let k be a commutative
field, and let S = k[t2, £3].
(a) From the split exact sequence
0 —t’%k[t] >SS k—0
and the long exact K-theory sequence coming from the short exact sequence

0 — t2k[t] — k[t] — k[t]/(t?) — O,

compute Ky(S). (Hint: use Exercise 3.2.23(a) and the fact that k[t] is a
Euclidean ring.)
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(b) Let s be another indeterminate and similarly use the short exact
sequences
0 — t2k[t,s] — S[s] S k[s]— 0
and
0 — ¢°k[t, s] — k¢, s] = klt, s]/(t*) — O

to relate Ky(S[s]) and thus NK(S) to NK;(R) in Exercise 3.2.24(c). (Re-
call that Ko (S[s])= Ko (S)®N K, (S) .) Use Grothendieckis Theorem which
implies that Ko (k[t, s]) = 0. Deduce that NKy(S) is not finitely generated
(as an abelian group).

3.2.25. Exercise. Give another proof of Corollaries 3.2.17 and 3.2.20
from Theorem 3.2.22, by showing that the group N K; described in that
Theorem has to vanish if R is left regular. (Hint: if A is an n X n matrix
over Rand Ai =0, it gives a filtration of the free module R™ by

0=imA" CimA™ ' C...CimACR"

If R is left regular, the subquotients can be resolved by finitely generated
projective modules.)

3.2.26. Exercise. Let R be any ring.

(1) Show that NK,(R][t,t™1]) contains NK;(R)® N Ko(R) as a direct
summand. You can do this by computing K;(R[t,t"!,s]) two
ways.

(2) [Vorst] A ring R is called j-regular if K;(R[t1,. .., t;]) = K; (R)
for any r. By Corollary 3.2.17, a left regular ring is I-regular.

Show that NK;(R][t]) = 0 implies NK;(R[t,t']) = 0, by not-
ing that a nilpotent matrix over R[t,t~'] is of the form ¢~™ x
(a nilpotent matrix over R[t]). Then deduce from (1) that if R is
I-regular, NKy(R) = 0.

(3) Iterating the result of (2), prove the multivariable version of this,
that I-regularity implies O-regularity. (However, there are O-regular
rings which are not I-regular.)

3.2.27. Exercise.

(1) Show from the Bass-Heller-Swan Theorem that if « is any group,
then Wh(1rxZ)%'Wh(w)@Ko(Zw)®(NK1(Zw))2. (We are mixing
additive and multiplicative notation here.)

(2) Deduce that the Whitehead group of any free abelian group van-
ishes. (Hint: Z[t;,t7",.. .t t,; 1] is regular. Why?)

(3) See if you can find a topological interpretation of the formula in
(1), and in particular a relationship between Wall finiteness ob-
structions for spaces with fundamental group = and Whitehead
torsion obstructions for spaces with fundamental group 7 xZ.

3.2.28. Exercise. Let k be a (commutative) field. Show that Corollary
3.2.20 applied with R = k amounts to the assertion that SK; vanishes for
the PID k[t,t~1]. Can you prove this directly using the results of Chap-
ter 27
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3.2.29. Exercise [Farrell]. Let R be a ring, and view NK7(R)as being
represented by classes of nilpotent matrices N over R, asin Theorem 3.2.22.

(1) Fix an integer n, and let ¢,,: R[t"]— R[t] be the inclusion. Note
that R[t] is a free R[t"]-module of rank n, and thus that an rxr
matrix over R[t] gives rise to an rn x rn matrix over R[t"]. In
this way a transfer map ¢ : K1(R[t])— K1(R[t"]) is defined.
Show that ¢} o(en). is multiplication by n on Ki(R[t"]) (if we use
additive notation).

(2) Suppose N is a nilpotent r x » matrix over R, so that 1 + Nt
represents a typical element of NK; (R). Show that ¢;( 1 + Nt) is
given by the block matrix

1 0 0 Nt*
N 1 0 0
M=|0 N ~ :
00 . 1 0
00 ...N1

(3) Let A be the strictly lower-triangular block matrix

1 0 ... 0 O
N 1 0 0
0 0 - 10
0O 0 ... N 1

Show that if N® =0, then A=1M is strictly upper-triangular and
hence elementary, and thus that ¢,([1+ Nt]) = 0 in K1(R[t"]).
Conclude that if NK;(R) is finitely generated, then there is some
integer ng such that ¢y, -0 on NK; (R) for all n > ng.

(4) Using (1), deduce that if there is a prime p such that multiplication
bypisinjectiveon NKi(R), then ¢%o(tn)«([1+Nt"]) # Oforn = p*
a power of p and for all nilpotent matrices N.

(5) Conclude from (3) and (4) that if NK;{R) is finitely generated and
non-zero, there can be no prime p such that multiplication by p is
injective on NK;(R), which contradicts the structure theorem for
finitely generated abelian groups. Therefore if NK(R)#0, then
NK;(R)is not finitely generated.

3. Negative K-theory

One immediate consequence of the Bass-Heller-Swan Theorem (Theorem
3.2.22) is that for any ring R,

Ky(R) = coker (Kl(R[t]) @ Kl(R[t‘l]) — K (RJt, t"l])) .
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This motivates the following inductive definition:

3.3.1. Definition. For any ring R, K_1(R) is defined to be the cokernel
of the natural map Ko(R[t])® Ko(R[t™!]) — Ko(R[t,t™']). (Since we have
defined Kj even for rings without unit, it is not necessary here to assume
that R has a unit.) By Corollary 3.2.20, K_;(R) vanishes if R is left
regular. Then for any n > 1, we define K_,(R) to be the cokernel of the
natural map K_,_1)(R[t)) ® K_(n-1)(R[t™!]) = K_(n_1)(R[t, t~']). Note
that this is functorial in R, since K_,(R) is a natural direct summand in
Ko(R[t1, t7%, ..., ta, t;1]). We alsd efine NK_,(R) to be the cokernel
of the natural map K_,(R) — K_,(R][t]). (Because of the splitting map
R[t] — R sending t— 0, K_,(R[t]) splits as K_,(R) & NK_,(R).) By
iterated use of the Syzygy Theorem (Theorem 3.2.3) and Corollary 3.2.20,
K_,(R) and NK_,(R) vanish for all n if R is left regular.

The following theorem shows that Theorem 3.2.22 has an exact analogue
for Ky, using the new functor K_;.

3.3.2. Theorem. For any ring R, there is a natural splitting
Ko(R[t,t71]) = Ko(R) ® K_1(R) ® NKo(R) ® NKyo(R),
where the two copies of NKj(R) come from the embeddings

R[] — R[t,t™ '] and R[t™']— R[t,t}].

Proof. Theorem 3.2.22 says that for any ring, Ky(R) naturally sits as a
direct summand in K (R[t1,t7!]). It also says that for any ring S, there
is a natural exact sequence

0— K1(S) — K1(S[t]) ® K1(S[t™) — Ku(S[t, t71)),
and the cokernel of the map on the right splits. Let us put these two
statements together, but taking S = R|[t1,t7!]. Then Ko(R) naturally sits
as a direct summand in K; (S), and similarly Ko(R][t]), Ko(R[t71]), and
Ko(R[t,t™1]) naturally sit as direct summands in K;(S[t]), in K1(S[t71]),
and in K(S[t,t™1]), respectively. Furthermore, the diagram

0 — K,,(R) — Ko(R[t]) ® Ko(R[t™]) —

o !

0 — K (S) — Ki(Si) @ Ki(S[t™]) —

— Ko(R[t, t_l]) — K_j(R)— O

! |

— K (S[t, t71]) — Ko(S) — o0
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clearly commutes. The bottom row is exact, and the top row is exact on
the right by definition of K_;(R) and on the left since Kc(R) — Ko(R]t])
is split injective. Let us show that the top row is also exact at Ko(R[t])®
Ko(R[t™1]), and that the top exact sequence splits on the right. To prove
the first of these statements, note that by commutativity of the diagram,
the kernel of Ko(R]t])® Ko(R[t™!]) — Ko(R[t,t"]) may be identified
with the intersection in K;(S[t])® K1(S[t~!]) of the images of Ko(R|[t])®
Ko(R[t™Y)) and of K1(S). This is obviously Ko(R). To construct a splitting
map K-1(R) —Ko(R[t,t™]), note that the projection of K;(S[t,t™'])
onto K, (S) ® NK; (S) ® NK; (S) killing Kc(S) restricts to a projection of
Ko(R[t,t7]) onto Ko(R)® NKo(R)® N Ko(R) killing K_1(R), hence the
latter must split off as a direct summand. O
Note that iteration of the same argument clearly proves the following.

3.3.3. Theorem (“Fundamental Theorem of Algebraic K-
TheoryT). For any ring R and any n > 1, there is a natural splitting

K_(n-1)(RIt, t71])
2K (n-1)(R)®K_n(R)® NK_(n_1)(R)® NK_(_1)(R),
where the two copies of NK_,_1)(R) come from the embeddings R[t] —
R[t,t71] and R[t™!]— R[t,t7].

The advantage of the construction of the functors K_,(R) is that it now
gives us a way of extending the exact sequence of an ideal arbitrarily far to
the right, and thus a way of computing Ko(R/I) from information about
R and the ideal 1.

3.3.4. Theorem. Let R be a ring with unit, and let I be a two-sided ideal
in R, viewed as a ring without unit. Then the exact sequence of Theorem
2.5.4 extends to an exact sequence
.. = Ko(R) 25 Ko(R/T) 2 K_1(I)
£ Ky (R) 45 K_1(R/T) 2 K (1) £ -,
where ¢, and g, are the maps induced by the inclusion ¢:1— R and by
the quotient map q:R —» RII.

Proof. Take S = R[t,t!]and J = I[t,t"!]. To avoid unnecessary
extra notation, again denote the inclusion J — S by .and the quotient
map S — S/IJ =2 (R/I)[t,t~ | by g. Then J 48, and by Theorem 2.5.4,
there is a natural exact sequence

Ky(S) 2 Ky(S/J) 2 Ko(J) < Ko(S) % Ko(S/J).
On the other hand, we have natural embeddings of Ko(R)in K, (S),
Ko(R/Din K;(S/J), K_1(I) in Ko(J), etc., as direct summands, and

Ki(S) %5 Ki(S/J) K, (3) =5 K,.(S) = Ko(8/J)

I I I I I

Ko(R) X Ko(R/I), K_y(I) *» K (R) = K_\(R/I)
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commute. We also have a commutative diagram with exact rows and
columns

0 N KI(R) — Kl(R[t]) @ Kl(R[t_l]) -

o .|

0 — Ku(R/I) — Ki(R/D) & Kx(R/DEY]) —

o |

0o — Kyo{I) — Ko(It]) @ Ko(I[t™1]) -

| |
b — KR — Ko(R[t]) @ Ko(R[t™]) —

I «| «|
0 — Ko(B/I) — Ko((R/Dt]) ® Ko((R/Dt™']) —

.—  Ki(R[t,t"Y]) = K¢R) — O

| d\
« = = — KRN t'l]) = KR —

i |

o T Kokt = K() — O

W) = e O
.| |

- = — K@D ) = Ka®)) — U

A diagram chase now gives the desired exact sequence as far as the
K_1(R/I), putwe can iterate the construction to include K_3 terms and
eventually K_, termsforalln. O

3.3.5. Examples. (Cf. Examples 1.5.10 and 2.5.6.)

(&) Suppose R=2Z and I = (m), where m > 0. Then R/l is a product
of k local rings, where k is the number of distinct prime factors
of m, and we determined earlier that Ky(R/I)=Z* and that the
map Ko(R) — Ko(R/I) may be identified with the diagonal map
Z — ZF*. The cokernel of this map is free abelian of rank k — 1.
Since R is a PID, it is certainly a regular ring, hence K_;(R) = 0.
Therefore the exact sequence of the ideal terminates with Kc(R) —
Ko(R/I) — K_1(I) = 0, and K_ (1) is free abelian of rank k — 1.

Looking at the rest of the exact sequence (and using the fact
that all negative K-groups of R must vanish) also shows that
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K_.(R/I)= K_,_1(I) for n> 1. We can use this fact to compute
the rest of the negative K-groups of 1. For instance, suppose m
is square-free, i.e., a product of distinct primes. Then R/l is a
product of fields, hence is left regular, so all the negative K-groups
of R/l must also vanish. Hence K_,(I) = 0 for n > 2, though
K_, (I) will be non-zero if k> 1.

If, say, m = p? with p prime, then R/l is local but not regular
(see Exercise 3.1.24). Thus K_;(I) = 0 from the exact sequence,
but, at least a priori, R/l could have plenty of negative K-groups.
However we have an exact sequence

O——+m—>Z/(p2)—>]Fp—> 0,

where m = pZ/(p?) is the maximal ideal of Z/(p?). Since m? = 0,
it is easy to see that for any n,

mity, 67 e, t7Y] = rad Z/(0P)[ty, 87 L e, £,

n

with quotient Fplt:,t7},..., ta, t;1]. By the argument of Theo-
rem 1.3.11 (see Exercise 3.3.6 below), the map

Ko (Z/(pz)[tla tl—,_ly reey t'n7 t;I]) _>K0 (Fp[tla tl_la ey t’na t;l])
®Z
(by iterated use of Corollary 3.2.13)

is injective, hence all negative K-groups of R/l vanish. Hence
K_ () =0 foralln>1.

(b) Suppose G is a cyclic group of prime order p, say with generator
t,and R = ZG is its integral group ring, which may be identified
with Z[t]/(t? — 1). If £ = €*™/P_a primitive pth root of unity, and
if S = Z[£], then S is the ring of integers in the cyclotomic field
Q(¢), hence is a Dedekind domain by Theorem 1.4.18. There is a
surjective homomorphism R — S defined by sending t+— £. We
have seen that the kernel I of the map R — S is, as a ring without
unit, the same as in the last example if we specialize to the case
m = p. Thus from the calculation in (a) above, K_,(1) = 0 for all
n > 1. From the exact sequence

Ko(R) — Ko(S)— K_1(I) = 0,

we conclude that the map Ky(R) — Ko(S) is surjective. On the
other hand, by Corollary 2.5.9, the map Ko(R) — Ko(S) is in-
jective, so we conclude that Ko(ZG) = Ko(Z[¢]). Thus the Wall
obstruction groupT for G is trivial if and only if the cyclotomic field
Q(&) has class number 1. It is known that his happens if and only
if p< 19 [Washington, Ch. 11]. From the fact that S is a Dedekind
domain, hence a regular ring, and from the exact sequence

0=K, () — K,(R) = K (S) =0,
K_n(ZG)=0 for n > 0.
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It is perhaps worth mentioning a geometric application of negative K-
theory. This involves the concept, which has been increasingly important
in geometric topology during the last several years, of topology with
control. For simplicity, we consider one of the simplest illustrations of
this idea, as developed in [Pedersen]. Namely, we consider h-cobordisms
W between two manifolds M and Mi as in Theorem 2.4.4, but this time
with a control map p : W — R¥. The control map p is required to be
proper, and its restriction to either M or Mi is required to be surjective.
Of course, none of the manifolds W, M, or Mi will be compact. We use
the map p to measure 1distances,T that is, we define

idistt (z,y) = |p(z) — p(¥)|-

Then we require that W have bounded fundamental group, i.e., that
there be a fixed constant C such that for every x, y € W, and for every
homotopy class of paths from x to y, there be a representative for the
class of length < |p(z)— p(y) | + C, and similarly that null-homotopic loops
be contractible within a set of diameter < C+ the diameter of the loop.
The result of [Pedersen] then gives a necessary and sufficient condition
for a ThoundedT h-cobordism W to have a bounded product structure, in
terms of an invariant in K_j4,(Zm (W)), provided that dim W > 5. (Here
K_jiireferstoWh if k=0and to K_x4;if k> 1.) If k=0, this reduces
to the usual s-cobordism theorem (Theorem 2.4.4).

Of course, one way a bounded h-cobordism can arise is from a compact
h-cobordism Wi with fundamental group 7 x Z¥. The projection of the
fundamental group onto ZF induces a map pi :W’— T* and taking
coverings, we get a map

p=;’;’:ﬁ7’=W——>Tk=]Rk.

Theorem 1.7 of [Pedersen] identifies the associated invariant as the image
of the original Whitehead torsion in Wh(x x Z¥). But there are controlled
non-compact problems that do not arise so simply from compact situations.

3.3.6. Exercise.

(2) Fill in the details of the argument copied from Theorem 1.3.11,
that if S is a ring and if J is an ideal of R contained in rad R, then
the map Ko(S) — Ko(S/ J) induced by the quotient map S — S/J
is injective.

(2) Let R be a local ring, not necessarily commutative, and let I =
rad R. Assume I* = 0 for some k. Let

S =Rt 17}, . . te, 87 Y], I = Ilta,trY, L et

Show that S/J is left regular and deduce that NK,(S/J) =0 for
alln<1 and that K_,(S/J)=0 for all »n > 0.

(3) Conclude from (1) that the map Ko(S)— Ko(S/J) is injective.
Deduce that NK_,(R)=0 for n> 0 and that K_,(R) = 0 for
n>0.
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3.3.7. Exercise. Use the results of the last exercise to show that for a
finite product of local rings all of whose radicals are nilpotent, all negative
K-groups must vanish. Apply this to the ring Z/(m) to complete the
calculation of the negative K-groups of (m) C Z for an arbitary positive
integer m.

3.3.8. Exercise [KaroubiAlgOp]. Let R be a complex Banach algebra
(with unit), and observe that C(S,R) is also a Banach algebra with point-
wise multiplication of functions and with norm

£l = sup [ FD)I-
test

We have an isometric inclusion R < C(S?, R) as constant functions.
(1) For all t € 81, the evaluation map at ¢ induces a retraction

C(S}, R) — R.

Show that the induced map on Kj is independent of ¢, hence that
Ko(R) sits as a direct summand in Ko(C(S?, R)) in a canonical
way. (Use Corollary 1.6.11.) Define

K*P(R) = ker (Ko(C(S', R)) — Ko(R)) .

(2) There is a map R[t,t~!] — C(S*, R) obtained by viewing a Lau-
rent polynomial as a function oft € §* (identified with the unit cir-
cle in the complex plane). This induces a map K_; (R) — K*P(R).

Now if R is a Banach algebra, so is M,(R) for all n, so GL(n, R)
= (M,(R))™ is an open subset of M,(R) by Lemma 1.6.6. It there-
fore has a natural topology making it a locally contractible topolog-
ical group. Let GL(n, R)® denote the connected component of the
identity in GL(n, R). This contains E(n, R) since each elementary
matrix e;; (a) is path-connected to the identity via the path e;;(ta),
0 <t< 1. Let GL(R)® = limGL(n, R)°. Then this is a normal
subgroup of GL(R) and the quotient is abelian since GL(R)° D
E(R). It is customary to define Ki°?(R) = GL(R)/GL(R)°.

Show (see [Blackadar], Theorem 8.2.2) that there is a functorial
isomorphism 6: K°P(R) = K'*P (R). This is constructed as
follows.

(@) If w€ GL(n, R), then u®u~l€ E(2n, R) C GL(2n, R)°
(Corollary 2.1.3). Choose z€ C ([0, 2n], GL(2n, R)°) with
2(0) = 1ay,, 2(2m) = u ® w~ 1. Then let an idempotent p €
C (S, Man(R)) = M3, (C(S', R)) be defined by p(e') =
2()(1, @ 0,,)z(¢)~1. (This is indeed a continuous function
of €*, not just a function of ¢, since z(0) and z(27) both
commute with 1, @ O,.) Define

0([“}) = [P] - [(171. 52 On)]'



160 3. Kpand Ky of Categories, Negative K-Theory

@)

()

Since p(1) = (1, ® 0,),
8(lu]) € ker (Kc (C(S', R)) —Ko(R))- K" (R).

First show that this is independent of all choices and gives a
homomorphism with respect to the block sum operations &
on K;°® and on K'P.

(b) Next, to prove injectivity of 8, suppose 8({u]) = 0. Stabilizing
u if necessary, reduce to the case where p is conjugate to
1, ® 0, in GL(2n), say

it itn—=1 _(1ln O
mewone (5 o
for some he C (S, GL(2n, R)). Then show h(e*)z(t) =
21 (t) 0 for some z1, 22 € C ([0, 27}, GL(n, R)) and
0 z()
deduce that u € GL(n, R)?, so that [u] = 0 in K{°’(R).
{c) Finally, to prove surjectivity of 8, show that every element of

K*P may be represented in the form [p] - [(1, ® O,)].
Let A = C(s,s™!), the commutative Banach algebra of absolutely

convergent Laurent series (with norm coming from Ci(2)). There

is a norm-decreasing homomorphism A — C(S!) with dense im-
age obtained by viewing a Laurent series as a function of u € §!
(identified with the unit circle in the complex plane). Show that

K*P(A)= K°(S'x §')= Z and that the map K_; (A) — K*P(A)

is surjective.
Let R be a complex C*-algebra, that is, a norm-closed subalgebra

of the bounded operators B(H) on some complex Hilbert space H
which is invariant under the involution * sending an operator to

its adjoint. Then if b € RX, b*b € R* and is strictly positive, so
|b| = (b*b)Z € R* (argue as in Lemma 1.6.6) and we have a polar
decomposition b =|bju in R with « unitary. In particular, u and
u~! each have norm 1.

Now if R is a C*-algebra, so is M, (R) for each n. (If R acts
on a Hilbert space ‘H, M,(R) acts on C*® H.) Show that if b €
GL(n,R), there is a path joining |b| to the identity in GL(n, R),
and hence the class of b in K{°p(R) may be represented by the
unitary u = |b|=1b. Then show that with A as above, s+~ u defines
a continuous (in fact norm-decreasing) homomorphism ¢: A —
M,(R) sending [s], which generates Ki°°(A), to [b] € K¥°P(R).
From (2) and (3)above, from commutativity of the diagram

K_1(A) —— K¥P(4) —— K{P(4)

e | e | e|

K_1(R) —— K“P(R) —— K2(R),
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and from the fact that ¢ can be chosen to have any desired class
in K°°(R) in its image, deduce that the map K_,(R)— K*P(R)
is surjective.

(6) If X is a compact Hausdorff space, the algebra R = C¢(X) is a C*-
algebra. (It may be represented, for instance, on a Hilbert space
of the form L2?(X, u), with u a measure on X of full support.)
Deduce that K_;(R)—» KU™1(X). This provides many examples
of commutative rings with complicated K_;.

3.3.9. Exercise. (Cf. Exercise 3.2.27.)
(1) Show from Theorem 3.3.2 that if = is any group, then

Ko (Z(x x 7)) = Ko(Zn) ® K_1(Zx) ® (NKo(Zr))®.

(2) Deduce that the Wall obstruction group Ky vanishes for free abeli-
an groups but is non-zero for 7 x Z if K_; (Zm)# 0. (An example
of a finite abelian group with this property is given in the next
Exercise.)

3.3.10. Exercise. Let G and H be finite cyclic groups of orders 2 and
3, respectively, so that G x H is cyclic of order 6. Note that Z(G x H) =
ZG ®z ZH. Prom the exact sequences
0-02Z-ZGSZ— 0,
0—>3Z— ZH — Zw] — 0,

where w = ﬁzﬂ@, deduce the exact sequences

0 - ZG®z3Z — Z(G x H) » ZG ®z Z[w] — 0,
0—6Z—ZG®z3ZS 3Z — 0,
0 — 22 ®z Z|w] — ZG ®z Z[w| S Zlw) — 0.

Note also that there is an exact sequence
0 — 2Z ®z Z|w] — Z[w] - F4—0.

Compute from these and from the fact that Z[w] is a PID that K_;(Z(G x
H)) = K_,(6Z) is infinite cyclic and that K_,,(Z(G x H)) =0 for n > 2.

The groups K_,{Z=) have been computed for arbitrary finite groups
m by Carter [Carter], and it turns out that K_,(Zx) is always finitely
generated for n = 1 and vanishes for n > 2. Furthermore, torsion can
occur in K_y, but it is always of exponent 2.



4
Milnor’s Ko

1. Universal central extensions and Hy

For the reader who might have been alarmed by the category-theoretic
approach of the last chapter, this chapter, which discusses Milnoris K,
functor, will seem a comforting retreat to more familiar territory. However,
we will need to refer to the homology of a group, at least in order to speak
of Hy. Since group homology will be needed in a more serious way in
the next chapter anyway, we provide a brief introduction to the subject
later in this section. The reader who wants a more serious approach to
the homology theory of groups and its applications should consult a source
such as [Brown] or [CartanEilenberg].

First, though, we begin with the theory of universal central extensions,
as developed in [Kervaire2] and [Milnor, §5]. This a cute and fairly self-
contained topic in group theory, but itis hard to see at first what it has
to do with K-theory. Roughly speaking, the idea here is that K-theory
for rings is supposed to measure 1abelianT invariants of the highly non-
commutative group GL(R). For example, K; (R) is defined by taking
the abelianization of GL(R), in other words, the quotient of this group
by its commutator subgroup E(R). Since E(R) is its own commutator
subgroup (Proposition 2.1.4), repeating this process with E(R) doesnit
yield anything. However, the deep structure of linear algebra over R
should be connected with the deep structure of the group E(R), in other
words the relations satisfied by its generators e;;{a). One way of measur-
ing these is by looking at extensions of E(R) by abelian groups. There
turns out to be a universal such extension St(R), and the (abelian) ker-
nel of the map St(R) — E(R) is Milnoris K,(R). Even when R is a
field, this turns out to be an interesting invariant with lots of number-
theoretic significance. But since the number-theoretic applications of K5
are described quite nicely in [Milnor], we have only touched on the most
important of these and have chosen to emphasize some other applications
instead.
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Universal Central Extensions.

4.1.1. Definition. Let G be any group, and let A be an abelian group.
A central extension of G by A is a pair (E, ¢), where E is a group
containing A as a central subgroup, and ¢ : E —» G is a surjective ho-
momorphism whose kernel is exactly A. Alternatively, in the language of
exact sequences, a central extension of G by A is a short exact sequence

1A—-E5G—1

with A central in E.

Remark. There are still those who call the above a central extension of
A by G, but the terminology above is more in keeping with the formalism
of group cohomology, since it turns out that the central extensions of G
by A are classified by H?(G, A) (and everyone agrees that here one should
put the G before the Al).

4.1.2. Definition. Next we note that central extensions of G (by ar-
bitrary abelian groups) form a category. If (E, ¢) and (ET, ¢’) are cen-
tral extensions of (the same group) G, a morphism of central extensions
(E, )— (ET, ¢') is a commutative diagram

E —%

Lo

7

E 2 5 Q.

A central extension (E, ¢) of G by A is called trivial if it is isomorphic in
the category of central extensions of G to G x A 2% G, where p, is projec-
tion on the first factor. A central extension (E, ¢) of G is called universal
if, for any other central extension (Ei, ¢')of G, there is a unique morphism
(E, ¢)— (ET, ¢'). Not every group has a universal central extension, but
if it has one, then it is clear from the definition that any two universal cen-
tral extensions must be isomorphic (in the category of central extensions
of G).

4.1.3. Theorem. A group G has a universal central extension if and
only if it is perfect, that is, G = [G, G]. When this is the case, a central
extension (E, ¢) of G is universal if and only if the following two conditions
hold:

(i) E is perfect, that is, E = [E, E], and
(i) all central extensions of E are trivial.

(Roughly speaking, condition (i) says that E is not too big, and condition
(ii) says that it is not too small.)
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If G is perfect and
1-R—-F->G-1

is a presentation of G (i.e., a short exact sequence with F a free group),
then the universal central extension (E, ¢) may be constructed as E =
[F, F]/[F, R], with ¢ the quotient map

[F, F|/|F,R] — [F, FI/R = [FIR, FIR] = [G, G] = G.

Proof. If G is not perfect, it means it has a non-trivial abelian quotient,
say A. Let ¢ : G — A be the quotient map. Now if (E, ¢) is a central
extension of G, we can construct two distinct morphisms from (E, ) to
the trivial extension G x A £5 G, namely (g, 1) and (@, % 0 ¢) (here
1:E — A'is the trivial map sending everything in E to the identity of
A). This shows that (E, ¢) cannot be universal. Hence, for G to have a
universal central extension, G must be perfect.

Now assume G is perfect with presentation

1-R—-F—->G—-1.

We will show first that any central extension of G satisfying (i) and (ii) is
universal. Then to complete the proof, we will show that

[F, F]/[F,R] - [F, F|/R = G

is a central extension satisfying (i) and (ii). This will show in particular that
every perfect group has a universal central extension, and since universal
central extensions are unique and non-perfect groups do not have universal
central extensions, every universal central extension must satisfy (i) and
(ii).

So assume (E, ¢) is a central extension of the perfect group G satisfying
(i) and (ii), and let (Ei, ¢') be any other central extension of G. Suppose
P, 9" (E, ¢)— (Ef, ¢’)are two morphisms of central extensions. For
g€ E, ¢ 0 ¢(z) = o(z) = ¢’ 0 Y'(z), hence ¢¥(z) = cx¢'(z) for some
element ¢, of the kernel Al of ¢': E — G. Similarly, if y € E, then
Y(y) = c,+E(y) for some ¢, € Al. So

¥ ([z,9]) = (=), ¥(¥)] = [e=¥'(2), ¥’ W)] = W' (), ¥' )] = ¥' (=, 9]) .

(In this calculation we have used the fact that Ai is central in Ei.) Hence
i and ¥’ coincide on commutators. Since E = [E, E] by (i), ¥ and 3’
coincide on all of E. This shows there can be at most one morphism from
EtoEi.

We still need to construct a morphism from E to Ei. Let E” = E x4 Ei,
that is,

E"={(z,y) e EX E': p(z) = ¢' ()}

Since ¢ and ¢’ are surjective, projection p; on the first factor is a surjective
homomorphism E” — E. The kernel of p; is obviously isomorphic to the
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kernel AT of ¢/, and so is central. So p;: E” — E is a central extension
of E. By (ii), this central extension is trivial, which says that there is a
homomorphism E — Ei commuting with the projections onto G. This
means there is a morphism of central extensions from E to Ei. Since E”
was arbitrary and we already showed that morphisms from E to E’ are
unique, thus E is a universal central extension of G.

Finally, let E = [F, F]/[F, R], with ¢ the quotient map

[F, F/[F, R] - |F,F]/R = [F/R, F/R] = [G, G] = G.

To begin with, note that E C E; = F/[F, R], which also projects onto G
via the quotient map ¢;: F/[F, R] -+ F/R = G, and ¢ is the restriction
of ¢1to E. (Since R < F, [F, RIC R, and [F, R] is also normal in F.)
Note that the kernel of ¢; is contained in R/[F, R], hence commutators
of elements of the kernel with elements of E; lie in [F, R]/[F, R], which
is trivial. Thus the kernel of ¢; is central in Ey and (E, ¢),(E1, 1) are
central extensions of G. We need to verify properties (i) and (ii) for E.

Directly from the definition of E and E;, we see that E; has E as
its commutator subgroup. On the other hand, since ¢ and ¢ are both
surjective onto G, E; is generated by E together with the kernel of ¢y,
which is central. So

E =By, B\ =[E. Z(E\), E . Z(E))] = [E, E]

and E is perfect. (Here, as usual, Z(E;) denotes the center of El; the letter
Z comes from the German Zentrum.) This proves (i).
As far as (ii) is concerned, let

12 A—E S E—1

be any central extension of E. This induces an extension F3= F; X ¢ FE» n,
E, of El, where

FEy xg Ey = {(113, y) e By xE;: (,01(:1:) = (pO'(p(y)}

This is actually a central extension. Indeed, the kernel of py:E3— Eyis
clearly isomorphic to the kernel of o1 : E; — G. But since E = [E, E],
’(I) ([Eg, Eg]) = [’(p (Ez) s ’tp (Eg)] = [E, E] = E, and thus E2 = [Ez, Ez] - A
Also, ¢ ([Ea, ker ¢ o)) C [E, ker ¢] =1, so [Ez,kerp 0 ]C A. Thus for
X € ker ¢ 01 and s,t € Ea, zsx~! = sz, and xtz ™! = tz, for some central
z1 and z2, and z[s, tjz~! = [zsz~}, ztx™1] = [s21, t20] =[5, t]. Thus x
commutes with [Eq, Es]. Since x also commutes with A (A is central), it
commutes with all of Es, and Ej is a central extension of El.
Since F is free, we can fill in the diagram

F

!

E3 = EIXGEg —p—l—) E]
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to get a homomorphism F — Ej3 lifting the quotient map F — E;. This
amounts to a homomorphism 6 : F — E; such that forz € F, 9 0 ¢ (6 (z))
coincides with the image of X in G 2 F/R. So §(R) C ker p o C Z(FEz),
and

0([F, RI) S[0(F),6(R)] C[Es, Z(Ez)] =1

Hence 6 descends to a map 6: F/[F,R] = E; — E5 which, together with
the identity map on Ei, gives a splitting E; — FE3 = F} xg E; of pi.
Restricting to E then gives a trivialization of ¢ : Es — E, verifying (ii).
Thus we have constructed a universal central extension of G. [

4.1.4. Remark. Of the conditions in Theorem 4.1.3 for checking when
one has a universal central extension, (i) is fairly straightforward, but (ii)
is rather difficult to check (without using machinery from group homology
theory, which will make it possible to restate the condition in the form
Hy;(E,Z) = 0). However, the proof of Theorem 4.1.3 gives the following
additional piece of information which is sometimes useful. Suppose G is a
perfect group and (ET, ¢’) is a central extension of G satisfying (i). Then
if (E, ) denotes the universal central extension of G, there is a unique
morphism ¢ of central extensions from E to E’, and ¢ must map E onto E”
and the abelian group ker ¢ onto the abelian group ker ¢'. Thus condition
(i) (without condition (ii)) at least guarantees that one has a quotient of
the universal central extension.

To see this, note that since Ei = [El, Efl, to prove surjectivity of ¥, itis
enough to show that every commutator is in the image. Let o',y € EJ.
Then we can choose z,y € E such that ¢(z) = ¢'(2'), v(y) = ¢'(¥'), and
it follows from the relation ¢ = ¢’ 0 ¢ that xi = ¥(z)z1, yi = ¥(y)z, for
some z1, zz € Ker ¢'. Since z; and 25 are central,

[/, YTl = [(z)21, ¥(y)ze] = [(2), ¥(¥)] = ¥ [z, ]),

and thus v is surjective. Furthermore, if 2’ € ker ¢’ and 3(z) = 2/, then
¢' 09¥(2) = 1, hence ¢(z) = 1, which shows that 1~1(ker ¢’) C ker ¢. The
other inclusion is trivial. €l

4.1.5. Examples. Let G and G be connected Hausdorff topological
groups and p : G — G a continuous surjective homomorphism with dis-
crete kernel D C G. Since D is normal in G, for each d € D, we have a
continuous map g +— gdg~! from G to D. Since G is connected and D is
discrete, this map must be constant, and thus gdg—!=d for all d € D,
g €@, i.e., D is central. So G is a central extension of G. If G is also
perfect, which is easy to check in many examples, then it is a quotient of
the universal central extension. 3

In particular, letis take G-= SU(2), the group of matrices <—aB d)
with a, 8€C,jal?>+|6]% = 1. G will be SO(3), the group of rotations
(orthogonal linear transformations of determinant 1) of Euclidean 3-space.
G and G are clearly connected and Hausdorff; in fact Gis clearly home-
omorphic to the unit sphere in C2, or to $3, which is simply connected.
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The Lie algebra of G is defined to be the S-dimensional real vector space
g = {Xx eM(C): X' =-X, Tr X =0}
= {(—yzf-iz y_"'i;Z) T X, y,zel}.
We can make this into a Euclidean space via the inner product
(X,Y) =-Tr(XY),

since this pairing is clearly symmetric and bilinear, and itis positive-definite
since for X €g,

(X, X) = -Tr(XX) = Tr (X - (X*)) >0,

with equality only if X = 0. Note that G acts on g by conjugation, since
ifge Gand X € g,

(] o __ 1\t N = _ _ _
(9Xg™1) =(3Xg7") =@) XY@ =9-(-X)- g7 =—(9Xg7").
Furthermore, G preserves the inner product on g since

(gXg™',gYg™") = —Tr(gXg 'gYg™ ') = - Tr(gXYg ™)
—Tr(XY) = (X, Y).

So we obtain a homomorphism p from G to the connected component of
the identity in the orthogonal group of g, in other words, if we identify
g with R3, to G. This homomorphism is easily seen to be surjective. Its
kernel D consists of matrices g which commute with everything in g, and
thus with everything in

g+ig={X € M3(C): Tt X =0},

and thus with all of M,(C). (Any matrix differs by a scalar multiple of the
identity from a traceless matrix.) So

D =G N {scalar matrices in M(C)} = {((1) (1)> , (_01 _01>} > 7Z/2,

and thus G is a central extension of SO(3) by Z/2. However, G is perfect,
since the Implicit Function Theorem shows that the image of the commu-
tator map G x G — G, (g, h)— ghg='h~1, contains an open neighborhood
of the identity, and thus generates G.So G is a quotient of the universal
central extension of G. ;

There are many other inaturally occurring? pairs (G, G) giving quo-
tients of the universal central extensions of matrix groups. For instance
(this example will be important later), let G = SL(n,R) = E(n,R), which
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is a perfect connected matrix group for any n > 2. Then because of polar
decomposition, G = SO(n) - exp s,, Where s, is the vector space of n x n
symmetric matrices with trace zero, and so G has the rotation group SO(n)
as a deformation retract. In particular,

Zforn=2

m(G) = m(50(n)) = {Z/2 forn > 3

Thus for n > 3, the universal covering group G of G is a non-trivial double
cover, and is again perfect (since the commutator subgroup contains an
open neighborhood of the identity, and thus is all of G). Incidentally, one
can show that the topological group & cannot itself be realized as a group
of real or complex matrices. Thus the universal central extension of SL(R)
is non-trivial, and the kernel of this universal central extension has Z/2 as
a quotient group. Later we will come back to this from the point of view
of KQ(R)

Homology of Groups. Next we give a quick introduction to the ho-
mology of groups, which is an essential tool both for translating the theory
of universal central extensions into something computable and for defining
and understanding the higher K-groups which will appear in Chapter 5.

4.1.6. Definition. Let G be any group. A (left) G-module M is an
abelian group equipped with a (left) action of G by automorphisms, satis-
fying the usual conditions g-(h-m)=(gh).m,1.m=mfor g,he G,
m € M, or equivalently, a left R-module, where R =ZG is the group ring of
G. Note that any such M may also be made into a right G-module if we
define m 7 g =4ef g~! -m, though there is one source of possible confusion: if
G is abelian, then R is a commutative ring, and we customarily make any
left module for such a ring into a right module by defining m . r=4¢ r. m,
and this convention disagrees with the previous one. When it makes a dif-
ference, we will specify which right action we are using. We will denote by
Z the trivial G-module which is Z as an abelian group and withg.n=n
for all g € G, n €Z. (In this case, when G is abelian, the two right actions
agree.)

4.1.7. Definition. Let G be any group, M a G-module. We define the
homology and cohomology groups of G with coefficients in M as
follows. First note that we can construct a free resolution of the trivial G-
module Z by letting P; = ZG7*!, the free abelian group on the (j + 1)-st
Cartesian product of G with itself, for j> 0, and defining boundary maps
dj:Pj_’Pj—l,jZ 1, by

2

dj(QOa g1y .-+, gj) = Z(—l)k(go, [7) PERI .é;:’ Tty g]')»
k=0

where gx indicates that g is omitted. The augmentation ¢: Py—Z is
defined by g = 1, and it is a trivial calculation to check that
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. djt Pj=ZGj+1 —diLPj_l:ZGj .:1.3.:.1..) N ﬂ>13()=ZGi’Z_’0
(4.1.8)

is exact. Furthermore, the boundary maps d; me clearly both left and right
G-module maps for the diagonal actions

g- (g0, 91, ---, 95) = (990, 991, - --» 995 )

(90,915 - - - 95): 9 =(909, 919, ---, 959)-

(Note that the right action used here is the same as the left action if
G is abelian, and is in general not the same as the iflipped left action”
m-g = g~'-m.)

The homology groups of G with coefficients in M are the homology
groups of the complex

Co(G, M) = P, ®z¢ M = LG* ®z M,

and the cohomology groups of G with coefficients in M are the
homology groups of the dual complex

C*(G, M) =Homzg(P,, M) = Homz(ZG*, M).

(Here we are always using the left module structure on M. To identify
P; ®2z¢ M with ZG? ®z M, we view P; as the free right ZG-module on gen-
erators (1, g1,.-., g;)- To identify Homzg(P;, M) with Homz(ZG’, M),
we let F € Homzg(P;, M) correspond to f € Homz(ZG?, M), where

f(gl, sy g]) = F(19 g1, 9192,---, 9192 "'gn)v
F(go,...,9;)=8o- f(95"91,97"92,---» g;719;) -)

The lowest-dimensional parts of these complexes are of particular inter-
est, so we write them out explicitly:
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CuG, M) : 2GR @y M2 2G @ MALEmITI,
dn((91,. -, 9n) ® M) = (92075, 9ng7 ) ® g1

n
+3 (g1 G55 gn) O
j=1

d%:d®m(g)=g-m—-m

Homgz(ZG, M)
4, Homz(ZG?, M) s ..,

dnf(g()v"'7 gn):go'f(glv e, gn)
+ > (1Y f(go, ..\ 9i-195s---» Gn)
=1

+ (=1 f(g0,. . ., gn—1)-

Note that when the G-action on M is trivial, d;=0 and d°= 0, so
Ho(G, M) = H°(G, M) = M. Also in this case, we have

d2 ((91,92) ®m) = (gagi ' — g2 + g1) ® m,

so H1(G, M) = ZG ®z M/ im da = Gap ®z M, while H (G, M) is simply
Hom(G, M).

More generally, when the action of G on M can be arbitrary, we see
that Ho(G, M) = Mg, the quotient of M by the submodule generated by
the elements g-m —m, g € G, m € M. Similarly, H%(G, M) = M€, the
elements of M left fixed by all elements of G. The 1-cocycles f € Z1 (G, M)
are functions f: G — M such that go - f(g1) — f(gog1) + f(go) = 0
for all go,91€ G, or such that f(gog1) = f(g0) + go . f(g1).- The 1-
coboundaries are those of the special sort f(g) = g-m—m for some m € M;
H! (G, M) is the quotient of Z*(G, M) by this subgroup. Similarly, 2-
cocycles f€Z2%(G, M) are functions f: G x G — M such that go-
f(g1, 92) — f(9091, 92) + f(90, 9192) — f(go, g1) = 0 for all go, g1, g2 € G.

While we will not develop that much of the homology theory of groups,
we present at least a few tools for computing homology and cohomology
and develop the relationship between Hy and H? and the theory of central
extensions. The first basic facts are contained in the following proposition.

4.1.9. Proposition. Let G be a group. For each k>0, M ~ Hi (G, M)
and M wHk(G, M) are (covariant) functors on the category of G-modules.
If M is a projective G-module, then Hg (G, M) =0 for all k> 0. Similarly,
if M is an injective G-module, then H*(G, M) = 0 for all k > 0. If

0 =M S M2 M- 0

is a short exact sequence of G modules, there are associated long exact
sequences

LN Hy1(G, M3) 2, Hi(G, My) = Hy(G, M>)
P Ho(G, Ms) S Hy_ (G, My) 25 ..
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and

P BRNG, Ms) 2 HRG, My) =5 HYG, M)
Lo, HRG, M3) & HY (G, My) 25 ..

Proof. It is obvious from the definition that homology and cohomology
are functorial. If M is a free ZG-module, with a free basis indexed by a
set I, then for any right ZG-module N, N ®zc M is naturally isomorphic
to N1, and so tensoring with M preserves exactness. A similar argument
applies if M is a direct summand in a free module. Thus, if M is projective,
since the complex P, is exact, so is P, ®z¢ M, and so Hg (G, M) = 0 for all
k > 0. Similarly, if M is injective, then Homgz¢(-, M) preserves exactness
and so Homgzg(P,, M) is exact, so that H*(G, M) = 0 for all k > 0. The
statement about long exact sequences follows immediately from Theorem
1.7.6 (the Fundamental Theorem of Homological Algebra), since a short
exact sequence of G-modules yields short exact sequences

0 — P, ®z¢ My =% P, ®@z¢ M &*P.®ZGM3 —0
and
0—)HOII1ZG(P., Ml) ii* Hong(P., Mz) —ﬂl} HOIIIZG(P.,M3)—‘>O

of chain complexes. O

4.1.10. Corollary. If G is a group and M is a G-module, then homology
of M can be computed from a projective resolution of M, while cohomology
can be computed from an injective resolution. More precisely, if

is exact and each Nj; is G-projective, then H,(G, M) is the homology of
the complex Z ®z¢ N.. Similarly, if

0— M — Ny 22, Ny B4 N, 2,0
is exact and each Nj is G-injective, then H*(G, M) is the homology of the
complex NE .

Proof. This follows by iteration, splitting the resolution into a series
of short exact sequences and using Proposition 4.1.9 over and over again.
For instance, consider the case of a projective resolution N, of M. First
consider the short exact sequence

0 — Ny /(imd2) iN0—> M — 0.
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From this we obtain a long exact sequence of homology groups, but since
Ny is projective, Hi(G, Ng) =0 for k > 0. Thus

Hk(G, M) = Hk_l(G, Nl/(lmdg))
for k> 2, and similarly there is an exact sequence

0 — Hi(G, M) — Hy(G, N1 /(imdy))

{4, Ho(G, No) — Ho(G, M) — 0.

On the other hand, we have an exact sequence
(4.1.12) 0 — No/(imds) 22 Ny — Ny /(imdp) — O,
and Nj is projective. Repeating the argument,
Hi(G, M) = Hy_1(G, N1/(imdy)) = Hy_2(G, N2/(imds))
for k> 3, and we obtain an exact sequence

0 — Hy(G, M) = H (G, Ny/(imdz)) — Ho(G, N2/(im ds))
-(;dz)—'> H[)(G, Nl) d H()(G, Nl/(lmdz)) — 0.
Putting this together with (4.1.11), we see that H; (G, M) and Hy(G, M)

are the lowest-degree homology groups of the complex Ho(G,No)=Z®z¢
N,. Then we continue inductively to compute H2(G, M), and soon. O

For future applications, the following easy consequence of Corollary
4.1.10 is often useful.

4.1.12. Corollary (iShapirois LemmaT). Let G be a group and let
H C G be a subgroup of G. Let M be an H-module. Then there are
natural isomorphisms

H;(G,ZG ®zu M) = H;(H, M)

for all j.

Proof. Choose a ZH-projective resolution N. of M. By Corollary 4.1.10,
H,(H, M) is the homology of the complex Z ®zg N.. However, if g; is a
set of representatives for the right H-cosets in G, then ZG is a free right
ZH-module with basis g;, 50 ZG ®zx Ne = @, g: ® N, is a ZG-projective
resolution of ZG ®zg M. Thus H(G,ZG Qzg M) is the homology of the
complex

Z ®76 ZG @z Ne = Z @z N,

which proves the result. O

For purposes of studying central extensions, we will be particularly in-
terested in homology and cohomology of G-modules with trivial G-action.
These are related by the following.
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4.1.13. Theorem (iUniversal Coefficient Theoremt). Let G be a
group and let M be an abelian group, viewed as a G-module with trivial
G-action. Then there are short exact sequences

0 — Ext} (Hx_1 (G, Z), M) — H*¥(G, M) — Homgz (Hy, (G, Z), M) — 0
for all k, which split (though not in a natural way). In particular,
H? (G, M) =0 for all G-modules M with trivial G-action

if and only if the abelianization of G is free (abelian) and H; (G, Z) = 0.

Proof. Recall that H. = H. (G, Z) was defined to be the homology
of P, ®z¢ Z. However, since P, is a G-projective resolution of Z, by
Corollary 4.1.10 we can also compute it as the homology of the complex
Cy=7Z ®z¢c P, 2 ZG*. On the other hand, H*(G, M) is the homology
of Homzg(P,, M) = Homz(ZG*, M) = Homz(C,, M) with the dual dif-

ferential. Let Zy=ker(Ck L, Cr—1) and Bg_; = im(Cy e, Ck-1), SO
that H(G,Z) = Z;,/By. Note that Cy is a free abelian group; hence its
subgroups Z; and B are also free. We have short exact sequences

0 —»Zk—>Ckik—>Bk_1—+ 0
and
OﬂBk—*Zk-—)Hk—) 0.

Since By_; is free abelian, the first of these splits, and so goes under the
functor Homgz(-, M) to a (split) short exact sequence

&
0 — Homgz(Bg_1, M) —~2%, Homgz(Ck, M) — Homg(Zk, M) — 0.
(4.1.14)

Exactness of the second is not preserved in general, but from the definition
of Ext there is an exact sequence

0 — Homgz(Hj, M) — Homgz(Zg, M)
— Homgz(Bg, M) — Exty(Hg, M) — 0.
(4.1.15)

Now note that (4.1.14) may be viewed as giving a short exact sequence of
chain complexes

0 — Homgz(B,_1, M) — Homz(C,, M) — Homgz(Z,, M) — 0,

where the outside chain complexes have vanishing differentials. So from
the Fundamental Theorem of Homological Algebra, we obtain a long exact
homology sequence

g Homz(Zk_l, M) nd HOmz(Bk_l, M)
— H*¥(G, M) — Homgz(Z;, M) — Homg(Bg, M) —---.
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Substituting from (4.1.15) we obtain the desired short exact sequence
0 — Ext} (Hy_1 (G, Z), M) — H*(G, M) — Homg (Hy, (G, Z), M) — 0.

The sequence splits since (4.1.14) splits (though not naturally).

To prove the last statement, recall that H;(G,Z) is the abelianization of
G. Hence Ext% (H: (G, Z), M) vanishes for all M if and only if Hq (G, Z)
is Z-projective, i.e., free abelian. Similarly, Homgz (H» (G, Z), M) vanishes
for all M if and only if Hz (G, Z) vanishes. O

Now it is time to make the connection between group homology and the
theory of extensions. This follows from the following basic classification
theorem, due originally to Eilenberg and Mac Lane. The theorem has a
version for non-central extension extensions and even a version for exten-
sions by a non-abelian normal subgroup, but in the interests of simplicity
we stick with the simplest case, which is all we will need for applications
to K-theory.

4.1.16. Theorem. Let G be a group and let A be an abelian group.
Then the isomorphism classes of parameterized central extensions of G by
A, that is, triples (E, ¢,t), where (E, ¢) is a central extension of G and
t: A — E is an isomorphism of A with ker ¢, naturally form an abelian
group Ext(G, A), in which the trivial extension gives the O-element. This
group is naturally isomorphic to H2(G, A), where we view A as a trivial
G-module. Hence every central extension of G by A is trivial if and only if
H2%(G,A)=0.

Proof. We should make precise what we mean by isomorphism; two
triples (E, ¢, ¢)and (Ei, ', ') are isomorphic if and only if there is an
isomorphism of central extensions from E to £’ compatible with cand vr.
i.e., acOmmutative diagram with exact rows

1 v A— E 2., G y 1
1 A—Y B _¥Y,qg , 1.

Next, we explain the group structure on Ext(G, A). If (E1, ¢1,41) and
(Eq, p2,t2) are central extensions of G by A, we define their Baer sum as
follows. First let E = Ej x¢ Es, i.e, {{z,y) € E1 X E2:p1(x) = p2(y)}-
Note that this group comes with a natural surjection ¢: E - G given by
o(x,y) = p1(z) = p2(y). The kernel of ¢ is central, but itis too big; itfs
isomorphic to A X A. Therefore we define

(4.1.17) E3 = E/{(u1 (@) ,—t2(a)): a € A}.

Note that ¢ factors through E5 and gives a map ¢3: E3 = G. The kernel
of 3 is central and is given by

{(t1 (a1) ,t2(a2)) : a1, az € A}/ {(t1 (@), —t2(a)) : a € A},
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so we can define an isomorphism t3: A — ker 3 by
t3(a) = [(ta (@), 2 (0))] = [(e2 (0), 22 (a))] -
(Here we use the relation that [{¢; (—a) ,t2(a))]=0.) We define
(E1, 1, 01)] + (B2, @2, t2)] = [(E3, 3, t3)].

This addition operation is actually commutative, since if we define (E4, ¢4,
t4) similarly but with E; and E; interchanged, then we have a commutative
diagram

1 — A 2, E3 £, ¢ » 1
T
1 » A 2 By 2 @ - 1

with ¢ defined by the 1flip.T It is easy to verify that the Baer sum is asso-
ciative on isomorphism classes of central extensions, that the isomorphism
class of the trivial extension

(G x A, p, i2),

where p; is projection on the first factor and iz is injection into the second
factor, acts as an identity with respect to the Baer sum, and that the class
of (E, p,¢) has as its inverse (E, ¢,—t). Thus we obtain an abelian group
Ext(G, A) of parameterized central extensions of G by A, in which the
trivial extension gives the O-element.

Now we want to set up an isomorphism between Ext(G, A) and H2(G,
A). First we define a map @: Ext(G, A) — H%(G, A), then weill define the
inverse map ¥ : H?(G,A) — Ext(G, A). Start with a class in Ext(G, A)
represented by (E, ¢,1). Choose a (set-theoretic) section s : G — E, that
is, @ map such that ¢ 0's = idg. We may suppose that s(1lg)=1g. For
g, heG, ¢(s(gh)) = ¢(s(g))e(s(h)), so we can define amap f:GxG—A
by

s(gh) = ¢o f(g,h)s(g)s(h).
Since 1p = s(1g), f(9,16) - f(lg, 9) - Oand f(g,97") - f(g™, g) for

all g € G. If g, h, k€ G, then s(gh)s(k) = .o f(g, h)s(g)s(h)s(k), while
s{g)s(hk) = o f(h,k)s(g)s(h)s(k), so the associative rule gives

vo f(g, hk)eo f(h, k)s(g)s(h)s(k) =vo f(g, hk)s(g)s(hk) = s(ghk)
=10 f(gh, k)s(gh)s(k) =vo f(gh, k)eo f(g, h)s(g)s(h)s(k),

or f(g,hk)+ f(h,k) = f(gh,k) + f(g, h). (We write products multi-
plicatively in E but additively in A.) Comparison with the formulas in
Definition 4.1.7 shows that this is precisely the condition for  to define a 2-
cocycle in Z%(G, A). So we let ®([(E, ¢, un = [f] € H3(G, A). Of course,
it is not immediately obviously that this is independent of the choice of s.
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But if si is some other choice for s, then we must have si(g) = s(g)t o u(g)
for some map u : G — A. Then if f’ is the 2-cocycle defined by s, we have

s(gh)to u(gh) = s'(gh) =0 f'(g, h)s'(g)s'(h)
=10 f'(g, h)to u(g)ro u(h)s(g)s(h),

and comparison with the definition of f gives

f(g, h) + u(gh) = f'(g, h) + uw(g) + u(h),

which says that f’ differs from f by the coboundary of u. Hence fi and f
define the same cohomology class and @ is well defined.

To show that ® is a homomorphism, note first that ¢ sends the 0-
element of Ext(G, A) to the O-element of H2(G, A), since when (E, ¢,t) =
(G x A, p1,i2), we can take s = i;, which gives f = 0. Next we show
that ® respects the Baer sum. Given (E1, ¢1,¢1) and (Es, g2, t2), choose
corresponding sections s; and sz giving cocycles f; and fq, and let E =
E1x¢ E; and E;3 be as in (4.1.17). Note that s = (s1, s2) gives a section
of (E, ¢) which descends to a section sg for Es. Then if g, h € G, we have

sa(gh) = [(s1(gh), s2(gh))]
= [(s1(g)s1(R)e1 0 fi(g, h), s2(gh)ez o f2(g, h))]
= s3(9)s3(h)[(¢1 © f1(g, h), t20 fa(g, h))]
= s3(9)sa(h)e3 (fi(g, h) + f2(g, b)),

so that the cocycle f3 defined by s3 is just f; + f2. This shows that @ is
additive.

To complete the proof, we show that ® is bijective. First suppose
®([(E, ¢, t)]) = 0. This means that if we choose a section f aS above,
the corresponding cocycle f is the coboundary of someu: G — A, i.e.,

f(ga h) = u(gh)—u(g)_u(h), g; heG.
Replacing s by si, where si(g) = s(g)(¢ 0 u(g)) ™!, we have

s'(gh) = s(gh)(¢ 0 u(gh))™*
=s(g)s(h)eo (f (g, h) — u(gh))
= s(g)s(h)e (u(gh) — u(g) — u(h) — u(gh))
= s'(g)s'(h),

so si is a homomorphism, which shows (E, ¢, ¢) is trivial. Thus @ is injec-
tive.

Now we construct a right inverse ¥ for &, showing that & is surjective.
Let f € Z%(G, A), which we can take (by changing it within its cohomology
class) to be normalized so that f = 0on {l¢}x G and on G x{1¢} (this
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implies f(g,97))= f(g~*,g)) and let E = G x A as a set, but with the
following binary operation:
(91,a1) . (92, a2) = (91 . 92, a1 + a2 — f(g1, 92))-
Since f is normalized, (1¢,04) acts as an identity element with respect to
the operation . . Furthermore, we have from the cocycle identity
((91, @1) . (92, a2)) . (93, @3) = (91 . 92, a1 + a2 — f(g1, 92)) . (93, a3)
-(g1.92. 93,01+ 02+ aa—f(gl,gz)—f(gl . 92, 93))
= (91 02 . 93,01 + a2 + az— f(g2, 93) — f(g1, 92" 93))
= (91,01) . (92 . g3, a2 + a3 — f(g2, 93))
= (91,a1) . ((92, a2) . (93, a3))-
Also,

(ga)- (g7 —a + flg.g7") = (1g, 04),
(7% —a + flg,97") (g, 0) - (1, 04),

so E is a group with respect to .. Define ¢ : E — G to be projection on
the first factor and define ¢ : A — E by ¢(a) = (1¢g, u). Then it is clear
that ¢ and ¢ are homomorphisms and that ¢(A) is central in E and equal
to the kernel of ¢. Furthermore, s : G — E defined by s(g) = (g, 0) is a
section which gives rise to the cocycle f since

s(gh) = (gh, 0) = (9, 0) - (h, f(g, b)) = s(g)s(h)u(f(g, h)),

so ¥ : [f] — [(E, ¢, )] is aright inverse to ®, showing that ® is bijec-
tive. [J

4.1.18. Corollary. If Gis a perfect group, then a central extension (E, )
of G is universal if and only if H,(E,Z)=0 and Hy(E,Z)=0.

Proof. This follows immediately from Theorems 4.1.3, 4.1.13, and 4.1.16.
(Note that a group is perfect if and only if its H; vanishes.) O

In fact, one can go a bit further.

4.1.19. Theorem. Let G be a perfect group. Then the kernel of the
universal central extension (E, ) of G is naturally isomorphic to A =
H; (G, Z), and under the isomorphisms

Ext(G, A) = H?(G, A) = Homg (H; (G, Z), A)

defined by Theorems 4.1.16 and 4.1.13, the class of (E, ) corresponds
to the identity map H2(G,Z)— A. (The Ext term vanishes since H;
vanishes.)

The proof of this theorem requires developing some of the theory of how
homology and cohomology behave under group extensions. To do this in
the greatest generality requires the theory of spectral sequences and would
take us a bit too far afield in homological algebra. However the following
special case of the theory can be done directly.



178 4. Milnoris Ky

4.1.20. Theorem (ilnflation-Restriction Sequencel). Let G be a
group, N a normal subgroup, and A a G-module. Then there is a natural
exact sequence

0 — HY(G/N, A¥) &5 HY(G, A) =5 HY(N, A)G/N
5, H2(G/N, AN) =5 526, A).

Here “res” comes from restriction of cocycles from G to N and “inf” denotes
inflation, composition of cocycles on G/N with the quotient map G %
G/N. The action of G/N on H! (N, A) is induced from the conjugation
action of G on N and from the action of G on A. If G acts trivially on A
and N is central in G, the exact sequence simplifies to

0 — HY(G/N, A) 25 HY(G, A) =% HY(N, A)
2, H2(G/N, A) 2 H2(G, A),

where the map H'(N, A) = Hom(N, A) % H2(G/N, A) sends u: N — A
to the class of uo f, where f € Z2(G/N, A) is a cocycle defining the central
extension of G/N by N as in Theorem 4.1.16.

Proof. Note that A" is a G/N-module, since if &€ G/N, a € A" and
g(g) = jr, then g-a =4e¢ g - @ Will not change if we replace g by gn, n € N.
If u: G/N — AN is a 1-cocycle, then u o ¢ : G — A% is a 1-cocycle, since
forg, he G,

uoq(gh) = u(gh) = u(g) + §-u(h)=wuo q(g) + g . (uo q(h)).

Furthermore, if woq is the coboundary of some a € A, then u(g)=g-a—a,
hence taking g € N shows that a € AN and u is the coboundary of a. Thus
HY(G/N, ANY 2L H1(G, A) is injective.

It is clear that there is a homomorphism H(G,A) == HY(N, A). To
show that the image is fixed by G/N, consider a 1-cocycle u: G — A and
letgeG, g=q(g), n €N. Then
(9~ (resu))(n) =daer g - ulg ' ng) =g - (u(g™) + 97" u(ng))

=g-(-g7" u(9))+9-97" ulng)
=-u(g) + u(ng) = u(n) + n- u(g) - u(g).

Thus g - (res u) differs from res u by the coboundary of u(g), and so g fixes
the cohomology class of resu.

That res o inf: H! (G/N, AN) — H'(N, A) is 0 is trivial. We must show
that if a 1-cocycle u : G — A restricts on N to the coboundary of some
a €A, then u is up to a coboundary the inflation of a cocycle on G/N with
values in AN . Replacing u by u — éa, we may suppose u vanishes on N.
Then for g € G and n€ N, u(gn) = u(g)+g-u(n)=u(g)+0 =u(g), so u is
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constant on cosets of N. Furthermore, u takes values in AV, since we then
have (by normality of N) u(g) = u(ng) =u(n) + n-u(g) =0+ n-u(g) =
n -u(g), so u is the inflation of a cocycle G/N — AV.

We prove the last part of the theorem only in the case where Ais a
trivial G-module, which is the only case weill need for applications. The
general case works the same way but the calculations involved are much
messier. We define the map 8: H*(N, A)¢/N — H*(G/N, A). Let u :
N — A be a 1-cocycle, i.e., a homomorphism, which is invariant under
conjugation by elements of G. (Since A is abelian, » is automatically fixed
under conjugation by elements of N.) Fix a section s: G/N — G with
8(1g/n) = 1g. We define ¢ : G/NxG/N — A by

¥(g, k) = u(s(h)s(g) " s(gh))-

The same calculation as in Theorem 4.1.16 shows that  is a 2-cocycle with
values in A, and that its cohomology class doesnit depend on the choice of s.
We define 8([u]) to be the class of ¥; it is obvious that 8 is a homomorphism
of abelian groups. Note that in the important special case when N is
central, the condition that u be G-invariant is vacuous, and % is just u of,
where f : G/IN x G/N — N is the cocycle determined by s and the central
extension of G/N by N, so in this case d: H' (N, A) —» H%(G/N, A) is just
composition with the class of f. It is also clear in general that ¢ vanishes
identically if s is a homomorphism. Letis show next that & vanishes on
the image of res. Suppose u© : G — A is a homomorphism; we denote
its restriction to N by the same letter. Define a map v : G/IN — A by
v(g) = u(s(9)). Then

8v(g, h) =aes v(g) + v(h) — v(gh)
= u(s(9)) + u(s(h)) — u(s(gh)) = —p(g, ),
so 9 is a coboundary and &(res u) = 0.
In the other direction, if u : N — Ais a homomorphism fixed under

conjugation by elements of G and d(u) = 0, then v as defined above is a
coboundary, say of some —v : G/N — A. In other words,

u(s(h)"'s(g) " s(gh)) = —v(g) — v(h) + v(gh).

We may suppose v(lg/n)=0. Let a(g) = v(g) + u(s(g9)"'g). Then
it is clear that ii agrees with w on N and that for g € G and n € N,
ii{gn) = ii(g) + u(n). Finally we have

a(gh) = v(gh) + u(s(gh) " gh)
9) + v(h) + u(s(h) "' s(g) " s(gh)) + u(s(gh) " gh)
(9) + v(h) + u(s(h)"s(3) " gh)
= a(h) + v(g) + u(h™'s(g)"'gh)
u(h) + u(g),

:1)(

1
<
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since u is invariant under conjugation by h, and thus % is a homomorphism
extending u and u = res .

It remains to prove exactness at H2(G/N, A). First of all, inf o8 = 0,
for if u : N — Ais a homomorphism fixed under conjugation by elements
of G and v is defined as above, then

inf (g, h) =aes u(s(h) "1s(g) " 1s(gh))

= u(s(h) 7 h) + u(h™'s(9) " s(9h))
u(s(h) 7 R) +u(s(g) " s(gh)h ™)
u(s(h)™1h) + u(s(g) " g) + u(g™ s(gh)h™Y)

u(s(h)7'h) + u(s(9)"g) + u(h~ g~ s(gh))
6v(g, h),

where w(g) = u(s(¢)"1g). Finally, suppose ¥ € Z%(G/N, A), which we
may suppose is normalized to vanish when one of its arguments is 1g/n,
and inf ¥ is a coboundary, say év with v : G — A. We need to show that
the class of ¥ is in the image of 8. What we are given translates into the
condition

¥(9, h) = v(g) + v(h) — v(gh).

Since the left-hand side vanishes when g or h lies in N, this says in par-
ticular that v restricted to N is a homomorphism, and that v(gn) =
v(ng) = v(g) + u(n) for n € N. Thus the restriction of v defines a class in
HY(N, A)G/N. The class d(v|y) is defined by the cocycle

V(g 1) = v(s(h) T s(9) " s(9h)).
Then
(W = ¥')(g, h) = v(s(9)) + v(s(h)) — v(s(g)s(h)) - v(s(R) " s(3)*s(gh)).
since n = s(h)"!s(9)"s(gh) € N, the identity wv(s(g)s(h)) + v(n) =
v(s(g)s(h)n) gives
W —9')(g, h) = v(s(g)) + v(s(h)) — v(s(§h)) = 6(v o 5)(g, B,
and [¢)] = 8(v|n), as desired. O

Proof of Theorem 4.1.19. Let G be a perfect group, let (E, ¢) be a
perfect central extension of G with kernel ker ¢ = K, and let A be a trivial
E-module. The exact sequence of Theorem 4.1.20 becomes

0 = HY(E, A) =% HY(K, A) 2 B2(G, A) 25 HY(E, A).

Now for (E, ¢) to be the universal central extension of G, E must be
perfect and H2?(E, A) must vanish for every A. So this can happen only
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if H'(K, A) = Homz(K, A) —‘ZHQ(G, A) is an isomorphism for every A.
But by Theorem 4.1.13, H3(G, A) @ Homgz (H; (G, Z), A), so we must
have

Homgz (K, A) =Homg (H: (G, Z), A)

for every abelian group A, which is only possible if K = Hs (G, Z). Fur-
thermore, from the description of 8 in Theorem 4.1.20, we see that the
2-cohomology class of the extension of G by K must correspond to an
isomorphism Hs (G, Z) — K, which we can take to be the identity after
reparameterizing K. O

Remark. Milnor in [Milnor] gives a different proof of Theorem 4.1.19,
by identifying the kernel of the map [F, F]/[F, R] - [F, F]/R in Theorem
4.1.3 directly with Hy(G, Z). This comes from applying the analogue in
homology of Theorem 4.1.20 to the group extension

l1-R—-F—-G—1.

This basically concludes the discussion of the relationship between cen-
tral extensions and homology. However, for future use in studying the
homology of groups such as SL and GL, we mention a few more basic facts
about group homology.

4.1.21. Definition. If H-% G is a homomorphism of groups and A is
a G-module (viewed also as an H-module via a), there are induced maps
a.: Ho(H, A) — Ho(G, A). (Merely take the complex defining H, (H, A)
and apply a to each copy of H.) When « is the inclusion of a subgroup,
this map is commonly called corestriction, since it is the analogue in
homology of H*(G,A) — H* (H, A). However, when H is of finite index
r=[G:H]in G, there is also a natural map in the other direction,
called the transfer, sometimes denoted Tr% or o!. This may be defined
as follows. Note that ZG is naturally the free ZH-module on the set H\G,
so that if A is a free ZG-module, Ho(H, A) = Hy(G, A)F\C. (This uses
the fact that H\G is a finite set, since in general we only get a direct sum
of copies of Hy (G, A), not a direct product.) Thus there is a diagonal
T times
map Ho(G, A) — Ho(H, A) = Hy(G, A)F\C, given by a —(a,...,ad),
called the transfer. In general, we can resolve A by free ZG-modules, use
Corollary 4.1.10, and do this to each step of the resolution.

There is another equivalent way of defining corestriction which is some-
times useful. Namely, we can use Shapirois Lemma (Corollary 4.1.12),
which sets up a natural isomorphism H;(H,A) = H;(G,ZG ®zx A). The
map a. is easily seen to be the composition of this isomorphism with the
map H;(G,ZG®zu A) — H.(G,A) induced by the map of G-modules
ZG @z A - ZG ®z¢ A = A coming from the fact that A is a G-module
and not just an H-module.
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4.1.22. Proposition. If &: H— G is the inclusion of a subgroup of
finite index r = [G: H] and A is a G-module, then o, 0 ¢' is multiplication
by r on H.(G, A).

Proof. If A is free, then Ho(H, A) = Ho(G, A)H\C and

r times r times

P ——
a,o0a'(a)=a,(@,...,a)=a+---+a=ra.

In general, we can resolve A by free ZG-modules, use Corollary 4.1.10, and
apply this at each step of the resolution. Cl

4.1.23. Theorem. If G is a finite group of order r and A is a G-module,
then H; (G, A) is a group of exponent r for each j >0, and H; (G, Z)is a
finite abelian group of exponent r for each j > 0.

Proof Let H be the trivial one-element subgroup of G. Then Ho(H, A)
= A and H;(H, A) =0 for j > 0 (this is obvious from Definition 4.1.7).
Applying Proposition 4.1.22 to the inclusion « of H into G, we see that
a,oca' is multiplication by r on H; (G, A), while of course this composite is
zero for j > 0. So multiplication by r on H;(G, A) acts by zero for j > 0.
This proves the first statement.

Furthermore, the abelian groups P; in (4.1.8) are finitely generated if G
is finite. So each H;(G, A) is finitely generated if A is finitely generated,
in particular if A = Z. Since a finitely generated abelian group of finite
exponent is finite, the last statement follows. 0O

4.1.24. Corollary. Let G be a finite group, let p be a prime dividing the
order of G, and let P, be a Sylow p-subgroup of G. Then for each j >0,
the natural map H;(P,,Z) — H;(G,Z) is surjective onto the p-primary
part. In particular, if H;(P,,Z) =0, then H;(G, Z) has no p-torsion, and
if H;(Py,Z) = 0 for each p dividing the order of G, then H;(G,Z)=0.

Proof. Apply Proposition 4.1.22 to the inclusion a:P,— G. Thus
a, 0 ¢ is multiplication by [G : P, which is relatively prime to p, and is
thus an isomorphism on the p-primary part of H;(G, A) for j > 0. So a,
is surjective on the p-primary part. 0O

4.1.25. Exercise. Let G be a cyclic group of finite order r, and identify
ZG with Z[¢]/(t" — 1), where t is a generator of G. Show that

Moza 20 Xoze P26 Lz 0

+

where N is multiplication by 1 + ¢+ ---+¢"~1, gives a free resolution of the
trivial G-module Z. Deduce that H;(G,Z) =0 for j positive and even, and
that H;(G,Z)= G for j positive and odd. Show also that H¥(G,Z) =0
for j positive and odd, and that H?(G,Z)= G for j positive and even.
The generator of H2(G,Z) corresponds to the non-trivial central extension

0-Z2LZ—2Z/r— 0.
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Exercise. Let V be the Klein 4-group, the subgroup
00 -1 0 0 -1 0 O 1 0 O
1 0}, 0 -1 0}, o0 1 01],10 -1 0O
01 0 0 1 0 0 -1 0 0 -1

of SO(3). (The VT stands for Viergruppe, German for “4-group.”)

(1)

)

@)

4.1.217,

Show by direct calculation that Ho(V,Z)= Z/2, and deduce from
Theorem 4.1.13 that

H*(V,Z/2) = (Z/2)3.

Determine which elements of this group correspond to the various
groups of order 8 which are central extensions of V by Z/2.
Examples 4.1.5 may be interpreted as exhibiting Z/2 as a quotient
of H2(S0(3),Z). Show that the inclusion V < SO(3) induces a
non-zero map Z/2= Hy (V, Z) — H2(SO(3), Z) which is a split-
ting for this Z/2 factor, by noticing that the inverse image~V of V
in SU(2) is the quaternion group Q of order 8. (Since Q is non-
abelian, this means the central extension of SO(3) is non-trivial
on the subgroup V.)

Show that H1(Q,Z)=2V (this is almost trivial) and that H2(Q,Z)
= 0 (it helps to construct a suitable resolution). Thus the quotient
map Q — V induces an isomorphism on H; but is not surjective
on Hs.

Exercise. This exercise will exhibit an interesting finite example

of a universal central extension.

1)

@)

(4)

Let G be the subgroup of SO(3) consisting of rotations mapping
a regular icosahedron to itself. Since G acts transitively on the 20
faces of the icosahedron, and each face is an equilateral triangle,
and there are clearly 3 rotations stabilizing each face (the identity
and rotations by 27 /3 in either direction about an axis through
the center of the face), G is a group of order 60. It is clear that the
stabilizer Sy of a face is a Sylow S-subgroup and that the stabilizer
S, of a vertex is a Sylow 5-subgroup.

Show that one may position the icosahedron so that two of the
edges are parallel to each of the three coordinate axes in R3. De
duce (by looking at the effect of rotations by 7 around these axes)
that G contains the group V ¢ Z/2 x Z/2 of Exercise 4.1.26 as a
Sylow 2-subgroup.

From Exercise 4.1.25, Hy(Sf,Z) =0 and H2(S,,Z)=0. From
Exercise 4.1.26, Hy(V,Z)= Z/2. Deduce from Corollary 4.1.24
that Hz(G, Z) has order at most 2.

Show that G is perfect. In fact it is isomorphic to the simple group
As, and is the smallest non-trivial perfect group. (One way to do
this is to divide the 30 edges of the icosahedron into 5 equivalence
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(6)

0
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classes of 6 edges each, where each equivalence class consists of
the edges pointing in directions parallel or perpendicular to the
direction of a given edge. Then you just need to show that G acts
faithfully, i.e., without kernel, by permutations of the 5 equivalence
classes. Since Ajs is the only subgroup of S5 of order 60, this shows
G is isomorphic to the simple group As.)

From (2) and (3), deduce that H2(G,Z/2) has order at most two,
and that either Hz(G,Z) =0 or else G has exactly one non-trivial
central extension by Z/2. In this latter case, show that this must
be the universal central extension of G.

Let G be the inverse image of G in SU(2). This is a central exten-
sion of G by Z/2, called the binary icosahedral group. Itisa
group of order 120. Show that G — G is not trivial, by using (2)
of this Exercise and (2) of Exercise 4.1.26.

Deduce from (4) and (5) that G is the universal central extension
of G, that Hy(G,Z)=7Z/2, and that G is perfect. (For another
proof that G is the universal central extension of G, you can show
that Hy(G,Z) = 0 using (3) of Exercise 4.1.26.) Since SU(2)
can be topologically identified with S3, it follows that SU(2)/G
is a compact S-manifold such that m; (SU(2)/G) is perfect, hence
with H;(SU(2)/G) = 0. It follows from Poincaré duality that
H,(SU(2)/G) = 0 as well. Thus SU(2)/G has the same homology
groups as $2, and is known as the Poincaré homology 3-sphere.

Exercise. This exercise will provide some more finite examples

of universal central extensions.

(1)

®)

Show from the identity

IDICHRES

and its transpose that if F is a field with more than 3 elements (so
that there is an element d € F* with d2#1), then SL(2,F) =
E(2,F) is a perfect group.

Show that if Fq is a finite field with g elements, then SL(2,F,)
has order g(¢?— 1). Note that in fact the restriction in (1) on the
cardinality of F is necessary, since SL(2,Fs)= S; and SL(2,F3)
is a solvable group of order 24.

From (1) and (2), SL(2,F,) is a perfect group of order 4(15) = 60.
Show that it is isomorphic to the group G = A5 of Exercise 4.1.27
by showing that G acts faithfully as a permutation group of the
set of 5 elements

P'(Fa) =qet (F5 ~ {(0, 0)})/F5 = Fq U {oo}.

Deduce from Exercise 4.1.27 that Ha(SL(2,F4),Z) has order 2, so
that its universal central extension is an extension by Z/2.
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(4) From (1) and (2),SL(2,Fs)is a perfect group of order 5(24) =
120 = 3 . 5.23. Clearly the Sylow S-subgroups and Sylow 5-
subgroups of this group are cyclic. Show that the Sylow 2-sub-
groups are isomorphic to Q, which has vanishing H; by (3) of
Exercise 4.1.26. Deduce that Hy(SL(2,F5),Z) = 0 and that G is
its own universal central extension. In fact SL(2,Fs) is isomorphic
to the binary icosahedral group G of Exercise 4.1.27.

(5) GL(3,F3) = SL(3, F,)is a perfect group of order (23—1)(23—
2)(23—-4)=7-6-4=3-7-8.Clearly the Sylow 3-subgroups and
Sylow €l-subgroups of this group are cyclic. Show that the group
of upper-triangular matrices with 1is on the diagonal is a Sylow 2-
subgroup isomorphic to a dihedral group of order 8. Deduce that
H>(SL(3, F2), Z) is a finite abelian 2-group, and see if you can
compute it.

4.1.29. Exercise. Show that group homology commutes with direct lim-
its (cf. Theorem 1.2.5). In other words, if (Go)aecr,(0ap : Ga— Gg)a<ps is
a direct system of groups, if G = l_ir_)nGa is the direct limit of the system,

and if M is a G-module (hence also a G,-module for each «, via the map
G4 — G), then there are natural isomorphisms

Hj(G, M) & l'i)nHj(Ga, M)
for each j. The key to this is the observation that each element of P;®z¢ M
involves only finitely many group elements, and thus comes from some G,.
The corresponding statement for conomology is false, i.e., in general

HI(G, M) # lim B (Ga, M).

4.1.30. Exercise. Let G be an abelian group (written additively for
purposes of this exercise), and choose an exact sequence

0—-F — Fp—G—0,
where Fy and F; are free abelian groups. (In other words, choose a free
resolution of G as a Z-module.) Let A be a trivial G-module. The exact

sequence of Theorem 4.1.20 becomes

0 —» Hom(G, A) — Hom(Fy, A) — Hom(F, A)
— H*(G, A) — H?(Fp, A).

Comparing this with the exact sequence coming from the definition of Ext,
0 — Hom(G, A) — Hom(Fy, A) — Hom(Fy, A) — Ext}(G, A) — 0,
deduce that

ker(inf : H3(G, A) — H%(Fy, A)) = Ext}(G, A).
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Then using Theorem 4.1.13 and the fact that for an abelian group,
H,(G,Z2)= G (in a natural way),
deduce that inf gives an injection
Hom(H(G, Z), A) — Hom(H2(Fy, Z), A).
This being true for all A, deduce that the natural map
Hy(Fo, Z) — Ha(G, Z)

must be surjective.

4.1.31. Exercise. Let F be the free abelian group on generators 1, t2,.. .,
t,.,so that
R=ZF=Zty, 17" t2,157, . . ., tn, b5 ).

Construct a free resolution for the trivial R-module Z of the form

0sR—>R*'—-..oR&) >...5R">R—-Z—0.

(If you canit see how to do this in general, first try the special cases n =1
and n = 2.) Use this resolution to compute H,(F,Z). Deduce that there
are natural isomorphisms

HJ(F,Z) = /\ F,

where the right-hand side denotes the exterior algebra on F (viewed as a
free Z-module) .

4.1.32. Exercise.

(1) By Exercises 4.1.30 and 4.1.31, if G is a finitely generated abelian
group, written in the form Fy/Fi, where Fy is free on n generators,
then there is a surjection

2
Hy(Fo, Z) = \(Fo) - Ha(G, Z).

Show that this map factors through A*(G). If G is written with
multiplicative instead of with additive (Z-module) notation, then
/\2(G) is the universal abelian group generated by elements g A h,
g, h€ G, with g Ag = 1, such that the map (g, h)—~ g Ak is
bilinear, i.e.,

(9192) A h = (g1 AR)(g2ah).

Note that these relation imply (g Ah)"*=hAg, g, heG.
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(2) Deduce from Exercises 4.1.29 and 4.1.31 that for any torsion-free
abelian group G, there is a natural isomorphism

mzﬂa

(3) Suppose G = G1®(Z/k), where k> 1 and G} is an abelian group
written additively. Show that

Hy(G, Z) = Ha(G1, Z) & (G1 ®z (Z/k)).

Deduce using the structure theorem for finitely generated abelian
groups and induction on the number of finite cyclic summands that
there is a natural isomorphism

2
z)= \G

for any finitely generated abelian group. Then use Exercise 4.1.29
to conclude that this is valid for any abelian group. Note that this
calculation is consistent with the calculation that Hy(V,Z)=Z/2
in Exercise 4.1.26(1).

2. The Steinberg group

Weire now ready to apply the theory of the previous section to the perfect
group E(R) of matrices over a ring R. Recall from Lemma 2.1.2 that this
has generators e;; (a), ¢ # j, a € R, satisfying the relations

eij(a)es;(b) = eij(a + b); (a)
eij(a)er(b) = eri(bleij(a), Jj#kand i#l (b)
eij(a)ejr(b)esi(a) ek (b) ™! = eir(ab), i, j, k distinct: ()
eij(a)eri(b)esj(a) " leri(b) ™! = ex;(—ba), 13, kdistinct. (d)

4.2.1. Definition. Let R be a ring. For n > 3, we define St(n, R), the
Steinberg group of order n over R, to be the free group on generators
z;j(a),1# j,1<i,7<n,a€R, divided by the relations

zij(a)zi;(b) = zij(a + b); (a)
zij(a)zr(b) = zri(b)zij(a), Jj#Fkandi#1; (b)
zi5(a)zx(b)zi(a) 2k (b) " = zik(ab), i, 4, k distinct; ©
Ti(a)Tri(b)zi5(a) tzki () = zhz(—ba), 4,], kdistinct. (d)

It is immediate that St(n, R) is a perfect group and that there is a unique
surjective homomorphism ¢, : St(n, R) — E(n, R) satisfying z;;(a)+—
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eij(a). Clearly there are natural maps St(n, R) — St(n + 1, R). However,
unlike the situation with the maps GL(n,R) — GL(n + 1, R), it is not
clear that these are injective (and in fact this is not always the case). We
let St(R), called simply the Steinberg group of R, be the inductive limit.
In other words, this is the universal group on generators z;;(a),i# j,
1<i,j<co, a€R, satisfying the above relations. By construction, there
is a canonical map ¢ : St(R) — E(R) (the limit of the ¢, as n — co).

The definition can be simplified a bit because relation (d) is redundant.
By relation (@), z;;(a)~! = z;;(—a). Multiplying (c) on the left by z;;(a)™*
and on the right by z;; (a), we obtain

Tk (b)zij (a) " z;k(b) " zij(a) = zij(a) T (ab)zij(a) = zix(ab)

(using (b) and the fact that:, j, K were assumed distinct), which is the
same as (d) if we renumber indices and replace b by a, a by -b. Thus it
suffices to assume (a), (b), and (c).

Note also that the group St(R) is functorial in R, since if :R — S'is
a homomorphism of rings, there is a unique map from the free group on
generators z;;(a), a € R, to St(S) sending z;;(a) to z;;(a(a)), and since
this is compatible with the relations in St(R), it factors through a map
a, : St(R) — St(S).

4.2.2. Definition. Let R be a ring. We let Ky(R) = ker(yp : St(R) —»
E(R)). This is functorial in R since the groups E(R) and St(R) and the
homomorphism ¢ are functorial.

The rationale for this definition is that K2(R) vanishes precisely when
all relations among matrices in E(R) follow from the TobviousT relations of
Definition 4.2.1. Thus K»(R) measures the 1Non-obviousT relations among
elementary matrices over R, just as K;(R) measures the failure of general
invertible matrices to be expressible in terms of elementary matrices.

4.2.3. Lemma. Let R be a ring and 3 <n <oo. The subgroup of
St(n, R) generated by all z;;(a), a € R, with i < j is nilpotent, and ¢,
restricted to this subgroup is an isomorphism onto the upper-triangular
subgroup of E(n, R). Thus K2(R) has trivial intersection with the sub
group of St(n, R) generated by all z;;(a),a € R, with i < j.

Proof. Let N(n, R) be the subgroup of St(n, R) generated by all z;;(a),
a € R, with ¢ < j. This contains the subgroup N; generated by all z1;(a),
a€R, 1< j<n.By relations (a) and (b), N; is abelian and R™~! surjects
onto V; via

(a2, ag, -« ., an) — 1,‘12((12).’1313((13) e zln(a").

But under ¢,, N; maps to the upper-triangular matrices with Iis on the
diagonal whose other non-zero entries are all in the first row, so the com-
position R*~1—» Ny 22 E(n,R) is injective and ¢, must be injective on
N; . By relation (c), N(n, R) normalizes Ni. Let N2 be the subgroup of
St(n, R) generated by all z;;(a),a€ R, with i< jandi=1or 2. Then
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N, /Ny is generated by the images of the z25(a),a € R, 2 <j < n. Argu-
ing as before, the group generated by these is also abelian and an image of
R™ 2, and maps to the upper-triangular matrices with 1is on the diagonal
whose other non-zero entries are all in the second row. So ¢, is injective
on this group as well and so on Nj. Continuing inductively, one sees that
N(n,R) is an iterated extension of abelian groups and maps isomorphi-
cally under ¢, to the group of upper-triangular n x » matrices with Iis on
the diagonal. O

4.2.4. Theorem. Let R be a ring. Then K3(R) = ker(p : St(R) — E(R))
is an abelian group, and is precisely the center Z(St(R)) of St(R). Thus
St(R) is a central extension of E(R).

Proof. Let x € Z(St(R)). Then p(z)must commute with o(y) for all
y € St(R), and since ¢ is surjective, p(z) € Z(E(R)). But E(R) has trivial
center, since an » x n matrix canit commute with each e;;(1) unless it is
a diagonal matrix and all its diagonal entries are equal, and E(R) consists
of infinite matrices whose diagonal entries are eventually 1. So ¢(z)=1,
showing that Z(St(R)) C K»(R).

For the reverse inclusion, suppose z € K3(R), and write

2 = ziy5,(a1) Tiyj, (an), where e, (a1) -+ - €3, (an) =1

in E(R). Choose N larger than all the indices ii,. .., %, j1,--., jn- Then
forany 1<n,any k<N, and any a € R,
"L'kN(a)a k 7é Jis
zyn(ar1a)zin(a), k=g,

Tiyjy (a1)ern ()5, (a1) ™' = {

so x normalizes the subgroup Ay generated by the zxn(a), k <N and
a € R. But by Lemma 4.2.3, the restriction of ¢ to Ay is injective. So for
v € An, p(zyz~'y™Y) = p(@)e@)e(@) te(y)™ = e@)ey)™ = 1 and
zyz~ly~! = 1. This shows x commutes with z;y(a) for any N larger than
all the indices %;,...,%2, and j1, ..., jn, for any k < N, and for any a € R.
Since these generate St(R) because of relation 4.2.1(c), x is central. Thus
K>(R) C Z(St(R)). O

4.2.5. Example. Let R be any ring, and let

I = (mlz(l)le(—1)$12(1))4.

@=((L (1L 0)(1 1 ‘
=0 1) -1 1) o 1
(0o 1" _ (10
“\-1 0/ “\0 1)’
so x € K2(R) and hence x is central in St(R). It will turn out that when
R =Z, x has order 2 and generates K3(Z).

Then

We are almost ready for the main theorem of this section, but first we
prove a number of easy group-theoretic identities.
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4.2.6. Lemma. Let G be a group and let u,v, w € G. Denote the
commutator uvu~tv=! by [u, v]. Then
(a) [u v = [v, u] "L,

({;& u, vy, w] = [u, vw{v, [w, u]].

(Jacobl identity) If G’ = [G, G] is commutative, then

[u, [v, w]l[v, [w, ull[w, [u, v]] = 1.

Proof. (a) is trivial. For (b), note that

[u, vw][v, [w, 4]] = w(vw)u ™! (vw) Tv(wuw e (wwu T w ™)

-1 1

= (w)(wu tw o) (vwuw Ny v (uwu " tw™?)

= [u, v][u, w].
For (c), first rewrite (b) as
[v, [w, u]] = [u, vw] ™ [u, v][u, w].

Cyclically permuting u, v, w and multiplying gives (provided commutators
commute)

[w, [v; w]l[v, [w, ul}[w, [u, v]]
= [w, wv] w, u][w, v][u, vw] " u, v][u, w][v, wu] " |v, w][v, u]
= ((w, wo] u, vw] v, wu] ) ((w, Y[y, w][w, v}[v, w]u, v][v, u))

= [wv, w]jwu, v]jvw, y|

= wow(v u lw lwuw) (v w T v owu)w e

=1 0O

4.2.7. Theorem. Let R be a ring. Then St(R) is the universal central
extension of E(R).

Proof. By Theorem 4.2.2, St(R) is a central extension of E(R), and
relation 4.2.1(c) shows St(R) is a perfect group. By Theorem 4.1.3, it
suffices to show that every central extension of St(R) is trivial. Let (U,)
be a central extension of St(R). If z,y € St(R) and we choose X, Y €U
with ¥(X) =z and ¥(Y) =y, then [X, Y] is independent of the choices
of X and Y, since changing X or Y by an element of Z(U) will not affect
the commutator. Thus it makes sense to refer to [~ (z),¢~(y)] as a
well-defined element of U. We will define a splitting map s : St(R) = U to
¥ by sending

[z, y] = [~ (), ¥ (y)]

for suitable z and y.
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4.2.8. Lemma. In this situation, if j #k,i# 1, and a, b€ R, then
[V (2i5(a)), ¥ (@ui(®)] = 1 in UL
Proof. Choose h distinct from i, j, k, 1 and choose

u€ Y Hzin(1)), ve Y Hzni(a)), and we Y (zk(b)).

Then [u,v]€ ¢~ 1(z;;(a)). There must be elements ¢, ¢ € Z(U) such that
cuw = wu, civw = wv. Then

([, v], W] = (wvu™ v Hw(vurtu)w™?

= (wou™)dwlww ™) (w  w ™)

= cuvutw(uwv ) (wlu" e )
= e ruv(cw)(w v () Hu?
= (wow)(w v w1 = 1. O

4.2.9. Lemma. In this situation, if h, i, j, k are distinct and a, b € R,
then

[~ (zn5(a)), ¥~ (zk(0)] = [~ (zhi(1)), ¥ (zik(ab))] in U.
Proof. By relations 4.2.1,

[zhj(a), zjk(b)] = [zni(1), zik(ab)] = zrx(ab) in St(R).

Choose u €y~ (zni(1)),v € ¥~ (z4(a)), and w € ¥p~(z;x(b)). Then
[u, v] € ¥~ (znj(a)), [v, W] € ¥~ (zi(ab)), and [u, w] = 1 by Lemma
4.2.8. Furthermore, {u,v] commutes with u, with v, and with [v, w] by
Lemma 4.2.8. So if G is the group generated by u,v, w, [G, G] is commu-
tative. Now apply (c) of Lemma 4.2.6. We obtain

[, fv, w]][v, [w, uf][w, [u, o]] = 1,

or since [w, u] = 1, [[u, v], W] = [u, [v, w]], which is what we want. ¢l

Proof of Theorem 4.2.7 (continued). Recall that we want to define a
splitting map s : St(R) — U. Since St(R) is given by generators and re-
lations, it will be enough to define elements s;;(a)eU,i#j and a€R,
satisfying the same relations as the z;;(a) € St(R). Then there will be a
unigue homomorphism s:U — St(R) sending z;; (a) — s;;(a), and pro
vided we choose s;;(a) € ¥~ (z;;(a)), s will split ¢ and thus demonstrate
that (U, %) is a trivial extension.

So let a€R, i #]j. Choose k distinct from i and j and define

sij(a) = [ (zik(1)), ¥~ (zrs(a)))-
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By Lemma 4.2.9, this is an element of ¥~!(z;;(a)) independent of the
choice of k. We will show that the elements s;;(a) satisfy the relations
4.2.1. Lemma 4.2.8 immediately gives relation 4.2.1(b). To check 4.2.1(a),
let a, b€ R and choose k distinct from i and j. Choose u € ¥~ (zix (1)),
v € Y (zkj(a)), we P (zk;(b)). Then by Lemma 4.2.6(b),

815 (@)8i; (b) = [u, v] [u, w] = [u, vw] [v, fw, u]].

But [w, u] commutes with v by Lemma 4.2.8 and vw € 9~ (zx;(a + b)), so

8:3(@)s45(b) = [u, vw] = [~ (zak (1)), ¥~ (zx;(a +1))],

which by definition is s;; (a + b). Finally, we need to check relation 4.2.1(c),
but this follows immediately from Lemma 4.2.9. O

4.2.10. Corollary. If R is any ring, there is a natural isomorphism
Ky(R) — Hyo(E(R), Z).

Proof. This follows immediately from Theorems 4.1.19 and 4.2.7. O

4.211. Remark. Something that comes out of the construction used
in the proof of Theorem 4.2.7 is that if z and y are commuting elements
of E(R), then [¢~1(z),9 1 (y)] is a well-defined element of St(R) which
maps to {z,y] = 1 under ¢, in other words, an element of K>(R). In fact,
this is the most useful way of constructing elements in K2(R), and under
favorable circumstances, Kz(R) is generated by such elements.

A case of particular interest is when R is a commutative ring. Then the

units of R, R*, form an abelian group, and for u¢€ ‘,u 91 €
Ou
E(2,R) by Corollary 2.1.3.

4.2.12. Definition. Let R be a commutative ring, and let u,v € R*.
The Steinberg symbol {u, v} is defined to be the element [p~1(d;2(u)),
0 Y(d13(v))] of K2(R) (as in Remark 4.2.11), where
0
0 .
,U—l

0 0
di2(u) = ( u™! 0) , diz(v) = (
0 1

(Since dy2(u) and dy3(v) commute in E(R), this indeed defines an element
of K2(R).)
Note from the identities used in Corollary 2.1.3 that

o o
oo e
(=g "]

di2(u) = e12(w)ear (—u~t)era(u)erz(—1)ez (1)era(—1),
di3(v) = e13(v)es1(—v 1 )e1s(v)ers(—1)es1(1)ers(—1),

so that if we define w;;(u) € St(R) and h;;{u)€ St(R) by

i (1) =def Tij(W)zji(—u™ )Ty (u),  hij(u) =qer wij(u)wij(—1),



2. The Steinberg group 193

then

plun) = (00 5) ety = (5 ),

{u, v} =qet [P12(u), h13(v)].

The Steinberg symbols can also be described in terms of group homology.
Note that if G is a free abelian group on two generators s and ¢, then
ZG =7Zt,t71,s,s71], and the trivial G-module Z has the free resolution

and

0 —)ZG (s—l,l—t) ZG@ZG (t—l,s—l) ZG tt—-»l,sb—vl‘ Z

Furthermore, if ¢ is the automorphism of G interchanging ¢t and s, then
the following diagram commutes:

(s-1,

0 —— 272G 2 r6e76 Y, 76 e g

[ Ml d H

0 , 26 MY r0 ez Y, 76 VA

t—1, g—1

Thus H(G,Z) is the homology of the complex
0-2%72 %12,

with ¢ acting by -1 on the first Z and interchanging the two summands
in the Z2, and in particular Hy(G, Z) is free abelian on a generator that
is sent to its inverse if we interchange t and s. Thus Ha(G, Z) is naturally
isomorphic to /\2 G, the alternating tensor product or second exterior power
(this is a special case of the result of Exercise 4.1.31). The commuting
elements d;2(u) and di3(v) of E(R) define a map a : G — E(R) with t—
d12(u), s— di3(v), and a. sends the canonical generator ta s of H2(G,Z)
to the Steinberg symbol {u, v} in H2(E(R),Z)= K3(R). In fact, the
diagonal matrices in E(3, R) are an abelian subgroup isomorphic to (R*)?
(the determinant must be 1, so the (3, 3)-entry is determined by the (1, 1)
and (2, 2)-entries), generated by elements of the form di2(u) and diz(v).
By Exercise 4.1.32, Hy((R*)2, Z) = A*((R*)?), which evidently contains
(R* x {1}) A ({1} x R*) as a direct summand. The subgroup of K2(R)
generated by the Steinberg symbols is the image of (R*x{ 1)) A ({1} xR*)

4.2.13. Example. Of course, the whole definition would be a little silly
if {u,v} were always trivial. However, if u=v =-1 and R = R, then
di2(u) and di3(v) generate a Klein 4-group in SO(3) c SL(3, R) (see
Exercise 4.1.26), and the inverse image of this 4-group in the universal

covering group SU(2)cSL(3, R) is a quaternion group Q. The same
holds if we first embed SL(3,R) in SL{n,R) for any n > 3 and then take
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.

the universal cover SL(n, R), since the embedding SO(3) — SL(n,R)
induces an isomorphism on m; and thus the induced mapping SU(2) —

——

SL(n, R)is injective (compare Example 1.6.13 and Examples 4.1.5). Since
lim SL(n, R) is a quotient group of St(R), this proves that { -1, —1} maps
to an element of order 2 in the corresponding quotient of Ks(R). In fact this
quotient group splits (see (2) of Exercise 4.1.26, or else note that by Lemma
4.2.14 below, (-1, -1) can have order at most 2), so (-1, -1) € K2(R)
has order exactly 2.

4.2.14. Lemma. Let R be a commutative ring. The Steinberg symbol

map R* x R* —{’—}>K2( R) is skew-symmetric and bilinear, that is, {u, v} =

{v, v}~ and {uiuz2,v} = {u1, v}{uz, v}.
Proof. This is immediate from the homology approach, since as men-
tioned above and proved in Exercise 4.1.32, Hz(G, Z)z/\z(G) for G an

abelian group. Alternatively, we can check this directly from the definition
above, since

o -1 0

Thus ¢{was(1)) conjugates dia(u) to diz(u) and vice versa. To prove skew-
symmetry, note that

{v, u} =qet [p7 ' (d12(v)), ¢~ (dr3(w))]
= [was(1)p ™ (dr3(v))was(1) ", waz (1) (drz(u))was(1) Y
= wa3(1)[p ™ (d13(v)), ¢~ (dr2(u))]was(1) ™

waz(1){u, v} wea(1) ™ = u, v}~

Here we have used Lemma 4.2.6(a) and the fact that K2(R) is central in
St(R).
To prove bilinearity, note that by Lemma 4.2.6(b),

{1, v1v2} =get [0 (dr2(w)), ¢~ {dr3(v192))]

[o~H(d12(u)), ¢~ (d13(v1))p ™ (d13(v2))]

[p™ (d12(w), ¢~ (dis(v1)))lo ™ (dra(w)), ¢~ (dia(v2))]
[0 (drs(01)), [ (dua(v2)), ¢ (dr2(w))]] ™

{u, viHu, va}p (d1a(v1)), {u, v2} 7171

= {u, i {u, v},

again since K»(R) is central. Bilinearity in the other variable follows from
the skew-symmetry. O

1 0 O
p(waz(1)) 001 )

Most of the rest of this section will be taken up with calculations using
the relations (4.2.1), in order to give a slightly more convenient descrip-
tion of the Steinberg symbols and in order to prove that they satisfy two
additional relations. These relations are important for the applications of
K> (R) in the next section.
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4.2.15. Lemma. IfRis any ring and u € R*, the elements
wij (u) =aer Tij(Wazi(—u" ey (),  hij(u) =aer wig(uw)wi; (~1)
of St(R) defined in 4.2.12 satisfy
(wig ()™ = (wig(—w)),  wii(w) = wi(—u™),
hi;(1) = 1. In addition, ifu,ve R*and k #1,i # j, then

wi;(v), 1,], k,Lall distinct,
wy(-v), k=4, i,j,1all distinct,

wy(—vu), k=1j, 1i,j, kall distinct,
1

Wit (w)wi; (v) (w(w) ™" =

wji(—u_ vu‘l), k=14]j=L

Proof. To begin with, by (4.2.1)(a},

wij (Wwis(—u) = Tij(w)esi(—u™ )y, (w)zsg (—uw)si(u™" )z (—u)
= a:,-j(u)xji(—u_l):cﬁ(u_l)x,-j(—u)

rij(u)zij(—u) = 1,

S0 (wi,-(u))_1 = w;j(—u). In particular, hi;(1) = wi(1)w;;(—1) = 1. The
fact that wy;(u) and wy;(v) commute if i, j, k, [ are all distinct is obvious
from (4.2.1)(b). Next suppose 4, j, | are all distinct and k = . We have by
(b), (c), and (d) of (4.2.1)

wit(u)zi; (v) (wa(u))
= za(w)zi(—u)za(u) (245 (v) za(—uw)zu(u™ )z (—u)
= za(wzu(—u™") (235 (v)) s (u™ ) za(—u)
= za(u) (z;(—u"")zi;(v) za(—u)
= zij(—v)xlj(—u_lv):cij(v)
= z;(—u" o).

Similarly

wa (u)zji(—v ) (wa(u) ™
= za(w)eu(—u")za(u) (z;:(—v ™)) za(—w)zu (e ") za(—u)
= zg(w)zu(—u™) (za(v ) zi(—v ™)) T (w ™) za (—u)
= zq(u) (zji(v )z u)zs(—v ™)) Tu(—u)
= zji(—v T )z (v e (v )z (v ez (—v )
= zj(v )z (v ) (—v )

= a:jl(v‘lu).
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So

wa(wwi;(v) (wa(u) ™ = wi(uw)zi; (v)z;:(~v )25 () (wa(u) ™
= @y (—u o)z (v )y (—u M)

=wy; (—u"'v)
and

wir(w)w;s(v) (war(u) ™ = wa(w)ei (V)i (—v)z5(v) (wir(w) ™
= a:jl(——vu)xlj(u*lv”l)zﬂ(——vu)
= wj{—vu),
which gives the second and third relations.

Finally, to get the last relation, choose ! distinct from 7 and j and note
that by what weiVe already proved, w;(v)=ws(1)wy;(v)wy(—1). So

wi; (wwi; (v) (wig(u) ™ = wig(u) (Wi (Dwy ()wa(-1)) (wi;(w)) ™
= wjl(——u_l)wli(vu_l)wﬂ(u'l)

1

= wj(—u"tvu™t).

Taking u = v in this relation gives

wij(u) = wii(~uwu™) = wy(—u™t). O
4.2.16. Corollary. If R is a commutative ring and u,v € R*, then

hi2(ww) = hig(w)hiz(v){u, v} 1.

In other words, if we identify R* with a subgroup of E(R) via u — dy2(u),
then hi2 gives a section R* — St,(R), and the Steinberg symbol is the
inverse of the associated cocycle in Z2(R*, K5(R)) as defined in the proof
of Theorem 4.1.16.

Proof. We have

{u, v} = [h12(u), h13(v)]
= haz(w)hiz(v)(hi2(u) 7 (his(v)) ™
= hia(w)wiz(v)wiz(—1) (wi2(1)wi2(—u)) wia(1)wiz(—v)
= hiz(w)wis(v) (w32 (1)wse(—u)) wis(—v)
= hiz(u)wia(v)wiz(—vu)
= hi2(w)wia(v)wiz(—1)wiz(1)wia(—vu)
= hia(wWhia(v)(hia(vu)) ™. O
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4.2.17. Theorem. If R is a commutative ring, the Steinberg symbol map
RX « RX—{—’—}>K2 (R) satisfies the additional relations

(a) {u, —u} =1 foru € R*,

(b) {u,1—u}=1forue R*,1—-uec R*.

Proof. (a) By Corollary 4.2.16, we need to show that hi2(u)hia(—u) =
hi2(—u?). But by the last identities of Lemma 4.2.15,

hlg(u)hlz(—’u) = w12(u)w12(—1)w12(—u)w12(—1)
= w21(U_2)’w12(—1)

= wip(—uHwia(-1) = hia(-v?).
(b) By Corollary 4.2.16, we need to show that
hia(u)hi2(1 — w) = hig(u — u?).
But

hia(u)hi2(1 — u)
=wiz(u)wiz(—1)wiz(1 — wwiz(-1)
=wi2(u)wa; (wi2(1 — wywia(—1)
=wy2(w)z2 (1)z12(—1)T21 (1wi2(1— wwiz(-1)
= (wi2(u)z21 (Dwig(—u)) wiz(u)z12(—1)wi2(1- u)

(wi2(u — 1)z91 (V) wi2(1 — w)) wi2(—1)
=z12(—u?)wia(w)12(—1)wia (1 — Wei2(—(1 — w)?)wiz(~1)
=19(—u?)z12(u) T (—u ™M)z 12(0)

z12(—1D)w12(1 — w)z12(—(1 - u)H)wia(—1)
=T13(u — u?)@a1 (—u N z1a(u — Dwiz(l — w)z12(—(1 = u)*)wiz(-1)
=z12(u — u?)zar (—u" Hr12(u — 1)@12(1l — u)

221(—(1 — u) Hz12(1 — w)z12(—(1 — ¥)*)wi2(-1)
=ri2(u — u2)z21(—u_1)x21(—(1 - u)_l)l'lz(u - “2)11)12(—1)
=z12(u — u?)To1 (~u~ 1 (1 — u) " V)z12(u — uP)wia(~1)

=UJ12(U(1 - u))wlg(——l) = hlg(u - u2). a

4.2.18. Corollary. 1T Ris a finite field, all Steinberg symbols vanish in
K2(R).

Proof. Let R =Fg, the finite field of ¢ elements. Since Fg is cyclic of
order ¢— 1, we may choose a generator u for F;, and by bilinearity of the
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symbol map, it suffices to prove that {u, u} = 1 (we are using multiplicative
notation for K3). By skew-symmetry of the Steinberg symbol, {u,u}=
{u,u}~1,i.e., {u,u} has order at most 2. If g is a power of 2, then -1 =1
in Fq, so by (a) of the Theorem, {u,u} = {u,—u} = 1. If ¢ is odd, then
by bilinearity and (a) of the Lemma,

{v, u} = {u, ~ul{u, -1) = {u, -1) = U, v*7 } ={u,u}"T.

So if 21 is even, we again conclude that {u,u} = 1. If 2! is odd, then
-1 is not a perfect square in F,. Suppose we can choose w € FJ such
that neither w nor 1 — w is a perfect square in F,. By (b) of the Theorem,
{w, 1 —w} = 1. Butsince neither w nor 1 — w is a perfect square, they
are both odd powers of u, so {w, 1 — w} is an odd power of {u,u} and
{u,u} = 1. So itis enough to show a suitable w exists. Since -1 is not a
perfect square in F,, we need to show there is a w, not a perfect square,
such that w — 1 is a perfect square. But such a w exists, since otherwise
adding 1 to a perfect square would always give a perfect square in IF,, and
1, 2,..., -1 would all be perfect squares, a contradiction. Cl

4.2.19. Example. If R = Z, then R* has only two elements, 1 and -1.
We saw in Definition 4.2.12 that (-1, -1) has order 2, and this is the only
non-trivial Steinberg symbol, since {u, v}=1ifu=1or v= 1. In this
particular case, relation (b) of Theorem 4.2.17 is vacuous and relation (a)
is trivial. As mentioned in Example 4.2.5, the element

z= (z12(1)z21 (—1)z12(1))* = (wi2(1))*
of St(Z) also lies in K2(Z). However
hia((=1) - (-1))(h12(=1)) " (haa(-1)) 7" = (-1, ~1}7" = (-1, -1)

by Corollary 4.2.16, and since wia(1) = (wi2(—1))~! and hi2(1) = 1 by
Lemma 4.2.15, the left-hand side simplifies to

(h12(=1))7% = (wia(=Dwi2(=1)) 7 = (wi2(-1))* = (wi2(1))* = =.

So the element of K2(Z) constructed in Example 4.2.5 is the same as
(-1, -1).

For more complicated rings, the relations in Theorem 4.2.17 are more
interesting. For instance, if R = Z[¢], where £ = %+132@ is a primitive 6-th
root of unity, then R* is a cyclic group of order 6 generated by &, and the
group of Steinberg symbols is generated by {¢, £}, which can have order
at most 2. But 1 —£=€=¢"1,501={§1-€}={§¢7 1) =1{¢ 6},
so {&,€} = 1. It follows that (-1, -1) = {€3,¢3} = 1 in Ko(R). Since
R — C, this shows for instance that the map on K5 induced by the inclusion
R— C Kkills (-1, -1).
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4.2.20. Exercise. Show that in Corollary 4.2.16, h;5 can be replaced by
h;; for any i # j. In other words, if R is a commutative ring and u,v € R*,
then

hij(uv) = hij(whig(v){u, v}
(Use the relations in Lemma 4.2.15.)

4.2.21. Exercise. Show that Corollary 4.2.16 implies that if R is a com-
mutative ring, the subgroup of Kg(R) generated by the Steinberg symbols
contains the image of the corestriction map

Hy(R*,Z) — Ha:(E(R), Z),

where R* — E(2, R) — E(R) via di2: uw> (8 u91

4.1.32, Hy(R*,Z)= A*(R*), so in general one canit expect the map
H2(R*,Z)— H2(E(R), Z) to be injective; at the very least one has to
factor Hy(R*,Z)= A*(R*) by the relations of Theorem 4.2.17. Show also
by looking at the case of R = Z that the corestriction map Hy(R*,Z) —
H3(E(R), Z) need not be surjective.

) . By Exercise

4.2.22. Exercise. Let R be the Dedekind domain Z[v/D], the ring of
integers in the real quadratic field Q(v/D) with D €N square-free and
not congruent to 1 mod 4. By Theorem 2.3.8, R* is the product of the
2-element group {fl} and an infinite cyclic group. Compute the quotient
of (R*)® (R*) by the relations of skew-symmetry and of Theorem 4.2.17.
(First show relation (b) is vacuous; in other words, there is no »€ R* with
1 —-wv€ R*,since a + bv/D can only be a unit if 2 — Db? = +1.)

4.2.23. Exercise: Morita invariance of Ks. Show that for any ring,
there is a natural identification of E(M,(R)) with E(R), and thus of the
universal central extension of the former with the universal central exten-
sion of the latter. Obtain a Morita invariancet isomorphism Ky (M, (R))=
Ky(R).

4.2.24. Exercise: a ring with vanishing Ks. Let k be a field and let
V be an infinite-dimensional vector space over k. Let R = Endg(V). Show
that K>(R) = 1. Hint: V is isomorphic to an infinite direct sum of copies
of itself. Thus if A € K2(R)C St(R), one can form “oo- AT by replacing
each z;;(a) in the expression for A by z;;(o0 . a) (cf. Exercise 2.1.7) and
regard it also as an element of K (R). Show that A& (co- A) is conjugate to
(oo A), hence that A represents the identity in K> (R) . (Compare Example
1.2.6 and Exercise 2.1.7.)

3. Milnoris Ky

In the last section, we defined K;(R) both in terms of the Steinberg group
and in terms of homology of E(R). We also showed how to construct
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elements of K2(R) (when R is commutative) using Steinberg symbols. In
this section, we show how K fits into the general framework of algebraic K-
theory, via an exact sequence linking it with K; and Ky and via a number
of applications. The functor K5 is unfortunately difficult to compute, but
we deduce some information about it at least when R is a field.

4.3.1. Theorem. Let R be a ring and | CR an ideal. Then there is a
natural exact sequence

K(R) 25 Ky(R/I) 2 Ko (R, 1) — Ki(R) 2 K1(R/T)
2, Ko(R, 1) — Ko(R) 2 Ko(R/I),

where g, is induced by the quotient map q: R — R/I, extending the exact
sequence of Theorem 2.5.4 to the left.

Proof. We need to define the map Kz(R/I)iKl (R, 1) and to verify
exactness at K; (R, I) and at K»(R/I). We have a commutative diagram
with exact rows and columns

1
1 —ERI —GLR, 1) »>K(R 1) — 1

l 1 Il

1 - Ky(R)— StR) £ GLR) — Ki(R)— 1

| el el ] 1

1 - Ky(R/I) — St(R/T) 2224 GL(R/I) — Ky(R/T) — 1.

The map g. : St(R) — St(R/I) is surjective, since if a€ R/ is q(u) for
a € R, then g.(z;j(a)) = z4;(@), and thus every generator of St(R/I)is in
the image of g.. Therefore we can define 8 by the usual isnakel process:
if £ € Ky(R/I), write z = g.(y) for some y € St(R), chosen by lifting
each z;; (h) appearing in an expression for x to z;; (a), where a € g 1(a).
Then ¢r(y) € E(R) and maps to 1 in GL(R/I) (by commutativity of
the diagram and exactness of the bottom line). So ¢r(y)€ GL(R, I)
and we define 8(z) to be its class in GL(R,I)/E(R, 1) 2 K;(R, 1). To
show this is well defined, suppose z = &;,;,(@1) --- ;. (a-) and let y =
Tirji(a1) . . . Tinj, @) and y' = ;5 (al) . . . 2,5, (ay), where ax = g(ax) =
g(a}). We need to show that ¢g(y) and ¢r(y) differ by an element of
E(R, 1), hence have the same class in K; (R, I). Let by =aj —ax€I.
Then

er(y) = €ij(a1) e 5.(ar)
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and
Pr(Y) =iz (ar) . . -eij,.(a;) = ey (br)eiz, (a1) - - - ei 5, (br)ei, j, (ar)
= €4,5,(b1) (eim (a1)es, 5, (b2) (€:,5, (al))“l)

x (€1 (a)en s (@2)einss (b2) (€4, (02)) ™" (enga(@1) ™)
C (pR(y)a

so wr(y) and pgr(y) differ by an element of the normal subgroup of E(R)
generated by the e;;(b),b€ 1, i.e., by an element of E(R, I). Thus 9:
K2(R/I)— K (R, 1) is well defined.

Now we check exactness. The composite

K3(R) 25 Ko(R/I) 2 Ky(R, T)

is trivial, since if Y € K3(R) and z = ¢.{(y), then ¢r(y) = 1 and thus
d(z) = [pr{y)]ts trivial. Conversely, if d(z) = 1, this means we can choose
y € St(R) such that z = g*(y) e K2{(R/I) and ¢r(y)€ E(R, 1), i.e.,
vr(y) is a product of terms of the form

(€01 (a1)€i152 (a2) - -+ €45, (ar)) €45 (b) €3y, (a1)es, s, (a2) - - - €ij(ar)
Changing y if necessary by an element of K3 (R), this means we can assume
y is a product of terms of the form

(@i, 12 (01)Tiy5, (a2) -~ T 5, (@r)) i (B) (@i (01)iyjo (a2) - - Tij, (ar) 7Y,

bel. As we saw above, we are free to replace z;;(b) by z;;(0) = 1,
which then shows y can be made trivial after modification by an element
of K3(R). So ker(d) C im(q,).

It remains to check exactness at K, (R, 1). The composite

Ky(R/I) 2 K1(R, I) — K1 (R)

is 1, since if x € K2(R/I) and we choose y € K2(R) with x = g*(y)
as above, then ¢gr(y)€ E(R) and maps to 1 in K;(R)=GL(R)/E(R).
Conversely, if g € GL(R,I) and the image [g] of g in K;(R,I) maps to
1 in K1(R), this means g € E(R). So g = pg(y) for some y € St(R). If
X = qiy) €St(R/I), then wgr/1(x) = g*(g), which is 1 since g € GL(R, I).
So x € ker(pg/r) = K2(R/I), and a(x) = [g] by construction. O

So far, we have not been able to compute K5 in very many examples,
though at least weive produced examples of rings where it is or is not
trivial (Example 4.2.13 and Exercise 4.2.24). Our aim next is to study
K, in the case of a (commutative) field. Unlike K; and Ky which are not
particularly interesting for fields, this is a decidedly non-trivial subject with
a lot of applications. However, following ideas in [Keune], Theorem 4.3.1
now gives a way to relate the calculation of K of a field to a problem about
K, which can be studied using the theory of relative Mennicke symbols
from Theorem 2.5.12.
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4.3.2. Lemma. It F is a field, there is a natural epimorphism 0:
K3(F) — SK\(F[t], (% - t)).

Proof. Let R = F[t], which is a PID, and let I =(t2—t) C R. Then
R/l = F[t]/(t2—t) = F x F, with the quotient map q:R > F x F
corresponding to evaluation at 0 and at 1. By Corollary 2.3.3, K;(R) = F*,
and the map

q*Kl(R)HKl(R/I)%‘Kl(F X F) ~ X x F*

is obviously the diagonal map, which is injective. Furthermore, since the
map R — F corresponding to evaluation at 0 is split surjective via the
inclusion of constant polynomials, we get a splitting Kz(R)= Ko(F) x
NK,y(F)as in Theorem 3.2.22. The map

[/ K2(R) — Kz(R/I) = Kz(F X F) & KQ(F) X K2(F)

is obviously the diagonal injection on the K2 (F) factor, so the cokernel is a
quotient of K»(F). Then 8 gives an isomorphism of this quotient of K3(F)
onto K; (R, 1) = SK; (R, 1) (since any unit in F[t]is actually a unit in F,
and thus canit be =1 mod I unless it is equal to 1). O

In fact, one can show that K2(R)= K2(F), and 9 is an isomorphism
of K»(F) onto SK;(F[t],(t*—t)). This makes the calculation of K3(F)
essentially equivalent to the calculation of the relations among the relative
Mennicke symbols from Theorem 2.5.12. (See Proposition 4.4.2 below.)

The key to getting more information is the following theorem, which can
be proved either using calculations in the Steinberg group (for a proof along
these lines, see [Milnor, §9]) or else using homology, as in [Hutchinson], on
which the following proof is based.

4.3.3. Theorem. If Fisa field, then K2(F) is generated by Steinberg
symbols.

Proof. Recall that in the case of a field, E(n, F) = SL(n, F) (Propo-
sition 2.2.2). By Definition 4.2.12 and Exercise 4.2.21, the subgroup of
K,(F) generated by the Steinberg symbols is precisely the image of the
corestriction map Ha(F* x F*,Z)— Ha(SL(F),Z), where F* x F*—

a0 O
SL(3,F) <> SL(F)via (8 b) — | 0b 0 |. We will show that
00a1p!

except in the case of a few finite fields of small cardinality, the corestriction
maps

Hy(F* x FX,Z) — Hy(SL(3, F), Z) — Hy(SL(4, F), Z) — - -

are all surjective; in fact Hy(SL(n, F), Z) — H2(SL(n + 1, F), Z) is an
isomorphism for n> 3. Since Ky(F) = li_n}Hz(SL(n, F), Z) (Exercise
4.1.29), this will prove the theorem and a bit more. We split the proof into
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several steps; the Theorem is obtained by combining Propositions 4.3.6 and
4.3.11 and Theorem 4.3.12. The first Lemma involves some of the same
ideas as Theorem 4.1.20. It (and similar results) is actually most easily
proved using the theory of spectral sequences, but we give a direct proof,
at least for the case we need. O

4.3.4. Lemma. Let G = N kH be the semidirect product of a normal
subgroup N by a group H, and let M be a G-module. If H,(H, Hy(N, M))
= 0 for all p and q with p + q = j, then H;(G, M) = 0.

Proof. This is clear if j = 0, since
Ho(H, Hy(N, M)) = (M/{n.— 1. neN})/{h,—1:h e H}
= M/{g.— 1 :g € G} = Ho(G, M).

The general case is reduced to this case by induction on j, using resolutions.
For example, we do the cases j = 1 and j = 2, which we will need below.
Start by choosing an exact sequence of G-modules

0O—-M—-Fy— M — 0,

with Fy free, and note that Fjy is free not just as a G-module but also as
an N-module. The corresponding exact sequences in N-homology and in
G-homology give

Hj (N, M)= H;(N, My), H;1(G, M) = H;(G, M), i=>1,
as well as the exact sequences
0 — H;(N, M) — Ho(N, My) — Ho(N, Fo) — Ho(N, M) — 0,
0 — Hi(G, M) — Hy(G, Mi) — Ho(G, Fo) — Hyo(G, M) — 0.
Split the first of these into two exact sequences
0 — Hy(N, M) — Ho(N, M;)— K — 0,

0 — K — Hy(N, Fy) — Ho(N, M) — 0.

Applying H-homology and assuming that Hy(H, H; (N, M)) =0 and
H,(H, Hyo(N, M)) = 0, we see that

Ho(G, M) = Ho(H, Ho(N, M:)) = Ho(H, K)
and that there is a short exact sequence

0 — Ho(H, K) — [Ho(G, Fo) = Ho(H, Ho(N, Fp))]
- [HO(G’ M) = HO(H’ HO(Nv M))] — 0.
Comparing this with the exact sequence in G-homology, we see that H; (G,

M) = 0. Also, replacing M by M; lowers j by 1 and enables us to repeat
the same trick, thus proving the Lemma by induction. O
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4.3.5. Lemma. If Fis a field, T 2 F*x F* is the group of diagonal
matrices in GL(2, F), and B = T x F is the group of upper-triangular
matrices in GL(2, F), then if F is infinite, the corestriction map

H,(T,Z) — H.(B, Z)

coming from the inclusion of the diagonal matrices is an isomorphism. For
finite F, this map is still an isomorphism in degrees 1 and 2 if F has more
than 2 elements.

Proof. Note that B & F* x Aff(F'), where the first factor corresponds
to the scalar matrices, and the second factor, the affine group or “az + b

group? of F, is the group of matrices of the form b). The group B

a
01
acts transitively on the set F by letting the scalar matrices act trivially and
letting Aff(F) act by affine transformations. The stabilizer of the point 0
for this action is just the subgroup T. Consider the short exact sequence
of B-modules

0>M-—>ZF 570,

where ZF denotes the free abelian group on the set F, with B-action
coming from the B-action on the set F, a sends each point of Fto 1 € Z,
and M = kera. Since B acts transitively on F with T as one of the
stability groups, ZF 2 ZB @zr Z as a B-module, and by Corollary 4.1.12,
H,(B,ZF)= H,(T,Z). By the remarks in Definition 4.1.21, the map
a. can be identified with the corestriction map in the Lemma. So the
Lemma will follow from the exact sequence of Proposition 4.1.9 if we can
show that He(B, M) = 0. For this we apply Lemma 4.3.4, so we need
to show H.(T,H, (F, M)) = 0. Since Hy(F,ZF) =0 for ¢ > 0 and
Hy(F,ZF)— Hy(F,Z) is an isomorphism, H,(F, M) = H,,+(F,Z). For
instance, Hyo(F, M) = F (and this isomorphism respects the T-module
structure). If F has more than 2 elements, then there is some a#1in F*,
and a — 1 is invertible in F. So F/{a— I)F = 0 and Hy(T, Ho(F, M)) =

0. Similarly, since T is abeli(n 0> must act by the identity on

a
01
all homology groups H,(T, Ho(F, M)), whereas a — 1 is invertible, and
thus the homology groups are all 0. When F is infinite, the fact that
H (T, H,(F, M)) = o for all g can be derived from this; for instance, if
F has characteristic 0, F is torsion-free as an abelian group, and thus
H,(F,M) = H,,,(F,Z)= \""(F) by Exercises 4.1.29 and 4.1.31, and
a similar argument applies, since a € F*c Aff (F) acts on A?"! (F) by
a?t! put must act on homology by the identity. As pointed out by Suslin
[SuslinLNM], a slightly different argument is required in the case F is of
positive characteristic p. In this case F is a vector space over F, and
itfs enough to show that H,(T, H,(F, IF,)) = 0 for all g > 0. In this
case, it turns out that H,(F,F,)= S(F) ® I\(F) (F viewed as a vector
space over Iy, the generators of the exterior algebra having degree 1 and
those of the symmetric algebra having degree 2) if p# 2 and H.(F,F,)=
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S(F) (with generators in degree 1) if p=2. (See also (2) of Exercise
4.1.32) If Fis infinite, one can still prove vanishing of the cohomology
by the same sort of argument as before. If F is finite with more than 2
elements, we still have vanishing of Ho(B, M) and of H, (T, Hy (F, M))
for all s. Since the quotient map B — T induces a left inverse to the
corestriction map, we only need to show vanishing of Hy(T, Hy (F, M)) or
of Ho(F*, Hy(F,Z)) = Ho(F*, A*(F)) to get an isomorphism through
degree 2. Now a € F* acts on /\2(F) by multiplication by a?, so vanishing
of Hy(F*, Ha(F,Z)) when F has at least 4 elements follows from the fact
that there is an element a € F* with a®— 1 invertible. And when F has 3
elements, Hy(F,Z) = 0 so the vanishing is automatic. O

4.3.6. Proposition. If F is any field, the corestriction map
Hz(Fx X Fx, Z) —*Hg(GL(Z,F),Z)

coming from the inclusion of the diagonal matrices is surjective.

Proof. We consider the action of G = GL(2,F) on X = PY(F) =
F u{oo} by linear fractional transformations. (This may be defined by
letting G act linearly on F? and taking the induced action on P!(F)=
(F2~{(0,0)}) /F*.) Note that G acts transitively on points of X, on
ordered pairs of distinct points, and on ordered triples of distinct points.
(When F = Fq, X has exactly 3 points and G may be identified with the
symmetric group of this set.) Let C,, be the free abelian group on ordered
(n + 1)-tuples (zo,..., z,) of distinct points of X, which is a G-module
via the G-action on X. Define € : Co — Z by sending each x € X to 1 and
define d,:Cp+1—Cp by

n+1
dn(an"-y In)=2(x0;-~',i'k7--'azn)-
k=0

Note that d,od,41 = 0and € o0d; =0, so that (C,,d) >Z—0is a
chain complex. If F is infinite, this augmented complex C. = Z — 0 is
algebraically the same as the augmented ordered simplicial chain complex
of an infinite simplex, which is well known to be acyclic. (Or one can easily
check this directly, see [Hutchinson, Lemma 1]: let z € ker d,—1 . Then z is
a finite sum of terms (z£,..., z¥) and we can choose x distinct from those
z¥’s which appear. If y is obtained from z by replacing each (zf, ..., z%) by
(€, 2§, . ..) %), then dn 1y = 2.) If F is finite, the complex is still exact
at Cy and C1, and exact at Cs if F has at least 3 elements. (However,
the Proposition is true for F = F; anyway since in this case G & 53 and
Hy(G,Z) = 0 by Corollary 4.1.24 and Exercise 4.1.25.)

So assume F has at least 3 elements and look at the long exact homology
sequences of the short exact sequences

(4.3.7) 0—-My—Co>Z—0,
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(4.3.8) 0— M, —C1 & My — 0,
(4.3.9) 0— My — Co 5 My — 0.

Let B be the upper-triangular subgroup of G, T the diagonal subgroup,
and Z the center (scalar matrices). Since G is triply transitive on X, and
B stabilizes oo, T stabilizes (oo, 0), and Z stabilizes (o0, 0, 1), we may
identify the G-modules Cc with ZG®zg Z,C, with ZG ®zr Z, and C2 with
ZG®zzZ. Thus, by Corollary 4.1.12 and the comments in Definition 4.1.21,
we may identify He(G, Cy) with He(B, Z), the map &, with corestriction
H,(B,Z) =% H,(G, Z), H,(G, Cy) with He(T,Z)= H,(F* x F*,Z),
and H,(G, Cs) with He(Z,Z)= H(F*,Z). Since dg : C1 — Cy sends

(00, 0) — (0) — (co) =w_1-(oo)—(oo), w= (_(_)1 (1))7

we see that

H.(G, C1) = H,(T, Z) =, H,(B, Z) = H.(G, Co)

is z— cores(w - z — z). Similarly, d; : C; — C; sends
(OO, 0) 1) = (0, 1) - (OO, 1) + (OO, 0) =01 (OO, 0) — g2 (OO, 0) + (OO, 0)

for suitable g1, 92€ G, so

H.(G, Cy) = Hy(Z,Z) 25 Ho(T, Z) = HJ(G, C))

is z — cores(gy ' z — g5 - 2+ z), which since Z is central is just
cores — cores + cores = cores.

After making these substitutions, we obtain from (4.3.7) and (4.3.8) the
exact sequences

43.77) - o H;a(G, Z) 2 Hi(G, My) — H;(B, Z)
ﬂ) Hj(G, Z) g Hj_l(G, M()) e
and

(4380) - > H;11(G, My) > H;(G, My) — H;(T, Z)

ﬂHj(G, Mo)iHj_l(G, Ml)—) e

By Lemma 4.3.5, the corestriction map Ha(T,Z) =2 H,o(B,Z) is an
isomorphism. So we only need to show Hy(B,Z)—-=>» Ho(G,Z) is sur-
jective, which by the exact sequence (4.3.71) means we need to show that
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a: Hi(G, My) — Hy(B,Z) in (4.3.71) is injective. The image of this
map is

ker (Hl(B, Z) == |, (G, Z)) = ker (T 2%, G, = FX) ~ FX,

cores

From (4.3.77) and the facts that H;(B,Z)—— Hi(G, Z) is surjective
and Hy(B,Z) === Hy(G, Z) is an isomorphism, Ho(G, M) = 0. From
(4.3.8’), we have the exact sequence

Hy(G, My) & Hy\(T, ) 2 T 22 Hy (G, My)

2, Ho(G, My) — Ho(T, Z) = Z 222 Hy(G, Mp) = 0.
From (4.3.9), we have the exact sequence
(4.3.91) Hi(Z,Z) > Hy(G, M) > Ho(G, M)
— Ho(Z,2) = Z 22 Ho(G, My) — 0.
Thus Hy(G, M) is cyclic, and since by (4.3.8'),
Ho(G, M3) = Ho(T, Z) = Z

is surjective, this latter map must be an isomorphism. Thus Hy(T, Z) =
T Lo, H, (G, M) is surjective. Since the composite

Body,: H(Z,Z)= {(8 2) :aeFx}
—>H1(T,Z)='“—’_{(g g) :a,beF"}

is the corestriction map, which is inclusion of the scalar matrices, im 3

contains the scalar matrices, and T o, H, (G, My) kills the scalar ma-
trices. Since we already concluded that dy, is surjective and that ima =
T n SL(2, F), this means & must be injective. QO

4.3.10. Lemma. If F is any field, there is a natural splitting
Hy(GL(n, F), Z)= Hx(SL(n, F), Z) ® Hy(F*, Z)
for n > 3. If F has at least 4 elements, there is an analogous fact for n = 2:
Ho(GL(2, F), Z) = Ho(F*, Ha(SL(2, F), Z)) ® Hy(F*, Z),

and the corestriction map of Proposition 4.3.6 maps onto the first factor in
this decomposition.

Proof. For any n, GL(n, F) is the semidirect product of the scalar ma-
trices, isomorphic to F*, and of the normal subgroup SL(n, F). So the
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inclusion of the scalar matrices, together with the determinant map, gives a
split copy of Ha (F*,Z) inside Ho(GL(n, F), Z). Also, we know SL(n, F)

is perfect for n > 3, and this also holds for n = 2 if F has at least 4 elements,
det

by Exercise 4.1.28(1). Since the composite SL(n, F) — GL(n, F) — F*
is trivial, the corestriction map

H2(SL(n7 F): Z) - H2(GL(TL, F)7 Z)

has its image contained in the complement of the split copy of Ho(F*, Z).
It in fact surjects onto this complement, and gives an isomorphism of the
complement with Hy(F*, Hy(SL(n,F), Z)), by an argument similar to
that in Lemma 4.3.4, since H1(F*, H,(SL(n,F), Z)) = 0. (This is where
we use the fact that SL(n, F) is perfect.)

To conclude the proof, we need to show that F'* acts trivially on

Hy(SL(n, F), Z)

for n > 3. The case n = 2 follows from the next Proposition, since it will
turn out that the corestriction map

Hy(GL(2, F), Z) — Hy(SL(3, F), Z)

A 0

induced by A — (0 (det A)~1

) is surjective. Since matrices of the

1 00
form (0 1 0), a € F*, give another complement to SL(3, F) inside
0 1 a
. . . A 0

GL (3, F) which commutes with matrices of the form (0 (det A)‘l)’
A € GL(2, F), the conjugation action of F* on H; has to be trivial. The
case of larger n will then follow from the Stability Theorem (Theorem
4.3.12). O

4.3.11. Proposition. If Fis a field with more than 7 elements, then the
corestriction map

Hy(GL(2, F), Z) — Hy(SL(3, F), Z)

'g‘ (det (34)_1’) is surjective, and H2(SL(3,F), Z) is
generated by Steinberg symbols. If F has more than 3 elements, the core-
striction map is still surjective except perhaps for p-torsion, p the charac-
teristic of the field.

induced by A — (

Proof. The general idea is similar to that of Proposition 4.3.6. Consider
the action of G = SL(3, F) on X = P? (F), the set of one-dimensional
subspaces of F3. Again let C, be the free abelian group on ordered (n + 1)-
tuples (zo,..., x,) of distinct points of X, but with the extra condition
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that if n > 2, no three z;’s are colinear. This is a G-module via the G-action
on X. Define €: Co— Z and d,, : Cpy1 — Cy, getting an augmented chain
complex as in the proof of Proposition 4.3.6. If Fis infinite, this augmented
complex Cy -5 Z — 0 is acyclic by almost the same proof as before. If F is
finite, the complex is still exact at Cy and C. Note that G acts transitively
on X, with the stability group at [es] (e1, ez, e the usual basis vectors for

F3)
F= {<¢ (detgl)—l) tA€GLE2 F) Y eF2},

transitively on ordered pairs of distinct points in X, with the stability group
at ([e2], les])

a) 0 0
P = Y1 as 0 ta1,a2 € F*, 41,12 € F 3
y2 0 (aag)™!

and transitively on ordered generic triples of distinct points in X, with the
stability group at ([e1], [e2], [e3])

a O 0
P, = 0 ag 0 :al,agéFx
0 0 ((110,2)“1

We proceed as in the proof of Proposition 4.3.6, using short exact se-
quences of the form (4.3.7-4.3.9) and the corresponding long exact se-
guences in homology. The substitutes for (4.3.7-4.3.9') in our context
are as follows:

(4370) -~ Hia(G, Z) > Hy(G, Mo) — H;(P, Z)
X HAG, Z) 2 Hy 1 (G, My) — -+,

(438") - — Hja(G, Mo) > Hy(G, My) — H,(P1, Z)
Do, Hi(G, Mo) 2 Hj (G, My) — -+,
and

(439") Hl(FX X Fx, Z) — Hl(G, Ml) 2'? Ho(G, Mz)
s Ho(F* x FX, Z) = Z 2% Hy(G, My) — 0.

We also compute dg, and d,, as in the proof of Proposition 4.3.6. Since
dy: C1— Cy sends )

N
(le2l, [es]) — les] —le2) = [es] —w™ [es], w=\o o
0 -1

o - O
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we see that

Ha(G, C1) = Hy(Py, Z) 225 H,(P, Z) = Hd(G, Co)

is z+— cores(w - z — ). Similarly, d; : C2— C1 sends

(le], [e2], [es]) — ([e2] [es]) = ([ea], [ea]) + (lex], [e2])
= (lea],les]) + g1. ([e2],[ea]) — 92 . ([e2], [es])

with
010 0 1 0
=10 0 1],g=|-1 0 0] €q,
1 00 0 0 1
SO

Ho(G, Cy) = Hy(F* x F*, Z) 22 Ho(Py, Z) = Ho(G, Cy)

is z+ cores(g; !t z— g5 'z + 2).
The proof is then exactly the same as that of Proposition 4.3.6, with the
following exceptions:

(1) Since G is perfect, H,(G,Z) = 0. Assuming F has at least 4
elements, SL(2,F) is also perfect, so H (P,Z)= F*. One also
has Hl(Pl,Z)gFXX F*,

(2) The idea of the proof will be to show that

H2(P7 Z) w H2(Ga Z)
is surjective, by using (4.3.77) and showing that
a Hl(G, M()) g Hl(P, Z) >~ X

is injective (« is automatically surjective since H; (G, Z) = 0). So
one needs to know as well that

H2(H’ Z) _EE, H2(P7 Z)

is surjective, where

H= {(‘3 (det%_1> :A€GL(2, F)} ~GL(2, F).

Since P = Hx F?2, we need an analogue of Lemma 4.3.5. This is
proved with the same technique, the only difference being that the
action of GL(2, F) on F2is by A-£ = (det A)A£.So a scalar matrix
(g g) acts by multiplication by a3 instead of by multiplication
by a as in the proof of Lemma 4.3.5. This is no problem as long as
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|F*| does not divide 6, in particular, if F has at least 8 elements.
For a smaller finite field of characteristic p, itis still true that

HyH, Z[%]) <ores, (P, Z[I—l,])

is an isomorphism, since H.(FZ,Z[%]) vanishes except in degree 0
(by Theorem 4.1.23).
(3) In the last step of the proof, one has to examine the composite

Bo(d)e s Hi(F*x F*,7)— Hy(Py, 2).

This time, this is not the corestriction map (which is an isomor-
phism) but rather the map z+» cores(g;!- z — g;1- 2+ 2). If
we identify the H; groups with groups of diagonal matrices, this
becomes the map

a O 0
0 b 0
(0 0 (ab)"1>

2 0

= 0 b

0 0

On the other hand, the map (do)* : Hy(P1,Z)— Hy (P, Z)be-
comes the map

0 a 0 0 a 0 0\ '
0 — lo b 0 (0 (ab)~! o)
( (ab)-l) (0 0 (ab)-l) 0 0 b

whose kernel is precisely the image of the previous map. So a is
again an isomorphism as in the proof of Proposition 4.3.6.

The fact that Hy(SL(3, F), Z) is generated by Steinberg symbols now fol-
lows from combining this result with Proposition 4.3.6. O

o O R
oo o

4.3.12. Theorem (Stability for K3).If F' is a field, the corestriction
maps H,(SL(n,F),Z) — Hy(SL{n + 1, F), Z) and H(GL(n, F), Z)—
Hy(GL(n+1, F), Z) are isomorphisms for n > 3 if F is infinite, and are at
least surjective after inverting the characteristic of the field if F is finite.
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Hence (for an infinite field) K (F) & H,(SL(3, F), Z) and is generated by
Steinberg symbols.

Proof. Because of Lemma 4.3.10 and the fact that the split copy of
Hy (F*,Z)in Hy(GL(n, F),Z) clearly maps to the corresponding copy in
Hy(GL(n + 1, F), Z), while Ho(F*, Hy(SL(n, F), Z)) maps to

HO(FXa H2(SL(n + 1, F)7 Z))a

it is enough to treat the case of GL(n). The proof of surjectivity, or of
surjectivity after inverting the characteristic of the field if F is finite, is
virtually identical to the proof of Proposition 4.3.11, except that we use
the action of GL(n + 1, F) on X = BT(F), the set of one-dimensional sub-
spaces of F™*1. (Inverting the characteristic trivially yields the analogue
of Lemma 4.3.5, that the corestriction map

H.(GL(n, F), Z[%]) — H.(GL(n, F)x F™, z[%])

is an isomorphism, since F™is a p-group and thus its homology with coef-
ficients in Z[%] vanishes by Corollary 4.1.24. For an infinite field, the old
proof still works.) Note incidentally that surjectivity of the corestriction
map H2(SL(3, F),Z) — H2(SL(n + 1, F), Z) implies because of Proposi-
tion 4.3.11 that the latter is generated by Steinberg symbols.

The proof of injectivity is only slightly more delicate. For this part of
the argument, assume F is infinite, let G = GL(n + 1, F), and let C be
the free abelian group on ordered (k + 1)-tuples (zg,...,Z) of distinct
points of X = P*(F), butwith the extra conditions that if £ > 2, no three
x;’s are colinear, if k> 3, no four z;’s are coplanar, etc. This yields an
augmented complex C,-Z — 0 which is acyclic by almost the same
proof as before. As in the proof of Proposition 4.3.11, let P = Fp be
the stabilizer of [e,+1], P1 the stabilizer of ([e,], [en+1]), P2 the stabilizer
of ([en—l]a [en]a [en+1])7 etc. Then Co = ZG ®zp Z, G2 ZG Rzp, Z,
Co27G ®zp, L, C3=2 LG ®zp, Z,Cs 2 ZG ®@zp, Z. By Corollary 4.1.12
(Shapirois Lemma), H, (G, C;)=H,(P;,Z)for j< 4, and by the analogue
of Lemma 4.3.5, the corestriction maps

H,(GL(n, F) x F*,Z) — H,(P, Z),
H,(GL(n— 1, F) x F* x F*,Z)— H.(P, Z),
Hy (GL(n— 2, F) x F*x F*x F*,Z)— H,(P,,Z), etc.

are isomorphisms. So Ha(P,Z) 2 Hy(GL(n, F), Z)®(F* @ FX)& N> (FX).
We again use the exact sequences (4.3.7'-4.3.9"), so we need to show the
image of Ha(G, My) — Hy(P, Z) does not meet the copy of H2(GL(n, F), Z)
in the latter.

Now the composite

H.(PQ, Z) — H.(G, M]) — H.(Pl, Z)
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induced by d; is given by z+ cores(g;'. z—g;'. 2+ 2) and the composite
H,(P1, Z) — H (G, Mp) — H.(P, Z)

induced by dg is given by z— cores(w -z — z), as in the last proof. A
long diagram chase then shows that the map H; (P, Z) — H1(G, M) is
surjective and that the map Ho(G, M3) — Ho(Ps, Z) 2 Z is an isomor-
phism, hence that the map Hi(Ps,Z) — H,(G, Mz) is surjective. So the
kernel of the map H,(P;,Z) — H,(G, M), which by the exact sequence
(4.3.97) is the image of the map H;(G, My)— H,(P,,Z), is also the im-
age of the map H,(Ps,Z) — H1(P,,Z). A calculation shows that this
coincides with the kernel of the map H; (P, Z) — H1(P1,Z). So the map
H>(G, Mo) — H1(G, M;) must be zero and Hz(Pi,Z)— H2(G, Mo) is
surjective. Finally, the image of the map

Hy(G, My) — Hy(P, Z)

in the exact sequence (4.3.77) is the same as the image of (do), : Hy(P, Z)
— Hy(P,Z). Prom the description of (do), as coreso(w.—1), this has
trivial intersection with the copy of Ha(GL(n, F), Z) in the latter, which
proves what we wanted. [J

4.3.13. Corollary. If F is a finite field (with the possible exception of
F2), then K2(F) = 0.

Proof. By Corollary 4.2.18, all Steinberg symbols vanish, yet Kz(F)[%]
(where p is the characteristic of F) is generated by Steinberg symbols
by Theorem 4.3.3. On the other hand, for any n >3, SL(n,F) is a
finite group, so Hy(SL(n, F),Z) is a finite abelian group by Theorem
4.1.23, whose pprimary part comes from the Sylow psubgroup by Corol-
lary 4.1.24. Now if the order of Fis g = p", the order of SL(n,F) is

(@" = 1)(g" —q) - (" — q" )" L= g2 (gn — 1) (¢ - 1),

so the largest power of p dividing this is g'*2++(®=1 which is the order
of the subgroup N (n, F) of upper-triangular matrices with 1is down the
diagonal. Thus N(n, F) is a Sylow p-subgroup of SL(n, F). However, by
Lemma 4.2.3, there is a homomorphism N{n, F) — St(n, F) which splits
the canonical map ¢:St(n, F) — SL(n, F) over N{n, F). This shows
that the central extension ¢ : St(F) — SL(F) is trivial over N(F) =
lix_gN(n, F), and thus that the pprimary part of K2(F) vanishes. 0O

4.8.14. Remark. In fact there are no exceptional cases; K2(F) vanishes
for any finite field. To prove this for F = I, one can merely note that
H,(SL(3, F), Z) is afinite abelian 2-group (see Exercise 4.1.28(5)}, and
then use Theorem 4.3.12 to deduce that K3(F) is a 2-group. The argument
in the proof of Corollary 4.3.13 then shows that Ks(F) has to vanish.

With somewhat more work, Proposition 4.3.6, Proposition 4.3.11, and
Theorem 4.3.12 can be turned into a proof of the following famous (and
difficult) theorem of Matsumoto.
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4.3.15. Theorem (Matsumoto). If F is any (commutative) field, K2(F)
is the free (multiplicative) abelian group Symb(F) on generators {u, v},
u, v € F’*, subject to the relations of bilinearity in both variables and the
relation {u,1 —u}=1.

Proof [Hutchinson]. First of all, the given relations imply the other rela-
tions we know about, namely skew-symmetry ({u, v} = {v,u}~!) and the
relation {u, —u} = 1, since

—u=(1—u)(1- u‘l)_l,
hence

{u, —u} = {u,l_u}{u, 17w = {ul, 1-w ) =1

and

{u, v} = {u, v}H{u, —u} = {u, —uv}

-1

= {uvw™!, —w} = {uv, —w}{v™!, —uv}

= {v, —w} ! = {v, u} " {v, —v}7?

= {v,u}""

Next, because of Corollary 4.2.18, Corollary 4.3.13, and Remark 4.3.14,
the case where F is finite is already proved. So itiS enough to show that
when F is infinite, Ho(F*, Ho(GL(2, F), Z)) has the indicated presenta-
tion, and that corestriction maps this isomorphically onto Ho(GL(3, F),
Z). By Lemma 4.3.10, itis enough for the second statement to show that
the corestriction map Hy(GL(2, F), Z)— H2(GL(3, F), Z) is injective.

We begin with the first, step, the identification of H2(G,Z),G = GL(2,
F), with the direct sum of A2(F*) and the group Symb(F) on symbols
{u, v}, u, v € F* satisfying the indicated relations. For this we have to
go back to the exact sequence (4.3.71) in the proof of Proposition 4.3.6 and
identify the image of the map Ha(G, Mp) — Ha(B,Z)= N} (F* x FX).
We also need to use the short exact sequences

(4.3.16) 0 — Mz — Cs 2 My — 0,
(4.3.17) 0— My — Cy 2 M; >0,

and the corresponding exact sequences (4.3.161) and (4.3.171) in homology,
in addition to (4.3.7-4.3.9). Since the orbits of G on 4-tuples and 5-tuples
of distinct points in P! (F) all have stablizer Z= F* , one finds that

H.(G, C3) = @ H.(F*, Z)- {z},

z#£0,1, 00
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Ho(G, Cy) = &b Ho(F*,Z) {z1,z2},

z1#®2, ®;#0, 1, 00

and computing (d2). and (d3). as in the proof of Proposition 4.3.6 yields
that
(d2)s : Ho(G, C3) — Ho(G, C2) = Ho(Z, Z)

is the O-map and that

(d3)«:He(G, C4) — H.(G, c3) 12~ {z1, 22}

.’L‘1(1 - .’L‘z) _ 1- 5] 117_2 _
e ({902(1 —-"31)} {1‘$1}+ {ml} {x2}+{x1}) '
Since Hyo(G, Ca) — Ho(G, Ma) is surjective, the cokernel Ho(G, M3) of
the map Ho(G, M3) — Ho(G,C3) is the same as that of the map (ds).:

Hy(G, Cy) — Ho(G, Cs), i.e., Hyo(G, Ms) is the free abelian group P(F)
on generators {z},z€ F \ {0,1}, subject to the relations that for z1# z2,

1131(1 —1172) 1 — T o
- — = = 0.
{Z2(1—$1)} {1—$1}+{$1} ez} +io)
Furthermore, since (d;). coincides with the corestriction map He(Z,Z)

— Ho(T,Z), which is a split injection, a simple diagram chase yields split
short exact sequences

0— F* - H(G, M) — Ho(G, M) = P(F)— 0,

2
0 — N\(FX) = Ha(G, My) — Hi(G, M) — 0.

We also know that the map (do)* : Ho(T,Z) — H(B,Z) «9";ﬁ Hy(T, Z)

is given by coreso(1—w.), so when we identify Ha(T,Z) with A(T),
the cokernel of (do) can be computed to be AS2(F*) @ A*(F*). (Here
AS?(F*) denotes the second antisymmetric tensor power, i.e., (F*®
FOY/(z@y+y®c).)

Now consider the commutative diagram with exact rows and columns

Hy(Z, Z) Hy(G, Z) H,(Z, Z)
! g !

Hy(G, My) — Hy(T, Z) "2 Hy(G, My) 2 Hy(G, My) — H\(T, 7).

1l ! ]

H\(G, M) Hy(B,Z)  Hy(G, M,)

Chasing the diagram, we see that the cokernel of the map Hy(G, Mp)—
H,(B, Z), which is Hy(G, Z), is the direct sum of A?(F*), corresponding
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to the split copy of F*in G, and the cokernel of a certain map P(F) —
AS?(F*). Disentangling the various identifications made (see [Hutchinson,
pp. 188-190])shows that this map sends {z}€ P(F)to (1 —z~!)Az~L.
(A denotes the antisymmetric tensor product.) Thus

Ho(F*, Hy(SL(2, F), Z)) = AS*>(F* x F*)/{(1 —2) A z: 2 € F*~ {1}),

which is exactly the group with generators {z, y} subject to bilinearity,
antisymmetry, and the relation {1—z,2}=1.

To finish the proof, itis enough to show that the corestriction map
Hy(GL(2, F), Z) — H3(GL(3,F), Z) is an injection. The proof is quite
similar to that of the injectivity part of Theorem 4.3.12. As in that proof we
let G = GL(3, F) and let C; be the free abelian group on distinct (j + 1)-
tuples of points in P2(F) such that no three are colinear if j > 2. However,
in this case we have P, = (F*)3 (the diagonal matrices) and we can take P;
to be the stabilizer of ([e;], [es], [es], [e1 + e2 + €s]), which is just the group
Z = F* of scalar matrices. The map (dz2).: He(Ps,Z) — Ho(P2,Z) turns
out to be the O-map since Pj is central. So the proof proceeds as before,
except that this time it turns out that the map H:(G,Ms)— Hy(P2,Z)is
the O-map, Hy(Py, Z)— Hy(G, M) = (F*)3, and the map Ha2(G, Mo)—
H(G, M;) has image 2 F*. Write Hy(P,Z)= H>(GL(2, F) x F*,Z) as

2 2
symb(F) ® A\(F*)e(F* e F*) e \(F>)
~ N——
H2(GL(2,F), Z) H2(F*,Z)

and Hy(Py,Z)= Hy((F*)3,Z) as A*((F*)3). Then coreso(w — 1) sends

@ b,c)A @i, b, ch) — ({a b d}={al, b lc},cAci —bAV,
/@b lc—a®b ' +c®b +V ®c
—-db-bxc, b/\b’—c/\c’).
Thus the cokernel of dy, : Ho(Py, Z) — H(P, Z) is isomorphic to
2
Symb(F) & /\(F’< ).

Going back to the commutative diagram with exact rows and columns
H2(P17 Z)

l N

Hy(G, My) — Hy(P, Z) — Hy(G, Z) —— H\(G, My)

!

FX

!

0
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we see that Hy(G, Z) is the cokernel of a certain map F*— Symb(F) &
/\2 (F*). A messy diagram chase shows that this map is actually the O-map
(in other words, the image of Hy(G, My) in Ha(P, Z) is contained in the
image of de,), so Ha(G,Z)= Symb(F) ® A*(F*),as asserted. O

4.3.18. Exercise. Show that K2(R;x Rp)= K,(R1)® K2(Ry) for any
two rings R, and R,.

4.3.19. Exercise. This exercise concerns K3(Z/(m)) when m is a positive
integer.

(1) Show from Theorem 4.3.1 and Exercise 2.5.17 that a proof that
Ky(Z) = Z/2 (see Exercise 4.3.20 below) would imply that
K,(Z/(m)) has order at most 2 for any positive integer m, and
would have to be generated by the Steinberg symbol {-1, -1).

(2) If Pisan odd prime and r>1, R=Z/(p") is a local ring, and the
quotient of this ring by its maximal ideal is the field F,, = Z/(P).
Observe that R* is a group of order p"~!(p—1), and that the
quotient map R —» F,, induces a map R*— F; which must be an
isomorphism after inverting elements of order a power of P. Thus
this map splits. Show also that R* contains an element of order
p™~1, hence that its Sylow psubgroup is cyclic. Since Fis cyclic
of order prime to p, deduce that R*~FX®Z/(p"~!) is cyclic.

(3) Show by an analogue of the argument in the proof of Corollary
4.2.18 that all Steinberg symbols must be trivial for R =Z/(p"),
p an odd prime.

(4) Deduce from (3), from the Chinese Remainder Theorem, and from
Exercise 4.3.18 that all Steinberg symbols are trivial for Z/(m), m
odd. Deduce from (1) that a proof that K»(Z) = Z/2 would imply
that Ky(Z/(m))s trivial for m odd. (It is known that { -1, -1)
is non-trivial in K»(Z/(27)),r>1.)

4.3.20. Exercise. This exercise concerns K3(Z). A proof that K»(Z)
~Z/2 is given in [Milnor, §10]. We outline here another method of attack.

(1) Apply the same method of proof used in the proof of Theorem
4.3.12 to show that for any n > 4, the corestriction map

Hz(SL(n, Z)a Z) —’H2(SL(TL+ 1, Z)v Z)
is surjective. Use the action of SL(n + 1, Z) on
X = {aE Zn+1 :Za1 + ---+Zan+1= Z} /{:i:l}.

Identify points of X with vectors in Z™*! (up to a sign), and let
Cx; be the free abelian group on ordered (k + 1)-tuples of distinct
points in X, with the extra condition that any subset consisting
of <n + 1 such vectors should be a set of rows in a matrix in
GL(n + 1, Z). The rest of the proof should be extremely similar
to that of Theorem 4.3.12.
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The same ideas apply to the cases n =2 and n = 3; however,
things are more complicated because of the fact that SL(2,Z) is
not perfect. In fact, it is a classical fact that SL(2,Z) is generated
by the elements

0 1 1 1
=(4 o) m=(4 o)
(this follows immediately from Theorem 2.3.2 and the relations

e12(1) = ST~1, e9 (1) = S~1T); furthermore, this gives a presen-
tation of SL(2,Z) as an amalgamated free product

(S, T|8*=T%=1; S*=1T3).

(The freeness is proved using the action of SL(2,Z) on the upper-
half plane-see [SerreTrees, p. 35].) Thus H; (SL(2,Z),Z) is the
free abelian group on S and T satisfying the same relations, and
so is cyclic of order 12. Examining the action of ((1J 2) on
SL(2,Z), show that H,(GL(2,Z),Z) is isomorphic to (Z/2)?, with
one of generators coming from SL(2,Z).

Plugging the results of (2) into the argument of (1), show that
H3(SL(n, Z), Z) is a finite 2-group for n = 3 or 4. (In fact, it is
(Z/2)? in both cases, but the corestriction map

Hy(SL(3, Z), Z) — Ha(SL(4, Z), Z)

is not an isomorphism [vandenKallen].)

Deduce from (1) and (3) that K>(Z} is, up to at worst a finite
2-group, generated by the Steinberg symbol { -1, -1). Careful
analysis shows in fact that there is nothing else. Since we know that
this Steinberg symbol is an element of order 2 (Example 4.2.13),
K5 (Z) is of order 2.

4. Applications of Ko

In this section we discuss applications of K> in several quite different fields.
First are the rather direct applications to K; calculations that follow from
the long exact sequence of Theorem 4.3.1. Then we briefly introduce the
applications of K5 to number theory, which have attracted considerable
recent attention. Finally, we mention some applications of K3 in analysis
and topology.

Computing Certain Relative K; Groups. One of the first applica-

tions of K follows from Corollary 4.3.13 and Remark 4.3.14. Namely, we
obtain a new proof of the following.
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4.4.1. Theorem. Let R be the ring of integers in a number field, and let
p be a non-zero prime ideal in R. Then SK; (R, p)=1.

Proof. We use the exact sequence of Theorem 4.3.1:
K2(R/p) — SKi(R, p) — SK1(R) — SK1(R/p).

Since R/p is a finite field (see the proof of Theorem 1.4.18), SK; (R/p)
vanishes by Proposition 2.2.2 and K;(R/p) vanishes by Corollary 4.3.13
and Remark 4.3.14. So SK; (R, p) = SK; (R). This vanishes by [Milnor,
Corollary 16.31. While this is a hard result, vanishing of SK; (R) is elemen-
tary when R is a Euclidean ring (Theorem 2.3.2), so for instance we obtain
relatively elementary proofs of the vanishing of SK; (R, p) when R =Z or
R=1Z[ijorR = Z[%@]. Proving this directly is not so easy even when
R =Z (the proof sketched in Exercise 2.5.17 uses Dirichletis Theorem on
primes in arithmetic progressions). O

Similarly, we already know from Lemma 4.3.2 that when Fis a field,
there is a close relationship between K, (F) and SK; (F [t], (2 —t)). In fact,
granted the non-trivial fact (which we havenit proved) that K, (R) 2 K, (F)
for R = F[t], Matsumotois Theorem for F is basically equivalent to a proof
that there are no non-trivial relations (i.e., relations not consequences of
the relations in Theorem 2.5.12), among the relative Mennicke symbols for
SK7\(F[t], (2 - ¢)).

4.4.2. Proposition [Keune]. The map 8: Ko(F)— SK;(R) of Lemma
4.3.2, where R = F[t]and I = (2 — t), maps

{a,b}— 1+ (a—1) (b_bl)2

(t*—t) @+ (b-1t)(t*- ti

I
Proof. Using the notation of Lemma 4.2.15, let
a(t) - wiz(a)z12((a — Dt)wiz(—a),
B(t) = war(—a™Haa((1-a™)t)wa(a™)
Then o(0) = wiz(a)wiz(—a) = 1 and P(0) = wai(—a™Hwa (a~")=1.Let
yvy = a(t)za(a™)B(t)za(—a " )z12((a — 1E),
so that v(0) = z21(a™1)z91(—a~1) = 1. Then

} in St(R).

(1) = wiz(a)ziz(a—1)wiz(—a)z2i(a™?)
w1 (—a " Vzo1 (1 — e Hwar(a )z (—a V) z12(a — 1)
- wiz(@)z12(~1)z21 (@™ )Z12(—0)T12(0)
zo1(—a"z21(1 — @ V)z21(a™ )z 12(~a)T12(a — 1)
= w12(a)$12(~1)$21(a_1)$21(—a‘1)$21(1)z12(—1)
= wi2(a)z12(—1)z21(1)z12(-1)
- wiz(@)wia(—1) = hiz(a).
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Soif 6(t) = [y(t), hi3(d)], S0) = [1, h3(b)] = 1 and 6(1) = [h12(a),h13(b)]
= {a, b}. Thus 9({a, b}) can be computed by tracing what happens
when we apply the TsnakeT process in the proof of Theorem 4.3.1 to
6(t) € St(R). Now

on(a®) = (_gn (6 @) (% )

1
er(Y(®)) = ( _a—1(11_ a~b)t 2) ( a11 (1]) (%) —a(al— 1)t>

(ca 9) (6 “3)

= —(aif_(?)g(igt_ ) (a_l)z*(tz_ 0) € SLZ R,

b 0 0 * —(a—-1)2%(1t2-t) 0
= (0 1 0 ) ((a‘l—l)z(t2—t) 1+ (a—1)t 0)
0 0 b! 0 0 1

* —bla—1)2(t2—-1t) 0
= (b-l(a-1 —-1)2(t% —t) 1+ (a—1)t 0),
0 0 1

(1) —ala — l)t) A

¢r(6(t))
_( 1+ (a—1)t (a—1)2(t2—t))
T\ —(aT=-1)%t2-¢) *
* —bla—1)%2(t2-t)
(b-l(a—1 —1)%(t2 - ¢t) 1+ (a—-1)t )

_ (1 —@ -2 62 (1 —b)(a—1)2 (1 + (a—1)t) (t2—1)

*

The result then follows after simplifying. [J

)
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Keune [Keune] used this to obtain a new proof of MatsumotoiS Theorem
along the following lines:

(1) First prove that there are no non-trivial relations (i.e., relations
not consequences of the relations in Theorem 2.5.12), among the
relative Mennicke symbols for SK (R, I). This is done in [Bass,
Ch. VI, §2].

(2) Then show that K>(F) is generated by Steinberg symbols, i.e., the
natural map ¢ :Symb(F) — K,(F') is surjective. This uses only
the easier part (surjectivity) of Theorem 4.3.12.

(3) Then construct a map p: SKi(R, 1) — Symb(F) using the pre-
sentations of the two groups.

(4) Check by direct calculation that dowop is the identity on generators
of SK1(R, 1), using Proposition 4.4.2.

(5) It follows that @ and 1 have to be injective, proving in particular
Theorem 4.3.15.

We omit the details since we have not proved the hard fact that the relations
of Theorem 2.5.12 give a presentation for SK;(R, 1). We see also that this
fact must be of difficulty comparable to that of MatsumotoiS Theorem.

K; of Fields and Number Theory. The study of K of fields is in-
timately connected with certain questions in number theory. The reader
who wants to learn more about this relationship is referred to [Milnor, §11
and §14-§16] and to [Srinivas, §8 (The Mercurjev-Suslin Theorem)] for a
much deeper discussion, but we will try here to sketch at least a few basic
ideas. To motivate everything, recall that our proof (Example 4.2.13) of the
non-triviality of { -1, —1} € K> (R) depended on the use of the quaternions
H. In addition, as related circumstantial evidence, recall that (-1, -1) is
trivial in K3(C) (Example 4.2.19), and that there is no non-trivial finite-
dimensional division algebra over C(H ®g C2 M, (C)). And note as well
that we have shown that K»(F,) =1 for any finite field Fg, while it is a clas-
sical fact due to Wedderburn that there are no non-commutative finite di-
vision algebras. All these facts suggest a close relationship between Ks(F)
for a field F and the existence of non-commutative finite-dimensional di-
vision algebras over F, which is measured by the Brauer group Br(F), an
important invariant of the arithmetic of the field. We will see that group
homology makes an appearance in this subject as well.

Before getting to the quaternion and division algebras, we start with
something quite classical, and in fact closely related (see [SerreCourseArith,
Ch. H]). As a by-product of our work, we will obtain a proof of the Law
of Quadratic Reciprocity.

4.4.3. Definition. Let F be a field of characteristic # 2. The Hilbert
symbol of F is the map (,)r: F*x F*— {fl} defined as follows:
if a,b € F*, (a, b)r =1 if there exist z,y, z€ F, not all zero, such
that 22 = az? + by?, and (a, b)F = -1 otherwise. It is clear that (a, b)
only depends on the images of a and b in F* /(F*)2. (Here (F*)%is the
subgroup of F'* consisting of perfect squares.) Thus the Hilbert symbol is
identically 1 if every element of F is a perfect square, for instance, if F is
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algebraically closed. It is also clear that if F =R, (a, b)F =1 if and only
if a and b are not both negative.

4.4.4. Lemma. Let F be a field of characteristic # 2, and let a, b € F*.
The Hilbert symbol (a, b)g is 1 if and only if a lies in the image of the
norm map N : F(vb)*— FX.

Proof. If b = ¢? is a perfect square in F, then F(vb)=F and N is
the identity, so the condition is always satisfied. But in this case c? =
a-02+b-1%250 (a, b)r = 1. So suppose b is not a perfect square in F.
Then F(vb)={z+yvb:z,y€F}and

X
N (F (\/5) ) ={z2-by?: x, y € F, not both 0}.

If a =x22—by?, then 22 =a-1%2 + by?, so (a, b)r = 1. Conversely, if there
exist x, y, z € F, not all zero, such that 22 = az?+by?, then az? = 2% —by°.
We canit have x = 0, since then N(z+yvb) =0 and z+yvb = 0 (the norm
is the product of the conjugates, so it vanishes only on the O-element), so

a=w=N<LW5).

2

Thus a lies in the image of the norm map N : F( \/B)X—>FX .0

4.4.5. Proposition. Let F be a field of characteristic # 2, and suppose
that for any quadratic extension F(v/b)of F, N(F(v/b)*) has index at most
2in F*. Then the Hilbert symbol (a, b)r, for a, b€ F*, only depends
on the Steinberg symbol {a, b} € K>(F'), and defines a homomorphism
Ky(F) — {£1}.

Proof. Because of Matsumotois Theorem (4.3.15), itis enough to show
the Hilbert symbol satisfies the relations in Symb(F). Obviously the Hil-
bert symbol is symmetric (or anti-symmetric, since it takes values in {fl}).
Ifas0,1, then (a,1—a)r = 1 since a-12+(1-a)-12 = 12. So we have only
to prove bilinearity in the first variable. If (a;,b)r = 1 and {ag,b)F =1,
then by Lemma 4.4.4, a; and aq lie in the image of the norm map N :
F(v/b)* — F*, hence so does their product. Similarly, if (a;,b)F = 1 and
(ag,b)F = -1 or vice versa, then one of a; and a; lies in the image of the
norm map but the other does not, so their product cannot lie in the image
of the norm map and (ajas2,b)r = -1. Finally, if (a1,b)F = (az,b)F = -1,
then b cannot be a perfect square in F, and a; and as both represent non-
trivial elements of the quotient group F*/N(F(+v/b)*). However, by the
hypothesis on F, this quotient group has only two elements, so a;as is
trivial in F*/N(F(vb)*) and (a1a3,b)p=1. O

The hypothesis of Proposition 4.4.5 appears very special, but is satisfied
in a non-trivial case of great interest, that of a local field.
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4.4.6. Theorem. Let F be a local field of characteristic # 2, that is, R,
C, a finite extension of thep-adic numbers Qj, or the field F,((¢)) of formal
Laurent power series over a finite field Fgy (with g not a power of 2). Then
for any non-trivial quadratic extension F(v/b) of F, N(F(v/b)*) has index
exactly 2 in F*.

Proof. When F = C, there are no non-trivial quadratic extensions.
When F = R, there is only one, namely C, and N(z)=|z|? for z€ C, so
N(C*) = R, which has index 2 in R*. Thus we may assume F is non-
archimedean. Let R be the ring of integers in F and let p be its maximal
ideal. The finite field R/p is called the residue-class field. Any quadratic
extension F = F(v/b) of F is also a non-archimedean local field with its
own ring of integers R and maximal ideal 3. Without loss of generality
we may assume b € R*and b ¢ p2. Choose generators « € R of p and
# € R of PB. The quadratic extensions are of two types: unramified,
that is, those for which [R/8: R/p] = 2, and ramified, those for which
[R/B:R/p] =1 (these are the only two possibilities since it is easy to see
that [R/%: R/p] <[F:F] = 2). Note that F*={r"u:n €Z,uc R*}
and F(vb)*={a"v: n €Z,veR*}. Then it turns out that in the
unramified case, N(R*)=R* and N(#) = n?u for some u € R*, whereas
in the ramified case, N(#) = wu for some u € R and N(R*) is of index 2
in R*. In either case, N(F(vb)*) has index 2 in F*.

To prove this, we have to do a calculation. Since weire assuming the
characteristic of Fis not 2, the extension F(v/b) is separable with Galois
group G = Gal(F(vb)/F) cyclic of order 2, with generator o:vb >
—+/b. First suppose F = F,{((¢)) with g odd. Then equating coefficients
of power series shows that any element b = >~:° b;t* of R with leading
coefficient by = 1 is a perfect square, so there are only two kinds of non-
trivial quadratic extensions of F: F' = F,z2 (1)), corresponding to taking b
to be a constant power series b = b ¢ (F))? (this is the unramified case),
and F = F,((v/b1t)), corresponding to taking b = ;¢ (the ramified case).
Since N :F, — Fis surjective, it is easy to compute that N(R*) = R*
and N(t) = 2 in the first case, whereas in the second case, N(v/b;t) = —bt
but R*/N(R*)=Fy /(FX). In either case, N(F*) has index 2 in F*.

It remains to deal with the case where F is non-archimedean of char-
acteristic 0, i.e., a finite extension of the padic numbers Q, for some p.
In this case we can use the fact that the power series for the exponential
and logarithm functions converge in a small enough disk and give an iso-
morphism of groups from some small compact open subgroup U of R to a
compact open subgroup €Y of R*. Similarly, the exponential map gives an
isomorphism from 6,U+6,U, with, say, 6; = 14+vb,8, =1—/b, to an open
u-invariant subgroup V of R*. View F'*, R* and V as G-modules via
the action of o. If we consider the maps N :z— zo(z),a:x+— zo(z)1,
then by Exercise 4.1.25, the chain complex whose maps are alternately N
and ¢ gives a calculation of the G-homology, where G = {1, ¢}, with H,,,,
n >0, being ker N/ im a, and with Ha,41, n >0, being ker a/ im N. Note



224 4. Milnoris Ky

that kera consists of the fixed points for ¢, which just gives the intersec-
tion with F. Also, in the case of the G-module F*,ima = ker N, i.e.,
H,y,(G,F*) =1, n>0. This is the simplest case of Hilbertis iTheorem
90”—in this case, the proof is immediate, since obviously im a C ker N,
while if

N(.TI() + (131\/5) = w%—bml =1,

then either xc = 1 and z; = 0, S0 2o + z:Vb = 1, or else
-1
xg + 1'1\/— = (bzl + (.’1:0 — 1) \/5) (bil?l - (.’L‘o — 1) \/I_))
= a(bxl + (xc — 1) \/l_))

Consider the long exact homology sequences (Proposition 4.1.9) applied to
the short exact sequences of G-modules

(4.4.7) 1R S F* S5 {7":n€l} =27 —1,

(4.4.8) 1-V R - A1,

where A is a finite abelian group since V is open in the compact group R*.
Prom (4.4.7) we obtain for n large the exact sequence

(4.4.77)
Hn(G,Z) = 1 — Han_1(G, R*) = Hyn_1(G, F*) = Han_1(G,Z)= G
_>H2n—2(G7Rx ) _’H2n—2(Gan) =1.
Since by construction G permutes 6; and 8z, Shapirois Lemma (Corollary
4.1.12) shows that Ho(G,V) = H,(1,U), so the higher homology vanishes.
Thus from (4.4.8) we obtain for n large the exact sequences
Hgn(G, V) =1— Hzn(G, RX) i Hzn(G, A)
— Hyn 1 (G, V) = 1,
Hzn 1(G,V) = 1 = Hyy 1(G, R*) = H2n_1(G, A)
—*Hzn_g(G, V) =1.

(4.4.81)

Since A is finite, H,, (G, A) and Ha,_1(G, A) are finite and (non-canonical-
ly) isomorphic (this is a consequence of the fact that for an endomorphism
of a finite abelian group, the kernel and cokernel are non-canonically iso-
morphic). So by (4.4.8"), Ha, (G, RX) and Ha,—1(G, RX) are finite and
non-canonically isomorphic. Substituting in (4.4.7'), we see that

Hy, 1(G,F*)=ker a/ im N = F*/N(F*)

has the same order as G, namely 2. One can also see from (4.4.71) that there
are two cases, the unramified case where Hap,_1(G,F*)— Hap_1(G,Z) %
G is an isomorphism and

Hy 1(G,R*) = Kker algx/im N|gx=R*/N(R*)=1,
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and the ramified case where Han_1(G, F*)— Ha,_1(G,Z)= G is the
O-map and

Hin—1(G, R*) = kera|gz«/im N|gx = R*/N(R*)

has order 2. O

Proposition 4.4.5 and Theorem 4.4.6 can often be used to construct non-
trivial homomorphisms from K3 of a field to {£1}. For instance, in the
case of Q, we obtain the following.

4.4.9. Theorem. K,(Q) is a direct limit of finite abelian groups, and
K,(Q)®z Z/2 is an infinite direct sum of cyclic groups of order two, one
for each prime number p. The Hilbert symbol (,)q, of the p-adic numbers,
when restricted to @, Kills the summands of K2(Q) corresponding to primes
other than p, and maps the summand corresponding to p onto {fl}. The
Hilbert symbol (, )r of the real numbers, when restricted to Q, is given
by the product formula

(a)le H(?)Qp'

p prime

The product converges in the sense that for a, b€ Q*, (a, b)g, = 1 for all
but finitely many values of p.

Proof (partially attributed by Milnor to Tate [Milnor, §11]). By Theorem
4.3.12, K,(Qis generated by Steinberg symbols; furthermore, by the Fun-
damental Theorem of Arithmetic, Q* is generated by -1 (of order 2) and
by the prime numbers p (linearly independent and each of infinite order).
For each positive integer m, let A, be the subgroup of K3(Q) generated
by Steinberg symbols {u, v} with u, v€Z,|u},jv|]< m. Then A, is an
increasing sequence of groups and K2(Q) = lim A, Note that A, is the
subgroup generated by { -1, —1}, which we know to have order exactly 2.
(It canit have order greater than 2, but it maps to an element of order 2 in
K3(R) by Example 4.2.13.) Since any integer can be factored into primes,
A, = Ap—1 if m is not prime. Also, As = A; since (2, -2) = 1 by
4.2.17(a) and (2, -1) = (2, 1 — 2) =1 by 4.2.17(b). For p an odd prime,
again {p, —p}=1and {p, 1 —p}=1 by Theorem 4.2.17, so that {p, p}
and {p, p —1} coincide with {p, —1}, which has order at most 2. We claim
there is a surjective homomorphism Fy — A,/A,_1, given by z+— {z, p}
mod A,_; forz =1,...,p— 1. This will show A,/A,_; is finite cyclic with
order at most p— 1. Indeed, if z and y are positive integers <p —1 and
xy = Icp + r, where the remainder r is a positive integer <p — 1, then

(ke k) _(k r
T \xy’ zy [ lay zy)’

{kp, rH{kp, zy} {=zy, r} =y, zy} = 1.

or by bilinearity,
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Since x, Y, k, r <p — 1, this shows

{pv T}{p) -’Ey}—l =1 mod Ap—17

or {zy, p} = {r, p} mod A,_1, and so the homomorphism is well defined.
Itis surjective since {p, p} and {p, -1) coincide with {p, p-1} = {p-I, p}.

By Proposition 4.4.5 and Theorem 4.4.6, ( ,)q, defines a homomor-
phism from K>(Q) to {fl}. Nextwe show that (,)q, is non-trivial on
A, and, for p an odd prime, also trivial on A,_;. For the case p = 2, itis
enough (by Lemma 4.4.4) to note that -1 is not a square in Q;, and also
does not lie in N(Q2(+/—1)*). Indeed,

X= @ :neZ}x {fl} x U,

where U ={u €25 :u= 1 mod 4) [SerreCourseArith, §1.3.2], so -1 is
not a square or a sum of two squares (i.e., a norm from Qq(v/~1)) in Q5
and (-1, —1)g, = -1.

Now suppose p is an odd prime. We claim (-1, —1)q, = +1, which will
show (-1, —1)q, is trivial on A;= A;. To see this, note that

QX ={p":neZ}xF: xT,

where U = {u € Z; :u=1 mod p} (again see [SerreCourseArith, §1.3.2)).
One can solve the equation z%+ 42 = -1 in IF,, since either -1 is a square
mod p (when p =1 mod 4), hence is a square in Q,, or else — 1 is not a
square mod p, Fp(v/=1)=F,2, and N:F),—F, is surjective. In either
event, it follows from Lemma 4.4.4 that (-1, —1)g, = 1. Furthermore,
p is not a square in Q,, and Q,(/p) is a ramified quadratic extension of
Qp, so that Z, /N(Zy(,/P)*) is of order 2 by the proof of Theorem 4.4.6.
Since everything in U < Z; is a square, there is some positive integer
k with 1 <k <p— 1 such that the image of k in ]F;;;»Z;; is not in
N(Zp(y/p)*), and (k, p)g, = -1. Thus ( ,)q, is non-trivial on A, On
the other hand, if k and m are positive integers relatively prime to p, we
claim that (k, m)g, = +1. Indeed, ifm or k is a square mod p, then it is
also a square in @, and this is obvious, whereas otherwise Q,(/m) is an
unramified quadratic extension of Qy, so that Z; /N(Z,(y/m)*) =1 and
k€ N(Zy(y/m)*). In particular, this shows ( ,)g, is trivial on A,_;. Since
A, /A,y is cyclic and we see now that the various (, )g,’s are linearly
independent homomorphisms to {x}, it follows by induction on p that A,
is a direct sum of cyclic groups, each of even order, one for each prime
pi <p, and that we may arrange for ( ,)Q; to be trivial except on the
summand corresponding to pi. Passing to the limit, we get the desired
structure theorem for K,(Q).

It remains to prove the product formula for ( , )g. Since (, )g gives a
homomorphism from K3(Q) to {fl}, it follows from the structure theorem
just proved that it must be a product of (, )g,’s for various primes 1. So we
just need to check that each ( ,)qg, occurs in the expansion. By bilinearity
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and skew-symmetry of Steinberg symbols, itiS enough to check the formula
on (-1, —1}, on (-1, p} for p prime, and on {g, p} for p and ¢ prime. We
already know (-1, p} and {p, p} coincide in K2(Q) and that (2,2) = 1,
so we can dispense with the generators (2, 2) and { -1, p} for p prime. We
know (-1,-1)g = (-1, —1)g, = -1 and (-1, —1)g, = 1 when pis an
odd prime, so (, ), must occur in the expansion of ( ,)&. Also, for any
primes p and g, we have (g, p)gr = 1. On the other hand, given any prime
I, then either pis a square in Q;, in which case (q, p)g,= 1 for any g, or
else Q;(/p) is a quadratic extension of ;. If this extension is unramified,
which is the case if the image of p is not a square in Fy, in particular if
is odd and p #1, then N(Z;(\/p)*) = Z;* but I ¢ N(Z(,/p)*).- So we see
that (g,p)q = 1forlodd,g#land p #{,and (g, p)g, - (P, 9, = —1
for p#4¢,q odd and p not a square mod q. If { = 2, then p is a square in
Q. exactly when p=1mod 8. If p= 3, 5, 7 mod 8, then p is a square
mod 2 but not a square in Q2*, so Q2(,/p) is a ramified extension of Q.
In this case, for ¢ an odd prime, g€ N(Q2(/p)*) exactly when g=1 or
—p mod 4. The extension Q3 (v/2) of Q; is also ramified, and for ¢ an odd
prime, ¢€N(Qa2(v2)%) exactly when g==1 mod 8. We still have to
compute (-1, p)g,-(p.p)g, for podd. This is 1 exactly when -1 is a
square mod p, which happens if and only if p = 1 mod 4.

Now we can check that each ( )g,,! odd, occurs in the expansion of
(,)r- For pan odd prime, (p, p)g,-1 except perhaps for { =2 and ! =p.
We have (p, p)g,--1 exactly when p = 3 mod 4, and (p, p)g,--1
exactly when p=3,5,7 mod 8 and p# 1or —p mod 4, i.e., when p=3
mod 4. So since we already know ( , )g, occurs in the expansion of ( ,)g,
(,)q must also occur for =3 mod 4 to give the correct value on {,1}.
Similarly, for p an odd prime, (p,2)g,-1 except perhaps for { =2 and
l=p We have (p, 2)g,--1 exactly when p=243 mod 8, so since
we already know ( .)g, occurs in the expansion of ( .)r,)g must
also occur for I=5 mod 8 to give the correct value on {I, 2). Finally,
suppose pis a prime with p=1 mod 8. We can show by induction on
p that ( )g, must occur in the expansion of (,)r. Suppose inductively
that ( .)g, occurs in the expansion of (,)r for all I <p. (To start the
induction, this is true for p =17 since no smaller prime is =1 mod 8.)
Since p=1 mod 8, p is a square in Q2,50 (q, p)g,-1 for any prime q.
For ¢#podd, (g, p)g, =1 except perhaps for I =g and/or I = p. Also,
(g, p)g,--1 exactly when pis not a square mod g, and (q, P)g,--1
exactly when ¢ is not a square mod p. If there is a prime ¢ < p for which
p is not a square mod ¢, then since we already know ( .)g, occurs in the
expansion of ( ,)r,(,)g, Mustalso occur to give the correct value on

{q, p}.

So we need to show there is a prime ¢ <p for which p is not a quadratic
residue mod g. The following proof of this by contradiction is due to Gauss
[Gauss, Disquisitiones Arithmetice,§129]. Namely, let m =[,/p]. Since
p>17,2m+ 1 <p. If pis a quadratic residue for all odd primes ¢ <p, then
it is also a quadratic residue modulo all odd prime powers < p (because of
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Exercise 4.3.19(2)), and since p = 1 mod 8, p is also a quadratic residue
modulo any power of 2. From this one can see that any prime power ¢® < p
must divide

pp-1*)(p-2%)---(p—m?)

at least as many times as it divides (2m + 1)!. Indeed, ¢° divides [gﬂq?—l]
of the numbers 1, 2, ..., 2m +1, and ¢° must divide p — j2 for some j since
p is a quadratic residue mod ¢*. Gauss now argues that q° must divide at
least [—2—%&] of the numbers

1 1 a1 2

2(P=1),2(p-4), 5(»~9), 2(p - 16), ..., 2(p — m*) or 5(p —m").
This is clear if ¢° = 2 or 4, since (p—1), 3(p—9),... are all divisible by 4.
But also [Z] of these terms are divisible by 8, etc., so 2 divides the product

of these terms as often as it divides (2m + 1)!. If ¢ is an odd prime, then
in any consecutive ¢* integers j, there must be two for which ¢° divides

p — 7%, and thus ¢° must divide at least [L'Z;Ll] of the numbers p — j2,
1 < j < m. Thus, putting all this together, we see that [T}~ (p — j2) is
divisible by (2m + 1)!. But
Cm+ 1) = (m+ 1)(m+2)m(m+3)(m —1)--- (2m + 1)(1)
=(m+1)[(m+1)*=1[(m+1)%>—4]---[(m + 1)% — m?),

so since [T7_;(p — j°) is divisible by (2m + 1)!, we see that

1 p—1 p—4 p —m?

m+1lm+1)2-1(m+1)2-4 (m+1)2-m?

is an integer. Since m + 1 > /p, however, all factors in this product are
less than 1, and this is a contradiction of the assumption that p was a

quadratic residue modulo all smaller primes. Thus ( , )g, must also occur
in the expansion. 0O

4.4.10. Corollary (Gauss’ Law of Quadratic Reciprocity). Ifp and
q are odd primes not both = 3 mod 4, then p is a square mod q if and
only if q is a square mod p. If p and q are odd primes both = 3 mod 4,
then p is a square mod q if and only if q is not a square mod p.

Proof. This follows immediately from the product formula

1= (¢, P)r = (¢, P):(a: P)o, (@ Pla, [] (@ Pla-
! prime
1#2,q,p

The terms with | # 2, ¢, p are all = 1, and the term (g, p)g, is 1 unless
p and ¢ are both = 3 mod 4, in which case it’s —1. Finally, we’ve seen
(9, P)q, is 1 exactly when p is a square mod ¢, and (g, p)g, is 1 exactly
when ¢ is a square mod p. 0O

Now we can explain the connection between K, and the Brauer group.
We start with the case of the Hilbert symbol, which is related to algebras
of quaternions.
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4.4.11. Definition. Let F be a field of characteristic # 2 and let a, b €
F*. The quaternion algebra Ap(a, b) is the (non-commutative) asso-
ciative algebra over F obtained by dividing the free associative algebra on
two generators z, y over F by the relations 22 = a, y? = b, zy = —yz.
For example, when F = Rand a = b= -1, 2 — i and y — j give an
isomorphism from Ag(a, b) to the Hamilton quaternions H. In general, it
is clear that Ar(a, b) has dimension 4 as a vector space over F', with basis
1, z, y, zy, and that F is precisely the center of Ar(a, b) (here we are using
the condition that the characteristic be # 2).

4.4.12. Lemma. Let F be a field of characteristic # 2 and let a, b € F*.
If (a, b)r = 1, then Ap(a, b) = My(F), whereas if (a, b)r = —1, then
Ar(a, b) is a non-commutative division algebra.

Proof. If (a, b)r = 1, then either a and b are both perfect squares in
F*, or else we may assume that b is not a square but a € N(F(vb)*). In

the first case, suppose a2 = a and b2 = b. Then the matrices

_{ao 0 . 0 b()
(% %) (b

satisfy the same relations as x and y, and so define an isomorphism z — X
and y — Y from Ap(a, b) to Ma(F). In the second case, suppose a =
u? — bv?. Then the matrices

—u —bv 0 b
() v=00)
satisfy the same relations as = and y, and so define an isomorphism z — X
and y — Y from Ap(a, b) to Ma(F').

Now suppose (a, b)r = —1. Then in particular, b is not a perfect square
in F*. Define an F-linear automorphism ~— of Ar(a, b) by requiring
that 1 =1, % = -z, § = —y, TY = —xy = yz. Then ~ is an alge-
bra anti-automorphism (i.e., it reverses the order of multiplication) and if
ug, U1, Uz, ug € F,

(uo +w + uzy + uszy)(uo + ur + uzy + uszy)
= (up + 1T + u2y + uzzy)(uo — UIT — U2y — U3TY)
= ul — ula — ulb + ulab.
Thus if the quadratic form u2 — u?a — u2b + uZab is definite (i.e., is 0 only

if all the u’s are 0), this shows Ap(a, b) is a lelSlOIl algebra, a,nd if not,

Ap(a, b) contains a zero—divisor However, if u2 — u?a — u2b + uab = 0,

then a(u? — u3b) = u? — u2b, or

aN(u1 + Ug\/l;) = N(ug + UQ\/B)

If one side of this equation vanishes, so does the other, and so all the u’s are
0. Otherwise, this shows a € N(F(v/b)*), contradicting the assumption
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that (a, b)r = —1. So the quadratic form u2 — ula — ulb+ u3ab is definite
and A(a, b) is a division algebra. [

Thus Proposition 4.4.5 can be reinterpreted as saying that existence
of non-trivial quaternion algebras can be used to prove non-triviality of
elements of K». This seems consistent with the philosophy behind Example
4.2.13, where Hamilton’s quaternions H were used to prove non-triviality
of K>(R).

In fact, even for fields not satisfying the somewhat stringent hypothesis
of Proposition 4.4.5, the Hilbert symbol can be viewed as giving a non-
trivial homomorphism

(a, b)r — [AF(a, b)]

from K,(F) to another group, but the difference in this case is that the
target group is no longer {£1} but rather the abelian group which one can
provisionally call Quat(F'), with generators being the isomorphism classes
of quaternion algebras Ap(a, b), and relations

[Ar(a, D))[AF(d, V)] = [AF(a", b")]

if
Ar(a, b)) ®F Ap(d’, b') = My(Ap(a”, b")).

Instead of working out the details of this theory, which we leave to
the reader as an exercise (Exercise 4.4.28 below), we go on to the natural
generalization, which is the theory of the Brauer group of a field F.

4.4.13. Definition. Let F be a field. A finite-dimensional F-algebra
A (associative and with unit, but in general not commutative) is called
central simple if its center is exactly A -1 and it has no two-sided ideals
other than 0 and all of A. The classical Wedderburn structure theory
implies that any such algebra A is F-isomorphic to M, (D), for somen > 1
and some finite-dimensional F-division algebra D with center F. The D
is uniquely determined up to isomorphism, since D°P = End 4(M) for any
simple A-module M. It is easy to see that the tensor product A @r B
of two central simple F-algebras A and B, with multiplicative structure
determined by

(a1 ® by)(az ® bp) = (a1a2) ® (bib2),

is again central simple.

Call two central simple F-algebras A and B stably isomorphic if for
some r and s, M,(A) = M,(B) (as F-algebras). Since we may assume
A = M, (D;) and B = Mp,(D;) for some division algebras D, and D,
this is equivalent to assuming Myn, (D1) & Msn,(D2), which is possible
if and only if D; & D,. Thus each stable isomorphism class of central
simple F-algebras contains a unique isomorphism class of central division
algebras. The Brauer group of F, denoted Br(F), is the set of stable
isomorphism class of central simple F-algebras, with product coming from
the tensor product of algebras. This is obviously an abelian monoid with
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identity element [F; it is a group since if A°P denotes A with multiplication
reversed, then

A®p A% = Endp(A)

via the identification (a®b°P)(c) = ach, so that [A][A°P] = [Endr(A)] = [F]
or [A°P] = [A]~!. For example, the anti-automorphism constructed in the
proof of Lemma 4.4.12 shows that for a quaternion algebra,

Ar(a, b)°? = Ap(a, b),

so that [Ar(a, b)] has order at most 2 in Br(F). By Lemma 4.4.12, it has
order exactly 2 if and only if (a, b)r = 1.

If F is an extension field of F and A is a central simple F-algebra, then A
is said to be split by F if F®p A is F-isomorphic to M, (F) for some n. It
is a classical fact that every central simple F-algebra is split by some finite
Galois extension of F. One can define a relative Brauer group Br(F; F)
out of the stable isomorphism classes of F-split central simple F-algebras,
and Br(F) = Br(F; F) if F is a separable closure of F.

Brauer groups are actually cohomology groups of Galois groups in dis-
guise, because of the following result.

4.4.14. Theorem. If F is a finite Galois extension of a field F, and if
G = Gal(F/F), then there is an isomorphism H%*(G, F*) — Br(F; F)
which sends the class of a (normalized) 2-cocycle w to [Ap(w)|, where
Ap(w) is the “crossed product” which as an F-vector space is FG, but
with “twisted” multiplication: u,z = 0(z)us, Ust, = w(0, p)us,. (Here
u, Is the basis element of Ap(w) corresponding to o € G.)

Proof. First we check that the indicated multiplication makes Ap(w)
into a central simple F-algebra, whose isomorphism class only depends on
the cohomology class of w. Then we show that Ap(w) is a matrix algebra
over F if and only if w is a coboundary, and that every element of Br(F; F)
can be realized as some Ap(w). Finally we check that [w] — [Ar(w])
defines a homomorphism H?(G, F*) — Br(F; F). First of all, Ap(w) is
an associative algebra because of the 2-cocycle identity (recall the formulas
in Definition 4.1.7)

w(a, p)w(op, §) = a(w(p, &))w(a, ),

which gives

(uoup)ug = (wW(o, P)ucy)ue = w(o, p)w(op, §)uspe
= a(w(p, §))w(o, p§)uape
= a(w(p, §))uotpe
= u,w(p, é)uPE

= ug (upue).
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Since we’ve normalized our cocycle to have w(l, o) =w(o, 1) =1, u; =1
is a unit element, and u;! = u,-1w(o, 0~1)~!. Notice also that Ap(w) has
dimension |G| = [F : F| over F and thus dimension [F : F]? over F.

Next we check that Ap(w) is a central simple F-algebra. Clearly F lies
in the center. On the other hand, if 2 = EUEG T,U, is central, then for
any y € F we obtain

Z (yxaua) =Y (Z xa“o) = (Z -'L'aua) y= Z (woa(y)ua)a

ceG o€eG geG oG

50 Y&, = z,0(y) for all . Since for any o # 1 we can choose y with y #
a(y), this implies z, = 0 for all ¢ # 1, so z € F. Then since z commutes
with u, for all o, we see z € F. This proves F is precisely the center.
To check simplicity, suppose I is a proper two-sided ideal in Ap(w), and
let R = Ap(w)/I. Then the quotient map Ar(w) — R must be injective
when restricted to the copy of F inside Ar(w), so R is an algebra over F
with invertible generators 1, again satisfying the relations u,z = o(z)i,,
Uol, = w(o, p)is,, = € F and 0, p € G. Now the inner automorphism
Ad 1, of R given by conjugation by 1, restricts to o on F, and since the
o’s are linearly independent over F', the 1,’s are linearly independent over
F' (acting on the left). Thus dimp R = [F : F]? = dimp Ap(w), so I =0
and Arp(w) is simple.

Next we observe that the F-isomorphism class of Ar(w) only depends
on the cohomology clas of w in H?(G, F*). Indeed, suppose we replace w
by «' = d'(p)w, where ¢ : G — F* is an arbitrary map (which we can
assume sends 1g to 1r). Then we can define a linear isomorphism from
Ap(w') to Ap(w) by v/, — p(0)u, (and by the identity on F). Since

(p(o)us) & = p(0)o(z)us = o(x) (¢(o)u,)

and

(p()us) (p(p)up) = (o) (p(p))usu,

= ¢p(0)a(p(p))w(o; p)usp

= (p(0)a(e(p)p(op) " w(a, p)) (¢(op)usy)

= d'(¢)(o, P)w(o, p) (p(0p)sp) = w'(d, p) ($(0P)usp),
multiplication is preserved and we get an algebra isomorphism from Ap(w')
to AF(U)). _

Note also that if w = 1, then Ap(w) = Endp(F) & Mz.p)(F), since
in this case we have an isomorphism ¢ : Ap(w) — Endp(F) defined by
®(z)y = zy, ®(uo)y = o(y) for z, y € F. (This is compatible with the
multiplication in Ar(1) since

®(uo )@ (2)y = (uo)(zy) = o(zy) = o(x)o(y)
= ®(0(z))(a(y)) = (o () (uc)(y)
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and since u,u, = Uy, in this case, and thus

®(us)@(up)y = (us)p(y) = 00 p(y) = V(usup)y-

The map ® must be an isomorphism by dimension-counting.)

Conversely, if there is an isomorphism ¥ from Ap(w) to Ar(1), then
the elements v, = ¥~ !(u,), ¢ € G, and elements 2’ = ¥~}(z), z €
F, satisfy the relations v,v, = V5, v,2 = (0(z))'vs. Since any two
maximal commutative subfields of a matrix algebra are conjugate to one
another, there must be an automorphism « of Ap(w) sending z’ to z. Let
ws = a(v,). Then we have the relations w,w, = Wep, We = o(T)We,
while on the other hand u,u, = w(o, p)uop, UeZ = o(z)u,. So each
usw; ! commutes with every element of F. Since F is maximal abelian
in Endp(F) = AF(l) and thus in Ap(w), there are elements (o) € F*
such that u,w;! = ¢(o). From this it easily follows that w = d*(y). Thus
Ap(w)isa matrix algebra over F' (and represents the identity in the Brauer
group) if and only if [w] = 1 in H%(G, FX).

Next suppose we have some central simple algebra A’ = M,.(D) repre-
senting a class in Br(F; F). Since A’ is split by F, sois D, i.e., F®p D =
End (V) for some finite-dimensional F-vector space V. Then the central-
izer of F in A = Endp(V) must consist only of F and dimg(A) = [F : F]2.
So A represents the same class in Br(F; F) as A’ and has the same di-
mension as any Ap(w), and F is maximal abelian in A. Furthermore, any
F-automorphism ¢ € G of F can be extended to an inner automorphism
of A. (To see this, look at the orbits of A* on Homp(F, A) X F ®p A =
Mip.F) (F).) So there must be elemnts u, of A, o € G, with u,z = o(z)u,
for all z € F. Since Uy u, must differ from u,, by an element of the central-
izer of F in A, which is F itself, we must have u,u, = w(o, p)us, for some
w: G x G — F*. The associative law in A forces w to obey the cocycle
identity, and the F-linear span of the u,’s is a quotient of Ap(w). Since we
have already noted that this algebra is simple, A = Ap(w) by dimension
counting.

To conclude the proof, we need to see that the map [w] — [Ap(w)] is mul-
tiplicative, in other words, that Ap(w) ® p Ap(w’) is stably isomorphic to
Ap(ww'). This will show that [w] — [Ap(w)] is an injective homomorphism
H?*(G, F*) — Br(F; F). Now Ap(w)®r Arp(w') is generated by a copy of
F ®p F (which looks like a direct sum of n = [F : F] copies of F'), together
with elements u, ® u with o, p € G. Choose a partition 1 = >}, €; of
1 into orthogonal minimal idempotents in F @ F. We can index these
idempotents by elements of G' so that conjugation by u, ® 1 sends e, to
esp and conjugation by 1 ® u, sends e, to e,,-1. Then one can see that
A = Ap(w)Q®F Ap(w') is isomorphic to M,,(A’), where A’ = e; Ae;. In par-
ticular, A’ contains the e;(u, ® u} )e;, which satisfy the same relations as
the generators of Ar(ww’), and by simplicity of the latter and dimension-
counting, A’ = Ap(ww'’) so that A & M, (Ar(ww’)). This proves that
[w] — [Ar(w)] gives a homomorphism H?(G, F*) — Br(F; F). Since this
homomorphism is surjective with trivial kernel, it’s an isomorphism. O
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Remark. Although Theorem 4.4.14 was only formulated for finite Galois
extensions, it is easy to see that it can be applied to infinite Galois exten-
sions by passing to the limit. In particular, Br(F) = H%(G, F*), where F
is a separable closure of F' (the inductive limit of a maximal chain of finite
Galois extensions, which exists by an application of Zorn’s Lemma).

Using Theorem 4.4.14, we can now generalize Proposition 4.4.5, and
construct more homomorphisms from K,(F') to various torsion groups.
We begin with some classical facts about Galois cohomology which are of
independent interest.

4.4.15. Theorem. Let F be any field and let F be any finite Galois
extension of F' with Galois group G = Gal(F : F). Note that this acts on
F and on F* by automorphisms. Then H (G, F*) = 1.

Proof. Let u : G — F>_< be a 1-cocycle. Since the elements of G are
linearly independent over F' as maps from F to itself, there is some z € FX

for which
y= 3 u(o)o(x) #0.
oceG

Then for p € G,

py) =3 p(u(0))p(o(2))

oeG

= > u(p) " u(po)(po(z))
oG

=u(p)™t 3w )ola) = u(p) 'y,

o’€G

so u(p) = p(y~')y = d°(y~1)(p) and u is a coboundary. O

4.4.16. Corollary (“Hilbert’s Theorem 90”). Let F be any field and
let F be any finite cyclic Galois extension of F. Let o be a generator
of G = Gal(F : F). Then any element in the kernel of the norm map
N : F* — F* is of the form xo(z)~! for some ¢ € FX.

Proof. If y € ker N, then there is a unique l-cocycle v : G — FX
sending 1 to 1 and o to y. (The cocycle identity forces u(o?) = yo(y),
u(0?) = u(o?)o*(y) = yo(y)o?(y), etc., and then if n = [F : F] = |G|,

u(o™) = yo(y)o®(y) --- o™ (y) = N(y).

Since N(y) = 1, this agrees with u(1) = 1 and u is well defined.) By
the Theorem, u is a coboundary, which just says y = zo(x)~! for some
zeF*. O

4.4.17. Theorem (Kummer). Let n be a positive integer, and let F' be
a field of characteristic 0 or of characteristic p not dividing n, containing a
primitive n-th root of unity §. If F is a sufficiently large Galois extension
of F with Galois group G = Gal(F : F), in particular if F' is a separable



4. Applications of Ko 235

closure of F, then there is an isomorphism ¢ : F* /(F*)™ — Hom(G, py,),
where pu, is the mu1t1p11cat1ve group of n-th roots of unity, defined by

¢(y)(o) = o(y)y™', where y" = z in F. (Note that y is well defined
up to multiplication by a power of €&, and since £ € F, o(¢9)¢77 =1 so
that this definition is independent of the choice of y. Furthermore, o(y)
must differ from y by a root of unity, so that o(y)y~! € p,, and we get a
homomorphism G — p,, since

(000(y)y™") = (a(p()) () Npw)y™) = (c(w)y~ ) (p(¥)y™"),

because of the fact that o fixes all roots of unity.)

Proof. Consider the short exact sequence of G-modules
1— p, —» F~ el X — 1.
This gives an exact sequence

HO(G, pn) = pn — HY(G, F¥) = F* =221, px
2, HY(G, pn) = Hom(G, pp) — HY(G, F*),

and the last group in this sequence vanishes by Theorem 4.4.15. The The-
orem follows upon decoding the definition of the connecting map §. O

4.4.18. Theorem. Let n be a positive integer, and let F be a field of
characteristic 0 or of characteristic p not dividing n, containing a primitive
n-th root of unity £. Then there is a homomorphism, sometimes called the
“norm residue symbol” or “Galois symbol,” K5(F)— {n-torsion in Br(F)}
defined as follows. Use Theorem 4.4.14 to identify Br(F) with H*(G, F*),
where F is a separable closure of F and G = Gal(F/F). View the Kummer
isomorphism of Theorem 4.4.17, ¢ : F* /(F*)™ — Hom(G, u,), as taking
its values in Hom(G, Z/n) = H'(G, Z/n), by identifying ¢ with 1 mod n,
and let 8 : H'(G, Z/n) — H?*(G, Z) be the “Bockstein homomorphism,”
i.e., the connecting map in the long exact cohomology sequence of the short
exact sequence of G-modules

0-2Z5Z—Z/n—0.
Then send {u, v} € K5(F) to

(u, v) =det v«(B 0 p(u)),

where we think of v as giving a map of G-modules Z. — F* with 1 — v.
(This map is equivariant since v is fixed by the Galois group.) Note that
(u, v) is an n-torsion class since p(u) is an n-torsion class. (Note: the map
(, ) as we’ve defined it depends on the choice of a primitive n-th root of
unity §. This choice is canonical if n = 2 but not otherwise; to remove this
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dependence on the choice of £, one can give a fancier definition with values
in H*(G, pg?).)

Furthermore, (u, v) = 1 if and only if v lies in the image of the norm
map N : F(u=)X — F*. (This explains the name “norm residue symbol.”)

Proof. The indicated formula for (u, v) is clearly bilinear in each vari-
able. So by Theorem 4.3.15, it’s enough to show that (u, 1 —u) = 1 if
u # 0, 1; anti-symmetry (or symmetry in the case n = 2, which was the
case of the Hilbert symbol, since (£1)~! = +1) will follow automatically.
Incidentally, the continuation of the cohomology exact sequence used in
the proof of Theorem 4.4.17 has the form

(z—z™)

1=HYG, F*) = H%(G, un) = H*(G, F*) * H*(G, FX),

which shows that H?(G, u,) can be identified with the n-torsion in
H*(G, F*) = Br(F).

Next we show (in analogy with Lemma 4.4.4) that (u, v) = 1 if and only
if v lies in the image of the norm map N : F(ur)* — F*. Of course,
if w € (F*)™, then any v € F* is a norm, while p(u) = 1 so (u, v) =1
for any v. So we can assume F(u=) is a proper Galois extension of F,
say of degree d, where d|n, and the conjugates of uw in F(u%) are u’
with j = 0,2,..., @ Let H = Gal(F(u~)/F), which is a cyclic
quotient of G of order d, say with generator 0 mapping un to uéd. Then
¢(u) factors through H and p(u)(0) = £4, or if we identify u, with Z/n

and use additive notation, ¢(u)(c) = 5. So the cohomology class (u, v)
factors through H2(H, F(u=)*), which by the proof of Theorem 4.4.6 is

X
just F*/N | F (u%) ) Under this isomorphism, (u, v) just goes to the

X
class of v in F*/N (F (u%) ), proving our claim.

Now we prove that (u, 1 —u) = 1. We may assume as before that the

conjugates of u= in F(u=) are ué? with j =0, 2, ..., Sd%m. Soforv € F,
= .y
N -ung') = [J(w—ung)
i=0

and

n—1 - Z-1 -

vt —u= H(v —unf') = H N —ung").
i=0 i=0

If we take v = 1, this shows 1 — u is a product of norms, hence a norm,
andso (u, 1 —u)=1. O

Remark. Mercurjev and Suslin have shown that this map is actually an
isomorphism from K3(F)®zZ/n to the n-torsion in Br(F'). However this
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is quite a difficult result and we refer the reader to [Srinivas, §8] for the
proof. We merely remark here that the map of Theorem 4.4.18 generalizes
the map of Proposition 4.4.5 or the map sending {u, v} to the class in the
Brauer group of the quaternion algebra Ar(u, v). See some of the exercises
at the end of this section.

Almost Commuting Operators. As pointed out by Larry Brown
[LBrown2], there is an interesting appearance of K in operator theory,
having to do with determinants of multiplicative commutators of almost
commuting operators. This subject was first studied by Helton and Howe
[HeltonHowe]. To discuss this application, we begin with a quick discussion
of K of rings of continuous functions.

4.4.19. Theorem [Milnor, §7]. Let X be a compact HausdorfF space, let
F =R orC, and let R be a dense topological subalgebra of C¥(X) with the
property that R is complete in its own Fréchet topology (stronger than the
norm topology) and that if f € R and f has an inverse in C¥(X), then f has
an inverse in R. (The main cases of interest are either R = C¥(X) or R =
C>(X, F) with X a compact manifold.) Then if F = R, Ko(R) = KO°(X),
K1(R) is an extension of KO~!(X) by the connected component of the
identity in R*, and K3(R) surjects onto KO~2(X). Similarly, if F = C,
Ko(R) = KO°(X), K1(R) is an extension of KU~Y(X) by the connected
component of the identity in R*, and K3(R) surjects onto KU~%(X).

Proof. The part about Ky and K is proved in Exercise 3.1.23 in the case
R = C¥(X). But, as noticed by Karoubi, basically the same proof works
under the weaker hypothesis given here, which is enough to guarantee that
the analogues of Theorem 1.6.3 and of Lemmas 1.6.6 and 1.6.7 will hold. So
we just need to prove the part about K. Since K3(R) is the kernel of the
universal central extension of E(R), it will be enough by Remark 4.1.4 to
construct a perfect central extension of E(R) with kernel Ki ?(X). First we
note that E(R) is the connected component of the identity in SL(R). The
inclusion one way is obvious, since every elementary matrix e;;(a) can be
homotoped to the identity via e;;(ta), t € [0, 1]. The converse is proved by
Milnor [Milnor, Lemma 7.4] by using the continuity of the usual procedure
(see the proof of Proposition 2.2.2) for writing a matrix in SL(n, F) as
a product of elementary matrices. This shows that if one has a function
X — SL(n, F) which lies in M, (R) and is sufficiently close to the identity,
then it is a product of elementary matrices e;;(a(t)) with each function a
close to the identity in the topology of R.

So we need to construct a perfect central extension of SL(R)® (the
path-component of the identity) by Ky 2(X). Because of Examples 4.1.5,
it’s enough to construct a surjection from m;(SL(R)°) to Kz %(X). Now
SL(C¥(X)) = lim C(X, SL(n, F)), and a loop in this space can be viewed
as an element of limC(S* x X, SL(n, F)). From this one can see that
71 (SL(CF(X))?) is the kernel of the map

[$* x X, lim SL(n, F)] =% [X, lim SL(n, F)],
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where [A, B] denotes the set of homotopy classes of continuous maps from
A to B. Now [X, li_n)lSL(n, F)] is naturally isomorphic to Ky '(X) (see
Exercise 3.1.23 again), and similarly [S? x X, lim SL(n, F)] is naturally
isomorphic to Kz (S x X) = Kz *(X) ® Kz 2(X). So m (SL(CF(X))°?) =
K;%(X). If R is only a dense subalgebra of CF(X), the same holds since
SL(n, R) is a dense subspace of the path space C(X, SL(n, F)) having the
same fundamental group. O

4.4.20. Example. We are now ready for Brown’s application of K;(R),
where R is a ring such as in Theorem 4.4.19. Though everything could be
done in greater generality, we concentrate here on the case R = C*(S?, C),
which illustrates all the main phenomena. Suppose we have a complex
Hilbert space H and two invertible operators A and B in H such that the
commutators AA* — A*A, BB* — B*B, AB— BA, and AB* — B*A are all
in the trace-class operators £!(H) (see Exercise 2.2.10). Then the images
modulo the compact operators w(A) and n(B) of A and B modulo the
compact operators and their adjoints m(A*) and 7(B*) generate a com-
mutative subalgebra of B(H)/K(H) which is also closed under the adjoint
operation *. By the basic structure theory of such algebras, the norm clo-
sure A of this algebra Clmw(A), 7(A*), m(B), m(B*)] is *-isomorphic to an
algebra C(X), for some compact subset X C C? called the joint essential
spectrum of A and B. (This is the set of points (z;, 22) € C? for which
(A — 21 -1) and w(B — z2 - 1) generate a proper ideal of .A.) Suppose for
instance that X is a smoothly embedded closed curve in C2, so that we may
also think of X as S'. This is the case, for instance, if H = L?(S'), where
we think of S! as the unit circle in the complex plane, A is multiplication
by z (the identity function S* — C), and B is the operator sending z" to
cn 2", where the c,’s are non-zero and bounded and Y .7 (¢n — ¢n—1)
converges absolutely. (In this example A~! = A* and AB — BA = AT,
where T'= B — A~!BA is a diagonal operator with eigenvalues ¢, — cn41.)

Now by suitably closing the algebra of (non-commuting) polynomials
in A, A*, B, B*, and the elements of £L*(H), we get a Fréchet algebra 2
(sitting inside B(H)) that fits into a short exact sequence

(4.4.21) 0— L' (H) - %5 R=C>(X) -0,

where the “symbol map” s sends A and B to the functions induced on X
by the coordinate functions z; and zz on C2. The algebra 2 is what’s called
in [HeltonHowe] an almost-commuting algebra.

The problem now arises of computing the operator determinant

det(ABA™1B71),
where det is defined in Exercise 2.2.10. This is well defined since
s(ABA™'B71) = 5(A)s(B)s(A)"'s(B)"! =1,
and thus ABA™'B~! =1 mod £!.



4. Applications of K5 239

4.4.22. Proposition [LBrown2|. Suppose one is given an almost-com-
muting algebra 2 as in (4.4.21) and A and B are invertible operators in
2. (One doesn’t need to assume anything about the space X.) Then
det(ABA™'B~') only depends on the Steinberg symbol {s(A), s(B)} €
K5(R), and in fact is the image of this element under the composite

K>(R) 2, K (%, L'l(’H)) LN K1 (B(H), ﬁl(?‘l)) det Cx,

where O is the connecting map in the K-theory exact sequence of (4.4.21),
and det is the operator determinant.

Proof. We need to compute d({s(A), s(B)}) according to the recipe in
the proof of Theorem 4.3.1. By Corollary 4.2.16,

{8(4), s(B)} = h12(s(AB)) " h12(s(4))h12(s(B)).
This obviously lifts to
hlz(AB)_lhlz(A)hlz(B)

in St(2A), whose image in GL(2) is the matrix

(07 ) (6 2)(5 52)=( apainn)-
So

det ov, 0 B({s(A), s(B)}) = det ((1) ABA Bt )

=det(ABA™'B™1). O

4.4.23. Corollary ([HeltonHowe], [LBrownl]). If one is given an almost-
commuting algebra 2 as in (4.4.21) (but without having to assume anything
about the essential joint spectrum X ), and A and B are invertible operators
in?A, the determinant invariant det(ABA=*B~) only depends on f = s(A)
and on g = s(B) in C*(X), and so can be written d(f, g). It is defined for
any invertible functions f and g in C°°(X) which lift to invertible operators
in 9, and satisfies the following formal properties:

(1) d(1, 9)=d(g,1) =1,

(2) d(f1f2, 9) = d(f1, 9)d(f2, g),

(3) d(f, 9) =d(g, /)=, d(f, £f) =1,

(4) d(f, 1— f) =1 (assuming f and 1 — f are both invertible).

Proof. Everything except the relation d(f, f) = 1 follows immediately
from Proposition 4.4.22 and Theorem 4.2.17. Since det(AAA71A7Y) =
det1 =1, we also have d(f, f)=1. O
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4.4.24. Remarks. (1) Given an invertible function f € C*°(X), the
question of when there is an invertible operator A € 2 with s(A) = f de-
pends on another K-theoretic invariant of (4.4.21), the Brown-Douglas-
Fillmore index invariant v : K 1(X) — Z. In the simplest case
where X = S, this just depends on the winding number of f as a map
S1 — C* (see Exercise 4.4.30 below). Indeed, the “stable” obstruction
to lifting f to an invertible element of 2 is given by the boundary map
0: K{(C®(X)) — Ko(L'(H)) = Z of Theorem 2.5.4, and it is easy to see
that this map must be trivial on the connected component of the identity
in GL(C™(X)), since if s(A) = f, s(e?) = ¢ and e# is invertible. So using
Theorem 4.4.19 applied to the structure of K;(C*(X)), 8 factors through
K~1(X) and gives a map . We also know that if y(f) # 0, then there is
no invertible A with s(A) = f. The converse is true as well, since in this
case we can remove the stabilization in the proof of Theorem 2.5.4, using
the fact that a matrix of operators can be viewed as a single operator.

Thus Brown [LBrownl] observed that

d: (f, g) — detow, o ({f, g})

is a map satisfying all of the above relations except for d(f, f) = 1, which
is now replaced by d(f, f) = (=1)") (which seems more natural from the
point of view of K3). The determinant invariant is the restriction of d to
pairs (f, g) with 7(f) =~(¢g) =0.

(2) The original proof of Corollary 4.4.23 was operator-theoretic and
considerably more complicated, and also obscured the relationship between
the determinant invariant and K. This shows the power of K-theoretic
methods.

(3) Helton-Howe and Brown actually gave a formula for d in the case
where X = S!, which shows as a consequence that K(C°°(S!)) has
to be extremely complicated. (In other words, the kernel of the map
K3(C*(8')) — KU~%(S') = Z of Theorem 4.4.19 has to be quite large.)

The formula is
of 83
s oo (1 [ EE 82 ),

where f and § are smooth extensions of f and g from the circle to the
disk, and m is Lebesgue measure on the disk multiplied by the integer
—v(z), where z is the standard generator of K ~!(S!). This formula involves
derivatives, which suggests that K>(C(S!)) may be rather different from
Ko(C®(S1)).

Pseudo-isotopy. Finally, we briefly mention an application of K in
the topology of manifolds, which has been worked out by Hatcher, Wag-
oner, and Igusa. This will involve an obstruction group Why(G), which
is a certain quotient of K»(ZG), where G is the fundamental group of the
manifold in question.
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4.4.25. Definition. Let G be a group and let R = ZG be its integral
group ring. Let Wi be the subgroup of St(R) generated by all w;;(g),
9 € G, where w;;(g) is defined as in 4.2.12. The second Whitehead
group of G is by definition

Whs(G) = K2(R)/ (K2(R) N W) .

Note that if G is trivial, R = Z and Wg is the group generated by
the w;;(1)’s. Since by Exercise 4.3.20, K2(Z) = Z/2, with a generator
that by Example 4.2.19 can be written as w;2(1)4, K>(Z) C Wy and
Why({1}) = 1.

When G is of the form Z x H, then ZG = ZHt, t7!], and in analogy
with the Bass-Heller-Swan Theorem, Theorem 3.2.22, one can show that
K3(ZG) = K2(ZH)®K,(ZH)®(NK-terms). This gives a decomposition of
Wh3(G) as Why(H)®@Wh(H) & (N K-terms). If H is trivial, the N K-terms
vanish and one obtains Why(Z) = 1. However, this calculation shows that
Wh;(G) does not vanish in general, since Why(Z x Z/p) D Wh(Z/p) # 1
for p a prime > 5.

Why(G) shows up in topology basically in the following way. Suppose
M™ is a compact connected smooth manifold with n sufficiently large (some
of the theorems in this area work for n > 5, others only for n > 7), and for
simplicity suppose M is without boundary. It is often interesting to be able
to compute mo(Diff(M)), the group of components of the diffeomorphism
group of M, or in other words, the group of isotopy classes of diffeomor-
phisms. (By definition, two diffeomorphisms are said to be isotopic if they
lie in the same path-component of the diffeomorphism group. This group
is locally contractible, so in particular, the path-components are the same
as the components.) For instance, as we saw in the discussion following
Corollary 2.4.5, mo(Diff(S™"~1)) parameterizes the set of smooth structures
on S™, since every homotopy n-sphere is obtained by gluing two standard
n-balls by means of a diffeomorphism of §”~1.

However, it is difficult to tell in practice when two diffeomorphisms hg
and h; are isotopic to each other. It is often easier to tell when they are
pseudo-isotopic, meaning that there is a diffeomorphism of the cylin-
der M x [0, 1] restricting to ho on M x {0} and to h; on M x {1}. Of
course, if there is an isotopy h; from hg to hy, then h(m, t) = (he(m), t)
defines a pseudo-isotopy, but a pseudo-isotopy comes from an isotopy only
if it is “level-preserving,” i.e., sends M x {t} to itself for all ¢ € [0, 1].
Understanding the difference between isotopy and pseudo-isotopy depends
on being able to compute 7o(P(M)), where P(M) is the pseudo-isotopy
space of M, that is, the group of diffeomorphisms h of M x [0, 1] restricting
to the identity on M x {0}. A famous theorem of Cerf [Cerf] showed that
if M is simply connected, then P(M) is path-connected. Since P(M) acts
continuously on Diff(M) by h-g = h1g and the orbit of the identity consists
of all diffeomorphisms pseudo-isotopic to the identity, this shows that this
set is path-connected, i.e., that any two pseudo-isotopic diffeomorphisms
are isotopic to each other in the simply connected case.



242 4. Milnor’s Ko

The problem arises as to what happens when M has a non-trivial fun-
damental group, say m. The answer is related to algebraic K-theory, as
shown by the following result of Hatcher and Wagoner:

4.4.26. Theorem [HatWag|. If M™, n > 5, is a smooth compact con-
nected manifold without boundary and with fundamental group m, then
there is a surjection of mo(P(M)) onto Wha (7).

Remark. In some cases, [HatWag| also computed the kernel of the map
mo( P(M)) —» Why(n) and identified it with a Wh; obstruction. However,
one has to read the literature with caution since there was a mistake in the
original results that was later corrected in {Igusa).

Since the proof of Theorem 4.4.26 is extremely complicated, we content
ourselves here with only a brief hint of some of the ideas involved, in order
to see the connection between P(M) and K. The starting point of the
proof is an observation of Cerf that P(M) is homotopy-equivalent to the
space E(M) of functions f : M x [0, 1] — [0, 1] which are smooth, have
no critical points, and satisfy f(z, 0) = 0 and f(z, 1) =1 for all z € M.
The homotopy equivalence is simply the map that sends h € P(M) to
f : (z, t) — pa o h(z, t), where py : M x [0, 1] — [0, 1] is projection onto
the second coordinate. A homotopy inverse E(M) — P(M) to this map is
constructed by fixing a Riemannian metric on M and sending f € E(M) to
the pseudo-isotopy constructed from its gradient flow. So given h € P(M),
its obstruction in Why(7) will be constructed using a path f; of smooth
functions M x [0, 1] — [0, 1] with fo = p; and fi = fo o h. If this path can
be deformed to one with no critical points, then A must lie in the identity
component of P(M). One starts by using the usual ideas of differential
topology to deform f to a “generic” function with non-degenerate isolated
critical points, and then analyzes what happens as one goes from one critical
point to the next (so far this is like the start of the proof of the h-cobordism
theorem). In the simplest case where are the critical points are either of
index i or index i+ 1, one gets for each t a realization of M x [0, 1] as being
obtained from M X [0, 1] by attaching i-handles and (i + 1)-handles. Since
M x [0, 1] is topologically a product, these handles have to cancel as far as
their effect on (m-equivariant) homology of the universal cover is concerned,
so one gets an intersection matrix A(¢) in GL(Zn) measuring how the i-
handles (coming from critical points of index ¢) are cancelled by the (i +1)-
handles. For ¢ close to 0, A(t) is the identity matrix; near t = 1 it is a
product of a permutation matrix and a diagonal matrix with entries of the
form +g, g € 7; and in between it changes finitely many times by certain
elementary matrices ejx(+g). So if one takes the Steinberg generators
zk(*g) corresponding to the e;x(+g), one finds that their product gives
rise to an element of St(Zn) which lifts A(1). Using Lemma 4.2.15, one can
find another lift of A(1) as a product of the w;x(£g)’s, and so as an element
of W,. Dividing, one gets an element of Ky(Zn) which is well defined
modulo Wy, i.e., an element of Why (7). One can show that this element
doesn’t change under smooth deformation, so it gives an obstruction to
being able to deform f to a function without critical points.
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4.4.27. Exercise (Practice with the homological definition of the
Brauer group). Use Theorem 4.4.14 to show that Br(R) is cyclic of order
2, with generator [H], and that the Brauer group of a finite field is trivial.
(Hint: any finite extension of a finite field F, is Galois and cyclic, with
Galois group generated by the Frobenius automorphism « ~— z?. Similarly,
the only finite extension of R is C, with cyclic Galois group generated by
complex conjugation. For a cyclic group, the Galois cohomology is easy to
compute as in the proof of Theorem 4.4.6.)

4.4.28. Exercise (The “quaternion algebra symbol”). Let F be a
field and let Quat(F) be the subgroup of Br(F') generated by the quaternion
algebras Ar(a, b). Since, as remarked in Definition 4.4.13, [AFr(a, b)] has
order 2 whenever the Hilbert symbol (a, b)r is non-trivial, Quat(F) is an
abelian group of exponent 2, and thus a direct sum of cyclic groups of
order 2. Show directly that {a, b} — [AFp(a, b)] gives a homomorphism
K3(F) — Quat(F). Then show that this map coincides with the norm
residue symbol of Theorem 4.4.18 in the case n = 2, 6= —1.

4.4.29. Exercise. Generalize the result of Exercise 4.4.28 by showing that
the norm residue symbol of Theorem 4.4.18 coincides with the map sending
{a, b} to the class in the Brauer group of the central simple F-algebra of
dimension n? with generators z and y satisfying the relations z" = aq,
y" =b, and zy = yz. Hint: let F = F(b=) and rewrite this central simple
F-algebra as the algebra determined by a class in H2(Gal(F/F), F*).

4.4.30. Exercise (The “Toeplitz algebra”). This exercise will con-
struct an explicit almost-commuting algebra of the form (4.4.21) with
X = S for which one can compute the determinant invariant of Corol-
lary 4.4.23.

(1) Let L?(S') denote the (complex) L2-space of the unit circle S!
in C, with respect to normalized Lebesgue measure %d& If 2 :
S — S is the identity map, then L2(S') has {z" : n € Z} as
an orthonormal basis. Let H = H2, the “Hardy space,” be the
Hilbert subspace of L?(S") with orthonormal basis {z" : n > 0},
and let p be orthogonal projection L2(S*) — M. Let f € C*°(S?),
and define the Toeplitz operator 7} on H by T¢(g9) = p(fg) for
g € H, where fg is the ordinary pointwise product. Note that if
f is “analytic,” i.e., has no non-zero negative Fourier coefficients,
then Ty is simply multiplication by f. Show that T} = Ty, where
f is the complex conjugate of f, and that the commutator of Ty
and Ty, for f, g € C*(S'), is a trace-class operator. (You will
need the fact that the Fourier coefficients c,, of a C* function are
“rapidly decreasing,” i.e., that for any positive integer , cnlnlf —
0 as n — +00.) Deduce that the algebra 2 generated by the Ty,
f € C>(81), together with all trace-class operators on H, is an
almost-commuting algebra with symbol map s : Te— f.
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(2) Show that for this example, the index invariant v of Remark 4.4.24
(1) is (with a suijtable choice of orientations) given by

v(f) = —(winding number of f) = __1 df (2)

2mi Jgr f(z)’

=0).

d: (f, g) — deto, 0 8({f, g})

as in Remark 4.4.24(1). Show by explicit computation that d(z, z)
= —1. Then using the fact that C> (S, C*)/ ker v is infinite cyclic
with z as generator, deduce the relation d(f, f) = (-1)7(f).

(4) When f, g : S* — C and 7(f) = 7(g) = 0, then f and g have
continuous logarithms log(f) and log(g). Show [HeltonHowe] using
the Campbell-Baker-Hausdorff formula (cf. Exercise 2.2.10) that,
in this case,

det(TngTf_ng_l) = exp (’I‘r (Tlog(f)Tlos(g) - Tlog(g)Tlog(f))) :

Show that if the Fourier coefficients of log(f) and of log(g) are
a; and b;, respectively, that this gives exp Z;_’;_m ja_jbj). In

particular, the determinant invariant is highly non-trivial on the
kernel of the map K,(C>®(S')) —» KU %(S') = Z.

4.4.31. Exercise (K, of Laurent polynomial rings and Wh;).
Show that if R is a ring, then K (R) is a direct summand in Ka(R[t, t']).
Here is a suggestion of how to proceed. First suppose one has a class in
K, (R) represented by some matrix a € GL(n, R). Using Morita invariance
of K, (Exercise 4.2.23), one can replace R by M,(R) and suppose a € R*.
Let S be the subring of R[t, t~!] generated by 1, a, a™', t, and t~'. Then
S is commutative and a,t € §%, so the Steinberg symbol {a, t} is well
defined in K(S). Map the class of a in K;(R) to the image in K2(R) of
{a, t}, and show that this gives a well-defined homomorphism from K;(R)
to Ko(R[t, t71)).

To get a homomorphism in the other direction, note that R[¢t, t~1] =
R[s, t]/(st — 1), and use the boundary map in Theorem 4.3.1:

Ka(R]t, t71]) — Ki(R]s, t], (st — 1))

composed on one side with the map K;(R][s, t], (st —1)) — K1(R) induced
by mapping R[s, t] to R and on the other side with the map K3(R) —
K3 (R]t, t~1]) induced by a suitable inclusion of R into R[t, t~1].

Use the identification of K;(R) as a direct summand in K2(R[t, t71]) to
get an identification of Wh(r) as a direct summand of Why(Z x 7). Deduce
from Theorem 4.4.26 that for high-dimensional connected closed manifolds
M with 7, (M) & Z x Z/p, P(M) is not path-connected.
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The +-Construction
and Quillen K-Theory

1. An introduction to classifying spaces

When the subject of algebraic K- -theory first grew up, considerable effort
went into the search for definitions of “higher K-functors” K;, i > 2, that
would fit nicely into exact sequences such as that of Theorem 4.3.1. This
effort led to Milnor’s definition of K3, given in the last chapter, and to
the study of its properties. However, for a while there seemed to be no
good way to define the expected functors K;, i > 3. (With hindsight,
we now know that one could have given a straightforward definition of
K3(R) as H3(St(R), Z), for reasons which will be apparent in Theorem
5.2.7 and Corollary 5.2.8, but it’s hard to see how one could have arrived
at this without giving at the same time a reasonable definition of K; for
all ¢ > 3.) This situation changed dramatically with the work of Daniel
Quillen in the early 1970s, for which he was awarded the Fields Medal
(the highest international honor in mathematics) in 1978. Quillen had
the idea that one should try to construct the higher K-functors not one
at a time but all at once, as the homotopy groups of a topological space
(or, from a more sophisticated point of view, as the homotopy groups of a
“generalized space” or “spectrum”). Thus one should have spaces K(R) for
any ring R and K(R, I) for any ring R together with a two-sided ideal I ,
well defined up to homotopy equivalence, so that one could define K. (R) =
mi(K(R)) and K;(R, I) = m(K(R, I)). Of course, these would be required
to coincide with the classical definitions when i = 0 or 1, and R ~ K(R),
(R, I) ~ K(R, I) should be functors into the homotopy category of spaces
(in which the morphisms are homotopy classes of continuous maps). The
desired long exact sequence

© = Kipi (R, 1) 2 Ki(R, I) — Ki(R) — K(R/T) 5 K,_y(R, I) — -

should then arise as the long exact homotopy sequence of a fibration (this
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will be explained below in Theorem 5.1.24)
K(R, I) - K(R) —» K(R/I).

Quillen managed to carry out this program, in fact giving two very
different constructions of the functor R ~» K(R), which he called the +-
construction and the Q-construction. Since Quillen did his original
work, the +-construction has remained basically unchanged, though there
are now a whole slew of alternate versions of the Q-construction, sometimes
called “infinite loop machines” (see [Adams]). Each of these constructions
has its own advantages and disadvantages, and much of the power of K-
theory comes from the rather hard theorem that they all give naturally
equivalent functors. The one feature of all the constructions, however, is
that they depend on the notion of a classifying space. Our objective
in the first section of this chapter is to explain the notion of a classifying
space and some of the algebraic topology needed to understand the general
framework of Quillen’s program. The rest of the chapter will focus on the
details of the simplest of Quillen’s constructions, the +-construction. The
student who really wants to thoroughly learn about higher K-theory also
needs to learn about the Q-construction, the proof that the +-construction
and the Q-construction are equivalent, and the “resolution theorem,” “de-
vissage theorem,” and “localization theorem” (these are the analogues for
higher K-theory of the main results of Chapter 3), but these are difficult
results and are well treated in §§2-7 of [Srinivas|, so we will not do more
than to give a very quick sketch of them in §3 below.

From the facts that K;j(R) = GL(R)an = Hi1(GL(R),Z) and that
K>(R) = Hy([GL(R), GL(R)], Z), it should already be apparent that for
any reasonable definition of a space K(R) that would give rise to the K-
groups K;(R), the homology of K(R) (as a topological space) should some-
how be related to the homology of GL(R) (as a group). In fact, we will see
that for any group G, one can construct a space BG, called the classifying
space of the group G, whose homology as a space is identical to the homol-
ogy of G as a group. The idea of the +-construction is then to construct
K(R) as a suitable modification of the classifying space BGL(R). A con-
sequence will be that for all ¢ > 1, there is a natural transformation, the
Hurewicz map, from K;(R) to H;(GL(R), Z), which is an isomorphism
for i = 1 and is the first main tool for calculating K;(R) for i > 2.

Since we don’t assume that the reader has had a course in homotopy
theory, and since such courses don’t always go into the theory of classifying
spaces, we begin with some preliminaries on the theory of fibrations and
CW-complexes. A reader with a strong background in topology can skip
ahead at this point to the statement of Theorem 5.1.15 and Definition
5.1.16, and can then go on to the next section of the chapter. The next few
results were known in various forms by work of Hurewicz and Steenrod,
but in the generality stated here were proved by Dold in the very elegant
paper [Dold].

5.1.1. Definition. If E and B are topological spaces and p: E — B is
a continuous map (in applications, always also open and surjective), then
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a continuous map s : B — F with po s = idg is called a section of p. If
A C B, a halo around A (Dold’s terminology) is a set V with AC V C B
such that there is a continuous function f : B — [0, 1] with f = 1 on A4,
J = 0 on the complement of V. For instance, B itself is a halo around
O (take f = 0), and if A; and A, are disjoint and closed in B, and B
is normal, in particular if B is compact Hausdorff, A; has a halo which
doesn’t meet Ay (Urysohn’s Lemma). We also write py : E4 — A for
Plp-1(4) : P71 (A) - A. We say p : E — B has the section extension
property if whenever A C B and s : A — Ej, is a section of p4 which
extends to a section s’ of py for some halo V around A, then s (though
not necessarily s’) extends to a section § of p. Sometimes in this context s
is called a local section of p and 3 is called a global section.

If E = B x F for some space F and if p is projection onto the first
factor, then sections of p are of the form y — (y, f(y)) for continuous
maps f : B — F. Thus the section extension property in this case is
equivalent to a Tietze-like extension property for maps into F.

5.1.2. Lemma. If E = B x F for some contractible space F and if p :
E — B is projection onto the first factor, then p has the section extension

property.

Proof. Let h: F x [0, 1] — F be a contraction, that is, a map such that
there is a point z9 € F with h(z, 1) = z, h(z, 0) = z; for all z. Let A C B,
let V be a halo around A, and let f : B — [0, 1] with f=1o0n A4, f=0
on the complement of V. If s is a section of p4 which extends to a section
s" of pv, let g and g’ be the corresponding maps into F and define a global
extension § of g by

~( )_ Zo, y¢V,
T\ e W), fw), veV.

5.1.3. Lemma. If p : E — B is a continuous map with the section
extension property and f : B — [0, 1] is continuous, then py has the
section extension property, where W is the open set f~1((0, 1]).

Proof [Dold]. Suppose g : W — [0, 1] is continuous and s is a section
of p over the open subset g='((0, 1]) of W (which is of course also open in
B). We need to find a section 3 of py which agrees with s on A = g=1(1).
Inductively we construct sections s,, n = 2, 3, ..., of pso that s, converges
on W to 3. This will be done by guaranteeing at each step that Sp+1 = Sp
on f=Y((%, 1]) (this ensures that the sequence s,(z) is eventually constant
for z € W) and that s, = s on f~'((;37, 1)) Ng~((2=2, 1]) (this ensures
that the sequence s,(z) eventually agrees with s(z) for z € W N g=1(1)).
To start the induction, we need a section s, agreeing with s where f> %
and g > % The pointwise product fg is continuous on all of B (if we
define it to be 0 on the complement of W), and s extends from the set
where f > % and g > % to the halo in B where fg > 0, so s has a global

extension s; by the section extension property for p. For the inductive
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step, assume we’ve constructed s,, ..., s, with the correct properties. We
need to construct s, agreeing with s, on f~((, 1]) and with s on
F (s> MNg™ (325, 1]). Choose a continuous and decreasing function
(it can be piecewise linear) k, : [0, 1] — [35, £] with kn(2) = L ift < 21
kn(t) = 4z if t > 725, Let A, = {z € W : f(z) > kn(g(z))} and let

={z e W: f(z) > ;37kn(g9(z))}. Now s, and s agree on the set where
both f > n-ll—l and g > "nl, so we can define a section of p over A, by
using s, where f > == and by using s where g > 2==. (One or the other
of these inequalities holds everywhere on A,.) It w1ll be enough to extend
to a halo and then use the section extension property for p. Now if

(n+1)f(x) — nkn(g(z))
kn(g())

for x € V, N\ Ap, ho(x) =0 for z ¢ V,, and h,(z) = 1 for z € A,, then
h,, is continuous on all of B. Thus V,, is a halo for A,, and we can do the
inductive step using the section extension property. [

ha(z) =

5.1.4. Theorem [Dold|. Let B be a paracompact Hausdorff space, let E
and F be Hausdorff spaces, and suppose p : E — B is an open continuous
surjective map with the property that each x € B has a neighborhood
U, such that there is a homeomorphism ¢, : p~(U,) — U, x F with
Plp-1(w,) = P1© @z (Here p; denotes projection onto the first factor.)
Assume F is contractible. Then the map p is a homotopy equivalence. In
fact, one can choose a section s of p such that there is a homotopy from
idg to s o p which is “vertical,” that is, commutes with p.

Proof. The key to the proof is to construct a global section of p. For
this purpose it is enough to show that p has the section extension property
(then take A = 0). Since B is paracompact, the given covering {Uy}:eB
of B can be refined to a covering {V,}aca so that there is a partition of
unity f, subordinate to {V,}. (This means that each f, is a continuous
function B — [0, 1], that supp(fa) € Va, and that }°_ fo = 1.) Then
by Lemma 5.1.2, each py, has the section extension property. Next, by
Lemma 5.1.3, we can replace each V, by f7*((0, 1]), and each py, will still
have the section extension property. Let A C B, and suppose A = g~1(1),
where g : B — [0, 1] is continuous. Suppose s is a section of py, where
V = g71((0, 1]). We have to show that s|4 has an extension to a global
section of p. Let F be the set of pairs (T, st), where T is a subset of
the index set A and sy is a section of py_y, extending s|4. Here Vr is
shorthand for |J,c7 Va. Order F by

(T, st) < (T', s7v) & T C T' and sp+ extends sp.
Then F is non-empty, since it contains (#), s), and every chain in F clearly

has an upper bound, so by Zorn’s Lemma, F has a maximal element
(S, ss). We claim V U Vg = B. If not, choose 8 with Vj not contained in
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V UVs. Define h: V3 — [0, 1] by

— min g(z) + Eaes fa()
ha) = min (1 o).

Then h > 0 on (VUVs)NVp, where s is defined. So by the section extension
property for Vj, there is a section s’ of pv, extending the restriction of sg
to (1), a set containing AN V3. Now define a section s” of p over
V U Vs UVp by letting s(z) = ss(z) off Vs and on the part of V3 where
h(z) = 1, and letting s(z) = s'(z) on the part of V3 where h(z) < 1. Then
(Su{B}, s”) € F, contradicting maximality of (S, sg). Hence sg is a
global section extending s|4 and B has the section extension property. In
particular, p has a global section s.

"To complete the proof, we will show there is a vertical homotopy from
tdg to sop. Since po s = idp, this will show in particular that p is a
homotopy equivalence. Note that the argument we just gave also shows
that py : Exgp E x [0, 1] = E x [0, 1], where Exg E = {(z,y) e EX E :
p(z) = p(y)} and p, is the projection p;(z, y, t) = (, t), has the section
extension property. (E is not necessarily paracompact, but the covering
of B used above pulls back to a covering of E x [0, 1] with a partition of
unity.) Let

A=Ex{0,1}CV=Ex([0,;)U(31])CEx],1].

Then V is a halo around A and

B (z, z, t), t<%,
f(x’t)‘{(z,sop(m),t), t> 8

is a section of (p;)y. By the section extension property, the restriction of
this section to A has a global extension. Composing with projection on the
second copy of E, we get the desired vertical homotopy. [

Our reason for going through the proof of Theorem 5.1.4 will be to prove
the next result.

5.1.5. Theorem. Let G be any group. Suppose X; and X, are con-
tractible Hausdorff G-spaces, that is, contractible Hausdorff topological
spaces equipped with a actions of G by homeomorphisms, such that G acts
freely and properly discontinuously on X; (i.e., such that for all z € X;,
there exists a neighborhood U, of x such that g-U,NU, # 0 only for g = 1),
and such that the quotient spaces X; /G are paracompact, j = 1, 2. (Recall
that any of the following is automatically paracompact: any compact Haus-
dorff space, any second-countable locally compact Hausdorff space, or any
CW-complex.) Then the quotient spaces X1/G and X»/G are homotopy-
equivalent.

Proof. If X is Hausdorff and G acts freely and properly discontinuously
on X, then the quotient map ¢ : X — X/G is easily seen to be a local
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homeomorphism and a covering map with G as group of covering transfor-
mations. (If U, is a neighborhood as in the statement of the theorem, then
q : Uy — q(U;) is a homeomorphism and ¢(U) is evenly covered, with
g Y (q(U,)) = yeq 9 Us-) In particular, X/G is Hausdorff. Incidentally,
if X is also a nice enough space, say locally contractible, X/G is locally
contractible with X as a simply connected, and thus universal, covering
space, and with G as its fundamental group.

Now suppose one has two G-spaces X; and X5 as in the theorem, for
which the quotient spaces are paracompact. Let ¢; : X; — X;/G and
g2 : X2 — X3/G be the quotient maps. Let X = X; x X5, equipped with
the product topology and the diagonal action g - (z1, 2) = (9 =1, g - T2).
Then X is again Hausdorff and contractible, and the action of G on X
is also free and properly discontinuous. It will be enough to show that
the projection map p; : X — X; induces a homotopy equivalence p;, :
X/G — X1/G. (Then by symmetry, p» induces a homotopy equivalence
X/G — X3/G, and X;/G and X3/G are each homotopy-equivalent to
X /G, hence homotopy-equivalent to each other.) Since p; commutes with
the G-actions on X and X, it induces a map p1, : X/G — X;/G. This
map satisfies the hypotheses of Theorem 5.1.4, with F = X5, since X is
contractible, X; /G is paracompact, and X/G is locally a product. Hence
D1, is a homotopy equivalence by Theorem 5.1.4. O

Our next objective will be to prove existence of spaces X as in Theorem
5.1.5, but from this point on in the chapter, we will need to use some basic
algebraic topology of CW-complexes. While we won’t give a course on the
subject here, we will at least for the reader’s convenience summarize some
of the main theorems and give references and some sketches of proofs.

5.1.6. Definition. Let (X, A) be a pair of topological spaces, so that
X is a topological space and A C X. Fix a point zg in A, called the
basepoint. The nth (relative) homotopy group (or set) of (X, A),
denoted 7,(X, A, zg) or m,(X, A) if the basepoint is understood or irrel-
evant, is the set of homotopy classes of maps B®™ — X with restriction
mapping 8B™ = S"~1 to A and some fixed basepoint in $*~! to zy. When
A = {zo}, this is the same thing as 7,(X) = m,(X, o), the set of homo-
topy classes of maps of S™ = B"/S™~! to X which send the basepoint of
S™ to the basepoint zg of X. When the basepoint of X is understood or
irrelevant, the notation m,(X) is usually used. For n > 1, m,(X, z¢) is
a group, and for n > 2 it is an abelian group, where the group structure
comes from thinking of B™ as the n-cube and “stacking” two copies of B"
on top of one another, then mapping the larger cube which is the union
of the original cubes to X by mapping each half separately. Similarly, the
relative groups m,(X, A) are groups if n > 2 and abelian groups if n > 3.
There is an exact sequence, called the long exact homotopy sequence
of the pair (X, A), of the form

c = T (X, A) D (A) 25 1 (X) = (X, A) D a1 (4) > -



1. An introduction to classifying spaces 251

where ¢, is induced by the inclusion, & comes from restricting a map
(B™, §™1) - (X, A) to S"!, and the map 7,(X) — m,(X, A) comes
from thinking of 7,(X) as 7, (X, {zo}) and taking the map induced by the
inclusion of {zo} into A. For further details, see [Spanier, Ch. 7, §2] or
[Whitehead, Ch. IV, §§1-3].

If X is path-connected, then 7, (X, o) & m,(X, z,) for any two base-
points zop and x,. However, one gets an isomorphism

Tn(X, To) — (X, 1)

for each homotopy class of paths from zo to z,, and the isomorphisms
obtained this way may differ, so if X is not simply connected, the isomor-
phism is not canonical in general. In this way the group 7 (X, zo) operates
on 7y (X, z¢) for all n. A space is said to be simple if this action is trivial
(for any choice of basepoint).

A space X is called O-connected if it is path-connected, 1-connected
if it is path-connected and simply connected (i.e., path-connected and
m1(X, 29) = 0 for any choice of basepoint), n-connected if it is path-
connected and 7;(X) = 0 for all j < n, or equivalently, if every map S/ —
X, j < n, is homotopic to a constant map. Similarly, a pair (X, A) is called
relatively n-connected if every map (B?, §9-1) — (X, A), j <n, is ho-
motopic relative to S7~! to a map into A. This is equivalent to assuming
A meets every path-component of X and that 7;(X, A, zo) = 0 for every
J < n and for every choice of basepoint. (Again, see [Spanier, Ch. 7, §2].)

5.1.7. Definition. A pair of spaces (X, A) is called a relative CW-
complex if A is closed in X and there is a filtration of (X, A) by closed
subspace pairs (X*, A), called skeleta, where X° is obtained from A by
adding O-cells (i.e., taking the disjoint union with a discrete space), X* is
obtained from X*~! by attaching k-cells, the skeleta exhaust X , and X has
the weak topology determined by the skeleta. If A is empty, we just say X
is a CW-complex; this means X is discrete, X' is obtained from X° by
attaching 1-cells, etc., and a set in X is closed if and only if its intersection
with each closed cell is closed.

There is an obvious notion of CW-subcomplex, which is required to be
closed in the original complex. The skeleta (X*, A) are (relative) CW-
subcomplexes of (X, A). (X, A) is said to have dimension n if it has at
least one n-cell but X* = X for k > n; it is said to be finite if there are
only finitely many cells or countable if there are only countably many
cells. A map (X, A) — (Y, B) between relative CW-complexes is called
cellular if it sends X* to Y'* for each k.

Now we summarize the main homotopy-theoretic facts about CW-com-
plexes.

5.1.8. Theorem (“Homotopy Extension Theorem”). If (X, A) is a
relative CW-complex, then the inclusion of A into X is a cofibration, i.e.,
given a homotopy h: A x [0, 1] - Y, where Y is any space, and given any
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extension Hy of hg to a (continuous) map X — Y, there is an extension
H: X x[0,1] =Y of h which coincides with Hy on X x {0}.

Sketch of proof. This is proved (as is almost any theorem about CW-
complexes) by induction over the skeleta. The key step is to handle the case
where X is obtained from A by attaching an n-cell, i.e., X = AU ¢ B™, where
f: 8™ 1 — A. Then the theorem reduces to being able to define a map
H :B" x [0, 1] =Y when H is prescribed on (B™ x {0}) U (S™! x [0, 1]).
One visualizes B™ x [0, 1] as a cylinder, and H is already prescribed on
the side and base of this cylinder. So we define H by first retracting the
cylinder to the side and base and then using the already-defined map there.
The retraction may be defined by projecting down from some point above
(see Figure 5.1.9(a)). 0O

[0.1]

v B“
5.1.9. Figure:

(a) A retraction to the base (b) Attaching a single
and sides of a cylinder m~cell to A
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5.1.10. Theorem. If (X, A) is a relative CW-complex with cells only of
dimension > n (where n > 1), then (X, A) is (n — 1)-connected.

Sketch of proof. Again, this is basically reduced by induction to the
case where X = A Uy B™ for some m > n, where f : S™1 — A is
an attaching map. Then A has a neighborhood V in X which has a de-
formation retraction down to A, and so that X \ V is homeomorphic to
B™ (see Figure 5.1.9(b)). Suppose k& < n — 1 and one is given a map
g : (B*, 8¥1) — (X, A). One can prove using the Simplicial Approxi-
mation Theorem that (B™, S™1) is (m — 1)-connected. Then using this
fact one can compress f (rel S¥~1) into V.. Finally, compress f down to A
using the deformation retraction from V to 4. O

5.1.11. Corollary. If (X, A) is a relative CW-complex, then the map
T (X*, A) - m,(X, A) is surjective for k = n and an isomorphism for
k > n. (Here we suppose n > 2 unless A is a single point, so that the
homotopy sets are groups.)

Proof. Since X is obtained from X* by attaching cells of dimension
>k+1, (X, X*) is k-connected by the theorem, and thus (for any choice
of basepoint in A), m,(X, X*¥) = 0 for n < k. Splicing the long exact
homotopy sequences of the pairs (X, A), (X, X*), and (X*, A) gives the
long exact sequence of the triple (X, X%, A):

Tne1(X, X*) S mo(X*, A) > m0(X, A) — ma(X, X*),

from which the result follows. O

5.1.12. Theorem (“Cellular Approximation Theorem”). Any map
(X, A) — (Y, B) between relative CW-complexes is homotopic (rel A) to
a cellular map, and existence of a homotopy between two cellular maps
between relative CW-complexes implies existence of a cellular homotopy
between them.

Sketch of proof. Again this is done by induction on skeleta, using the
Homotopy Extension Theorem (Theorem 5.1.8) and Theorem 5.1.10. For
details, see [Whitehead, Ch. II, Theorem 4.6] or [Spanier, Ch. 7, §6]. O

5.1.13. Theorem (“Whitehead’s Theorem”). A CW-complex X is
contractible if and only if it is connected and 7,(X, z9) = 0 for all n (for
some choice of a basepoint xg). A relative CW-complex (X, A) is rela-
tively contractible if and only if A meets every path component of X and
(X, A, To) = 0 for any choice of a basepoint and for any n. A map f :
X —'Y between connected CW-complexes X and Y is a homotopy equiv-
alence if and only if it induces an isomorphism m,(X, o) —» (Y, f(zo))
for some (hence for all) x¢ € X.

Sketch of proof. First we give the idea of the contractibility result in
the absolute case. Suppose X is a connected CW-complex and we choose
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the basepoint g in the 0-skeleton. Assume 7,(X, o) = 0 for all n. First
contract the 0-skeleton to zy, which is possible since X is path-connected.
One can extend the homotopy to all of X using the Homotopy Extension
Theorem (Theorem 5.1.8). Then contract the 1-skeleton down to the 0-
skeleton, using the fact that X is simply connected, and again extend
the homotopy to all of X. Doing the homotopies in sequence, one has a
homotopy from idx to a map sending the 1-skeleton to zo. Continue this
process one skeleton at a time, and pass to the limit. The limiting map
is continuous by definition of the weak topology, and gives a contraction
of X. The relative case is quite similar but just technically a little more
complicated.

Next consider the case of a map f : X — Y between connected CW-
complexes X and Y. Let Zy = (X x [0, 1]) U Y be its mapping cylinder.
Then f is a homotopy equivalence if and only if the inclusion of X into Z ¥
(as X x{0}) is a homotopy equivalence. Fix a basepoint zg in the 0-skeleton

of X. If f is a homotopy equivalence, then certainly f, : m,(X, 2¢) =
mn(Y, f(z0)) is an isomorphism for all n. Conversely, if this condition is
satisfied, first homotope f to a cellular map f’ using Theorem 5.1.12; then
f. is also an isomorphism for all n. This is equivalent to saying that the pair
(Z:, X) is n-connected for all n. But the pair can be given a relative CW-
structure so f’ is a homotopy equivalence by the first part of the theorem.
Then f is a homotopy equivalence since it is in the same homotopy class
as f’.

For more details, see [Spanier, Ch. 7, §6] or [Whitehead, Chs. II, IV, and
V]. O

To do any sort of calculations of homotopy groups, one needs to have a
few basic cases with which to get started, and then one can try to apply
exact sequences or other homological machinery. The key to this is to relate
homotopy groups to homology groups, which are much easier to calculate.
Recall that if (X, A) is a relative CW-complex, the singular homology
groups He(X, A; R) coincide with the cellular homology groups, which
are the homology groups of a chain complex C, (X, A; R) with Cx(X, A; R)
the free R-module on the relative k-cells of (X, A), and with boundary
maps determined by the attaching data of the cells. The link between
homotopy and homology is then given by the following.

5.1.14. Theorem (The “Hurewicz Theorem”). Let (X, A) be a
pair of spaces with basepoint ©y € A. There are natural transforma-
tions (each usually called the “Hurewicz map”) me(X, A) — Ho(X, A; Z),
me(X) — Ho(X; Z), defined by sending the homotopy class of a map
f:(B" 8" 1) — (X, A) to f,([B", S*~1]), where [B™, S™~1] is the stan-
dard generator of the infinite cyclic group H,(B"™, S™1; Z), or by sending
the homotopy class of a map f : S® — X to f.([S"]), where [S"] is the
standard generator of the infinite cyclic group H, (S™; Z). The Hurewicz
map factors through Hy(m(X), me(X)) (group homology here!) in the
absolute case, or through Hy(m;(A), me(X, A)) in the relative case.

If X is n-connected, n > 0, then H;(X;Z) = 0 for j < n, and the
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Hurewicz map induces an isomorphism from m1(X, zo)ap to Hy(X; Z) (if
n = 0) or from mny1(X, o) to Hny1(X; Z) (if n > 0). Conversely, if X

is 1-connected and H;j(X;Z) = 0 for j < n, n > 1, then X is in fact
n-connected.

Similarly, if X and A are path-connected and (X, A) is n-connected,
n > 1, then H;(X, A; Z) = 0 for j < n, and the Hurewicz map induces an
isomorphism from Hy(m1(A, zo), Tny1(X, A)) to Hyoy1(X, A; Z).

Sketch of proof. It is clear that the Hurewicz map is well defined and
natural, and also easy to see that it takes the same value on [f] and on
[v] - [f], where [7] is the class of some loop in 71 (X, zo) (absolute case) or
m1(A, zo) (relative case). Thus the Hurewicz map kills everything of the
form [f] — [v] - [f], which means it factors through Hp(m1(X), me(X)) or
HO("rl(A)7 7T.(X, A))

The hard parts are therefore the isomorphism theorems. The complete
proof is quite tricky and requires proving the absolute and relative theo-
rems simultaneously by induction on n. (See [Spanier, Ch. 7, §§4-5] or
[Whitehead, Ch. IV, §86-7].) However, we can at least give a hint of how
to proceed. The fact that 71 (X, z¢)ap — H1(X; Z) is an isomorphism for
path-connected spaces is relatively elementary and can be done directly
from the definition of singular homology. This is used to start the induc-
tion. Then one possible strategy is to use the fact that taking the loop
space of a (pointed) space shifts all the homotopy groups down by 1, so
that X is n-connected if and only if QX is (n — 1)-connected. Thus if X
is n-connected, n > 1, IL(QX ;Z) = 0 for j < n—1 and the Hurewicz
map Tp41(X) = 7,(QX) - H,(QX; Z) is an isomorphism. Thus if one
can relate the homology of X to that of QX (which can be done using the
so-called Serre spectral sequence), one can hope to show that the Hurewicz
map Tp41(X) — Hpy1(X; Z) is an isomorphism.

Let us sketch another sort of proof for the absolute case when X is
a CW-complex. Suppose X is an n-connected CW-complex with n >
1, and choose a basepoint zo in the O-skeleton X° of X. By the proof
given above of Theorem 5.1.13, there is a homotopy from idx to a map
which collapses the n-skeleton X™ to zo. Thus X is homotopy-equivalent
to the complex X’ = X/X™ with one-point n-skeleton and thus with no
(reduced) cellular j chains for j < n, and H;(X; Z) = H;(X'; Z) vanishes
for j < n. Furthermore, the (n + 1)-skeleton X'"*! of X' is a wedge
of S"*1’s. Suppose we know the absolute Hurewicz Theorem for such a
space (surjectivity is obvious, and injectivity can be proved by a direct
geometrical argument, as in [Whitehead, Ch. I, §3]). Now consider the
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commutative diagram

7l'n+2(Xm+2, Xm-H) Hn+2(Xln+2, X'n+1; Z)

d |

7Tn+l(Xm+1) — Hn+l(Xm+1§ Z)
Tns1 (X2 ——  H,a (X% 7)
7rn+1(X,) _— Hn+1(XI§ Z).

Then the first horizontal map is surjective, since each generator of the
relative H, 42 comes from an (n + 2)-cell which gives a class in the rela-
tive m,42-group, and the second horizontal map is an isomorphism, since
X" isa wedge of spheres. As for the vertical maps, the image of the
first in each column is the kernel of the second, and the last is an isomor-
phism. (In the case of homology, this is because all cellular (n + 1)-chains
come from the (n + 1)-skeleton, and all cellular (n + 1)-boundaries must
be boundaries of chains from the (n + 2)-skeleton. In the case of homo-
topy, this follows from Corollary 5.1.11.) So the Hurewicz map is certainly
surjective in degree n + 1 for X’ and thus for X. To prove injectivity,
suppose g : (S™t1, ¥) = (X'™*', £4) maps to 0 in Hpy1(X'; Z), and thus
in Hy (X2 Z). Then the homology class [g] corresponding to g in
H,41(X'™; Z) is the boundary of some cellular (n + 2)-chain in X'™*?,
i.e., of some linear combination of (n+2)-cells in X’. Then using surjectiv-
ity of the relative Hurewicz map for (X'"2, X' "*1) we see there is a class
in 40 (X2 X’"+1) mapping to the class of g in 7rn+1(X’"+1), and the
image of the class of g vanishes in m,,1(X’""?) and thus in m+1(X’). O

We return now to the subject of “classifying spaces.”

5.1.15. Theorem. Let G be a group. Then there exists a contractible
CW-complex X on which G acts freely and cellularly (hence properly dis-
continuously) with a CW-complex as quotient space.

Proof. The construction follows Eilenberg and Mac Lane [EilMacL, p.
369]. In their terminology, X/G is called a K(G, 1)-space.! Let X = G
(with the discrete topology; this is of course a 0-dimensional CW-complex)
and inductively define X,, = X,,_; * G for n > 1, where * denotes the
“join” of spaces. Intuitively, the join A x B of two non-empty spaces A
and B is constructed by taking disjoint copies of A and B which are in
“general position” in some big Euclidean space and taking the union of
all line segments joining a point in A to a point in B. More precisely,

!The construction was later generalized by Milnor [MilnorUB] to the case where G
is a topological group.
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A B is, as a set, the quotient space A x B x [0, 1]/ ~, where ~ is trivial
on A x B x (0,1) and (a, b, 0) ~ (a, ¥, 0), (a, b, 1) ~ (a’, b, 1), for all
a,a’ € A and for all b, b’ € B. (The equivalence classes of the (a, b, t),
t € [0, 1] should be viewed as a line segment from a € A to b € B. Note
that if B consists of a single point, A * B is just the cone on A with B as
the cone point.) G acts on Xg = G by left translation and inductively on
Xn = Xn_1*G by g-(z, ¢, t) = (g-z, g¢', t) (this action on X,,_1 xGx[0, 1]
preserves ~ and so descends to the quotient space X,,_; * G). Note that
the action is obviously free. There is a G-equivariant embedding of X,_;
in X, sending z € X,,_; to the equivalence class of the (z, g, 0), g € G,
and we let X = li_r)an with the obvious free G-action. Then we can

make the X,;’s, and X = X, into CW-complexes for which the G-action
preserves the cellular structure, with the additional properties that X,, has
dimension n and is a subcomplex of X, for m > n. The closed j-cells,
Jj < n, of X, will be the closed j-cells of X,,_; (provided 7 < n — 1),
together with the joins E7~1 x g of a closed (j — 1)-cell EI=1 of X,,_;
with a point in G, together with a copy of the points of G if j = 0. The
cells of X are just the union of the cells of the X,,’s. It is easy to see
that there is a unique CW-topology on X,, or on X compatible with the
cellular structure. (Recall that in this topology, a set is closed if and only
if its intersection with each closed cell is closed.) The CW-structure is
countable if and only if G is a countable group. Since the action of G sends
each cell homeomorphically onto another, the action of G is continuous
and cellular, and so is properly discontinuous. Thus the quotient spaces
X»/G and X/G are also CW-complexes. So we only need to show that X
is contractible. While it’s possible to construct an explicit contraction of
X (cf. [Dold, pp. 252-253], which uses a slightly different topology on the
join), for our purposes it will be enough to show by induction on n that for
n > 1, X, is (n — 1)-connected and the CW-pair (X,, X,_1) is relatively
(n — 1)-connected. Since X = lim X, it will follow that X is n-connected
for all n, hence contractible by Theorem 5.1.13. To start the induction, X;
is path-connected, that is, 0-connected, since its O-cells are two copies of
G, and there is a 1-cell joining any 0O-cell in the first copy of G to any 0-cell
in the second copy of G. (To join two O-cells in the same copy of G by an
arc, join them each to the same O-cell in the other copy of G.) Similarly it
is clear that X,, is path-connected for each n > 1, hence that X is path-
connected. Let’s also observe that X, is simply connected for n > 2—since
X, is the union of the X,,_; x g for g € G, joined along X,,_1, and since
Xn-1 is path-connected and each X,,_; * g is a cone, hence contractible,
this follows from Van Kampen’s Theorem. For the inductive step, suppose
n > 3 and suppose we know X,,_ is (n — 2)-connected. Because of the
Hurewicz Theorem (Theorem 5.1.14), to show X, is (n — 1)-connected, it
is enough to show that H;(X,,; Z) vanishes for j < n—1. This follows from
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the Mayer-Vietoris sequence

Hj1(Xn; Z) = Hj(Xn-1; Z) = P Hj(cXn_1; Z) = 0
geG

= Hj(Xn; Z) - Hj1(Xn-1; Z)
and the inductive hypothesis. Then from the exact sequence
7T.]()(n) - TI'j(Xn, Xn—l) i 7'r_’i--l(‘Xn—l)y

the pair (X,, X,_1) is relatively (n — 1)-connected. Passing to the limit,
X is n-connected for all n and thus contractible. [

5.1.16. Definition. If G is a group and X is a G-space as in Theorem
5.1.5, so that X is contractible, G acts freely and properly discontinuously
on X, and X/G is paracompact, we write EG for X and BG for X/G,
and call BG = X/G a classifying space for G. The existence of such a
space is guaranteed by Theorem 5.1.15. Note that there is a slight abuse of
notation here, since BG is not uniquely defined (up to homeomorphism);
however, by Theorem 5.1.5, it is well defined up to homotopy equivalence.

5.1.17. Examples. If G is the trivial group, any contractible paracom-
pact space, in particular, a point, or any Euclidean space, or any con-
tractible CW-complex, is a classifying space for G. The infinite join con-
struction in the proof of Theorem 5.1.15 gives X = pt, X; = ¢(X,,_1), and
thus one can see by induction on n that X,, = A", the n-simplex. Thus
this construction yields an “infinite simplex” for EG = BG. Note that this
is not the simplest choice for BG, which of course is a one-point space.

If G = Z, then G acts freely and properly discontinuously on EG = R,
with quotient space BG homeomorphic to §*. Once again, the construction
the proof of Theorem 5.1.15 gives a much more complicated model for BG.
And there are still other models for BG which have a different “look,” for
instance, the Mobius band.

This example may be generalized: if G = F,, the free group on n gen-
erators, then there is a model for BG which is a wedge of n circles. The
universal cover EG of this space is a tree on which G acts freely. Con-
versely, if EG can be taken to be a tree (i.e., a contractible one-dimensional
CW-complex), then G is a free group. For related facts and ideas, see
[SerreTrees].

If G is a two-element cyclic group, then the construction the proof of
Theorem 5.1.15 does in fact give the simplest possible CW-model for BG.
Namely, we can identify G with S, and then X,, = X,_; * S°. For any
space A, A* S is the union of two copies of the cone on A joined along A,
or in other words the suspension XA of A. So by induction one sees that
X, = £8™! = 5" and X,,/G = S"/(antipodal map) = P*(R). Thus
EG is the “infinite sphere” and BG the “infinite real projective space.”
There is another model for BG which is also interesting: if  is an infinite-
dimensional real Hilbert space, then the orthogonal group O(H) is known
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to be contractible with respect to two different topologies that make it into
a topological group: the weak operator topology (for which this fact is due
to Dixmier and Douady) and the norm topology (for which this fact is due
to Kuiper). The center of O(H) consists of the scalar operators +1, and
the quotient group PO(H) = O(H)/{=£1} (using either of the topologies
on O(H)) is a classifying space for {+1}.

5.1.18. Proposition. The classifying space construction gives a functor
B from the category of groups and group homomorphisms to the cate-
gory of topological spaces (or the full subcategory of CW-complexes) and
homotopy classes of continuous maps.

Proof. Suppose a : G — H is a homomorphism of groups. Then «
clearly induces a map a, from G* G x---* G (n times) to Hx H x---x H
(n times). Since a.(g-z) = a(g) - a.(z), we obtain an induced map
from (G*Gx*---xG)/G to (H+H *---x H)/H. Letting n — oo, we
get a map Ba : BG — BH, and it is clear from the construction that
B(aof)=B(a)o B(8), B(id) =id. O

Before proceeding further with the theory of classifying spaces we need
to return to our review of basic algebraic topology.

5.1.19. Definition. A continuous map of topological spaces p: E — B
is called a fibration if it has the homotopy lifting property, that is, if
for any homotopy h : X x [0, 1] — B and any continuous map Hy : X — E
such that hg = p o Hy, there is a continuous map H : X x [0, 1] — E with
H(z, 0) = Hy(z) such that po H = h. We call Hy and H lifts of hy and
of h, respectively. For each z € B, p~!(z) is called the fiber of p over z.
The space B is called the base space of the fibration and the space E is
called the total space.

5.1.20. Proposition. The following are fibrations:

(1) The projection p : E x F — B onto the first factor in a product
space (with the product topology). The fiber over any point is
homeomorphic to F' in this case.

(2) Any covering space E — B. The fiber over any point is discrete in
this case.

(3) Themapp: PB — B, where PB is the path space of a compactly
generated (Hausdorff) space B relative to a basepoint by, i.e., the
set of continuous maps =y : [0, 1] — B with v(0) = by, and p(y) =
v(1). In this case, the fiber over by is OB, the loop space of B
(relative to bg).

Proof. (1) Given a homotopy h: X x [0, 1] — B and a continuous map
Hy : X — B x F such that hg = po Hy, we can write Ho(z) = (ho(z), f(z))
with f: X — F. Then define the continuous map H : X x [0, 1] > Bx F
by H(z, t) = (h(z), f(z)), and H(z, 0) = Ho(x).

(2) The homotopy lifting property for a covering is obtained by chopping
[0, 1] into subintervals. Given h : X x [0, 1] — B, the image of h(X x
t;, tj—1]) will be contained in a set over which p is of the form (1) with
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F discrete, provided t; — t;_; is small enough. So we choose a suitable
partition of [0, 1] and first lift h over X x [0, t1], then lift h over X x [t1, 1],
etc. See [Spanier, Ch. 2, §2] or [Whitehead, Ch. I, §7] for more details.

(3) Given a homotopy h : X x [0, 1] — B and a continuous map Hp :
X — PB such that hg = poHy, Ho(z) : [0, 1] » B with Hy(z)(0) = b and
with Ho(z)(1) = ho(x). We need to define H : X x [0, 1] x [0, 1] — B with
H(z, t, 0) = Ho(x)(t) and with H(z, 1, s) = h(z, s), H(z, 0, s) = by. The
desired H can be constructed as in the proof of the Homotopy Extension
Theorem (Theorem 5.1.8). O

5.1.21. Proposition. Let X and Y be compactly generated (Hausdorff)
spaces, and let f : X — Y be a continuous map. Then there is a commu-
tative diagram

x Ly

lpx lpy
X . N Y
with px and py homotopy equivalences and with py o f' homotopic to a

fibration. (Thus any map in the category of compactly generated spaces is
homotopic to a composite of homotopy equivalences and fibrations. )

Proof. Let Y’ be the space of continuous maps [0, 1] — Y, let
X'={(r,2):veY,ze€Y, (1) = f(z)},

and define py and px by py(y) = ¥(1), px(7y, ) = z. Then clearly we
have a commutative diagram as indicated, if we let f'(v, z) = (y). The
map py is a homotopy equivalence with homotopy inverse cy sending any
y € Y to the constant path at y. (Clearly py o cy = idy. On the other
hand, there is a homotopy A from idy: to cy opy given by h:(v)(s) = (),
s < t, and 7(s), s > t.) Similarly, the map px is a homotopy equivalence
with homotopy inverse g : z — (cy (f(z)), ). We only need to show that
p: (7, z) — 7(0) is a fibration X’ — Y, since this map is homotopic to
py o f' as in the previous proposition. Suppose Z is some other space and
one has a homotopy h : Z x [0,1] — Y as well as a lift Hy : Z — X'
of hy. We need to construct a lift H : Z x [0, 1] — X’ of h extending
Hy. Let’s write H(z, t) = (v(z, t), z(z, t)), Ho(2) = (10(2), To(2)). Here
Y0(2)(1) = f(xo(2)), h(2, 0) = 70(2)(0). Then we need to arrange to have
(2 8)(1) = f(z(z, 1), h(z, t) = ¥(z, 1)(0), (2, 0) = %(2), (2, 0) =
zo(z). Let z(z, t) = xo(z), so that we want y(z, t)(1) = f o 29(z). Once
again, the desired map « can be constructed by the method of proof of
Theorem 5.1.8. O

The simplest examples of fibrations are those listed in Proposition 5.1.20,
so in order to have more examples it is important to know that with mild
conditions on the base space, a map that is locally a fibration is globally a
fibration.
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5.1.22. Theorem (Hurewicz). Let B be a paracompact Hausdorff
space, let p : E — B be a continuous map, and suppose that B can
be covered by open sets U such that the restriction of p to p~1(U) is a
fibration for each U. Then p is a fibration.

Sketch of proof. This result is technically difficult, but the ideas are quite
similar to those in the proof of Theorem 5.1.4. We will not go through the
details since we will not need this theorem in what follows; instead see
[Spanier, Ch. 2, §7] or [Dold]. O

We conclude our review of algebraic topology with a discussion of the
homotopy properties of fibrations, since we will need to make use of these
in Sections 2 and 3 of this chapter.

5.1.23. Proposition. Let p : E — B be a fibration, and suppose B is
path-connected. Then for any two points by and by in B, the corresponding
fibers Fy = p~1(by) and F; = p~1(b,) have the same homotopy type. (This
explains why it is customary to refer to “the” fiber of a fibration.)

Proof. Choose a path v : [0, 1] — B with v(0) = bg, v(1) = b;. Replac-
ing p by v*(p), that is, the map

{(t z) €[0,1] x B:p(z) =~()} = [0, 1] : (¢, z) — ¢,

which it’s easy to see is again a fibration, we may assume that B = [0, 1]
and by = 0, by = 1. Now define h : E x [0,1] — B = [0, 1] by h(z, t) =
min(p(z) + ¢, 1), and define k : E x [0,1] — B = [0, 1] by h(z, t) =
max(p(z) — ¢, 0). Define Hy : E — E and Ky : E — E both to be the
identity map. Then Hj lifts hy and Ky lifts kg, so by the homotopy lifting
property, there are lifts H : E x [0, 1] — E with H(z, 0) = z and with
poH(z, t) = min(p(z)+t, 1) and K : Ex [0, 1] — E with K(z, 0) = z and
with p o K(z, t) = max(p(x) — ¢, 0). Then H, : F; — F}, K; : F} — F,
and these maps are homotopy inverses of each other since H; o K;, K; o H;
are homotopies to the identity maps (on F; and on Fy, respectively). O

5.1.24. Theorem. Let p: E — B be a fibration with B path-connected,
and let by € B, F = p~1(by), o € F. There is an exact sequence, called
the long exact homotopy sequence of the fibration p:

= Tnp1(B, bo) 2 mo(F, 20) 25 ma(E, o)
LN 7n(B, bo) 2, Tn-1(F, Tg) — -

Here i, is induced by the inclusion ¢ : F — E and p, is the map on
homotopy groups induced by p. The sequence is natural (with respect to
maps of fibrations).

Proof. The desired sequence is obtained from the long exact homo-
topy sequence of the pair (E, F); all we need to do is to show that p, :
o (E, F, zg) — mp(B, bp) is an isomorphism for all n. To prove surjec-
tivity, suppose one is given a class in m,(B). View it as being given by
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a map h; : (B™, S"1) — (B, by). Since B" is contractible, there is
a homotopy h from h; to the constant map hy : B® — {bp}. Choose
any lifting of hy and apply the homotopy lifting property; this gives a
class in m,(E, F, zo) mapping to the given class in (B, bp). To prove
injectivity when n > 2 (so that m,(E, F, o) is a group), suppose one
is given Go : (B", 8", ) — (E, F, z9), and suppose its image un-
der p, is null-homotopic. Let g be a homotopy from gy = po Gy to a
constant map B™ — xo. By the homotopy lifting property, there is a
lift G of g extending Gy, and so Gy is the trivial class in T (E, F, zo).
The reader can easily provide the special arguments needed to show that
mo(E, F, z9) = 0 = mo(B, by) and to show that p, is injective in dimension
1. O

5.1.25. Corollary. Ifp: E — B is a covering map, then T (E) = 7n(B)
for all n > 1 (with respect to any choice zq of a basepoint in E and with
respect to the basepoint by = p(x¢) of B). Furthermore, if E and B are
path-connected and F = p~!(by), then F is discrete and there is an exact
sequence of sets 0 — m(E, xg) — m1(B, by) — F — 0.

Proof. In any covering, the fiber over any point is discrete. The rest
follows as a special case of Theorem 5.1.24, using the fact from Proposition
5.1.20(2) that p is a fibration. O

5.1.26. Examples. A key example of the situation of Corollary 5.1.25
comes from the case E = EG, B = BG, p the quotient map. Since
p is a covering and E is contractible, we see that m,(BG) = 0 for n > 1.
Conversely, given a connected CW-complex Y with m, (Y, yo) = G for some
choice of basepoint and with 7, (Y, yo) = 0 for n > 1, the universal covering
of Y has all homotopy groups equal to 0, hence is contractible by Theorem
5.1.13. So Y is a classifying space for G.

Let us give a few other examples of homotopy exact sequences of fibra-
tions. Let X be a (compactly generated Hausdorff) space with basepoint
zo and let QX be the loop space of X relative to this basepoint. Without
loss of generality, we may assume X is path-connected. Let PX be the
path space of X relative to the basepoint xo. By Proposition 5.1.20(3),
the projection p: PX — X is a fibration with fiber 2X. But PX is con-
tractible, since any path can be shrunk to its initial point zg. Thus from
Theorem 5.1.24, we recover the fact that m,(QX) £ m, 4 (X) for all n.

As another example, consider the Hopf fibration p : S — S2, which
comes from viewing S® as the group SU(2) and S? as the homogeneous
space G/H, where H is a maximal torus in G (a circle group). Since the
quotient map p is locally the projection onto one factor of a product,
p is a fibration by Theorem 5.1.22. The fiber over the identity coset is
H = S, which has contractible universal cover R. So by our first example
ma(S') = 0 for n > 1 (and of course m(S') = Z). So the long exact
sequence has the form

= 0o (S 5 (8 50— - 50— m3(S%) 25 m3(8?)

— 0 — m3(S%) — m(S?%) - 1 (SY) =Z — 0.
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Since the n-sphere is (n — 1)-connected, 72(S%) = 0, and by the Hurewicz
Theorem (Theorem 5.1.14), n3(S3) & Z, m,(S%) = Z. It follows that
m3(S?) = Z, with generator p,(idgs) = p, and that mn(S3) & m,(8?) for
n > 3. In particular, this example makes it clear that 7, (X) need not
vanish when X is a CW-complex of dimension less than n.

Finally, we return to one more aspect of classifying spaces, namely their
homology. (We have already computed their homotopy groups in Example
5.1.26.)

5.1.27. Theorem. Let G be any group and let BG be a classifying space
for G. If M is any abelian group with trivial G-action, then there is a nat-
ural isomorphism between H,(G, M) (group homology) and H,(BG; M)
(singular homology). The same holds for any G-module if we interpret
H.(BG; M) as homology with local coefficients (for the definition, see
[Spanier, Ch. 5, Exercise Set I] or [Whitehead, Ch. VI, §§1-4]).

Proof. We use the CW-model for BG constructed in the proof of Theo-
rem 5.1.15. Then over each cell of BG, there is a family of cells of EG which
is permuted simply transitively by G. So the cellular chain complex of BG
with coefficients in Z, C,(BG), may be identified with C,(EG) ®z¢ Z,
where we think of the cellular chain complex of EG as being a complex
of free ZG-modules. Similarly, if we use any G-module M as (local) co-
efficients, Co(BG; M) may be identified with Co(EG) ®z¢ M. However,
since EG is contractible, Co(EG) is acyclic (except in dimension 0), and
so gives a resolution of Z by free ZG-modules. Recall that H,(G, M) was
defined in 4.1.7 to be the homology of the complex P, ®zg M, where P,
was another specific resolution of Z by free ZG-modules. However, any two
resolutions of Z by free ZG-modules must be chain homotopy-equivalent
by Theorem 1.7.7 and the method of proof of Lemma 3.1.11, so P, ®z¢ M
and C,(EG) ®zg M are also chain homotopy-equivalent and have the same
homology.

See also [Whitehead, Ch. VI, §3] for more details. [

5.1.28. Exercise. Let

1-NHG4HG/N -1
be a short exact sequence of groups (so that N is a normal subgroup of G
and ¢ is the inclusion map). Show that there is a corresponding fibration
of classifying spaces ¢. : BG — B(G/N) with fiber BN, and that the

long exact homotopy sequence of this fibration recovers the original exact
sequence in dimension 1 and is trivial in all other dimensions.

5.1.29. Exercise. Let X be any path-connected space which is nice
enough for covering-space theory to apply, for instance a CW-complex.
Show from the Hurewicz Theorem (Theorem 5.1.14) that if X is the univer-
sal cover of X, m2(X) = Hy(X; Z). Also deduce that if H 5(X; Z) vanishes
for j < n, n > 2, then 7;(X) vanishes for 2 < j < n. Conclude that if X
is an n-dimensional connected CW-complex and if H;(X; Z) vanishes for
J < n, then X is a classifying space for m(X).
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5.1.30. Exercise. Let G be the group with presentation
{a, b | aba™! = b?).

Construct a connected 2-dimensional CW-complex X with fundamental
group G having one 0O-cell, two 1-cells, and one 2-cell. (Attach a 2-cell
to S* v S1 to kill the element aba='b~2 in 7;(S' vV S') = free group on
generators a, b.) Apply the criterion in Exercise 5.1.29 to show that X is
a model for BG. (You only need to show that X has no cellular 2-cycles.)
Incidentally, the commutator subgroup of G is isomorphic to Z[}], so this
example shows that the commutator subgroup of the fundamental group
of a finite CW-complex need not be finitely generated.

5.1.31. Exercise. This exercise will show that sometimes one can get
information on the Hurewicz map past the dimension in which it must be
an isomorphism by the Hurewicz Theorem (Theorem 5.1.14).

(1) Let X be any CW-complex with skeleta X7. Show that the rela-
tive Hurewicz map 741 (X%, X7) — H; (X711, X7; Z) is split
surjective for all j > 1, with a natural splitting. (Hint:

Hj+1(Xj+l, XJ, Z)

is the free abelian group on the (5 + 1)-cells of X.)

(2) Let X be an n-connected CW-complex, with n > 1. Show that
the Hurewicz map mp42(X) — Hp42(X; Z) is surjective. Here is
an outline of how to proceed. As in the proof of Theorem 5.1.14,
one can assume X"*! is a wedge of S"*1’s. First prove the result
for X"*2 by looking at the commutative diagram

c o g2 (X)) o mapa (X XL 5 g (X

! ! =

0 — Hppa(X"™% Z) — Hppo(X™2, XM Z) — Hpa (XM Z)

and using (1).
(3) Now deduce the result for X from the result for X"+2,

5.1.32. Exercise (A universal property of classifying spaces).
Let G be a group and let BG = EG/G be a classifying space for G, with
a fixed basepoint *. Let X be a paracompact path-connected space with
basepoint zo which is nice enough for covering space theory to apply, for
instance a CW-complex. There is obviously a map from [X, BG], the set
of homotopy classes (rel zg) of basepoint-preserving maps f : X — BG, to
Hom(m (X, z¢), G), defined by sending any map f to the induced map on
fundamental groups. (This induced map depends only on the homotopy
class of f.) By covering space theory, the latter can be identified with the
set Covg(X) of normal coverings of X with covering group G. Show that
in this way one obtains isomorphisms

(X, BG] < Hom(m (X, z9),G) « Covg(X).
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To prove surjectivity, suppose one is given a homomorphism 7, (X, zo) — G
or equivalently a covering space X — X with G as the group of covering
transformations. Form the fiber product X’ = X xg EG. Using Theo-
rem 5.1.4, show that X’ is homotopy-equivalent to X. Projection onto the
second factor gives a map X’ — BG, and composition with the homotopy
equivalence X — X' gives the desired map X — BG. To prove injectivity,
suppose fo, fi : X — BG, both sending z¢ to *, induce isomorphic cov-
erings of X. When X is a CW-complex, one can construct a homotopy f
between them by viewing fy and f; as defining a map

(X % {0}) Ugzgyx {0y ({zo} x [0, 1]) Ugeyx 1} (X x {1}) — BG

and extending over the rest of X x [0, 1] one cell at a time using obstruction
theory. Alternatively, one can do this with more general spaces X using
the section extension property.

2. Quillen’s +-construction
and its basic properties

In this section, we will use the topological machinery developed in the last
section to construct functors R ~» K(R), (R, I) ~ K(R, I) into the homo-
topy category of CW-complexes with basepoint (in which the morphisms
are homotopy classes of based continuous maps). Then we will define K;(R)
to be m;(K(R)), K;(R, I) to be m;(K(R, I)). By convention, we can take
K(R, R) = K(R), K(R, 0) = , a space reduced to its basepoint. We want
to do this in such a way as to guarantee the following basic properties:

5.2.1. Requirements.

(1) Ki(R) defined this way agrees with our previous definitions for
0<i<L2

(2) Ki(R, I) defined this way agrees with our previous definitions for
i=0,1.

(3) The maps of K-groups induced by a homomorphism agree with
our previous ones (in the cases where (1) and (2) apply).

(4) The inclusion i : I — R and the quotient map q : R — R/I give
rise to a fibration

K(R, I) 1% K(R) % K(R/I),
where this notation means that g, is a fibration with fiber K(R, I).
The effect of these requirements will be that we will obtain higher K-

groups K;(R) and K;(R, I) for all 1, with an exact sequence extending that
of Theorem 4.3.1.

The basic tool for doing this is the following construction of Quillen.
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5.2.2. Theorem (Quillen). Let X be a connected CW-complex with
basepoint xq, say, chosen from the 0O-skeleton, and let = be a perfect normal
subgroup of m; = m (X, x¢) (thus # = [w, ] = [m1, w]). Then one may
obtain a new CW-complex X+ by attaching only 2-cells and 3-cells to X,
so that the pair (X*, X) satisfies the following conditions:

(1) The map m(X, zo) — 71 (X ™, z0) induced by the inclusion is just
the quotient map m; — m /7.

(2) The pair (X*+, X) is homologically acyclic; that is, for any my /-
module M (viewed as a local coefficient system on X and on Xt),
Ho(X*, X; M)=0.

Note that (2) implies:
(2') For any covering space X+ of X+, if X is the corresponding cov-
ering space of X, then

H (X", X;Z)=0.

Furthermore, X+ is unique in the following sense: given any other CW-
complex X~ containing X as a subcomplex and satisfying these same con-
ditions, even if (X, X) is allowed to contain relative cells of arbitrary
dimensions, there is a homotopy equivalence X* — X; which is homo-
topic to the identity on X.

5.2.3. Remark. In the situation of Theorem 5.2.2, if X is the cover-
ing space of X with fundamental group 7 and covering group m; /m, then
mo(X+) = Hy(X; Z). Indeed, X is a subcomplex of X+, the universal
cover of X*. By the corollary of the Hurewicz Theorem in Exercise 5.1.29,
To(X 1) = my(Xt) = Hy(X*; Z). However, the inclusion X — X+ in-
duces an isomorphism on homology by property (2’) of the +-construction.

Note also that it is not quite essential for X in this Theorem to be a
CW-complex, since in any event (X, X) will be a relative CW-complex
and we can use the relative form of Whitehead’s Theorem. However, in all
cases where we’ll use the +-construction, X will at least have the homotopy
type of a CW-complex.

Proof of Theorem 5.2.2. Choose generators for 7. Then each generator
defines a homotopy class of a map g; : (S!, *) — (X, z¢) which is trivial
on homology, since the Hurewicz map in dimension 1 kills all commutators
and m = [, w]. Let Y be the CW-complex obtained from X by attaching
one 2-cell e? for each i € A, using the attaching map g; : 9B? = §* — X.
Clearly the inclusion X — Y has property (1); that is, the induced map
on fundamental groups is the quotient map m; — m/m. Let X < Y be
the covering spaces with covering group 7/, so that Y is the universal
covering of Y and X has fundamental group =. Thus H; (X; Z) = 7 = 0.
Since Y is obtained from X and Y is obtained from X by attaching 2-cells,
H,(Y, X; Z) is concentrated in degree 2, where it is the free abelian group
on the [€?], and similarly H.(f’, X; Z) is concentrated in degree 2, where
it is the free Z(m;/m)-module on the [e?]. Since the connecting map

0:Hy(Y, X;Z) —» Hy(X;Z)=0
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is trivial, H,(Y; Z) differs from H,(X; Z) by taking the direct sum with
@D;:ca Z(m1/7)[ef] in degree 2. Furthermore, since Y is simply connected,
by Theorem 5.1.14, the generator [e?] is in the image of the Hurewicz map
for ¥ and thus for Y (by pushing back down). Choose h; : (S2, ) —
(Y, 7o) mapping under the Hurewicz map to [e?] € Hy(Y). Now construct
X* from Y by attaching one 3-cell e3 for each i € A, using the attaching
map h; : dB® = §2 — Y. We claim it has the desired properties. (1)
is clear, since it was already true for Y and attaching 3-cells has no ef-
fect on the fundamental group. To check (2), choose any 7; /7-module M
(viewed as a local coefficient system on X and on X*). Then H,(Y; M)
differs from H,(X; M) by taking the direct sum with @Dica Me?] in de-
gree 2. Since H,(X*,Y; M) is concentrated in degree 3, where it is given
by @;ca M[e?], and since by construction d[ed] = [e2], Ho(X+, X; M)
vanishes as desired.

It remains to prove the uniqueness statement. Suppose the CW-pair
(X7, X) also satisfies (1) and (2) of the statement of the Theorem. Let
i1 : X — X" be the inclusion. We will extend i, over the 2-cells and
3-cells added to X to construct X+, and show that we can do this to get
a homotopy equivalence h : Xt — X 1+ which is the identity on X. First
we need to extend i; to a map g : Y — X; . Since Y was obtained from
X by attaching 2-cells using the attaching maps g; : S' — X, i; can be
extended to a map g : Y — X; provided each i; o g; is null-homotopic.
Since [g;] € 7 and (1) kills 7, this condition is satisfied and we can choose
an extension g : ¥ — X[ of i;. Note that g induces an isomorphism
on fundamental groups and so there is an induced map § : ¥ — X'fr of
universal covers. Then since Xt was obtained from X by attaching 3-
cells using the attaching maps h; : $2 — Y, g can be extended to a map
h: Xt - X 1+ provided each go h; is null-homotopic. Let us apply Remark
5.2.3 to XT; it says that

mo(XT) = mo(X]) = Hy(Xf; 2) = Hy(X; Z).

Thus g o h; will be null-homotopic provided it corresponds to the trivial
homology class in Hy(X; Z). But the image of h; in homology is [e?] by
construction, which is d[e?] and thus a boundary, so goh; is null-homotopic
and we can extend g to a map h: X+ — X;. Let h be the lifted map on
universal covers (extending g). To show h is a homotopy equivalence, it
suffices by Theorem 5.1.13 to show that h induces isomorphisms on homo-
topy groups. Since we already know h is an isomorphism on fundamental
groups, it is enough to show that A induces isomorphisms on 7;, j > 2,
or is a homotopy equivalence. Now in our construction we can assume g
and h are cellular maps, so the mapping cylinder of A is a CW-complex Z.
To show h is a homotopy equivalence, we need to show that the CW-pair
(Z, X*) is relatively j-connected for all J. By the relative Hurewicz The-
orem (Theorem 5.1.14), since everything is simply connected, it’s enough
to show H;(Z, X+, Z) = 0 for all j, which in turn is equivalent to saying
that & is a homology equivalence. But this is guaranteed by the fact that
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h is the identity on X together with the acyclicity of the pairs (X' + X ),
(X7, X). O

For future purposes we need to know a bit more about the +-construc-
tion, in particular the following.

5.2.4. Proposition. The +-construction of Theorem 5.2.2 is functorial.
In other words, given a map of connected CW-complexes f : X — Y, a
perfect normal subgroup nx of m1(X), and a perfect normal subgroup my
of ;(Y) with my 2 fi«(nx), f induces a map f. : X+ — Y™+, where X* is
constructed as in Theorem 5.2.2 using wx, and Y+ is similarly constructed
from Y using my. Furthermore, f, is uniquely determined up to homotopy,
fr=1dif X =Y and mx = my, and (g o f)« = g« © f» when this makes
sense.

Proof. The proof of this is similar to the proof of uniqueness in Theorem
5.2.2. Namely, we need to show that iy o f extends over the 2-cells and
3-cells added to X to form X*. Here iy is the inclusion of ¥ into Y.
First we note that iy o f induces on fundamental groups the composite
m1(X) ELN m(Y) — m(Y)/7y. Since my 2 fo(mx), mx lies in the kernel
of this map, which means exactly that for each 2-cell €2 added to X with
attaching map g;, the composite iy o f o g; is null-homotopic. Thus we may
extend over the 2-cells of X to get a map

x|Jebyr
gitit€EA

extending iy o f. Next we need to extend f’ over the 3-cells of X*. As in
the proof of Theorem 5.2.2, the condition for being able to do this is for
each f’oh; to be null-homotopic, where h; is the attaching map of 3. And
as before, we use the fact that mo(Y+) = Hy(Y; Z), where Y is the cover of
Y with fundamental group ny and covering group m1(Y)/my. Since each
h; bounds in homology, so does f’ o h;, and thus we can extend over the
3-cells to get our desired map f, : X+ - Y+,

Since there seems to be some arbitrariness in this construction, we still
need to show that f, is well defined up to homotopy, which will imply that
f+ is the identity when X =Y and mx = my. Suppose one has two maps
fer f1: X+ - Y7 extending f. To construct a homotopy between them,
let p; : X x [0, 1] = X be projection on the first factor view f,, fl and
f opy as defining a map

(X x {0}) Ux oy (X x [0, 1)) Ux g1y (X+ x {1}) - Y.

If we can extend this to a map X* x [0, 1] — Y+, we will have the desired
homotopy from f, to f1. But the proof that such an extension exists is
the same as before; we merely need to extend over the cells e? x (0, 1) and
e3 x (0, 1), and the homotopy-theoretic obstruction to be able to do this is
the same as before. [
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5.2.5. Example. Suppose X is the Poincaré homology 3-sphere of Exer-
cise 4.1.27. Recall that this is the quotient of $3 by a certain finite perfect
group 7 of homeomorphisms. (In fact, 7 is a central extension of As by
Z/2.) Applying the +-construction of Theorem 5.2.2 to the pair (X, 7), we
obtain a 3-dimensional complex X * which is simply connected (since m was
all of 71(X)) and which has the same homology as X, thus the same ho-
mology as §3. Since X is simply connected and Hij(X*;Z)=0forj <3,
the Hurewicz Theorem (Theorem 5.1.14) implies that X+ is 2-connected
and that the Hurewicz map m3(X*) — H3(X*; Z) = Z is an isomorphism.
Choose a map g : S* —» Xt which corresponds to a generator of m3(X ™).
Then by definition of the Hurewicz map, g induces an isomorphism on ho-
mology. Since $% and X are simply connected, this implies (as in the
proof of Theorem 5.2.2) that g also induces an isomorphism on homotopy
groups, and so g is a homotopy equivalence by Theorem 5.1.13. Thus from
the homotopy point of view, X+, as characterized by properties (1) and
(2) of Theorem 5.2.2, “is” S3. Of course, the particular model for X+
constructed in the proof of Theorem 5.2.2 need not be a manifold, and is
not necessarily homeomorphic to 3. (Even if it were a manifold, it is not
known if every 3-manifold homotopy-equivalent to S3 is homeomorphic to
§3. This is the famous Poincaré Conjecture.)

Exactly the same proof in higher dimensions shows that if X is a ho-
mology n-sphere, that is, a path-connected space (say with the homotopy
type of a CW-complex) with the same homology groups as S™ (n > 3), then
Xt is homotopy-equivalent to S™. Here to start the construction, we ob-
serve that since H,(X, Z) = 0, 7 = 7;(X) can have no abelian quotients,
and so is perfect, so that we can apply the +-construction to the pair
(X, m).

Now we are ready to use the +-construction to define Quillen’s higher
K-theory.

5.2.6. Definition. Let R be any ring with unit. Define K(R) to be
the product BGL(R)* x Ko(R), where BGL(R) is defined as in Defini-
tion 5.1.16, the +-construction on BGL(R) is taken relative to the per-
fect subgroup E(R) of GL(R), and Ky(R) is given the discrete topol-
ogy. If ¢ : R — S is a homomorphism of rings, there is an induced
homomorphism of groups ¢. : GL(R) — GL(S) and thus (by Propo-
sition 5.1.18) an induced map ¢, : BGL(R) — BGL(S) and thus (by
Proposition 5.2.4) an induced map ¢, : BGL(R)* — BGL(S)*. We de-
fine the induced map ¢, : K(R) — K(S) to be the product of the map
¢s : BGL(R)* — BGL(S)" with the map . : Ko(R) — Ko(S). We
define the K-groups of R to be K;(R) = m;(K(R)), where all homotopy
groups are computed relative to a basepoint in BGL(R)* x {0}. (If we
use the construction for BGL(R) given in the proof of Theorem 5.1.15,
then there is a natural choice for a basepoint of BGL(R), namely the im-
age of 1gr(r) € GL(R) = Xo. This then gives a natural choice for a
basepoint in BGL(R)* x {0}.) Worries about choices of basepoint will
be lessened by Theorem 5.2.12 below. Note that since BGL(R)* is path-
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connected, mo(K(R)) = Ko(R) by construction. Furthermore, 71 (K(R)) =
m(BGL(R)*) = m(BGL(R))/E(R) = GL(R)/E(R) = K(R), so this
definition of K-groups is at least consistent with our previous definition of
K, and K;. In fact, the basic features of this situation are captured in the
following Theorem.

5.2.7. Theorem. Let G be a group with perfect commutator subgroup
7, and let Bnt and BGT be constructed as in Theorem 5.2.2 relative to
the perfect subgroup m of # = m;(Bn) and of G = m1(BG). Then Brt is
a normal covering space of BGt with covering group G/m = Gap.

Furthermore, let # be the universal central extension of m. Then there
are natural isomorphisms

71'1(BG+) = G/7r = Gab, 7T2(BG+) = H2(1l', Z), 1!'3(BG+) = Hg(ﬁ', Z)

Also, mj(BG*) = mr;(B#t) for j > 3.

Proof. The isomorphism w1 (BG) & G/m = G,p comes immediately from
property (1) in the statement of Theorem 5.2.2. Note also that Bw is
a normal covering of BG with covering group G/m = Ga,. (This is a
restatement of Exercise 5.1.28; alternatively, # C G acts freely and properly
discontinuously on EG, so EG /7 is a model for B, and then EG/m —
BG = EG/G is clearly a normal covering of BG with covering group
G/m.) When we attach 2-cells and 3-cells to BG to construct BG, lifting
to the covering space B results in adding 2-cells and 3-cells to B to kill
the fundamental group and preserve the homology (because of property
(2') in the statement of Theorem 5.2.2). Thus the construction of BG*
automatically induces a construction of Bn+ and hence Br* is a normal
covering space of BG' with covering group G/m = G,p. In particular,
m;(Bnt) = 7;(BG) for j > 2, by Corollary 5.1.25.

Now Bnt is simply connected, so by the Hurewicz Theorem, mp(Brt) &
Hy(Bnt; Z) & Hy(Br; Z) (using property (2) of the +-construction). By
Theorem 5.1.27, this may be identified with Hy(m, Z), and so m2(BGt) &
Hz(?‘l’, Z)

Finally, consider the universal central extension

1R

1—>H2(W,Z)—>7?—q>7r—>1,

where we have used Theorems 4.1.3 and 4.1.19. This gives rise by Exercise
5.1.28 to a fibration

BH,(r, Z) — B 2% Bn.

The group # is also perfect by Theorem 4.1.3, so we can perform the

+-construction to B# as well as to Br. By Proposition 5.2.4, there is

N . . . B s
a map Bit % Brt which extends the map B =4, Bm, and it is

unique up to homotopy. Just as in the case of Brt, Ba* is simply
connected. However, since Hy(B#t; Z) = Hy(#,Z) = 0 by Corollary
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4.1.18, the Hurewicz Theorem imples that B4+ is 2-connected and that
m3(B#*) = H3(B#+; Z) 2 Hs(#, Z). To finish the proof, we need only
show that Bi+ 2% Br+ induces an isomorphism on 73. Since our spaces
and maps are only defined up to homotopy anyway, for this purpose we may
first convert g, : Bi* — B into a fibration by using Proposition 5.1.21.
Let F be the (homotopy) fiber of g¢,; it fits into a long exact sequence

= m(F) = mi(Bat) 15 my(Brt) — - .
From this we see that F is path-connected and that
Hy(m, Z) = 73(Br*) 2 1y (F)

is an isomorphism. Consider the commutative diagram of fibrations

BHy(x,Z) —— Bi —2%, Bg

! l

F — Bt —%*_, Br+,

where the two vertical maps are homology isomorphisms killing the perfect
fundamental groups # and 7, by the basic properties of the +-construction.
The composite

BHy(n, Z) — B 2% Br

is null-homotopic, hence the map of BH,(, Z) into Bt becomes null-
homotopic after mapping into Br+, and by the homotopy lifting property
we obtain a map BH,(m, Z) — F compatible with the other maps of the
diagram. It is also easy to see that this map is an isomorphism on ;. On
the other hand, by Exercise 5.1.32 (the universal property of classifying
spaces), there is a map F — BHj(w, Z) in the other direction inducing
the inverse isomorphism on 7, and the composite BHy(m,Z) - F —
BH;(m, Z) is an isomorphism on 7, hence on all homotopy groups by
Corollary 5.1.25, hence is a homotopy equivalence by Theorem 5.1.13. So
the homotopy and homology groups of F' contain those of BH;(m, Z) as
direct summands, and the other summands vanish at least in dimension
1 by our 7, calculation. We claim the other summands are trivial in all
dimensions, or basically that F' can be taken to be BH, (m, Z). If this is so,
then from the the long exact homotopy sequence of the fibration, we will
have m;(B#+) & m;(Brt) = n;(BG*) for j > 3, and thus in particular
n3(Bnt) = m3(B#t) = Hj(#, Z). (For this last fact, it is only necessary
to show that 7;(F’) vanishes for j = 2, 3.)

Let E = B, the total space of the fibration q., let B = Br+ be
the base of the fibration, and let By = B, Ey = g 1(By). Recall that
the CW-pair (B, By) has (relative) cells only in dimensions 2 and 3 and
is acyclic. We claim this implies the pair (E, Ey) is acyclic. Indeed, if
B, is the space made from B by attaching only the 2-cells e? (i.e., the
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2-skeleton of the pair) and E; = g;*(Bj), then since By \ B is a disjoint
union of open 2-cells which are contractible, the fibration E; — B; must
be homotopically the same as the projection (By \ B) x F' — By \ B over
this set. So using excision and the Kiinneth formula,

Ho(Ey, Eo; Z) = Ho(By x F, By x F; Z) = @D Zle}] ®z Ho(F; Z).

Similarly,

Ho(E, Ex; Z) = Ho(B x F, By x F; Z) = @ Z[e}] ®z Ho(F; Z).

The exact homology sequence of the triple (E, E1, Ey) now reduces to
- — Hyy3(E, Eo; Z) — @ Zle}) ®z H(F; Z)

2, (D zle?) ®z Hi(F; Z) — Hysa(E, Bo; Z) — -+ -

The boundary map 8 comes from gluing two product fibrations where the
3-cells are attached to By, and since d[el] = [€Z], it is easy to see that
this map is an isomorphism. Hence H,(E, Ep; Z) is trivial. But since we
may assume B# C Ey C E = B#t and the pair (B#*, Bf) is acyclic by
the basic property of the +-construction, the exact sequence of the triple
(E, Eo, B#) imples that (Eo, B7) is also acyclic.

We're now reduced to the following commutative diagram of fibrations

Bq

BHy(m, Z.) B » Brm
| | |
F — > Ey —*— Bnm.

This gives the commutative diagram of fundamental groups

1 —— Ho(m,Z) —— & i 7 1
|| *| | —
1 —— m(F) —— m(Eo) T 1,

from which we see that the map B# — Eg induces an isomorphism on fun-
damental groups. By Exercise 5.1.32 (the universal property of classifying
spaces) again, there is a map Eo — B7 in the other direction inducing
the inverse isomorphism on ;, and as before, by Theorem 5.1.13 the com-
posite B — Eo — Bf is a homotopy equivalence. So the homotopy and
homology groups of Ey contain those of B7 as direct summands.

To prove that 7;(F) vanishes for j > 2 we proceed by contradiction.
Let F and E, be the universal covers of F' and of Ey. By the homotopy
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sequence of the fibration, the maps 7;(F) — 7;(Eo) are isomorphisms.
By the Hurewicz Theorem, if some wj(ﬁ‘) is non-zero and we choose the
smallest j for which this happens, then Hy(Ejy: Z) = 0 for k < j but
H;(Eo; Z) # 0. It’s not hard to see from the fact that B# is homotopically
a retract of Ep that then the map B# — Ej is homology isomorphism in
degrees k < j but not in degree k. This contradicts acyclicity of (Ey, B#),
so m;(F) must vanish for j > 2, so that 7;(Br+) 7;j(Bnt) = 7;(BGY)
forj>3. O

5.2.8. Corollary (Quillen, Gersten [Gerstenl]). The Quillen K-groups
Ki(R) of Definition 5.2.6 satisfy properties (1) and (3) of 5.2.1. Fur-
thermore, there is a natural isomorphism K3(R) = Hs(St(R), Z), and
Ki(R) = my(BE(R)*") fori > 2, K;(R) = m;(BSt(R)*) fori > 3.

Proof. Let G = GL(R), = = E(R), and # = St(R). These groups
satisfy the conditions of Theorem 5.2.7, so we see that there are natural
isomorphisms K3(R) = Hy(E(R), Z), K3(R) = H3(St(R), Z), K;(R) =
mi(BE(R)*) for i > 2, K;(R) & m;(BSt(R)*) fori > 3. O

5.2.9. Remark. The hard part of the proof of Theorem 5.2.7, which
unfortunately is needed to prove that K3(R) = Hj(St(R), Z), was to show
that there is a fibration

BHy(w, Z) — Bi#t 2 Br*t.

If we had known this from the beginning, the theorem would be fairly easy.
There is a faster way to prove this, if one is willing to use more obstruction
theory (as developed in [Spanier, Ch. 8] or [Whitehead, Ch. V, VI, and IX]).
Namely, it is a fact from obstruction theory that for any abelian group A,
fibrations

BA—-F—-X

over any reasonable path-connected space X, with the extra condition of
“simplicity,” that m;(X) should act trivially on 7;(BA) = A, are classified
by H?(X; A). (When X = Br and E = B#, such fibrations correspond to
group extensions

loA->7o7m1-1,

and the simplicity condition amounts to assuming that the extension is
central. As we saw in Theorem 4.1.16, central extensions of 7 by A are
classified by H?(m, A), and if X = Br, H%(X; A) = H?(r, A) by Theorem
5.1.27.) Since the inclusion Bxr — Bzt is a homology isomorphism, the
class of the fibration

BHy(r, Z) — B 2% Br

in H*(Bm; Hy(m, Z)) = H?(w, Hy(w, Z)) has a unique extension to a class
in H*(Brnt; Hy(r, Z)), which corresponds to a fibration
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(5.2.10) BHy(x,Z) — E 2 Br*

with E D B# = p~!(Bn). As in the proof above, the fact that (Br*, Br) is
acyclic implies that (E, B#) is acyclic. But the fact that the characteristic
class of (5.2.10) in H2(Bnt; Ha(m, Z)) corresponds to the identity map
on Hy(m, Z) (cf. Theorem 4.1.19) implies that in the long exact homotopy
sequence

Ha(m, Z) = nao(Brt) 2 m(BHy(n, Z)) = Ha(r, Z)
— m(E) - m(Brt) =0,

the connecting map 8 is an isomorphism and thus 71 (E) = 0. This together
with the fact that (E, B#) is acyclic implies by the uniqueness part of
Theorem 5.2.2 that E is homotopy-equivalent to B#*, which is what we
needed to prove. O

One would like to know that the choice of basepoint in BGL(R)" is
inconsequential, and that one can move the basepoint around at will, which
means that one would like to show that BGL(R)* is a simple space (in
other words, that its fundamental group K;(R) acts trivially on the higher
homotopy groups, which are the higher K-groups). We will take care of all
of these things at the same time.

5.2.11 Definition. Let X be a space with basepoint zg. Then X is called
an H-space if there is a “multiplication” map g : X x X — X with
u(zo, To) = o for which zo acts as an identity up to homotopy, in other
words if the maps z — pu(zg, ) and z — p(zo, z) are homotopic to the
identity. X is called an H-group if in addition the multiplication is asso-
ciative up to homotopy (po (u X idx) ~ po (idx x p) rel (xo, o, Zo), t.€.,
X is an H-monoid) and if there is an “inversion” map 1 : X — X with
n(zo) = To, po (idx x 1) ~idx and po (n x idx) ~ idx rel (o, Zo)-

Of course, the prototype of such a space is a topological group, but
there are many H-spaces and H-groups that are not homotopy-equivalent
to topological groups, at least in any obvious way. The multiplication in the
Cayley numbers makes S” into an H-space which is not an H-group (homo-
topy associativity fails). Certain facts about topological groups persist for
H-spaces and H-groups: for instance, the fundamental group (computed at
the basepoint zg) is abelian, and acts trivially on higher homotopy groups.
The proofs of these facts are easy and will be omitted here; for details,
see [Spanier, Ch. 1, §5] and [Whitehead, Ch. III, §§3-4]. Thus a space
with non-abelian fundamental group, or a non-simple space, cannot have
an H-space structure.

5.2.12. Theorem. Let R be a ring, and define a group homomorphism
u: GL(R) x GL(R) — GL(R)

by sending A = (a;;) and B = (b;;) to the matrix u(A, B) with (i, j)-entry
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0, ifi%#j mod?2,
WA, B)y; = { @irin, fi=j=1 mod 2,

2 2

b i ifi=j=0 mod 2.

i
2

(Note that u(A, B) is conjugate to the block direct sum A @ B by a per-
mutation matrix.) Let By be the induced map on classifying spaces

B(GL(R) x GL(R)) = BGL(R) x BGL(R) — BGL(R)
and let p, be the induced map on the +-constructions
B(GL(R) x GL(R))" = BGL(R)" x BGL(R)* — BGL(R)*.

Then p, is a homotopy-associative homotopy-commutative H-space struc-
ture on BGL(R)*. In particular, BGL(R)™ is a simple space.

Proof. First of all, E(R) x E(R) is a perfect normal subgroup of the
fundamental group of

B(GL(R) x GL(R)) = BGL(R) x BGL(R),

so B(GL(R) x GL(R))" is defined, and it coincides with BGL(R)* x
BGL(R)" by the uniqueness part of Theorem 5.2.2. As we indicated be-
fore, if we use the model for classifying spaces constructed in the proof
of Theorem 5.1.15, BGL(R) and BGL(R)* come with a canonical base-
point zo. It satisfies pu(zo, o) = z¢, but BGL(R) cannot have an H-space
structure since its fundamental group is non-abelian. Now if A — (aij),

@it1j41, ifi=j=1 mod 2,
(A, 1)y = 2
:j, otherwise,

and similarly

aig, ifi=j=0 mod 2,
i = 6ij, otherwise.

To show p is an H-space structure, we have to show that the maps
induced by I : A — p(A4,1) and r : A — 1(1, A) are homotopic to the
identity rel basepoint, as self-maps of BGL(R)*. Since the two cases are
almost identical, we do only the first. The map induced by I : 4 — u(A, 1)
on 71 (BGL(R)) is clearly not the identity (it is the funny map we have just
written down), but it induces the identity on H; (BGL(R); Z) = K;(R)
since it sends any A € m;(BGL(R)) to one of its conjugates. In fact,
suppose A € GL(n, R). Then with respect to the usual embedding of
GL(n, R) into GL(2n, R), I(A) = P,AP;!, where P, is the permutation
matrix in GL(2n, R) corresponding to the permutation
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0, 2 —1, ifi<n,
refl ”}'_’{2(z'—n), ifn+1<i<2n.

Since inner automorphisms act trivially on group homology, it follows that
l. acts trivially on any homology class in

H.(GL(R), Z) = H.(BGL(R); Z) = H,(BGL(R)*; Z)

in the image of He(GL(R, n), Z). Since group homology commutes with
direct limits (Exercise 4.1.29), H(GL(R), Z) = h_r_)nH.(GL(R, n), Z), and
thus [, acts trivially on homology. From the characterization of /, in Propo-
sition 5.2.4, together with the characterization of the +-construction, we see
1, is a homotopy equivalence. We also see from Theorem 5.2.2 and Proposi-
tion 5.2.4 that for n > 3 (so that E(n, R) is perfect and one may apply the
+-construction to BGL(n, R)) that I, : BGL(n, R)* — BGL(2n, R)*
coincides with the map induced by the usual inclusion of GL(n, R) into
GL(2n, R). Hence l, is homotopic to the identity.

Finally, we show . is homotopy-commutative and homotopy-associative.
To show homotopy commutativity, we have to show the maps induced
by (A, B) — u(A, B) and by (A, B) — u(B, A) on the +-construction
are homotopic to one another. The proof is almost the same as above
since again there is a permutation matrix conjugating one to the other
for A, B € GL(n, R). And the proof of homotopy associativity is also
almost the same, except that one has to compare the maps induced by
(4, B, C) — p(u(4A, B), C) and by (4, B, C) — (A, u(B, C)). O

5.2.13. Remarks. For some purposes, we need the basepoint xzg of
BGL(R)™ to be a “strict” unit, that is, for p.(z, o) = p.(20, ) = 2o
for any z. However, this can always be achieved by changing p, within its
homotopy class. Secondly, it is also useful to extend the H-space structure
on BGL(R)" to such a structure on K(R) = BGL(R)" x Ko(R). For this
purpose we merely use the product of the multiplication x, on BGL(R)*
with the usual addition on the abelian group Ko(R).

Finally, we need to explain how to define relative groups in higher K-
theory in order to get a natural exact sequence

.o K1 (R, I) 2 Ki(R, I) — Ki(R)
KR/ S K,_(R,T)— -

5.2.14. Definition. Let R be a ring and let I be a two-sided ideal in
R. We define K(R, I) to be the homotopy fiber of the map ¢, : K(R) —
¢.(K(R)) € K(R/I) induced by the quotient map q : R — R/I. (By “ho-
motopy fiber,” we mean we convert the map into a fibration using Proposi-
tion 5.1.21 and then take “the” fiber of the fibration, which is well defined
up to homotopy equivalence by Proposition 5.1.23.) Then the homotopy
exact sequence of the fibration gq., spliced together with the exact sequence
of Theorem 2.5.4, gives a natural exact sequence
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= Kia(R, 1) 5 Ki(R, I) — Ki(R)
— K(R/I) 2 K (R, I) > - |

It is also clear that all the conditions (5.2.1) are now satisfied for the higher
-groups.

5.2.15. Exercise. Let R be any ring. Show using Theorem 5.2.7 and
Corollary 5.2.8 that the Hurewicz maps for BGL(R)*, BE(R)*, and
BSt(R)* give homomorphisms (also usually called Hurewicz maps) hgr, :
Ki(R) — H{(GL(R), Z) for i > 1, hg : Ki(R) —» H;(E(R), Z) for i > 2,
hst © K;i(R) — H;(St(R), Z) for i > 3. Here hgy, is an isomorphism in
degree 1, hg is an isomorphism in degree 2, and hg, is an isomorphism
in degree 3. Show that hgy = cores ohg and that hg = ¢, o hg;, where
¢ : St(R) — E(R). Also show using Exercise 5.1.31 that hE is surjective
in degree 3 and that hg; is surjective in degree 4.

5.2.16. Exercise. Let G = A5, the alternating group on 5 letters, which
by Exercise 4.1.27(4) is isomorphic to the symimetry group of a regular
icosahedron and by Exercise 4.1.28(3) is also isomorphic to SL(2, Fy). Let
G be its universal central extension, which by Exercise 4.1.27(7), is an
extension of G by a group of order 2 and by Exercise 4.1.28(4) is also
isomorphic to SL(2, F5). Since G and G are perfect, one may apply the
+-construction to BG and to BG.

(1) As we observed in Exercise 4.1.27(7), G naturally sits inside of
SU(2), which in turn may be identified with the group Sp(1l) of
quaternions of modulus 1, which topologically is the same as $3.
Let S(H*) denote the inductive limit lim $4*~1 with the obvious
CW-structure, where we identify $%-1 with the unit sphere in
HF. Since S*~1 is (4k — 2)-connected, taking the limit as k — 0,
we see by Theorem 4.1.13 that S(H®) is contractible. Note that
Sp(1) acts freely on S* =1 (by left quaternionic multiplication),
with quotient P*~1(H). Show that by dividing out by G C Sp(1),
one gets a fibration

Sp(1)/G — §*71/G — P*1(m),
or by passage to the limit as k — oo,
(5.2.17) 5p(1)/G — BG — P> (H).

Here Sp(1)/G is the Poincaré homology 3-sphere of Exercise 4.1.27.
Show that the universal cover of the fibration (5.2.17) is a fibration

(5.2.18) Sp(1) — S(H®) — P™(H).

Deduce that 7, (P> (H)) 2 7,_,(S3) for all n.
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Observe that P> (H) has a CW-structure with cells only in dimen-
sions divisible by 4 and with exactly one cell in each such dimen-
sion, so that H,(P>(H); Z) is free abelian if n is a multiple of 4
and vanishes otherwise. In fact it is well known that the cohomol-
ogy ring of P®(H) is a polynomial ring on a single generator in
degree 4. From this and the “Gysin sequences” (see [Spanier, Ch.
5, §7) or [Whitehead, Ch. VII, §5]) of (5.2.17) and of (5.2.18) (since
the fiber is a homology sphere), deduce that the homology of Gis
periodic, with

R 0, n=0,1,2, mod4
H,,,(BG;Z)E{ }, n > 0.

7/120, n=3 mod 4

(The number 120 is |G|, and comes from comparing the two se-

quences, using the fact that the projection Sp(1) — Sp(1)/ Gisa

covering map which is 120-to-1.)

Use (1) and (2) to compute 71, 72, and 73 for BG* and for BG*,

hence for BGL(2, F4)* and for BGL(2, F5)™.

As mentioned in Example 5.2.5, (Sp(1)/G)* ~ S3, so that by
Proposition 5.2.4, applying the +-construction to the map Sp(1)/ G
— BG of (5.2.17) gives a map S® — BG*. Show that this map
is still compatible with the fibration of (5.2.17), so that one gets a
fibration (up to homotopy equivalence)

(5.2.17+) 5% — BGt — P™(H).

To see how this works, it is easiest to begin first with the case of
the fibration

Sp(1)/G — 87 /G — P (H) = S*,

which comes from taking two copies of (Sp(1)/ G) x B* and gluing
them together along S® using the covering map S* — Sp(1) /G.
Applying the +-construction “fiberwise” gives a fibration over S
with fibers homotopy-equivalent to S® where the “clutching map”
in m3(fiber) is 120 times the generator of m3(fiber) = 73(S%) = Z.
Extend this argument to the case of P*~1(H) as the base and pass
to the limit. Deduce that there is a long exact sequence

oo (8%) — 7a(S3) — Wn(BG+) — Tn_1(S%) = 1 1(S3) — .

Since it is known that 7, (S3) is finite for n > 3, and since m3(BG*)

was computed in (3) above, it follows that Tn(BG) is finite for
all n.

5.2.19. Exercise. Let S, be the n-th symmetric group and let A, be the
n-th alternating group. We let S = @Sn, Ao = li_r)nAn. Since A,, is

simple, and thus certainly perfect, for n > 5, it makes sense to apply the
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+-construction to S, and to A, (for n > 5), with respect to the perfect
group A,, and to S, and to A, (with respect to Ay).

(1) For any ring R, show that the inclusion of the permutation matrices
gives homomorphisms S, — GL(n, R), A, — E(n, R), and thus
maps BSY, — BGL(R)*, BAY — BE(R)*.

(2) Compute as much as you can about the groups m,(BSt). In par-
ticular, compute them for n = 1, 2 and try to get bounds on them
for n = 3, 4. One relevant fact is a famous (and difficult) theorem
of Schur, published in 1911, which implies that the corestriction
map Hy(A,, Z) — H3(S,, Z) is an isomorphism for n = 5 and for
n > 8 (though not for n = 6 or 7), and that Hy(S,, Z) = Z/2 for
n>2.

5.2.20. Exercise. Let F = F,, ¢ = p% p a prime, be a finite field.
By Corollary 4.3.13 and Remark 4.3.14, St(F) = E(F) = SL(F), and
thus, by Corollary 4.2.8, the Hurewicz map K3(F) — H3(SL(F), Z) is
an isomorphism. By an analogue of Theorem 4.3.12, one can show that
this group is finite. Show (following Quillen) that it has order relatively
prime to p. Here is an outline: to show that K3(F) has order relatively
prime to p, it is enough to show (why?) that H3(GL(F), F,) = 0. Let
N(n, F) be as in Corollary 4.3.13, the group of upper-triangular n x n
matrices over F' with 1’s on the diagonal, and let D(n, F) & (F*)" be
the diagonal subgroup of GL(n, F). It is enough to show (why?) that
Ho(D(n, F), H3(N(n, F), Fp)) = 0 for sufficiently large n. This can be
proved, even for all n, by methods like those of Lemma 4.3.5, except for
a few fields of small cardinality (¢ = 2, 3, 4, or 8). In the exceptional
cases, one can still show that H3(GL(F), F,) vanishes by embedding F
in a suitable extension field F’ with [F”’ : F] relatively prime to p and
considering the induced inclusion GL(F) — GL(F’) and the map in the
other direction coming from viewing F' as sitting in Mipr.r)(F).

3. A survey of higher K-theory

In the last section of this chapter, we survey some of the things that are
known about the higher K-groups K;(R). Since the methods used in de-
ducing some of the major results are quite complicated, we omit most of
the proofs. The reader who wants to learn more should consult the survey
articles in [LluisP] or a more comprehensive source such as [Srinivas).

Products. The Steinberg symbol map R* x R* — K,(R) in the case of
a commutative ring R may be viewed as a special case of a kind of product
operation K;(R) x Ki(R) — K,(R). To generalize this to the higher K-
groups, one would like some sort of product map BGL(R)* x BGL(R)* —
BGL(R)* that would induce a product structure on the homotopy groups.
The H-space structure we defined in §2, since it corresponds to the block
direct sum of matrices, really corresponds to “addition.” (This is slightly
confusing, since the group operation on K;(R) is usually written multi-
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plicatively, but when we extend the H-space structure to K(R), we use
addition on Ko(R).) When R is commutative, however, there should be
another operation on K-theory, extending the “multiplication” on Ko(R)
corresponding to the tensor product. (See Exercise 1.1.9.) It is this struc-
ture which is related to the Steinberg symbol map R* x R* — K(R).
More generally, when R and S are rings which are not necessarily commu-
tative, the tensor product of projective modules gives a “multiplication”
Ko(R) ® Ko(S) — Ko(R ®z S), where R ®z S is given the obvious mul-
tiplication (a ® b)(c ® d) = ac ® bd. When R is commutative, one has a
ring homomorphism R ®z R — R given by the multiplication, and this
can be used to turn this “external” product into an “internal” one. (N.B.:
For any ring, multiplication defines a homomorphism of abelian groups
R ®z R — R, but this is a ring homomorphism only when R is commu-
tative.) Similarly there are products Ko(R) ® K1(S) — Ki1(R®z S) and
K1 (R)®Ko(S) — K1 (R®zS) which can be turned into “internal” products
when R = § is commutative. The product Ko(R) ® K1(S) — K1(R®z S)
is defined on generators [P] ® [B], where P is a finitely generated projec-
tive R-module and B € GL(m, S), as follows. Note that P ® S™ is a
finitely generated projective R ®z S-module, and that if P® Q = R", then
(PRIS™M @ (QeS™) 2 (PeQ)®S™ = (R®zS5)™. Send [P] ® [B] to
the class of (1p ® B) ® (19 ® 1m) € GL(nm, R®z S). It is an easy exercise
to see that this gives a well-defined product.

5.3.1. Theorem [Loday|. Let R and S be rings. Then there is a natural
bilinear, associative product operation

K;(R) x K;(S) — Ki1+j(R®z S)

(for i, 5 > 0) which agrees with the usual products when i = 0 or j =
0. When R is commutative, this together with the multiplication map
R ®z R — R makes @, K;(R) into a graded commutative ring. (Graded
commutativity means that [a] - [b] = (—1)¥[b] - [a] for [a] € K;, [b] € K.)

Proof (Sketch). The idea is to define a map
BGL(R)* ABGL(S)* & BGL(R®z S)*
and to extend it to a map
K(R) NK(S) & K(R®z S).

Recall here that the “smash product” X AY of based spaces (X, zp) and
(Y, yo) is the based space obtained from X x Y by collapsing (X x {yo})U
({zo} x Y) to a point. The desired product structure will then be defined
as follows. Given based maps a : S* — K(R), b: S — K(S) representing
classes in K;(R) and K;(R), we define the product [a] - [b] as the homotopy
class of the composite

S = §iA ST 20 K(R)AK(S) 4 K(R®z S).
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The definition of u is based on a construction similar to that in the proof
of Theorem 5.2.12. If we fix a bijection Nx N — N, it gives an identification
of R*®z5° with (R®zS5)*> (here R means a free R-module of countably
infinite rank, etc.), and thus a group homomorphism GL(R) x GL(S) —
GL(R®zS). Applying the +-construction via Proposition 5.2.4, we obtain
a map

BGL(R)* A BGL(S)* X BGL(R®z S)*.

Changing the bijection N x N — N used in this construction only changes
the map by conjugation by a permutation matrix, and one can show this
does not change the homotopy class of u. Naturality is clear, and bilinearity
and associativity are easy to check (using the fact that the homotopy class
of u is independent of the bijection chosen N x N — N).

Suppose now that R is commutative. Then the ring homomorphism
R ®z R — R coming from multiplication induces a map m : K(R ®z R) —
K(R). We obtain a composite m o p : K(R) A K(R) — K(R). Because
of associativity and bilinearity of the product, this makes P, Ki(R) into a
graded ring. To prove that this ring is graded commutative, let o be the
“flip” automorphism of R ®z R. This induces a map o™ : K(R ®z R) —
K(R®zR). Given based maps a : S* — K(R), b: S/ — K(R) representing
classes in K;(R) and K,(R), we consider the diagram

S =8in5T 22, K(R)AK(R) —— K(R®zR) —™— K(R)

I & [ H
S+ =8I nSt 2%, K(R)AK(R) —— K(R®zR) —™ K(R).

Here s and o are the obvious “flip” maps.

The left-hand square is commutative by definition, and the middle square
is homotopy-commutative by naturality of u. The right-hand square is
homotopy-commutative since mult oo = mult (recall R is commutative).
On the other hand, the map s is easily seen to have degree (—1)*, since
the flip on R* x R/ is orientation-preserving if and only one of i and j is
even. So the homotopy class of the composite along the top line of the
dlagram differs from that along the bottom line of the diagram by a factor

of (-1)¥. O

Remark. A calculation in [Loday]| shows that the above product, when
specialized to a product K (R)®zK1(R) — K»(R) and restricted to R* ®g
R, differs from the Steinberg symbol pairing of the last chapter by a sign.

K-Theory of Fields and of Rings of Integers. Because of their
importance in arithmetic, as well as the fact that all rings are algebras
over Z and many rings commonly encountered are algebras over fields, it is
natural to begin the study of higher K-theory with the K-theory of fields
and of rings of integers in number fields. Even in these “elementary” cases,
the calculation of the higher K-groups is quite difficult and in most cases
incomplete. Nevertheless, there are a number of important results known,
and a number of conjectures (true in many special cases) which would link
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the K-theory of fields and of rings of integers to important problems in
number theory and algebraic geometry. No discussion of higher K-theory
would be complete without some mention of these results and conjectures,
which have provided most of the impetus for recent work in the subject.
A more detailed survey (again with most proofs omitted) may be found in
Soulé’s article in [LluisP].

The first major result on the higher K-theory of fields was due to Quillen.

5.3.2. Theorem [QuillenFinFd|. The K-groups K;(F,) of a finite field
F, are finite cyclic for all 1 > 0. They vanish for i > 2 even, and have order
|Kok—1(Fy)| =q¢*—1fori=2k—~1>1 odd.

Some ideas from the proof. While it would take too much algebraic
topology to explain Quillen’s method of proof, we should mention at least
some of the ideas involved. Quillen’s result was actually somewhat more
precise, since he managed to compute the precise homotopy type of
BGL(F,)", showing that it is the fiber in a fibration (up to homotopy)

b+
(5.3.3) BGL(F,)* = BU 2% BU,

where BU is the classifying space for (complex) topological K-theory. This
is the (path-connected) space, uniquely defined up to homotopy equiva-
lence, with the property that for any paracompact space X, there is nat-
ural bijection between K°(X) and the set [X, BU] of homotopy classes of
continuous maps X — BU. From Bott periodicity, one knows that the
homotopy groups of BU are 7;(BU) =0, i=2k—1> 1 odd, m;(BU) &£ Z,
t = 2k > 2 even. For any connected compact space X, the map g, induces a
map K°(X) — K°(X) which is natural in X. The map g, is determined by
this “cohomology operation” on K-theory, which is given by = — ¢%(z) —
where %7 is what is known as the g-th Adams operation on K°(X). This
in turn is characterized by the properties that 7 is a ring homomorphism
(recall K°(X) is a ring with unit, where the product comes from the tensor
product of vector bundles), and that ¢%(z) = z? if z € K°(X) is the class
of a line bundle. Note that 1? preserves the dimension of a vector bundle,
and thus passes to a well-defined self-map of reduced K-theory, which is
the kernel of the dimension homomorphism K°(X) — K°(pt) = Z. From
these axioms it is easy to see that under the identification of K9(52¥) with
Z, 47 corresponds to multiplication by g*. (Choose a map (§2%)F — §2* of
degree 1, and observe that the generator of K°(S2¥) pulls back to a multi-
ple of a virtual bundle of the form []%_, (x; — 1), where the z; are complex
line bundles pulled back from the S? factors. But

k k

k
w(n --1>) H(z—l T (0t - 1) = ¢* [ [ (o - 1.

i=1 i=1 =1

which shows %9 must multiply the generator of K°(52) by ¢*.) Thus (gq)«
must be multiplication by ¢¥ — 1 on 7o (BU) = Z, and the calculation of



3. A survey of higher K-theory 283

the homotopy groups of BGL(F,)* follows from the long exact homotopy
sequence (Theorem 5.1.24) of the fibration (5.3.3).

While we do not have the tools here to construct the fibration (5.3.3), we
can at least indicate where the crucial map b} : BGL(F,)™ — BU comes
from. Since BU is simply connected, it is enough by Proposition 5.2.4
to construct a map b, : BGL(F,) — BU, or in other words, an element
of the reduced K —theory of BGL(F,). This is constructed by passage to
the limit from (compatible) classes in K°(BGL(n, F,)) for each n. Now
if G is a group and one has a finite-dimensional representation p:G—
GL(N, C), it immediately gives rise to a vector bundle on BG, namely
the fiber product EG xg CV, where G acts on CV via p. (Recall by
Definition 5.1.16 that EG is the contractible universal cover of BG.) So we
need a suitable virtual representation (that is, a formal difference of two
finite-dimensional complex representations) of GL(n, F,). This in turn is
constructed by the mechanism of Brauer lifting. Instead of constructing
the virtual representation, we use that fact that representations of a finite
group are characterized by their characters, and so construct instead a
virtual character on G, that is, the difference of two characters. This
is a complex-valued function on G, constant on conjugacy classes. The
crucial result is the following.

5.3.4. Theorem (J. A. Green). Let G be a finite group, and let p : G —
GL(n, F,) be a finite-dimensional representation of G over the a]gebraw
closure of the field of p elements, p a prime. Fix an isomorphism o : IF x

C* of the multiplicative group of ]F with the complex roots of umty of
order prime to p. Let &(g), i = 1, ..., n be the eigenvalues of p(g) for
g € G, counted with multiph'cities, so that the character of p is given by
Trp(g) = &1(g) + -~ +&alg). Theng = oo0&i(g)+ - +00éu(g) is a
(complex-valued) vzrtual character of G, called the Brauer lift 1°(p) of p.
The Brauer lift is additive on short exact sequences of representations. In
other words, if

O—»p'—»p—)p"-—-)O

is a short exact sequence of representations over F, then 17 (p) = 1(p) +
17(p").

Proof. This depends on a famous theorem of Brauer (see [Jacobson, II,
§5.12]), which implies that a complex-valued function on G, constant on
conjugacy classes, is a virtual character if and only of its restriction to each
nilpotent subgroup is a virtual character. Because of this and the fact that
g 00&1(g9)+---+00&(g) is a class function, we can immediately reduce
to the case where G is nilpotent. But a finite nilpotent group is the direct
product of its Sylow subgroups, so we may assume G = H x K, where H
is nilpotent with order |H| relatively prime to p, and with K a p-group. If
g9 € G, we can write g = hk with h € H and k € K, and p(k) € GL(n, F,)
is unipotent (since the minimal polynomial of p(k) is of the form zP" — 1
and we are in characteristic p) and commutes with p(h). Thus p(g) has
the same eigenvalues as p(h), and 17 (p) factors through H. So without loss
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of generality, we may replace G by H and assume G is nilpotent of order
prime to p.

However, if the order of G is relatively prime to p, then representations of
G over lf“p are completely reducible. If G is abelian, every representation is
therefore a direct sum of characters, and the result is obvious. Furthermore,
if p is induced from a one-dimensional representation x of a subgroup H,
then it is clear that [9(p) as defined in the the Theorem is just the character
of the representation of G induced from the character o o x of H. To
conclude the proof, we note that if G is nilpotent, an easy induction shows
every irreducible representation is “monomial,” i.e., induced from a one-
dimensional representation of a subgroup (again see [Jacobson, II, §5.12]),
and so applying the last observation, we see [?(p) is the character of a
monomial representation over C. The additivity property comes from the
fact that given a short exact sequence as in the theorem, the eigenvalues
of p(g) are the union of the eigenvalues of p'(g) and of p”(g). O

Some ideas from the proof of Theorem 5.3.2 (continued). Now we can
explain the construction of the map b,. Fix o : F) < C* as in Theorem
5.3.4. Start with the identity representation

idn, : GL(n, Fy) — GL(n, F;) — GL(n, Fp).

The Brauer lift 17 (id,,) is a complex-valued virtual character of GL(n, Fq)
by Theorem 5.3.4, and by the formula for %, [9(id,)(1) = n, i.e., it has
dimension n. So {?(id,) — n is a virtual character of dimension 0 and thus
gives rise to a virtual vector bundle of dimension 0 on BGL(n, Fy), and so
to a map by : BGL(n, F;) — BU. The diagram

b’n-
BGL(n,F,) —"— BU

! II

n+1

BGL(n+1,F,) —— BU

commutes, at least up to homotopy, since for g € GL(n, F,), its image in

GL(n+1,F,) is (‘g (1)), and

1° (idpn 1) (g (1)) — (n+1) = I°(idn)(g) — n.

So passing to the limit we obtain the desired map b, : BGL(n, Fq) — BU.
Furthermore, we can see immediately that the composite g4 o by is null-
homotopic, for if g € GL(n, F,), the set of eigenvalues of g is invariant
under Gal(F,/F,), which is generated by the Frobenius automorphism z
x9, and thus from the defining property of ¥?, ¥%(Bl(id,)) = Bl?(id,),
and g4 0bq is null-homotopic. From this one can see at least that b;; induces
a map from BGL(F,)* to the homotopy fiber of g,. The bulk of Quillen’s

proof consists of showing that this induced map is a homology isomor-
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phism, and thus a homotopy equivalence by the Hurewicz and Whitehead
Theorems. 0O

5.8.5. Remark. A perhaps disappointing corollary of the computation
of the K-groups of a finite field is that in this case, the ring structure of
Theorem 5.3.1 is quite trivial: the product Ko(Fq) ® K;(Fq) — K;(Fy)
is just the usual action of Z on any abelian group, and all other products
vanish for dimensional reasons (the non-trivial K-groups are in odd degree,
and the product of two elements of odd degree has even degree and thus
vanishes).

5.3.6. Corollary [QuillenFinFd]. If F' is any algebraic extension of Fy,
then K;(F) vanishes for i > 2 even, and K;(F) = K;(F,)®/F) for
t =2k — 1> 1 odd. Furthermore,

Kok (Fp) = P Qu/2u.
I#p

Proof. Any algebraic extension F' of F, is an increasing union of finite
fields F,,. Now it is evident that the constructions of Theorem 5.1.15 and
of Theorem 5.2.2 are compatible with increasing unions, so that

Ki(F) = m(BGL(F)*) = m(lim BGL(F,,)*)
= lim m;(BGL(F,,) ") = lim K;(Fy,),

which gives 0 for ¢ > 2 even and gives lim;_, Z/(qf -1 fori=2k-1>1
odd. In the case of F = ]F‘p, the g; are all the powers of p, indexed by
the multiplicative ordering on N. Thus the I-primary part of Kox_1(F,)
vanishes for [ = p (since the p-primary part of Kyx_1(F,) vanishes for ¢
any power of p, by Theorem 5.3.2) and for [ # p is an increasing union of

cyclic groups of orders ™/ with n; — oo, in other words Q;/Z;,. O

The state of knowledge about the K-theory of other fields is quite in-
complete. To phrase some results in a reasonable way, it is necessary to
pass to K-theory with finite coefficients, which is useful in other con-
texts, anyway. Setting up the foundations of this theory requires more
homotopy theory than we have developed, but we will at least state the
main properties.

5.3.7. Theorem (cf. [Browder]). For any positive integer k > 2, there
are functors R ~~ K;(R; Z/k) from rings to abelian groups and functors
(R, I) ~ K;(R, I, Z/k) giving exact sequences as in Definition 5.2.14.
These fit into natural long exact sequences

- — Kip1(R; Z/k) 5 Ki(R) 5 Ki(R)
— Ki(R; Z/k) > Ki_1(R) — -
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(and similarly for the relative groups), where k here means multiplication
by k on K;(R). For i > 2, the K-groups with coefficients in Z/k may be
defined by

Ki(R; Z/k) = [M} =4es S U €', BGL(R)*],

the set of homotopy classes of maps into BGL(R)" from the “Moore space”
M obtained by attaching an i-cell onto S*~! by a map B* = §*~! — §i~1!
of degree k. (A similar definition applies to the relative groups.)

For i > 1, there is a natural Hurewicz map

Ki(R; Z/k) — Hi(GL(R); Z/k)

which is the “mod k” analogue of the map hgy, of Exercise 5.2.15.

Partial sketch of proof. The groups K;(R; Z/k) were first introduced by
Browder [Browder], who used [M}, BGL(R)"| as the definition for i > 2
and K;(R)®zZ/k as the definition for : < 1. This gives the “correct” groups
in degrees > 2 but is somewhat unsatisfactory in low degrees for general
rings, since it leads to failure of the long exact sequences below degree 2.
(This was not a problem for Browder since he was mostly interested in
fields.) However, there are various ways of remedying this by “dimension-
shifting.” With this approach, the boundary map K;(R; Z/k) 2, i—1(R)
is induced by the inclusion of S*~! into M}, and the exact sequence comes
from the exact sequence dual to that in Definition 5.1.6. For example, a
class in K;_1(R) lies in the image of 8 if and only if the corresponding map
§*=1 — BGL(R)" extends over M{, which by definition of M} happens if
and only if its homotopy class is torsion of order dividing k. The “reduction
mod k” map K;(R) — K;(R; Z/k) is induced by a map M} — S*. The
Hurewicz map is defined by noting that H;(M}; Z/k) = Z/k, so that any
map f : M} — BGL(R)" sends the “mod k fundamental class” of M} to
a class in H;(GL(R); Z/k) only depending on the homotopy class of f.

Another method is to show, using the fact that BGL(R)" is an H-space,
that there is a self-map of BGL(R)™* which induces multiplication by k on
the homotopy groups. Then one can take the homotopy fiber of this map
and use its homotopy groups, shifted in degree by 1, as the K-groups with
coefficients in Z/k. The desired long exact sequences

-+ — Kit1(R; Z/k) — Ki(R) 5 Ki(R) — Ki(R; Z/k) — ---

then follow immediately from the long exact sequence of a fibration (The-
orem 5.1.24). A “dimension-shifting” technique is needed to deal with
negative K-theory to incorporate it into the same framework. Standard
techniques of algebraic topology can be used to show that the two ap-
proaches yield the same mod-k K-groups. O

Now we can state some of the remarkable results of Suslin about K-
theory of certain fields.
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5.3.8. Theorem [SuslinAlgCl]. Any inclusion of algebraically closed fields
induces an isomorphism of mod-k K-groups. Thus the mod-k K -groups
of an algebraically closed field of characteristic p are the same as for F D)

and so can be read off from Corollary 5.3.6 and from the exact sequence of
Theorem 5.3.7.

Remark. From the exact sequence of Theorem 5.3.7, it is immediate that
if F is a field, then

K\(F; Z/k) = F* /(F*)
(this group already appeared in Theorems 4.4.17 and 4.4.18). This vanishes
for algebraically closed fields for all k, but will be non-trivial if some element
of F does not have a k-th root in F. Thus one cannot expect an inclusion
of an algebraically closed field in another field to induce an isomorphism
of mod-k K-groups unless the extension field is also algebraically closed.

5.3.9. Theorem [SuslinLoc|. Let BU and BO be the classifying spaces
for (complex and real, respectively) topological K-theory. The vector bun-
dles

EGL(’!L, C) XGL(n,C) C" over BGL(TL, C)

and
EGL(n, R) XgL(n,r) R™ over BGL(n, R)

give rise to maps BGL(C) — BU and BGL(R) — BO, and thus to maps
BGL(C)* — BU and BGL(R)* — BO. These maps induce isomorphisms
on mod-k homotopy groups, so that for all k > 2 and i > 0,

Z/k, i even,
K;(C; Z/k) = mi(BU; Z/k) = { 0, iodd
and
N | 2Z/k, i=0 mod 4,
Ki(R; Z/k) = 7;(BO; Z/k) = { 0, i=1,2,3 mod4 (k odd);

if k is even, there are suitable Z/2’s coming from the groups n;( BO) = Z,/2
fori=1,2 mod 8.

The other fields of greatest interest are number fields F, that is, finite
extensions of Q. Since such a field is the field of fractions of a Dedekind
ring R, namely the ring of algebraic integers in F, it turns out that the
K-theory of F can be computed from that of R and of finite fields (see
Theorem 5.3.28 and Example 5.3.29 below). So we next focus attention
on rings of integers. For the ordinary integers Z, some specific facts are
known. We mentioned previously (Exercise 4.3.20) that K(Z) is cyclic of
order 2, with generator {—1, —1}.

5.3.10. Theorem [LeeSzc|. K3(Z) is cyclic of order 48.

5.3.11. Theorem [Arl]. The Hurewicz map K4(Z) — Hy(St(Z), Z) is an
isomorphism. The Hurewicz map Ks(Z) — Hs(St(Z), Z) has cokernel of
order 2 and finite kernel.
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In addition, there are two important general theorems about the higher
K-theory of rings of integers.

5.3.12. Theorem [QuillenFinGen]. If R is the ring of integers in a finite
extension field F' over Q, then K;(R) is finitely generated for all 3.

5.3.13. Theorem [Borel]. Suppose R is the ring of integers in a finite
extension field F' over Q. Write [F : Q] = n = ry + 2ry, where r, is the
number of distinct embeddings of F into R, and 5 is the number of distinct
conjugate pairs of embeddings of F into C with image not contained in R.
Fori > 2,
0, 1 even,
K (R)y®zR={ R i=1 mod 4,
R™, =3 mod 4,

Quillen’s Finite Generation Theorem (5.2.12) and Borel’s Theorem
(5.3.13) taken together should be viewed as a higher-degree version of
the Dirichlet Unit Theorem (Theorem 2.3.8), which showed that K;(R)
is finitely generated, with K;(R) ®z R = R™*72~1. The upshot of these
theorems as far as the K-theory of Z is concerned is that K;(Z) is finite
for all i > 2 except when ¢ = 1 mod 4, in which case K;(Z) is a product
of an infinite cyclic group and a finite abelian group. A bit is known about
the finite groups that appear, in terms of both upper and lower bounds on
their sizes, but there is no simple pattern, and there is evidence that the
orders of these finite groups are at least in part related to the Bernoulli
numbers. (A few examples: it is shown in [Browder| that Kgx43(Z) con-
tains a direct summand isomorphic to Z/48, and it is shown in [Soulé] that
K25(Z) surjects onto Z/691.)

Even in the case of the ring of integers R in a general number field F,
there seems to be a close link between the K-groups of R and arithmetic
properties of the field F, in particular the zeta-function of the field {r(s).
This is the meromorphic function of s obtained by analytic continuation of
the Dirichlet series

1 1
= E —_— = E 1
Cr(s) 1—lp—° o]’ Res > 1,

prime ideals p nonzero ideals a

where |p| denotes the norm of an ideal as defined in the proof of Theorem
1.4.19, and we sum over non-zero ideals of R. When F = Q, this is the
usual Riemann zeta-function. The functional equation of (r, together with
Borel’s Theorem (5.3.13), gives rise to the following suggestive observation
of Lichtenbaum:

5.3.14. Proposition [Licht, Corollary 2.3]. The rank of Kak1(R) is
equal to the order of the zero of (r(s) at s = —k.

In fact, many special values and residues of (#(s) seem closely related to
the orders of the finite summands in the K-groups of R; for some details,
see [Licht]. For example, in the case of the Riemann zeta-function,

_1_, 1K@
D=5 = K@
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The connection with the Bernoulli numbers comes from the classical iden-
tity
Boy
—2k4+1) = — =2k

((~2k+1) =~ =2
Pursuing this matter further leads to relationships between K-theory and
étale cohomology in algebraic geometry, and to recent conjectures of Beilin-
son. For a survey of this whole cycle of ideas, see [Rama].

The @Q-Construction and Results Proved with It. Along with
the +-construction which we have already discussed, Quillen gave another
method for constructing a space K(R) whose homotopy groups are the
higher K-groups of R. This method is now usually known as the Q-
construction. Quite a number of variants of the method are known; for
a survey of some of them, see [Adams, Chs. 2 and 3]. Much of the power
of higher K-theory comes from playing off the +-construction against the
Q-construction, for on the face of things, they look very different. The
proof that the two constructions give the same K-groups is quite difficult
and involved; one version of the proof may be found in [Srinivas, Ch. 7],
and another proof is sketched in [Adams, §3.2]. While we will not attempt
to go into details of these points, we will explain roughly how to construct
K-groups via Quillen’s original Q-construction, and will mention a few of
the key theorems proved with this construction. For a much more extensive
treatment, see §§3-7 of [Srinivas].

To define the Q-construction, we need a slightly more general notion of
classifying space than that given in Definition 5.1.16.

5.3.15. Definition. Let C be a small category, that is, a category whose
objects form a set. The classifying space BC of C is defined to be a
CW-complex with one 0-cell for each object of C, and for n > 1, with one
n-cell for each diagram

Xo Ihox, L I

in C, where the X;’s are objects of C, the f;’s are morphisms in C, and we
exclude the case where two consecutive X;’s are equal and the morphism
between them is the identity morphism. The n-cell associated to

Xoﬁ,xlﬁ,...ﬁxn

is attached in the obvious fashion to any cell of smaller dimension that can
be obtained by deleting some X; and, if i # 0 or n, replacing f; and fir1
by fit1 0 fi. (Any time this leads to an identity morphism, one cancels
it.) Note that a functor between small categories induces a cellular map
between their classifying spaces.

5.3.16. Examples.

(1) IfC has only one object *, and Hom¢ (%, %) = G is a group, then BC
has a single 0-cell *, one 1-cell for each g # 1 in G, and one n-cell
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for each n-tuple of elements of G none of which are the identity.
Thus if G = {1, g} is the cyclic group of order 2, BC has exactly
one cell of each dimension. In this case, it is not hard to see that
BC is RP*°, the infinite real projective space. In general, it is not
hard to see that BC coincides with the model for BG constructed
in Theorem 5.1.15.

(2) If C has exactly two objects, 0 and 1, and if C has exactly one

morphism 0 ER 1 other than the identities ¢dy and id;, then BC
has two O-cells and one 1-cell joining them, so that BC = [0, 1].

(3) Tt is immediate from the definition of the cells of BC that path-
components of BC correspond exactly to connected components of
the objects of C, where we say two objects lie in the same connected
component if there is a morphism between them.

5.3.17. Lemma (G. Segal). If C and D are small categories, and if
F, G : C — D are functors, and there is a natural transformation F — G,
then BF, BG : BC — BD are homotopic. Thus if C has either an initial
or a final object, then BC is contractible.

Proof (Sketch). A natural transformation F — G may be viewed as a
functor C x {0, 1} — D, where {0, 1} is the category of example 5.3.16(2).
It thus induces a map

B(Cx{0,1}) = BC x B{0, 1} = BC x [0, 1] — BD

restricting to BF' on BC x {0} and restricting to BG on BC x {1}, in other
words a homotopy from BF to BG. If C has a final object *, then we may
view * as itself being a subcategory of C with only one object and only
one morphism, and Bx is a single point. There is a natural transformation

from C %5 CtoC — * — C , so the identity map on BC is homotopic to a
map factoring through a point, and BC is contractible. The case where C
has an initial object is analogous. O

5.3.18. Corollary. An equivalence of categories yields a homotopy equiv-
alence of classifying spaces.

Proof. This is immediate from the definition of equivalence and from
Lemma 5.3.17. 0O

Now we can give the Q-construction of the higher K-groups.

5.3.19. Definition [Quillen]. Let P be a category with exact sequences
(as defined in Definition 3.1.1). An admissible monomorphism in P is
a morphism P — P’ that can be completed (on the right) to a short exact
sequence

0-P—P -5P' -0

in P, and an admissible epimorphism is a morphism P — P’ that can
be completed (on the left) to a short exact sequence

0-P' ->P»P -0
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in P. Define Q(P) to be the category with the same objects as P, with
morphisms Homgp)(Py, P,) the set of all equivalence classes of diagrams

Pl«_QHP2a

where « and — are, respectively, an admissible epimorphism and an ad-
missible monomorphism. For example, since we may take Q = Pi, any
split injection gives a morphism in Q(P). Two such diagrams are to be
identified if there is a commutative diagram

P o« Q P,
| =
1 Q' » Ps.

To compose arrows, given
PeQ— P

and
P2«_QIHP37

form
Pl«_QxPzQIHP:’S'

Note that strictly speaking, Q(P) is not necessarily a small category as
it stands, but we can replace it by an equivalent small subcategory, and by
Corollary 5.3.18, the classifying space of this subcategory is well defined up
to homotopy equivalence. With this understanding, we write BQ(P) for
this space. The K-groups of P are defined to be K;(P) =qet mi+1(BQ(P)),
computed with respect to the natural basepoint corresponding to the 0-
object. (Since there is a morphism in Q(P) from the 0-object to any other
object, BQ(P) is path-connected.)

If R is a ring and P is the category of finitely generated projective
modules over R, we write simply K;(R) and Q(R) for K;(P) and Q(P),
respectively.

Of course, it would be desirable to know that this definition agrees with
our earlier definitions of Ky and K for categories in Definition 3.1.6, and
with Definition 5.2.6 for rings. In fact this is the case for K of categories
and for general K-groups of rings, though there are known to be some cases
of categories for which Definition 3.1.6 and Definition 5.3.19 give different
K-groups. Fortunately we are really only interested in the case of rings,
where the two competing definitions of higher K-groups coincide. We state
this result as a theorem, but as the proof is quite difficult and involved, we
refer the reader to [Srinivas, Ch. 7] and to [Adams, §3.2].

5.3.20. Theorem (Quillen—see [Srinivas, Theorem 7.7]). For any ring
R, there is a natural homotopy equivalence QBQ(R) — K(R), inducing

natural isomorphisms between the K-groups of Definition 5.3.19 and those
of Definition 5.2.6.
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The one part of this result that is elementary is the proof that

m(BQ(R)) = Ko(R)

([Quillen, §2, Theorem 1] and [Srinivas, Example 4.10]), which actually
works for categories: m1(BQ(P)) = Ko(P) for any category P with exact
sequences. Each object P of P defines a loop in BQ(P), since there are
two distinct paths from the basepoint to the 0-cell of BQ(P) corresponding

to P, corresponding to the two morphisms 0 « P 4 pPand0«0— P
in Q( )- It is easy to see that sending [P] to the class of this loop gives a
map Ky(P) — m1(BQ(P)), and only slightly harder to see that this is an
isomorphism.

The principal advantage of the QQ-construction over the +-construction is
that it can be applied not only to the finitely generated projective modules
over a ring but also to more general categories. Even if one is only interested
in the K-groups of a ring R, the easiest approach to computing the K-
groups is often to find other categories of R-modules for which the K-
groups are computable, then to relate these to K;(R). The reader may
find many examples of this technique in [Quillen] and [Srinivas]. The first
basic tool is the following (cf. Proposition 3.1.9).

5.3.21. Lemma. If F : P — M is an exact functor between categories
with exact sequences, then F induces a map BQF : BQ(P) — BQ(M),
and in particular induces maps F, : K;(P) — K;(M).

Proof. Since F' preserves exact sequences, it induces a functor QF :
Q(P) — Q(M), and thus a map between classifying spaces by 5.3.15. O

5.3.22. Example. For an example of 5.3.21, note that a homomorphism
¢ : R — S of rings induces an exact functor ¢. : ProjR — ProjS by
P — S ®g P. The exactness here depends on the fact that every short
exact sequence of projective modules splits. We conclude that ¢ : R — S
of rings induces maps ¢, : K;(R) — K;(S5).

Now we may generalize the G-groups of Chapter 3 as follows.

5.3.23. Definition [Quillen]. Let R be a ring. (Often one wants to
assume that R is left Noetherian, which ensures that any submodule of
a finitely generated R-module is finitely generated.) Define G;(R) (or
K!(R)) by Gi(R) =gqet K;(R-Modg). The obvious inclusion functors
Q(Proj R) — Q(R-Modg,,) — Q(R-Modg) (see Examples 3.1.2(3) and
(4)) give natural homomorphisms K;(R) — K;(R-Modg) — Gi(R).

Note that in general, a ring homomorphism ¢ : R — S does not in
general induce an exact functor R-Modg, LN S-Modg,. However, M —
S ®R M is exact if S is flat over R, so in this case we obtain a map
@« 1 Gi(R) — Gi(S). If S is finitely generated as an R-module via ¢, then
each finitely generated S-module may be viewed as a finitely generated R-
module, and without any flatness assumption we obtain an exact functor
S-Modg, 2% R-Modsg and maps ¢* : G;(S) — G;(R), known as the
transfer homomorphisms.



3. A survey of higher K-theory 293

Now we can state some of the results proved using the Q-construction.
These include analogues of all the major results of Chapter 3. In many
cases, the method is more powerful than the result may indicate, and with
more work can be used to prove something more delicate.

5.3.24. Theorem (“Devissage” —cf. Theorem 3.1.8). Let A be an
abelian category in which every simple object is isomorphic to one and
only one element of some set S C Obj.A, and let Ags, Ag be the full
subcategories of semisimple objects (finite direct sums of simple objects)
and objects of finite length, respectively. Then the inclusion Agg — Ag
induces isomorphisms

D Ki(Bnda(M)*P) - Ki(An).
MeS

Remarks on the proof. See [Quillen, Theorem 4] and [Srinivas, Theorem
4.8]. It is convenient to slightly generalize the notion of category with
exact sequences so as to cover Agg (which isn’t closed under extensions in
A); then there are two steps, to show BQ(Ass) — BQ(Ag) is a homotopy
equivalence, and then to observe that

Ki(An) = (D Ki(Enda(M)*®). O

MeS

5.3.25. Theorem (“Resolution theorem”—cf. Theorem 3.1.13).
Suppose M and P are categories with exact sequences, both contained in
the same abelian category A, and with P a full subcategory of M. Also
assume:

(1) that for each object M € Obj M, there is a finite resolution by
objects of P, i.e., an exact sequence (3.1.3) in M of finite length
with P; € ObjP;

(2) that if

0—->M - My, > M;—0

is a short exact sequence in A and M2, M3 € Obj M (resp., ObjP),
then M; € Obj M (resp., ObjP). (In other words, M and P each
contain the kernels of each of their morphisms which are epimor-
phisms in A.)

Then the inclusion functor P — M induces isomorphisms of K-groups.

Remarks on the proof. See [Quillen, Theorem 4] and [Srinivas, Theorem
48]. O

5.3.26. Corollary. For any ring R, the inclusion functor ProjR —
R-Modyg,, induces isomorphisms of K-groups. Thus if R is a left regu-
lar ring, the inclusion functor Proj R — R-Modg; induces isomorphisms
K;(R) — G;(R) for all .
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5.3.27. Theorem (“Localization Theorem”). Let A be a small abelian
category and let B be an additive subcategory closed under taking subob-
Jects, quotients, and extensions in A. Under these hypotheses, there is
a well-defined quotient abelian category A/B with the same objects as A
and with morphisms obtained from those of A by inverting morphisms with
kernels and cokernels in B, and the natural functors

B— A— A/B
induce a fibration (up to homotopy)
BQ(B) — BQ(A) — BQ(A/B)
and thus a long exact sequence of homotopy groups

- — Ki1(A/B) — Ki(B) — Ki(A) — Ki(A/B) — K;_1(B) — ---.

Remarks on the proof. See [Srinivas, Appendix B for a description of
the construction of .A/B and [Quillen, Theorem 5| and [Srinivas, Theorem
4.9] for the theorem itself. O

5.3.28. Corollary. If R is a Dedekind domain with field of fractions F,
there is a long exact sequence

= Ki(F) - @ Ki(R/p) - Ki(R) > Ky(F) — ---.

p<R maximal

Remarks on the proof. This comes from applying the Localization Theo-
rem to the case where A is the category of finitely generated R-modules and
where B is the category of finitely generated torsion R-modules. The K-
groups of A are G;(R) = K;(R) by Corollary 5.3.26. The K-groups of B are
the direct sums of the K-groups of the R/p’s, by Theorem 5.3.24. The cat-
egory A/B can easily be identified with the category of finite-dimensional
vector spaces over F, so its K-groups are those of F' and the result fol-
lows. O

5.3.29. Example. We may apply Corollary 5.3.28 to the case where F is
a number field, and R is the ring of integers in F. Then the R/p’s are all
finite fields, so their K-groups are finite and vanish in even degrees (> 0)
by Theorem 5.3.2. So applying Theorems 5.3.12 and 5.3.13, we see that the
K-groups of F' are countably generated as abelian groups, with K;(F)®zQ
a Q-vector space of dimension 1if i = 0, co if i = 1, 0if i > 2 is even,
ri1+r2ifi>5is=1 mod 4, and r, if i > 3is =3 mod 4.

In fact, since the K-groups of finite fields vanish in even degrees (> 0),
the long exact localization sequence splits into shorter exact sequences. For
instance we have

0— K3(Z) = Z/48 — K3(Q) — 0,
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0— K3(2) =Z/2 > K>2(Q — P Fy
p prime

— {1} - Q* — @ Z — 0.

p prime

The last of these sequences contains in it the calculation of K2(Q) (cf.
Theorem 4.4.9) as well as the Fundamental Theorem of Arithmetic, which
says in effect that Q* = {£1} x @

p prime “/*

5.3.30. Theorem (Fundamental Theorem—cf. Theorem 3.2.22).
Let R be ring and (as in Theorem 3.2.22) let Nil R be the category whose
objects are pairs (P, A) consisting of a finitely generated projective module
P over R and a nilpotent R-endomorphism A of P. The K-groups of
Nil R naturally split as K;(R) ® Nil;(R). Furthermore, there are natural
isomorphisms

Ki(R[t]) = Ki(R) ® Nil;_; (R),

K;(R[t, t7']) 2 K;(R) ® K;_1(R) ® Nil;_; (R) ® Nil;_,(R).

Traditionally one writes N K;(R) for Nil;_;(R).
If R is left regular, all the Nil-groups and negative K-groups of R vanish,
and K;(R[t]) = K;(R), K;(R[t, t7']) = K;(R) ® K;_1(R) for all i.

Remarks on the proof. See [Quillen, Theorem 8] and [Srinivas, Theorem
5.2] for the case where R is left regular, which is considerably easier. In this
case, vanishing of the Nil-groups follows from the Resolution and Devissage
Theorems, and for the Fundamental Theorem itself, because of Corollary
5.3.6, we can replace K; by G; and work with the abelian category of finitely
generated modules, then apply Theorem 5.3.27 (Localization). The general
case requires a modification of the Localization Theorem for categories
with exact sequences which are not abelian, which is harder to state. See
[Gersten2] and [Srinivas, Theorem 9.8). O

Applications. Since the groups K;(R) for i > 3 are defined in a some-
what indirect way compared with the groups K;(R) for 7 < 2, it is harder
to find direct applications of them. Nevertheless, these groups also appear
in algebraic geometry, number theory, topology, and analysis. A quick
sketch of some of the presumed applications in number theory and alge-
braic geometry appeared in the subsection on “K-theory of fields and of
rings of integers.” Other applications to algebraic geometry have to do with
analogues of the Riemann-Roch Theorem for higher-dimensional algebraic
varieties (recall Exercise 3.1.25) and with the so-called Chow ring of a va-
riety. We will say just a bit about these topics now; for more details on the
algebraic geometry background of the subject, see [Hartshorne, Appendix
A], and for more details on how K-theory comes in, see [Srinivas, §§5, 8,
and 9].

The Chow ring is an analogue for algebraic varieties (or schemes) of the
cohomology ring of a topological space, particularly in the case of a man-
ifold. It gathers information about algebraic subvarieties and how they
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intersect with one another. More precisely, if X is an irreducible algebraic
variety of dimension n over a field k (say C), the Chow ring CH®*(X) is
a commutative graded ring, with C H*(X) constructed as the free abelian
group on the (Zariski-)closed irreducible subvarieties of X of codimension
k, modulo a certain equivalence relation called rational equivalence. The
ring structure on CH*(X) comes from intersection: if Y is a closed sub-
variety of codimension p and if Z is a closed subvariety of codimension g,
then one “wiggles” Y and Z within their respective equivalence classes so
that they intersect properly (that is, in a finite union of irreducible subvari-
eties each of codimension p+g¢), and [Y]-[Z] is the class of this intersection,
counted with suitable (possibly negative) multiplicities attached to the var-
ious intersection components, in CHP*4(X). For example, if X = P*(C),
CH*®(X) = Z[y]/(y™*!), the truncated polynomial ring on a generator y in
degree one, corresponding to the subvariety ¥ = P"~1(C) — P*(C) = X
(a hyperplane section). In this case, all hyperplane sections are in the
same rational equivalence class, and ¢’ corresponds to the intersection of
J generic linear hyperplanes, which if 7 < n is just the class of the linear
subvariety P"~7(C) — P*(C) = X.

For a general non-singular variety X, it is clear that CH%(X) is the free
abelian group on [X], hence & Z, and that CH(X) is a group of equiv-
alence classes of divisors on X, which is known to coincide with Pic(X),
the group of isomorphism classes of algebraic line bundles, via the corre-
spondence D — Lp discussed in Exercise 3.1.25. It is rather easy to show
that Pic(X) = H'(X, O%), where O% is the sheaf of germs of invertible
algebraic functions. (See [Hartshorne, Ch. III, Exercise 4.5].) For a long
time, it was an open problem to give a comparable description of the higher
Chow groups CH*(X) as cohomology groups of some sort.

This problem was solved by Quillen in the case of non-singular varieties,
or more precisely, regular schemes X of finite type over a field k, using
the higher K-groups of the variety. The answer (known as Bloch’s for-
mula, see [Quillen, Theorem 5.19] and [Srinivas, Corollary 5.27]) is that
CH*(X) ~ H*(X, Kk, x), where Ky x is the sheaf given by “sheafify-
ing” the presheaf U + K (U), for U a Zariski-open subset of X. Since
it is easy to see that Kj x is the constant sheaf Z when k = 0 and the
sheaf O% when k = 1, Bloch’s formula generalizes the classical formulas
CH°(X) & HYX,Z) 2 Z and CH'(X) = H(X, 0%) = Pic(X). The
case of singular varieties is substantially more complicated, but it is now
clear that the study of the higher Chow groups CH*(X) is inextricably
linked with higher algebraic K-theory.

For somewhat related reasons, the higher K-groups of a variety are also
related to the Riemann-Roch problem, discussed in Exercise 3.1.25, of com-
puting the Euler characteristic map x : Ko(Vect X) — Z, the reason being
that Ko(Vect X) is related to the higher K-groups on subvarieties of X via
repeated use of the long exact K-theory sequences. Alternatively, one can
see this via the fact (see [Hartshorne, Appendix A]) that in the case of a
non-singular projective variety, the map x can be shown to factor through
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a “Chern character” map
Ko(Vect X) - CH*(X)®7 Q,

while the higher higher Chow groups are related to higher algebraic K-
theory via Bloch’s formula. For more on this topic, see Gillet’s survey in
[LluisP].

We conclude this section with a discussion of a nice geometric description
of higher algebraic K-theory, due to Max Karoubi, which can be used
to relate algebraic K-theory to problems about flat vector bundles. This
particular description of the +-construction will also be useful in the next
chapter—see Exercise 6.2.25.

5.3.31. Definition [KaroubiHomCyc]. Let G be a group whose commuta-
tor subgroup is perfect; the main case of interest will be where G = GL(R)
for some ring R. Let X be a CW-complex. A virtual flat G-bundle over
X is a diagram F 5 Y Lx , where £ and Y are CW-complexes, 7 is a
Galois covering map with covering group G, and f is a fibration with acyclic
fibers, that is, whose fibers have vanishing reduced integral homology. We
will mostly be interested in the case where Y and X are connected, in which
case E 5 Y is determined by a map (Y') — G (unique up to conjugacy).

Two virtual flat G-bundles over X, E 5 Y S Xad B oy L X,

are said to be equivalent if there is a virtual flat G-bundle E; = Y; EiN X
and a commutative diagram

’

Yy 2 1, <2 Y’

N

Ty Lax Loy
such that o*(E;) & E, ¢'*(E;) = E'. This relation is obviously reflexive
and symmetric.

5.3.32. Theorem [KaroubiHomCyc, Appendice I|. Let G be a group
whose commutator subgroup is perfect and let X be a CW-complex. Then
equivalence of virtual flat G-bundles over X is an equivalence relation, and
the equivalence classes are in natural bijection with the set of homotopy
classes of maps X — BG™. In particular, taking G = GL(R), the equiva-
lence classes of virtual flat G-bundles over S* are in natural bijection with
K;(R) fori > 1.

Proof. First we need to prove transitivity. Suppose one has virtual bun-
dles E over Y, E' over Y/, E” over Y”, E; over Y1, and E, over Ys, and
commutative diagrams

Y 2V, —<—Y YV Lyl yr

O

y Lo x Loy oy L x Iy
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such that o*(E) X E, o'*(E1) @ E', p*(E2) X E/, p/*(E;) & E". We may
assume from the homotopy point of view (using mapping cylinders) that o’
and p are the inclusions of Y’ as subcomplexes of ¥; and Y;, respectively.
Then form Z = Y, UY5. Since f; and f> are each extensionsof f/ : Y/ — X,
they together define a map g : Z — X. Replacing Z be a homotopy-
equivalent complex, we may assume g is a fibration, and it will still have
acyclic fibers. Now we have a commutative diagram

y 2, 7 -° Y’

H o

vy L x Ly

We might as well assume X is connected, in which case F; and E5 are
determined by maps (Y1) — G and m;(Y2) — G which we can assume
coincide on the image of 7 (Y’). By Van Kampen’s Theorem, m;(Z) =

m (Y1) *(Y )7r1 (Y2), so we obtain a uniquely determined map m1(Z2) —» G
im m; (Y’

and thus a flat G-bundle E3 over Z. By construction, the pull-backs of E;3
to Y and Y are equivalent to E and E”, respectively, and so E and E”
are equivalent. Thus equivalence is indeed an equivalence relation.

Next, we associate to a virtual flat G-bundle E 5 Y EN X over X a
map X — BG™ as follows. Without loss of generality we may assume X is
connected (otherwise work separately on each component). Since the fiber
FofY L X is acyclic, m1(F') is perfect, and its image in 7 (Y) is a perfect
normal subgroup. Since Y 4, X kills this subgroup and is a homology
equivalence, by Theorem 5.2.2 we may identify Y ERN X (up to homotopy
equivalence) with the inclusion ¥ — Y%, where the +-construction is
performed with respect to the image of m(F). Now E = Y corresponds
to a map m(Y) — G or to a map of spaces Y — BG. By Proposition
5.2.4, there is an induced map Y+ = X — BG*.

Next we claim that the homotopy class of the induced map Y+ = X —

BG™ only depends on the equivalence class of E — Y 4 x. Indeed, if £
is equivalent to E’ via a diagram

such that 0*(E;) = E, ¢’*(E;) & E', then we obtain a homotopy-commuta-
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tive diagram

Y 4 Y, 2 Y’

H s |

Y f X fl YI

BG* BGt BGT,
which is exactly what we need. Thus we have a well-defined map from
equivalence classes of virtual flat G-bundles over X to [X, BG*|. This
map is surjective, since given ¢ : X — BGT, we can assume from the
homotopy point of view that BG < BG* is a fibration, and then form the
pull-back fibration g*¢ : Y — X. Since ¢ is a homology equivalence, this
will have acyclic fibers. It also comes with a commutative diagram

Y —— BG

e
X —% ., BGt

defining a G-bundle over Y, and so we get a virtual flat G-bundle over X
mapping to the homotopy class of g.

’
™

Finally, we need to show that f E > Y % X and B/ ™ v’ IS x
define homotopic maps X — BG™, then they are equivalent. We have a
homotopy-commutative diagram

y -, Bg

Y —~— BG.

As before construct the pull-back fibration g*¢ : Z — X, which has acyclic

fibers. From the diagram, Y ELN BG and Y’ ELN BG@G are both pulled back
from Z — BG, so E and E’ are equivalent.

If G = GL(R), then BGL(R)" is simple (Theorem 5.2.12), so in comput-
ing homotopy classes of maps X — BG* with X a connected CW-complex,
it doesn’t matter whether one uses based or unbased maps. Thus the last
statement follows. O

5.3.33. Remark. In the case where G = GL(R), one can define a flat
virtual GL(R)-bundle over X from any flat virtual R-bundle over X. One
of these is defined the same way, except that we require E — Y to have
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fibers which are finitely generated projective modules over R, with cover-
ing transformations that are R-module automorphisms. If X is a finite
CW-complex, it is not too hard to show [KaroubiHomCyc, III] that every
virtual GL(R)-bundle over X comes from a flat virtual R-bundle, basically
because every map X — BGL(R)" will factor through BGL(n, R)* for
some sufficiently large n. Similarly [KaroubiHomCyc, §3.12], one can show
that the product of Theorem 5.3.1 comes from a tensor product operation
on flat virtual R-bundles.

Note that Theorem 5.3.32 and Remark 5.3.33, taken together, now give
a somewhat more concrete way to visualize classes in K;(R), namely, as
equivalence classes of flat R-bundles on homology spheres. Furthermore,
the pairing K;(R) x H{(GL(R), A) — A, with A an abelian group, defined
by pairing the image of a K-theory class under the Hurewicz homomor-
phism with a cohomology class, may be viewed more geometrically: given

a virtual flat G-bundle E % X L5 % with f a fibration with acyclic fibers,
and given ¢ € H*(GL(R), A), we obtain f}(c) € H'(X, A). Since X is a
homology sphere, there is a “fundamental class” [X] € H;{X, Z) mapping
to the fundamental class of S%, and we merely take the pairing (c, [X]).

5.3.34. Exercise (Suslin [SuslinAlgCl]). Let F be an algebraically closed
field and let L D F be any extension field of F.

(1) Show that the natural map K;(F) — K;(L) is injective for all
i. (Hint: L = li_r)nR, where R ranges over the finitely gener-
ated F-subalgebras over L, directed by inclusion. Since K-theory
commutes with direct limits, K;(L) = lim K;(R), and any ele-
ment of the kernel of K;(F) — K;(L) must lie in the kernel
of K;(F) — K;(R) for some finitely generated commutative F-
algebra R. Using Hilbert’s Nullstellensatz [Jacobson, II, §7.11],
show that the inclusion map F' — R has a splitting R — F', and
thus that the map K;(F) — K;(R) is split injective for all z.)

(2) Show by example that K;(F) — K;(L) need not be injective if F
is not algebraically closed, and examine where the above argument
breaks down.

5.3.35. Exercise. Use the Localization Theorem (5.3.27) applied to the
Euclidean ring R = Z[i] (the Gaussian integers) to find a short exact se-
quence relating K»(Z[i]) to K2(Q[i)).

5.3.36. Exercise. Let F' be an infinite field. Show, using techiniques
similar to those in Exercise 5.3.34, that if K is a purely transcendental field
extension of F, the inclusion F' — K induces an injection on all K-groups.
Hint: first reduce to the case of transcendence degree 1, so that K = F\(t).
View K as an inductive limit of rings R obtained by inverting finitely
many irreducible polynomials in F[t]. Show, using the assumption that F
is infinite, that for such a ring R, the inclusion F' — R has a splitting, and
then deduce the result.
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5.3.37. Exercise. Let F be a field. By Theorem 5.3.30, K;(F[t]) = K;(F)
for all <.

(1) Let a € F and consider the ring R = FJ[t, (t — a)~'] obtained from
F'[t] by inverting ¢ — a. Use the Localization Theorem (5.3.27) to
show that K;(R) = K;(F) @ K;_1(F). (Initially you only get an
exact sequence, but a splitting for the boundary map K;(R) 5,
K; 1(F) can be obtained via the map K;_;(F) — i—-1(R) in-
duced by the inclusion, followed by the product (in the sense of
Theorem 5.3.1) with the class of t —a in R* = K;(R).)

(2) Generalize (1) to show that if ay, ..., a, are distinct elements of
F| then

Ki(F[t,(t—a))™!, ..., (t—a,)"Y]) 2K F)@@K, 1(F).

(3) If F is algebraically closed, show that the rational function field
F(t) is the direct limit of the rings considered in (2). Deduce a
calculation of K;(F(t)) in terms of the K-theory of F.

(4) What would be different in the calculation of K;(F(t)) if F is not
algebraically closed? How is Exercise 5.3.36 relevant here?

5.3.38. Exercise. Deduce from Remark 5.3.33 and the surjectivity of
the map K3(R) — K3;P(R) = K 0(52) the perhaps surprising fact that
there is a CW-complex with the integral homology of S? admitting a flat
real vector bundle which is topologically stably non-trivial. (For readers
who know about characteristic classes, the non-triviality is detected by the
second Stiefel-Whitney class ws.)

5.3.39. [Exercise. Compute the groups K;(F,; Z/k) for the algebraic
closure ]F of the field of p elements, p a prime, in the two cases where k
is a power of p and where k is relatively prime to p. Compare the results
with Suslin’s calculations (Theorem 5.3.9) in the case of C.

5.3.40. Exercise. Let D be a division algebra of dimension d? over its
center F. (For instance, if D is a quaternion algebra, d = 2.) Show using
the “transfer map” (which comes from the forgetful functor from finitely
generated left D-modules to finitely generated left F-modules) that the
natural maps

Ki(F; Z/k) — Ki(D; Z/k)

are isomorphisms if k is relatively prime to d. (See for example [GSR] and
its review in Mathematical Reviews 58, #852.)
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Cyclic homology and its
relation to K-Theory

1. Basics of cyclic homology

In this chapter, we introduce the reader to the homology theory for algebras
known as cyclic homology. As we shall see in the next section, cyclic
homology may be viewed as the “linearization” of K-theory, in the same
sense in which the matrix ring M,(R) is the “linearization” of the general
linear group GL(n, R). For motivation, it is useful to think of the case
where the ring R is R or C. Then GL(n, R) is a Lie group, and the space
BGL(n, R)* giving rise to the higher K-groups is by its construction an
H-space whose homology agrees with the homology of this Lie group (never
mind for the moment that we are forgetting the topology!). On the other
hand, one of the basic principles of Lie theory is that the best way to
study Lie groups (which are “non-linear” objects) is often by way of their
Lie algebras (which can be studied using linear algebra). For example,
it is a famous result that for any compact Lie group G with Lie algebra
g, the topological cohomology H*(G; R) (here we are just thinking of G
as a space and ignoring the group structure) is canonically isomorphic to
the Lie algebra cohomology H*®(g; R), which can at least in principle be
computed using only finite-dimensional linear algebra. This suggests that
some construction with the Lie algebra M,,(R) of GL(n, R) ought to yield
a reasonable approximation to the K-theory of R, at least in the limit as
n — oo. While the actual construction of cyclic homology and of the Chern
character which relates it to K-theory is a bit roundabout, this philosophy
turns out to be basically correct.

Hochschild Homology. Cyclic homology is in fact a modification of
a better-known homology theory for algebras, known as Hochschild homol-
ogy. We begin by defining the latter, and then by discussing the defini-
tion(s) of cyclic homology and the relationship between the two homology
theories. The connection with K-theory will be saved for the next section
of this chapter.
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6.1.1. Definition. Let k be a commutative ring and let R be a k-algebra.
(In practice, k will usually be either Z, in which case R is just an arbitrary
ring, or a field. While it is possible to generalize the theory to the non-
unital case, we will always assume here that K has an identity.) We write
R®" for

Ry R---Qr R.

n factors

The Hochshild homology of R (here k is understood, since it plays a role
in the definition) is by definition the homology HH, (R) of the complex

[ br by, b b
Co(R): ... =%, R®n+2 2ntl, p@n+l bn, p@n On-1 -4 R,

where R®™*1 occurs in degree n and the boundary map b is the k-linear
map defined by the formula

bn(ao®a1®- - -®ay) = b, (ap®a; ®- - ‘®a5)+(=1)"(anao®a:1®- - -Qan_,),
(6.1.2)

where

n—1
b;(a0®a1®--'®an) = Z(—l)iao®~-®aia,~+1®---®an.
=0

Since the differential is k-linear, H H;(R) is a k-module for each i (though
usually not an R-module). It is useful to note, however, that if R is commu-
tative, b’ and b commute with multiplication by R on the left, so HH;(R)
is an R-module.

The fact that b% = 0 is fairly easy to check here, since we can rewrite b,,
as Y ,(—1)'d?, where

W®: Q0041 Q- Q ay,, i<n
d?(a0®a1®...®an):{ 0 1%i+1 n )

Aoy ®a1 Q- Qap_1, i=n.
Then
n—1 ] n ] n n—1 o
st = (S o (Seva) =S T g o
3=0 i=0 i=0 j=0
but for j < 1,
(6.1.3) d;.‘_l odl =d' o dy,

so each term occurs twice with opposite signs.

This rather ad hoc definition has an explanation which makes it seem
somewhat more canonical.
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6.1.4. Proposit".ion. Let k be a commutative ring and let R be a k-algebra
which is projective as a module over k (this is of course automatic if k is a
field). The Hochschild homology HH,(R) is just Tor?®<R” (R, R), where
R°P denotes R with multiplication reversed, and we identify two-sided R-
modules with left or right modules for R ®; R°P.

Proof. Clearly we can think of right R-modules as left R°P-modules and
of left R-modules as right R°P-modules, and thus of two-sided R-modules
as left or right modules for R ®; R°P. Thus R is both a left and a right
module over R ®; R°®. To compute Tor?®*F” (R, R), we need to choose
a projective resolution over R ®; R°P of one copy of R, then tensor this
resolution over R ®; R°P with another copy of R, and take the homology
of the resulting complex.

First let’s verify that

Bu(R): .- 2nt%, gont2 Yot ponit B pen oo M, p
with b’ defined as in (6.1.2), is a projective resolution of R in the category
of right R ®; R°P-modules. Here the right action of z ® y € R ®, R°P on
(ap®a; ®---®ap) € R is given by

(e ®a1® - ®an) (z®Y)=yar®a; @ QanZ.
It is obvious that b’ commutes with the module action, and (¥')? = 0 by

another application of (6.1.3). Furthermore, since R is projective as a
module over k, so are its tensor powers, and we see that

R®™ o (1 ® R®"—2 ® 1) . (R Rk Rop)
is projective over R ®j, R°P for n > 2. So we need only show that Be(R) is

acyclic. For this we show it is chain-contractible as a complex of k-modules
(recall Definition 1.7.2). Define s,_; : R®" — R®"*! by

(6.1.5) $n-1(a0® AU ®  Qan_1) =10 B @ ®an_1.
This is k-linear (though not R ®j R°P-linear) and it’s easy to check that
sb’ + b's = id, so Be(R) is acyclic. Thus we have a projective resolution of

R.
Now we can compute Tor @+ (R, R) as the homology of

Bo(R) ®re.ror R

(where we first knock off the final R from Be(R)). The n-th term of this
complex is

Z
R®n+2 ®R®kRop R = (1 ® Ig®"'—'2 ® 1) ° (R ®k ROP) ®R®kRop R = R®n+l,
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and the differential is given by

WRUY Qe Z(AW®a1® - Ra,®1) Drg, ger 1
—b1(e®e® - ®a, ®1) @R Ror 1
=b(a®a® - Ray)

+ (-1)"(ap ® a, Q- ®an) ®re, ror 1
=b(e®a1® - ®ay,)

+(-D)"(na0® a1 @ @ ay_1)
=Un(a0®a1®---®an).

Thus our complex for computing Torf®+F*” (R, R) is just Co(R), and the
result follows. 0O

6.1.6. Corollary. If R = k is a commutative ring (viewed as an alge-
bra over itself), HHyo(R) = R and HH;(R) = 0 fori > 0. For a general
k-algebra, HHo(R) = R/[R, R]. (Here [R, R] denotes the k-submodule of
R generated by commutators.) If R is a commutative k-algebra, then
HH,(R) = QL (R), the universal k-module on elements a; day, where
a1, az € R, subject to the relations that a, day is k-bilinear in a; and
ap and that ap — day is a k-linear derivation. (The subscript “ab” here is
to distinguish this from a variant of this construction to be introduced in
Definition 6.1.38 below. )

Proof. For any k-algebra R, HHy(R) is by definition just R/b;(R®?),
and b (ap ® a1) = apgay — a1ag = (a0, a1]. So HHy(R) = R/[R, R]. If R is
commutative this is simply R. And if R = k, R®; R°® = R. Since R is
projective as a module over itself, the higher Tor’s vanish.

As for the statement about HH;(R) in the commutative case, we have
already noted that b, = 0if R is commutative, so in this case

HH;(R) = (RQx R) /imb,
= (R ®k R) /span {apa; ® az — ag ® ajas + azag ® ay |
ag, a1, ag € R}

Note that
I1®aia2 =a; ®a2+a;®a; mod imbs.

Hence if we write a, day for the image in the quotient of a; ® as, then the
fact that we have divided out by the image of b, means exactly that we are
requiring az — day to be a k-linear derivation. [J

6.1.7. Examples. (a) Let R = k[t] be a polynomial ring in one vari-
able. This is free over k (with basis the monomials t'), hence certainly k-
projective. Also R = R°P (since R is commutative) and R ®; R°P ¢ k[t, s].
As a k[t, s]-module, R is just k[t, s]/(t — s). So

klt, s] = kjt, o] R
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is a R ®; R°P-projective resolution of R, and thus HH,(R) = HHy(R) =
R, HH;(R)=0fori > 1.

(b) Another perhaps more interesting example is R = k[t]/(t?), some-
times called the algebra of dual numbers over k. Here R is free of rank 2
over k and R ®; R°P = S = klt, s]/(t%, s?). As a module over this ring S,
R is §/(t — s), but, this time, multiplication by ¢ — s on S has a non-zero
kernel (the ideal generated by t+s). For computing the Tor-group, we can
use the periodic S-projective resolution

o g g ), g U 5 L R,
Tensoring this with R gives the complex
.—-RYSR2RYR,

from which we see that HH;(R) = R for all ¢ if k D Fy, while HH;(R) has
rank 1 over k for all i > 0 if 2 is invertible in k.

Just as with K-theory, one also has relative groups for pairs (R, I),
where I is a two-sided ideal in R, and a long exact sequence relating the
relative groups to the absolute groups.

6.1.8. Definition. Let k be a commutative ring and let R be a k-algebra,
I a two-sided ideal in R. There is an obvious surjective map of chain
complexes Co(R) — Co(R/I). We denote the kernel by Ce(R, I) and its
homology groups by HH,(R, I). By Theorem 1.7.6, there is a long exact
sequence, called the long exact sequence of the pair (R, I):

o — HH,1(R/T) 2 HH, (R, I) —» HH,(R)
— HH,(R/T) > HH,_ (R, I) — --- .

6.1.9. Examples. Let R = k[t] be a polynomial ring in one variable, and
let I = (t). Then R/I = k and so by the results of Corollary 6.1.6 and Ex-
ample 6.1.7(a), together with the long exact sequence of 6.1.8, HH;(R, I)
vanishes for i > 1 and is isomorphic to R when ¢ = 1, to I (the kernel of the
map R — R/I) for i = 0. Similarly, HHo(R, I) can always be identified
with I when R is commutative.

When R = k[t]/(t?) and I = (t), again R/I = k. Now Example 6.1.7(b)
together with the long exact sequence of 6.1.8 shows that HH;(R, I) is
non-zero for all i. For instance, if 2 is invertible in k, HH;(R, I) has rank
1 over k for all 7 > 0.

Cyclic Homology. While it will turn out that there are natural maps
K;(R) — HH;(R) which can be used in the study of K-theory, these are
rarely close to being isomorphisms. (For instance, if R is commutative, then
regardless of the choice of the ground ring k, we have HHy(R) = R, which
usually bears no resemblance to Ko(R). Furthermore, though k and kl[t]
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have the same K-theory if k is regular, we have seen that the Hochschild
homology of these two algebras is different in degree 1.) To get some-
thing closer to K-theory, we need to introduce the cyclic homology groups.
These were originally defined by Connes (in two different ways, one fairly
computational [Connes1] and one more in the spirit of homological algebra
[Connes2]), by Loday and Quillen [LodayQuil], and by Feigin and Tsygan
(see especially [Tsy]). The theory has since been simplified and reworked,
especially by Hood and Jones [HoodJones). Aside from the original papers,
good sources are the short survey by Cartier [Cartier] (quite readable but
a little out of date) and the very comprehensive book of Loday [LodayCH].

6.1.10. Definition. Let k be a commutative ring and let R be a k-algebra.
We retain the notation of Definition 6.1.1. Let t,: R®**+1 —, R®n+1 he
defined by

th(@0®a1 Q0 ®an) = (-1)(an ®ag ® a1 ® -~ ® an_y).

Note that (¢,)"*! = 1, so that ¢,, gives rise to an action of a cyclic group of
order n +1 on R®"*!, (This is the origin of the name “cyclic homology.”)
The linear operator N,, = 1 +t, + (t,)2 +--- + (tn)™ is called the norm
operator on R®"*1. We also introduce the map B, : R®"+! _, R®n+2
defined by By, = (1 —t,41) 05, 0 N,,, where s, is as defined in (6.1.5). The
cyclic double complex CC, 4(R) of R is the diagram

j=2 2 ges 172 pes N2 pes 1ot
lh l—% lm
j=1 M per 1t pe2 M pgr 1-t
lbl l‘b; lbl
j=0 e g At p (N p At .,

in which the even-numbered vertical columns are copies of the Hochschild
complex Co(R) of (6.1.1), and the odd-numbered vertical columns are sim-
ilar but with b replaced by —¥ (recall (6.1.2) for the definitions). The
horizontal rows consist of alternating copies of N and 1 — t; note from Ex-
ercise 4.1.25 that these rows are complexes from which one can compute
the homology of the the cyclic group action on R®"+1,

6.1.11. Lemma. The cyclic double complex CC, o(R) of Definition 6.1.10
is a true “double complex,” in that the rows and columns are chain com-
plexes (of k-modules) and each square anticommutes.

Proof. We've already observed that the horizontal rows are complexes
(for computing cyclic group homology) and that the even-numbered ver-
tical rows are complexes (for computing Hochschild homology). The odd-
numbered vertical rows are not only complexes but in fact exact, since up
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to sign, they are copies of the acyclic complex B,(R) from the proof of
Proposition 6.1.4. So we need to check the relations

bno(l—tn) = (1—tn_1)0b:1, b;ONn =Nn_10bn.

We go back to the definitions

n

by = Z(_l)id?7

i=0

n—1
b, =Y (-1)d7,
1=0
AR Qa1 - Qan, 1< n,

d?a ®a ®®a, =
(0 ' ") {anao®a1®-~-®an-1, i =n.

Thus df ot,, = (—1)"d}, and for i <n —1,

tho10dM(ao® a1 ® - ®ap) =tn_1(a0 @ ® ;811 ® - ® an)
=(-1)"a, ®a® - ®aiaiy1 Q- -),

dPi10tn(a®a @ - ®a,) = (-D)"d 1 (an®a®a1 @+ @ Un-1)
=(-1)"(an®a® - ® 0041 ® )
=—tp10d}(ap®a1 ® - @ ay).

Similarly,

tho10d?_1(ap®a1® - ®an) =th-1(6 ® a1 @ -+ ® an_1an)
= (~1)""H(an-18n ® a0 ® -+ ® ap_2),
dlotp(ap®a;1 ® - ®an)=(-1)"dp(a,®a®a1 ® -+ ® an-1)
=(-1)"(@n-16n ® A ® -+ ® an_2)
= —tp_10dp_1(a®a1 ® - Qan).

Thus

n

bno(1—tn) =D (~1)'d} o (1 - tn)

=0

- (Z(—w‘d?) =S (-1 ot
=0 i=0

= b, + (1) dy — (=1)"d = D (=1)} (~ta-10d}y)
i=1

n—1

=, = S (~Ditpy o

1=0
=b, —tp1bl, = (1 —tp_1) 0 b,
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This proves the first of the desired relations. As for the other, note first
that

~1)"dr o ti1, i=0,
~1)7t,_jodp, i<i,
—1)%¢_odRotit,  j >4,
—17 8] ody i<i,
D), jednotiTY, >4,
-8, ;o0 di_j, J<i,
~1)

ntj+145-1 n S S g
1)»ts tn—lod’i+n—j+1’ j>1.

n—1n—1

bpoNp =3 Y (-1)d? o),

i=0 j=0

= Z (=) tZL—l odi;

0<j<i<n—1
ntitj—-1 45-1 m
+ Z (-1) TG od i
0<i<j<n—1

n—1
. ] n+i+j mn i+5 m
= tho1 ] © § (-1) Jdi+n—j+Z(—1) Tl

=0 i<; i>j
= n—lobn- 0

Now we’re ready to define cyclic homology. There are various versions,
depending on whether one chooses the double complex of Definition 6.1.10
to live in the first quadrant, in the upper half-plane, or mostly in the second
quadrant.

6.1.12. Definition. Let k¥ be a commutative ring and let R be a k-
algebra. The cyclic homology HC,(R) (which implicitly depends on the
choice of the ground ring k as well) is the homology of the total complex
associated to the cyclic double complex CC, 4(R) of R, chosen to live in the
first quadrant. (The notation HC, which is starting to become standard,
stands for the French “homologie cyclique.”) In other words, HC, (R) is
the homology of the chain complex (concentrated in non-negative degrees)
whose term in degree n is

(6.1.13) P cc.;(») = P R,
itj=n 3=0
1,720
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and whose boundary map is the sum of all the maps in the diagram of
(6.1.10) from something of total degree n to something of total degree
n—1. (Lemma 6.1.11 guarantees that this boundary map has square = 0.)
In particular,

HCo(R) = R/ {im (b1: R®* - R) +im (1 — to: R — R)}
= R/ (R, R| = HHy(R).

the fact that the bottom row of the double complex of Definition 6.1.10 is
1,0 doesn’t contribute to HC1(R), and

which is the quotient of HH;(R) by the image of the map which is the
quotient of HH1(R) by the image of the map induced by 1 —¢;. We will
get to the general relationship between HC,(R) and HH,(R) shortly.

We will also need certain modifications of HC,(R) known as HC, (R)
and as HP,(R) (the notation HP stands for the French “homologie [cy-
clique] périodique”). To define HP, we use the same construction as for
HC, but dropping the condition that i > 0 and replacing €@ by [] in
(6.1.13) (this makes a difference since one now has infinitely many terms
with the same total degree). In other words, HP,(R) is the homology of
the chain complex whose term in degree n is

(6.1.14) [T cCnss(R) =[] R
7=0 =0

This complex is obviously periodic with period 2, as only the parity of n
matters, and thus HP,(R) is called the periodic cyclic homology of R.
Finally, HC; (R) is the homology of the subcomplex of this complex where
we only take terms with ¢ < 1, in other words, the homology of the chain
complex whose term in degree n is

o0 oo
(6.1.15) I1 cCuii®)= [I  R®*.
j2n-1 j=max(n-1,0)

6.1.16. Example. Suppose R = k, the commutative ground ring. Then
R®"+1 =~ k. generated as a k-module by 1®1®---®1, so t,, is multiplication
by (—=1)®. Thus 1 — ¢, is 0 for n even, multiplication by 2 for n odd,
and N, is multiplication by n + 1 for n even, 0 for n odd. Similarly,

b, = Y775 (-1)" and by = >7_o(~1)". Thus b, = 0 for n odd and b}, = 0
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for n even. So CC, .(k) collapses to

lo L
j=2 w3 R0 g8 g 0

N
j=1 0 p 2 p .0 g2

lo |- |0
=0 DU S A T AU S A

ere the odd-numbered columns are acyclic and the even-numbered col-
umns are acyclic except at the bottom, so we claim only the even-numbered

rms in the bottom row contribute to (any of the three forms of) the cyclic
homology. We check this for HP,, which is the hardest case. An element of
the associated complex of total degree n is an infinite sequence a = {a;};>0
of elements of k, where a; is located in the (n — j)-th row and j-th column
of the double complex. Note that the differentials from terms of odd total
degree to terms of even total degree vanish, so if n is odd such an element
is a cycle. But then a is the boundary of

(0, ~ag, a1 + 2a9, —az + 3a; + 6ay, ... ).
If n is even, there are no boundaries, but if a is a cycle, we have
ag—a; =0,2a,4+a,=0,3a3—az3=0,...,

which enables us to solve inductively for a;, az, ... in terms of ag. Thus the
space of even-dimensional cycles is a free module of rank one. Similar cal-
culations work for HC, and HC; . So HC,(k) = HP,(k) = HC; (k) = 0
for n odd, HP,(k) = k for all n even, HC,(k) & k for all n even and
non-negative, and HC,, (k) = k for all n even and non-positive. Some of
the original motivation for the development of cyclic homology as a “lin-
earized version” of K-theory derives from the observed similarity between
the groups HP,(k) and the topological K-groups KU ~™(pt).

6.1.17. Remark. For the same reasons as with Hochschild homology, it
is obvious that R ~ HC,(R) (or HC, (R) or HP,(R)) is a functor on the
category of k-algebras. Also, just as in the case of Hochschild homology,
if I is a two-sided ideal in R, the complex defining any of the three kinds
of cyclic homology for R surjects onto the corresponding complex for R/I.
The kernel of the map of complexes can therefore be used to define relative
cyclic homology groups HC,(R, I), HC, (R, I), and HP,(R, I) that fit
into long exact sequences such as that of Definition 6.1.8.
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6.1.18. Definition. The Connes periodicity operator is the self-map
S of the cyclic double complex CC, o( R) that shifts everything two columns
to the left. This induces self-maps of the complexes used to define HC,.(R),
HC,(R), and HP,(R), as well as maps on the corresponding homology
groups. With slight abuse of notation, we customarily denote all of these
maps by S.

It is obvious that S: HP,(R) — HP,_2(R) is an isomorphism. However,
while S is surjective as a self-map on the double complex defining HC,(R),
it has a non-trivial kernel, namely the columns numbered 7 = 0 and ¢ = 1.
Since the column numbered ¢ = 1 is acyclic, the total complex

P cc;(R)
i+j=n
i=0 or 1
has the same homology as the column numbered ¢ = 0, which is a copy of
the Hochschild complex. Thus we obtain the following.

6.1.19. Theorem (Connes). Let k be a commutative ring and let R be
a k-algebra. There is a functorial long exact sequence

5 HC,_1(R) 2 HH,(R) L HC.(R)
5, HC,_5(R) 2 HH,_1(R) — --- .

Here the map I comes from the inclusion of the Hochschild complex into
the cyclic double complex as the 0-th column. This map is always an
isomorphism for n = 0 and a surjection for n = 1.

Proof. This follows from applying Theorem 1.7.6 to the short exact se-
quence of chain complexes coming from the map S of double complexes.
The thap I in the long exact sequence initially comes from the inclusion
of the columns numbered 7 = 0 and ¢ = 1, but since the column num-
ed i = 1 is acyclic, it doesn’t have any effect. Since HC,(R) = 0 and
H,(R) = 0 for n < 0 (for any k-algebra R), the exact sequence begins
with

0= HC_(R) — HHo(R) > HCo(R) = HC_3(R) =0
and with
HCo(R) 2 HH\(R) 5 HCy(R) 2 HC_{(R) =0,

so that I is always an isomorphism for n = 0 and a surjection forn =1. O

6.1.20. Examples. (a) First consider the case where R = k is the ground
ring. By Corollary 6.1.6, HHy(k) = k and HH,(k) = 0 for n > 0. Since I
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is surjective in degree 1 by Theorem 6.1.19, HC) (k) = 0. Then one sees by

induction on n that HC, (k) S H Cr-2(k) must be an isomorphism when
n is even and n > 2, and that HC, (k) must vanish for n odd. This is in
keeping with Example 6.1.16.

(b) Now take R = k[t], a polynomial ring in one variable. By Example
6.1.7(a), HH1(R) = R and HH,(R) = 0 for n > 1. We have an exact
sequence

0= HHy(R) 5 HCy(R) S HCo(R)
E, HH(R) 5 HCy(R) S HC_,(R) =0,

so a computation of HCo(R) = R L, R~HH 1(R) will yield a calculation
of HC1(R) and HC5(R). Then since the Hochschild homology vanishes
past degree 1, the higher cyclic homology groups must be periodic with
period 2. '

To compute the map B, we need to trace through the proof of Theorem
1.7.6 in this context. If z € R, it defines an element of Co,0(R) and thus a
class in HCy(R). To see where this maps under B, note that z is the image
under S of the corresponding element of C; o(R). Under the differential
Np, this maps to element corresponding to z in C1,0(R) = R. Now the
map —b}: R®? — R sends ap ® a; to —aga;. Thus ~1 @z € C4,1(R) maps
to z € C1,0(R), but it also maps under 1 —¢; to —(1®z+z®1). Thus B
sends the element corresponding to z to the Hochschild homology class of
the 1-cycle <(1® = + x ® 1). So far this discussion is completely general
and applies to any R.

If we specialize now to the case where R = k|t], the identification of
R with HH;(R) = QF, (R) in Corollary 6.1.6 is via f(t) — f(t)dt. On
the other hand, B sends z = t™ to the image of —(1® z + z ® 1), in
other words, to —1d(t™) + t™dl = —d(t™) = —mt™ 'dt. Thus in this
case B: HCy(R) — HH;(R) viewed as a map R — R corresponds to
t™ — —mt™" ! the derivative (up to sign). The kernel and cokernel of
B now depend on the ground ring. If k¥ O Z, the only polynomials with
derivative = 0 are the constants, so HCy(R) = k. If k D Q, then B is
surjective and so the odd cyclic homology of R = k[t] vanishes. On the
other hand, if k = Z, then HCy(R) ~ @, Z/m.

Now that we’ve seen how HC,(R) is related to Hochschild homology, we
shall study the relations among the three different versions of cyclic homol-
ogy, and see how the other two also relate to Hochschild homology. Again,
the basic tool is the shift map S on the cyclic double complex. If we trun-
cate the double complex on the right instead of on the left (corresponding
to the choice giving HC;), then S becomes injective instead of surjective,
with cokernel the complex concentrated in the columns numbered 0 and 1.
So Theorem 6.1.19 is replaced by the following.
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6.1.21. Theorem. Let k be a commutative ring and let R be a k-algebra.
There is a functorial commutative diagram whose rows are exact sequences:

. — HC, (R) — HH,_1(R) —

! !

- — HPn_l(R) —_— ch_l(R) i

— HC:(R) > HC; ,(R) — HH,_3(R) — -
n—2

S

— HC;(R) - HP,_2(R) — HC,_3(R) — ---.

Proof. Consider the shift map S restricted to the part of the cyclic ’
double complex with columns numbered < 1, viewed either as a self-map of
this truncated double complex, or as a map into the whole double complex
(living in both the first and second quadrants). In the first case the cokernel
is the complex concentrated in the columns numbered 0 and 1, which gives
rise to the Hochschild homology HH, and in the second case, it is the
complex concentrated in non-negative degrees, which gives rise to HC.
Applying Theorem 1.7.6, we get the two exact sequences of the theorem.
The vertical maps between them come from the obvious inclusions of double
complexes. O

Another relationship between periodic and non-periodic cyclic homology
comes from the fact that the complex giving rise to HP is the direct limit
(under the shift map S) of copies of the complex giving rise to HC'~, and
the inverse limit of copies of the complex giving rise to HC (recall that
formulas (6.1.14) and (6.1.15) involve (infinite) products, whereas (6.1.13)
involves (finite) sums). Since homology commutes with direct limits but
not necessarily with inverse limits, we may deduce the following.

6.1.22. Theorem. Let k be a commutative ring and let R be a k-algebra.
Then HP,(R) = im HCS (R), and also H P,(R) surjects onto lim HC, (R).

s s
(However in the second case there may be a non-zero kernel.) The map
HP,(R) — limH C.(R) is an isomorphism if the Mittag-Lefller condi-
s
tion is satisfied, that is, if for each n, S7(HCpr42;(R)) is independent of j
for j sufficiently large (“how large” may depend on n).

Proof. The first statement is immediate from the fact that homology
commutes with direct limits. The second statement comes from the fact
that the complex E,(R) giving rise to HP,(R) is the inverse limit of trun-
cated complexes EZ(R) corresponding to shifts under S of the complex for
computing HC,(R). Furthermore, E:(R) surjects onto E:~!(R). A class in
lim HCy(R) is represented by a sequence {2}, where z; € E.(R), d(2;) =0
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in EY,_;(R), and 2; maps to z;_; modulo boundaries. In other words, there
are elements c;\€ E} .1 (R) such that z; maps to z,_; + d(c;—1). We can
inductively lift c; to an element ¢}, ; € E.t) (R). Then if we replace z; by
zi+d(c;y,), we can, without changing the homology class of z;, arrange for
z; to map to z;_; (exactly). This shows the homology of }inE}L(R), ie.,

HP,(R), surjects onto lim HC,(R).

s
Finally, suppose the Mittag-Leffler condition is satisfied, and suppose
a class in HP,(R) maps to 0 in lim HC(R). Let the given class be the
S
homology class of a cycle {2;} in lim Ey,(R), where z; € E,(R), d(z;) =0 in

% _1(R), and z; maps to z;_;. Since the class maps to 0 in lim HC,(R), we

s

may suppose each z; is a boundary. Without loss of generality (otherwise
start the sequence {EZ(R)} further out), we may assume (by the Mittag-
Leffler condition) that the maps H,41(E*(R)) — Hy,1(E*"'(R)) are all
surjective. We need to inductively choose c; € E',iHl (R) such that d(¢;) = 2
and ¢; maps to ¢;_; in E. 5 (R); then d({c;}) = {2} and so our class is
trivial in HP,(R). To begin the induction, choose any ¢; with d(c;) = 2;.
Assuming cy, ..., ¢, are constructed so that d(c;) = z; and ¢; maps to ¢;_;
for i < m, choose any ¢ € E]';'(R) such that d(c) = zn41. Then ¢ maps
to an element ¢’ € E7 | (R) and d(c’) = d(¢m) = 2m, 50 ¢y — ¢’ is a cycle.
Since the map Hy1(E™t(R)) — H,4+1(E™(R)) is surjective, there is a
cycle z € EZ‘++11(R) mapping to its homology class, and we may assume
that in fact £ maps to ¢,y — . Then if ¢ny1 = ¢+, d(Cmt1) = Zm41 and
Cm+1 Maps to ¢y, completing the inductive step. 0O

6.1.23. Corollary. Let k be a commutative ring and let R be a k-algebra.
If HH,(R) = 0 for n sufficiently large, then

HP,(R) = lim HCy(R).
S

Proof. By Theorem 6.1.19, S is an isomorphism from HC,2(R) to
HC,(R) for n sufficiently large. Hence the Mittag-Leffler condition is sat-
isfied, and the result follows from Theorem 6.1.22. O

Alternatively, we may reformulate things in the form of universal coef-
ficient theorems as stated in [HoodJones).

6.1.24. Theorem. Let k be a commutative ring and let R be a k-algebra.
View the various cyclic homology groups as graded modules over the poly-
nomial ring klu], where the generator u has degree —2 and corresponds to
the Connes S-operator. Then HP,(R) = kfu, u™'] ®xu HCy (R). If k
is a field, there is a natural short exact sequence (which splits, but only
non-canonically)

0 — (k[u, u™']/uku]) ) HCY (R) — HC(R)
— Tory (kfu, w™']/uk[u], HC,_,(R)) — 0.
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Proof. The assertion that HP,(R) = klu, u™!| Qg HC, (R) is just
a reformulation of the first statement of Theorem 6.1.22. For the sec-
ond statement, first observe that if E, (R) is the complex for computing
HC, (R), then the complex for computing HC,(R) may be identified with
(kfu, u=t]/uklu]) @k Es (R). Now we have a short exact sequence of
chain complexes

0 — EJ(R) = kfu, v '] @y E (R)
— (kfu, v /uk[u]) @) Es (R) — 0,

and applying Theorem 1.7.6 gives an exact sequence (which also appeared
in Theorem 6.1.21) which sandwiches HCo(R) between two copies (one
shifted in degree by 1) of

HC{ (R) = klu, u™'] @) HCT (R).

Assuming k is a field, taking the cokernel and kernel of this map gives the
tensor and Tor terms in the statement of the theorem. The sequence splits
(non-canonically) since the image of the boundary map on the complex
(k[u, u™!]) @k Es (R) is a free k[u]-module. Thus on this image one can
choose a splitting to the boundary map, which induces a splitting of the
exact sequence. []

Next we discuss a number of simplified ways for computing cyclic ho-
mology groups, the first of which was actually used in [Connesl] to define
cyclic homology in the first place.

6.1.25. Definition. Let &k be a commutative ring and let R be a k-algebra.
Let C}(R) be the chain complex with C)(R) = R®"*+1/(1 — t,,)R®"+1,
where t,, is defined in Definition 6.1.10, and where the differential is induced
by b, : R®"t! — R®" To see that this makes sense, recall that by Lemma
6.1.11, b, o (1 — t,) = (1 — t,—1) o b),. Thus b, maps the image of 1 — ¢,
into the image of 1 —t,,_; and passes to the quotient. It gives a legitimate
differential since we also had b,_; o b, = 0. We define H}(R) to be the
homology of the complex C2(R); clearly this is a functor of the k-algebra
R.

6.1.26. Theorem. Let k be a commutative ring and let R be a k-algebra.

If k O Q, there is a canonical isomorphism HC,(R) =N H)(R) induced by
the quotient maps CCy n(R) — C2(R).

Proof. Clearly, mapping CCp, ,(R) onto Cp(R) and sending CC; ,(R)
to 0 for 7 # 0 gives a map of chain complexes, from the complex computing
HC,(R) to the one computing H} (R). The kernel of this map of complexes
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is the total complex of the double complex

j=2 im(1 - ty) <=2 ges N2 pes itz
lbz l—b; lbz
i=1 im(1—t;) <= ge2 (M per 1t

j =/0 un(l - t())

The ro

1—tp Ny

of this double complex are Q-vector spaces with maps alternating

between 1 — ¢; and N;. Since (¢,)"*! = 1 and the polynomial t*+1 — 1
factors in Q[t] as (t — 1)(1+---+¢"), 1 — ¢; and N; are (up to invertible
scalar factors) the projections onto complementary subspaces. Thus each
row is acyclic, and so it is easy to see that the whole total complex of the
double complex is acyclic. Applying Theorem 1.7.6, we see that our map
of complexes induces an isomorphism on homology. [

6.1.27.

(1)

(2)

(3)

Examples.

If R =k, R®*1 =k, with generator 1®1®---® 1. Also, t,, acts
on this element by multiplication by (—1)". So (1—¢,)R®"+! =0
if n is even, and if 2 is invertible in k, (1 — t,)R®"+1 = R®n+1
if n is odd. Thus C}(R) = R®"+1/(1 — t,)R®"*! is isomorphic
to k for n even, 0 for n odd, and H))(R) is isomorphic to k for n
even, 0 for n odd. If k£ O Q, Theorem 6.1.26 now gives a quicker
reconfirmation of the result of (6.1.16).

Suppose k 2 Q and as in Example 6.1.7(b), let R = k[t]/(t2), the
ring of dual numbers over k. Then R®"*! is a free k-module of
rank 2"*1, with basis all tensor products of sequences of t’s and 1’s.
Since the map R — k obtained by sending ¢ — 0 is split, C}(R)
contains C)(k) as a direct summand, and HC,(R) = HC,(k) ®
H(R, I), where I is the ideal generated by ¢ and C)(R, I) is
spanned by the images of tensor products of sequences of t’s and
1’s containing at least one ¢. If such a sequence contains a 1, it can
be moved by a cyclic permutation to one of the form s ® 1, and
bn(s ®1) = bl,_,(s) ® 1. Thus C)(R, I) splits as a direct sum of
the complex generated by the t®t®---®t in even degrees and the
complex generated by images of tensor products of sequences of t’s
and 1’s containing at least one ¢ and at least one 1. The latter is
acyclic since the ' complex is acyclic, so we find that HC,,(R) has
rank 2 for n even, rank 0 for n odd.

More generally, the same calculations as in (2) prove the following.
Suppose k O Q and R is a k-algebra with an augmentation (surjec-
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tive algebra homomorphism) R — k. Then k — k- 1 gives a split-
ting of R as k- 1@ I, where I is the augmentation ideal (the kernel
of the augmentation). We have HC,(R) & HC,(k) ® H}(R, I),
and H)(R, I) may be obtained as the homology of the complex
CX(R, I) obtained by dividing C}(R) by the span of all elemen-
tary tensors containing a 1 as one of the factors.

Another convenient approach to cyclic homology is through “mixed
complexes,” first popularized in [Kassel| (though they appeared earlier in
disguise—see the history in [LodayCH, p. 87]). These have the advantage
of being applicable even in finite characteristic, yet of being easier to handle
than the bicomplexes we have discussed up till now.

6.1.28. Definition. A mixed complex (C,, b, B) is a chain complex
(C., b) (where b is the differential lowering degree by 1), together with
an additional differential B raising degree by 1 and anticommuting with
b (so that b2 = 0, B2 = 0, and Bb + bB = 0). If k is a commutative
ring and R is a k-algebra, the cyclic mixed complex of the k-algebra
R is the Hochschild complex (Co(R), b) of Definition 6.1.1, together with
the additional differential B introduced in Definition 6.1.10. That this
terminology is consistent (in other words, that the cyclic mixed complex is
indeed a mixed complex) follows from the following lemma.

6.1.29. Lemma. If k is a commutative ring and R is a k-algebra, the
cyclic mixed complex of R is indeed a mixed complex, that is, B2 = 0 and
Bb+bB = 0.

Proof. First of all, since Npy30(1 —tp4q)=1-— tﬁﬂ = 0, we see that
Bn+l oB, = (1 - tn+2) O8n410 Nn+1 o (1 - tn+1) ospoN, =0.
Next, because of Lemma 6.1.11 and the relation sb’ + b’'s = id, we have

By-10b, = (1 '—tn)osn—loNn—lobn
=(1—-ty)o8p_10b, 0N,
=(1—-tp)oNp—(1—tp)obl,,;08,0N,
= —bp41 0(1 _tn+1)°3n°Nn

= - n+1°Bn»

as required. O

6.1.30. Theorem. If k is a commutative ring and R is a k-algebra, the
cyclic homology of R, together with its module structure over the polyno-
mial ring k[u], where the generator u has degree —2 and corresponds to the
Connes S-operator, may be computed from the cyclic mixed complex as
follows. HC,(R) is naturally isomorphic to the homology of the complex
k[u, u=1]|/uk[u] ®k Co(R) with differential @ = 1 ® b+ u ® B, with grading
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coming from the grading on C,(R) and the requirement that u have degree
—2. In other words, elements of degree n in the complex are given by sums

o
d v e
=0

with z; € C,_2;(R), and the differential has degree —1 since u lowers
degree by 2 but B raises it by 1. Similarly, HC; (R) and HP,(R) are
naturally isomorphic to the homologies of the complexes with the same
differential and with elements of the same form, except that the sums are
now allowed to be formal infinite sums, with j running from —oo to 0 in
the case of HCJ (R), and running from —oo to oo in the case of HP,(R).

Proof. We give the proof for HC; the arguments for HC~ and HP are
similar. First consider the following double complex MC,.(R):

1=0 i=1 t=2 =3

l,u lba l”z lbl

i=3 Ret P2 pes  Bi pe2 B p

b b b
(6.1.31) - R£ : B, R£: . Bo 112

bl

i=1 R®2  Bo
b

i=0 R |

filled out with zeroes whenever ¢ > j. By Lemma 6.1.29, this indeed satisfies
the requirements for a double complex, and evidently the associated total
complex is exactly the complex described in the statement of the theorem.
Now consider the map ® sending z € MC; ;(R) = Cj_;(R) to z® sNz €
CCji,j—i(R) ® CCai—1, j-i+1(R). This is not a map of double complexes
since it doesn’t respect the bigrading; however it induces a homomorphism
of total complexes, preserving degree and commuting with the differentials,
since

a(z) =Bx®bx € MC,;_L]-(R) (&) MC,-,j,l(R) = Cj_,‘+1(R) (3%} Cj_i_l(R),

which maps under ® to Bz ® sNBz @ bz @ sNbx € CCo_3 j_i+1(R) &
CCgi_syj_H,z(R) @CCQi,j_i_l (R) @CCzi_l,j_i(R). We can omit the term



320 6. Cyclic homology and its relation to K-Theory

sNBz since N(1 —t) = 0 and thus NB = N(1 —t)sN = 0. On the other
hand,

3(®(z)) = 9(z @ sNx)
=bzx®(1—-t)sNz® Nz —b'sNz
=br ®Bx® Nz - bsNz
€ CCy, j-i—1(R) ® CCoi_2, j—i+1(R) & CC2_1,;-i(R).

The Bz terms in CCo;_2 j_i+1(R) and the bz terms in CCy j—i—1(R)
clearly agree, so we have only to compare the terms Nz —b'sNz and sNbz
in CC3i_1,j—i(R). These agree since

sNbz = s(Nb)x = s(b/ N)z = (sb')Nz = (1 — b's)Nz = Nz — b'sNz.

Thus we indeed get a chain map.

To finish the proof we only need to show ® induces an isomorphism on
homology. Since ® is obviously injective, we can do this by showing that
its cokernel is acyclic and then applying Theorem 1.7.6. But the formula
for ® shows that the cokernel of & may be identified with the subcomplex
of the total complex of the double complex CC, o(R) consisting of the odd-
numbered columns. Since these columns are acyclic (because of the fact
that we proved Bo(R) is acyclic in the course of the proof of Proposition
6.1.4), we are done. O

Remarks. The advantage of the “mixed complex” approach can be seen
from comparing the double complexes CCqo(R) and MC,o(R). The latter
has only about half as many summands in each total degree, which makes
it more efficient for calculation.

The astute reader will no doubt notice that we have used the letter
B twice, once for Connes’ map HC,_1(R) 2 H H,(R) and once for the
horizontal boundary maps in the double complex M C, ((R). This is not ac-
cidental, since (6.1.31) makes clear that HC; (R) is the quotient of HH,(R)
by the image of the map induced by By from HCy(R) to HH,(R). More
generally we have the following.

6.1.32. Lemma. The boundary map B in the Connes exact sequence
6.1.19 may be realized as follows in terms of the double complex MC, (R).
If a class in HC,,_1(R) is represented by a sum x of elements x;; €
MCij(R), i+j=mn-—1, 3 > i, with b(a:ij) + B(mi+1,j——1) = 0, then
its image in HH,,(R) is represented by the class of Bxg n—1 in R®"+1.

Proof. Under the isomorphism from HC,(R) to the homology of the
total complex of MC,4(R), the shift operator S corresponds to the self-
map of MC, .(R) shifting everything one unit down and one unit to the left.
Thus B is the connecting map produced by Theorem 1.7.6 from the short
exact sequence of complexes coming from this shift map on MC,.(R).
Recall how this map is produced: we lift £ to an element of the middle -
complex, and measure the extent to which this lifted element fails to be
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a cycle. Now in our case, we have an obvious lifting of z, obtained by
shifting x one unit up and one unit to the right. Since z was a cycle and
the diagram is periodic, the obstruction is given by the Hochschild class of
Bzy ,—1 in R®*1. O

There are cohomology theories dual to Hochschild and cyclic homology,
which in fact show up more often in the literature than the corresponding
homology theories. Even though we won’t be using these as much, for the
sake of completeness we record the basic definitions.

6.1.33. Definition. Let k be a commutative ring and let R be a k-algebra.
The Hochshild cohomology of R (with respect to the ground ring k) is by
definition the (co)homology HH*(R) of the complex C*(R) dual to C,(R).
In other words, C*(R) = Homy(C.(R), k), with the differential of degree
+1 dual to b. Thus HHO(R) consists of k-linear maps ¢ : R — k vanishing
on the image of b1, in other words, satisfying the relation ¢(aga1) = ¢(ajag)
for ap, a3 € R. Such a map is called a trace, after the most famous
example, the usual trace M, (k) — k.

6.1.34. Definition. Let k be a commutative ring and let R be a k-algebra.
The dual cyclic double complex CC*®**(R) of R is the double cochain
complex given by Homy(CC*®*(R), k), with the obvious dual differentials.
Two cases are now of interest: that where the complex is chosen to live in
the first quadrant, in which case the cohomology of the total complex is
called HC*(R), the cyclic cohomology of R, and that where the complex
is chosen to live in both the first and the second quadrants, in which case
the cohomology of the total complex is called H P*(R), the periodic cyclic
cohomology of R. Note that in the second of these cases, we use an infinite
sum and not a product. As before we have an S-operator, dual to the one
on homology, but it increases degree by 2. Similarly we have a Connes
cyclic cochain complex (C}(R), b*) obtained by taking C}(R) to be the
k-submodule of the Hochschild cochains C™(R) which are invariant under
the operator dual to t,. The cohomology of this complex is denoted H}(R).
Cocycles ¢ : R®™*1 — k in C7(R) are sometimes called n-multitraces.
They satisfy the conditions first written down in [Connesl]:

v(ag, a1, ..., an) = (-1)"¢(a1, ..., an, ap),

n

E(—l)"tp(ao, ey @iBig1, ey Gny1) + (—1)n+1¢(an+1ao, ai,...,a,)=0

=0
for ap, a1, ..., an, any1 € R.
6.1.35. Theorem (Connes). Let k be a commutative ring and let R be
a k-algebra. There is a functorial long exact sequence
S n+1 I n+1 B n
- = HC"(R) > HH""'(R) — HC™(R)
_S_) HCn+2(R) I HHn+2(R) — ..
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Furthermore, HP™(R) = lim HC™*% (R). Finally, if k 2 Q, then there is

s
a natural isomorphism H3y(R) — H@'(R).

Proof. The first part is exactly dual to Theorem 6.1.19. The second
statement follows from the fact that the complex computing HP*(R) is
naturally isomorphic to the direct limit under S of a sequence of copies of
the complex computing HC®*(R). The last statement is precisely dual to
Theorem 6.1.26. [J

To conclude this subsection, we discuss the Hochschild homology and
cyclic homology of algebras of matrices. The results will be vital when
we attempt to link Hochschild homology and cyclic homology to K-theory,
since studying the K-theory of a k-algebra R requires studying the algebra
M, (R) of n x n matrices over R in the limit as n — oo.

Before working things out systematically in general, let’s begin with
the case of HH,. Recall that by Corollary 6.1.6, for a general k-algebra
R, HHo(R) = R/[R, R|. Now consider the matrix algebra M,(R). It is
spanned by elements E;;(a), a € R, where this notation denotes the matrix
with an a in the (Z, j)-slot, and with 0’s elsewhere. (We've used a capital
“E” to distinguish this from the similar but different matrix e;;(a) of Defi-
nition 2.1.1.) Note that E;;(a)E;;(b) = Ei(ab) and that E;;(a)Em(b) =0
if 7 # m. Thus we find that

[Ei5(a), Emi(b)] =det Eij () Emi(b) — Emi(b) Eij(a)

0, J#EFmM, 1 £,
Ei(ab), j=mi#l,
) —Eum;(ba), jAm,i=1,
E;;(ab) — E;;(ba), j=myi=1L

This shows that each E;;(a) with i # j is a commutator, and that the
images of E;;(ab) and of E;;(ba) coincide in

Furthermore, we see that the usual trace (the sum of the diagonal entries)
of [Eij(a), Eni(b)] is either 0 or ab — ba € [R, R]. So the usual trace
M,(R) — R, followed by the quotient map R — HHy(R) = R/[R, R],
sends [M,(R), M,(R)] to 0 and maps

HHy(Mn(R)) = Mn(R)/ [Mn(R), Mn(R)]

isomorphically onto HHy(R) = R/[R, R]. This, together with the fact that
the higher Hochschild groups should be viewed in some sense as “derived
functors” of H Hy, suggests the following result.

6.1.36. Theorem (Morita invariance of Hochschild homology).
Let k be a commutative ring and let R be a k-algebra. Let M,(R) be the
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k-algebra of n x n matrices over R. Then there are natural isomorphisms
HH,,(M,(R)) — HH,,(R) induced by the “generalized trace”

Tr : Mp(R)®™*! — RO™1
given by (the unique k-linear extension of) the map
Tr (Eigjo(a0) ® Eiyjy(a1) ® -+ - ® Eipj,, (am))
{ao®a1®---®am, Jo=1%1,71 =12 -y Jm = to,
0, otherwise.

Proof. First let’s show that Tr is a chain map from the Hochschild com-
plex of M, (R) to the Hochschild complex of R. Since by, = ¥ " (—1)'d/",
it’s enough to show Trod® = d* o Tr, and it’s enough to check this on
elements of the form

Eiojo (aO) ® Eil.h ((11) ®--® Eimjm (am)'
The result now follows by considering separately the case where j, =
i1, Jj1 = %2, ..., Jm = to, in which case both formulas give the same answer,
and the case where these equalities are not all satisfied, in which case both
Trod]™ and dj* o Tr vanish on this element. So Tt is a chain map.

Secondly, it is obvious that the inclusion of R as a non-unital subalgebra
of My, (R) (viaa — Ej;(a)) induces an injection ¢ of the Hochschild complex
for R into that for M,,(R), and that Tr provides a splitting for this inclusion.
So the maps HH,,(M,(R)) — HH,,(R) induced by the generalized trace
are split surjections. We need to show that the kernel of the generalized
trace is an acyclic subcomplex of the Hochschild complex of M, (R).

For this purpose we introduce a homotopy operator as follows. Define a
map h =" (—1)!hy : My (R)®™H! — M, (R)®™*2, where

hi (Eigjo(a0) ® Eiyj, (a1) ® -+ ® Ej,pj,n (am))

= 8joir =+ 851 _1iy (Eig1(a0) ® Er1(a1) ® - ® En1(ar) ® Enj,(1)
®Eil+1jt+1 (al+1) ®---® Eimjm (am)) .
(Here 6;; is the usual “Kronecker delta,” 1 if i = j and 0 otherwise.) Thus,
for example, ho (E;,j,(a0)) = Ei,1(ao) ® F1j,(1) and
Eiyio(a0) — Er1(ao), ig = Jjo,
by o ho (Eiyjo(a0)) = { ° c
Eiyj,(ao), 0 # Jo,
which is just id — ¢« o Tr applied to E; ;,(ao). More generally, we find that
dyptlohy=ho d;,"_‘]'fL if p > 1+ 1 (this is fairly obvious since h; does not
change the last tensor factors) and that
't o hy (Eigjo(a0) ® Eiyjy(a1) ® -+~ ® B, (am))
[ dg ! (Eig1(ao0) ® Bjo(1) ® Eiyjy (1) ® -+ ® i, (am))
= Eiyjo(a0) ® Eiyj,(a1) ® -+ ® E; 5. (am), p=1 =10,
dmii (Eigi(a0) ® Eni(a1) ® - - ® En(am) ® Eyj,, (1))
bioimOjoir *** Gjmm—rim
= En(ao) ® En1(a1) ® -+ ® Eyi(am)
( bivimbioir " Cjnrimy  P=m+1,l=m.
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Thus d7*** o hg = id and d*}] o h,, = v o Tr. Finally, we see that

dl"“ o hy (Eigjo(a0) ® Ez'ljl (1) ® - ® Ei\j,.(am))
Sinin *+* Sjv_yiy A7 (Bio1(a0) ® Enr(a1) ®
®E11(a1) ® Eljl (1) ® Eipyyjiss (41) ® - @ E; .. (am))
= 3062 -+~ 651_ia Bigt{a0) ® En1(a1) ®
® Eyji (@) ® By yjiyq (ai41) ® -+ @ Eiyji (am)
= d"* o hi_1 (Eigjo(a0) ® Eiyjy (1) @ -+ ® Eiypj,, (am))

and that

dgtt o by (Eigjo(ao) ® Eiyjy (a1) ® -+ ® Ei o, (am))
= bjoiy *** 8ji_yi dpp "+ (Bip1(a0) ® E11(a1) ®
®E11(a1) ® Ev;,(1) ® Eiyyjiya (a141) © -+ ® Eiji, (Gm))
= joir **  0ji_1is Fig1(a0) ® E11(a1) ® - ® E11(apap41) ® - -
® Fr1(a1) ® E1;,(1) ® Eip iy, (0141) ® -+ @ Ey, 5, (@m)
= 8jpips1 -1 (Bigjo (a0) ® Eiyj,(a1) ® - --
®Fi,j,11 (apapt1) ® - ® Ei . (am))
= hi—1 0 dy’ (Eijo(a0) ® Eiyjy(a1) ® -+ ® Ei i, (am))

if p < 1. So on M,(R)®™*1,

m+1l m m m—1
boh+hob=3 S (-1)PHdr oh+) Y (-1)Phody
p=0 =0 p=0 =0

m+1

=id—oTr+ Y +(d"* ohyd™ o hy1) +0+0
=1

=1id —t0Tr,

and thus ¢ o Tr is chain homotopié to the identity. O

6.1.37. Theorem (Morita invariance of cyclic homology). Let k be
a commutative ring and let R be a k-algebra. Let M,(R) be the k-algebra
of n x n matrices over R. Then the generalized trace of Theorem 6.1.36 in-
duces natural isomorphisms HC,,(M,(R)) —» HC,(R), HC,(M,(R)) —

Cr(R), HPy(Mn(R)) — HPn(R), HC™(Mp(R)) — HC™(R), and
HP"‘(M (R)) » HP™(R).

Proof. By the proof of Theorem 6.1.36, the generalized trace commutes
with each summand dJ* in the Hochschild differential b, and not only with
the full differential. Thus it also commutes with &'. It is also clearly
invariant under cyclic permutations and thus commutes with ¢,, and Np,.
So it induces maps of the cyclic double complex and of the dual cyclic
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double complex, and thus maps of all the cyclic homology and cohomology
groups. Again these maps are splittings for the map the other way induced
by the non-unital inclusion of R into M, (R) via a — E1(a).

We still need to show that the maps on cyclic homology groups induced
by-the generalized trace are isomorphisms. For the groups HC,, this follows
easily from Theorem 6.1.36, since HC,, = 0 for m < 0 and HCy = HHj
by Theorem 6.1.19. This enables us to prove the result by induction on m,
starting with the case m = 0. Assuming that HCp,(M,(R)) —» HCnp(R)
is an isomorphism for m < mg, we note that Theorem 6.1.19 gives us a
commutative diagram with exact columns

HCpy—1(Mn(R)) — HCpmy-1(R)

d g

HHy,, (Mn(R)) — HHmo(R)

| /|

HCpy(Mn(R)) — HCm,(R)

d d

HCpy—2(Mn(R)) — HCpmy2(R)

g g

HHpy—y(Ma(R)) — HHyny-1(R).

Applying Theorem 6.1.36 and the inductive hypothesis, we see that the two
horizontal arrows on the top and the two horizontal arrows on the bottom
are isomorphisms. Thus by the Five-Lemma, HC\,,(Mp(R)) = HCp,(R)
is an isomorphism. Similar arguments can be given for HC* using Theorem
6.1.35, and then one gets an isomorphism HP®*(M,(R)) — HP*(R) by
taking limits.

It remains to handle HC, and HP,. One way to do this is to show first
that Tr induces isomorphisms on HP,. When the Mittag-Leffler condition
is satisfied, this follows from the result for HC, together with Theorem
6.1.22; even when this is not the case, one can show with a little more
homological algebra that the kernel of the map HP, — @H C, can be

S
identified with E{_nl HC,, and thus Tr induces an isomorphism on this as

well. Then one gés:cs an isomorphism on H P, by the Five-Lemma, and from
this one gets an isomorphism on HC, by Theorem 6.1.21 and the Five-
Lemma. Alternatively, one can check directly as in the proof of Theorem
6.1.36 that Tr is a homotopy equivalence on the relevant cyclic double
complexes. O

Connections with “Non-commutative de Rham Theory.” Much
of the motivation for the study of Hochschild and of cyclic homology comes



326 6. Cyclic homology and its relation to K-Theory

from the case where R is commutative and can be viewed as an algebra
of smooth functions on a manifold or an algebraic variety X. In this case,
the Hochschild or cyclic homology of R is closely related to the de Rham
cohomology of X, the closed differential forms modulo the exact forms
(those that are exterior derivatives of other forms). This suggests studying
a calculus of “non-commutative differential forms” over an arbitrary k-
algebra. The following framework for doing so was basically developed in
[KaroubiHomCyc]. For a more recent survey, see [Cuntz].

6.1.38. Definition. Let k be a commutative ring and let R be a k-algebra.
Let R denote the quotient k-module R/(k-1). (In most cases of interest, R
splits as k-1 R for some k—submodule Rof R, isomorphic to R. This is of
course automatic if either R is an augmented k-algebra, in which case we
can take R to be the augmentation ideal, or if k is a field.) The algebra
of non-commutative differential forms QR over R is by definition the
universal (associative but not necessarily commutative) k-algebra generated
by a copy of R and by symbols {da : a € R}, subject to the conditions
that the identity 1 of R also be an identity for the whole algebra QR and
that a — da be a k-linear derivation (in other words, that it be k-linear
and satisfy d(ag - a@1) = dap - a1 + ag - da; for ag, a; € R). (These relations
imply that d1 = 0, since d1 = d(1-1) =dl-1+1-dl = dl1 +dl.) Note
that any element of QR can be written as a linear combination of elements
of the form agda; - - - day, since dz - y = —z - dy + d(zy) and thus we can
always move factors from R to the left. The algebra QR is N-graded, via
the grading
deg(ag da; - - - da,,) = n.

There is a linear operator d : QR — QR defined by
d(agda, - - -day) = dagday - - -da, =1-dag - - - day,

and clearly d? = 0. In fact, d is a graded derivation; if w; is homogeneous
of a certain degree, then

d(w1W2) = d(wl)wz + (_l)degwlwl dws.

To relate Hochschild homology and cyclic homology to differential forms,
we begin by noting that as a graded k-module, 2R is naturally isomorphic
to @, R ®k R®", via the identification

Todzy - dTn —— T ®T1 O+ Q Ty,

(Note that for £ € R, dz only depends on the image Z of  in R. Thus
there is a natural map from @, , R ® R®" onto QR. To show that it is
an isomorphism, introduce the operator d and a multiplication in the set of
tensors in the obvious way; then the map must be injective by universality.)
We introduce another operator b: QR — QR, lowering the degree by 1, by
the condition

bwdz) = (-1)%8%[w, z], weQR, € R.
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ne has to check that b is well defined, in other words, that if wodzy =
w1 dzy, then [wg, To] = w1, 1]. But in fact, under the above identification
of QR with the tensor algebra, b is just the ordinary Hochschild boundary
(for the “reduced Hochschild complex,” in which we divide out by the span
of all elementary tensors containing a 1 except in the first slot), since

Cb(zodry - dzp) = (-1)" ! [zoday - - dEp_1, Zn)
= (-1)""Y(zodz;--- dxp_1) zp + (—1)"zpz0dzy - - - dTpey,
and by influction on n we can write

(dzy - dzn_1)2n 2(_1)"_1931 dzsg---dz,
n—1
+ E(*l)n_lﬂdml o d(ZiTi4) - A
j=1

Thus
b(:l}o d.’l:l e d.’l?n) = (:130.’1,‘1) diL‘z cee d.’L"n

n—1
+ Z(-l)jxo dzy---d(zjzjq1)---dzy
ij=1

+ (-1)™(@nzo) dz1 - - dTp_1,
which corresponds exactly to (6.1.2), and the homology of the complex
A arr b grip o
is just the Hochschild homology of the k-algebra R.

6.1.39. Definition. Let k be a commutative ring and let R be a k-algebra.
The non-commutative de Rham homology HZ® ®(R) of R (with re-
spect to k) is the (co)homology of the (co)chain complex (Q%, R, d), where
Q3R is the quotient of QR by the k-submodule generated by all graded
commutators wywg — (—1)deg widegwz ), with wy and wy homogeneous.
The d here is the map induced by d on the quotient; it makes sense since
the original d in Definition 6.1.38 is a graded derivation. Note for example
that Q% R = R/|R, R| = HHy(R), that

QyR=0Q'R/(xdy—~dy-z:z,ycR),

and so on. Also note that Q"(k) = 0 for n > 0, so that H3¢ R(k) = 0 for
n > 0. The reader familiar with exterior calculus on manifolds will recall
that if R = C°°(X) for some manifold X, then the exterior differential
forms on X are a graded-commutative algebra generated by R and by dR,
and are thus a quotient of 3, R by universality. However, though Hd¢ R is
closely related to ordinary de Rham cohomology for manifolds and algebraic
varieties, it is almost always different from the latter.

~ The connection with cyclic homology is now the following. To avoid
worrying about the correct definition of “reduced groups” (see [LodayQuil,
§4] for a more complete discussion) we deal for simplicity with the case of
an augmented k-algebra.
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6.1.40. Theorem (Karoubi [KaroubiHomCyc|). Let k O Q be a com-
mutative ring and let R be an augmented k-algebra with augmentation
ideal I, so that HH4(R) & HH,(k) & HH.(R, I), and similarly with
HC. Then for n > 0, there is a natural isomorphism from H3¢ R(R)
to the kernel of the map B : HC, (R, I) —» HH,1(R) of Theorem 6.1.19.
When n = 0, H$® ®(R) is naturally isomorphic to the kernel of the map
B: HCy(R) — HHy(R).

Proof. First of all, we use the hypothesis that £ O Q to replace HC, by
H). We already saw that the normalized Hochschild complex of R can be
identified with (QR, b). Let C2(R) be the quotient of C}(R) by the graded
k-submodule generated by all elementary tensors ap ® a1 ® - -+ ® a, with
some a; = 1. Since

bn(1®a1®...®an)_—_(a1®...®an)+(1®...)
+(_1)n(an®al®"'®an_1)
=1-th-1)(@1® - Qan)+(1®--),

this submodule is b-invariant and C(R) is also a chain complex. The com-
plex C2(R) gorresponds to the “cyclicization” of the normalized Hochschild
complex and is also evidently isomorphic to the quotient of the Hochschild
complex of |the non-unital ring I by 1 — ¢, so it computes H} (R, I) &
HC,(R, I).'We map QR to C}(R) by sendmg o dzy - - - dx, to the image
of 2o ® T ®‘ - ® Z,,. The image of d in R is generated by things of the
form dz; -- d:c = 1dz; - - -dz,, which goes to 0 in the reduced complex
C)R). From ‘the calculation in Definition 6.1.38, any commutator (w, 7]
goes to something in the image of b. Similarly, any graded commutator
wdzr — (—1)9%8¥dz - w, with w = z¢dz; - - - dzp, can be rewritten as

(zodzy -+ -dzp)dz — (—1)"dx - Zo dz1 - - - dTp

=z dz, -+ dzndz + (=)™ d(zxzo) dxy - - - dzp + (—1)*z dzg - - - dTp

The second term on the right is in the image of d and thus goes to 0, and
the sum of the other two terms goes to

:B0®~~~®.’Bn®z+(-1)".’v®xo®--~®-’1}n=(1—tn+l)(x0®"'®xN®$)’

which goes to 0 in C}(R). So we get an induced map Q2 R/d(Q2,R) —
C2(R)/b(C)(R)). This map is in fact a k-linear isomorphism, except for
an extra factor of k-1 on the left in degree 0, since it has an inverse induced
from the obvious map C}(R) — QR/d(2R) together with the observation
that the image of b maps into the k-submodule generated by (graded)
commutators.

We'll now use our isomorphism Q2 R/d(2%,R) — C}(R)/b(C}(R)) to
get the desired isomorphism on homology. By deﬁmtlon H3 R(R) is the
kernel of the map induced by d on Q3 R/d(Q0 1R). This goes over in
C2(R)/b(C,1(R)) to the kernel of the map induced by s, (see (6.1.5)).
Now consider the action of ¢, on I®". Since k D Q, I®" splits as the
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direct sum of the kernel of 1 — t,,, which we can identify with C}(R), and
a complementary space on which 1 — ¢, is invertible. Thus the Connes
operator B, = (1 —t,41) o 8, o N,, differs only by the invertible scalar
factor of n+1 from the map induced by s, on Cp(R)/b(C;, 1(R)). It follows
that H° ®(R) corresponds exactly to the submodule of C;(R)/b(C2, ;(R))
killed by the map induced by B. We claim this is (for n > 0) exactly the
kernel of the map B : HC,(R, I) — HH,1(R). For this we represent
a class in HC,(R, I) by a cycle in C}(R), viewed as a subcomplex of
the 0-th column of MC,.(R). By Lemma 6.1.32, the image of our class
under the Connes B-map is given by the map induced by B on our cycle in
C(R), and so the theorem follows. The only difference in degree 0 is that
C3(R)/b(C(R)) should be replaced by C3(R)/b(C?(R)), which explains
why we need to replace HCy(R, I) by HCyx(R). O

6.1.41. Exercise. Let &k be a commutative ring and let R be a k-algebra.
Show from Theorem 6.1.21 that the maps

S:HC_(R) - HC,_,(R)
and HC; (R) — HP,(R) are isomorphisms for n < 0.

6.1.42. Exercise. Let k be a field of characteristic 0 and let R = k[t].

(1) Show from Theorem 6.1.22 and Corollary 6.1.23 that the map
HP,(R) — HC,(R) is an isomorphism for n > 0, so that HP,(R)
vanishes for n odd and is & k for n even. Deduce that HC[ (R) is
infinite-dimensional (as a vector space over k) but that HC, (R)
vanishes for all other odd n.

(2) Now compute HC, (R) as a module over k[u] and verify the rela-
tions of Theorem 6.1.24.

(3) Compute Hg® R(R) directly from the definition, and verify the re-
sult of Theorem 6.1.40 for this example.

6.1.43. Exercise. Let k be a field of characteristic 0 and let R = k[v, v™}],
the Laurent polynomial ring in one variable.

(1) Argue as in Example 6.1.7(a) to compute HH,(R).
(2) Compute HC,(R) by dividing H H,(R) by the image of

B:HCo(R) = R — HH\(R)

as in Example 6.1.20(b). Show that HC;(R) is one-dimensional
and that its generator may be identified with v~1dv, the “logarith-
mic derivative” of v.

(3) Now apply Theorem 6.1.19 to show that HC,,(R) is one-dimension-
al for all n > 1. Show from Theorem 6.1.22 and Corollary 6.1.23
that the map HP,(R) — HC,(R) is an isomorphism for n > 0, so
that HP,(R) = k for all n.

(4) Compute HC, (R) as a module over k[u] and verify the relations
of Theorem 6.1.24 for this example.

(5) Compute HZ®®(R), and verify the result of Theorem 6.1.40 for
this example.
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6.1.44.

Cyclic homology and its relation to K-Theory

Exercise (Additivity of Hochschild and cyclic homology

for direct products of rings). Let k be a commutative ring and let
R = R; x R, be the direct product of k-algebras R; and Rp. Show that
HH,(R) = HH.(R;) ® HH,(R3), and similarly for HC,, HP,, etc.

6.1.45.

Exercise. Let k be a commutative ring and let G be a group.

Then we can form the k-algebra R = kG.

(1)

(2)

Show that HH,(kG) can be naturally identified with the group
homology H.(G, M), where M denotes kG viewed as a G-module
via the action of G on itself by conjugation.

Then show that M decomposes as a direct sum of submodules
supported on the conjugacy classes of G, and thus that HH,(kG)
splits up as such a direct sum as well.

Show that the summand of M associated to the conjugacy class of
an element g € G is isomorphic as a kG-module to kG ®kcg(g) ¥,
where C(g) is the centralizer of g in G (or the stabilizer of g for
the conjugation action). Deduce from Shapiro’s Lemma (Corollary
4.1.12) that

H,(kG) = P H.(Cs(9), k),
(9)

where (g) runs over the conjugacy classes of G. Note that the
group homology H,(G, k) corresponds to the conjugacy class of
the identity element.

If kK = C and G is a finite group, then kG splits as a direct sum
of matrix algebras over C corresponding to the various irreducible
representations of G, and we can alternatively use this decom-
position and Morita invariance (Theorem 6.1.36) to compute that
H H,(kG) vanishes except in degree 0, where it has dimension equal
to the number of irreducible representations. (Here you need the
result of Exercise 6.1.44.) Show that the two methods for com-
puting Hochschild homology agree in this case (using some of the
basics of representations of finite groups as found say in Chapter
5 of [Jacobson, II]).

6.1.46. Exercise. Let k be a commutative ring and let R = k[e]/(e? —e),
the universal unital k-algebra generated by a single idempotent e. Note
that any element of R can be written uniquely in the form a(1 — e) + be.

(1)
(2)

Show that QR is the universal associative R-algebra on one addi-
tional generator de satisfying e - de = de - (1 —e).

Assuming that 2 is invertible in k, show that the images of de and of
e-de vanish in Q1 R, hence that H§® ®(R) = R and H{* R(R) = 0.
(Caution: Q3 R is obtained by dividing out by the k-submodule
generated by graded commutators, not by the ideal generated by
graded commutators, so the fact that QR is generated as an R-
algebra by de, plus the fact that the image of de vanishes in Q;bR,
do not imply that 2, R vanishes in degrees > 0.)
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(3) For k 2O Q, compute 22, R and thus compute Hd® ® directly. Ver-
ify the conclusions of Theorem 6.1.40 for this example. (You can
compute the cyclic homology using Exercise 6.1.44.)

6.1.47. Exercise. Let k C F C L be fields, with F algebraically closed.
Viewing F and L as k-algebras, show that the induced maps on Hochschild
and on cyclic homology HH(F) — HH,(L) and HC,(F) — HC,(L) are
injective. (Duplicate the argument of Suslin in Exercise 5.3.34.) Is this still
true if one drops the assumption on F?

6.1.48. Exercise. Let k be a field, so that Proposition 6.1.4 is applicable.
Show that if R is any k-algebra, HH,(R[u, uv™']) = HH,(R)®HH,_,(R).
(Exercise 6.1.43 gives a special case of this. Hint: tensor together a res-
olution of R as an R ®; R°P-module with a resolution of k[u, u~!] as a
k[u, u™'] ® k[u, u~1]°P-module to get a double complex from which you
can compute the Tor-groups.)

This suggests that there should be a chain map

C.(R) — .+1(R[’U, u—l])

which induces a split injection on Hochschild homology. Such a map is
given explicitly by

ao®a1®--.®anr—»—uao®(u_1®a1®---®an—a1®u_1®“‘®an
+ooH ()" ®R®a, @ul).

Check that this is a chain map and that when followed by the augmentation
map sending u — 1, it induces the 0-map HH,(R) —» HH,,(R).

6.1.49. Exercise. Let k be a field and let R be a k-algebra. Using Exer-
cise 6.1.48, show by induction on n that HC,,_1(R[u, v™']) & HC,_,(R)®
HC,_2(R), that the map

B: HCp_1(R[u, v™']) —» HH,(R[u, u™"])

splits up as a direct sum of B : HC,_1(R) — HH,(R) and of B :
HCy_2(R) » HH,_(R), and that the shift map S for R[u, u~!] splits up
as a direct sum of two copies of the shift map for R, one shifted in degree
by 1. When k has characteristic 0, so that HC, = H, the split injection of
HC,(R) = H)}(R) into H),,(R[u, u~']) is given by the chain map given
by the same formula as in Exercise 6.1.48.

2. The Chern character

The aim of this section is to construct homomorphisms from K-groups
.to cyclic homology groups, which go under the general name of “Chern
characters.” We begin with the classical theory that motivated these, and
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then describe first the theory for Ky (which is a little more concrete), and
then the theory for the higher groups.

The Classical Chern Character. When Chern did his work on the
theory of so-called “characteristic classes,” neither K-theory nor cyclic ho-
mology had been invented yet. Nevertheless, much of what he did to define
the “Chern character” will be applicable to our setting, so we start with
a sketch of the classical theory. Suppose X is a compact smooth manifold
and p: E — X is a smooth complex vector bundle over X. (This means
it is a C-vector bundle in the sense of Definition 1.6.1, with the added re-
quirement that E have the structure of a smooth manifold and that all the
structure maps be C*.) Chern showed how to use the notion of “curva-
ture” of the bundle to define classes c,(E) € H3?(X, C), the de Rham
cohomology of X, which can be put together to get an invariant called the
Chern character

Ch(E) € HER(X, C) =aet @ Hirr(X, C)
n>0

which has the useful properties that Ch(E; & E2) = Ch(E;) + Ch(Ey),
Ch(E; ® E2) = Ch(E;) U Ch(E,). It then follows fairly easily that Ch
extends to a ring homomorphism from KU®(X) to H5:%3(X, C). One can
then (after replacing de Rham cohomology by Cech cohomology) extend
the definition to arbitrary compact spaces X (since any vector bundle on a
compact space is the pull-back under a continuous map of a smooth vector
bundle on a manifold), and even show that for general compact spaces,
the Chern character Ch induces a ring isomorphism from KU%(X) ®zC to
Hever(X, C). Some of the details can be found in [Karoubi, Chapter V.3].

While a complete discussion of the classical Chern character would re-
quire too much of a digression into differential geometry, it is worth ex-
plaining the main idea in the construction of Ch(E) in order to motivate
the algebraic theory that will follow. Following the method of proof of
Theorem 1.6.3, one can show first that smooth vector bundles over X cor-
respond (via the correspondence between E and its module I'°(X, E) of
smooth sections) exactly to finitely generated projective modules, not over
CC(X), but over the ring of smooth functions R = C&(X). In particular,
any smooth vector bundle F is a direct summand in a trivial bundle, say
of rank k. This now gives us a way to differentiate smooth sections of E,
though it depends on a choice of an embedding of E as a direct summand
in a trivial bundle. Observe that smooth sections of a rank-k trivial bun-
dle are just k-tuples of smooth functions on X. So if s € I'°(X, E), we
can define its “derivative” Ds to be the result of viewing s as a k-tuple
of functions (fi, --- , fx), taking the exterior derivatives df;, --- , dfx, and
projecting back down (to the space of “E-valued 1-forms”). However, even
though d?f; = 0, the result of applying D twice is usually non-zero, since
there is no reason why d should commute with the projection p onto E.
The operator D? is basically what is called the curvature of E. We may

view it as a k x k matrix of (ordinary scalar-valued) differential 2-forms
on X.
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If we think of p as an idempotent matrix in My (R), then we may compute
the curvature as follows. We take the exterior derivative of a matrix of
forms by differentiating each of its entries (so that dp is a k x k matrix
of differential 1-forms on X), and we denote matrix multiplication by -.
First of all, since p - p = p, differentiating gives dp-p + p - dp = dp, or
dp-(1—p) =p-dp, an identity we will need later. Similarly, for a section
sofE,s=p-sandds=dp-s+p-ds,or (1-p)-ds=dp-s. Thus

D?%s = (podop)2s
= (pod)(p-ds)
=p-(dp-ds+p-d’s)
=(p-dp)-ds=(dp-(1-p))-ds
=dp-((1—-p)-ds)
=dp-(dp-s)
= (dp-dp) - s.

In other words, the actions of D? on the image of p (the sections of E) is
given by left multiplication by dp- dp. Since we want to think of the curva-
ture of E as being 0 on the image of 1 —p (the sections of the complement),
the curvature of E (computed for this particular choice of p) is really left
multiplication by

(6.2.1) dp-dp-p=dp-(1~p)-dp=p-dp-dp.
The component of the Chern character of E in degree 2n is now obtained

(up to a certain scalar normalizing factor which we won’t worry about at
the moment) by taking the de Rham cohomology class of

(6.2.2) Tr(D?)™ = Tx ((p- dp- dp)™) = Tr (p- (dp)>") .
(Here we've again used the trick of moving all the p’s across the dp’s.) Of

course, for the de Rham class to make sense, we have to check that this
form is closed, but

d(Tr (p- (dp)**)) = Tr ((dp)*"*?)
((dp-p+p-dp) - (dp)*")

(1 =p)- (dp)>"*') + Tx (p- (dp)>"+!)

Tr
Tr

and

Tr (P . (dp)2n+1) = Tr (p2 . (dp)2n+1)
=Tr(p- (dp)***!-(1-p))
Tr

(Q-p)-p-(dp)**) =0,

I
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and similarly with the other term. Here in the last step we’ve used the
fundamental property of the trace, which is invariance under cyclic permu-
tations.

Since the curvature depends on the choice of the projection p, it is also
important to check that the result of this procedure gives an invariant of
E and doesn’t depend on the choices made. The classical argument for
this is based on “homotopy invariance.” Namely, suppose p;, 0 <t < 1,
is a one-parameter family of idempotents, so that the vector bundles they
define are all equivalent to one another (by Corollary 1.6.12). We show
that the de Rham class of Tr (p; - (dp:)*") doesn’t change with ¢. It is
obviously enough by calculus to show that the derivative of this form (with
respect to t) is exact, hence represents 0 in de Rham theory. If p; denotes
the derivative of p; with respect to ¢, then dp; is the derivative of dp; with
respect to t, and thus (leaving the subscript t’s off the p’s for simplicity of
notation)

2n
% (Tr (p . (dp)Zn)) =Tr (p (dp)2") + ZTI. (p. (dp)*~!-dp- (dp)zn_i) '

i=1
Since p? =p, wehave p-p+p-p=porp-p=p-(1—p). Thus
p-p-p-(dp)*")
p-p-(1—p)-(dp)*")
p-p-(dp)*" - (1-p))
(1-p)-p-p-(dp)*") =0,

Tr (p-p- (dp)®") = Tr

—~

o~~~

Tr
Tr
Tr

~—_~

i

and similarly
Tr (1 - p) -9 (dp)*") = 0.

So the first term in the derivative vanishes. The remaining terms add up
to something exact, since

2n 2n
S Tr(p- (dp)=" - dp- (dp)*"~F) =) Tx((dp)* " -p- (dp)'™" - dp)
i=1 i=1

2n .
_ a1 p, 1odd .
_ETY ((dp) (1 —p, ieven %
=nTr ((dp)* " - dp),

which is exact. This completes the proof that the Chern classes are ho-
motopy invariants of p. From this it is not too hard to see that they only
depend on the isomorphism class of the vector bundle E.

6.2.3. Example. To show how this works, let’s note that the set of rank-
one self-adjoint idempotents in M,(C) may be identified with the set of
one-dimensional subspaces of C? (since there is a unique projection onto
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each subspace annihilating the orthogonal complement), or in other words
with P*(C) = S%. Thus if X = P!(C) & S2, there is a smooth idempotent
map p : X — M;(C) corresponding to this identification, and p will define a
one-dimensional complex vector bundle E, which (modulo a trivial bundle)
is the generator of K°(S?) = Z. If we view S2 as {z = (%1, T2, z3) € RS :
> x7 = 1}, the map p may be given by

_ 1142 zy+ixs
p<z)-§(.’l¢2‘i$3 11—z, /-

Then
dp = l d.’l,'l d$2 + id$3
P = 2 dxz - ld$3 —d.’El
and
dp-dp — 1 —2idzo Adzs 2(dzy A dzg + idzy Adzxs)
P =1\ 2(~dzy A day + i dzy A dag) 2 dzy A dzs '

So
p-dp-dp

_ l (—’L(l + :L'l) dzrs A dzs + (.’122 + '1:1,‘3)(“-(11’1 Adzs + tdzy A d.’E3) *)

T4 * * /)’

which has trace
_72 (z1dzy Adzs + T3dxy Adzy + z2das A dz).

Since this integrates to something non-zero over S%, Ch(E) # 0. Note that
we could not detect non-triviality of E merely from Tr(p), which is = 1.

The Chern Character on K,. Now we go back to the case of a gen-
eral k-algebra R and study ways of detecting non-zero elements of Ky(R)
using cyclic homology. There are various Chern characters, depending on
what one wants to use as the target of one’s homomorphism from Ko(R):
HHy(R) = HCy(R), HPy(R) = HCy (R), or H3® R(R). These are related
by the homomorphisms that relate these various cyclic homology groups.

We begin by discussing the simplest of these maps, the one into H Hy(R)
= HCp(R). Unfortunately it is not always powerful enough to be very
useful.

6.2.4. Definition. Let R be any ring (with identity). The trace map
Tr : Ko(R) — R/[R, R] (by Corollary 6.1.6 and Theorem 6.1.19, this is
HHo(R) = HCy(R) for any choice of a ground ring k) is defined to be the
map induced by sending the class of an idempotent p € M,, (R) to the image
of its trace (the sum of the diagonal entries) in the quotient R/|[R, R).
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6.2.5. Proposition. If R is any ring, the trace map Ko(R) — R/[R, R|
as just defined is well defined and is a homomorphism, which is functorial
in the ring R.

Proof. Obviously Tr(p) doesn’t change if we enlarge the matrix p by
adding 0’s in the lower right, and clearly Tr is functorial in R. By Lemma
1.2.1 and the universal property (Theorem 1.1.3) of the Grothendieck group,
to show that we have a well-defined homomorphism on Kp, it is enough to
show that Tr is conjugation-invariant and additive under block direct sums.
The latter is obvious, so we just need to see that if g € GL(n, R) and p is
an idempotent in M, (R), then Tr(gpg~!) = Tr(p). The proof is the same
as in elementary linear algebra. We let b = pg~! and need to show the sum
of the diagonal entries of gb differs from the sum of the diagonal entries of
bg = p by a sum of commutators. Let b;; and g;; be the respective matrix
entries of b and g. Then the i-th diagonal entry of gb is 3 y gi;b;: and the
j-th diagonal entry of bg is ), b;igi;. Thus the difference between the sum
of the diagonal entries of gb and the corresponding sum for bg is

i J

=) (gisbji — bjigis) = > g5, bisl € [R, Bl. O
i, ] i,j

6.2.6. Examples.

(1) If Ris a field, Ko(R) = Z and Tr is the usual trace. Since Tr(l,) =
n, the map Tr : Ko(R) — R has as its image the canonical image
of Z in R. Thus Tr is injective if and only if R is of characteristic
0. It is surjective if and only if R = F,, for some prime number p.

(2) If R = C®(X) for some compact Hausdorff space X, so that
Ko(R) = KU®(X), then any idempotent p € My(R) is just a con-
tinuous function from X to the idempotent matrices over C, for
which the ordinary trace is just the rank of the idempotent. This
must be locally constant, so that Tr just gives the rank function

rank : KU°(X) — H°(X,Z) =C(X,Z) CC(X,C) = R.

Thus if X is connected, Tr takes its values in Z and vanishes on
K°(X).

(3) If R = M,(k) is a matrix algebra over a field k, Ko(R) = Z with
generator corresponding to a rank-one idempotent in R, and Tr is
again the usual trace. So again the map Tr : Ko(R) — R has as
its image the canonical image of Z in R.

(4) Let k be a commutative ring, let G be a group, and let R = kG. By
Exercise 6.1.45, HHy(R) can be identified with the free k-module
on the conjugacy classes in G. If G is a finite group and k = C,
then R splits as a direct sum of matrix algebras and Tr is injective,
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and in fact Tr induces an isomorphism Ky(R) @z C — H Hy(R).
On the other hand, if G is cyclic of prime order and k = Z, then
Ko(R) is computed in Example 3.3.5(b) to be the finite class group
of the associated cyclotomic field. Since HH,(R) is torsion-free,
the trace map vanishes on Ky(R) in this case.

(5) Here is maybe a more interesting example of the trace map. Let k
be a field and let

R = li_n)l(Mzn (k), ¢n)7

where ¢, : Man (k) — Myn+1(k) is defined by a +— <g 2 as in

Exercise 1.2.7. It was computed in that Exercise that Ky(R) =
Z[3]. Now if the characteristic of k is not 2, we can define a map
Yn : Man(k) — k to be 27" times the usual trace. Since Up
vanishes on commutators and ¢, = 1,1 0 ¢,, the maps 1, give a
well-defined map on the inductive limit:

Y : R/[R, R| — k.

When k is of characteristic 0, the composite 1 o Tr can be seen
to be just the identity map Z[}] — Z[}] C Q C k, and thus Tr is
injective.

To get a more powerful Chern character, we next show that the trace
map factors through HPy(R) or HCy (R) via the canonical map H Py(R) —
HCo(R). The canonical map HCy (R) — HPy(R) is always an isomor-
phism by Exercise 6.1.41. However, since S is an isomorphism on HP,(R),
the Chern character into HPy(R) can be viewed as mapping into H P, (R)
for any n > 0, and can then be mapped into HC5,(R), giving some-
thing that looks much more like the classical Chern character into even-
dimensional de Rham cohomology.

6.2.7. Proposition. Let k be a commutative ring. For any k-algebra R,
there is a homomorphism Ch : Ko(R) — HCy (R) = HPy(R) called the
Chern character, functorial in R, such that Tr : Ko(R) — H Co(R) is just
the composite of Ch followed by the canonical map HPy(R) — H Co(R).
The map Ch is uniquely determined by these properties.

Proof. Let A = kle]/(e? — e), the universal unital k-algebra generated
by a single idempotent e. Since any element of A can be written uniquely
in the form a(1 — e) + be, A factors naturally as a direct product of rings
k x k, and (by the result of Exercise 6.1.44), the cyclic homology groups
of A are just direct sums of two copies of the cyclic homology groups of
k. By Example 6.1.16, the canonical map HP,(k) — HCy(k) = k is an
isomorphism, and so is HPy(A) — HCy(A) = k@ k. Thus the Proposition
is true for A.

Now recall that Ko(R) is generated as an abelian group by classes (£,
where f is an idempotent in M, (R) for some n. Note that f defines a unital
homomorphism ¢ : A — M, (R) sending e to f, and the class [f] € Ko(R) is
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just the image under ¢, of the class [e] € Ko(A), followed by the canonical
isomorphism Ko(M,(R)) — Ko(R) of Theorem 1.2.4. Therefore we can
define Ch([f]) by first taking Ch([e]) € HPo(A) to be the inverse image of
Tr(le]) € HCo(A) under the isomorphism HPy(A) — H Co(A), and then
letting Ch([f]) = ¢.(Ch([e])) € HPs(Mn(R)), followed by the isomorphism
HPy(M,(R)) — HPy(R) provided by Theorem 6.1.37. Then from the
commutative diagram

Ko(4) —2— Ko(Mn(R)) —— Ko(R)

o

HPy(A) —— HPy(M,(R)) —— HPy(R)

| ! !

HCo(A) —£— HCy(M,(R)) —— HCo(R),

we see that Tr([f]) is the image of Ch([f]) under the canonical map H Py(R)

It is clear that if there is any functorial map Ch : Ko(R) — HCj (R) =
HPy(R) with the property stated in the Proposition, then it must agree
with this one (since Ko(R) is generated by elements coming from Ko(A),
and HPy(A) — HCy(A) is an isomorphism). To complete the proof we
only need to see that the Chern character as we’ve defined it is a homo-
morphism, since functoriality is automatic from our definition. For this
purpose it is enough to show that Ch is additive on the submonoid of
Ko(R) generated by classes of idempotents. But any two elements in this
submonoid of Ko(R) can be written in the form [fi], [f2] for some com-
muting idempotents f1, fo in some M,(R). If we consider the universal
k-algebra B = kley, e2]/(e? — €1, €3 — e2) on two commuting idempotents,
then there is a unique homomorphism B — R with e; — f;, and so by
functoriality it is enough to show Ch is additive for B. Since B also splits
as a direct product of (4) copies of k, HPy(B) — HCy(B) is an isomor-
phism and additivity of Ch for B follows from additivity of the trace Tr.
Thus the result follows. O

6.2.8. Remark. A similar technique (working with the universal exam-
ple A) shows that one can construct functorial Chern characters Ko(R) —
HC3n(R) for any n. We have not listed this fact as a separate proposi-
tion since it’s really contained in Proposition 6.2.7: we merely compose
Ch : Ko(R) — HPy(R) with the canonical map HPy(R) — HC5,(R)
coming from (S7!)". Again, the fact that S™ : HC2n(A) — HCy(A) is
an isomorphism shows that the Chern character Ko(R) — HC2q(R) is
uniquely determined. Furthermore, since B : HC2,(A) — H Hjpi1(A) is
the 0-map for any n (the Hochschild homology of A is concentrated in de-
gree 0), we see by functoriality that the image of the Chern character lies in
the kernel of B. Thus, when k 2 Q (at least for augmented algebras—this
restriction is really not necessary), we can by Theorem 6.1.40 think of the
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Chern character, after forgetting the image of K, (k) in Ko(R), as mapping
into even-dimensional de Rham homology. This makes the Chern character
as we’ve defined it look much more like the classical Chern character.

6.2.9. Example. Let k£ = C, let X be a compact C® manifold, and let
R = C*°(X) be the k-algebra of smooth functions on X. Then Ko(R) =
KU®(X). Recall that there is a quotient map from Q3R onto Q°X, the
usual exterior differential forms on X, which induces a homomorphism
® : H}¥R(R) - H3, z(X). We want to show that there are universal
constants ¢, 7 0 (independent of X) such that for any smooth vector

bundle E over X defined by an idempotent p € M;(R),
® 0 Chsa([E]) = ¢, [Tx (p- (dp)™)] .

Here Chzy, denotes the component of Ch in Hg¢ R(R) (viewed as in Remark
6.2.8 above) and the right-hand side is the de Rham class of the indicated
differential form, as in the earlier section on the classical Chern character.

When n = 0, there is nothing to prove, since by Example 6.2.6(2),
Cho([E]) = Trp = rank E. So assume n > 0. Again look at the uni-
versal example A = Cle]/(e? — e), which corresponds to taking X = §°.
Then Chgy([e]) must be a multiple of the generator of HZ¢ R(A) (which
is one-dimensional). One can take the generator to be the class of the
“non-commutative differential form” e - (de)2®, so there is a universal con-
stant cp (computed in [KaroubiHomCyc, §I1.20]) for which Chan([e]) =
¢n [e- (de)®™] in Hge R(A). By functoriality, Chan([p]) = ¢n [p- (dp)**] in
HS: ®(M;(R)). Applying Tr and then &, we see that

® 0 Chon([E]) = ¢, [Tx (p- (dp)™)] .

6.2.10. Examples. (a) Suppose k is a field of characteristic 0 and R =
k[t]. By Example 6.1.20(a), HC2,(R) & k for n > 0, while HCy(R) =R
is of infinite rank over k. Also, S : HCy(R) — H Co(R) = R is injective,
with image k - 1. Since Ko(R) & Z, it’s easy to see that Chy,, is injective
for any n, and is an isomorphism after tensoring over Z with k when n > 0
(though not for n = 0). In this case, HPy(R) is smaller that H Co(R), but
gives a better approximation to Ko(R).

(b) Let A be a square-free integer with A # 1 mod 4, and let k = Z,
R = Z[¢]/(€* — A), which is the ring of integers in Q(VA) and thus a
Dedekind domain. (See Exercise 1.4.24.) A calculation similar to that in
Example 6.1.7(b) shows that if S = R®z R°P, R has a resolution as an S-
module that is periodic of period 2, by free S-modules of rank 1. From this,
one sees that HHy,(R) = 0 for n > 0 and that H Ho,, 1 (R) is a finite group
(isomorphic to (Z/2A)&(Z/2)) for n > 0. In fact, we can think of HH,(R)
as the R-module generated by d¢ subject to the relation 26d§ =dA =0
(which imples 2A d§ = 0 since A = ¢2), and B : HCo(R) = R — HH,(R)
annihilates Z and sends £ to d¢. So from the Connes exact sequence,
HC5(R) is torsion-free of rank 2 and HC,(R) is a finite abelian group.
Plugging this back into the exact sequence and continuing by induction,
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we find that HCan(R) is torsion-free of rank 2 and HC3,+1(R) is a finite
abelian group for all n > 0. On the other hand, Ko(R) is the class group of
Q(V/A), which is finite, so Chay, is trivial on Ko(R) for all n. In fact, since
HHy,(R) =0 forn >0, S: HCyn1(R) — HC3,_1(R) is surjective for
all n > 0, so the Mittag-Leffler condition is satisfied for odd-degree cyclic
homology. Hence by Theorem 6.1.22, H Peyen(R) = li_I_IIH Coven(R), and
s

Ch: Ky(R) — HCj (R) is trivial on Ko(R).

(c) The calculation in Example 6.2.3 doesn’t really depend on the use
of C* functions, since all the functions that appeared were polynomials.
Thus if R = R[z1, 22, z3]/(3_ #Z—1), the calculation we have already done
shows there is an element of Ko(R) detected by Chy and not by Chg.

The Chern Character on Higher K-Theory. The Chern character
on higher K-theory gives homomorphisms from the higher K-groups, as
defined using the +-construction, to cyclic homology groups. We will men-
tion along the way an earlier precursor of the Chern character, called the
“Dennis trace map,” which maps into Hochschild homology. As pointed
out in [HoodJones], to define the Chern character on higher K-theory cor-
rectly, it is really best to work with HC, rather than with H C,. First
we need to define the “assembly maps” for group rings, which have other
interesting applications, anyway. (See the last subsection of §6.3.)

6.2.11. Definition. Let G be a group and let k be a commutative
ring. The assembly map H,(G, k) — HH,(kG) is defined by identi-
fying HH,(kG) as in Exercise 6.1.45 with Ho(G, kG) (with G acting by
conjugation) and taking the map on homology induced by the inclusion
k-1 — kG. As shown in Exercise 6.1.45, this map is a split injection.
To be more explicit, it corresponds to the inclusion into the Hochschild
complex of kG of the subcomplex C,(G) spanned (over k) by elementary
tensors of the form go® g1 ®- - ®gn With g; € G, gog1 - - - gn = 1. This does
not give exactly the same complex for computing He(G, k) that we gave in
Definition 4.1.7, but another equivalent one coming from tensoring over G
with k on the right the resolution of k as a trivial (right) G-module given by

(6.2.12) LN Z k(90®gl®"'®gn)—b“’"‘i>Zkg():k,

9:i€G go=1
gog1+++gn=1

with the G-module structure given by

(RGO ®gn) 9=9 'g0®g Q@ gng.

(The complex (6.2.12) is acyclic since (6.1.5) again gives a contracting ho-
motopy.) The assembly map He(G, Z) — HHo(kG) is defined to be the
map H.(G, Z) — H.(G, k) induced by the canonical map of rings Z — k,
followed by the above assembly map. The assembly map He(G, k) —
HC,.(kG) is the assembly map in Hochschild homology followed by the
canonical map of Connes, I : HHo(kG) — HC,(kG).
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There is also a “shifted assembly map” H,(G, k) — H Co+2j(kG) which
when followed by the periodicity operator 7 gives the above map, but
since this is turn comes from the assembly map on HP, and on H C, we
mention these first. The “shifted assembly map” on HC, will then be the
assembly map H,(G, k) — HC (kG) followed by the maps

HC{ (kG) — HPy(kG) 25 HP,,5;(kG) — HCoyo;(kG).

To define the assembly map H,(G, k) — HC; (kG), we note that just
as the Hochschild complex of a ring R can be included as the 0-th column
of the cyclic double complex of R, the complex C.(G) can be included as
the 0-th column of a double complex CC; (@) with columns indexed by
the integers < 1, with even columns given by C.(G), with odd columns
the same as (6.2.12) except that the sign of the differential is changed, and
with horizontal maps defined using N and 1 — ¢. (The key point here is
that C,(G) is invariant under the cyclic operators tn, since, in a group,
9091 " * " gn = 1 implies g,gog; - - - gn—1 = 1.) The double complex CC; (G)
is a subcomplex of the double complex used to compute HC, (kG), and
making this double complex into a single complex as in (6.1.15) gives us
homology groups HC; (G) which naturally map to HC; (kG). (Similarly
we get groups HC,(G) mapping to HC,(kG) and H P,(G) mapping to
HP,(kG).) On the other hand, we can show, following [KaroubiHomCyc,
Proposition 2.22], that

HC,:(G) = H Hn+2j(G7 k)a

j=0
and similarly
(3]

HCn(G) 22 Hn (G, k), HP,(G)= ﬁ Hp2;(G, k).
=0 7=[3]

To prove this, introduce the double complex of free right G-modules
(6.2.13)

lbg l—bé’

1—t N
’ 1 Z90511!)2=1 k(90 ® 91 ® g2) — Zgoglg2=1 k(90 ® 91 ® g2)

1 [
k

N, 1-¢,
— 2gpn=1k@®g) — ¥ _ k(g®a)

i=0 i=1,
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where the even-numbered columns are copies of (6.2.12) with the last k
left off, and the odd-numbered columns are similar except that we leave
off the last term +d”_, in the formula for ¥'. Note that (6.2.13) ®kc k is
precisely CC; (G). On the other hand, it is easy to see that all the columns
of (6.2.13) are acyclic, except for the j = 0 row in the even columns. So
the same argument as in the proof of Example 6.1.16 shows that if we
make (6.2.13) into a single complex as in (6.1.15), we get a product of free
G-module resolutions of k, shifted in degrees by 2. This gives the desired
result HC,, (G) = H;‘;o H,,2;(G, k). Now it is easy to see how to define
the assembly map; it is the obvious injection of H¢(G, k) into this product.
In particular the assembly map is split injective, and the assembly map
in Hochschild homology is just the assembly map in HC, followed by the
canonical map HC,; — HH,.

6.2.14. Definition. Let k be a commutative ring and let R be a k-algebra.
For convenience let G = GL(R). The Dennis trace map is the collection
of homomorphisms K, (R) — HH,(R), n > 1, defined as the composites

Kn(R) = mn(BG) 22, [ (BG*; Z) = H,(G, Z)
ossembly, HH,.(kG) > HH,(R).
The Chern character (on higher K-theory) is the collection of homomor-
phisms K,(R) — HC, (R), n > 1, defined as the composites
Kn(R) = ma(BG*) 2%, H_(BG*; Z) = Hn(G, Z)
2ssemby, HC; (kG) = HC;, (R).

In both cases the first map is the Hurewicz map of Exercise 5.2.15. The
second map is defined in Definition 6.2.11. The map ® is obtained by
passing to the limit as r — oo in the following simple construction: since
GL(r, R) C M,(R), there is an obvious algebra homomorphism

¢r : kGL(r, R) — M,(R)

obtained by sending k to k - 1 and any group element to itself (viewed as
an element of M,(R)). Thus by Theorems 6.1.36 and 6.1.37 we obtain
composites

HH,(kGL(r, R)) = HHy (M, (R)) — HH(R)

or
HC; (kGL(r, R)) £ HO; (M (R)) > HC;, (R).
Then we can check that the diagram

Tropr,
_

HH,(kGL(r, R)) HH,.(R)

! H

HH,(kGL(r + 1, R)) ——222=, HH,(R)
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commutes, and similarly with HC, . As pointed out in [LodayCH, p. 267],
there is a slight subtlety here, since the map GL(r, R) — GL(r + 1, R) is
8 (1)), and we need to check that the 1 added in the
lower right doesn’t affect the class we get in HH,(R). The point however
is that

obtained by a — (

(6.2.15) Tr ((%0 (1)) Q- (ao" ?)) =Tr(ap®: - -®a,)+1®---Q1,

and the term 1 ® --- ® 1 comes from the image of the map HH,(k) —
HH,(R), which is 0 for n > 1. The Dennis trace map and the Chern
character Ch are functorial in R since each individual map in the composites
is functorial.

Definitions 6.2.11 and 6.2.14 are so abstract and complicated that it
would be nice to have a much more concrete idea of what the Chern char-
acter does, especially on K;. It turns out that there is a quite simple
description for the case of K, similar to the one we found in Example
6.2.9 in the case of K. To find it, we again introduce a “universal exam-
ple,” the Laurent polynomial ring, or alternatively, the group ring of an
infinite cyclic group.

6.2.16. Theorem. Let k be a commutative ring and let R = k[v, v™1]
be the Laurent polynomial ring on one variable v. By Exercise 6.1.43(1)
(this part doesn’t require any assumption on k), HH,(R) = 0 for n > 1
and HH;(R) is the free R-module on a generator dv. The Dennis trace
map sends the class of v € R* C K;(R) to v~ 'dv € HH(R) = QL (R),
the “logarithmic derivative” of v.

Now assume k is a field of characteristic 0. Then by Exercise 6.1.43,
HCJ (R) is as a k[u]-module isomorphic to a direct sum of two copies of
k[u], one of which has been shifted to have its generator in degree 1. This
generator may be chosen to map to v='dv in HH,(R), and this determines
it uniquely. The Chern character sends [v] € Ki(R) to this generator of
HCY (R), and the shifted Chern character K1(R) — HCj3;11(R) may be

viewed as (up to a non-zero constant) mapping to the class in Hgs R (R) of

the non-commutative differential form (v='dv) AR

Proof. Let G be the infinite cyclic group with generator v. Then G C R*
and kG = R. So to compute the Dennis trace map or the Chern character
on [v], we only need to look at the assembly map for G. (The map & for
G in Definition 6.2.14 is just the identity map.) In Hochschild homology,
it sends [v] to the class of the cycle corresponding to v in C;(G), which is
just v=! ®v. When we identify HH;(R) with QL, (R), this element goes to
v~! ®v. In cyclic homology, it sends [v] to a class in H C7 (R) mapping to
v~ldv in HH,(R), and this class is unique by Exercise 6.1.43 if k is a field
of characteristic 0.

Now consider the shifted Chern character K;(R) — HC;41(R). Since
HC5j41(k) = 0, we may view this as mapping into HCy;1(R, I), where I
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is the augmentation ideal generated by v—1, and it also maps into the kernel
of B : HC2j+1(R) — HH2_7'+2(R) since HHn(R) = 0 for n > 1. So the
shifted Chern character may be viewed as a map K1(R) — H5s B(R). Tt

must be non-zero, since 7 takes us back to the (unshifted) Chern character.
But if k is a field of characteristic 0, H55 R (R) is one-dimensional (by

Exercise 6.1.43(5)). So we only need to show that the non-commutative
differential form (v‘ldv)zﬁrl defines a non-zero class in this group (cf.

[KaroubiHomCyc, Proposition 2.34]). First let’s show that its image (in
Q2. (R)) is in the kernel of d. Since v™lv =1,
dv™h-v+vldv =0,

ie., d(v™') = —v~'dv-v~l. Thus in OR,

d(v™'dv) =d (v!) dv = —v ldv - v dv = — (v 'dw),
and thus (since d is a graded derivation)

d(v7ldv)? = d (v dv) - (v 1dv) — (v dv) - d (v 1dv) = 0.

Then

d(vldv)’ = d (vldv)® - (vidv) + (v dv)? - d (v dv)

=— (v_ldv)4 ,
and so by induction
d (v )t = — (v d) P

in QR. But in Q3 (R), even powers of a form of degree 1 vanish since they

are graded commutators, and thus (v~'dv) 2% defines a class in Hs R(R).

There are a few ways to show this class is non-zero. One, used in
[KaroubiHomCyc, Proposition 2.34], is to show that it can map to a non-

zero class in the de Rham cohomology of $%/*!. Another is to rewrite
(v"ldv)2j+1 =v ldv-vldv- .- v tdv
=v ldv ((v7'dv-v7?) dv)j
= (-1)v"'dv (d(v'l)dv)j ,
which corresponds to the class in H2>‘J- +1(R) of
(-1)Yrluerleue - v Q.

Tracing the definition of § through the isomorphism of HC, with H),
one can check that under S7 this goes to a non-zero multiple of the class
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of v~! ® v, which corresponds to a generator of HC; (R). We adopt still
another approach used in [LodayCH, Lemma 8.4.8], which is to write down
a specific class [a] in HC[ (R) which maps to a non-zero multiple of the
class of (v~1dv) 27*1 for each j. Since H C7 (R) is one-dimensional and [a]
maps to the generator v=! ® v of HC1(R), [a] generates HC,(R) and thus
(v=1dv) 2% generates H3s B (R) for each j. To write down the class [a],
recall HC, (R) is the homology of Co(R)[[u]] with respect to the differential
1®b+u®B. It is actually more convenient to reduce and use the normalized
Hochschild complex (isomorphic to 2R) introduced in Definition 6.1.38
in place of Co(R); this doesn’t change the result. Then the class [a] is
represented by the formal power series

(6.217) a=(v"'®v) —u(v ' ®v)%2 4+ 22 (v @ v)®3
Y

To check that this works, note that

b '®v®---®v IRy =(10v 'RV - ®v ! ®v)
—(v®1®v“1®v®-'-®v_l®v)
+o-(1ovev '@ - ®@v¥v-1).

Here the terms represented by - - - all contain a 1 past the first slot, and so
represent 0 in the normalized complex. On the other hand,

N(v! ®v)®j =j(v'ov)-jvev?),
S0

B(v! ®v)®j =(1—t)sN (v! ®v)®j
=j(1—t) (1 ® (v 1ev)” -1 (v ®u—1)®j)

=j (1 ® (v7! ®v)®j -1® (v® v“1)®j)
+ terms going to 0 in the reduced complex
=jb (v @v)® "

?

and a is a cycle in the reduced mixed complex. The image of [a] in H3s B (R)
is evidently

(1) 1o~ dv (d(vV)dv)’

which differs from (v~'dv) 2+ by a factor of j!. This is non-zero since we
are in characteristic 0. [J
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6.2.18. Corollary. Let k be a commutative ring and let R any com-
mutative k-algebra. Then the Dennis trace map vanishes on SK;(R)
and sends any ¢ € R* C Ki(R) to the “logarithmic derivative” of g,
g 'dg € HHi(R) = QL (R).

Now assume k is a field of characteristic 0 and let R be any k-algebra.
For g € GL(n, R), the shifted Chern character K;(R) — HCa;11(R) sends
[9] € K1(R) to a non-zero multiple (not depending on g or R) of the class

in H$? B (R) of the non-commutative differential form Tr ((g“ldg) 2j+1).

Proof. If g € GL(n, R), then [g] € K;(R) is the image in K;(M,(R))
of [v] € Ki(klv,v™!]) under the unique k-algebra homomorphism ¢, :
k[v, v7!] — M,(R) with v — g, followed by the Morita isomorphism
K1(M,(R)) =, K1(R) of Exercise 2.1.8. By naturality of the Dennis trace
map and the Chern character, we therefore have commutative diagrams

Ki(klv, v1) -2 Ki(Mn(R) —— Ki(R)

Morita
Dennisl Dennis l

HH;(k[v, v7l]) = HH;(M,(R)) —i—» HH:(R)

and

Pgw =

Ki(klo, ™)) 2 Ki(Ma(R) —— Ki(R)
o |

HOC; (k[y, v™)) =~ HC} (Mo(R)) —— HC; (R),

and we can apply Theorem 6.2.16 to the vertical arrows on the left. We
conclude for instance that the Dennis trace map sends any g € R* C K;(R)
to g~'dg € HH;(R) = Q}, (R).

The next step is to see that the diagrams

Ki(M.(R) ——  Ki(R) Ki(Mu(R)) ——— Ki(R)

Morita Morita

Dennisl Dennisl Chl Chl

HH\(M(R)) —— HH\(R)  HC[ (Mq(R)) ——— HC{(R)

commute. This will then imply the statement about the shifted Chern char-
acter. For this we have to look back at the isomorphisms Tr of Theorems
6.1.36 and 6.1.37. They have natural inverses defined by the non-unital
inclusion of R into the upper left-hand corner of M, (R), whereas the iso-
morphism K; (M, (R)) = K;(R) has an inverse given by g — g (1))
While these don’t appear to be the same because of the 1 in the lower right,
the calculation in (6.2.15) again shows that the diagram commutes.
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To conclude the proof, we have to show that if R is commutative, the
Dennis trace map vanishes on SK;(R). Note that if g € SL(n, R), then
the corresponding class in HH;(M,(R)) is the image under ¢, of the
Hochschild class of v~! ® v, in other words the class of g~ ® g. So we
need to show that Tr(g~! ® g) is trivial in HH,(R) & Q}, (R). This is a
consequence of the “cofactor expansion” of determinants from elementary
linear algebra. Let h = ¢! and let hi;j be its (i, j)-entry. Since detg =1,
hj; is (—=1)**7 times the determinant of the submatrix of g obtained by
deleting the i-th row and j-th column, which is exactly the coefficient of g;;
when we write det g as a polynomial in the matrix entries. Since detg = 1,
differentiating gives

0=d (det g) = Z hji dg.ij
ij
=qet Tt (h®g). O

Remark. Even when one assumes nothing about k£ and R, the proofs
of Theorem 6.2.16 and Corollary 6.2.17 still yield formulas for the Dennis
trace map and the Chern character on K, (R); they are only slightly harder
to use. Given g € GL(n, R), the Dennis trace map applied to [g] yields
the Hochschild class in HH;(R) of Tr(¢~! ® g), and the Chern character
applied to the same class yields Tr (g, [a]), where @ : k[v, v™1] — M, (R)
sends v to g and [a] € HCT (k[v, v™!]) is given by (6.2.18).

6.2.19. Examples. (a) If R = k, then HC[ (R) vanishes, so the Chern
character vanishes identically on K (k). Furthermore, H H, (k) vanishes for
n > 0, so the Dennis trace map cannot detect any of the higher K-theory of
k. While these facts may seem unfortunate, they have one advantage, which
is that for general k-algebras R, the Chern character on K;(R) ignores the
image of K;(k) in K(R), and thus only detects the “interesting” part of
K (R). Similarly the Dennis trace map on K,(R), n > 0, ignores the image
of K;(k) in K;(R).

(b) If k = Z and R is the ring of integers in a real quadratic number
field, for example, R = k[¢] with £2 = A a square-free positive number
(# 1 mod 4), then as we saw in Example 6.2.10(b), HH,(R) is a non-
trivial finite group. In this case, the Dennis trace map on K;(R) = RX
has a large kernel but is not identically 0. In this case R* is the product
of {£1} by an infinite cyclic group, by a special case of the Dirichlet Unit
Theorem (Theorem 2.3.8). For example, if A = 2 and we consider the
fundamental unit u = £ + 1 (with inverse £ — 1), then u=ldu = (¢ — 1)d¢,
which is an element of order 4 in HH;(R).

(c) Let k be an algebraically closed field of characteristic 0, C for exam-
ple, and let R = k(t), the field of rational functions over R in one variable
t. As in Example 6.1.7(a), one finds that H H,,(R) vanishes for n > 1, and
since any non-zero element of R can be written uniquely as a product of
an element of k* and a finite product of (positive or negative) powers of
polynomials of the form ¢ — a, a € k, we see HH;(R) = Q}, (R) can be
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identified with a free R-module on one generator dt. By partial fractions,
any element of HH,(R) is a k-linear combination of terms of the form
(t — a)™dt, where m € Z. Such a differential can be “integrated” exactly
when m # —1, so HC1(R), which is the cokernel of d : R — 1, (R), is the
free k-vector space on the basis {(t — a)~'dt : a € k}. The Dennis trace
map K;(R) &2 R* — HH;(R) kills k* and sends (¢t —a)™ to its logarithmic
derivative m(t — a)~'dt. While this is far from an isomorphism, the map
Ch; : K1(R) & RX — HC(R) has each basis element of HC(R) in its
image, and induces an isomorphism from (R*/k*) ®z k onto HC1(R). By
the remarks in (a), this is the best for which one could possibly hope.
(d) Let k = C and

R = C|zo, 71, T2, 13]/(:1:(2, —+—a:f +:r;§ —+—.1;§ -1),

the ring of polynomial functions on S3. There is an element of SK;(R)
defined by the element

_{ Tot+iry T2+iT3
g —Iy 413 To —iT1

in SL(2, R). Under the obvious inclusion of R into C®(S3), this element
maps to a generator of

K;P(CY(8%) = KUTY(S%) = 2,

so it must have infinite order. An alternative way of checking this is to use
the Chern character K;(R) — H$® ®(R), followed by the obvious map into
the de Rham cohomology H3, g (92) of S3. Note that it is essential here to
use HC3 and not just the Dennis trace map into H H;(R), since we know
from Corollary 6.2.18 that the latter vanishes identically on SK;(R).

To do the calculation, we need to show that

/33 Tr ((g_ldg)s) # 0.

But

_ld _ [ ®o— i:l]’l —T2 — img dfl?o + id:l:l d(l?z + ’id:l;a
g 4= Ty —ixT3 To +im —dzy +idxs drg —idry )’

which with the complex notation zg = x¢+1iz1, 21 = xo+iz3, Zp = 2o —iT1,
Z1 = T2 — tx3 becomes simply

15 _ (% —2 dzy dz
g dg—(zl 20 )(—dzl dzo)
. Zodzo + 21dZ1  Zodz1 — z1dZg
T\ Z1dzg — 20dZy  2pdZo + Z1dzy

_fwo —w
wy wo )’
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where wy = Zodzg + 2;dZ; and w; = Z1dzg — 2pdZ;. Then
- 2 —w Aw w1 A (wo — w
(g 1dg) =( 1 1 1 A (wo 0)),

w1 A (wo — @) @1 Awy
-1 3 _ (L:)() - 2(4)0) ANw Awy *
(g dg) - ( * (200 —we) A1 Awy /)’

and
Tr(( ~ldg) ) =3(@Wo — wo) Ay Awy

=12Imwy ARew; Almw,

= 12(zodx, — x1dzo + T3dT2 — T2dZ3)
A (zadzo + z3dT) — TOdT2 — Z1dT3)
A (z2dzy — 23drg — T1d2T2 + TodT3)

=12 ((z?xz3 + 2323 + T325 + ToT172 — T1T0T2 + 23)
dzg Adxy Adzo
+ (- )dzo Adzy Adzs + (- ) dzg A dzo Adzs
+(-++) dzy Adzo Adzs)

= 12(z3dzg A dxy Adxo — T2dzo Adzy ANdZ3 +--+).

This is a multiple of the usual volume form on S so its integral is non-zero.
Thus our element of SK; has infinite order.

6.2.20. Exercise. Show that Tr : Ko(R) — R/[R, R] is injective if k is
a field of characteristic 0 and R is a finite-dimensional semisimple algebra
over k. (By Wedderburn theory, R splits as a direct sum of matrix algebras
over division algebras. You can reduce to the case where all the division
algebras are fields by going up to a splitting field.) Can you describe the
kernel of Tr when k is a field of characteristic p?

6.2.21. Exercise. Show that Tr and Ch are additive on direct products
of k-algebras. In other words, if R = R; X R, as in Exercise 6.1.44, show
that the trace and Chern character maps for R split up as direct sums of
the corresponding maps for R; and R».

6.2.22. Exercise. Show how to define a relative Chern character
K.(R, I) -» HC, (R, I), where relative cyclic homology is defined in Re-
mark 6.1.17.

6.2. 23 Exercise. Let k be a field of characteristic 0 and let R =
k[u, v=!, v, v71]. Compute HH,(R) and show that it vanishes past de-
gree 2. (R is the group ring of a free abelian group on two generators u
and v, so you can use Exercise 6.1.45.) Show that the Steinberg symbol
{u, v} € K3(R) has infinite order by showing that it maps under the Den-
nis trace map to a non-zero element of HHy(R), which is a vector space
over k and thus a torsion-free abelian group.

In this problem you need to trace through Definition 6.2.14. In this
regard, note first that the Hurewicz map is just the corestriction map
K»(R) = Hy(E(R), Z) — Hy(GL(R), Z).
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6.2.24. Exercise. Let k be a field and let R be a k-algebra. Show how
to define a Chern character K_1(R) — HCZ,(R) & HP,q4(R), using
the result of Exercise 6.1.49. Can you find an example where this Chern
character is non-zero? (Recall Ko(R) ® K_1(R) is a direct summand in
Ko(R[u, u™1]), and note (as a consequence of the result of Exercise 6.1.49)
that H Peven(R[u, u™1]) & HP.yen(R) ® HPog4(R). You just need to show
the pieces match up under the Chern character for Ko(R[u, u~'}).)

One can similarly define a Chern character K_,(R) —» HC_,(R) =
HP_,(R) for all n > 1. Note that it is essential here to use HC~ or HP,
since HC vanishes in negative degrees.

6.2.25. Exercise. Use Theorem 5.3.32 and Remark 5.3.33, which identify
K,(R) with equivalence classes of virtual flat R-bundles over S™, to give
another, perhaps more concrete, approach to the Chern character. (If X
is a homology n-sphere, a flat R-bundle over X corresponds to a map
X — BGL(R). The “fundamental class” of X then maps to a class in
H,.(GL(R), Z), which we can map to HC,; (R) by the assembly map.)

3. Some applications

Our aim in this last section is to give a few examples that show how the
Chern character can be used to study problems in K-theory. We have
deliberately chosen fairly simple examples to illustrate some of the possible
ideas, and the interested reader is invited to look for more complicated and
more interesting examples either in the current mathematical literature (in
which cyclic homology and the Chern character are “hot” subjects) and on
his or her own.

Non-vanishing of Class Groups and Whitehead Groups. Since
some of the oldest applications of algebraic K-theory come from the study
of class groups of number fields or of finiteness obstructions and Whitehead
torsion in topology, it seems natural to look for applications of cyclic ho-
mology to these classical areas. Unfortunately, first tries don’t seem very
promising, since in many cases of interest (such as Examples 6.2.10(b) and
6.2.19(b)), the Dennis trace map and Chern character turn out to be trivial
or almost trivial. For example, if we take k = Z and R to be the ring of
integers in a number field (a finite extension of Q), then R is a Dedekind do-
main and a finitely generated free k-module. So HCo(R) = HHo(R) ® R
is torsion-free and Tr : Ko(R) — R cannot detect any of Ko(R), which is
a torsion group. In fact, Example 6.2.10(b) shows that for many quadratic
fields, HC; (R) is also torsion-free and thus even the more sophisticated
Chern character Ch : Ko(R) — HCj (R) cannot detect any of Ko(R).

The following idea for getting around these difficulties was suggested by
Karoubi [KaroubiNumThy], and involves K-theory with finite coefficients
as introduced in Theorem 5.3.7. However, as we noted there, the definition
of K-theory with finite coefficients in [Browder| is not the correct one in
low degrees for general rings R. Since we will need a group K,(R; Z/n)
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fitting into an exact sequence
(631)  Ki(R) 225 Ki(R) — Ku(R; Z/n) — Ko(R) ™ Ko(R),
a more suitable definition in general is to take
K1(R; Z/n) =ges m2(Q(R); Z/n) =qet [M7, Q(R)],

where M2 is the 2-dimensional Moore space with fundamental group Z/n.
(For example, M2 = P2(R).) However, since this definition is a bit hard
to deal with and our purpose here is just to work out a few examples
in which R is a Dedekind domain, we will use a somewhat ad hoc sub-

stitute with an easier definition, without proving that it coincides with
Ki(R; Z/n)/im SK;(R).

6.3.2. Definition. Let R be a Dedekind domain with field of fractions F,
and let n > 1 be a positive integer. Define a group U(R; Z/n) as follows:

U(R; Z/n) = {a€ F* |
there is a fractional ideal I of R with I" = (a)} / (F*)".

This is a group under multiplication since if I™ = (a) and J™ = (b), then
(I7Y)" = (a7 !) and (IJ)" = (ab). Note there is a natural surjective
homomorphism of U(R; Z/n) onto the set of n-torsion elements of C(R),
since any n-torsion element of C(R) is represented by a fractional ideal I
with I™ a principal fractional ideal. In the other direction, if a € F* and I
is a fractional ideal with I"™ = (a), then [I] is an n-torsion element in C'(R),
while, in addition, @ modulo (F*)" determines I up to principal fractional
ideals since if I = (a) and J™ = (ab™), then (JI~})"® = (b") = (b)", hence
JI71 = (b) by unique factorization of ideals (Theorem 1.4.7). Furthermore,
the kernel of the map U(R; Z/n) — C(R) is

{a € F*|
there is a principal fractional ideal I of R with I" = (a)} / (F*)"
={acF*|FeF*, )" =(a)}/(F*)"
=R*/(R*)".
So we have a natural exact sequence
R* 22, RX  U(R; Z/n) — C(R) ™ C(R),

reminiscent of (6.3.1). The map U(R; Z/n) — C(R), though sometimes
a split surjection, cannot have a natural splitting since there is no natural
way to choose generators for principal ideals.

For future use, note that we may give an alternative description of
U(R; Z/n) using only R and not F as

UR;Z/n)y={a€ R\{0}: AT AR, I" = (a)}/ (R~ {OD".



352 6. Cyclic homology and its relation to K-Theory

Here R~ {0} is only a monoid (under multiplication) and not a group, but
the “quotient” makes sense as a group anyway, since for a € R~ {0}, a®~!
is a multiplicative inverse for a modulo n-th powers.

Similarly, we define

{a € R~ {0} : a invertible mod n, 3] 4 R, I" = (a)}

Ur(R; Z/n) = {a € R\ {0} : a invertible mod n}"

and this is also a group under multiplication with an obvious (injective)
map to U(R; Z/n). The image is the inverse image in U(R; Z/n) of the
n-torsion classes in C(R) represented by [I] with I A R, I + (n) = R.

Now we want to introduce Hochschild homology and cyclic homology
with finite coefficients.

6.3.3. Definition. Let k = Z and let R be a k-algebra. The Hochschild
complex of R with coefficients mod n is defined to be

Co (Ry Z/n) =def CO (R) Oz Z/(”’)?

with boundary map induced by the Hochschild boundary b. The cyclic
double complex of R with coefficients mod n is defined similarly to be

CCeo(R; Z/n) =det CCoo(R) ®z Z/(n).
It is clear that one has a short exact sequence of chain complexes
0 — Co(R) = Co(R) — Co(R; Z/n) — 0,
and similarly a short exact sequence of cyclic double complexes
0 — CCee(R) = CCye(R) — CC44(R; Z/n) — 0,
so that taking homology in the usual way, we obtain Z/(n)-modules
HHJ,(R; Z/n), HCo(R; Z/n), and so on,

as well as natural exact sequences (coming from Theorem 1.7.6)

-2 HH;(R) % HH,(R) — HH;(R; Z/n)

—BP HHJ'_I(R) £> HHJ(R) > e,
and similarly for cyclic homology.

6.3.4. Proposition. Let R be a Dedekind domain, and suppose n > 1
is invertible in the field of fractions F of R (i.e., n is not divisible by the
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characteristic of F). We view R as a k-algebra with k = Z. Let U1 (R; Z/n)
be the subgroup of U(R; Z/n) defined in Definition 6.3.2. Then there is a

natural homomorphism, which we can think of as the “mod-n trace map,”
v : Ui(R; Z/n) - HH,(R; Z/n) making the diagram

n

Rx =2, Rx —— Uy(R; Z/n)

™| v gl
HH,(R) —*— HH;(R) —— HH,(R; Z/n)

commute.

Proof. Since multiplication by n is injective on R, the boundary map
HHi(R; Z/n) 2 HHy(R) = R is trivial and thus

HH,(R; Z/n) = HH1(R)/n.

From our description of HH;(R) as Q}, (R), HH1(R; Z/n) is therefore the
universal R/(n)-module on generators da, a € R, for which @ — da is a
linear derivation. Let a € R\ {0} with (a) = I" and a invertible mod n be
as in the definition of Uy(R; Z/n). By assumption there is an @’ € R~ {0}
with aa’ — 1 € (n). Define ¢ to be the “logarithmic derivative mod n,” in
other words, ¢(a) = a’ da in HH,(R; Z/n). We have to see that this is well
defined and multiplicative. First of all, a’ is determined up to an element
of (n) so a’ da in HH,(R; Z/n) only depends on a. Secondly, if we change
a to ac™ with ¢ € R and c invertible mod n, say cc’ — 1 € (n), then a’c’" is
an inverse for ac™ mod n and

a'd"d(ac™) = d'c" (c"da + nac® 'cd) = d'da

in HH,(R; Z/n), so that the “logarithmic derivative mod n” for ac® is
the same as for a. Thus ¢ is well defined. It is multiplicative since if
aa’ —1 € (n) and bb’ — 1 € (n), then o’V is an inverse for ab mod n and

a'b'd(ab) = o't (adb + bda) = (aa’)b'db + (bb')a’da = b'db + d’da

in HHy,(R; Z/n). Thus we have a well-defined homomorphism.
The commutativity of the diagram is obvious, since if a is actually in-
vertible and not just invertible mod n, then we can take p(a) = a~'da. O

6.3.5. Corollary. Let R be the ring of algebraic integers in some number
field F. Then ¢ as defined in Proposition 6.3.4 gives a homomorphism from
a subgroup of the n-torsion subgroup of C(R) to

HH(R; Z/n)/{a"'da | a € R*}.

Proof. First of all, R is of characteristic 0 so we have no trouble on this
account. By Proposition 6.3.4, ¢ gives a homomorphism U;(R; Z/n) —
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HH,(R; Z/n) extending the logarithmic derivative map Tr : R*/ (R*)" —
HH,(R; Z/n), while we observed before that Ui(R; Z/n)/im R* is just
the group of n-torsion classes [I] in C(R) represented by ideals I < R with
I+(n)=R. O

While what we have done is quite elementary, it may perhaps be sur-
prising that it sometimes yields some non-trivial information about class
groups of number fields.

6.3.6. Example. As in Example 6.2.10(b), let A be a square-free integer
with A # 1 mod 4, and let R = Z[¢]/(£2 — A), which is the ring of integers
in F = Q(v/A). We computed in Example 6.2.10(b) that HH;(R) is the
R-module generated by df subject to the relation 2£d¢ = 0, which as
an abelian group is (Z/2) d€ @ (Z/2A)d¢. Thus HH;(R; Z/n) vanishes
identically if n is relatively prime to 2A, and Corollary 6.3.5 is useless for
studying torsion in C(R) of order prime to 2A. However, we can sometimes
detect torsion of order dividing 2A.

For simplicity assume further that we are in the imaginary quadratic
case, i.e., A = —D < 0. Then by the Dirichlet Unit Theorem (Theorem
2.3.8), R* is just the group of roots of unity in R, which (excluding the
case of the Gaussian integers) is just {+1}. Since d(—1) = 0, {a~!da |
a € R*} vanishes and we get a map from a certain subgroup of C(R) into
HH,(R; Z/n). For example, let D =129 =1 mod4,s0 A = -D =3
mod 4, and let n = 6. Modulo 5, £2 4 129 becomes ¢2 —1 = (£ — 1)(£ + 1),
so (5) splits in R into a product of two prime ideals each of norm 5, p4 =
(5, 1+&) = (5, 11 ££). By trial and error, we can find that z2 +129y? = 5°
has the solution x = 4, y = 11, so that 4 & 11¢ has norm 5° and p. are the
only possible prime divisors of (4+11¢). Thus (4+11¢) = p2 p% @ for some
a. Since p_p4 = (5) and 5 does not divide 4 + 11¢, either a = 0 or a = 6.
Since (11 — £)? = —129 + 121 — 226 = —2(4 + 11¢), it follows that in fact
p® = (4+11€). Since Np/g(4+11€) = 5° =1 mod 6, 4+ 11£ is invertible
mod 6 (with inverse —2 + &) and defines an element of U;(R; Z/6) which
under ¢ maps to (=2 + £)d(—2 — §) = (2 — £)d€, which is an element of
order 6. Thus C(R) contains an element of order a multiple of 6.

6.3.7. Example. Here is an example with a cubic field. Suppose D > 1
is a positive square-free integer, and F' = Q(v/D). Then it is not too hard
to show that if D # +1 mod 9, then the ring of algebraic integers in F is
exactly R = Z[¢], where £€3 = D. Also, direct calculation shows that

Nr/q(a + b¢ + c£?) = a® + Db® + D*c® — 3Dabc.

Suppose for instance that D = 182 = 2-7-13. A little trial and error with
the norm formula shows that Ny /q(17—3£) = —1 and that Np/q(5—2¢) =
—113. The first of these formulas shows that 17—3¢ € R*. By the Dirichlet
Unit Theorem (Theorem 2.3.8), R* is the product of a free abelian group
by the roots of unity in R, and the latter just consist of +1. If we take
n = 3, then 17 — 3¢ maps to 1 in R/(3), but 17 — 3¢ cannot be the cube of
another unit (since expanding out (a + b¢ + c£2)3 gives a constant term of
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a3 +b3D +c3D? 4+ 6abeD, which is congruent to a® mod D and thus mod 7,
but 17 is not congruent to a cube mod 7). Thus 17 — 3¢ generates the free
abelian part of R* modulo cubes, and the image of R* in (R/(3))* is just
+1. The polynomial z* — 182 factors over Fy; as (z + 3)(z? — 3z + 9), and
the discriminant of the quadratic factor is not a quadratic residue mod 11,
so (11) splits in R as p;p2, where p; = (11, £ + 3) has norm 11 and where
p2 = (11, £2—3£+9) has norm 112. Since 11 and 112 are not cubic residues
mod 7, they cannot be norms of elements of R, and so p; and py cannot
be principal ideals. The fact that N/q(5 — 2¢) = —113, together with the
fact that 5 — 2£ is not divisible by 11, then implies that (5 — 2¢) = p3, and
thus p; gives an element of C(R) of order 3, for which p, gives the inverse
(since their product is a principal ideal).

We find that HH;(R) is the R-module on a generator df satisfying
3¢2d¢ = 0, so H Hy(R; Z/3) is elementary abelian of rank 3. (Its generators
as an abelian group are d¢, £ d¢, and £2d€.) From what we said earlier, the
image of R* in HH,(R; Z/3) is trivial. Under the map of Corollary 6.3.5,
[p1] maps to the logarithmic derivative of 5 —2¢, which mod 3 is —1+¢ and
has inverse 1+£+£2. So [p1] — (1+£+£2)d¢, an element of HH; (R; Z/3)
of order 3. In fact it is known that C'(R) is an elementary abelian group
of order 27 in this case, but it seems impossible to detect the whole group
with such a simple-minded technique.

Idempotents in C*-Algebras. A very pretty application of the Chern
character to the problem of studying idempotents in C*-algebras was given
in [Connesl], and this has sparked a whole flurry of activity in using the
Chern character in problems of functional analysis. In this subsection we
will present some necessary background material and then Connes’ argu-
ment.

6.3.8. Definition. A (concrete) C*-algebra is an algebra A of boun-
ded operators on a (complex) Hilbert space H, such that A is closed in
the operator norm (for the action of operators on H), and such that A
contains the Hilbert space adjoint operator a* for each of its elements a.
Note that a — a* is a conjugate-linear anti-automorphism of A4, and that
A is a Banach algebra under the operator norm. An element a of A is
called self-adjoint if a = a* and is called positive if it is of the form b*b
for some other operator b. (If such an operator b exists at all on H, one
can choose one lying in A, as a consequence of the Spectral Theorem to
be mentioned below.) There is a partial order defined on the self-adjoint
elements of A by saying that a > b if and only if a — b is a positive element.

For simplicity we shall suppose A contains the identity operator 1 on
H, which is then a unit element for A. By the Spectral Theorem for
self-adjoint operators on a Hilbert space, if a € A is self-adjoint, then its
spectrum (the set of complex numbers X for which a — A1 is not invertible)
is a compact subset X of R, contained in [0, co) if a is positive, and if f is
a continuous function on X, f(a) makes sense as an operator and also lies
in A (in fact in the C*-subalgebra generated by a and 1). Also, the element
f(a) will be self-adjoint if f is real-valued, positive if f > 0. In this way
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one gets an isomorphism f — f(a) from the algebra C(X) of continuous
complex-valued functions on X to the C*-subalgebra of A generated by a
and 1. It also follows that every self-adjoint element of a C*-algebra is a
difference of two positive elements. (Write a = f(a) — [f(a) — a], where
f(z) = max(z, 0).) An idempotent e € A is called a projection if it is
also self-adjoint; this means exactly that e is the orthogonal projection onto
some subspace of H.

6.3.9. Example. The simplest examples of (non-commutative) C*-alge-
bras are the matrix algebras M, (C), which may be identified with the
algebras of all linear operators on a finite-dimensional Hilbert space. In
M, (C), the self-adjoint elements are the hermitian matrices, and the posi-
tive elements are the positive semidefinite matrices.

Similarly, if A is a C*-algebra on a Hilbert space H, then M,,(A) is a C*-
algebra acting on the direct sum Hilbert space H@® - - - & H (n summands).

The example of immediate interest to us comes from the case where G is
a group (usually countable) and H = ¢2(G), the Hilbert space completion
of the group ring CG, with respect to the inner product making G into an
orthonormal basis. Elements of G act on H = £2(G) by left multiplication,
so we can identify them with operators on M satisfying g* = g~1. Thus
the closed linear span of the elements of G is a C*-algebra on H, called the
reduced (or regular) C*-algebra of the group, denoted C;(G). The
action of the complex group ring CG on H is clearly faithful (since we can
recover a group ring element from its action on 1¢, the identity element of
G viewed as a basis vector of H), and thus C}(G) contains a natural copy

of CG.

6.3.10. Definition. Recall from Definition 6.1.33 that a trace on an
algebra A (over C, say) is a linear map ¢ : A — C such that ¢p(apa;) =
p(aiag) for all ag, a; € A. If A is a C*-algebra, we call the trace self-
adjoint if it maps self-adjoint elements into R, positive if it is self-adjoint,
and also maps positive elements into [0, 00), normalized if ¢(1) = 1. Note
for example that the usual trace Tr on M, (C) is positive, since Tra is the
sum of the eigenvalues of a, and if a is positive semidefinite, its eigenvalues
are all non-negative. But Tr is not normalized unless n = 1; it sends 1 to
n.

A positive trace on a C*-algebra A is called faithful if, whenever a € A
satisfies a > 0 but a # 0, then ¢(a) > 0. For example, the usual trace
on M, (C) is faithful since a matrix which is positive semidefinite and not
identically zero must have at least one positive eigenvalue.

6.3.11. Example. Let H = ¢2(G), C}(G) be as in Example 6.3.9, and
define a map ¢ : C*(G) — C by ¢(a) = (a- 1g, 1g), where ( , ) denotes
the inner product on H. If a = b*b, then

ola) = (b*b-1g, 1¢) = (b-1g, b-1g) > 0,
s0 ¢ is positive. Also, for any group elements g, h € G,

1 ifgh=1g,
o(gh) = (gh- ¢, 1a) = (gh, 1a) = { .
0 otherwise.
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Since gh = 1¢ if and only if g and h are inverses, in which case also hg = 1¢,
we see that p(gh) = p(hg). Since elements of G generate C*(G) as a C*-
algebra, it follows that ¢ is a positive trace. We claim it is also faithful. If
a € A, then a-1g € H, and is thus an #? formal linear combination 3 g Ca9
of elements of G, and we may identify a with this element of ¢?(G) since
the action of a on any other element h of G is given by

a-h= ch(gh).
g

In this way we naturally identify C}(G) with a linear subspace of 1. (Cau-
tion: this subspace is usually not closed in the topology of H.) Then we
see that if a # 0,

p(a*a) = (a"a-1g, 1g) = (a-1g, a- 1) = |la- 1¢|* > 0,
and thus ¢ is faithful.

The notion of positivity, together with the pairing between HC° and K,
can be used to get a little more information about Ky of many C*-algebras.

6.3.12. Proposition (Kaplansky). Let A be a C*-algebra, and lete € A
be an idempotent. Then there is a projection p € A such that Ae and Ap
are isomorphic projective modules over A. In particular, e and p represent
the same class in Ky(A).

Proof. One can do the proof completely algebraically, but to get a better
impression of what is going on, suppose A is acting on a Hilbert space H.
Then the image of e must be a closed subspace V of H, and with respect

to the decomposition H = V & V1 of H, e must have the matrix ((1) 8),

where a : V1 — V is a bounded operator. Then

* __ 1 0 x __ 14aa* 0
€ =\ar o) €= 0 0)°

and in particular, the spectrum of ee* is contained in {0} U [1, 0o). Thus
if f(0) =0 and f(¢t) =1 fort > 1, f is continuous on the spectrum of ee*
and thus p = f(ee*) lies in A and is a self-adjoint projection with the same
range as e. We claim Ae = Ap as projective modules over A. But in fact
ep = p and pe = e, so Ae and Ap are not only isomorphic but equal (as
subsets of A). O

6.3.13. Corollary. Let A be a C*-algebra with a unit 1, and let ¢ be
a positive trace on A. Then the map it induces Ko(A) — C has image
contained in R. Furthermore, the image under ¢ of the classes of idempo-
tents in A is contained in [0, ¢(1)]. Thus, if in addition ¢ is normalized
and faithful, and if ¢ takes integer values on self-adjoint projections, then
A contains no idempotents other than 0 and 1.

Proof. By Proposition 6.2.5, any trace ¢ on A (positive or not) induces
a homomorphism Ky(A) — C. Now Ky(A) is generated by classes of
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idempotents in matrix algebras M,,(A) over A, and each M, (A) is itself a
C*-algebra to which we can apply Proposition 6.3.12. So each idempotent
is equivalent to a self-adjoint projection on which ¢ by assumption takes
a non-negative value. Furthermore, if e is an idempotent in A equivalent
to the self-adjoint projection p in A, then 1 —p > 0, so ¢(1) — ¢(p) > 0.
Thus if ¢ is positive and normalized, 0 < ¢(p) = p(e) < 1. Finally, if ¢ is
faithful and e # 0, 1, then p # 9, 1 — p # 0, and so ¢(p) # 0, 1. Hence if
»(p) is an integer, we have a contradiction. O

6.3.14. Lemma. Let H be a separable infinite-dimensional Hilbert space,
and let F(H) C LY(H) C K(H) be the algebras of finite-rank, trace-class,
and compact operators on H, respectively. (These are all ideals in the
algebra B(H) of bounded operators on H; the definitions of L' and of K
may be found in Exercise 2.2.10.) Then the inclusion maps

F(H) = L1 (H) — K(H)

induce isomorphisms on Ky for rings without unit, and the operator trace
Tr : L(H) — C induces an isomorphism Ko(L}(H)) — Z.

Proof. Since M,(K(H)) = K(H ® C*) = K(H) (recall H is infinite-
dimensional, so H ® C* = H), and similarly with the others, it is not
necessary to pass to matrices in the definition of Ky. Let FcLllck
be the algebras with unit adjoined (in other words, obtained by adding on
multiples of the identity operator on H). Then each idempotent in any of
these algebras F, £~1, K is either of finite rank or of finite corank, and any
two idempotents of the same finite rank or corank are conjugate (by an
invertible operator in F ). Furthermore, if two idempotents are conjugate
by an invertible operator in F, they must have the same rank and corank.
So the result follows when we compute from the split exact sequences

0>F, LLK-F LLESC—0

using excision. [

Now we are ready for the argument of Connes, which shows that the
hypotheses of Corollary 6.3.13 are satisfied for certain group C*-algebras
of interest. We shall only give the argument for free groups, but similar
arguments can be given for many other infinite torsion-free groups.

6.3.15. Theorem [Connesl, I, §1, Lemma 6 and Corollary 7]. Let G be
a free group on n generators g, ..., gn, where n > 1. (We allow n = c0.)
Then A = C}(G) contains no idempotents other than 0 and 1.

Proof. Let E be the set of two-element subsets {g, gg;} of G, where the
two elements differ by multiplication on the right by one of the generators
gj. When we write the two elements of G in such a subset as reduced words
in the generators and their inverses, then one will have length one less than
the other. Note that we may identify G with the vertices of a “tree”
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(a connected and simply connected one-dimensional simplicial complex),
the so-called “Cayley graph,” for which E is the set of edges, and that
G acts on E by left translation. Define a map ¢ : G \ {lg} — E by
w(gg;-t) = {g, gg;t}, where g is obtained from the given reduced word
w = gg;-t by deleting the last letter gj:, whatever it happens to be. By what
we said above, ¢ is a bijection. Note that if g, h € G, then ¢(gh) = gi(h)
except when certain cancellation occurs, and in particular, for fixed g, this
holds for all but finitely many h € G.

Let Hy = £3(G) and let H; = £*(E) @ C. We let G act on Hy and
on {*(E) by left translation. Since E is in natural bijection with G x
{91, ---, g}, £3(E) is as a representation space for G just a multiple of
£2(G), and the action of G extends to an action of the C*-algebra com-
pletion A. We also let A act on the C summand in H; by the degenerate
representation A — 0 (not by the trivial representation G — 1, which
does not extend continuously to an action of A if n > 1). We will use
these actions to show that the normalized trace ¢ on A of Example 6.3.11
(which we already know is positive and faithful) takes only integer values
on Ky(A).

Let u: Hg — H; = ¢*(E) @ C be the unitary operator defined by

gH{(O7 1), 9=1g,
(w(g)a 0)’ g 71: 1G~

(Since this is a bijection of orthonormal bases, it extends uniquely to an
isometry of Ho onto H;.) Let Tr be the usual trace for trace-class operators
on Ho. We claim that for a € CG C A4, a — u~!au is a finite-rank operator
acting on Hg, and

(6.3.16) Tr(e — u™'au) = ¢(a).

But if g € G, g — u'gu has finite rank since ¥(gh) = gy(h) for all but
finitely many h € G. If ¢ = 1¢, then since 1¢ acts as the identity on
£2(E) but as 0 on C, 1g — u~'1gu is a rank-one projection, and (6.3.16)
holds. If g # 1g, then (u~'gu)lg = u=1g(0, 1) = 0, while if h # 1¢ has
the reduced word expression h = hog;-t, then ¥(h) = ep, = {ho, hog]-i} €E
and (u~'gu)h = u~lgey coincides with h if ¢(gh) = g¥(h) and otherwise
is a different element of G. Thus (g — u~!gu)h is in any event either 0 or
else an element of G other than h, and Tr(g — u~!gu) = 0 = ¢(g) so again
(6.3.16) holds.

Since a + a — u~au takes finite-rank values on CG C A and is continu-
ous in the operator norm, it maps A into the compact operators K = K (Ho)
on Hp. It also preserves self-adjointness. If B denotes the C*-algebra on
Ho generated by A and by K, then B contains K as a closed 2-sided ideal,
and the quotient B/K is isometric to A. (To prove this, one needs to know
that ANK = 0. This can be proved easily by contradiction: each operator
in A commutes with right translations by elements of G, but since each
compact self-adjoint operator is diagonalizable, if A N K were non-zero,
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then it would contain a self-adjoint operator with a non-zero eigenfunction
¢, which would then have to generate a one-dimensional representation of
G under right translation. Thus £ would have to transform on the right
according to a character of G, so |£(g)| would be constant, which is im-
possible since G is infinite and we need have to have £ € £2(G).) Now let
D = D(B, K), the double of B along K as defined in Definition 1.5.1. We
see that
a+— (a, v tau)

is a splitting of the exact sequence
0-K—->D->B/K=2A—>0

different from the standard splitting given by the diagonal map. Because
of Lemma 6.3.14, it thus induces a map

whose first component is the identity and whose second component is a
map Ko(A) — Z. If we can show that this map coincides with the map
induced by ¢, then we’ll be done by Corollary 6.3.13.
Let
A={a€ A:a—utau is of trace class on Ho},

equipped with the norm
lalla = llall + lla — ™ aul;.

(See Exercise 2.2.10 for the definition of the Schatten 1-norm || ||; on the
trace-class operators £!(Hp).) Then CG C A and A is clearly a vector
space closed under the x-operation. But in fact A is an algebra since if
a,be A,

ab—utabu = (a — v lau)b + v tau(b — ubu)
and L!(Ho) is a two-sided ideal. In fact the same calculation shows
lladlly < fla —u™ aufly 18]l + [lull IIb — w™ bull,
so adding the inequality
llabll < llall [[51],

we see
llabll.a < [lall.4 [|5]l.4

and A is a normed algebra. It is complete since the trace-class operators
are complete in the Schatten 1-norm. A simple estimate shows that the
equality (6.3.16) holds not only on CG but on A.

Next we show that the inclusion A — A satisfies the hypotheses of the
Karoubi Density Theorem (Exercise 1.6.16). Since C C A, A is certainly
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a dense subalgebra of A. We need to show that if a € M,(A) and a is
invertible in M, (A), then it is invertible in M,(A). With slight abuse of
notation (u should really be replaced by u ® 1, where 1 € M, (C)), this
amounts to showing that a=! — u~a~lu is of trace class if a — u~lau is
of trace class. But since the trace-class operators are an ideal, the latter
implies 1 — a='u"lau = a~!(a — u~lau) is of trace class, and then
a ' —ulaTlu=—(1-a'ulau)(u o)

is also of trace class. Thus the hypotheses of Exercise 1.6.16 are satisfied,
and the inclusion A — A induces an isomorphism on Kj.

Let D be the double of A + L}(H,) along the ideal £L}(Hp), so that we
have the commutative diagram

0 —— LY(Ho) »y D —— A 0
H ] U
00— K sy D — A 0,

with the arrows to the left given by a — (a, u"!au). Now just as before,

because of Lemma 6.3.14, we have a map
Ko(A) = Ko(D) = Ko(A) @ Ko(L') = Ko(A) D Z,
whose second component is a map Ko(A) — Z. However, the map
Ko(D) - Z

is induced by (a, a’) — Tr(a—a’). (Recall that the map must vanish on the
diagonal, and it is correct on elements of the form (0, e) since by Lemma
6.3.14, the usual operator trace induces the isomorphism Ko(L!) — Z.)
Thus the map Ko(A) — Z is induced by a — Tr(au~'au), which we have
seen coincides with ¢. Since, by Exercise 1.6.16, the inclusion A — A
induces an isomorphism on Kj, ¢ can only take integral values on Ky(A),
and the conclusion of the Theorem follows from Corollary 6.3.13. O

6.3.17. Remark. If n = 1 in Theorem 6.3.15, then G = Z and £2(G) can
by Fourier analysis be identified with L?(T), where T is the unit circle in
the complex plane. Under this identification (given by the Fourier trans-
form), C}(G) goes over the algebra C(T) of continuous functions on the
circle, acting on L? by multiplication. So the fact that C}(G) contains no
idempotents other than 0 and 1 is due merely to the fact that the circle is
connected. However, if n > 2, it is known that C}(G) is simple [Powers]
(and of course highly non-commutative). For a while it was an open prob-
lem as to whether any simple unital C*-algebra must contain a projection
other than 0 and 1, and Theorem 6.3.15 provided one of the first examples
where the answer is “no.” That this would be such an example was first
conjectured by Richard Kadison.
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‘Group Rings and Assembly Maps. The last application of cyclic
homology which we will discuss concerns the (higher) K-theory of group
rings. We will see that an analogue of the construction in Definition 6.2.11
gives an “assembly map” into the K-theory of a group ring, and that in
some cases the injectivity of this map may be deduced from comparing it
with the corresponding assembly map in cyclic homology, using the Chern
character. The assembly map tends to give many interesting classes in the
K-theory of group rings, and under optimal circumstances it actually gives
a complete calculation of the K-theory.

Unfortunately, the assembly map for K-theory is not as easy to define
as the one for cyclic homology, in part because the definition of the higher
K-groups is already rather intangible, and depends on homotopy theory.
Thus a homotopy definition for the assembly map in higher K-theory is
more or less inevitable.

The assembly map for Ky and K, is more concrete but less interesting,
so we begin with these cases first. If R is a ring (at the moment not
required to be commutative) and G is a group, and if RG denotes the group
ring of G over R (this is just R ®z ZG, with the obvious tensor product
multiplication), then the assembly map for RG will roughly speaking be
a map from the homology of G with coefficients in the K-theory of R
into the K-theory of RG. In lowest degrees it is clear how to proceed:
Hy(G, Kn(R)) &€ K,(R) maps into K,(RG) via the map of K-groups
induced by the inclusion ¢ : R — RG. Similarly, H,(G, K,(R)) = G, ®z
K,(R) maps to K,,+1(RG) by sending the class of g ® =, where g € G and
z € K,(RG), to the Loday product (see Theorem 5.3.1) [g] - =, where [g]
is the class of g viewed as an element of (RG)* = GL(1, RG) in K;(RG).
Putting the two of these together, we have a map

(6.3.18)  assembly : Ho(G, K,(R)) ® H1(G, K,—1(R)) — K,(RQG).

While one might be inclined to dismiss this as a little formal nonsense, a
few special cases make it clear that this is an interesting map:

(a) If G = Z, then RG = R[t, t™1], where t is a generator of t.
The assembly map then becomes a map K,(R) ® K,_1(R) —
K, (R[t, t~1]), which one recognizes as the map of the Bass-Heller-
Swan Theorem (Theorems 3.2.22 and 3.3.3) and of its general-
ization to higher K-theory by Quillen (Theorem 5.3.30). These
theorems, among the most important in K-theory, assert that the
assembly map in this case is always split injective, and that it is
an isomorphism if R is left regular.

(b) If R =7Z and G is arbitrary, then Ko(Z) = Z and K,(Z) = {£1}.
The assembly map

Hy(G, K1(Z)) ® H:1(G, Ko(Z)) — K1(ZG)

is just the obvious map of G,p X {£1} into K;(ZG), and the co-
kernel of this map is Wh(G), which measures the failure of the
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assembly map to be surjective. The assembly map into K;(ZG) is
always injective, however. To see this, note that the assembly map
is functorial in the group G, so that the map G —» G}, induces a
commutative diagram

assembly for G
—_—

Gap x {21} K1(ZG)

| l

Gab % {:l:l} assembly for G,p Kl(ZGab).
But ZG,y, is a commutative ring and thus
KI(ZGab) 2 (ZGab)x 2 Ga.b X {il},

so the assembly map is an injection for G, and thus for G.

(c) f R =T, and G = Z/p is cyclic of order p (this case is in some
sense the opposite extreme of the “characteristic 0” situation), then
RG = TF,[t]/(t? — 1) = F,[t]/(¢t — 1)? is a local ring so K;(RG) =
(RG)* 2 F) x (1+1I), where I is the radical, the ideal generated
by t—1. As an abelian group this is isomorphic to F) x F5~!. The
assembly map is split injective with the cokernel a vector space
over I, of dimension p — 2.

When G is a free group, then there is a model for BG which is a
one-dimensional CW-complex, and all higher homology of G vanishes, so
(6.3.18) gives a perfectly reasonable notion of an assembly map in K-theory
for RG. Reasoning by analogy from the case G = Z suggests that this as-
sembly map should always be split injective, and should be an isomorphism
for nice enough R. This is in fact the case [Wald]. However, for general
groups G, it should be necessary to take the higher homology of G into
account in the assembly map. Now we run into a problem, since higher
K-theory is defined in terms of homotopy groups rather than homology
groups, and thus there is no way to map homology of G directly to K-
theory of RG.

A full explanation of the way out of this difficulty would require two
complicated bits of machinery: “spectra” in algebraic topology and “spec-
tral sequences” in homological algebra. To avoid these we’ll be a bit vague
about the general theory, though we will mention some concrete results
that can be understood directly.

Recall first that to any ring R we attached in Chapter 5 a topological
space K(R) (chosen to be a CW-complex, and defined up to homotopy
equivalence), with the property that the K-groups of R are the homotopy
groups of K(R). However, the homotopy type of the space K(R) actu-
ally carries more information than just the K-groups alone. This extra
information is encoded in the functor

(6.3.19) X ~ [X, K(R)]
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(the notation on the right indicates the homotopy classes of maps X —
K(R)), which was given a more concrete interpretation in Theorem 5.3.32.
In analogy with Proposition 1.6.5, one can show that this functor satisfies
an excision property, and can be identified with the 0-th term H°(X, K(R))
of a “generalized cohomology theory” H®(X, K(R)) on the category of
CW-complexes. This theory will satisfy all of the usual Eilenberg-Steenrod
axioms for a cohomology theory (cf. [Spanier, Ch. 5, §4] or [Whitehead,
Ch. XII, §7]) except for the “dimension axiom” which gives its values on
a point. (The theory is not completely determined without imposing some
extra natural conditions, but one can arrange for it to have the property
that H*(pt, K(R)) & K_4(R) for all e € Z.)

A general principle of algebraic topology (discussed in [Whitehead, Ch.
XII, §7]) is that each generalized cohomology theory is dual to a unique gen-
eralized homology theory. We will need the homology theory H, (X, K(R))
dual to the cohomology theory just described, which satisfies the property
that He(pt, K(R)) & K,(R) for all ¢ € Z. The definition of the homol-
ogy theory unfortunately requires the notion of a spectrum, but roughly
speaking,

(6.3.20) H, (X, K(R)) ~ me (X1 NK(R)).

Here X, denotes X with a disjoint basepoint added so that we get an
“unreduced” homology theory instead of a “reduced” one. (This isn’t quite
right since one needs to “stabilize” the homotopy groups to ensure that
excision holds, but it conveys the correct idea. For actually computing
H,(X, K(R)), one rarely needs the definition anyway since usually one
can get by with the fact that H,(S?, K(R)) = H,_;(pt, K(R)) = K,_i(R)
together with various functorial properties.)

Now we can finally define the assembly map. The trick is that we have
to replace the homology of G with coefficients in the K-theory of R, which
is canonically isomorphic to He(BG; K.(R)), by a generalized homology
group. (An aside intended only for the reader who knows about spec-
tral sequences: in fact, Hy(BG; K4(R)) will be a good approximation to
H,(BG, K(R)), in the sense that there is an “Atiyah-Hirzebruch-type”
spectral sequence converging to it with H,(BG; K.(R)) as its E2-term.)

6.3.21. Definition. Let R be a ring and let G be a group. The assembly
map

H,(BG, K(R)) — K.(RG)

is the map on (stable) homotopy groups induced by the composite

Bt Aid

(6.3.22) BG4 AK(R) BGL(RG)* AK(R) & K(RG),

where But : BG4 — BGL(RG)" is the map on classifying spaces induced
by the inclusion
t: G — GL(1, RG) — GL(RG),
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followed by the canonical map BGL(RG) — BGL(RG)*, and where u is
the Loday product (see Theorem 5.3.1).

If there is a model for BG which is a one-dimensional CW-complex, then
one can show that

Hn(BG’ K(R)) = Ho(G, Kn(R)) S Hl(Ga Kn—l(R))

and that the above definition coincides with (6.3.18). In general, things
are not so simple, but part of the relationship between H,(BG, K(R)) and
ordinary homology is reflected in the following.

6.3.23. Lemma. Let R be a PID (e.g., Z or a field). Then there is a
natural transformation of homology theories

Ho(x, K(R)) ~ Ho(¥; Z)

which when « is a point is an isomorphism Hy(pt, K(R)) — Z and is 0 on
H,(pt, K(R)), n # 0, and which for general spaces is at least a surjection
after tensoring with Q.

Sketch of proof. Since homology theories are in natural one-to-one cor-
respondence with cohomology theories, it is really only necessary to define
a natural transformation of cohomology theories

H*(x, K(R)) ~ H*(x; Z).
On HY, this will simply be the map
H(x, K(R)) = [X, K(R)] - [X, Z) = H(x; Z)
induced by the obvious map
K(R) = Ko(R) x BGL(R)* - Z

which collapses BGL(R)™" to a point and sends each element of Ky(R) to
its “rank” in Z. One can now show this extends to a map of cohomology
theories in a natural way. In proving this, one uses the fact that since R is a
regular ring, the negative K-groups of R vanish, from which it follows by an
induction on dimension that H™(X, K(R)) = 0 for n > dim X. As for the
last statement, recall by (6.3.20) that H,(X, K(R)) is the stable homotopy
of Xy AK(R). However, it is known that the Hurewicz map induces a
rational isomorphism from stable homotopy to ordinary homology, so that

H.(X, K(R)) ®2 Q = H,(X; ANK(R); Q).

The right side now splits up by the Kiinneth Theorem, and our natural
transformation is just projection onto the summand H,(X; Q). O

Up till now, none of what we have said in this subsection has anything
to do with cyclic homology, but at the same time we haven’t yet proven
anything about K-theory of group rings. Now we can use cyclic homology
to prove something about non-triviality of the assembly map. In what
follows, one could replace HC~ by HH and Ch by Tr without affecting
the conclusion.
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6.3.24. Theorem. Let k be either Z or a field of characteristic 0, and let
G be a group. Then the following diagram rationally commmutes

H,(BG, K(k)) K.(kG)

| [on

HJ (G, k) =2, HCO: (kG).

Here the map on the left is the one given by applying Lemma 6.3.23 to
BG and using Theorem 5.1.27 to identify the homology of BG with that of
G. The assembly map on the bottom is given by Definition 6.2.11. Since
(when k = Z) these two maps are, respectively, a rational surjection and a
split injection, it follows that K,(ZG) ®z Q contains a copy of H,(G, Q).

assembly
_—

Sketch of proof. After tensoring with Q, the assembly map just becomes
the map in rational homology induced by (6.3.22), and the map on the left
becomes projection onto the summand H,(G, Q). Thus the composite of
the natural rational splitting of the map on the left with the map on top
is just the map on rational homology induced by Bi*. The definition of
the Chern character in (6.2.14) now identifies this with the assembly map
and so the diagram commutes. (The characteristic 0 assumption is needed
to make sure that Tr : Ko(R) — R is rationally injective.) The assembly
map on cyclic homology is a split injection by (6.2.11). O

While Theorem 6.3.24 begins to show the importance of the assembly
map for the study of K-theory of group rings, it is by no means the final
word on the subject. A much more impressive recent result, with a proof
that would take at least another whole volume to explain in detail, is the
following.

6.3.25. Theorem [BoHsMad|. Let G be a group such that Hi(G, Z) is
finitely generated for each i. Then the assembly map H.(BG, K(Z)) —
K.(ZG) is an injection after tensoring each side with Q, and thus

contains not only a copy of H,(G, Q) (as promised by Theorem 6.3.24) but
also a copy of
P Hn1-4(G, Q).
1<is[=]

Here, to get from the first assertion to the last one needs to use Borel’s
calculation of Ke(Z) ®z Q (Theorem 5.3.13). The method of proof of
Bokstedt, Hsiang, and Madsden is vaguely related to that of Theorem
6.3.24, but requires first replacing K-theory of rings by “K-theory of spaces”
and cyclic homology by a more complicated topological analogue. It would
be nice also to be able to say something about surjectivity of the assem-
bly map, but it’s unlikely anything in this direction could be proved using
analogues of the Chern character. Nevertheless, the fact that one can say
anything at all about the size of K-groups of group rings already proves
the usefulness of cyclic homology.
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6.3.26. Exercise. Let R be any ring and take £k = Z. By modify-
ing the construction in Definition 6.2.14, construct a Dennis trace map
K;(R; Z/n) — HH;(R; Z/n) and a Chern character map K;(R; Z/n) —
HC; (R; Z/n), i > 2. (The restriction i > 2 makes it possible to use The-
orem 5.3.7 here.) Show how these could be used (at least in principle) to
detect torsion in K;(R), even when HH;(R) and HC; (R) are torsion-free.

6.3.27. Exercise. Try to extend to the relative case the idea presented
here for detecting torsion elements of class groups with the trace map.
Here is a sketch of how to proceed. If R is a Dedekind domain with field
of fractions F and if a is an ideal in R, one can describe Ko(R, a) in terms
of a relative class group constructed from ideals I of R which are relatively
prime to a, modulo those of the form (a), where a =1 mod a. The ideal
I gives n-torsion in this group if I” = (a) for such an a, and one is led to
consider

{ae R~{0}:a=1 moda, AT AR, I" =(a)}
{ae R~ {0}:a=1 mod a}" '

and to look for a kind of “logarithmic derivative” detecting elements in this
group. See if you can find an example where your invariant is non-zero.

6.3.28. Exercise. This exercise illustrates the use of the Chern charac-
ter to prove non-triviality of a class in higher K-theory of a field. While
for K5 one could give another proof using the Matsumoto relations, sim-
ilar arguments also apply to K, for n > 2 where such a technique is not
available.

Let k be a field of characteristic 0, and let F' be a field extension of
k of transcendence degree at least 2. Let t, s € F be algebraically inde-
pendent over k. Viewing F as a k-algebra, show that the differential form
t~1s~1dt ds € QR represents a non-zero class in Hg ®(F). (You may need
to use facts about k-linear derivations of a field extension F', as found for
example in [Jacobson, II, Proposition 8.17].) Show that this class is basi-
cally the image of the Steinberg symbol {t, s} under the Chern character,
and thus deduce that {¢, s} must be an element of Ky(F) of infinite order.

6.3.29. Exercise (Cyclic homology and the Helton-Howe invari-
ant). As in Exercise 4.4.30, let % be the “Toeplitz algebra” generated by
the Toeplitz operators Ty, f € C*°(S!), together with £!(H), where H is
the Hardy Hilbert space on S*. Let Tr be the usual operator trace. Show
that the map

(f, 9) — Tx(TyT, — TyTy)

studied in [HeltonHowe] defines a map HC;(C*(S')) — C, which may be
identified with the composite of Tr : HCp(2A, £(H)) — C with the bound-
ary map in the long exact sequence of the ideal £!(H) in 2. Composing
with the Chern character Ch : K;(C®(S')) — HC;(C>=(S')), we obtain
a map K;(C*®(S')) — C. (Recall that by Theorem 4.4.19, K;(C°°(S!)) is
just (C=(8))* = C=(8*, C*).) Analyze this map and compare it with
the calculations in Exercise 4.4.30.
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6.3.30. Exercise (More on the image of the trace on idempo-
tents). Suppose I is a subgroup of finite index m in a group G. Show that
in this case, there is a natural inclusion map ¢ : C}(T') — C}(G) making
Cx(G) into a free module of rank m over C;(T'). Thus we have an injection
t: CHG) — M,(Cx(I')) and a transfer map t. : Ko(C(GQ)) — Ko(Cy(T))
such that ¢, o ¢, is multiplication by m. Show that if ¢r and @¢ are the
traces on C(T") and C}(G) as defined in Definition 6.3.11, extended in the
obvious way to matrices, then g ot = ¢r and ¢r ot = myg. Conclude
that if the image of (¢r), on Ko(C;(T')) is contained in Z, then the image
of pg on Ko(C*(G)) is contained in the rational numbers with denomina-
tors dividing m. Explain what this means when I is the trivial group and
G is finite. Then use Theorem 6.3.15 to get a conclusion about groups with
a free subgroup of finite index.

6.3.31. Exercise. Let G be a perfect group, so that one can apply the
+-construction to BG. Note that the inclusion ¢ : G — GL(ZG) induces
a map Bt : BGY — BGL(ZG)™, closely related to the assembly map.
Show that the diagram

mn(BGH) B o (BGL(ZG)Y) = Kn(ZG)

Hurewicz J' lCh

H,(G, Z) 2=, HC; (2G)

commutes, and show how this can be used to prove non-triviality of some
of the K-groups of ZG. For example, if G = SL(2, F5) (the non-trivial
central extension of As by Z/2), use this result and Exercise 5.2.16 to show
that K3(ZG) contains an element of order 120.
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