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ABSTRACT. It has been shown by Hawkins and Koss that over any given lattice, the
Weierstrass g function does not exhibit cycles of Herman rings. We show that, regardless of
the lattice, any elliptic function of order two cannot have cycles of Herman rings. Through
quasiconformal surgery, we obtain the existence of elliptic functions of order at least three
with an invariant Herman ring. Finally, if an elliptic function has order o > 2, then we
show there can be at most o — 2 invariant Herman rings.

1. INTRODUCTION

Given a transcendental meromorphic function f : C — C with a unique essential singu-
larity at infinity, we consider the dynamical system determined by its iterates. The Fatou
set of f, denoted by F(f), is defined as the set of points z € C that have an open neigh-
borhood U = U(z) where the family of iterates {f™|U} is well-defined and form a normal
family. The Julia set, J(f) equals the complement of F(f) with respect to C. In particular,
T(f) = Upso f7(00).

If f is an elliptic function with respect to a lattice A (that is, a meromorphic function
which is A-periodic), its order, denoted by oy, is defined as the number of poles of f
in a given period parallelogram, counting multiplicity. Furthermore, f takes each value
zeC exactly oy times. Hence f has no omitted or asymptotic values, and its singular
set consists of a finite number of critical values. One can conclude that f neither exhibits
wandering nor Baker domains, and the classification of periodic Fatou components of any
elliptic function reduces to (super)attracting, parabolic and rotation domains (Siegel disks
or Herman rings). In general, it is a difficult problem to determine the existence of Herman
rings since, in contrast to other Fatou components, a Herman ring is not associated to a
periodic orbit. On the other hand, each cycle of Herman rings is closely related to the
post-critical set and poles of the function.

In the context of elliptic functions, Hawkins and Koss showed in [HKO04] that over any
given lattice A, the Weierstrass gp-function has no cycle of Herman rings. The proof relies
on two facts: the set of poles for pj coincides with the set of periods and g, is an even
function. In the particular case when H is a positively invariant Herman ring under pp, one
can assume that the origin lies inside its bounded complementary component. By showing
that H is symmetric with respect to 0 (that is, z € H if and only if —z € H) one obtains
pa(—2z) = pa(2), a contradiction with the injectivity of pa|H.

Non-existence results have been obtained for other elliptic functions (mostly of even
order) over some particular lattices, see [Ko09], [CK15], [MP16] and [HM18]. It has been
conjectured that even elliptic functions of any order do not exhibit Herman rings.

Date: Published online: 11 November, 2020. The final publication is available at link.springer.com.
1



2 MONICA MORENO ROCHA

Our first result (analogous to Shishikura’s result for rational functions of degree two) is
based on the explicit expression of an elliptic function of order 2 and the symmetries it
exhibits with respect to its poles.

Theorem 1.1. An elliptic function of order 2 has no cycles of Herman rings.

Although similar ideas as for o apply to the case of a double pole, a new geometrical
approach is needed when the elliptic function has two simple poles.

We are also concerned with the existence of Herman rings for elliptic functions. In [Sh87],
Shishikura describes a quasiconformal surgery technique between two rational functions,
each one with an n-cycle of Siegel disks, to construct a new rational function with an n-cycle
of Herman rings. The extension of this method to transcendental meromorphic functions
is found in [DF07] and more recently in [BF14]. We adapt these techniques to perform
surgery between an elliptic function fp of order o > 2 with an invariant Siegel disk, and a
rational function w of degree d > 2 with an invariant Siegel disk, to obtain a quasiregular
function g : C — C outside a discrete set of poles with an invariant annular domain, where
it is conjugated to a rigid irrational rotation (Theorem 4.2). If 1 : C — C denotes the
quasiconformal map that conjugates g to a transcendental meromorphic function ¢ and
A =1(A), we show that A is a lattice (Lemma 4.7) and furthermore,

Theorem 1.2. The function 4 : C — Cis a doubly periodic meromorphic function with
respect to the lattice A, it has order o +d —1 > 3 and possesses an invariant Herman ring.

Since an elliptic function is a meromorphic function of finite type, then it must have
a finite number of Herman rings, [Zh00, Theorem 1|. In addition, it is known that a
meromorphic function with n poles has at most n invariant Herman rings (see [DF07],
[FP12]). Taking into account that any elliptic function has at least two poles (counting
multiplicity) on each period parallelogram, and that each invariant Herman ring can be turn
into a Siegel disk through quasiconformal surgery, we obtain the following upper bound.

Theorem 1.3. Let f be an elliptic function of order oy > 2. Then f can have at most
oy — 2 invariant Herman rings.

If f has Hy,..., H,, invariant Herman rings, let B; denote the compact complementary
component of C\ H; for each i = 1,...,m. From Theorem 1.3, one can easily derive the
following result that, in turn, it can be implemented to refine the upper bound of invariant
Herman rings according to the number of poles and their multiplicities.

Corollary 1.4. If f has m > 1 invariant Herman rings, then the complement of | J; (H; U
B;) + A contains the residue classes of (at least) two simple poles or (at least) the residue
class of a multiple pole.

The paper is organized as follows. In Section 2 we review some properties of elliptic
functions, their dynamics and introduce some notation. The proof of Theorem 1.1 is found
in Section 3. In Section 4 we describe the quasiconformal surgery construction and provide
the proof of Theorem 1.2. Finally, the proof of Theorem 1.3 and the implementation of
Corollary 1.4 to refine the upper bound are discussed in Section 5.

2. PRELIMINARIES

In this section we gather some standard results of elliptic functions and their dynamics.
We refer the reader to the classical exposition of Du Val [Du73] for a comprehensive account
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on elliptic functions and their properties. The dynamics of meromorphic functions can
be consulted in [Be93]. The works by Hawkins and Koss in [HK04] and [HKO05] have
established most of the fundamental results regarding the dynamics of elliptic functions
and, in particular, the dynamics of the Weierstrass p function.

A lattice A C C is a collection of complex numbers that form a discrete group with
respect to addition. A is said to be trivial, simple or double if A = {0}, A2 Zor A 2 ZXZ,
respectively. Given any nontrivial lattice A, its group representation can be naturally
defined by the group homomorphism

T:A— GL(2,C), TN)=T\:z—z+ A

Clearly T'(\ + A2) = T'(\1) o T'(A2) for any A\, A2 € A and the representation is faithful.
We say that A acts via translations over the complex plane. A residue class of the action
of A in C is defined as

2] ={w e C|INeA, Th(w)==z}.
From now on, a lattice A will always refer to a double lattice A =2 Z x Z.

If A1, A2 € C are R-linearly independent and satisfy Im(Aa/A1) > 0, then the collection
of all entire linear combinations of A1 and Ay determines a lattice. ln this case we write
A= (A, 2) = {mA1+n)a | m,n € Z}. An elliptic function f: C — C, is a transcendental
meromorphic function that is doubly periodic with respect to A. We write £(A) to denote
the field of all elliptic functions with respect to A. Let Q be a fundamental domain for A
and assume no poles lie on its boundary. The order of an elliptic function f € £(A), denoted
oy, is the number of poles of f in the interior of ), counting multiplicity. A consequence of
Liouville’s theorem is that oy > 2 for any non-constant elliptic function.

Denote by pa the Weierstrass p function which is doubly periodic with respect to A. Its
analytic expression is given by

1 1 1

@1 oa(e) = 5+ 3 ((—A)Q - v) ’

AEA*
where A* = A —{0}. The above expression shows that p, is an even meromorphic function
with double poles at the residue class [0] = A and at no other points. Since (2.1) converges
uniformly on compact sets not containing lattice points, term by term differentiation gives
P (2) = =23, ca(2—A) 73, which is an odd elliptic function over A. Another useful analytic
expression is the power series development of pj at the origin, namely

[e.9]

or(z) = oy + D2k + DB a(A)2,

k=1
where Eap,(A) = > \ca- A2k is the Eisenstein series of order 2k. This expression, combined
with the power series development of ), can be used to show the relation

(2:2) (9h)* = 4(pr)” — 9200 — 93,

where go = g2(A) = 60E4(A) and g3 = g3(A) = 140Eg(A). The numbers go, g3 are called
invariants of the lattice since for any k € C*, g;(kA) = g¢;(A) for i = 2,3. The cubic
polynomial ¢(z) = 423 — gox — g3 has discriminant A = g3 — 27g32), which never vanishes for
the invariants of the lattice A. A classical result states that a lattice can be determined by
its invariants.

Theorem 2.1. If a,b are complex numbers such that a®> — 27b% # 0, then there exists a
lattice A with ga(A) = a and g3(A) = b.
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Consider A = (A1, \2) and let A3 := A; + A2. It follows from the condition A # 0, that
(2.2) has three distinct roots given by e; := pa(\;/2). Using the standard notation for
half-periods, let w; := A;/2 for i = 1,2,3. Hence, the set of critical points of p, are given
by the union of the residue classes of the half-periods.

2.1. Dynamics of elliptic functions. The Julia and Fatou sets of an elliptic function are
invariant under the action of A (see [HKO05]), that is 7(f) = J(f)+A and F(f) = F(f)+A.

As stated in the introduction, the singular set of an elliptic function consists only of a
finite number of critical values, thus they are functions of finite type. Among all possible
periodic Fatou components, we are only concerned in rotation domains. For 0 < r < s < o0,
consider the standard annulus

A s ={2€C|r<|z| <s}.

Definition 2.2. An n-periodic Fatou component H C C is a Herman ring for f if there
exist an irrational angle § € [0,1) and a conformal isomorphism ¢ : H — Aj,, so that
¢ conjugates f"|H to the action of the rigid rotation z ~ 2™z over A1y, The map ¢
is called linearizing coordinates and 6 is the rotation number of f™ in H. The n-periodic
component H defines a cycle of Herman rings, H = {Ho, ..., H,_ 1}, where H; := f/(H)
for j =0,...,n—1and f(H;) = Hj+1 mod n-

Similarly, a Siegel disk, A C C, is an n-periodic Fatou component where f™|A is confor-
mally conjugate to an irrational rigid rotation over the unit disk under the linearizing coordi-
nates ¢ : A — ID. Observe that for zg := ¢ 1(0), one has f(z9) = zo and (™) (z) = €2™.
We write A(zg, 6) to denote a Siegel disk with center at zy and rotation number 6.

For further reference we state the next result for a cycle of Siegel disks, which is based
on Proposition 2.2 in [HKO05]. Its proof extends verbatim for a cycle of Herman rings.

Proposition 2.3. Let f be an elliptic function with respect to A. Assume f has an n-cycle
of Siegel disks S = {So,...,Sn—1} with f(S) =38 and f(S;) = Sit1 mod n- Then,

(1) Each S; is contained in one fundamental domain of A.
(2) If zre€ S and A€ A" then z+ X ¢ S.

3. ELLIPTIC FUNCTIONS OF ORDER TWO

Consider an elliptic function g € £(A) of order 2. As shown in [Du73, Theorem 2.3], one
can express g as the composition

9(2) = Mo pp o L(2),

with M(z) = (az +b)/(cz + d) and L(z) = z — zp, for constants a,b,c,d,zop € C, and
ad — bc # 0. Without loss in generality, we consider throughout this work the conjugacy
f=LogoL ! sothat f(z) = Sogpa(z) and S is again a linear fractional transformation.
Depending on the multiplicity of poles for f, an explicit expression can be obtained as
follows.

e Case 1: Double poles. Since f = S o pp has a double pole at the origin, then, for
some A,k € C, A # 0, we can express f as

(3.1) f(z) = A(pa(2) — pa(k)),
where Zeros(f) = {£k} + A. Moreover, Crit(f) = Crit(pa).
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e Case 2: Simple poles. Assume f has simple poles at v,w € C. For simplicity, let
2h = (v—w) mod A, so that Poles(f) = {h}+A. Then, for some A,k € C, A # 0,

we can write

_ 4 [(#(2) = pa(k)
(3.2) fl) =4 (m(z) - @A(h)> ’

where Zeros(f) = {+k} + A. In this case, Crit(f) = {0, w1, w2, w3} + A.

From now on, f denotes an order 2 elliptic function written either as in (3.1) or as in
(3.2).

Remark 3.1. Regardless of the order of the poles, observe that f = S o p, is an even
function. Thus, f exhibits the same critical point symmetry as pj, namely f(c —w) =
f(e+w) for all ¢ € Crit(f) and any w € C.

Let I' denote a simple closed curve over the complex plane with a given orientation, and
denote by D = Dr the bounded component of C\ I'. Fix a point a € C \ I'; the notation
—I'+a stands for the set of points {—w+a | w € T'}. The following result is straightforward.

Lemma 3.2. Letp € D and s € C\ D. Then, the set —I'+2p is a simple closed curve that
surrounds p and has nonempty intersection with T'. Also, —T' + (s + p) is a simple closed
curve that surrounds s.

3.1. Proof of Theorem 1.1. Assume H = {Hy,...,Hy;_1} is a g-cycle of Herman rings
for f, with ¢ > 1. Denote by B; the compact component of C\ H;. As a consequence of
[FP12, Theorem A], at least one of the B;’s must contain a pole of f. We assume the g-cycle
has been labeled in such a way that the bounded component By contains a pole, and then
set Hi+1 mod ¢ — f(Hz)

Choose a base point b € Hy and let I' = O;f(b). Clearly, I' =T'gU...UI'y_1, where each
I'; is a smooth, simple closed curve in H; with a given orientation, and f preserves those
orientations. Let D; be the open and bounded component of C \ T}.

Assume first that f has a double pole at the origin. Let A € By and consider the curve
—I'g + 2, which also surrounds A. Then, since f is even and A-periodic, we have that for
any w € [y,

fw)=fA+(w—=2)) =FfA=(w—=2X) = f2A —w),

in other words, f sends the curves I'g and —I'g 4+ 2\ onto I'y C H;. From Lemma 3.2, the
curves have nonempty intersection so they both lie in Hy. In consequence, I'g = —I'g + 2\
as sets, (that is, T'g is symmetric with respect to ). To reach a contradiction, we only need
to observe that w and 2\ — w are two distinct points in I'g with the same image. Indeed,
w = 2\ — w if and only if w = A, but this is impossible as I'y lies in the Fatou set and the
set of poles of f lie in the Julia set. We conclude that any order two elliptic function with
a double pole cannot have a cycle of Herman rings.

The same arguments used for the double pole case can be applied to critical points: if
there exists a curve I'; whose component D; contains a critical point ¢ € Crit(f), then I';
must be symmetric with respect to ¢, that is I'; = —I'; 4+ 2¢. But then again, I'; contains
two distinct points, w and 2¢ — w, with the same image (for otherwise, w = 2¢ — w if and
only if w = ¢ € H;, which is impossible). Thus, regardless of the multiplicity of poles, we
conclude

Lemma 3.3. Each open component D; is disjoint from Crit(f).
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From now on, assume f has two simple poles on each fundamental domain.

Proposition 3.4. For each i, the cardinality of D;N Poles(f) is at most equal to one. Thus,
if the intersection is empty, f maps D; onto D;y1 conformally; otherwise f maps D; onto
C\ Dit1 as a univalent, meromorphic function that reverses orientation.

Proof. By assumption, f has simple poles, and since each D; does not contain critical points,
then it is sufficient to show that D; contains at most one simple pole.

Part 1. in Proposition 2.3 can be applied to any cycle of Herman rings, thus, each H; lies
in a fundamental domain of A. If there exists a component D; that contains more than one
pole, then it must contain the two non-equivalent poles of its fundamental domain. Without
loss of generality, let those poles be ( = h and ¢/ = —h + ), for some A € A. The midpoint
of the line segment that joins ¢ with ¢’ is the critical point ¢ = A\/2, and by Lemma 3.3, ¢
must lie in the unbounded component of I';.

Consider the sets —D;+2c and —I';+2¢. Clearly, —D;+2c is a topological disk, symmetric
to D; with respect to ¢, so it must contain both ¢ and ¢’. Hence T'; N (=T'; + 2¢) # 0. If
these curves are equal, then ¢ must lie in D;, a contradiction. If the curves are not equal,
the critical point symmetry of f implies that f(I';) = f(—I; + 2¢), which contradicts the
univalence of f"|H;. O

Corollary 3.5. Any elliptic function of order 2 and with simple poles cannot have a fized
Herman ring.

Proof. Indeed, if f has a positively invariant Herman ring H and I' C H is any curve of its
foliation, then the bounded component D C C\TI" contains a simple pole. From the previous
proposition, f must map I' onto itself with reversed orientation, a contradiction. O

One can infer from the previous results the existence of an even number of curves in
the cycle I' = {T'g,...,I';—1} each one surrounding a pole. Let I';,...,I';, € I' be those
curves (which are pairwise disjoint by definition) and assume each I';; surrounds the pole
Gi;- Using Lemma 3.2 one can construct new curves F;l, . ,F;QT € f~YT) so that every I‘;j
surrounds the same given pole, say (o. This can be achieved by defining

(3.3) Ui =Ty + (G +¢;) ={~w++G, |wely}.
Observe that I

217"
J maps this intersection onto a subset of I';;+1 N T%, +1 which can only happen if and only
if ij = ig. Finally, if from the beginning, all the I';; surround the same pole, then set

I =1y ; and denote by (o the common pole. Let D;j denote the bounded component of

]

.., I}, are also pairwise disjoint. For otherwise, if I‘;J_ AT} # 0, then

C\T" and relabel the curves so that I, D! forj=1,...,2r—1. Clearly, D C D!
J J Jj+1 15 Ti+1
so we can define the annular open region
A] = A(F;j’]:‘;j_'.l) = ng+1 \D'/LJ7

for j =1,...,2r — 1. Each A; contains at least a boundary component of either a Herman
ring from the g-cycle, or either a boundary component of one of its preimages, and hence, it
contains many prepoles. If p € A; is a prepole of f, let 0, denote the non-negative integer
so that fo (p) € Poles(f).

Lemma 3.6. For each j = 1,...,2r — 1, let k; := min{o, | p € Aj prepole}. Assume
kj, :=min{k; | 1 < j < 2r — 1}, that is, the minimum of the orders is achieved inside the
annulus Aj,. Then 1 < kjy < q—1 and kj, < k; for all j # jo.
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Proof. First, observe that kj, > 0. Furthermore, if k;, > ¢ then f9| A, acts conformally and
thus {0 |A , }n>1 is a normal family, which is impossible. Now assume the minimum is
achieved in both Aj; and A;, with jo < 4 (the case i < jo is similar). From Proposition 3.4,
it follows f¥io acts conformally over both rings, so their images under f*o are again annuli.
There exist distinct poles ¢ and ¢’ so that ¢ € f*io (Aj,) and ¢’ € frio(Ay). If jo+1 < 4 then
f¥i0 (Ajy11) is an annulus that lies in (AI\ (f¥i0 (Aj,)U f0 (A;)) and contains oo. This implies
that kj,11 < kj, which contradicts the minimality of kj;,. If jo + 1 = 4, then the images
of Aj, and Aj, 41 under f¥o are two nested annuli that share one boundary component.
Hence, the most exterior boundary curve of f*¥o(A; ) U f*o(A;) surrounds two poles, a
contradiction with Proposition 3.4. O

Remark 3.7. The notation ng will imply a curve in f~(T") defined as in (3.3) that sur-
rounds a suitable choice of (p, while I';; will denote a curve lying in I' (thus g-periodic) that
surrounds its pole ¢;;.

Lemma 3.8. Assume each disk in the nested collection Dgl C...C D;ZT has a common
stmple pole in its interior and has no other poles or critical points. Then, for each j =
1,...,2r — 1, the interior and exterior boundaries of A; are mapped under fFio to the
exterior and interior boundaries of ka'O(Aj), respectively.

Proof. From Proposition 3.4, f sends the collection {ng} homeomorphically onto a new

nested collection of disks in C, where oo € f (D;,) C ... C f(D;, ). The boundary of each
f(D;j) is given by f(I‘;j) =T, 41 € I (with addition mod ¢). Let D;, 1 denote the bounded
complementary component of I';, y1. Then for each j =1,...,2r — 1, the condition

(3.4) oo € f(D;;) C f(D]

Zj+1)
Since f sends A; = D;Hl \Digj = A(F;j,F;J_H) conformally onto f(A;) = f(ngH) \ f(ng),
it follows from (3.4) that f(A;) = Dj; 41\ Di;,,+1, that is f(Aj) = ATy, 41, T%;+1). This
proves that f sends the interior and exterior boundaries of A; onto the exterior and interior
boundaries of f(A;) respectively. Briefly, we will refer to the interchange of boundaries just
described as “f flips the boundaries of A;”.

We want to show f¥o flips the boundaries of each A; only once. If kj, = 1 this is

implies Di; 141 C Dija.

clear, so assume kj, > 1. Lemma 3.6 implies that f¥io acts conformally on each ij, and
since |J f(A;) = Dj,+1 \ Di,,+1, it suffices to prove that D;, 11 does not contain poles nor
prepoles of order less than kj, — 1. For the shake of contradiction, assume the existence
of p € Dj, 41 and a least integer 0 < m < kj, — 1 so that f™(p) = ¢ is a pole. Since
p € Di2r+1 cC ... C Di1+1’ we have ¢ € fm(DiQT_H) = Digr—&-m-i-l cC ... C fm(Dil_H) =
D, 4m+1. This implies {I';; 1m41} is a collection of 27 curves in I' that surround the common
pole ¢. From the definition of {F;j} we must have {I'j } = {I'i;+m41} as sets (and by

convention, I‘;], =T, € I', so we drop the symbol M. Observe fm™*+ permutes these curves

in such a way that T';, 441 = fm“(I’i].) =T, _,;,, foreach j =1,...,2r. It follows that
fz(m“)(f‘ij) = me(FiQT_jH) =Ty, ;4141 = Li;- As a consequence, {f2n(m+1)|Aj}n21
forms a normal family, arriving at the sought contradiction. (Il

We now proceed with the final part of the proof of Theorem 1.1 for the case of simple
poles. To ease the notation, the numbers k;, and jo defined in Lemma 3.6 are now simply
denoted by k and j. Thus, p; € A; denotes the prepole with smallest order among all
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prepoles in A1 U...U Ag.—1. And since 1 < k < ¢ — 1 then we can find unique integers
mg,ng > 1 with ng < k, so that

(3.5) qg=mg-k+ng.

Since fk|Aj acts conformally, then fk(Aj) is an annular domain that contains the pole
fk(pj), and from Lemma 3.8, the exterior boundary of fk(Aj), namely fk(F;-j), surrounds
that pole. Then we can set I';, := fk(ng) for some £ € {1,...,2r — 1} (hence, f*(p;) = ¢;,)
and T'y := fk(l“;Hl) for some s € {0,...,¢ —1}. Since 1 < k < ¢ — 1, then either ¢ < j or
£> 7.

Case ¢ < j: Define F‘j = =Ty, + G, + Gi; (so it surrounds ¢;,) and consider the annular
region A := A(T,, ) Lemma 3.6 and Lemma 3.8 guarantee that f*|A acts conformally
and flips only once the boundaries of A, thus f¥(A) = A(T;,,Ty,), where Ty, := f*(T;,) for
some ¢ <t < 2r. If t < j (resp. t > j), then Grotzsch inequality implies a contradiction:
one has mod(A) = mod(f¥(A)) and at the same time f¥(A) is essentially contained as a
proper annulus of A (resp. A is essentially contained as a proper annulus of f*(A)). On
the other hand, if ¢ = j then f*(A) = A and hence, {f"¥|A},>; is a normal family, a
contradiction.

Case ¢ > j: Let F;j and F;jﬂ denote curves in f~1(I') that surround the pole (;, and

write A; := A(T ’. /'j+1)‘ From Lemma 3.8, f* flips the boundaries of A; only once, hence
kA ;) = AT, F ,). And by Lemma 3.6, ¢;, € fk(Aj), thus I'y cannot surround this pole,
and in particular I'y # F The proof now resides in the location of I'y with respect
to I" and I

14 +1

If FS C D;j then A; is essentially contained as a proper annulus of fk(Aj), which
contradicts Grétzsch inequality.

IfIy C A(I‘;jH,Fi[), then A; C f¥(A;) non-essentially. Denote by Ds the bounded
complementary component of I'y and let A = A(T", +1,F,~£). Observe that A does not
contain any prepole of order less or equal than k, thus f* flips its boundaries and sends A
isomorphically to the annular domain

FH(A) = Dy \ f5(Di,) = Ds \ Dyyyk = A(Tipi, ),
where T, = f*(Ty,) C Ds and iy + k € {0,...,q — 1} (addition mod ¢). Furthermore,
since I's C A, then I'syx = f¥(I's) must lie inside f¥(A), so in particular, Is;x C Ds\ D;, 1.
See Figure 1. -
Now consider the 3-connected set E := Dj, \ (ng U Ds), which contains the prepole p;

l+1

of minimal order. Recalling that f* maps I, = Liqk, I's = Ispr and ng — 1';,, then it
maps E conformally onto the 3-connected set

F¥(E) = Di, \ (Di,% U Dyy).

To reach a contradiction, we now provide an extremal length argument (see [Ah73] or
appendix in [KLO09] for further reference). Let G C E be the family of curves that connect
I';, to the boundaries F’ and I's. Similarly, consider the family G’ C D \ (D;, 1 U Dgik)

connecting the respective boundaries. Then, S = f*¥(G) defines a family of curves in f*(E)
that overflows both G and G’ (S overflows G if any curve in S contains some curve in G).
From conformality of f* one obtains equality of extremal lengths, namely £(S) = £(G),
while by the Series Law, £(S) > L(G) + L(G"), a contradiction.
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FIGURE 1. On the left, the configuration of curves FQJ,F;J_H and their f*-
images (namely, I';, and I's resp.) are shown. Since I'y is contained in the
annular domain A = A(F;j +1,1%,), its image under f* maps onto a curve
Isyy contained in A(T';,4x,I's). Colors match their image.

The final case is when I'y C A; = A(T, ,T"} ) in such a way that the component D lies
J

ij+1
completely inside A; and it is also the bounded complementary component of f¥(A;).
Since I‘;j+1 C f*(A;) then we can find a simple closed curve n C A; sufficiently close

to I'; so that k) = N,
C\ n and define C = A(n,F;j +1)- Then, C is essentially contained in A; and f* sends C
conformally onto f*(C) = A(Ts, F;Hl). Clearly T'y # 7 for otherwise f*(C') = C' and hence

{ f”k|C’}n21 becomes a normal family. If 'y lies in D,;, then C' is essentially contained as a
subannulus in f*(C), contradicting Grotzsch inequality. So the remaining case to analyze

Denote by D, the bounded complementary component of

is when 'y C ngH \ D,,.
Define Ey := D)\ (DsU D,) and note that f*|E; is conformal. Furthermore, f*(E;)

141
is a 3-connected doJI;ain bounded by F;Hl ,I's and I'g 1. We have several possible scenarios
for the location of 'y, with respect to the boundary components of ;. First of all, I's 1«
must lie in D;Hl. Then, observe that I'syj cannot be neither equal to I's (as k < ¢) nor be
in its interior (as Ej is 3-connected). Then, we only need to analyze the location of I's
with respect to n:

(1) If Tsip lies in Dy, then we can find two families of curves G C Fy and G’ C D,\ D51
so that S = f*(G) in f¥(E) overflows both G and G’. As before, conformality and
the Series Law provide a contradiction.

(2) If Tyyp, = 1, then f*(FE)) = F; which implies that {f"k]El}nzl is a normal family,
again a contradiction.

We conclude that Iy, lies in Ey (see Figure 2). One can repeat the analysis above to
conclude that for each i = 1,...,mg — 1, the curve I'y1;; lies in E; so the region

Eiy1:=E;\ Dgyig,

is well defined. Furthermore, f k\Ez is conformal for each ¢ and E,,, C Epy—1 C ... C B C
C C A;. In particular, each disk D, also lies in A; for all ¢ =1,...,mg — 1.

If we apply f™ to the boundary curve I'yy (,—1)x Of Eimy, it follows from equation (3.5)
that

fno (Fs-l—(mo—l)k) = fno(fm()k(rijﬂ)) = Fij+17
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£y FE(EL) £,

FIGURE 2. The only remaining possible location of I'gy; with respect to
the boundaries of F; is shown. FEj is the grey region bounded by Fng,n
and Ty. Its conformal image, f*(Ej), is shown in grey and is bounded by

I fEm), Ts = fE(I  Yand 'y = f¥(I's) (colors match their image).

it i+
The 4-connected region F» is obtained by removing the topological disk Dy g
from FEj.

since T'y = f5(T';,,,) = f’“(FéHl). The curve Ty, |
Then, Iy (;,,—1)x must surround a prepole p € Dy (mo—1)1 C Aj with oy < k, a contra-
diction since k was the smallest order of prepoles in A;. This concludes the case £ > j and

the proof of Theorem 1.1.

surrounds the pole ¢;,,, by construction.

4. HERMAN RINGS VIA QUASICONFORMAL SURGERY

In this section we describe the quasiconformal surgery between an elliptic function of
order o > 2 and a rational function of degree d > 2, both with an invariant Siegel disk in
their Fatou sets. The surgery produces an elliptic function of order o + d — 1 > 3 with an
invariant Herman ring, thus answering in the positive the question of existence of Herman
rings for elliptic functions.

4.1. Preparing for surgery. Let f € £(A) be an elliptic function of order o := oy > 2.
Assume f has an invariant Siegel disk A = A(0,0) centered at the origin with rotation
number 0 € [0, 1). Similarly, let W denote a rational map of degree d > 2 with an invariant
Siegel disk A = A(0,1—0) centered at the origin and rotation by angle 1—6. We also assume
A does not contain the point at infinity. Denote the set of poles of f by Poles(f) = P+ A,
where Py = {(1,...,Co,}, listed with multiplicities. Let Zw = {m,...,na} be the set
of zeros of W, listed with multiplicities, in such a way that 7; = 0 and thus n; # 0 for
j=2....d

Consider the triplets (f, A,0) and (W, A,0). Each triplet has associated a linearizing
coordinate

p:A=>D and ¢:A—D,

that conjugates f|a and W|x with rigid rotations of rotation numbers § and 1 — 6, both
acting on D. Fix 0 < r,7 < 1 and denote by v C A and 4 C A the invariant simple closed
curves defined by ¢~ 1(C,.) and ¢~1(C5).

The circle inversion L(z) = 7r/z maps C, bijectively to C; and, moreover, conjugates
the rigid rotations restricted over these circles. Therefore, we can define a glueing map over
the invariant curves v and 7 by

h = 95_1|~‘y OLO‘PH'



HERMAN RINGS OF ELLIPTIC FUNCTIONS 11

From the above construction, h is a diffeomorphism and conjugates f|, with W|5;. One
can construct a global glueing map & : C — C that extends h analytically; ® will be the
result of four maps defined over different regions of the sphere. To begin, recall that if I"
is any simple closed curve in C, then Dr denotes the bounded domain of C \ I". Consider
an annular neighborhood of v = ¢~1(C,.) defined by the preimage of an standard annulus,
namely
A’y = 410_1(‘41”177‘2)7

where 0 < 1 < r < r9 < 1. Define also v;, := go_l(CTl), Yout = @ H(Cry)y Aip =
90_1(A,«17,«) and A, = gp_l(Am«z). Analogous constructions under preimages by ¢ and
values 0 < 71 < 7 < 73 < 1 determine the sets As, flm, flout, Yin and Yout-

Observe that Z,Y is a closed and f-invariant annular neighborhood for «, properly con-
tained in A. The complementary components of A,, namely D%n,((A: \ D.,.. (and the
respective complementary components for A5) are simply connected proper domains of the
sphere, so there exist conformal isomorphisms

Rou : C\ D, = D5, and Ry, :D,, —C\Ds

Yout

that satisfy Roy:(0c0) = 0 and R;,(0) = co. Moreover, since each invariant curve inside its
Siegel disk is by definition analytic, there exist analytic extensions of the above maps into
the boundary of their domains. Denote by ﬁout the analytic extension of Ry, over Yo, and
by ﬁm the extension of R;, over v;,.

Two more maps must be defined over the subannuli of ny. To do so, observe first that
the restriction maps h‘vaﬁouthout and Eanm define C!-diffeomorphisms, and thus, they
are all quasisymmetric functions. From Proposition 2.30, part (b) in [BF14], there exist
two quasiconformal maps

hout * Aout — Ain and hin © Ain — Aout
with quasicgnformal constantsAKout and K, respectively, defined in such a way that
Pout|vous = Routlvouss Pinlvin = Rinlyin and houtly = hinly = h|y. Finally, define the global
glueing map by o
Rout on E\ D»yout,

P .= hout on éouh
hin on Airm
Rm on D%.n .

Proposition 4.1. The map @ : C—C satisfy the following properties:
(1)@)\7:h.A B L

(2) ®(Dy) = C\ D5 and ®(C\ Dy) = D5.

(3) ®(0) = o0 and P(c0) = 0.

(4) ® is conformal everywhere except in a closed annular neighborhood of .

Proof. The first property follows from the fact that ®|, = hou|, = h. For the second,
observe that D, = A;, U, U D,, , thus
®(D,,) = Agut UFout UC\ Ds,,, = C\ Ds.

A similar decomposition applied to (@\E7 shows ®(C \ D) = D5. The third property is
straightforward. For the last property, recall that both h;, and hg,; are, respectively, K;,—
and K, —quasiconformal maps in the interior of their annular domains and agree with

d
d
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conformal maps on the boundary curves 7, in and Yout. On the complementary domains of

A, ® agrees with conformal maps R,y and R;,. Thus, ® is conformal everywhere except

in A,. O
gl

A K-quasiregular function can be defined as the composition of a K-quasiconformal
map and a holomorphic function, regardless of the order of composition, (see for example
Definition 1.33 and Proposition 1.37 in [BF14]). Our goal is to construct a K-quasiregular
function g : C — C that is 2-periodic with respect to A and has an invariant annular
domain. To do so, let

ot o7t if D A
(4.1) g(z)':{ oWodoTy (z) ifzeDy+AAeEA,

f(2) otherwise.

Theorem 4.2. The function g : C — Cisa quasireqular function outside a discrete set of
poles, it is 2-periodic with respect to A and on each fundamental domain of A, it has exactly
o+d—1 > 3 poles, counted with multiplicity. Moreover, g has an invariant annular domain
where it is conjugated to a rigid rotation by angle 6.

Proof. First, note that g is continuous at 7 since ®|, = h and h conjugates f|, with W|;.
From the second part of definition in (5), g is A-periodic in C\ [Jyc, (D~ + A), and hence,
continuous in + A. For an arbitrary point z € (Jycp (D4 + ), set z = ¢+ A for some A € A
and ¢ € D,. The first part of (5) shows

9g(z) =@ oW oo T, ' ((+A) =@ 1o Wo () = g(¢).
Given any € A, let n =X+ p € A, then, since z+p=¢+ne D, +n,
glz+p) =2 oWodoT, H((+n) =2 o Wod(() = g(¢),

thus g(z + ) = g(z) by the previous step. We conclude that g is A-periodic in all C.
It is clear that g is well-defined in all C\ (¢, (D~ + A) except at the poles of f. Assume
there exists a point z € D, for which g(z) = co. From (5), one obtains

Wod(z) = ®(c0) =0, ifandonlyif  ®(z) € Zw NC)\ D,

which is equivalent to z € ®~1(Zy — {0}). If 2 is a pole of g in D., + A for some X € A,
then equivalently, 2 € ®~1(Zy — {0}) + A\. We conclude

(4.2) Poles(g) = (Pr U@ 1 (Zw — {0})) + A,

and thus, g has exactly o + d — 1 poles on each fundamental domain of A. In particular,
Poles(g) is a discrete set of the complex plane.
To show g is quasiregular, note that g is meromorphic in C\ (J,c5(Dy + A). Writing
D, = A, UD,,, the action of g in this domain can be expressed as
L Ri_n1 oWoRy onD,,,
9, = { h,loWohy onA, .

m
On one hand, g| D, 18 the composition of a 1-quasiconformal map R;, and a holomorphic
map Ri_n1 oW, thus it is 1-quasiregular. On the other hand, g[;v‘ is K, —quasiconformally

conjugated to a holomorphic function W. Thus, g is C K2 -quasiregular in the complex
plane (for some C' > 0) outside its discrete set of poles.
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Finally, the topological annulus A = AN®~(A) is g-invariant. Indeed, both f restricted
to A\ D, and W restricted to D, N ®~1(A) leave their domains invariant. It follows from

the construction that g|4 is conjugated to the rigid rotation z s > 2.
O

Corollary 4.3. The function g has a unique essential singularity at z = oo and at no other
point of C.

Proof. Since g coincides with the elliptic function f in C\ [Jycp (D4 + A), it inherits the
essential singularity at infinity. In D, \ {0}, the function g is either conjugate to a rigid
rotation or it is conformally conjugated to a rational function. In particular, since W is a
rational map, then g(0) = ® Lo W o ®(0) = @' o W(oc) € C, and the origin reduces to
either a removable singularity or a pole for g. O

4.2. Straightening g. The g-invariant ring A = AN®~'(A) can be decomposed into two
invariant subrings as A = A, U A; with A, = A\ D., and 4; = D, N ® *(A). Let

X = U g "(Poles(g)) U {oo}.
n>0

As it was shown in Theorem 4.2, the poles of g form a discrete set. By the o-additivity of
the Lebesgue measure, X has measure zero.

Theorem 4.4. There exists a measurable Beltrami differential p defined over the extended
complex plane that has bounded dilatation, it is g-invariant and satisfies that for any A € A,

plu+ A) = p(u).

Proof. As customary, denote by ug the constant Beltrami differential equal to zero. We
define i in several steps. First, using the partition A = A, U A;, let pa := po in A, and
set pa := ®*(uo) in A, in that way ula = pa. We now define p along the backward orbit
of A under g: for any integer n > 0, let u = (¢")*(ua) on g~ "(A). Finally, set u = g
everywhere else, so in particular, u = pg in X.

To see p has bounded dilatation, first observe that g is conformal in A, and K2, -
quasiregular in A;, thus, the dilatation of u|4 is bounded. In the first pullback defined
on g '(A) \ A, the dilatation of 4 may increase by a factor of Kj,, as one of the branches
of ¢7! may be Kj,-quasiconformal. After that, all subsequent pullbacks are performed
by holomorphic branches of g, so the dilatation of i does not increase and hence, remains
bounded. Thus, we obtain that u is a g-invariant Beltrami differential of bounded dilatation
and defined in the extended complex plane.

Finally, observe that for any v € C and any A € A, one has pu(u) = T u(u), since Ty is
conformal. Furthermore, the definition of pullback of a Beltrami differential yields

0:Tx\(u)

m :/L(’U,—f—)\),

Ty p(u) = p(Tx(u))
since 0,1\ = 1. Hence p is A-periodic. O

The Measurable Rlemman Mappmg Theorem guarantees the existence of a unique K'-
quasiconformal map ) : C > Cwitho < K' = C'K3 < oo, that solves the Beltrami
equation Y*ug = p and fixes 0, 1 and oco. It follows from the proof of Theorem 4.2 that
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g"|c\x is at least C K2 ,-quasiregular for any n > 1. Then, Sullivan’s Straightening Theorem
implies that ¢ is quasiconformally conjugate to a transcendental meromorphic function

g:d}ogowflz(C—Ha.
We want to show that ¢ is an elliptic function with respect to a double lattice.

Lemma 4.5. Given A € A and it associated translation Ty(z) = z + X, its conjugate map
o Tyo~ ! is equal to the translation z — z 4+ (N).

Proof. The case A\ = 0 is straightforward so assume A # 0 and set Sy := ¢ oTy o9~ !. Since
SX (o) = po and fixes the point at infinity, then Sy is a conformal automorphism of the
plane. Moreover, Sx(0) = ¥(A) and Sx(1) = (1 + A), so S\ must coincide with the affine
transformation z — (¢(1+ ) —1(N\))z + (). Furthermore, Ty has a single fixed point of
multiplicity two at infinity, and under the conjugacy, so is Sy. This implies that for every
A € A, the linear coefficient ¥(1 + A) — ¢()) is equal to 1 and the conclusion follows. [

Remark 4.6. The condition on the linear coefficient above entails the identity
(4.3) P(L+ ) =1+19(N), for any A € A.

And from the identity 1) o T\ = Tiy(y) 0 ¢, one has that for any z € C and any A € A,

(4.4) Pz +A) =v(z) +(A).
The following result is a straightforward consequence of (4.4).

Lemma 4.7. The set A = {\:= ¢(\) | A € A} is a double lattice with group representation

T(\) = Ty(n)-
Proof. The action ¢¥|A : A — A defines a group homomorphism by (4.4), so A is a discrete

additive group isomorphic to Z X Z. The identity element is 0 = ¥(0) and for any A e,
its additive inverse is given by —\ := ¢ (—A\). O

Theorem 2 The function ¢ : C — Cis a doubly periodic meromorphic function with
respect to the lattice A, it has order o+d —1 > 3 and possesses an invariant Herman ring.

Proof. The conjugacy of ¢ and ¢ via the homeomorphism 1 preserves the number of poles
on each fundamental domain. Also, the above construction guarantees that o/ = ¥(A) is
an invariant Fatou component of the meromorphic function ¢ where it is conjugated to the
irrational rotation z — €2z, We are left to show that ¢ is doubly periodic with respect
to the lattice A. Indeed, from Lemma 4.5 and the A-periodicity of g shown in Theorem 4.2,
we obtain

GoTyn = vogoy lo(oTyoy™),
= ogoThoyp,
= Yogoy !,

hence 9(z+\) = 4(z) for all z € C and all A € A. We conclude that ¢ € £(A) is an elliptic
function of order o +d — 1 > 3 and with an invariant Herman ring. 0
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5. A BOUND FOR THE NUMBER OF INVARIANT HERMAN RINGS

For a given m > 1, let Hy,..., H,, be invariant Herman rings of the elliptic function
f € E(A) with order oy > 3. From Theorem A in [FP12], there exists a pole on each
bounded connected component of C \ U;n:l H;. We begin the proof of Theorem 1.3 by
establishing first that residue classes of these poles can be chosen to be pairwise disjoint.

As before, let B; denote the compact complementary component of H; and let T'; C H;
be an f-invariant curve.

Lemma 5.1. There exists a collection of poles, (1, ..., m, each one selected from a bounded
component of C\ U;nzl H; such that {j = ¢ mod A if and only if j = k.

Proof. 1t suffices to consider the case m = 2. Assume that B; contains the pole { while
By contains the pole ¢ + A for some A € A. From A-periodicity, either Ho — A lies in the
interior of By or otherwise, Hy + A lies in the interior of Bs. To fix ideas, consider the
case Hy — )\ C int(By) (the other case follows by interchanging the labels). Let A denote
the bounded annular domain defined by the curves I'o — A and I'y. If A = 0 then A must
contain a pole n by Theorem A in [FP12]. Similarly, if A # 0 but A contains a pole 7, then
it follows from Proposition 2.3 that n and ¢ must belong to distinct residue classes, so in
both cases we are done.

Let A € A* and assume A contains no other pole of f. Since A is compact and f|A
is holomorphic (and thus continuous), the Maximum Modulus Principle implies that z —
|f(2)| attains its maximum at the boundary of A. Nevertheless, the image of 0A under f
lies in two distinct fundamental domains, and since f|A is an open mapping, this contradicts
the previous assertion. Thus, A must contain a pole whose residue class is disjoint from

¢ O

We are now able to provide an upper bound for the number of invariant Herman rings of
an elliptic function.

Theorem 3. Let (i,...,Gn be the poles obtained in Lemma 5.1. Denote by Hj,,..., Hj,
the invariant Herman rings that are not contained in any bounded component B;. In turn,
for each s = 1,...,k, the domain Bj, contains at least n;, poles: namely, its own pole
(j, and any other element (; + A € [(;] for A € A such that H; + X lies inside B;,. Also,
Bj, may contain a pole whose residue class is disjoint from the set {(1,...,{n}. Hence,
#(Bj, N Poles(f)) > nj,. From the definition of n;,, observe that 1 < n;, < m and
Yooy nj, =m.

Through quasiconformal surgery, one can turn each Hj, into an invariant Siegel disk. We
describe the main steps of the construction and refer the reader to [BF14, Chapter 7] for a
detailed explanation.

Fix s = 1. For simplicity, write H := Hj,, B := Bj, and for an f-invariant curve I' C H,
denote by Dr the bounded component of C\ I'. As stated in Definition 2.2, the conformal
isomorphism ¢ : H — Aj, conjugates f with the rigid rotation Rp(z) = €>™ where
0 € [0,1) is the rotation number of H. We can find a unique roy € (1,7) so that ¢(I") = Cy,.
Since the restriction = 1|C,, : C,, — I is a C'-diffeomorphism (hence quasisymmetric)
there exists a quasiconformal extension ®~! : D(0,79) — Dr where ® ! = ¢ on I'. Consider
the function
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() q)_loRgo@oT;l(z) ifze Dp+ XA EA,
z) =
g f(2) otherwise.

The proof of Theorem 4.2 extends almost verbatim to show that g : C — Cisa quasiregular
map outside a discrete set of poles given by

Poles(g) = Poles(f) \ {[¢] : ¢+ A € BN Poles(f) for some A € A}.

The function g remains doubly-periodic with respect to A, it has at most oy — nj, poles
on each fundamental domain, and it has an invariant disk where ¢ is conjugated to Ry.
By Theorem 4.4, there exists a bounded g-invariant Beltrami differential p, integrated by
a quasiconformal mapping ¥ : C—C (fixing 0,1 and oo) so as in Theorem 1.2 one can
conclude that

fri=togoyp:C—C

is an elliptic function with respect to the lattice 1(A), has order at most oy — n;, and its
Fatou set contains an invariant Siegel disk and m — nj, > 0 invariant Herman rings given
by ¥(Hj,), ..., ¢ (Hj, ). From Liouville’s Theorem,

2o Sop—myy.

If nj, = m we are done. Otherwise, apply the surgery construction to f; and the ring

1 (Hj,) to obtain a new elliptic function f, with two Siegel disks, m — (n;, + n;,) invariant

Herman rings and order 2 < oy, < oy — (nj, +nj,). Repeating the process if necessary, one

ends with an elliptic function f; with exactly k& invariant Siegel disks and no Herman rings.
The order of fj, is 2 < of, < oy —m and the sought inequality follows.

O

A very useful consequence of Theorem 1.3 is the following.

Corollary 1 If f has m > 1 invariant Herman rings, then the complement of | J;", (H; U
B;) + A contains the residue classes of (at least) two simple poles or (at least) the residue
class of a multiple pole.

This result provides an even finer upper bound on the number of invariant Herman rings
according to the poles and their multiplicities. To do that, consider the integer partitions
of 0o > 2, that is, the collection of all positive integers that sum up to o. We can associate
to each partition an elliptic function whose poles have the multiplicities described by the
partition. And although each of these functions have the same order (and hence, have at
most o — 2 invariant Herman rings), one can say more.

As an example, let 0 = 4. Its integer partitions are given by

{(4),(3,1),(2,2),(2,1,1),(1,1,1,1)}.

If f4) denotes an order 4 elliptic function with a single pole of multiplicity 4, then by
Corollary 1.4 it cannot have an invariant Herman ring. Similarly, if f(3 ) has a triple pole
and a simple pole, then it has at most one invariant Herman ring which must surround a
simple pole. The function f(;,) has at most an invariant Herman ring that surrounds a
double pole. For the rest of the partitions, their associated functions can have at most 2
invariant Herman rings, as established by Theorem 1.3. We conclude with the following.
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Corollary 5.2. Any elliptic function with a pole of full multiplicity cannot have invariant
Herman rings.
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