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Introduction

A Riemannian metric in a plane domain can be expressed by ds =
N|dz + pdz| where » = \2z) > 0 and ¢ = p(z) is complex valued with
| ¢l < 1. A mapping fis said to be conformal with respect to ds, or u-
conformal, if it satisfies the Beltrami equation

(1) fE =)ufz;
where
(2) fz=%(fz—ify), fs =§(fz+ify>.

If || < k with a constant k£ < 1, then f is quasi-conformal. There are
two main problems: to find a g-conformal mapping of the whole plane on
itself, and of a disk on itself. In both cases a mapping exists, and with
appropriate normalization, it is unique.

The primary aim of this paper is to investigate f in its dependence on
p. In particular, if ¢ depends analytically, differentiably, or continuously
on real parameters, the same is true for f; in the case of the plane, the
result holds also for complex parameters. In order to make the paper
self-contained we include proofs of existence and uniqueness.

Bibliographical note. For a Holder continuous x the existence of local
p-conformal mappings is classical (Korn [8], Lichtenstein [10]; modern-
ized proofs have been given by Bers [2] and Chern [7]). The global mapping
theorems follow from the local theorem by use of the general uniform-
ization theorem. Vekua [13] and Ahlfors [1] gave direct proofs of the
global theorems.

For measurable ¢ the mapping theorem is due to Morrey [12]; earlier,
the case of a continuous £ had been treated by Lavrentiev [9]. New proofs
of Morrey’s result were given by Bers and Nirenberg [3], and by Boyar-
skii [4]. One owes to Boyarskii the important observation that the
generalized derivatives of f are of class L, for some p > 2.

* Work supported by the N.S.F., the A.F.0.S.R., the 0.0.R., and the O.U.R.P.A'F.
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386 LARS AHLFORS AND LIPMAN BERS

1. Preliminaries

1.1. If f(x, y) is of class C! the derivatives f,, f; are defined by (2).
More generally, if fis locally integrable in a region Q, then f,, f; are said
to be generalized derivatives of f if they are locally integrable and satisfy

[

“gfﬁ)dxdy = - “Qﬁp,—dxdy
for all @ € C* with compact support in Q.
LEMMA 1. If f: = 0, then f is holomorphic.

More precisely, there exists a holomorphic function which is almost
everywhere equal to f. The lemma and the proof are well known.

(3)

LEMMA 2. Suppose that p, q are continuous and p; = q, in a simply
connected region Q. Then there exists a function fe C'(Q) which satis-
fies f.=Dp,fi=q.

While less familiar than Lemma 1, the proof follows the same lines (use
of a smoothing operator).

1.2. From now on Q will be the whole plane. We consider the operators
P and T defined by

1 1

P =57 \]. 90 (75 — 7 )axdE

(T @ = = || LD=9@qrqr .
2wt JJe (& — 2)
LEMMA 3. Suppose that g € L,(Q), p > 2. Then Pg exists everywhere
as an absolutely convergent integral, and Tg exists almost everywhere
as a Cauchy principal limit. The following relations hold:

(4) (Pg=9, (P9,=Tg
(5) | Pg(z,) — Py(z,) | S ¢, 1l g llp 20 — 2o [77
(6) 1 Tgll, =C,llglly -
Actually, (6) holds for p > 1, and for p = 2 it can be replaced by
(7) I Tgll,=1gll -

The relations (4) and (7) are easy to verify. Condition (5) is an imme-
diate consequence of the Holder inequality, while (6), a deep result, is
due to Calderén and Zygmund [5].
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LeEmMMA 4. C, — 1 for p — 2.

This is a consequence of the Riesz convexity theorem together with

(7).
2. The nonhomogeneous Beltrami equation

2.1. Throughout the paper all functions denoted by £, with or without
subscripts, are subject to the restriction || ¢||. < k with a fixed & < 1.
The exponent p will be any number which satisfies

(8) p>2, kC,<1.

By Lemma 4 there are such p, whatever the value of k.

We introduce the Banach space B, of functions w, defined on the whole
plane, which satisfy a global Holder condition of order 1 — 2/p, which
vanish at the origin, and whose generalized derivatives @, and ®; exist
and belong to L,(2). The norm is defined by

@1y, = sup L&) — @@ 4y, 1) 4 | |, .
2 — 22

THEOREM 1. If o e L,(Q) the equation
(9) 0 = po, + o

has a unique solution w*° € B,. This is the only solution with »(0) = 0
and w, € L,(Q).

PrOOF. To establish the uniqueness we must show that a solution of
the homogeneous equation

(10) w; = po,

reduces to 0 if w(0) = 0 and w, € L,(Q). It follows by (4) and Lemma 1
that

o= pw;) + F,
where F'is holomorphic. We obtain
(11) o, = T(uw,) + F',

and by (6)
F'], <A+ kC)) |l ., .

But || F'||, < o only if F'is a constant. Hence F’ = 0, and (11) yields
|w,|l, < kC,| ®,]|,, a contradiction unless w, = 0, = 0.

To prove the existence we solve the equation
12) qg=T(q) + To
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in L,. This is possible because T'o € L, and the norm of the transforma-
tion Tpis < kC, < 1. We set

(13) ® = P(q + 0)

and verify that w, = ¢, w; = pq + 0. Hence o is a solution of (9).
It follows from (12) that

llgll, = kC,llqll, + Cyllall,,

and thus
(14) llgll, =cllall,

where we use the notation ¢ for unspecified constants that may depend
on k and p. With the aid of (7) we obtain further

(15) l(z) — o(z) | < cllo]l,|z — 2z, ["7.
We have shown that w* € B,, and we have also proved

LEMMA 5. The mapping ¢ — w*° is a bounded linear transformation
from L, to B, with a bound that depends only on k and p.

2.2. Because ¢ — w*° is a bounded linear transformation w*° depends
continuously on g, and because the bound does not depend on y the con-
tinuity is uniform with respect to pe.

We show now that w* is also continuous in z. The simultaneous con-
tinuity in ¢ and ¢ would follow, but it is just as easy to prove it directly.

LEMMA 6. If p,— ¢ almost everywhere and |6, —oll,—0, then
' — w*° in B,.
Proor. We set Q = w*»°» — @w*° and ¢, = @, ¢ = W*°. From

QzZ#nQn_#q_l_gn—a:#nﬂi_*_(#n—)u)q_*-on—'0
we conclude that Q@ = w*»* with » = (¢, — )¢ + 6, — 6. But||1],—0,

for ||(¢, — t)q|l, — 0 by dominated convergence and ||g, —a ||, —0 by
assumption. Hence, by Lemma 5, O — 0 in B,,.

For convenient reference we exhibit the estimate
(16) oMot — @2o|, < o(llth — thll=ll a1, + Il 01— 04 ]1,)

2.3. We will now study the situation which arises when ¢ and o are
functions of real or complex parameters. Again, although the dependence
on ¢ is quite trivial, it is a convenience to treat ¢ and ¢ simultaneously.

Let t = (t,- -+, t,) be a real or complex vector variable, and suppose
that g(t) and o(t) are defined on an open set. We say that p is differen-
tiable at ¢ if we can write
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(17) t + 5) — t) = Slat)s, + |s|alt, 5) ,

where a,(t) € L.., || a(t, s)||. is bounded, and a(t, s) — 0 almost every-
where as s — 0.
Similarly, ¢ is differentiable if

(18) ot +8) — a(t) = 2/bu(t)s: + |s1B(E, 5)

with b,(¢t)e L,, || B(¢, s) ||, — 0 as s — 0.

We say further that the partial derivatives a,(t) are continuous if
|| @i(t + ) || is bounded in a neighborhood of s =0, and if a,(t + s) —a,(t)
almost everywhere as s — 0. The continuity of b,(¢) shall mean continu-
ity in L,.

THEOREM 2. If pand o are differentiable, then w*° is differentiable

as an element of B,. If pt and o have continuous partial derivatives, so
does w*°,

Proor. We use subscripts 0 when the argument is ¢ and no subscripts

when it is t+s. As in the proof of Lemma 6, the difference
Q = w*° — "o satisfies

Qz:ﬂﬂi'i'(ﬂ—ﬂo)qo'*‘g—o‘o,
and thus Q = w** with M = (¢ — )¢, + 6 — d,. On using (17) and (18)
we obtain, by linearity,

0 = Trareotvis, 4 | 5] o

with o = aq, + B. Because a is bounded and tends to 0 almost every-
where we may conclude that p — 0 in L,, and hence that w** — 0 in B,,.
At the same time w*®%t% — o-%%+% in B~ and therefore Q has a
development

Q = Y ret)s, + | s]v(t, s)
with ¢, = w*o%n+® and || v(¢, s) || B, ™ 0. The continuity of c,(t) follows
by Lemma 5.

COROLLARY. The generalized derivatives w;” and wi° are differenti-
able as elements of L,, and the derivations with respect to the parameters
commute with the derivations with respect to z and z.

Indeed,

Qz = Zrct(t)zst + IS I(Yz(tv S)
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with || 7,(¢, s) ||, — 0, and a similar relation holds for Q;.

2.4, If t is complex, Theorem 2 permits us to conclude that w*~ is a
complex analytic function of each variable. Itis true, even for functions
with values in a Banach space, that analyticity in each variable implies
simultaneous analyticity, at least if, as in the present case, the function
is known to be continuous.

THEOREM 3. Let p and o be analytic functions of the complex vari-
ables t,,+++, T, when regarded as elements of L.. and L, respectively.
Then w*° depends analytically on the same variables when viewed as an
element of B,.

For the case of a single variable we prefer to give a direct proof which
has the advantage of leading to an explicit power series development.

THEOREM 3’. Suppose that ¢ and ¢ have power series developments
(19) =M+ mT et M T
=8+ 8T +e+ee+4 87"+
which converge in L. and L, respectively. Then
(20) W =Wy OT + o+ @,T
i B,, where w,= @™ and the \, are determined recursively by
Ao = 8q,
(21) Mo = Sy + M@py y + MyWpy o+ o0+ My,

ProoF. The relations (21) are obtained by formal substitution of (19)
and (20) in (9). All that needs to be proved is the convergence of (20).
We have || ®,,|l, < ¢||\ |,, by Lemma 5, and the convergence of (19)

for some 7 # 0 implies || M, || < ¢cM™, || s, ||, < ecM™. It follows by (21)
that

(22) Il Ny ”p = C(Mn + M|| M1 Hp + M* || Mp—g ”p +oeee+M" ” Ao ”p) .
By the method of majorants, or by induction, (22) implies
A ll, < e + e)"M™,

and we conclude that (20) has a positive radius of convergence.

3. Local properties of //-conformal mappings

3.1. In addition to the restriction || ¢#|l. =< k < 1 we assume in this
section that all functions denoted by x vanish outside of a fixed compact
set. We study the solutions of the homogeneous Beltrami equation
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(23) fizl’!fz'

A continuous solution of this equation, not necessarily one to one, is said
to be p-conformal if f, is locally of class L,.

THEOREM 4. There exists a unique p-conformal function f* which
vanishes at the origin and satisfies f* — 1€ L,(Q). It is given by

(24) fH2) =z + 0**(2) .

It is evident that f* is a solution of (23). Since f* is locally of class L,
with p > 2 it is also locally of class L,.

We remark that f* is independent of the choice of p. Indeed, because
¢ has compact support, f* is analytic in a neighborhood of «. Together
with f*—1e L,(Q) this implies f*=1+0(1/| 2 |*), and hence f%—1€ L,(Q)
assoonasl < q < p.

3.2. If pis smooth, then f* can be expected to be smooth. We prove
in this respect:

LEMMA 7. If p,€ L,, then f*e C'. Moreover, f* is a homeomorphism
of the whole plane on itself, and the Jacobian is positive.

PROOF. First of all, = Py, + F with an analytic F, which shows
that p is continuous.

Set » = w**: and p = e*. Then p satisfies

02 = 10, + 4P = (). -

By Lemma 2 there exists a function f e C* which satisfies f, = o, f; = p.
Its Jacobian is |f,|* — | f:*= 0*(1 — | #£|) > 0. This implies that the
mapping is locally one to one.

We have \; = 0 near . Because A=0(|z[*"?) it follows that A has
a limit M) for z—oo. fis analytic near o and f,—e**. This shows that
f— o for z— o, and for topological reasons f must be a homeomorphic
mapping of the plane onto itself. It is clear that f*(z)=e(f(2)—f (0)).

3.3. It is possible to find a sequence {x,}, ., € C', with fixed compact
support such that p, — ¢ almost everywhere, and, as a consequence,
| ttn — ]I, — 0. It follows by Lemma 6 that f*»— f* — 0 in B,. We use
this approximation to prove:

LEMMA 8. f* is always a homeomorphism of the whole plane on itself.
PROOF. Let g, be the inverse of f,=f"#, known to exist by the preced-
ing lemma. One finds that

niE — Ydn,z

with
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Yo = — <%; '#n)"gn ,

I”n[zlﬂnlogno

By use of Holder’s inequality we obtain

“Q| v, [Pdaxdy = SSQI 117 Far | = | £z ) dady
égggl P |77 foz Pdady < (SSQ| ta Ipdxdy>1—2/p<SSQ|fnj lrdwdy)z“’.

But || fuzll, = || @n# =], < ¢|| tt|l,» and we have shown that

(25) lvnll, S el ttall, -
It is evident that g, = f*», for g,, — 1 as 2 — . We conclude that

1928) — 9a(E) | = 160 — G| F el nlln] &0 — G2
or, equivalently,
|20 — 2, | < [ fal2) — fal2) | + ¢l o ll, | fu(2) — ful2) 77
On letting » tend to o it follows that f*(z,) = f*(z,) implies z, = 2z,, and

we have proved that f* is one to one. The fact that f* — 1 for z — « is
sufficient to show that the mapping is onto.

3.4. A homeomorphism f is said to be measurable if measurable sets
are mapped on measurable sets. An equivalent condition is that null-sets
are mapped on null-sets, or that the set-function mes f(e), defined for
Borel sets e, is absolutely continuous.

LEMMA 9. The mapping f* and its inverse are measurable. Moreover,
f* #+ 0 almost everywhere, and

(26) mes fe) = || (21" = | 72 1) dady

for any measurable e.
PrOOF. Let e be an open set. Let X denote the characteristic function
of f*(e), and X, that of f,(¢). Then X < lim inf X,, and consequently

mes f*(e) < lim inf mes f,(e) .
We have

@) mesfue)= || (fuslt = | fusldudy < || |1 rdody ,

and by Holder’s inequality
ﬂ | fas Pdady < GS | fa 2 |”da:dy>2/p(mes ey,
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Here

(11,1 fue rdody) "< 11600 = 111, + (mes 2 < el o, + (mes ey,
and we obtain
mes f,(e) < (c|| £, |, + (mes e)"?)*(mes e)* /" .

Because || ¢, ||, — || ¢#|], these estimates show that mes f*(e) tends to 0
with mes e. Since every null set is contained in an open set of arbitrarily
small measure we have proved that null sets are mapped on null sets, and
thus f* is measurable.

Precisely the same reasoning can be applied to the inverse function,
for (f*)~* = lim f*» and || v, ||, is bounded.

If e is open and bounded it follows by (27) and the preceding inequality
that

mes f(e) < [[ (75 1 = 1 721 dady

for f,,— f* and f,; — f¢ in Ly(e). For compact sets e the reverse ine-
quality is true, either by the same argument or by taking complements
with respect to a large disk. On approximating an open set by compact
subsets it is easily concluded that the equality (26) holds for all open sets.
It will therefore hold for closed sets, for Borel sets, and finally for all
measurable sets.

Because the inverse function maps null sets on null sets it is impossible
that | f“|* — | f* |* vanish on a set of positive measure.

3.5. It is important to formulate conditions under which a composite
function hof* has generalized derivatives.
For convenience we simplify the notation f* to f.

LEMMA 10. Suppose that h,, h; are locally of class L, ¢ = 2. Then
hof has generalized derivatives given by

(hof)z = (h’zof)fz + (hiof)fz

28 _

(28) (hof)s = (huof s + (hsof )

and

(29) | (Rof)ll, < MLk llg + NN Rsll), 7= —22

p+qg—2’
where the norms are over corresponding bounded regions Q,, £(Q,), and
M is independent of h.
ProOF. We show first that (28) implies (29). By Holder’s inequality
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Sgnol(h’of)fz [rdady < <SSQOI heof 7] £, |2da7dy>rlq<“%[f, odady )1-rlq ,

and by use of Lemma 9,

[§,, | heor i1 razdy < —LJ1 [hofiELF = | i) dsdy

1 —

1
= h, |%d .
1 — kZSSﬂao)l « [*dzdy

A similar estimate applies to (h;0f)f,, and (29) follows.

The formulas (28) hold if & and f are of class C'. By well known prop-
erties of generalized derivatives it is possible to find 4, f, € C* in such
a way that h,, — h, f, — f and

SS (I hm,z - hz 12 + [ hm,i - hz lz)dmdy —0
(g

Sgaolf”’ —flP+ | faz — filPdady — 0.

Consider

L= [ 1Gmiof) = (uof)| 11, dudy

[Vl Cmsof) = (hmofi | 15,1 dady
b= ([t fl 1.~ fuc ey

By the same estimate that was used to prove (29) it is seen that I, can
be made arbitrarily small by choosing m sufficiently large. When m is
fixed it is evident that I, and I, tend to O for n — o. Consequently, it is
possible to choose m and n so that

[, 1Cmofdsns = (hio)s. | dudy
0
is arbitrarily small. The same is true of

5 SQJ (B0 fu)Fs — (hzo £)F, | dudy

and we conclude easily that the first relation (28) is valid. The second is
proved in the same way.

L

3.6. The preceding lemma is used to prove:
LEMMA 11. (f*)' = f> with

(30) u=—-(

"
z

)R

':,gll\
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Proor. We remark first that v is measurable because f* is a measur-
able mapping. Therefore f* exists and £} is locally of class L,.

We compute (fof*), by formula (28) and find that it is 0 almost every-
where. Hence ® = f>of* is analytic, and since it is a homeomorphism it
must be a linear function. But ®(0) = 0 and ®’(z) —1 for z— . Hence
®(2) = 2z, and f~ is the inverse of f*.

3.7. We collect in a single theorem a number of results which are easy
consequences of Lemma 10. In this theorem we do not need to assume
that ¢ has compact support.

THEOREM 5. Let f be any p-conformal homeomorphism, defined in a
region Q,. The following is true:

(1) f.1is locally of class L,.

(ii) f, # 0 almost everywhere.

(iii) f~* has generalized derivatives which are locally of class L,.

@iv) (f™), and (f), are determined by the classical formulas.

(v) fand £~ transform measurable sets into measurable sets.

(vi) Integrals are tramsformed according to the classical rule.

(vil) If @ is any p-conformal function in Q,, then pof~ is analytic,
and vice versa.

ProoF. Since all assertions are of a local nature it is no restriction to
assume that Q, is a bounded region. We extend y to the whole plane by
setting ¢ =0 in Q — Q,. The results (i)-(vi) follow from the fact that
Sfo(f*)! is analytic, and (vii) follows because @o(f*)™* and fo(f*)™* are
both analytic.

4. Homeomorphisms of the plane and the disk

4.1. In this section w* denotes a p-conformal homeomorphism of the
whole plane onto itself which is normalized by w*(0) =0, w*1) = 1,
wH(co)=oo, Similarly, W*is a p-conformal homeomorphism of the closed
unit disk onto itself which satisfies W*(0) = 0, W*(1)=1. If they exist,
it follows from Theorem 5 that w* and W* are uniquely determined.

The existence is proved in several steps.

LEMMA 12. If p = 0 in a neighborhood of o, then

(31) wH(2) = fY2)[fH(1) .
If 1= 0 tn a neighborhood of the origin, then
(32) wH(z) = 1/w™(1/z)

with M2) = p(1/z)z*z*.
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LEMMA 13. Set pt=p, + pt, where p, t, vanish near 0 and oo respec-
tively. Then w* = w*ow*? with

= _#1__.-]_:;_2_>° wre)t

LEMMA 14. If u(z) = p(1/2)2}[2}, then W* is the restriction of w* to
the unit disk.

Lemmas 12 and 13 are proved by direct verification. Together they
show that w* exists, for an arbitrary g can be decomposed in the sup-
posed manner. As for Lemma 14, one proves by means of the unique-
ness that wt(z) = 1/w*(1/zZ). Hence |w*(z)| =1 for |z| =1, and it
follows that the restriction of w* maps the unit disk onto itself. It is
evident that Lemma 14 proves the existence of W*.

THEOREM 6. There exist unique p-conformal homeomorphisms of the
whole plane and the unit disk onto themselves with fixpoints at 0, 1, o
and 0,1 respectively.

4.2, The following preliminary result will be needed:

LEMMA 15. If £ =0 for |z| = 1, then ¢ < | w(e¥)| = c.

PROOF. We have || ||, < ¢ and therefore, by (24) and Lemma 5,
| fH)| < |2]| +clz[".

By virtue of Lemma 11 and the inequality (25) the same reasoning can
be applied to the inverse function and yields

lZI = ]f#(z)l + le"(z) [1—(2/1,) .
These estimates imply

(1 + C)—(2p—2)l(p—2) § Iw"(e“’)[ é (1 + c)(?p—2)/(p—2) .

4.3. Let [2,, 2,] denote spherical distance. The following spherical Hold-
er condition holds for all p.

LEMMA 16.
(34) [w(z), w(2,)] = ¢clz, 2]*, a>0.

Proor. We represent w* as in Lemma 13, choosing £4,(2)=0 for |z|>1,
m(z) = z) for |z| < 1. Then |[M]|. < ki(k) <1, and by Lemma 15,
together with (83), A vanishes in the disk |z| < 1/c. It is sufficient to
prove (34) for w*: and w*. Also, because the spherical distance is invari-
ant under inversion, we way replace w* by w(z) = 1/w*(1/z) where
v(2) = M1/2)2*/z* (see Lemma 12). Thus we need to prove (34) only for
the case that ¢ = 0 for |[2| > R; ¢ and a may depend on K.
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We know that | f4(1) | = ¢*(see the proof of Lemma 15). It follows by
(31), (24) and Lemma 5 that

I w#(zl)’_ w#(zz)l é c I 2 — 2 I1—2/p .
This implies (34) if, for instance, |2,|, | 2,| < 3R.

The function g(z)=1/w*(1/z) is holomorphic for |z |<1/R, and if R >1,
as we may suppose, Lemma 15 yields | g(z)| < ¢ for |z| < 1/R. Hence
|g'(2)| < 4c¢R for |z| < 1/2R. This implies (34) if |2,], | 2.| = 2R.

Finally, (34) is trivially fulfilled if | 2, | < 2R, |2,| = 3R.

COROLLARY. | WH(z) — WHz,) | < ¢|z, — 2, |*.

In this estimate the best possible value of ais (1 — k)/(1 + k), and the
best value of ¢ which does not depend on k is 16 (Mori [11]).

4.4. For a fixed R, 0 < R < oo, we consider w* as an element of the
Banach space By, with norm

- |w(z,) — w(zy) | Uup
| w ”Bnm = 8UDyz).1551sk 2, 1__ z |1_2/2p + i<n | w, l”dmdy) .

The L.-norm of the restriction to |z| < R will be denoted by || w ||z, «,
and constants that depend only on R, k and p will be designated by c¢(R).

THEOREM 7.
(35) lw* Iz, , < c(R) .
PRrROOF. If Lemma 16 is applied to (w*)~* we obtain
[2, ] = c[w*(2), ],
and this implies
(36) [|w* |lge < ¢(R) .

Let M2) be a fixed function of class C* with 0 <\ <1, M2) =1 for
|z] £ R, M2) =0 for |z| = 2R. We have

(vw*); = pOvw*), + v
where
37) v = (s — A)WH .
By use of Lemma 5 we conclude that
1w s, , < [ 2w |, = [l @**[ls, < cllV]l,,
while (36) and (37) show that || v ||, < ¢(R). This proves (35).

COROLLARY. || w* |5 ,=c
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5. Continuity, differentiability, and analyticity

5.1. We proceed to investigate the dependence of w* on g. In this
section ¢ and v will both be subject to the restriction || #||.<E, ||v||.<k.

LeEmMMmA 17.
(38) [wz), w@] =cllpt — v .

PROOF. We can write w* = wPow” with

p= (1#——;5 %)“wv)_l '

Since || 0|« = ¢|| ¢t — V||~ it follows that it is sufficient to prove (38) for

vy = 0. In other words, we need to show that
(39) [wH(2), 2] < cll ]l -

We use again the representation ¢ = g, + p, with ¢, = 0 for |2 = 1,
Mt =0 for |z|<1. On setting w* = w*ow*: we have ||\ || =< c|| ¢£]|~ and

[wh(2), 2] < [wrowH, w*2] + [w*, 2] .

It will therefore suffice to prove (39) for » and 4, and because spherical
distance is invariant under inversion we have reduced the problem to the
case where ¢ = 0 for | 2| = R, say.

Under this condition we have || ||, < ¢(R)|| #||-, and Lemma 5 yields

(40) | f42) — 2| = |0 *2)| < e(R) || 2]l

for |z| < R. Because f“(z) — z is holomorphic for |z| > R, including
2z = oo, this inequality is valid in the whole plane.

There is nothing to prove unless || £||.. is small, and we may therefore
assume that c¢(R)| ¢|l.<1/2. Then (40) gives the preliminary esti-
mate | f*(1)| > 1/2, and by use of

o P =2l L =1
A Y

we are able to conclude that (39) holds for |z| < R.
On assuming that R = 1 it is seen by Lemma 15 that (39) implies

1
wH(2)

-1

S c(B) [ ¢ll»

for |z] = R, and by the maximum principle the same is true for |z |=R.
It follows that (39) holds for all 2.

5.2. We can now prove
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THEOREM 8. || w* — w”HBR,p ScR)|p—vl..

PROOF. Let \ be as in the proof of Theorem 7. One verifies that
Mw* — w)]; = Mw* — w”)], + o
with
0 = (A — N)(WH — w”) + My — v)w) .
By Theorem 7 and Lemma 17 we see that ||d ||, < ¢(R) || # — v ||, While
Lemma 5 yields the inequality
lw* — w|ls, , S ||z, < cllall, .
COROLLARY. || W+ — W» IIBM scllpg =V
5.3. LEMMA 18. If p, — pt almost everywhere, then
(40) || w's — w*||pe — 0 .

Proor. It follows by Theorem 7 that there exists a subsequence of the
w*n which converges to a limit function w, uniformly on every disk |z| < R.
The same theorem, applied to the inverse functions, shows that w is
a homeomorphism. In view of the local weak compactness of L, we
may also assume that w!» — u, win» — v in the sense of weak L,-conver-
gence on every disk. It follows easily that v = w,, v = w;, and w; =
pw,. Since w is normalized we may conclude that w = w*, and that
|| w*» — w* || — O for the original sequence.

Lemma 18 can be strengthened to

THEOREM 9. If p, — p¢ almost everywhere, then
llwn — w5, —0.

PrROOF. Let \ be the same function as in the proof of Theorem 7. One

verifies that
[Mwen — wi)l = plMw — wA)), + o,
with
g, = ()'i - ﬂ)"z)(w#n - w#) + (# - #n) ()\'zw + X'w,) .

The hypothesis, together with Theorem 7 and Lemma 18, shows that
l|6,]l, — 0. Therefore, by Lemma 5, || M(wH» — w*) ”Bp — 0, and the as-
sertion follows.

COROLLARY. If p, — pt almost everywhere, then
| Whn — Wl —0.

5.4. If ¢ depends differentiably on one or more parameters we wish to
show that the same is true of w*. The following preliminary lemma is an
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immediate consequence of the corresponding result for w*> (Theorem 2).

LEMMA 19. Let a and a(s) be bounded measurable functions of z, the
latter depending on a parameter s, 0 < s < s,. Suppose that || a(s)|l.=Zc,
and that a(s) — 0 almost everywhere as s — 0. In addition, we assume
that a and a are identically 0 in a fixed neighborhood of .

Then

sa+sa(s)
. —2
6° = lim,_,, wo— o~z
s

exists as a limit in By, for all R > 0 and is given explicitly by
(41) 6%(z) = Pa(z) — zPa(1) .

PrOOF. Because w*(z) = f*(2)/f*(1) and f*(z) = z + w**(z) the exist-
ence of 6° follows directly from Theorem 2. We know by the corollary
to the same theorem that derivations commute. Therefore

. 1 .
6;’ — hms—»o_ ,w%a+m(s) — hm(a -+ a(s)),wjaJrsa(s) =a
8

where the limits are in L, over |z| < R and the last equality is a conse-
quence of Theorem 9.

Furthermore, near infinity 6¢ is expressed as a limit of holomorphic
functions with at most a simple pole at z = o. Therefore 6* has itself
at most a simple pole at o, and because it vanishesat 2 =0 and z =1
it must be of the form (41).

LEMMA 20. The conclusion of the preceding lemma remains valid if
a and a vanish in a fixed neighborhood of 0, except that 6* will be given
by

(42) . 6%2) = 22Pd(z) — 2Pa(1)

where a(z) = a(z)z72.

ProOOF. Set d(z) = a(1/2)2*/z* and d(z) = a(1/2)z*/z*. By (32) we have
W' (2) =1/w+%(1[z). It follows by use of Lemma 19 that 6° exists,
at least as a pointwise limit, and that

0%(z) = — 20%(1/z) = — 2A(Pa)(1/z) + zPa(1) .
One verifies, however, that
(43) (Pa)(z) + (Pa)(1/z)

is holomorphic in the whole plane, excepting z = 0. For z — o we know
that (Pd)(z) = O(| z|*"**) while (P&)(1/z)—0. For z — 0 both terms tend
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to 0. Hence (43) is identically 0, and we see that #* can be written in
the form (42).

The contention that 6* is actually a limit in B, , is easily proved by
use of the fact that w*****® is holomorphic in a fixed neighborhood of the
origin.

5.5. By a change of variable the preceding result can be generalized
to the case where s = 0 corresponds to an arbitrary .

LEMMA 21. Under the same assumptions as before

(44) gre = lim,_, W — wr
s
exists in By, and satisfies
(45) gra = @Powr
with
w
(46) b= (1__‘77” %)o(w“)“ .

PROOF. One verifies that w+tsetse® — 4st+BS) oyt where b is given by
(46) and B(s) — 0 almost everywhere. It is true, moreover, that || B(s) ||
is bounded and that b and B(s) vanish in a fixed neighborhood of « or 0.
The existence of 6 as a pointwise limit and equation (45) are direct con-
sequences of Lemmas 19 and 20.

To show that 6~* is a limit in B, it is convenient to use the same
method as in the proof of Theorem 7. We observe first that

(47) 05 = poi* + awt
by direct computation. Let )\ be as in the proof just referred to, and set
X _ ,wy.+sa+sw(s) — Wt _ 0’“1 .
s

One verifies that
AX): = (M), + 0
with
0 = (A — UNX + Nawhtsetse 4 \g(whtsetse — wb) |

It is seen by Theorem 8 that X is bounded for |z| < 2R, and we conclude
by use of Theorems 7 and 9 that ||¢ ||, — 0. By Lemma 5 this implies
[| MX ”Bp — 0 and hence || HBM — 0, which is what we wanted to prove.

5.6. We have defined 6% in two different ways, depending on whether
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a vanishes near o or near 0. It follows from the two lemmas, or by di-
rect verification, that the two definitions coincide if a satisfies both con-
ditions. Suppose now that a is arbitrary, except for being bounded and
measurable. Then we can write a = a, + a, where @, = 0 near 0 and
a, = 0 near . We set, by definition,

0" = 6% + 6% .
Because the formulas (41) and (42) depend linearly on a, the result is in-
dependent of the decomposition.
The definition (45) of 6** will also be carried over to arbitrary bounded

a. The differential equation (47) remains in force. The following further
properties will be needed:

LEMMA 22.

(i) [6*@) =X+ |2z log (1 + [z]) @l

(i) [16**ls,, = c(R) |l alls

(iii) <f ¢, — o, a, — a almost everywhere and || a, ||. < ¢, then

|| ¥ntn — G- “BR,p —0.

Proor. The elementary estimate (i) is left to the reader. It follows
by (45) and Theorem 7 that || 6*%||z. < ¢(R)||@||.. From this one ob-
tains (ii) by use of (47) and the auxiliary function \.

The rest of the proof follows the same pattern as the proof of Lemma
18 and Theorem 9. We can choose a subsequence which satisfies 6#» 42—,
uniformly on each | 2| < R, and 64» — 0,, 6{»* — 6,, weakly in L, for
every disk. It is concluded that 6; = p6, 4+ aw?. Hence 6 — 6*~* is a
holomorphic function of w*. But it follows by (i) and (45) that 6 —6*2=
O(] w* |*) at . Because § — 6** vanishes at 0 and 1 we conclude that
6 = 0~°, independently of the subsequence. We leave it to the reader to
complete the proof by showing that the convergence 6#»%» — 6** takes
place in B, ,.

5.7. We are now ready to prove the differentiability theorem in full
generality. In this theorem t = (¢,,---, t,) and s=(s,,* -+, 8,) denote real
vectors.

THEOREM 10. For all t in some open set A, suppose that
(it + s) = pt) + 3 Talt) s + | s|alt, s)

with || a(t, s) ||. < ¢ and a(t, s)— 0 almost everywhere as s— 0. Suppose

further that the norms || a,(t + s)||. are bounded and that a,(t+s)— a,(t)
almost everywhere for s — 0. Then w*® has a development
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(48) wy.(n+s) — wy.(t) + E?ﬂey.(t).aut)si + l s | ,),(t, S)

with || v(t, S)HBM — 0 for s — 0.
ProOF. Let g be the characteristic function of | z| < 1, and set
p(t, w) = gp(t) + (1 — g)p(u)
where (¢, ) = (t,++, ty Uy, U,) €A X A. By Lemma 21 the function
w(t, u) = wHew
considered as an element of Bj,, has partial derivatives

ow = @+t.u)igase)
ow = g~ (1-g)a;z(x)
ou,

It follows from (iii) of Lemma 22 that these derivatives are continuous
as functions of ¢ and . Therefore we can write

w(t + 8, u + v) = w(t, u) + Jro+ u0s,
+ E:‘ gﬁ(z,u),u—amj(u)v] + (¢, u, s, v)

where || v(t, u, s, v) HBM —0as|s|+|v|—0. We need merely set u =
t, v = s to obtain the development (48).

COROLLARY. Let p be as in Theorem 10, except that it is defined for
|z| < 1. Then W* is a continuously differentiable fumction of t with
values in B,,,. The partial derivative

_awe
T et
18 the solution of the non-homogeneous Beltrami equation

Q; = pQ, + awl
which satisfies the conditions
wW#0) = W+1)=0
and
Re[Q@E)W*(z)] = 0 for|z|=1.

5.7. THEOREM 11. If p depends holomorphically on complex parame-
ters (ty,+++,Ty), as an element of L..(Q), then w* is a holomorphic function
of these parameters, as an element of the Banach space By ,.

ProOOF. Set 7,=7}+17}. By Theorem 10 w* is a continuously differen-
tiable function of (7}, 7{,---, 7). Setting oy/ot) = a,, 0p/07 = b, we
have a, + tb, = 0 and, by Theorem 10,
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ow* . wH

= g5 = () ,
or, ot

COROLLARY. If pe L.(|z|<1) depends analytically on real parame-
ters (t,,+« -+, t,), so does W*, as an element of the Banach space B, ,.
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