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Abstract. We compare some of the structure theorems for Mumford-Tate do-
mains with those of toric stacks. Specifically we mention an orbifold structure on
MT-domains and provide a partial uniformization for them.

Introduction

In [R] we showed a toric stack structure on Mumford-Tate domains via a toric
partial compactification of these spaces. In this short note we try to apply some
uniformization results on toric stacks stated in [FMN], to higher structure on Hodge
domains. In this way we obtain similar uniformizations for MT-domains. As a
consequence it follows that MT-domains are smooth Deligne-Mumford stacks.

Toric stacks are natural generalization of toric varieties as the action groupoid of
Deligen-Mumford tori as a Picard stack. The stacky structure of toric varieties carries
much more information than their scheme structure, as it carries the information on
stabilizers of each point also. This has been shown in several examples in this text.

A simple way to define a toric stack is by the definition of a stacky fan. Toric stacks
are Deligen-Mumford. Such stacks are also smooth as Deligne-Mumford stacks and
their boundary points have codimension 1 as a sub-stack.

Toric stacks satisfy a simple uniformization structure as a global quotient via the
structure of their Chow group or equivalently their Picard group of line bundles. We
explain this by root sheaves or root of line bundles associated to rays in their fan.

In [R] we showed that the toroidal compactification of Mumford-Tate domains
satisfy a toric stack structure using the definition by stacky fans. In this text we
show that MT-domains of Hodge structure are smooth DM-stacks and in this way
satisfy the same uniformization theorem as general smooth DM-stacks. The basic
definitions on toric stacks is taken from [FMN], and on MT-domains from [GGK].

1. Toric Stacks

In this section we briefly mention some basic results on toric stacks as smooth
Deligne-Mumford stacks. The main reference is [FMN].

Let S be a base scheme. We define a Picard stack G over S to be a groupoid over
S. A morphism of such stacks is one who preserves the corresponding operations via
2-equivalence. The neutral element is a couple (e, ε) where e : S → G is a section and
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ε : e.e→⇒ e. A neutral element is unique up to a unique isomorphism (equivalence
by 2-arrows). The action of a Picard S-stack on an S-stack is a morphism G×SX →
X with two arrows ηx : e× x⇒ x, (g1.g2)× x⇒ x.

Example 1.1. Let w0, ..., wn ∈ Nn
>0, and φ : Zn+1 → Z be (a0, ..., an) 7→

∑
wiaiThe

the associated Picard stack is (C∗)n ×Bµd, where d = gcd(w0, .., wn).

A Deligne-Mumford torus is a Picard stack over Spec(C) which is obtained as a
quotient [TL/GN ], with φ : L→ N is a morphism of finitely generated abelian groups
such that ker(φ) is free and coker(φ) is finite. Any Deligne-Mumford (DM) torus is
isomorphic as Picard stack to T × BG, where T is a torus and G is a finite abelian
group. Then, a smooth toric Deligne-Mumford stack is a smooth separated DM-stack
X together with an open immerssion of a Deligne-Mumford torus ı : T ↪→ X with
dense image such that the action of T on itself extends to an action T ×X → X. In
this case a morphism is a morphism of stacks which extends a morphism of Deligne-
Mumford tori. A toric orbifold is a toric DM-stack with generically trivial stabilizer.
A toric DM-stack is a toric orbifold iff its DM-torus is an ordinary torus, [FMN].

Theorem 1.2. [FMN] Let X be a smooth toric DM-stack, with course moduli X̄.
Let Σ be a fan of X in NQ. Assume that the rays of σ generate NQ. Then there
exists a stacky fan such that X is isomorphic to the smooth DM-stack associated to
the stacky fan. Moreover, if X has trivial generic stabilizer the the stacky fan is
unique.

Definition 1.3. A morphism r : Y → X of algebraic stacks is a gerbe over X if it
is locally surjective and all objects in each fiber are isomorphic. It is the same to say
Y ×X X ′ ∼= BG×X X ′, with X ′ → X faithfully flat and locally of finite presentation,
for a G-gerbe.

A gerbe on a topological space is stack G of groupoids over X which is locally
non-empty. A canonical example is the gerbe of principal G-bundles with a fixed
structure group. The trivial G-bundle fullfils the non-emptiness condition, and the
fact that they are locally isomorphic tells the gerbe condition.

Let (Σ, N, β) be a stacky fan. Denote by vi the unique generator of ρi ∩ (N/Ntor).
Denote by βrig the composition of β with N → N/Ntor. There exists a unique
ai such that βrig(ei) = aivi. Then Xrig = (Σ, βrig, N/Ntor). moreover there exists a
unique group homomorphism βcan : Zn → N/Ntor which makes the following diagram
commutative,

(1)

Zn β−−−→ N

(diag(a1,...,an)

y y
Zn −−−→

βrig
N/Ntor
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Then Xcan = (Σ, βcan, N/Ntor).
Let X be a toric stack, then the structure morphism X → X̄ into its coarse moduli
space factors canonically via the toric morphisms X → Xrig → Xcan → X̄ where
X → Xrig is an abelian gerbe over Xrig, and Xrig → Xcan is a fiber product of roots
of toric divisors, and Xrig → X is the minimal orbifold having X̄ as a coarse moduli
space.

The canonical Deligne-Mumford stack is universal for dominant codimension pre-
serving morphisms from orbifolds into the coarse moduli, in the sense of stacks
terminology. The rigidification r : X → Xrig by a central subgroup G of the generic
stabilizer is the stackification of the pre-stack with the same objects as X but the
automorphism group of each object x is replaced by Aut(x)/G. Xrig is an orbifold
having the same coarse moduli as X.

Example 1.4. The stack P(w) ∼= [Cn+1 \ 0/C∗] is a toric DM-stack with deligne-
Mumford torus [Cn+1/C∗] ∼= Cn × Bµd. It is canonical if gcd(w0, ..., ŵi, ..., wn) = 1.
It is an orbifold if gcd(w0, ..., wn) = 1.

2. Structure of toric stacks

This section contains standard uniformization theorem for toric stacks, taken from
[FMN].

A coherent sheaf on a DM stack [Z/G] is a G-equivariant sheaf on Z, i.e a coherent
sheaf L together with an isomorphism φg : L→ g∗L for all g such that φhg = h∗φg◦φh.
Let Z be a subvariety of Cn of codimension equal or higher than 2. letG be an abelian
group scheme over C that acts on Z such that [Z/G] is a Deligne-Mumford stack. A
line bundle on [Z/G] is given by a character χ of G. Hence the data of an invertible
sheaf L with a global section s on [Z/G] give a morphism of groupoids between
[Z/G] and [A1/C∗]. Explicitly this morphism is given by (s, χ) : Z × G → A × C∗
and s : Z → A1.

Definition 2.1. let b be a positive integer. We denote by a
√
L/X the fiber product

(2)

a
√
L/X −−−→ BC∗y y∧b
X −−−→

L
BC∗

where ∧b is the map that sends an invertible sheaf to its b-th power. More explicitly
an object of a1

√
L/X over f : S → X is a couple (M,φ) where M is an invertable

sheaf on S and φ : M⊗b ∼=→ f ∗L is an isomorphism.

Let X be a smooth algebraic stack. Assume D = (D1, ..., Dn) are n effective
Cartier divisors and a = (a1, ..., an) ∈ Nn

>0. Then the a-th root of (X,D) is the fiber
product
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(3)

a
√
D/X −−−→ [An/(C∗)n]y y∧a
X −−−→

L
[An/(C∗)n]

∧a : [An/(C∗)n] → [An/(C∗)n] is the stack morphism xi → xaii and λi → λaii , where
xi, λi are coordinates in An and (C∗)n respectively.

Proposition 2.2. [FMN] let X be toric Deligne-Mumford stack with Deligne-Mumford

torus isomorphic to T × BG. Given G =
∏l

j=1 µbj . There exists Lj in Pic(Xrig)

such that X is isomorphic as a G-gerbe over Xrig to

(4) b1
√
L1/Xrig × ...× bl

√
Ll/Xrig

where the classes (L1, ..., Ll) ∈
∏l

j=1 Pic(X
rig)/bjPic(X

rig) is unique. Moreover

the reduced closed substack X \ T is a simple normal crossing divisor.

Let X be a smooth toric Deligne-Mumford stack with DM-torus isomorphic to
T ×BG, with X̄ as coarse moduli. denote by n the number of rays in the fan of X̄.
Then there exists a unique (a1, ..., an) ∈ Nn

> such that

Xrig ∼= a1
√
D1/X ×X ...×X an

√
Dn/X

where Di is the divisor corresponding to the ray ρi.

Proposition 2.3. [FMN] Let Z be a subvariety of Cn and G be an abelian group
scheme over C that acts on Z such that [Z/G] is a Deligne-Mumford stack. let
(L, s) := ((L1, s1), ..., (Lk, sk)) be k invertible sheaves with global sections over the
quotient stack [Z/G]. Denote by χ = (χ1, ..., χk)the representations associated to the

invertible sheaves L. let d = (d1, ..., dk) ∈ Nk
>0. Then d

√
(L, s)/[Z/G] is isomorphic

to Z̃/G̃, where

(5)

Z̃ −−−→ Aky y∧d
Z −−−→

s
Ak

G̃ −−−→ Gk
m

φ

y y∧d
G −−−→

χ
Gk
m

The action of G̃ on Z̃ is given by

(6) (g, (λ1, ..., λk)).(x1, ..., xk) = (g.z, (λ1x1, ..., λkxk))

With these setting d
√
L/[Z/G] ∼= [Z/G̃].
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Example 2.4. [FMN] Consider the toric line P1 with homogeneous coordinate x1, x2.
Let Di = (O(1), xi). Let a1, a2 ∈ N>0 with d = [a1, a2], m = (a1, a2) be the gcd and

lmm. The Picard group of the root stack (a1,a2)
√

(D1, D2)/P1 is isomorphic to Z×Z/2.
Then

(7) (a1,a2)
√

(D1, D2)/P1 ∼= [C2 \ 0/(C∗ × µd)]

with action, (λ, t), (x1, x2)) 7→ (λm/a1tk2x1, λ
m/a2t−k1x2), where

(8)
k1

a
+
k2

b
=

1

m

3. Structure theorem for Mumford-Tate domains

In this section we apply the structure theorems of section 2 to the stacky structure
on period and Mumford-Tate domains. We begin by some generalities on Hodge
domains, which can be found in [GGK].

Definition 3.1. The Mumford-Tate group of a variation of Hodge structure Φ : S →
Γ \D is defined to be the MT-group MΦ(η) of a generic point η ∈ S.

By choosing a base point s0 ∈ S there would be a monodromy representation

(9) ρ : π1(S, s0)→ Γ

By replacing S with a finite cover if necessary one may assume

(10) Γ ⊂ G(Z) ∩MΦ

Because MΦ is a reductive Lie group, we have the almost product decomposition

(11) MΦ = M1 × ...×Ml × T
Denoting by Di the Mi(R)-orbit of φ(s0) we have a splitting of the Mumford-Tate

domain

(12) DMΦ
= D1 × ...×Dl

As a structure theorem the monodromy group Γ decomposes as an almost direct
product

(13) Γ = Γ1 × ...× Γl

where Γi(Q) = Mi.
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Theorem 3.2. The variation of Hodge structure is given by

Φ : S → Γ1 \D1 × ...× Γk \Dk ×D′ ⊂ Γ \D
where D′ = Dk+1 × ...×Dl, and Γi(Q) = Mi.

Assume φ : U → M be a Hodge structure, with the associated Mumford-Tate
domain DM = M(R).φ. Set m = Lie(M). The boundary component associated to
Q≥0〈N1, ..., Nr〉 ⊂ m is

(14) Bσ := B̃σ/e
〈σ〉C

where

(15) B̃σ := {F • ∈ Ď | Ad(eσ).F • is a nilpotent orbit}

Kato-Usui define a compactification of DM as follow,

DM,σ := qσ∈Σ { Z ⊂ ĎM | Z is a σ − nilpotent orbit} = qσ∈Σ B(σ)

This always contain B({0}) = DM . In particular DM,σ = DM,faces of σ. Let Σ be
a maximal fan in m := Lie(M). Consider the injective map β = e : log γ 7→ γ
restricted to Σ = Z〈N1, ..., Nr〉. The map e is an isomorphism onto its image mZ a
maximal lattice in m. The triple (DM , e : ΣZ → mZ,Σ) is a toric fantastack. On the
lattices e is an isomorphism, mentioning that the generic stabilizer is trivial.

Theorem 3.3. The triple (DM , e : ΣZ → mZ,Σ) is a smooth toric Deligne-Mumford
stack.

Proof. This follows from Theorem 1.2 and Theorem 7.1 in [R]. �

Theorem 3.4. The stacky structure of DM decomposes as

(16) DMΦ
= D1 × ...×Dl

where

D ∼= b1

√
L1/X × ...× bl

√
Ll/X ∼= d

√
L/Z

Di
∼= b1i

√
L1i/X × ...× bli

√
Lli/X ∼= d

√
Li/Zi

where bij ∈ N>0. Moreover DMΦ
is rigid.

Proof. The decomposition in (16) follows from Theorems 2.2 and 2.3 and the unique-
ness of splitting in (12) and the toric stacks structure theorems. It is rigid because
the map e : ΣZ → mZ is an isomorphism onto its image. �
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