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Preliminaries
P(Y|X)P(X) _ P(X,Y)

PXIY) = PYY) PV (1)
PXY) _ P(YIX) )
P(X) P(Y)
Example PXNY) 1/4 1
N
P(Y|X) = PX) 12 2 (3)
_ P(XOY)_1/4_1
P(X1Y) = P(Y) ~3/4 3 4)

Figure: Geometric interpretation
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Bayes Filter

@ The goal is to start from the conditional probability equation below.

P(x, I)
P(l)

@ and from Equation (5) deduce the Bayes Filter given by

2o g POt =1 ) P(Xicl Xie—15 tie—1) P (V| Xic)
2ox oxeq PXk=11he—1) P(XicXte—1, Uk—1) P(Yic| Xk)

P(xkllk) =

P(xkllk) =

(6)

where x is the state, y the observation, u the control, k denotes the discret time, Iy is the
information vector, encoding the observations and actions, P(xx|xx_1, Ux_1) corresponds to
a motion transition model, and P(y|xx) corresponds to an observation model.

Ik = (=1, Uk—1, Yk) (7)

The information vector at time k depends on the information vector at time k — 1, the control
at time k — 1 and the observation at time k.
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Bayes Filter

P(X, Ik—1, Uk—1, Yk)
I) = 8
Pxilk) P(lk—1, Uk—1,Yk) ®)

The product probability rule states

P(ay,az,as,...,an) = P(a1)P(az|ar)P(asl|ar, a2) - .. P(anl|ay, az, a3, . . ., ap—1)

From the product probability rule

PlheTT Pt 1) POtk — 11— 15 Uk—1) PWic k15 Uk —15 %)
Plh) P(e—rtt—1) P(Vkl 1, Uk—1)

P(Xk—11l—1, Uk—1) Pl k=1, Uk —1, Xk)

P(xk|l) =

P Ik) = 9
(el k) P(Ykllk—1, Uk—1) ©

If yi only depends on X then yx L Ik_1, Ux_1|Xk, hence P(yi|lk—_1, Ux—1, Xk) = P(¥k|xk)

P(x—1llk—1, tk—1) P(yx|Xx)
P(xk| ) = (10)
(el P(Yicllk—1, Uxk—1)
The Bayes rule states
P(BJA)P(A

PaB) = 2o (1)

From the Bayes rule, working on the denominator of Equation (10)
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Bayes Filter
One gets

P(le—1, tk—11yx) P(yx) (12)
P(l—1, Uk—1)
Using the rule of conditional probability P(A|B) = P,(J’?é?) for substituting P(/k_1, Ux_1|yk), one
gets
P(l—1, Uk—1, i) PlyeT
Py P(lk—1, k1)

P(yllk—1, ug—1) =

P(ykllk—1,Ug—1) =

P(lx_1, Ux_1,
P(ykllk—1, uk—1) = 7&,‘2,}(1 ; kuk1 1};k) (13)
The marginalization rule states
P(b) =Y P(b,a) (14)
a

Marginalizing with respect to xj

> PUk=1, Ui—1, Yies Xk)

15
P(lk—1, uk—1) 19)

P(ykllk—1, ug—1) =

Applying the product probability rule

> Plee=T) PUiertetr=1) P(Xic|l— 1, Uk—1) P(Yic X, lk—1, Uie—1)
Pl=7) P "1

P(ykllk—1, Uk—1) =
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Bayes Filter

Pkl k=1, Uk—1) = > P(xkllk—1, Uk—1) Pk Xk lk—1, Uk—1)

Xk

since yk L lc_1, U1 then Py X, lk—1, Uk—1) = P(¥k|xk)

P(ill—1, uk—1) = > P(xkll—1, Uk —1) P(¥k|Xi)

Xk
Substituting Equation (17) in Equation (10) one gets

P(xkl =1, tk—1) P(¥i| xk)
> POl =1, tie—1) P(yie|Xc)
Considering the term P(xk|/lk_1, ux_1) and applying the Bayes rule
P(AB) = w)’;() one gets

P(xkll) =

P(lk—1, xk—1|xk) P(xx)
P(lk—1,Uk—1)

Pl lk—1, ug—1) =

Rarael iiurrieta-Cid civan

August 2020

(16)

(17

(18)

7/9



Bayes Filter

Using the rule of conditional probability P(A|B) = %

P(lk—1, Uk—1, Xx) Pogy
POy P(lk—1, Ux—1)

P(lk—1, Uk—1,Xk)

Pkl lk—1, ug—1) =

P(Xicllk—1, Ux—1) = (20)
04 ) P(lk—1, Uk—1)
Marginalizing with respect to xx_4
>owey POtks le—1, Uk—1, Xk—1)
POl 1, k1) = —= (21
( ) P(lk—1, Uk—1)
Applying the conjoint probability rule as a product of conditional probabilities.
>y Pl Ptttk =1) P(Xie—1 1, Uk—1) P(Xic| X1 k— 1, U—1)

P(Xicllc—1, Ug—1) = Plu—r] P —
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Bayes Filter

One gets
POtk l—15 Uk—1) = > P(Xk—11le—1, Uk—1)P(Xk [ Xk—1, l—1, Uk —1) (22)
Xk—1

Since xk_1 L uk_1|lk—1 then P(xx_1llk_1, uk—1) = P(xk_1|lk—1)
Also X L Tk _1]Xk_1, Ux—1 then P(xi|Xk—1, l—1, Uk—1) = P(Xi|Xk—_1, Ux—1)

Hence
POkl l—15 k1) = > POtk—11le—1)P(Xk [ Xk —1, Uk 1) (29)
Xk—1
Substituting Equation 23 in Equation 18 one gets the Bayes filter given by:
2ox_ g POt 11 ) P(Xicl Xic—1 5 tie—1) P (V| Xic)

P(xell) =
Ocl ) 2o 2oxe g POk—11he—1) P(Xic | Xie—1, Uic—1) P(Yie| Xic) .
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