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A Car’s Model

Figure: A car-like robot

ẋ = v cos θ cosφ

ẏ = v sin θ cosφ

θ̇ = v sinφ

(1)

u1 = v cosφ

u2 = v sinφ
(2)

|u1| ≤ 1; |u2| ≤ 1; φ <
π

4
(3) ẋ

ẏ
dotθ

 =

 cos θ
sin θ

0

 u1 +

 0
0
1

 u2 (4)
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A Car’s Model

Figure: A car-like robot

Ẋ = f (X,U) (5) ẋ
ẏ
θ̇

 =

 cos θ
sin θ

0

 u1 +

 0
0
1

 u2 (6)

 ẋ
ẏ
θ̇

 =

 cos θ 0
sin θ 0

0 1

( u1
u2

)
(7)
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A Second Car’s Model

Figure: A second model.

tanφ =
L
ρ

dp
dt

= ρ
dθ
dt

dθ
dt

=
tanφ

L
dp
dt

θ̇ = v
tanφ

L

(8)
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A Second Car’s Model

(a) Parameters and control space (b) A car-like robot

Figure: A car-like robot

ẋ = v cos θ cosφ

ẏ = v sin θ cosφ

θ̇ = v
tanφ

L

(9)

u1 = v cosφ; u2 = v
tanφ

L
(10)
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Differential Equation Modeling the Motion

.tan θ = ___

θ

v
y

x
y

x

.
.

.

Figure: A car-like robot

tan θ =
ẏ
ẋ

sin θẋ − cos θẏ = 0
(11)
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Differential Drive Robot

(a) Differential Drive Robot (b) Differential
Drive Robot

Figure: A DDR

(
u1
u2

)
=

(
v
ω

)
=

(
ωl +ωr

2
ωl−ωr

2b

)
. (12)

 ẋ
ẏ
θ̇

 =

 cos θ 0
sin θ 0

0 1

( u1
u2

)
(13)

|ωmax| ≤
1
b

(V max − |v |). (14)

Rafael Murrieta Cid (CIMAT) June 2020 8 / 14



DDR: Second Order Dynamics

Ẋ = f (X,U) (15)

X = (x , y , θ, v , ω) (16)


ẋ
ẏ
θ̇

ẇr
ẇl

 =


wr +wl

2 cos θ
wr +wl

2 sin θ
wr−wl

2b
0
0

+


0
0
0
1
0

 ar +


0
0
0
0
1

 al (17)

Rafael Murrieta Cid (CIMAT) June 2020 9 / 14



Wheels Velocities wr and wl and Linear and Angular Velocities v
and ω

(
u1
u2

)
=

(
1
2

1
2

1
2b − 1

2b

)(
wr
wl

)
(18)

A =

(
a b
c d

)
(19)

A−1 =
1

ad − bc

(
d −b
−c a

)
(20)

A−1 = −
1

2b

(
− 1

2b − 1
2

− 1
2b

1
2

)
(21)

(
wr
wl

)
=

1
2b

(
1

2b
1
2

1
2b − 1

2

)(
u1
u2

)
(22)
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Tools for Kinematic Planning with RRT

Figure: RRT

How to generate the trajectory joining xnear and xnew ?

A Two-Point Boundary Value Problem (BVP)
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Tools for Kinematic Planning with RRT

Figure: Generating Controls

Answer: Simulate the controls
Two options

1 Choose unew such that xnew is the closest to xrand
2 Sampling unew from a discret o continuous domain.
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Tools for Kinematic Planning with RRT

U = {wr ,wl}, where wi ∈ {−1, 0, 1}
∆t fixed

(x0, y0, θ0) initial conditions

Use a numerical method to integrate the state transition equation f (X,U)

xk+1 = xk +
wr + wl

2
cos(θk )∆t

yk+1 = yk +
wr + wl

2
sin(θk )∆t

θk+1 = θk +
wr − wl

2b
∆t

(23)

Metric to measure distances between state in R2 × S1.

d(X ,X ′) =
√

(x − x ′)2 + (y − y ′)2 + α2 (24)

α = min{|θ − θ′|, 2π − |θ − θ′|} (25)
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Tools for Kinematic Planning with RRT

Figure: Algorithms
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