Simulation of PCD" on parametrized manifolds

Simulation methods
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How to sprinkle a donut?

Useful for testing
L TDA algorithms

How to sample
“uniformly” from a
(parametrized)

manifold M?

How does the
distribution matter?

What, exactly, does
“uniform” mean?

* Uniform with respect to a measure
(sets with same measure have

same probability)
* Length, Area, Volume,

Volume of unitary
Ac R" (m-1)-sphere
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Countable '1
cover of A -

Torus covered
by 2-spheres

Method by Diaconis et al. |2]
Sprinkling uniformly @

Based on Area Formula:

M parametrized by f, x = f(0) Lebesgue measure

m-dimensional Jacobian of f N
| g(rYmf N (@0
A

=Jon GOINfl 0, Y)H™(dy)

f

! Hausdorff measure
Cardinality of

the fiber of y

1

we can sample H ™-uniformly, sampling from

If g = Py
Jmf

sem ) O the domain of f.

Torus is only example in [2], already implemented in TDA R
library.

A simple and natural method

Sprmklmg Slmply' but @
non-uniformly N

Sampling uniformly from the
domain of the parametrization

* Tempting to use ‘“ \

 Eventually covers the manifold

* Linear complexity on sample size

* IfJ..f is constant we are sampling
H ™ -uniformly

Torus: Regions with
highest concentration
have highest Gaussian
curvature.

A useful method for TDA Q
Sprinkling with repulsion

Use eigenvalues of a
random matrix with i.i.d.
entries

Our proposal:
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Asym ptgtic behavior Application of concentration inequality
in Fasy et al. [3]

Bottleneck distance ' '
@4, function distance to Hausdorff distance P(B,(t/2))
closed subset A o(x,t) = >
t
n points from a p(t) = xigﬁfﬂp(x, t)

‘ldistribution on M
Zd
P (W (d gm(dsn) dgm(dy)) > t) < P(H(Sp, M) > t) < ——g e PO

p(t/2)t® /A

Persistence dlagrams Asumptions about how small it can be

(bounded away from zero)
Stability theorem
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Asymptotic covering with H ™ -uniform distribution

Examples
Klein Bottle (Using a parametrization for the Klein Bottle in [4)] Uniform on domain
—_ g — e 7 ] l‘-'}
Uniform on domain H ™ -uniform Repulsion /) = [

2-Torus Rose " o5 00 05 10

. . , H™-uniform
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Simulation of PCD" on parametrized manifolds
Topological Data Analysis

Some TDA techniques

* Real function defined on a manifold or simplicial complex (g)

* Computation of topological features in each upper level or sublevel sets (Betti
numbers)

» Summarizes critical points (dgm(g))

Distances (Vietoris-Rips filtration)

NPT
° ° ‘a a:": X °;:° » ||
Kernel density estimator SRR
(KDE) AT 'r ||
Choose carefully smoothing parameter | _ .
An lllustrative example Confidence band
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Examples on a Klein Bottle TDA applied to simulated PCD

Sampling from other distributions on domain. Torus, Vietoris-Rips (H™- Torus, KDE (H™-uniform
vs uniform on domain)

uniform vs repulsion)

Hausdorff distance

Points distribution (H™-uniform vs
distribution on the left)
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Conclusions and forthcoming work

* Uniform on the domain is NOT equivalent to uniform on the manifold (exception:
constant Jacobian).

* Choose method depending on objectives and other factors like computing cost.

* For uniform distribution on the manifold use parametrizations with a “simple”
Jacobian.

* For examples in torus, simulating with repulsion vields better persistence

diagrams.
* When using filtration over KDE: best result obtained with uniform distribution on

manifold.
*Sampling from other distributions gives empirical insight in the identification of
regions with highest and lowest probability, and on the rate of convergence in the

concentration inequality since the computation of p(t) is not in general easy.
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