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A law of iterated logarithm for
increasing self—similar Markov
processes

Abstract

We consider increasing self-similar Markov processes (X;,¢ > 0) on |0, 0o[. By using the Lamperti’s
bijection between self-similar Markov processes and Lévy processes, we determine the functions f
for which there exists a constant ¢ € R4 \{0} such that liminf; .., X¢/f(t) = ¢ with probability
1. The determination of such functions depends on the subordinator £ associated to X through
the distribution of the Lévy exponential functional and the Laplace exponent of £&. We provide an
analogous result for the self-similar Markov process associated to the opposite of a subordinator.

Key Words. Self-similar Markov processes, Subordinators, Exponential functional of Lévy process,
weak duality of Markov processes.
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1 Introduction

Let X = (X5, s > 0) be a strong Markov process with values in |0, oo[ and denote by P, its law starting
from Xo = 2 > 0. For o > 0, we say that X is a-self-similar (a—ss), whenever it fulfills the scaling
property: for any ¢ > 0 and x > 0

the distribution of (CX(tC—l/a), t> 0) under P, is P.,. (1)

Such processes have been introduced by Lamperti [20, 21] under the name of semi-stable processes.
We refer to Embrechts and Maejima [12] for some account of their properties and applications.

Recently, Bertoin and Caballero [3] studied the weak behavior of t~*X; as t — oo, in the case when
X has increasing sample paths (see also Bertoin and Yor [5] for the general case). For any y > 0 fixed,
they established the weak convergence

Py (t°Xs € ) ——PFor (X1 € ),

—00
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26 A law of iterated logarithm for increasing self-similar Markov processes

where Pg+ (X1 € ) is the so-called entrance law from 07. The problem that we consider here concerns
the rate at which an increasing a—ss process goes to infinity. More precisely, we should like to determine
the functions f : [0, co[— [0, oo, for which, for any x > 0

litrgiorolf;g) €10,00[ Ppas. (2)
Fristedt [15] (see also Breiman [8]) provided an answer to (2) when X has moreover independent
and stationary increments, that is X is a stable subordinator. Later, the problem was solved by
Watanabe [32] for increasing ss—process with independent increments. In this paper we treat the case
that does not assume neither stationarity nor independence of the increments. Namely, under a rather
natural hypothesis on the entrance laws, we provide an explicit characterization of the functions that
satisfies (2). Our approach is based, essentially on the main result of Lamperti [21] about the existence
of a bijection between self-similar and Lévy processes. Specifically, let £ = (&,t > 0) be a Lévy process
and (Fz,t > 0) its natural filtration. Denote by P and E the probability and expectation with respect
to €. Suppose that £ does not drift to —oo. For o > 0, define

¢
A = / egs/ads, t>0,
0

and the time change associated to A by
7(t) = inf{s : A; > t}.
For an arbitrary > 0, write by P, the law of the process
Xy =xexpl p-1/a), t=0.

It is straightforward that under P, X has the scaling property defined in (1). A classical result on
time changes shows that the process X inherits the strong Markov property from £. So X is an a—ss
Markov process. Conversely any a-ss Markov process can be obtained in this way.

In our setting X is an increasing process so ¢ is a subordinator (see Bertoin [1] § 3, for background).
The law of a subordinator is characterized by its Laplace transform,

E(e ) —exp—tp(\) A >0,t>0,

where ¢ is the so called Laplace exponent of £ and can be expressed thanks to the Lévy—Khintchine’s
formula as
d(N) = dA +/ (1 — e )(dx),
10,00]

The term d is called the drift coefficient and II is the Lévy measure associated to the subordinator &,
that is, a positive measure such that f]O,oo[(l A x)II(dz) < co. We suppose henceforth that the drift
coefficient is d = 0, and we shall exclude the case £ is arithmetic, that is when II is supported by kN,
for some k£ > 0.

Bertoin and Caballero [3] showed that if
0<pu=E(&)=¢0+) < oo,

then the a—ss Markov process X started at > 0 converges in the sense of finite dimensional distri-
butions when x — 0% (cf. Bertoin and Yor [5] for the general case). We then denote by Pyt the
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limiting law. Moreover, the law of X; under Py+ is related to the law under P of the Lévy exponential
functional associated to the subordinator &, i.e.

I:/ eS/ods, (3)
0

by the formula
By (f(X/) =SB (71 (/D) (4)

where f : [0, 00[— [0, 00[ is a measurable and bounded function. Besides, provided that ¢'(0+) < co
Carmona, Petit and Yor [10], showed (c.f. Proposition 2.1 in [10]) that the law of I admits a density
p which is infinitely differentiable on ]0, co[. Furthermore, Proposition 3.3 op. cit. establishes that the
law of I is determined by its integral moments, which in turn are given by the formulae

B =1 5oy el

and that
E(e") < oo,

for every 0 < r < ¢(o0). Let us introduce the following technical hypothesis
(H) The density p is decreasing in a neighborhood of oo, and bounded.

Examples which satisfy hypothesis (H) are given in Section 6.

Recall that a Borel function f : Ry — R, is regularly varying at infinity (resp. at 0) with index
g if
f(xt) 3

— ", as t—o0 (resp.ast—0
7O ( )

for every z > 0. We refer to Bingham et al. [7] for a complete account of the theory of regular variation.

It is well known in the theory of subordinators that the regular variation at infinity (resp. at 0) of
the Laplace exponent ¢, is related to the behavior at 0 (resp. at co) of the subordinator ¢ associated
to it. So it is natural to expect that the regular variation at co of the Laplace exponent should also
be related to the local behavior of any a—ss process associated to £. This is indeed the case, but we
first need to recall a result on subordinators in order to give a precise statement: let ¢ be regularly
varying at infinity with index ( €]0, 1], let ¢ be the inverse of ¢ and

log | log t|

t) = O<t<et
9(t) ¢t~ log|logt|)’ Shees

then
lirtriiglf gi) =(1-p)-9/8 P-as.,

see e.g. Bertoin [1], section II1.4. Tt follows easily that g is regularly varying at 0 with index 1/ and

t
lim m =1, P-as.
t—0 t
This being said, it is straightforward that for any x > 0 and X an a-—ss process associated to & we
have that

- X -
h?l,%lf th>0 — X(()Otﬂ 1)/a5(1 — B)1=0)/B P, a.s. (5)
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On the other hand, contrary to what we might expect, it is also the regular variation at infinity of
the Laplace exponent that gives us the means to determine the behavior at infinity of an increasing
self-similar Markov process. Indeed, we have the following

Theorem 1. Let § be a subordinator such that 0 < p=E(§1) < oo and whose Laplace exponent ¢ is
reqularly varying at infinity with index B €]0, 1[. Suppose that the density p, of the Lévy exponential
functional I of & satisfies hypothesis (H). For a > 0, let X be the a—ss process associated to the

subordinator £. Define

log log t
f(r) = 2loglog?)
loglogt

Then for any x > 0

iminf < _ q-af(] _ ge-f  p
htn_{g}f (tf(t))a_a (1-p) P,—a.s.

This result also holds true under Py+.

From the equation (5) only the local behavior of X under Py+ remains to be determined. In the
next result we fill this gap.

Theorem 2. Under the hypotheses and notations of Theorem 1, we have that

lim inf =a %1 - )08 Py-a.s.

Xi

t—0 (tf(l/t))a

The rest of this note is organized as follows. In section 2 we state two propositions that enable us
to prove Theorem 1. Section 3 is devoted to the proof of these propositions. The proof of Theorem 2
is given in section 4 where we obtain some results on time reversal for a self-similar Markov process.
There we also obtain a result analog to Theorem 1 for the self-similar Markov process associated to
the opposite of a subordinator near the first time that it hits 0. Finally in section 6 we give some
examples.

2 Preliminaries

Let X be an a-ss Markov process with @ > 0. It is plain that the process Y = X1/¢ is a 1-ss Markov
process, in fact it is the 1-ss process associated to (1/«)¢. Conversely if Y is a 1-ss Markov process
then, for any a > 0, the process X = Y“ is an a—ss Markov process. So we can assume henceforth,
without loss of generality, that o = 1.

We can deduce from equation (4) that the entrance law P+ (X € dz) has a density

-1 -1 .
px) plx if 0 << oo
pi(z) = () o) :
0 otherwise,

with p the density of the law of I.

Denote by U = (Us,s > 0) the Ornstein—Uhlenbeck (OU) process associated to the 1-ss Markov
process X, (or to the underlying subordinator £ through Lamperti’s transformation if Xy = z for some
x > 0) that is

U=e'Xpu_q, t>0.
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This process inherits the homogeneity and strong Markov property from X, has transition probabilities
Pof(z) =By (f(e *Xes 1)) s>0,

for every Borel function f. Moreover, it has a unique invariant probability measure given by the
entrance law pj(z)dz. See e.g. Carmona, Petit and Yor [10] for a proof of these facts.

The asymptotic behavior of the OU process U, defined above is described in the next proposition.

Proposition 1. Let £ be a subordinator such that 0 < p = E(&;) < 0o and whose Laplace exponent
is reqularly varying at infinity with index B €]0, 1[. Suppose that the density, p(-), of the exponential
functional I satisfies (H). Let U be the Ornstein—Uhlenbeck process associated to &. If h 3]0, oo[—]0, 00|,
is a decreasing function then for every x >0

P, (Us < h(s) io0. s—00)=0 or =1,
according whether
/ p(1/h(s))ds < oo or =o0.

This result also holds true if we suppose that the Lévy measure is finite, I1]0, co[< oo, instead of the
reqular variation at infinity of ¢.

Remark 1. Of course one can derive an integral test from Proposition 1 for the 1-ss Markov process
associated to £. Indeed, if h is a decreasing function then

Py (Xs < sh(s) io0.s—o00)=0 or 1
according whether
o d
/ p(l/h(s))f <oo or =o0.

However this result is not really satisfactory unless one has good estimates of p.

Despite the characterization of the law of the exponential functional I it is not always possible get
an explicit representation of its density. But to obtain the result stated at Theorem 1 we will only
need estimations of the behavior of log p(+) near infinity. That is the purpose of the following

Proposition 2. Let I be the exponential functional associated to a subordinator (&s,s > 0) whose
Laplace exponent ¢, varies reqularly at infinity with index 5 €]0,1[. Then

—logP(I > 1) ~ (1= B)p~(t), t— oo, (6)
where
e (t) = inf{s >0, —— > t}.
" o(s)
If moreover, the density p(-) of the law of I, is decreasing on some neighborhood of oo, then

—logp(t) ~ (1= B)p™ (1), t—oc. (7)

Remark 2. The fact that the tail distribution of I has this asymptotic form implies that the law of
I cannot be infinitely divisible (see e.g. Steutel [30] or Bingham et al. [7] section 8.2.8).

If we take for granted Propositions 1 and 2 the proof of Theorem 1 follows by standard arguments.
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Proof of Theorem 1. By Proposition 2 and the fact that ¢~ is regularly varying with index ﬁ we

have that for any constant ¢ > 0

—logp(cf%t)) ~(1-— ﬁ)cfﬁng (@> as t— o0.

Since ¢~ is the inverse of s/¢(s) we then have that

1 _1
— —_— ~Y — 75
10gp(cf(t)> (1 —-p)c T-Floglogt as t— oo. (8)

The statement in Theorem 1 is equivalent to the property (to be proven) that for any e > 0,
Py (Xs < (1 —€)cgsf(s) io0.s—00) =0,

and
Py (Xs < (1+€)cgsf(s) i0.s—00) =1,

where c¢g = (1 — ﬂ)(l_ﬁ). From the remark after Proposition 1 the former and later equations hold if
for any € > 0,

| o <,

[ o/ =,

where
fie(s) = (1 —€)cpf(s), fac(s) = (14 €)csf(s),

respectively. Indeed, let € > 0, by equation (8) there exists an s, such that for every s > s,

— 1ng<fl7€1(s)> >(1=8)(1—e(1— e)fﬁcgﬁ log log s

5
= (1—¢€) -8 loglogs.
]
Therefore, taking ke = (1 —€) =3, we have

ee d e d
| oS < [T ogs T <

since k. > 1. Similarly, one shows the divergence of

JACTE

We have showed the statement of Theorem 1 for @ = 1, to show that the result holds for any «,
consider the 1-ss process Y associated to the subordinator a~'¢. This subordinator has Laplace
exponent ¢q (), such that

Pa(N) = dlaN) ~aPp(\) A — oo,

owed to the regular variation of ¢. Then one obtain the result readily by means of the a—ss process
X =Y
O
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3 Proofs

This section contains two parts. In the first one, we give the proof of the Proposition 1, which is
rather technical so that we decompose it in to several Lemmas. The second part contains the proof
of the Proposition 2.

3.1 Proof of Proposition 1

Let U be process
{ﬁs = e X5 € ]R}.

Under Py+ the process Uis a stationary strong Markov process, whose transition probabilities are
those of the OU process U defined in the preceding section. In fact, the law of the process ([7 s, § > 0)
under Py+ is the same as that of the OU process (Us, s > 0) with initial measure the entrance law
Po+ (X1 € dz) = pi(x)dx. This process will enable us to describe the local behavior of the OU process
U and in section 4 prove the Theorem 2.

The first ingredient in the proof of Proposition 1 is the following

Lemma 1. For any x > 0

OoTo  ~ |-
Pys  lim 2220 = [, (U: = 1.

or <h1—>0 h 0 0 x)
Remark 3. In Lemma 1 we do not impose any constraint in the way we make h tend to 0. That is
why we postpone its proof until section 4.

We suppose in the sequel that the starting point of the OU process U is fixed, Uy = x > 0, unless
otherwise stated. The main argument in the proof of Proposition 1 is that of Breiman’s [8] proof of a
law of iterated logarithm for stable subordinators, which in turn is an adaptation of Motoo’s [24] proof
of Kolmogorov’s test for diffusions. Here is an outline of such a method, see e.g. Ito and McKean [18]
for Motoo’s proof of Kolmogorov’s test. Let {R,,n > 0} be the successive return times of the OU
process U to its starting point, i.e.,

Rn+1 = 1nf{t > Rn . Ut = Zj()}7

with Ry = 0. Denote by R = Ry and T}, the first hitting time of a level y > 0 by the OU process U,
ie.,

T, =inf{t > 0: U, = y}.
Define the function g(z,y) by

g(:r,y):]Pz(Ty<R):IP’x( i%f Ut<y>, y <

te[0,R]
By the homogeneity and strong Markov property of U the random variables
{Rn—l—l - ann Z 0}

are independent and identically distributed with the same law as R. The fact that the OU process U
has a unique invariant probability implies that

E.(R) < 0.
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Then, by the strong law of large numbers

B —— E,(R), P,-as.

n n—oo

Besides, we can deduce from the Lemma 1, using the homogeneity and the strong Markov properties
of the OU process U that the OU process U hits points from above and it leave it from below and
more importantly the range of the excursion process {Us, s € [0, R} is a compact interval with Up in
its interior. Thanks to these facts Motoo’s arguments apply to show that for any decreasing function
h :]0, 0o[—]0, co[ we have the P,—a.s. inclusion of sets

{US < h(s) io. s— oo} - {se[RinI,llf%nH] Us < h(cin) i.0. n — oo}

{se[Rinr,l}f%nH} Us < h(con) i0. n— oo} C{Us <h(s) io. s— oo}

with ¢1,co > 0 constants that depend only on E,(R). Therefore, by a standard application of the
Borel-Cantelli Lemma we get that if the integral

/ " gl h(s))ds (9)

converges then

]P’x< : inf Ui <h(cin) io. n— oo) =0,
te

Rn,Rn+1]

whereas if (9) diverges then

P, ( inf U < h(cgn) io. n— oo) =1.
tE[Rn7Rn+1]

The proof reduces then to estimate the function g(z,y), that is, estimate the distribution of the depth
of the excursion and to show that the criterion does not depend of x. Namely that

g(z,y) < p(l/y) as  y—0, (10)

that is, there exists two positive constants by, by such that

bip(1/y) < g(z,y) <bep(l/y) as  y—0.

In [2] Bertoin gets an estimate for the function g when the underlying self-similar process is a stable
subordinator. His proof provides the key steps for our estimation of the function g.

Lemma 1 enable us to follow the arguments of section 3 in [2] and this yields

Lemma 2. Assume p is bounded. For every x,y > 0 and ¢ > 0 we have

(i)

.1 (R 1

lim — v, ely—eyds = QC’aTd{t € [0,R[: Uy =y}
0

e—0 €

both Pp—a.s. and in L'(P,).
(i)

, 1 e 1
lim 2, /0 L epends) =
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(iii)

1
E(R) = 72

(i)

1
Ee ( Z 1{Ut=y}) - Zgl?i;

te[0,R[

Proof. First note that an application of Dynkin’s formula shows that the measure

_ Eu(fy' £(Us)ds)
Eo(R)

v(f)

is an invariant law for the OU process. Moreover, by the uniqueness of the invariant law we have that

VU%:Amﬂdmd1MU@M, (11)

for every function f non—negative and measurable. Next, if we take for granted Lemma 1, then we
may simply repeat the arguments of [2] to prove (i-iii). The statement in (iv) follows from (i), (iii)
and the identity in equation (11). O

A standard application of the strong Markov property at time R shows that for every y > 0

Ew(E:]ﬂkw):PM%<JﬂO+PAR<TQ+@MR<I@f+”)

te[0,R[ (12>
_ Po(Ty <R)

- Py(T, <R)
Therefore, by comparing (iv) in Lemma 2 and equation (12) we get that

p(1/y)
p(1/x)

P.(T, < R) = P, (T, < R)

Since by hypothesis (H) we have that
lim p(1/y) =0,
y—)

then we may conclude that the statement in (10) is equivalent to

lim i(I)lf Py (T, < R) > 0. (13)
y—)

We next focus in the proof of (13). To that end, we will obtain more precise information on the duration
R of the excursion as the starting point tends to 0 using the well known fact that the distribution of
R can be characterized in terms of the resolvent density. We introduce some notation.

Define by {L{,t > 0} the “local time” at y > 0 of the OU process U, that is
1
L= > Lwe=y:

0<s<t

Let x > 0,y > 0, and u;(z,y) the 1-potential of L} under P,, for z > 0 and Py+ for z =0 i.e.,

ui(z,y) =E, </}0

e_deg).

700[
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We have by the strong Markov property that

1 ]Ex(e_Ty>

TR (14)

u(z,y) =y~

Lemma 3. For every y > 0, we have

1 [y
u1(0,y) = ,u/o dzp(z).

In particular ui(0,y) is a bounded and continuous function.

Proof. Let Ry denote the 1-resolvent operator of the OU process, that is,

Rif(o) =B, ([ f00ds) = [ Raladso)

for any Borel positive function f, and x > 0. Our first aim is to show that the measure R1(0, dy)
has a density that coincides with u;(0,y). Indeed, by a change of variables, an application of Fubini’s
Theorem and the self-similarity of X, we get

Ruf(0) = Bos ([ e p(wn)as)
= o+ ( /0 Xy u)d)
- /1E0+ (f(uXy))du.

0

_ /01 du /OOO da(pz) L p(1/2) f(zu).

Straightforward calculations shows that
[e.e]
Rif(O) = [ df)oto).

with v(y) = p~! fol/y dzxp(x). This shows that R;(0,dy) has a density v(y), that is continuous and
bounded. In particular

v(y) = lime ! /y v(z)dz.
y

e—0 e
On the other hand,

o0

Yy T, _
/ U(x)dx = E0+ (/ (& Sl{Use[y—g,y]}d*g) + E0+ (/
y—e 0 T,

Yy
=I.+1I..

e_sl{Use[y—e,y]}dS)

By the strong Markov property

E0+(€7Ty) R —S
Il = m]Ey </0 e 1{Use[y—e7y]}d8>‘
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Using (ii) in Lemma 2 and equation (14) we get that

1 Egr(e™™)

lime I, =y ' —C— L — .
lim e VIR e u1(0,y)

Thus the proof will be completed if we show that, e 11, — 0 as € — 0. Let H,, be the first time that
the OU process jumps above the level y > 0, H, = inf{s > 0 : Ug > y}. Indeed, by the Markov

property applied at the first passage time of the OU process above the level y — € we get
H Hy
Ie < Eor (Ln, <mpe” ) sup Ex / ¢ Liv,ely-eq)}d5)-
z€[y—e,y] 0

Applying repeatedly the Markov property at the stopping time R we get for every z > 0,

1, E. (fy' e Liu.epy—eyyds)
E, Ly, ely—ey}ds) < 0 T
(/0 € L. efy-eyds) < 1-E. (e *l{gen,})

The claimed result now follows from an application of (ii) in Lemma 2 and the fact that H,_. — H,
as € — 0 a.s. O

We assume throughout the rest of this section that either ¢ is regularly varying at oo
with index 3 €]0, 1] or the Lévy measure is finite, II]0, co[< 0.

Lemma 4. One has

.. -1 -T
hm(l)&fy Eg+ (e ./) > 0.

y*)

Before proving this Lemma let us define a function that will be used in the sequel. Since the
function ¢(X\)/A is decreasing, there exists a function 3, such that

Qb(ﬁy)/ﬁy =Y,

we denote d, = el/Py — 1.

Proof. The statement in Lemma 4 means that

liminfy Py (T, < ) > 0,
y—07F
with e an exponential random variable independent of the OU process. To show this fact we will need
to introduce some notation and recall some results. Let H;( be the first passage time above the level
y by the 1-ss process X, that is

HY =inf{s>0:X,>y}.
Bertoin and Caballero [3] showed that under the entrance law Py+, the law of the pair

is the same as that of

(yl exp{-VZ},yexp{(1 —V)Z}),
where V, Z and I are independent and V' is uniformly distributed on [0, 1] and the law of Z is given
by

P(Z € dz) = p'2010(dz) 2> 0.
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So by taking S, = log(1 + Hzf) we get that

(USy/y7 Sy) i) (eK’ 0)7

y—0
where K is a random variable with law
P(K € dk) = p 'TI(k)dk,

and II(k) = II(k, o0). Recall that H, is the first time that the OU process U jumps above the level y.
It is plain that the OU process hits a level [y, oo only if the ss process X is already at this level, i.e.

log(1+ H,\) < Hy,
for every y > 0. Moreover, the weak convergence of Ug, /y implies that
Po+ (log(1 + H,') < Hy) < Po+(Us, € [0,y]) — 0 asy — 0.

So we can suppose henceforth that log(1 + H;( ) = H,, for all y small enough.

Let t > 0 fixed and ¢, an arbitrary function vanishing at 0. For every y > 0 such that ¢t > ¢, we
have by the strong Markov property applied at time .S;, that

0+(T <t
t

Py+ (Us, € dz,Sy € dr)P.(3s € [0,t — 1], Us = y)
0 (15)

y(14+6y) rt—ey
/ Po+ (Us, € dz, Sy € dr)P.(3s € [0,¢,],Us < y),

v

/
/

the inequality in the former equation is owed to the fact that the OU process does not have negative
jumps and hits the points from above. Using the Lamperti’s transformation, it is straightforward that
for every z €]y, y(1 + dy)[

P, (38 S [07 63/]7 Us < y) =P (EIS S [07 6?/]7 ze? exp{gT((esfl)/z)} < y)

>P (Is €[0,¢,], y(1+6y)e " exp{&r((es—1)/5)} < ¥) (16)
= Py (ElS € [Oa Ey]a (1 + 5y)Us S y) .

The weak convergence of (Us, /y,Sy) as y — 0, implies that
Po+ (Us, € [y, y(1+6,)],Sy € [0,t —¢,]) ~ P (e¥ €]1,1+4,]),
as y — 0. Putting together equations (15) & (16) and the later fact we get the estimation

Po+ (Ty < t)
> Por (Us, € [y, y(1+6y)), Sy € [0, — ¢])Py (35 € [0, €], (1 + 6,)Us < ) (17)
~P (" €]1,146,[) Py (3s € [0, €], (1 +6,)Us < ),

as y — 0. Furthermore, by the definition of §, we have that

P e[l,1+4,) =P (K €[0,5,])
1 Byt (18)
— /0 II(r)dr,

I
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and the last term in the former equation can be estimated in terms of the Laplace exponent. Specifi-
cally, there exist two constant c;, co depending only on ¢ such that

Byt _
61¢(ﬁiy) < .llt/o II(r)dr < 62¢(ﬁiy)’

see e.g. [1] Proposition III.1. Since (3, is the inverse of ¢(z)/z we have by equations (17) & (18) that
Po+ (Ty <t) > yarPy (3s € [0, €], (1 +6,)Us < ),

for every y small enough. Now, we shall show in Lemma 5 below that the function €, can be chosen
such that
liminf P, (3s € [0, €], (1 4+ 0,)Us < y) =9 > 0. (19)

y—0

Taking for granted this statement we end the proof since we have showed that for all ¢ > 0,

Po+ (Ty < ) > e "Po+ (T, < t)
> e lCy as y — 0,

where e is an exponential random variable independent of U and C = ¢19. O

Lemma 5. We may choose €, such that (19) holds true.

Proof. Recall that 3, is determined by ¢(8,)/8, = y and that ¢, = e'/By — 1. The regular variation
at infinity of ¢ will enable us to show that the functions

€y = 73/ and ay = (d—1)/By,

with d > 1 arbitrary, are such that

(i)

€y, Qy,— 0, as y — 0,

(ii)
lirr(l) P&, <ay) =11 >0.
y—)
The reason why we require the functions ¢, and a, to have this behavior is the following. Let

sy = log(1 4+ yey), y >0

and note that 7(s) < s, for every s > 0, since A; > s for every s > 0. Then on the event

§ey < ay,

we have the inequalities
exp{fT((esy—l)/y)} < eXP{fey} < eayv

due to the fact that £ is an increasing process and

T((e = 1)/y) £ (e -1y =
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So, on this event, we have also the inequalities

y(l + (5y)e*8y exp{fT(( )/y)} < y(l + (5y)e*3y+ay <,

e’y —1

from the definition of the functions s, and a,. Since s, < ¢, for every y small enough and the OU
process does not have negative jumps, we can conclude by (ii) that

liminf P (3 s € [0,¢,], y(1+d,)e* exp{&r(es—1)/9)} < ¥) > z&l—% P&, < ay) > 0.

y—0

Then the proof reduces to show that the functions €, and a, so defined satisfies (i,ii).

Let ¢/(+) be the derivative of ¢,
A(u) = ¢(u) —ug'(u), u>0,

and A, the function determined by the relation

Since ¢(A) is concave and regularly varying with index 3 €]0, 1] then ¢(\)/A is regularly varying with
index § — 1 and ¢'(\) ~ Bé(N)/A. This implies in turn that 5, — oo and yB, — oo as y — 0.
Thus it is straightforward that €,, and a,, satisfy (i), and moreover a, = O(ye,). This and the regular
variation of ¢ imply that Ay = O(5,).

According to Jain and Pruitt [19] Theorem 5.1 the statement in (ii) is equivalent to

lim e, A(\,) < o0.
y—0

The former is indeed true in our construction,

Ay = Ay(gb(fyy) ~9 )
~ 2 0)(H57)
(1)
Therefore A(N) ~ @(d— 1)<ﬂ) =0(1)
vA ™ A .

This ends the proof in the case ¢ is regularly varying at infinity. When the Lévy measure is a finite
measure, that is  is a compound Poisson process, we can take a, = 0 and

ey = (P —1)/y y > 0.

This choice of the functions ay, €, is due to the fact that a compound Poisson process remains at zero
during an exponential time and a fortiori

lim P (&, <ay) > 0.

y—07t

The rest of the proof follows as in the case ¢ is regularly varying at oo. O
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The last ingredient in the proof of Proposition 1 is the following result.

Lemma 6. One has

()
limsupE, (e %) < 1,
y—0F

(i)
lim i(I)lf Py (T, < R) > 0.
y—)

Proof. (i) We know from equation (14) that

Eg+ (e v
u(0,9) = yl—E((I‘z) > B (¢77) wi (9, )
Y

Moreover, by Lemma 3 one has

1 1 L 1/yd !
imwu(0,y) = lim — zp(z) = —.
lim u(0,) = lim [ dep(z) =
Thus Lemma 4 implies

lim sup yui (y,y) = 0 < 0.

y—0F

In particular, using equation (14) one gets

6
li Ey(ef) = —.
imsup w67 =177
(ii) The statement in (i) shows that for every ¢ > 0
limsupP,(R <t) < 0
im su .
y_>0p L )

Since the OU process U hits the points continuously from above, it is plain that for every y < x
Py(T, < R) =Py(H, < R).

Thus, for every t > 0
Py(Hy < R) >P,(H, <t)—Py(R<1),

and as a consequence

lim igf]P’y(Ha; < R) > Py+(H, < t)—limsupPy(R < t)
y—0 y—0

Since the OU process U is recurrent and without negative jumps we can ensure that

]P)OJr(Hx < OO) = ].

Then there exists a t > 0 such that the right hand term in the former inequality is strictly positive.

Lemma 6 ends the proof of Proposition 1 since we have noted that (10) is equivalent to (13).

O
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3.2 Proof of Proposition 2

This proof is based on the fact that one can relate the behavior of P(I > t) to that of the Laplace
exponent ¢ of ¢ by using connections between the behavior of E(e*) as A — oo and that of P(I > t)
as t — 0o. This result can be proved using the results in Geluk [16]. However, for ease of reference we
provide a complete proof based on a result due to Kasahara. We note that a similar result has been
obtained in Haas [17] Proposition 11.

Proof of Proposition 2. Since the moment generating function of I, is well defined, that is,
p(s) =E(e) <o Vs>0,

we have the conditions to use Kasahara’s Tauberian Theorem (Bingham et al. [7] Theorem 4.12.3), it
links the regular variation of log p(s) as s — oo with that of —logP(I > t) as t — 0o. On the other
hand the characteristic function of I, say f, is an entire function, admits a Taylor series

f(z):Zanz", with a, =" (") _ ! Vn € N,

nl o TTizy o(k)

and its maximum modulus,
M(s, f) = sup{|f(2)| : |2| < s},
coincides with p(s), that is
M(s, f) =p(s), Vs>0,
e.g. Lukacs [23] Theorem 7.1.2.
In order to apply Kasahara’s Theorem we must check that log p(s), i.e. log M(s, f), is asymptot-

ically regularly varying. To this end, we recall that we can estimate the behavior of log M (s, f) in
terms of the coefficients of the Taylor expansion of f. More precisely, suppose that

. nlogn 1
1 —_— = —, 20
S e (1 lan]) B (20)

By Levin [22] (section 1.13), if there exists a regularly varying function with index 3, say 1, such that
lim |an|"™(n) = €, (21)
then
_ log M(s, [)
lim ———"~
s=oo P (s)

with ¥~ the asymptotic inverse of ¥. A version of ¢ is

YT (s) = inf{r > 0|y(r) > s}.

With the aim of obtaining the asymptotic behavior of —log P(I > t), let ¢(s) = s/¢(s). Then ¢ is
a regularly varying function with index 1 — § and its asymptotic inverse, ", varies regularly with

index (1 — 3)~!. Using equation (22), a straightforward application to Theorem 4.12.7 in Bingham et
al. [7] leads to

= 4, (22)

—logP(I >t) ~ (1—pB)p" (1), t — o0,

and, provided that p decreases in some neighborhood of co, we can apply Theorem 4.12.10 op. cit. to
get
—logp(t) ~ (L =B)e~(t), as t— o0
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The rest of the proof is devoted to the proof of (20) and the fact that ¢ satisfies the equation (21).

With this aim, recall that
-1
lan] = B(I")/nt = <H¢ ) .

As ¢ is regularly varying with index (3, it can be expressed as ¢(s) = s%1(s), with [ a slowly varying
function. Moreover, there exist two functions € and ¢ and a positive constant a, such that

I(t) = exp {c(t) + /at e(s)@}

S

and €(t) — 0 and ¢(t) — ¢ with ¢ € R, as t — oo. Therefore

log1/|an| = log¢(k) =B logk+ Y _logi(k)
k=1 k=1 k=1

Since " ok
lim 2=k=1198F _ )
n—oo nlogn

and for every slowly varying function [ we have

logI(t)
t—oo logt

)

it is straightforward that the lim sup in (20) is in fact a limit and equals 1/3. Next, we show that

lim ¢(n)|a, /™ = €.
n—oo
To do this, observe that due to the fact that (n!)/" ~ ne=! we get
1 n
jan|'/" ~ (ne™") ™ exp{—— ;bgl(lﬂ)}

Moreover,

k=1
1 ! ds <= ktl ds 1<
:n(n/ 5(3)+Z(n—k¢)/ 5(3)?> + c(k)
a k=1 k k=1
n n—1 k+1 n
ds 1 / ds 1
= s)———> k e(s)—+—> c(k
JECE DY ST EEINT
" ds
N/a ()2 + e

the last line is a consequence of Cesaro’s theorem since c¢(k) — ¢, and
k+1 ds
k / )% o,
k S

as k — oo. Therefore

jan | ~ e (@(n)) 1.
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4 On time reversal of X.

The aim of this section is to obtain a result on time reversal for a self-similar process and then use it
to prove Lemma 1 and Theorem 2.

Let z > 0 and I@Z the law of the process X defined by
Xi=zexp—&ysy, t>0

with the time change

S
7(t) = inf{s > (),/ e~ Srdr > t},

0
and the convention that X; = 0 if 7(¢/z) = co. Define Py the law of the process identical to 0. Then,
under the family (@z,z > 0) the process X is Markovian and has the scaling property defined in
equation (1) with « = 1. We will say that X is the dual 1-self similar Markov process, cf. Bertoin
and Yor [5] and the reference therein. Observe that 0 is an absorbing state for X and let J be its
lifetime, i.e.,

J=inf{t >0: X, =0}

It should be clear that the distribution of J under @Z is that of zI, where I is the Lévy exponential
functional defined in (3). Last, denote (F¢, ¢t > 0) the natural filtration and P;(z,dy) the semigroup
of the dual 1-ss Markov process.

Lemma 2 in [5], states that the g-resolvents R, and ]/%q of the processes X and X , respectively,
are in weak duality with respect to the Lebesgue measure (cf. Vuolle-Apiala and Graversen [31] for a
related discussion). Thus duality also holds for the respective semigroups. We will refer to this result
as the “duality Lemma” and we will use it to show, roughly speaking, that the law of the process

(Xgop-,0<t<r| X,- =x),

under Py+ is the same as that
<X’t,0§t<r\3:r),

under I/P;x, with r,z > 0 fixed. A rigorous statement will be done by using the method of h—transform
of Doob, see e.g. Sharpe [29] section 62, Fitzsimmons et al. [13],...To this end, note that

e by the self similarity of X, for any s > 0 the law of the random variable X; under Ey+ has a
density

ps(z) = (n2)'p(s/z),  z2>0,

e for every s,t >0 and z >0 R
Pyps(2) = pr+s(2). (23)

The identity (23) follows from the duality Lemma and the fact that (Py+(Xs € dz),s > 0) is a family
of entrance laws for the semigroup F;, of the 1-ss Markov process X.

Equation (23) and the Markov property of X implies that for any r,z > 0 the process

(X
yr = Pret(Xe)

1 t>0
t £ {t<r}> ’
Dbr (XO)
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isa P, martingale. Let Q be the space of cadlag maps from [0, o[ to [0, co] killed at the first hitting
time of 0. After Sharpe [29] Theorem 62.19, there exists a unique probability measure Q7. on €2 equipped
with its natural filtration, rendering the process X an inhomogeneous Markov process with semigroup

ﬁs (Z, dy)prftfs(y)

Qrolendy) = oY), 24)
and such that Q;()?o = z) = 1. The measure Q, has the property that for any s > 0
@ (Fliscyy) = Ba (FRY), (25)
for every F in F.
Lemma 7. (i) If F is .7?3— —measurable and g > 0 is a Borel function, then
. (Fg(@) = 1 [ drp(@)(r)Q% (F). (20)
Thus,
(@2)r>0
s a reqular version of the family of conditional probabilities
P.(-|3=7), r>0.
(ii) Let r >0 fized and G > 0 a bounded functional then
B+ (G (Xpon 0t <) =@, (G(R0<t<n), (27)

where Qj, denotes the law of the process X under Q7 with initial measure P+ (X, € dx).

It is implicit in the statement in (ii) of Lemma 7 that Q} is the image under time reversal of a
measure Q7. on € corresponding to (X;,0 < ¢ < r) under the conditional law

Py (- | Xoo = a).
So the support of 7, is the set 2, of cadlag paths that start at = and are absorbed at 0 at time 7.

Proof. (i) By the Monotone class Theorem, to prove (26), it suffices to check that for any s > 0 the
formula holds for every element of the form F = F' N{J > s} with F’ in Fs. Indeed, note that on the
set {s < xI} we have that

7(s/z)
xl = :U/ e St dt + ze e/ [ = 5+ ge S/ ]
0

with I’ independent of (f;(u Jz)y U < s) and equal in law to I, owed to the strong Markov property of

§. Using the fact that under P, the law of J is that of zI, the former equality and the strong Markov
property of X we get that

B, () 1<) = W(s, X,
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where
W(s,z) =E, ({o<4}g(8 J))
- s+zD)
- / L ((r = 5)/2) g(r)
— / drp,—(2)9(1).
Note that

P.(J € dr)
dr
Thereby an application of formula (25) gives

= ppr(2).

Ezuaﬂgnzzﬁz(pfmqsvﬁg)

s <F / T pmo?s)g(r))

= [ drp@)a)Be (P
= [ e @patrie)
(ii) We first verify that under Py+ the process YV; = X,_;,0 < ¢t < r, admits the semigroup defined in

equation (24). Let a,b : [0, 00[—]0, 00[ be Borel functions and t,¢ + s € [0, r[. Indeed, by the duality
lemma for ss Markov processes, we have that

By (a(Y)h(Yis)) = [ de prooa(2b() Exo(X.)

= / dza(2)E. (pr—t—s(Xs)b( X))

[Ez (pr—t—s()?t)b()?t))
pr—t(2)

:/dza(z)pr—t(z)
= E0+ (G(Y%)Q;,t-&—sb(y%))’

with Qf ;¢ the semigroup defined in equation (24).

By the Monotone class theorem, to prove (ii) it suffices to check that equation (27) holds for
every G of the form fi(X(_s)—) - fa(X(—t,)—) With fi,..., fn positive bounded Borel functions
and 0 <t < --- <t, <r. Using the fact that the ss process X does not have fixed jumps we get that
forn =2

Eo+ (f1(X—tp)-)fo(Xr—t,)-)) = Eor ([1(Xr—i) fo(X(r—1,)))
= Eg+ QOtlthl,tng( ))

/dmpr fl(th)fQ(th)) ;

the general case follows by iteration. O

Now we have all the elements to provide a
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Proof of Lemma 1. When h — 07, thanks to the Markov property of X, applied at time 1, our problem
reduces to show that for every z > 0

. Up—="0Up
P, ( lim =2 =_0,) =1.
(hL%IJr h 0)

To this end, we recall that since £ is a subordinator we have

(i)

(ii) & at time 7(1/x) is right continuous and

(iii)

Using these facts and Lamperti’s transformation it is straightforward that

Xe—X
lim ¢ 20 0, P,—a.s.
e—0t €

The rest of the proof, in the case h — 0%, follows by standard arguments.

Next we use Lemma 7 to study the case h — 0~. By equation (27) we know that

- X _p-ny — X -
Po+<1imUth0 Uowo_x):@;(nm en=%0_ ¢\

h—0— h—0+ —h

Since for any > 0 and € > 0 the measure Q. is absolutely continuous with respect to @x on the
trace of {€ < J} in F, the result follows as in the case h — 0" but this time for the dual self-similar
process X. ]

Other interesting results on time reversal can be deduced from the duality Lemma by using the
classical Theorem on time reversal of Nagasawa or its generalized version in Theorem 47 chapter X VIII
Dellacherie et al. [11]. We will content ourselves with the following result and refer to Bertoin and
Yor [5] and the reference therein for a related discussion.

Proposition 3. Let x > 0 fized. Under Q. the dual Ornstein—Uhlenbeck process
U={e'X,_,,t>0},
is an homogeneous strong Markov process with semigroup
Qp1—c—sHes f (),
where Hy is the dilatation Hyf(z) = f(tz).

Proof. The homogeneity is obtained from the expression of the semigroup in (24) using the self-
similarity enjoyed by X under IF’ Indeed, let f, g positive Borel functions then

Q;; (f(et)?lfe—t)g(€t+8)?176—(i+8))> = Q;; (f(et)?lfe—t)Q}—e*t,l—e—(t-&-S)Het'*sg()?lfe_t)) :
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The expression of the semigroup can be reduced to

Q110 Hetr59(2) = (pe-e(2)) " E. (g (et+s)?e_t(1fe—s)) Pe—(t+9) (‘)?e_t(lfe_s)>>

= (pl(etz)) Eetz (g(ﬁs)pe*5(21—3*5)> y
= Q(l]’lfe_sHesg(etz)
where the second equality is owed to the self-similarity and the obvious identity

cpre(u) = pp(c ).

The strong Markov property follows from (25) by the optional stopping theorem using standard
arguments. [

We have now the elements to prove the Theorem 2.

Proof of Theorem 2. The statement in (ii) in Lemma 7 shows that for every positive and bounded
functional F),

Q4 (F(T1,0 <t < R)) =Fge (F(e' X, 0 <t < R) | Xy =),

with R’ (resp. R) the first return time of the process {€' X -+,t > 0} (resp. of U), to its starting point.
Moreover, by the stationarity of the OU process U defined at the beginning of the subsection 3.1, one
gets that
Eo+ (R X1 = 2) = Eo(R),
and
Po+ <O<itn<fR/ X, >y | Xy = m) =P, <0<i£1<fRetXet1 > y> .

Recall that our proof of Proposition 1 is based on the fact that the OU process U is homogeneous
and strong Markov and the probabilities that we considered there depend only on the excursion away
its starting point. It should be then clear that thanks to Proposition 3 one can repeat the arguments
in the proof of Proposition 1 to show that for any decreasing Borel function h we have

QL (ﬁt < h(t) io. t— oo) =0 or 1,
according whether
/ p(1/h(s))ds < oo or = oo.

We deduce from this criterion, the equation (27) and a time change that for any increasing Borel
function ¢ such that ¢(0) = 0 we have

P0+ (Xt < tg(t) i0. t— 0) =0 or 1,

according whether
d
/ p(l/ﬂ(s))—s <00 or = o0.
o+ s

Rewriting the arguments in the proof of Theorem 1 we obtain the result. O

The former proof provides further information on the behavior of the dual 1-ss Markov process
near its lifetime.
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Corollary 1. Let £ be a subordinator such that its Laplace exponent ¢ is reqularly varying at infinity
with index 3 €]0,1[ and 0 < ¢'(0T) < oco. Suppose that the density of the Lévy exponential functional
associated to & satisfies hypothesis (H). If X s the dual 1-ss process associated to & with lifetime J
and f is the function defined in Theorem 1 then for any x > 0

X, (1
lim inf ril=s)

s—0 Sf(l/S)

=r(1—p3) 1P QL -a.s.

Proof. In the previous proof we showed that for any x > 0 and ¢ an increasing Borel function we have
QL ()?(1—5) < sl(s) io. s— 0) =0 or =1

according whether
d
/ p(l/ﬁ(s))—s <oo or =o0.
0+ S

Moreover, a straightforward verification of the finite dimensional distributions shows that the scaling
property of X under PP is translated for the dual OU process in the form: under Q! the law of the
process

1 ,~
*etxr(l_eft),t >0
r

is that of the dual OU under @clc Jr- The result follows as in the proof of Theorem 1. O

5 Examples

Example (Watanabe process) Let £ be a subordinator with zero drift and Lévy measure v(dz) =
abe b*dzx, with a,b > 0. That is, ¢ a compound Poisson process with jumps having an exponential
distribution. Carmona et al. [10] §2 showed that in this case the density of the law of I = [;° e*ds
is given by

p(r) = a*ze™ ™, x>0,

So p(x) satisfies the hypothesis (H). The (1/b)-ss Markov process associated to £ by Lamperti trans-
formation is a process that arises in the study of extremes. More precisely, the (1/b)—ss Markov process
associated to £ is a Q—Extremal process with

00 <0,
ax x>0

See Resnick [25]. This family of process is usually called generalized Watanabe process in honor to
Watanabe S. who studied them, when b = 1, using the theory of Brownian excursions, see e.g. Revuz
et Yor [26] pp. 504. We refer also to Carmona et al. [9] and the reference therein for the study of this
process as a ss Markov process and its generalizations. Hence, thanks to Proposition 1 we obtain

Corollary 2. Let X be a generalized Watanabe process and h an increasing function such that
(h(s))b/s is a decreasing function. Then

Py (Xs < h(s) d.0.s—00)=0 or 1

according whether
/ (1/h(s))be*“s(h(s))_bds <oo or =o0.
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This result appears in Yimin Xiao [33] Corollary 4.1 in the case b =a = 1.

With the aim of providing a larger class of examples, in the following construction we make some
assumptions on the subordinators that ensure that the density of I satisfies hypothesis (H). It uses
the recent results of Bertoin and Yor [6, 4].

Let U(dx), be the renewal measure of &, i.e.

B[ ses) = [ s@uin

If the renewal measure is absolutely continuous with respect to Lebesgue measure, the function u(z) =
U(dzx)/dz, is usually called the renewal density.

Proposition 4. Let £ be a subordinator. Suppose that its renewal measure is absolutely continuous
with respect to Lebesgue measure and that its renewal density u(x), is a decreasing and convex function
such that

t—oo

1
lim u(t) = M €10, o],

i.e., E(&1) = . Then the density p, of the exponential functional associated to & satisfies the hypothesis

(H).

Examples of such subordinators are those arising in Mandelbrot’s construction of regenerative sets
(see e.g. Fitzsimmons et al. [14]).

Proof. It is well known, that the renewal measure and the Laplace exponent of £ are related by the
formula

1 / ©
— = e Mu(z)de. (28)
o(N)  Jo
An integration by parts in the former equation leads
A 1 o
f-@)\::+/ 1— e M)g(z)dz,
N=g55 =t [ e 0)

where —g(x) is the left hand derivative of u(z). That is,  is the Laplace exponent of a subordinator

with killing term %, zero drift and Lévy measure with density g(z). Integrating by parts, once more,

we obtain that

A
PY(A) = Ae(N) = = —I—/ (M —1 — Az)v(—dzx),
'LL (_0010)
with v(dx) = —dg(x) a Stieltjes measure. Specifically, ¥()) is the Laplace exponent of a Lévy

process, say ((s,s > 0), with no-positive jumps, drift term 1/u and no Gaussian component. We
have furthermore, that

M®=¢@ﬂ=;d&mL

then ¢ drifts to co. This implies that the law of the exponential functional, I, associated to ¢, is
self-decomposable, i.e., for every 0 < a < 1, there exists an independent random variable J, such that
Ja + aly has the same law as Iy, we refer to Sato [27] for background on self-decomposable laws. To
see this, consider the first passage time above the level —loga, that is g, = inf{s > 0: (s > —loga}.
By the strong Markov property of ( we have that

C; = C9a+s - C@a
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is a Lévy process independent of {(.,r < g,} and the same law as (. Moreover, by the absence of
positive jumps and the fact that E(¢;) €]0, co[, we have that (,, = —loga a.s. Therefore,

fe’e) Qa [e’e) ,
/ e Sds —/ e S ds + e Sea / e Csds
0 0 0

=J,+ aI{Z}.

As a consequence the density py, of the law of I, is unimodal, i.e., there exists a b > 0 such that
py () is increasing on |0, b[ and decreasing on ]b, oo, see e.g. Sato [27] Theorem 53.1. Besides, Bertoin
and Yor [4] section 3, showed that

1 —1p/7—1
;E (f(Iy) =E (I f(I,),
for every positive measurable function f, in the obvious notation. In particular, the densities of I,

and Iy are related by

1 1 1

— = - -, f > 0. 29

'up(b(x) Py (ac) or every x (29)
We derive from this that py is a bounded and decreasing function on some neighborhood of co. [

Remark 4. Equation (29) and the uniqueness of the invariant law for the OU process show that the
law of I, is the invariant law of the OU process associated to the subordinator with Laplace exponent

o.

Remark 5. Since every self-decomposable law is infinitely divisible, then the law of I is infinitely
divisible. According to Steutel [30] its tail distribution is of the form

—logP(Iy, > x) = O(zlogx),

and since its density is decreasing on a set |b, oo[ it follows by Theorem 4.12.10 in Bingham et al. [7]
that its density has the same behavior at infinity, i.e.

—log py(x) = O(xlog x) T — 0.
This provides a complementary result to Proposition 2,
—logzpy(x) = O(atog(1/x)), = —0.

We take the following examples from Fitzsimmons et al. [14] and Bertoin and Yor [4], respectively.

Example Let £ be a subordinator without killing term, with zero drift and Lévy measure

fBe* d
P =f)(er — HaT"

II(dx) =

with 3 €]0,1[. An integration by parts in the Lévy—Khintchine formula and a use of the beta integral
show that the Laplace exponent of £ is given by

o) = o)

Using equation (28) we get that the potential measure of £ is absolutely continuous with respect to
Lebesgue measure and that the renewal density is given by

u(z) = I‘(lﬁ)(e;—1>1_ﬁ x> 0.

xT
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Therefore u is a convex decreasing function. Moreover,
A ~ A as A — .

According to Lamperti [21], the increasing 1/8-ss Markov process X, associated to & is a (-stable
subordinator. Then by Theorem 1 one gets

X i
t T B0-p) T

lim inf
o0 1/8 (loglogt

That is we recover the law of iterated logarithm for stable subordinators of Fristedt [15]. Furthermore,
since under Py+ the law of X (1) is that of an S-stable random variable one can use Proposition 1
and the estimations of the stable density, see e.g. Zolotarev [34], to recover the Breiman’s [8] test for
stable subordinators.

Example Let 3 €]0, 1] and £ be a subordinator with zero drift and Lévy measure

e—:E/,B
II(dz) = ri— )0 e—x/ﬂ)1+,@dw'

By straightforward calculations we get that its Laplace exponent, say ¢, can be expressed as

L(BA+1)

YN =B -+ 1)

and by the Stirling formula
dN) ~ BN as A — .

Proceeding as in the former example we get that the renewal density of £ is given by

1

u(z) = m(eﬂﬁ — 1)~ =0,

and is a convex decreasing function. Besides, since the law of the exponential functional I associated
to this subordinator is characterized by its entire moments it is immediate that its Laplace transform
is given by
o (9"
E(e ) = Eg(—s) = .
€ = B = 2 g
n=0
The function Eg(x) is the so called Mittag-Leffler function. Hence, I follows the Mittag-Leffler

distribution, that is, I follows the same distribution as fy,gﬂ with v3 a [(-stable random variable.
Furthermore, it can be showed without the use of Proposition 2 that

B 1
—logP(I>x)N(1—ﬂ)ﬁ(1—5)x(1—5)7 T — 00,

see e.g. Bingham et al. [7] Theorem 8.1.12 or Sato [27] solution to exercise 29.19. This fact can be
considered as a motivation for our proof of Proposition 2.
More generally, one can consider the subordinator with Laplace exponent

T(BX + 6)
TN —1) +0)

Po(A) = (30)
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for 5 €]0,1[ and 6 > 3. See Bertoin and Yor [4] for a description of the Lévy measure corresponding to
this Laplace exponent. The renewal density associated to this Laplace exponent admits the expression

1

_ —x(0-1)/8 (z/B _ 1\~ (1-8) >
ug(x) F(0+1)e (e 1) , x>0.

Which is easily seen to be a decreasing and convex function. The entire moments of the exponential
functional Iy associated to this subordinator are given by

n!T'(0)
E(l})= ———, n > 1.
(75) L'(Bn+0) -
We recognize in this formula the entire moments of a generalized Mittag—Leffler distribution see e.g.
Schneider [28]. Schneider showed that this distribution admits a density pgg(x), whose behavior at
infinity is
ppa(x) ~ Ba® exp{csa’}, xr — 00,
with

_ _(B-0+1/2)
o=1/(1-p), 5—Wa

and B = (2rr)~'/2T(9)o/?3°. This fact enables us to state the sharper result

¢5 = (1- )77, (31)

Corollary 3. Let X be the 1-ss process associated to a subordinator & with Laplace exponent defined
by (30). If h: [0,00[— [0, 0] is a decreasing function then

P, (Xs < sh(s) i0s—00)=0 or 1,
according whether
o0 d
/ (h(s))™° exp{ — 05(11(8))_”}?8 <o or =00

with o, cg and ¢ as in (31).
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