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We got a function ϕ : M → N which is

• continuous,

• open, and

• proper.

For each x ∈ N the number #ϕ−1(x) = n is fixed, except

for the points of a codimension 2 subset K ⊂ N .



Definition. A function ϕ : Mm → Nm is called an n-fold

branched covering if ϕ is continuous, open and proper, and

there exists a codimension 2 submanifold k ⊂ N such that

ϕ : M − ϕ−1(k)→ N − k

is an n-fold covering space.

(k is properly embedded in N).

One says that ϕ is branched along k.



For a given n-fold branched covering ϕ : M → (N, k), one

has an associated representation (a homomorphism):

ωϕ : π1(N − k)→ Sn.

For a given representation ω : π1(N − k) → Sn, one has an

associated n-fold branched covering

ϕω : M → (N, k).



A branched covering ϕ : M → (N, k) is called simple if

its associated representation sends each meridian of k into

a 2-cycle.



(1,2) (1,2) (1,2)
(1,2)

A ball with g + 1 arcs

gives a handlebody with g handles.



(2, 3)(1,2) (1,2) (1,2) (1,2)

A ball with g + 2 arcs

gives a handlebody with g handles.



Theorem. (Heegaard)

M is a closed connected orientable 3-manifold

⇔

M is the union of two orientable handlebodies glued along

their boundaries.



V V1 V2
ϕ
y =

yϕ1 =
yϕ2

B3 B1 B2

f : ∂V1→ ∂V2

g : ∂B1→ ∂B2

V1 t V2 −→ V1 ∪f V2
ϕ1tϕ2

y yϕ1∪ϕ2

B1 tB2 −→ B1 ∪g B2(∼= S3)

ϕ1 ∪ ϕ2 is a map ⇔
∂V1

f−→ ∂V2
ϕ1

y yϕ2

∂B1 −→
g
∂B2

commutes



Theorem. (Berstein y Edmonds)

Let ϕ : ∂V → ∂B3 be a d-fold simple branched covering

with d ≥ 3, and let f ′ : ∂V → ∂V be a homeomorphism

⇒

There exist f : ∂V → ∂V and g : ∂B3 → B3 homeomor-

phisms such that f is isotopic to f ′ and

∂V1
f−→ ∂V2

ϕ1

y yϕ2

∂B1 −→
g
∂B2

commutes.



Theorem. (Hilden and Montesinos)

Each closed connected orientable 3-manifold is a branched

covering of the 3-sphere S3 through a 3-fold simple branched

covering, and the branching is along a link in S3.



Question:

Is there a link L ⊂ S3 such that each closed connected

orientable 3-manifold is a branched covering of (S3, L)?



Theorem. (Thurston) The link

is universal.



Theorem. (Hilden–Lozano–Montesinos)

The links

are universal.



Theorem. (Hilden–Lozano–Montesinos) The knot

is universal.



n-bridge knots.



A trivial n-tangle is a pair (B, {αi}ni=1) where

B is a 3-ball,

and α1, . . . , αn ⊂ B are n trivial properly embedded arcs

(That is, there are n disjoint 2-disks D1, . . . , Dn ⊂ B such

that ∂Di = αi ∪ βi where βi ⊂ ∂B and ∂αi = ∂βi.)
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� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �

� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �
� � � � � � � � � �



A link k ⊂ S3 is in n-bridge position if there are two trivial

n-tangles, (B, {αi}) and (B′, {α′i}), such that

S3 = B ∪∂ B′

y

k = (tα1) ∪ (tα′i)



`(5/3).



Coverings of 2-bridge knots.



k = `(5/3)

(1,2)(3,4) (2,3)(4,5)



We know the covering of the 3-ball:







These arcs are ‘unnecessary’:







The Roman link.



5–fold ϕ1 : S3→ (S3, `(5
3)), ϕ−1

1 (`(5
3)) =Roman link.

4–fold ϕ2 : S3 → (S3,Roman link), ϕ−1
2 (Roman link) ⊃

`(12
5 ).

6–fold ϕ3 : S3→ (S3, `(12
5 )), ϕ−1

3 (`(12
5 )) ⊃ L2.

3–fold ϕ4 : S3→ (S3, L2), ϕ−1
4 (L2) ⊃ L3.

3–fold ϕ5 : S3→ (S3, L3), ϕ−1
5 (L3) ⊃ Borromean rings.

Therefore ϕ = ϕ5 ◦ ϕ4 ◦ ϕ3 ◦ ϕ2 ◦ ϕ1 : S3→ (S3, `(5
3))

1080–fold, ϕ−1(`(5
3)) ⊃ Borromean rings.

Thus k = `(5
3) is universal.



For k = `(a/b) with a odd

σ τ

σ = (1, 2)(3, 4) · · · (a− 2, a− 1)
τ = (2, 3)(4, 5) · · · (a− 1, a)



Remark: A 2-bridge knot `(b/a) is hyperbolic if

and only if b 6≡ ±1 (mod a).

Theorem. (Hilden–Lozano–Montesinos) A 2-bridge knot, k,

is universal if and only if k is hyperbolic.



More universal knots.



Definition. An Uchida link is a pretzel

knot, p(a1, a2, . . . , at), with at least two even a’s.

Theorem. (Uchida) All Uchida links are universal, except

for:

• p(2s, 2t), s, t ∈ Z − {0}.

• p(−2, 2, s), s ∈ Z − {0}

• p(±2,±3,∓4), p(±2,∓3,∓6), p(±2,∓4,∓4) y

• p(−2,−2, 2, 2).



p(2,4,6,−8)

p(1, 1, 2, 3, 5, 8)



Theorem. (J. Rodŕıguez)

If |n| > 1 and n is odd, then p(n, n,−n) is universal.

If n 6= 2 and n is even, then p(3, 3, n) is universal.

p(3, 3, −3) p(3, 3, −4)



Montesinos knots.



A Montesinos knot, m(β1/α1, . . . , βt/αt), is a link of the

form:

1β /α1 β /α2 2
β /α β /αt t

where each little box (each ‘square pillowcase’) contains a

rational 2-tangle.



The rational tangle 3/5

The vertical side is divided into 5 intervals.

The horizontal side is divided into 3 intervals.



The rational knot `(3/5) = m(3/5)



We will always assume that for each i, (αi, βi) = 1.

It is convenient to allow that some of the α’s are zero

(though in this case the Montesinos knot is a union of connected

sums of rational links

m(1/3, 1/3, −1/3, 1/0, −1/4, 1/3, 1/0)

).



Coverings of Montesinos knots.



(1, 2, 3) (1, 6, 4)

(2, 4, 5)

m(1/3, 1/3, 1/3)



We’ll follow a different approach...



Dihedral quotients.



Let k ⊂ S3 be a link. We write B2(k) for the double cyclic

branched covering of (S3, k)

(that is, B2(k) is the covering obtained by labeling each

meridian of k with the permutation (1, 2).)

In this case there is an involution

u : B2(k)→ B2(k)

with quotient the 2–fold cyclic branched covering

p : B2(k)→ (S3, k)

and such that p(fix(u)) = k.



Let ϕ : M → (S3, k) be a d–fold branched covering.

Then ϕ is called a dihedral quotient if there exists a

commutative diagram of branched coverings

M̃
��	

q
@@R
ψ

M
@@Rϕ

B2(k)
��	 p

(S3, k)

such that ψ is a d–fold cyclic covering space (unbranched).

In this case q is a 2–fold cyclic branched covering branched

along the pseudo-branch of ϕ (this is a very special sublink

of ϕ−1(k)).



If k is the Montesinos knot k = m(β1/α1, . . . , βt/αt), then

B2(k) is the Seifert manifold

B2(k) = (O, 0;β1/α1, . . . , βt/αt).

Theorem. (E. Raḿırez and V.) It is possible to compute,

in terms of the Seifert invariants, the coverings of the Seifert

manifold with symbol (O, 0;β1/α1, . . . , βt/αt).



The pseudo-branch.



For the Montesinos knot k = m(β1
α1
, . . . , βt

αt
) we write ∆(k) =

β1α2 · · ·αt + α1β2 · · ·αt + · · ·+ α1α2 · · ·βt.

Theorem. (J. Rodŕıguez and V.) If n is a positive divisor of

∆(k) and for each i = 1, . . . , t, (n, αi) = 1, then

k ∼ m(
n · b1

α1
, . . . ,

n · bt
αt

),

and there exists an n–fold dihedral quotient ϕ : S3 → (S3, k)
such that

m(
b1

α1
, . . . ,

bt
αt

) ⊂ ϕ−1(k).

(m( b1α1
, . . . , btαt

) is the pseudo-branch de ϕ.)



Corollary.
Assume (n, αi) = 1 for each i = 1, 2, . . . , t.

If m(β1/α1, . . . , βt/αt) is universal,

then m(nβ1/α1, . . . , nβt/αt) is universal.



Conway’s table: alternating 2-links of 9 crossings

m(1/4, 2/3, 1/2) [∆ = 17 · 2] = m(17/4, 17/3,−17/2)← m(1/4, 1/3,−1/2)

m(3/4, 1/3, 1/2) [∆ = 19 · 2] = m(19/4, 19/3,−19/2)← m(1/4, 1/3,−1/2)

m(3/4, 2/3, 1/2) [∆ = 23 · 2] = m(23/4, 23/3,−23/2)← m(1/4, 1/3,−1/2)

m(1/3, 1/3, 2/3) [∆ = 4 · 32] = m(4/3, 4/3,−4/3)← m(1/3, 1/3,−1/3)

m(2/3, 2/3, 2/3)← m(1/3, 1/3, 1/3)

m(3/5, 1/2, 3/2) [∆ = 13 · 22] = m(13/5, 13/2,−13/2)← m(1/5, 1/2,−1/2)

m(1/3, 1/2, 5/2) [∆ = 5 · 22] = m(−5/3, 5/2, 5/2)← m(−1/3, 1/2, 1/2)



The branch.



If (n, αi) = 1 for each i and k = m(nβ1/α1, . . . , nβt/αt)
and ϕ : S3→ (S3, k) is an n–fold dihedral quotient, then

ϕ−1(k) has (n− 1)/2 ‘components’ k1, k2, . . . , kn−1
2

, if n is odd

ϕ−1(k) has n/2 ‘components’ k1, k2, . . . , kn
2
, if n is even.

How do those ‘components’ look like?



β /α1 1
β /αt t

β  /α1 1
β  /αt t

j/n

j j j j

The ‘components’ k1

and kj of ϕ−1(k).









Algorithm.

Let ε be the sign of the ratio βi/αi and draw the oriented meridian d of the

rational tangle |βi/αi|.

1. Mark the point p0 = (0, 1/2αi) with +1.

2. If the point pu ∈ d ∩ ∂I2 is marked with εu ∈ {−1,+1}, then the line

segment of d which begins at pu, following the orientation of d, intersects

∂I2 in the point pu+1.

(a) If pu+1 has no mark, then

• If (pu ∈ m0 and pu+1 ∈ m0) or (pu ∈ m1 and pu+1 ∈ m1), then

mark pu+1 with εu+1 = −εu;

• otherwise mark pu+1 with εu+1 = εu.

GOTO 2 with ‘u := u+ 1’.



(b) If pu+1 is already marked, then write b = the sum of the marks of the

points in m0 and α = the sum of the marks of the points in `0. Return

bji/α
j
i = εb/α.





l0

j/n

p
0 m1

l1

m0



l0

j/n

p
0 m1

l1

m0



+

+

+

+

+

−

−

−

+

+

+

+

+

−

−

−

bji/α
j
i = 1/1.



An application.



Proposition. (J. Rodŕıguez and V.) Let q be an odd integer,

q 6∈ {−11,−7,−5,−3,−1, 1, 3, 5} and let k be the pretzel knot

k = p(2, q, q) = m(1/2,±1/|q|,±1/|q|).

Then there exists a |q + 4|–fold dihedral covering

ϕ : S3→ (S3, k)

such that

1. If |q| ≡ 1 mod 4, then

either the Montesinos knot m(1/2,−1/5,−1/5) ⊂ ϕ−1(k)
or m(1/2,−2/9,−2/9) ⊂ ϕ−1(k).

2. If |q| ≡ −1 mod 4, then

either m(−1/2, 3/5, 3/5) ⊂ ϕ−1(k)
or m(−1/2, 2/3, 2/3) ⊂ ϕ−1(k).



How many Montesinos knots are there?



Rational knots.

31 = m(13) 41 = m(25) 51 = m(15) 52 = m(37) 61 = m(49)

62 = m( 4
11) 63 = m( 5

13) 71 = m(17) 72 = m( 5
11) 73 = m( 4

13)

74 = m( 4
15) 75 = m( 7

17) 76 = m( 7
19) 77 = m( 8

21) 81 = m( 6
13)

82 = m( 6
17) 83 = m( 4

17) 84 = m( 5
19) 86 = m(1023) 87 = m( 9

23)

88 = m( 9
25) 89 = m( 7

25) 811 = m(1027) 812 = m(1229) 813 = m(1129)

814 = m(1231) 91 = m(19) 92 = m( 7
15) 93 = m( 6

19) 94 = m( 5
21)

95 = m( 6
23) 96 = m(1127) 97 = m(1329) 98 = m(1131) 99 = m( 9

31)



Rational knots.

910 = m(1033) 911 = m(1433) 912 = m(1335) 913 = m(1037) 914 = m(1437)

915 = m(1639) 917 = m(1439) 918 = m(1741) 919 = m(1641) 920 = m(1541)

921 = m(1843) 923 = m(1945) 926 = m(1847) 927 = m(1949) 931 = m(2155)

101 = m( 8
17) 102 = m( 8

23) 103 = m( 6
25) 104 = m( 7

27) 105 = m(1333)

106 = m(1637) 107 = m(1643) 108 = m( 6
29) 109 = m(1139) 1010 = m(1745)

1011 = m(1343) 1012 = m(1747) 1013 = m(2253) 1014 = m(2257) 1015 = m(1943)

1016 = m(1447) 1017 = m( 9
41) 1018 = m(2355) 1019 = m(1451) 1020 = m(1635)



Rational knots.

1021 = m(1645) 1022 = m(1349) 1023 = m(2359) 1024 = m(2455) 1025 = m(2465)

1026 = m(1761) 1027 = m(2771) 1028 = m(1953) 1029 = m(2663) 1030 = m(2667)

1031 = m(2557) 1032 = m(2969) 1033 = m(1865) 1034 = m(1337) 1035 = m(2049)

1036 = m(2051) 1037 = m(2353) 1038 = m(2559) 1039 = m(2261) 1040 = m(2975)

1041 = m(2671) 1042 = m(3181) 1043 = m(2773) 1044 = m(3079) 1045 = m(3489)



Montesinos knots.

85 = m(13, 1
3, 1

2) 810 = m(13, 2
3, 1

2) 815 = m(23, 2
3, 1

2) 819 = m(13, 1
3, −1

2 )

820 = m(13, 2
3, −1

2 ) 821 = m(23, 2
3, −1

2 ) 916 = m(13, 1
3, 3

2) 922 = m(35, 1
3, 1

2)

924 = m(13, 2
3, 3

2) 925 = m(25, 2
3, 1

2) 928 = m(23, 2
3, 3

2) 930 = m(35, 2
3, 1

2)

935 = m(13, 1
3, 1

3) 936 = m(25, 1
3, 1

2) 937 = m(13, 2
3, 2

3) 942 = m(25, 1
3, −1

2 )

943 = m(35, 1
3, −1

2 ) 944 = m(25, 2
3, −1

2 ) 945 = m(35, 2
3, −1

2 ) 946 = m(13, 1
3, −1

3 )

948 = m(23, 2
3, −1

3 ) 1046 = m(15, 1
3, 1

2) 1047 = m(15, 2
3, 1

2) 1048 = m(45, 1
3, 1

2)

1049 = m(45, 2
3, 1

2) 1050 = m(37, 1
3, 1

2) 1051 = m(37, 2
3, 1

2) 1052 = m(47, 1
3, 1

2)



Montesinos knots.

1053 = m(47, 2
3, 1

2) 1054 = m(27, 1
3, 1

2) 1055 = m(27, 2
3, 1

2) 1056 = m(57, 1
3, 1

2)

1057 = m(57, 2
3, 1

2) 1058 = m(25, 2
5, 1

2) 1059 = m(25, 3
5, 1

2) 1060 = m(35, 3
5, 1

2)

1061 = m(14, 1
3, 1

3) 1062 = m(14, 1
3, 2

3) 1063 = m(14, 2
3, 2

3) 1064 = m(34, 1
3, 1

3)

1065 = m(34, 1
3, 2

3) 1066 = m(34, 2
3, 2

3) 1067 = m(25, 1
3, 2

3) 1068 = m(35, 1
3, 1

3)

1069 = m(35, 2
3, 2

3) 1070 = m(25, 1
3, 3

2) 1071 = m(25, 2
3, 3

2) 1072 = m(35, 1
3, 3

2)

1073 = m(35, 2
3, 3

2) 1074 = m(13, 1
3, 5

3) 1075 = m(23, 2
3, 5

3) 1076 = m(13, 1
3, 5

2)

1077 = m(13, 2
3, 5

2) 1078 = m(23, 2
3, 5

2) 10124 = m(15, 1
3, −1

2 ) 10125 = m(15, 2
3, −1

2 )



Montesinos knots.

10126 = m(45, 1
3, −1

2 ) 10127 = m(45, 2
3, −1

2 ) 10128 = m(37, 1
3, −1

2 ) 10129 = m(37, 2
3, −1

2 )

10130 = m(47, 1
3, −1

2 ) 10131 = m(47, 2
3, −1

2 ) 10132 = m(27, 1
3, −1

2 ) 10133 = m(27, 2
3, −1

2 )

10134 = m(57, 1
3, −1

2 ) 10135 = m(57, 2
3, −1

2 ) 10136 = m(25, 2
5, −1

2 ) 10137 = m(25, 3
5, −1

2 )

10138 = m(35, 3
5, −1

2 ) 10139 = m(14, 1
3, −2

3 ) 10140 = m(14, 1
3, −1

3 ) 10141 = m(14, 2
3, −1

3 )

10142 = m(34, 1
3, −2

3 ) 10143 = m(34, 1
3, −1

3 ) 10144 = m(34, 2
3, −1

3 ) 10145 = m(25, 1
3, −2

3 )

10146 = m(25, 2
3, −1

3 ) 10147 = m(35, 1
3, −1

3 )



The others.

816 817 818 929 932 933 934

938 939 940 941 947 949 1079

1080 1081 1082 1083 1084 1085 1086

1087 1088 1089 1090 1091 1092 1093

1094 1095 1096 1097 1098 1099 10100

10101 10102 10103 10104 10105 10106 10107



The others.

10108 10109 10110 10111 10112 10113 10114

10115 10116 10117 10118 10119 10120 10121

10122 10123 10148 10149 10150 10151 10152

10153 10154 10155 10156 10157 10158 10159

10160 10151 10152 10153 10154 10155 10156



We need some specific universal knots.



Dihedral like coverings

M̃
��	

q
@@R
ψ

M
@@Rϕ

B2(k)
��	 p

(S3, k)

ψ is any covering space.



1. k = m(β1/2, β2/3, β3/3) is universal ⇔ ∆(k) 6= ±3.

85 = m(13, 1
3, 1

2) 810 = m(13, 2
3, 1

2) 815 = m(23, 2
3, 1

2) 820 = m(13, 2
3, −1

2 )

821 = m(23, 2
3, −1

2 ) 916 = m(13, 1
3, 3

2) 924 = m(13, 2
3, 3

2) 928 = m(23, 2
3, 3

2)

1076 = m(13, 1
3, 5

2) 1077 = m(13, 2
3, 5

2) 1078 = m(23, 2
3, 5

2)



2. k = m(β1/2, β2/3, β3/5) is universal ⇔ ∆(k) 6= ±1.

922 = m(35, 1
3, 1

2) 925 = m(25, 2
3, 1

2) 930 = m(35, 2
3, 1

2) 936 = m(25, 1
3, 1

2)

942 = m(25, 1
3, −1

2 ) 943 = m(35, 1
3, −1

2 ) 944 = m(25, 2
3, −1

2 ) 945 = m(35, 2
3, −1

2 )

1046 = m(15, 1
3, 1

2) 1047 = m(15, 2
3, 1

2) 1048 = m(45, 1
3, 1

2) 1049 = m(45, 2
3, 1

2)

1070 = m(25, 1
3, 3

2) 1071 = m(25, 2
3, 3

2) 1072 = m(35, 1
3, 3

2) 1073 = m(35, 2
3, 3

2)

10125 = m(15, 2
3, −1

2 ) 10126 = m(45, 1
3, −1

2 ) 10127 = m(45, 2
3, −1

2 )



3. k = m(β1/2, β2/3, β3/7) is universal.

1050 = m(37, 1
3, 1

2) 1051 = m(37, 2
3, 1

2) 1052 = m(47, 1
3, 1

2) 1053 = m(47, 2
3, 1

2)

1054 = m(27, 1
3, 1

2) 1055 = m(27, 2
3, 1

2) 1056 = m(57, 1
3, 1

2) 1057 = m(57, 2
3, 1

2)

10128 = m(37, 1
3, −1

2 ) 10129 = m(37, 2
3, −1

2 ) 10130 = m(47, 1
3, −1

2 ) 10131 = m(47, 2
3, −1

2 )

10132 = m(27, 1
3, −1

2 ) 10133 = m(27, 2
3, −1

2 ) 10134 = m(57, 1
3, −1

2 ) 10135 = m(57, 2
3, −1

2 )



4. (a) |x| > 1⇒ k = p(e; 2x, 3y, 3z) is universal.

(a.1) |y| > 1 o |z| > 1⇒ k = p(2, 3y, 3z) is universal.

(a.2) |y| > 1 o |z| > 1 y β2 ≡ ±1 (mod y) y β3 ≡ ±1 (mod z)
⇒ k = m(1/2, β2/3y, β3/3z) is universal.

1061 = m(14, 1
3, 1

3) 1062 = m(14, 1
3, 2

3) 1063 = m(14, 2
3, 2

3) 1064 = m(34, 1
3, 1

3)

1065 = m(34, 1
3, 2

3) 1066 = m(34, 2
3, 2

3) 10139 = m(14, 1
3, −2

3 ) 10140 = m(14, 1
3, −1

3 )

10141 = m(14, 2
3, −1

3 ) 10142 = m(34, 1
3, −2

3 ) 10143 = m(34, 1
3, −1

3 ) 10144 = m(34, 2
3, −1

3 )

(b) |x| > 1⇒ k = p(±2,±3y,±5z) is universal.

(c) z > 0⇒ k = p(±2,±3,±7) is universal.



5. y, z 6= 0⇒ p(±2, 5y, 5z) is universal.

1058 = m(25, 2
5, 1

2) 1059 = m(25, 3
5, 1

2) 1060 = m(35, 3
5, 1

2) 10136 = m(25, 2
5, −1

2 )

10138 = m(35, 3
5, −1

2 )



Theorem.

If p(b;α1, . . . , αt) is an Uchida universal link and (n, αi) = 1 ∀i
⇒ m(nb/1, n/α1, . . . , n/αt) is universal.

Theorem.

If |p| > 1 and (n, p) = 1 and p is odd⇒ m(n/p, n/p,−n/p) is universal.

If p 6= 2 and (n, p) = 1 and p is even ⇒ m(n/3, n/3, n/p) is universal.

937 = m(13, 2
3, 2

3) 946 = m(13, 1
3, −1

3 ) 1074 = m(13, 1
3, 5

3)



Sixty six universal Montesinos knots!



Universal Montesinos knots.

85 = m(13, 1
3, 1

2) 810 = m(13, 2
3, 1

2) 815 = m(23, 2
3, 1

2)

820 = m(13, 2
3, −1

2 ) 821 = m(23, 2
3, −1

2 ) 916 = m(13, 1
3, 3

2) 922 = m(35, 1
3, 1

2)

924 = m(13, 2
3, 3

2) 925 = m(25, 2
3, 1

2) 928 = m(23, 2
3, 3

2) 930 = m(35, 2
3, 1

2)

936 = m(25, 1
3, 1

2) 937 = m(13, 2
3, 2

3) 942 = m(25, 1
3, −1

2 )

943 = m(35, 1
3, −1

2 ) 944 = m(25, 2
3, −1

2 ) 945 = m(35, 2
3, −1

2 ) 946 = m(13, 1
3, −1

3 )

1046 = m(15, 1
3, 1

2) 1047 = m(15, 2
3, 1

2) 1048 = m(45, 1
3, 1

2)

1049 = m(45, 2
3, 1

2) 1050 = m(37, 1
3, 1

2) 1051 = m(37, 2
3, 1

2) 1052 = m(47, 1
3, 1

2)



Universal Montesinos knots.

1053 = m(47, 2
3, 1

2) 1054 = m(27, 1
3, 1

2) 1055 = m(27, 2
3, 1

2) 1056 = m(57, 1
3, 1

2)

1057 = m(57, 2
3, 1

2) 1058 = m(25, 2
5, 1

2) 1059 = m(25, 3
5, 1

2) 1060 = m(35, 3
5, 1

2)

1061 = m(14, 1
3, 1

3) 1062 = m(14, 1
3, 2

3) 1063 = m(14, 2
3, 2

3) 1064 = m(34, 1
3, 1

3)

1065 = m(34, 1
3, 2

3) 1066 = m(34, 2
3, 2

3)

1070 = m(25, 1
3, 3

2) 1071 = m(25, 2
3, 3

2) 1072 = m(35, 1
3, 3

2)

1073 = m(35, 2
3, 3

2) 1074 = m(13, 1
3, 5

3) 1076 = m(13, 1
3, 5

2)

1077 = m(13, 2
3, 5

2) 1078 = m(23, 2
3, 5

2) 10125 = m(15, 2
3, −1

2 )



Universal Montesinos knots.

10126 = m(45, 1
3, −1

2 ) 10127 = m(45, 2
3, −1

2 ) 10128 = m(37, 1
3, −1

2 ) 10129 = m(37, 2
3, −1

2 )

10130 = m(47, 1
3, −1

2 ) 10131 = m(47, 2
3, −1

2 ) 10132 = m(27, 1
3, −1

2 ) 10133 = m(27, 2
3, −1

2 )

10134 = m(57, 1
3, −1

2 ) 10135 = m(57, 2
3, −1

2 ) 10136 = m(25, 2
5, −1

2 )

10138 = m(35, 3
5, −1

2 ) 10139 = m(14, 1
3, −2

3 ) 10140 = m(14, 1
3, −1

3 ) 10141 = m(14, 2
3, −1

3 )

10142 = m(34, 1
3, −2

3 ) 10143 = m(34, 1
3, −1

3 ) 10144 = m(34, 2
3, −1

3 )



Torus knots.

819 = m(13, 1
3, −1

2 ) 10124 = m(15, 1
3, −1

2 )



Undecided.

935 = m(13, 1
3, 1

3) 948 = m(23, 2
3, −1

3 ) 1067 = m(25, 1
3, 2

3) 1068 = m(35, 1
3, 1

3)

1069 = m(35, 2
3, 2

3) 1075 = m(23, 2
3, 5

3) 10137 = m(25, 3
5, −1

2 ) 10145 = m(25, 1
3, −2

3 )

10146 = m(25, 2
3, −1

3 ) 10147 = m(35, 1
3, −1

3 )



More applications.



Theorem. Let q be an odd integer, q 6∈ {−1,−3,−7,−11}.
Then p(2, q, q) is universal.

Note that p(2,−1,−1) = trefoil knot, and p(2,−3,−3) = τ3,4

are not universal knots.

Question: The knots p(2,−7,−7) and p(2,−11,−11), are

universal knots?

Conjecture. Let q be an odd integer. The knot p(2, q, q) is

universal if and only if q 6= −1,−3.



Example.

k = m(1/3, 3/5,−3/4,−2/7, 3/11,−5/13), ∆(k) = 12869.

In the 12869-fold dihedral branched covering the ‘component’

k2758 = m(1/1,−1/2, 1/1, 1/1) = m(7/2)

Thus k is universal.



Coverings of pillowcases (again).



Undecided.

935 = m(13, 1
3, 1

3) 948 = m(23, 2
3, −1

3 ) 1067 = m(25, 1
3, 2

3) 1068 = m(35, 1
3, 1

3)

1069 = m(35, 2
3, 2

3) 1075 = m(23, 2
3, 5

3) 10137 = m(25, 3
5, −1

2 ) 10145 = m(25, 1
3, −2

3 )

10146 = m(25, 2
3, −1

3 ) 10147 = m(35, 1
3, −1

3 )



Specification of the problem.



(1, 2, 3) (1, 6, 4)

(2, 4, 5)









In general

∼α ∼α

β
∼

β
∼

β
∼

β
∼i j

m

m

m

m1

2

3

d’

ϕ−1(βm) is a union of θ-graphs



Given an arc βm ⊂ ∂B, a pair of consecutive arcs in ϕ−1(βm)
is called a ramification cycle.





Delete all arcs, except one, in each of the ramification

cycles of ϕ−1(k).

The result is called

a cleansing of ϕ−1(k) on ϕ−1(B) ∼= Bω



Theorem. (M. Jordán and V.)

Let k ⊂ S3 be a link in an n–bridge position
and let (B, `) be a 2n-gonal pillowcase for k.
Let ω : π1(S3 − k) → Sd be a transitive
representation and let ϕ : M → (S3, k) and
ψ : Bω → (B,B ∩ k) the d–fold branched
coverings associated tor ω.

If there exists an embedding ε : Bω ↪→ M

such that the ramification cycles on ε(∂Bω)
bound disjoint 2-cells in M − ε(Bω), then
any homeomorphism ε(Bω) ∼= ϕ−1(B) can
be extended to a homeomorphism of pairs
(M, ˜̀) ∼= (M,ϕ−1(k)) where ˜̀ is a cleansing of
ε(ψ−1(`)).



Note that the pair (∂Bω, ramification cycles) induces a

Heegaard diagram for M . 1

1This helps to identify what manifold is M



Undecided.

935 = m(13, 1
3, 1

3) 948 = m(23, 2
3, −1

3 ) 1067 = m(25, 1
3, 2

3) 1068 = m(35, 1
3, 1

3)

1069 = m(35, 2
3, 2

3) 1075 = m(23, 2
3, 5

3) 10137 = m(25, 3
5, −1

2 ) 10145 = m(25, 1
3, −2

3 )

10146 = m(25, 2
3, −1

3 ) 10147 = m(35, 1
3, −1

3 )



935 = m(1/3, 1/3, 1/3)

(1, 2, 3) (1, 6, 4)

(2, 4, 5)



















m(2/7, 1, 2/7, 3) ∼ m(9/7, 23/7)



m(
β1

α1
,
β2

α2
) ∼ m(−α1β2 + α2β1

α2r1 + β2s1
)

where α1r1 − β1s1 = 1.



m(2/7, 1, 2/7, 3) ∼ m(9/7, 23/7) ∼ m(−224/97)

The knot 935 is universal.



948 = m(2/3, 2/3,−1/3)

(1,2)

(1, 3)(1, 4)











m(1/3, 1/3, 2/3) ∼ m(4/3, 4/3,−4/3)← m(1/3, 1/3,−1/3)

The knot 948 is universal



1067 = m(2/5, 1/3, 1/3)

(1,2)(4,5)

(2,3)(4,5)

(3,4)(5,6)











m(−4
7
, 7,

2
3
,
1
3
, 2,

2
5
) ∼ m(

8 · 3
7
,
8
3
,
8 · 4

3
,−8

5
)← m(1,−9,

29
3

) ∼ m(
5
3
)

The knot 1067 is universal



10137 = m(2/5, 3/5,−1/2)

(3,4)(5,6)

(1,2)(3,4) (2,3)(4,5)









2/1



2/1



1/1









m(−3,−3
5
,
1
3
,−3

5
,−2

5
) ∼ m(

37
5
,−37

3
,
37
5
,−37

5
)← m(

1
3
,
1
3
,−1

3
)

The knot 10137 is universal



• 1068 = m(
3
5
,
1
3
,
1
3

) ∼ m(−19 · 3
5

,
19
3
,
19
3

)← m(−3
5
,
1
3
,
1
3

) ∼ 10145

• 1069 = m(
3
5
,
2
3
,
3
3

) ∼ m(−29 · 3
5

,
29
3
,
29
3

)← m(−3
5
,
1
3
,
1
3

) ∼ 10145

• 10146 = m(
2
5
,
2
3
,−1

3
) ∼ m(−11 · 3

5
,
11
3
,
11
3

)← m(−3
5
,
1
3
,
1
3

) ∼ 10145

• 1075 = m(
2
3
,
2
3
,
5
3

)← 10145

• 10147 = m(
3
5
,
1
3
,−1

3
)← 10145



10145 = m(2/5, 2/3,−1/3)

(1, 2)(5, 6)

(1, 3)(4, 5)(2, 4)(6, 7)









m(2,−1
2
,
1
2

) ∼ m(−1
2
,
5
2

) ∼ m(
8
3

)

The knot 10145 is universal



Theorem. Let k be a Montesinos knot with less than
eleven crossings.

Then
k is universal ⇔ k is hyperbolic


