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Univxf:rsal Links

W. Thurston

o

We define & link L in a closed, oriented three-manifold M to be
universal if every closed, oriented three;manifold N conteins a link !

L' « N such that N ~ L' is homeomorphic to & finite sheeted covering

L

space of M - L . The link L 4s a yniversally branching link if every =

?)

closed, oriented three-manifold N is a branched cover of M over L.

Clearly, if 1L is a universally branching link it is a universal link.

Theorem A. Universal links and tmiversslly branching links exist in

!
.
e
T

Theorem A i5 an immediate consequence of Theorems B and C:

Theorem B. The Whitehead iink is universal. For every link I © S3 .

there is & link L' 2 L whose complement 18 s finite-sheeted covering of

the Whitehead link complement.
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The Whitehead 1ink i5 a universal link.

Fipure 1

”\ Theorem C. There is & link Ll c 83 {shown below) such that every

closed oriented three-manifold M iz a brenched covering of B OVver Ll

with branching index 1 or 2 Zfor each component of P

L(where p:M — S

1(Ll) in M.

3

38 the projection). . . .. .. ..
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A universally brenching link. |

Figure 2
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Questions. Is there & universal knot? Is the FTigure—eight knot
::_.""—»'"W‘:-—:- ——— L N —— . =

universal? Ie the Whitehead link a wniversally branching link? / i
B . :‘ o f‘:)—:é—,;: {nare ;\) ‘ i
Corollary 1. There is g discrete “groi acting on hyperbolice .'

~ b

space JHB with compact quotient such thet every compact manifold N is .'_3

homeomorphic to 113/1" where T' 1is g subgroup of finite index in -"I_'_" .
_ .- ol A

Proof of Corpllary: By applying Theorem B %o the link I of Theorem C,

we obtain a link L* whose complement has a hyperbolic structure which is &

universal branching link, with branch indices 1 &nd 2 .

By the theory of hyperbolic Dehn surgery (see [Thurston]), the

orbifolid 0O with wm@erlying space 83 » Singuler locus L' , and loeal

group Z/n is hyperbolic for n sufficiently high. Take n +o be any

even integer such that this orbifold is hyperbolic. The fundamental group

T of 0 is the discrete group of isomeiries of H™ needed for the corcl-

lary. D )
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Proof of Theorem B. Every.£losed oriented three-manifold contains a
5
link whose complement is homepmorphic to the complement of a link in 53 .
s
/ .
Fi ! by [Lickerish] or [Wallacel] so it suffices to prove the second assertion.

" "7 let Lc8> bean arbitrary link vith k strands. Arrenge L in
—

"“-L; ti:ne form of a closed braid, and add extra trivisl loops if neeessaryl-so that H\
e each component of L goes around the braid the same number of times, /

S&Y Bn . Mseke a Turther rearrengement in some cross-section of the braiad . ﬁ‘h

to obtaein a braid B such that each strand hits the cross-section at posi- { ’ i ;

| e

tions 1 , then 1+k , then i+2k , ete., -from left to right counted

mod {kn) . Our picture is this:



Every link can
be arranged in
this form, for
sufficiently high n.

Figure 3
Every pure braid is & product of generators Ulc g [k<2] end their
inverses.
Y .
k, ¢
:
4
; o
; k4
\ i
Figure %




5.

To achieve a2 single twist as in the picture above, use a circle which

bounds a disk intersecting only these two strands:

o T IeT] T

(To make a homeomorphism, cut along & spenning disk for € , meke a full

l

twist, and glue back,)
By adding.a number of small circles linking the horizontal circles

with the vertical circle, we can arbitrarily meke a horizontal circle link

any two strands we wish,without changing the complement.
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Figure 6

Therefore, the bragid B can be obtained from a link of the following form:
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The 1link Ik n.m is contained in s thin neigh'borhodd of sn unknotted torus
yily ) B [ .
in 83 . Put Iin two circles representing the two axes of this torus, to
A...' {'h— -
1

gbtain =2 1link L“; . The complements-of the links Ik n.m aré oftén
. . N L Rl

I,1

related via covering spaces of toruses over toruses. In fact, they are

-

L

covering spaces of the complement of L_-: 10
. ]

The last picture is obtained by performing a twist on a disk spesnning com-

renent ¢ , to unlink b and 4 .

This is our first universsl link, HNow a:dd aﬁ‘__adﬂitional component. {Pigure

Cone

9) and perform e twist sbout its spanning diek.



The 1link abov

tmis 1imk has the same complement as Fig. 9

o

e is a five~fold covériﬁg‘space of the Whitehe

" Figure 11

ad link.
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Proof of Theorem . Webegin with the theoremof [Alexender], sharpened by [Hilden]

and [Montesinos] that every three-manifold is a branched cover of 83 over some link L.

[
Ll

Proposition. I rcan be -rearranged 85 B 'bré.id with the following form

) . ) .

of projection, with some set of crossings.

A pattern for a

closed braid with

M-N crossings to

be chosen arbitrarily.M

Note how the pattern
fits together at the
top and bottonm.

Proof of proposition. First errange L in the braid form used for

the proof of Theorem B , as a braid B which is a pure braid followed by
a fractional twist., In the case the pure braid is triviel, it can be

arranged in this pattern:
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10.

The trivial unit is formed by laying down strands one at & time. The order

is right to left in the instance above, but any order will work.

y
The pure braid generators and their inverpes can be realized by

modifying crossings in the trivial unit abovel -
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_"Thé braid generator 0 g

oml } is formed by first

f?r )

+ laying down all strands except

' the kth and ZLth , then twisting

‘these two together.

Proposition D

Here is a basic trick for modifying crossings with the use of branched

coverings. Consiger the following portion of a link M =L u C in 8

Fi



. 12.

Form the two-fold branched cover of 83 over: C., In t+his branched

cover, each component of L heas i;vo corqponenta lying ﬂﬁdve 1t. To see

this branched cover, cut 83 along a disk ‘D spanning e, intersecting

1, in two points, to obtain D3 Round mrt the two halw.-s of the cut, 80

I)3 is embedded 1in 53 as the comlement oi‘ 8 sma]l ball, and £111 in this

bell with another copy of D3 ' j._ﬁentirying cuts properly; this 1s the twWo-

fo1d brenched cover. )

R

In this two-fold cover, the wnion of the "big" components of L are

in the form of L, with the single crossing"changed. S

:f‘igui-e :16

Applying this trick in our situation,.we see that any branched

covering of our 1link is a branched covering of & link in this form {of

seme length and width), & cylinder formed of & certain febric.
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These links can be obtained from branched covering of the following

link, +L, , as & union of some of the components of pd(LO} o

IFi gure .18

i

To obtein & fabric cylinder of arbifrary width w , form & branched covering

by cutting along disks Dl and Da epanning cl and 02 , round out the

resulting manifold (52x 1), glue - ¥ copies together side by side in the

three-sphere, andthen close the left-hand and right-hand cuts.

L e
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Now we form the n-fold branched cover about the central exis, to

-

obtain cur arbitrary fabrie cyiindgr, e e
In this construction, the branching index 1s 2 everywhere except at

the central axis. To get a2 link ;11 50 that every closed oriented three-

manifold is & branched cover over Ii with branching index always 1 or

2 , replace the central axis of Lb by two rarsllel circles,

- s

(Y
-
¥

T, b
A

A cover with branching index _ﬁ: sbout a single eircle can always be

i

about two paralliel

replaced by a cover with branching indices 1 and 2
. " 1

circles:




15

It would be interesting to know more about which links are universal

and universally branching links, ang in particular, 13 would be nice %o

find g simpler exemple of g univerjsally branching links, A variation of our



i6.

Figure 22

{The branching indices for L2 or IJ3 can be teken to he always 1 or 2.)

Many other examples can be constructed, of course. . There are probably some

imiversally branching 1inks which are reasonably simpie, but I have not dis-

covered any which are substantially simpler than these.
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