Some universal Montesinos knots
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Definition

Let kK C S° be a link.
The link £ is called universal if
each c.c.o. 3-manifold M
admits a branched covering

o M — (S° k)



Strategy

Given a link &k C S?
find ¢ : S° — (5%, k) such that

o 1(k) contains a sublink

which 1s universal.



Problem

Given a link k ¢ S? and

a branched covering ¢ : % — (5%, k)
compute the link type of ¢ (k) in S°.



A related problem

Given a link £ C S? and
a branched covering ¢ : M — (5%, k)

compute the link type of o (k) in M.



Let (B,{a;}!" ;) be a trivial n-tangle.
That iIs:
B i1s a 3-ball, and

a1, ...,0, C B are n properly
embedded trivial arcs

(there are n disjoint disks Dy, ..., D, C B
such that 0D; = a; U 5; with 5; C 0B,
and da; = 03;.)



Consider w : 7T1(B — U Cki) — Sd
a representation into the symmetric
group on d symbols.

We get a d-fold branched covering
Puw - Bw — (B,UOKZ')-

Remark: B, Is a handlebody.
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Let k¥ C S? be a link in an n-bridge
representation, that is,

There are (B,{a;}) and (B',{a;}) two
trivial n-tangles such that

S° =B Uy B’
and

k= (Uay) U (L)



We can push the arcs {«;} into B and
we get a 2n-gonal pillowcase for k:

The knot p(3,3,3) = m(

Wl

Wl

Wl
—



A 2n-gonal pillowcase for £ is

a 3-ball B with n trivial disjoint properly
embedded arcs {a;},

and n disjoint arcs {3;}*, on 0B

such that £ = (o) U (LG;).



Now let w : m(S°—k) — S, be a transitive

representation, and
let 0 : M — (S, k) be the d-fold branched
covering associated to w.

Examine ¢| : ¢ '(B) — B.



The preimage 90_1(|_|Oé¢) U Sp_l(uﬁi)
Is not a 1-manifold















In general

B,

o, B
my,

= =
0 Y(B3,,) is a union of O-graphs

Qo




Given an arc (3, C 0B, a pair of
consecutive arcs in ¢ 1(3,) is called a
ramification cycle

N N\ /17 AN
\ - il




’
'
'
'
’
’ A Al ~
. N
7 N \
P . M
S
- .
Y
B .
\
’ A .
' N . -
. .
N Al P
. A A .
N N A
N N
N N
N N
N N
N Y
N .
. \
N N
. \
R N
\ N
.
N
.
.
I
.
\
N
N
Iy
N




Now delete all arcs, except one, in each of
the ramification cycles of o !(k).

Call the result

12

a cleansing of ¢ (k) on o !(B) = B,




THEOREM. (M. Jorddnand V.) Let k C S° be a
link in an n-bridge representation and let (B, /)
be a 2n-gonal pillowcase for k. Let w : m(S° —
k) — Sq be a transitive representation, and let
o: M — (S° k) and ¢ : B, — (B,BNk) be
the induced d-fold branched coverings.

If there exists an embedding ¢ : B, — M
such that the ramification cycles on €(0B,)
bound disjoint 2-cells in M — e(B,,), then any

Y

homeomorphism e(B,) = ¢ 1(B) can be

~

extended to a homeomorphism of pairs (M, ?)
(M, o~ 1(k)) for £ any cleansing of (vb=1(£)).

~

The pair (0B, ramification cycles) induces a Heegaard diagram for M.



Montesinos knots



THEOREM (J. Rodriguez and V. '04). All non-torus Montesinos knots
of less than eleven crossings are universal, except for

935 — m(1/3, 1/3, 1/3)
1067 — m(2/5, 1/3, 2/3)
1069 = m(3/5,2/3,2/3)
10137 — m(2/5, 3/5, —1/2)
10146 = m(2/5,2/3, —1/3)

(We do not know).

945 = m(2/3,2/3,—1/3)
1065 = m(3/5,1/3,1/3)
1075 = m(2/3,2/3,5/3)
10145 — m(2/5, 1/3, —2/3)
10147 = m(3/5,1/3, —1/3)



935 — m(1/3, 1/3, 1/3)
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m(2/7,1,2/7,3) ~ m(9/7,23/7) ~ m(—224/97)




THEOREM (Hilden, Lozano and Montesinos). All non-torus 2-bridged

links are universal.

(Also
b B

9
a1 2

_04152 + a3
aiary + 251

) ~ m(

)

m(

where 171 — 6181 = 1)



-
B~

m(2/7,1,2/7,3) ~ m(9/7,23/7) ~ m(—224/97)

The knot 935 1s universal.



0,8 =m(2/3,2/3,—1/3)

(1,4)
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THEOREM (J. Rodriguez and V. '04).
k=m(2 ’%) write

a1’

A(k) = frag - aptafBa ot oo -

If n is a positive divisor of A(k) and
for each i (n, ;) =1, then

n - by n - by

k ~ m(

ey
a1 Ol

and there is a n-fold branched covering
5% — (S5, k) such that

b b

m(al, . "oz_t) C p (k).

For

Bt



(fw

m(1/3,1/3,2/3) ~ m(4/3,4/3,—4/3) — m(1/3,1/3,—1/3)

The knot 945 1s universal



106s = m(3/5,1/3,1/3) ~ m(—(19 - 3/5,19/3,19/3) — m(—3/5,1/3,1/3) ~ 10145
1060 = m(3/5,2/3,3/3) ~ m(—(29 - 3)/5,29/3,29/3) — m(—3/5,1/3,1/3) ~ 10145

1016 = m(2/5,2/3,—1/3) ~ m(—(11 - 3)/5,11/3,11/3) «— m(—3/5,1/3,1/3) ~
10145

1075 = m(2/3,2/3,5/3) < 10145

10147 = m(3/5, 1/3, —1/3) — 10145



10145 — m(2/5, 2/3, —1/3)
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The knot 10145 s universal



THEOREM. All non-torus Montesinos knots of less than eleven
crossings are universal, except for

1067 = m(2/5,1/3,2/3) and 10137 = m(2/5,3/5,—1/2)
(We do not know).



