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Abstract

We give a necessary and sufficient condition for existence and continuity of self-

intersection local time (SILT) of the fluctuation limit of a two-type particle system

in RY, were the particles evolve according to symmetric stable motions with different
stability parameters, and switch from type one to type two at random times with given
distribution. We show that existence of SILT is determined by the “most mobile” of

the stable motions.

1. Introduction

Let X = (X()):cp0,1) be a centered, continuous, Gaussian process with values in the space

S'(R?) of tempered distributions on R?. An intuitive definition of self-intersection local time

(SILT) of X up to time ¢t € [0, 1] is given by the formal expression

/Ot/ot<X(5) ® X(r),0(x — y)p(x)) dsdr, (1.1)

where ® denotes the tensor product in §'(RY), ¢ € S(RY) (the C* rapidly decreasing
functions), 0 is the Dirac distribution, and (-,-) stands for duality. Since d(x — y)p(z) ¢
S(R*?), the first question is how to give a rigorous meaning to (1.1). This problem was
studied by Adler, Feldman and Lewin (1991), and Adler and Rosen (1993), in case of the
Brownian and a-stable density processes. They proved that SILT of X exists if and only if
d < 2a, and for a = 2 the SILT process, when it exists, has cadlag paths. The cadlag result

in the Brownian case was obtained by means of the approximating particle system.
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Motivated by their work, Bojdecki and Gorostiza (1995,1999) gave a rigorous definition
of (1.1) for a wide class of S’'( R?)-valued Gaussian processes and a criterion for existence and
continuity of SILT in terms of the covariance of a given process and applied this criterion
to various examples of generalized processes. In particular, they proved that SILT of the
a-stable density process exists and is continuous if and only if d < 2a. Bojdecki and
Gorostiza (1995) noted that the definition of SILT for S'(R?)-processes is not an extension
of the definition in the finite-dimensional case. Indeed, they showed that a finite-dimensional
Wiener process can be embedded in §'(R?) in two ways, such that the SILT exists for one
of them but not for the other.

In order to understand better the dependence of SILT on the spacial structure of the
process X and to give a “particle picture” interpretation, Gorostiza and Todorova (1999)
obtained an existence and continuity result for SILT of a more general density process
that corresponds to a system of particles of two types, where the particles of type i, ¢ =
1,2, move according to a symmetric «;-stable process, and each particle switches back and
forth between the two types with respective exponential waiting times with parameters V;.
Gorostiza and Todorova (1999) proved that SILT exists and is continuous if and only if
d < 2min{ay, as}, thus generalizing the above results. The intuitive interpretation of this

result is that the existence of SILT is determined by the “most mobile” of the stable motions.

With a view toward increasing our understanding of the meaning of SILT for Gaussian
S'(R%)-processes which have associated particle picture, we study in this paper the exis-
tence and continuity of SILT for a density process where the particles begin with type 1
(performing symmetric «a;-stable motion) and switch to type 2 (corresponding to a sym-
metric ap-stable motion) in random time 7, where 7 is a random variable concentrated in
a interval [T1,75],0 < T} < Ty < 1. We show (Theorem 3.2) that the SILT exists and is

¢

continuous if and only if d < 2min{ay, as}; that is, again the “ most mobile” motion de-
termines existence of SILT. Note that the result does not depend on 7. In the case a; = a,
this result reduces to the previous studied by Adler, Feldman and Lewin(1991), Adler and

Rosen (1993) and Bojdecki and Gorostiza (1995).

The organization of this paper is as follows. In Section 2 we recall the definition of SILT
of generalized Gaussian processes given by Bojdecki and Gorostiza (1995), as well as their
criterion for existence and continuity of SILT. In Section 3 we introduce the particle system

which we consider here, and state our main result on the existence of SILT (Theorem 3.2)



which is proved in Section 4.

2. A general criterion on existence and continuity of
SILT for S'(R%)-valued processes

We will condense the main result from Bojdecki and Gorostiza (1995). We refer the reader

to that paper for additional information and details.

Let F denote the class of non-negative symmetric C* functions f on R% with bounded
support, and such that f(0) > 0 and [ f(z)dz = 1. For f € F, € > 0 and ¢ € S(R?) we
define

folz) =4 @) , z€ R

and
®f (x,y) = f-(x —y)e(z), x,y€ R

Note that ®/ € S(R*!) and ®/ , approximates d(z — y)p(x) as ¢ — 0. In order to give a

meaning to (1.1), the idea is to replace §(z — y)@(z) by ®f , so that it makes sense, and

take the limit as ¢ — 0. For existence of a limit it is also necessary to replace X (s) @ X (r)

by the Wick product : X (s) ® X(r) :, which is an S’'(R??)-valued random field such that
(: X(5) @ X(r) 5,0 @ ) = (X(s),0)(X(r), ) = E((X(s), )(X(r),1)).

This leads to defining an approximate SILT L (t) by

<Lg<t>,¢>:/ot/0t<: X(s)® X(r) @ )dsdr, t€0,1], e SR,

which is a continuous S&'(R?)-process.
We can now give a precise meaning to (1.1).

Definition 2.1.  For a given continuous centered Gaussian S'(R?)-valued process
X = (X(t))ieqo, ), if there exists an S'(R?)-valued process L = (L(t))iejo,1] such that for any
te[0,1],¢ € S(RY) and f € F,

(LL(1), ) = (L(D), )
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in L? as € — 0, then L is called the self-intersection local time (SILT) of X.
Let K denote the covariance functional of X :
K(s,pit,0) = E((X(s),0) (X(1),4)), @,¥ € S(R), s,t€[0,1].

For test functions @, &) ¢ S(RY) ® S(R?) of the form

=Y eu”, o =Y P ey oyl P e eS(RY), (21
i=1

Jj=1

and s,r,u,v € [0, 1], we consider the functional

s (@1, @) (2.2)

330 (Kot A7) sl K 7).

which is the covariance functional of the random field : X (s) ® X (r) : for test functions of

the given form.
We now state the existence and continuity criterion for SILT:

Theorem 2.2. Given a continuous centered Gaussian S'(R%)-process X, assume that

Jsraw(@D, 0P has a well defined extension on S(R*) x S(R*) such that

a) The functional
O, 0) o [ 80,09 dsr dud
0.t

is continuous on S(R*?) x S(R*) for each t € [0, 1].

b) Js,r,u,v(q)5<p7 ®7 ) converges to a finite limit as €,6 — 0, for each f,g € F, ¢ € S(RY),
s,r,u,v € [0,1], and this limit does not depend on f,g.

c)

Js’m’v(@ q)g )’ < Gy(s,r,u,v)

€,



for some measurable function G, on [0, 1]* which depends on ¢ but is independent of €, 6, f, g,
and such that

/[ ) Gou(s,r,u,v)dsdrdudv < oo (2.3)
0,1

for each ¢ € S(R?).
Then the SILT L of the process X exists.

Assume in addition that

d) There exists a non-decreasing continuous function F' on [0,1] and a number v > 0

such that for all t1,ty € [0,1], t; < ty, p € S(R?),

/ (1[071&212(5,7’) — 1,452 (s, r)) (1[0,t2]z(u,v) - 1[07t1]z(u,v)> Gy(s,r,u,v)dsdrdudv

[0,1]*

< C(p) (F(ts) — F(t:)™, (2.4)

where C(y) is a positive constant depending only on .

Then the SILT L is a continuous S'(R%)-process, and moreover LI converges weakly to
L in C([0,1],S8'(R%)) as e — 0.

Theorem 2.3. a) Suppose that J; ... satisfies condition (i) but

lim J87T7u7v(¢>f ®g7@) dsdr dudv = oo

e—0 [071}4 &7

for some ¢ € S(RY) and f € F. Then X does not have SILT.

b) Conditions (2.3) and (2.4)are satisfied by the function
Gy(s,r,u,0) = Clo)((|s —ul + |r = o)™+ (|s —v| +[r —u))7"),8 € (0,2),  (25)

where C(p) is some positive constant depending only on ¢.

We denote by p,(fa) the transition density of the symmetric a-stable motion in R%.

We will use also the following result from Gorostiza and Todorova (1999).



Theorem 2.4. For aj,ay € (0,2] given, there is a positive constant C = C(d, aq, a)
such that

sup [ pe (@, 2)ple) 2, ) o < Ol 4+ 5) 4 mintera)
z,yeR4

for all s,r € (0,1].

3. The particle model and the main result

We consider a particle system of two types in R¢, that correspond to a symmetric o;-stable
motions, a; € (0,2], i = 1,2, and ¢ € [0, 1]. The particles are initially distributed according
to a Poisson random field with intensity measure nA, where n € N, and A denotes the

Lebesgue measure on R?, and change of type in a random time 7, when it switches to a
type 2 and moves according to a symmetric as-stable motion for the rest of time. The
random variable 7 has a given distribution g, concentrated in the time interval [T}, T3],

where 0 < T} < Ty < 1.
Let
N(t) = 3 by

where {&;(t)} are the positions of the particles at time ¢, and consider the normalized

fluctuation process X™ defined by
X"(t) =n VAN (t) — EN™(t)), t € [0,1].

The following result is well-known.

Theorem 3.1. When n — oo, X" converges weakly in D([0,1],S'(R?)) to a centered,
continuous, Gaussian process X with covariance functional K (s, ¢;t, ) = E((X(s), p)(X(t),))
given by

K(s,65t,0) = [ Bulo(€)v(&)]da.

The process X is the high-density fluctuation limit of the given branching particle system.

We obtain the following main result.



Theorem 3.2. [f d < 2min{ay, s} then the process X has SILT, and SILT is a
continuous S'(R?)-process. if d > 2min{ay, s}, then X does not have SILT.

This result reveals that it does not matter when and how the particles change of type-

the most “mobile” type has a determining property for the existence of SILT.

4. Proof of Theorem 3.2

We will prove that the conditions of Theorem 2.2 and Theorem 2.3 are satisfied using the
methods of Gorostiza-Todorova (1999).

First we obtain an expression for the covariance functional of X in terms of the transition

densities pgi) of the symmetric a;-stable motion, ¢+ = 1, 2. The covariance functional depends

on the ordering of T} on [0, 1] with respect to s, t.
We will omit writing R in the integrals on R<.

Lemma 4.1. For s <t the covariance functional K (s, ¢;t,1)) of the process X is given

by the following expressions:
a) If s <t < Ty, then K(s,¢:t,9) = [ o(y)(2)pi(y — 2) dy d=.
b) Ifs < Ty <t, then K(s, ¢:t,0) = [ Ji*" o(y)e(w)pi2 (y—2)pi2, (z—w) dw dz dy . (dr).

c) If Ty < s <t, then
K(s,¢;t,0) = p[Th,s ATy /gp(z)w(w)pg)s(z —w)dzdw (4.1)

i 2 M
] eI (2 = w)pn (Y — 2) dy dz dwpr(dr). (4:2)

NTo

Remark. When T, < s < ¢ we obtain in case c) the same formula like in a) but with

stability parameter as.

Proof. Let T/",i = 1,2, denote the semigroup of the a;-stable symmetric motion and

Fy, = o{X;,t < s}. Using the Markov property and the definition of 7", we obtain in case
a)
E(¢(€)v(&) = Eu(o(&)Ex(v(&)IFY))



= Eo(o(&)T(Es)
= T3 (eT0)(x). (4.3)

Now using the definition of the semigroup 7,7 = 1,2, we have

friio‘ls /1/} pt s - Z
T TN () = [ o) — 2w — y) dy d=
= [ ow)e@p — 2 — y) dedydz,

and using that p{! is a density, we obtain the result in this case. In the second case,

conditioning on 7 we have

BOEHE) = [ BBE)H(E)r = rIF el
= [T BT 6 el
= [ BB T D) s
= [ BT T () i)
= [ e T ), (1.4

Using the definition of 73,7 = 1,2, we finish the proof like in the previous case.

In case c) we have

E0ENE) = [ BlE(oE)U@)r = r))u(dr)

— /Tj/\TQ EI(EI(¢<€s)w(€t)‘T = r))ﬂ‘r(d?")
+ [ BB o0& = )
= 6L+ Iy .



where I; and I, are the corresponding integrals in (4.5). We have for I;:

ho= [ BB€H@IF = el
- [ T (B (0(€)TE2 0 (E0)| = 1) (dr)
- / (T2 (&) T2, (&) 1 (dr)

SATo
_ / TT2 (PTE2 ) () e ().

Ty

The calculation of I5 is similar: for 75 < s <t we have I, = 0; for s < T5 we obtain

o= [ BB R = e dr)
= [ BT = P ()
= [ BT (IR = ()
= [ B )T ) Flr = P ()
= [ BT T () )
= [ T T T ) e ).

Hence

tAT>
L= [ T T (T @) (dr).

NTo

Now we finish the proof using the definition of the semigroup 7,7 = 1, 2.

Substituting K (s, p;t,1) in (2.2), first for ®, ¥ of the form ® = ¢ ® ¥, ¥ = p ® 1), and
then for ®, U of the general form, and using the linearity of the tensor product, we obtain
analogously to Lemma 5.3 in Gorostiza and Todorova (1998) the functional Jy, ,(®, ®), s <
[ < u < w for all cases of positions of T} on [0, 1] with respect to the points s, [, u,v. For

example, for s <[ < wu < T} < v we have the following result.



Lemma 4.2. For s <l <u <7} <wv we have

Js,l,u,v(q)7 (I)) Jilluv

(©,3) + J2

s,lu,v

(@, ),

where
Tidhun(®,®)
= [ [ w0y - 2 — 22— ) dydzdy 4’ du ),
T (®,9)

/T ) / Oy, o), 2)pi (v — 2)ps(y = 2 (2 = ') dy dzdy' d' duw’ e (dr).
1

Having the expression for the function Jg, , ., condition a) of Theorem 2.2 is proved anal-

ogously to the Corollary 5.7 of Gorostiza and Todorova (1998).

We can now prove condition b) of Theorem 2.2 for each one of the orderings of T} with

respect to s, [, u,v analogously to the Proposition 5.10 of Gorostiza and Todorova (1998),

thus obtaining the following result.

Lemma 4.3. The limit lim, 5.0 Js,r,u,v((I)E@,(ID o) exists for all f,.g € F, ¢ € S(R%),

s,r,u,v € [0,1], and this limit does not depend on f,g. In the case s <1 <u <T} < v we

have
hm ‘]sruv( 54,07(1) )
(1) N2 (1 /
= [ [ ewrenu = piy = (! — =) dy dzdepc(ar)

im JO (@, 0] )

s,mu,v\ T g,

| ety = py - 2 — 2) dyde dpc(d)
1

With these preliminary results we now proceed to prove Theorem 3.2.
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Proof of Theorem 3.2.
(a) Case d > 2min{ay, as}.

Let assume first a; < . For ¢ > 0, using the Fatou lemma and Lemma 4.3 we obtain

lim inf Jspuw(®L,, @1 ) ds dr dudv

e—0 [0,1]4 &p?

>/ /pu s(x ypy l(iC y)p(x)e(y) de dy ds dl du dv
<I<u<v<Ty

+ 92 )p (o) (@) (y) da dy ds dl du do.
s<l<u<v<Ty

But by Theorem 2.3 the last integral is oo.

If s < a1, we proceed analogously using the term that corespondsto Ty, < s <[l <wu <w

and the Remark after Lemma 4.1.

By Theorem 2.3 we conclude that in this case the SILT does not exist.
(b) Case d < 2min{ay, as}.

We suppose a; < ay (the case ap < ay is similar). We will verify conditions c¢) and d)
of Theorem 2.2.

From Lemma 4.2 we have for : = 1,2

T o(@f 09 ) < I, (9L ] |5 )) < T

£,0)

f g
(P 101> 5,1

sluv

Therefore it suffices to bound the terms of 7' i = 1,2, for all posible cases of orderings

S, l U,V
for 77 on [0, 1] with respect to s, [, u,v. This can be done by changing variables and using
Theorem 2.4.

For example, let consider the term J = J (®f @7 ,) corresponding to the case

s,liu,v £,
s<u<[<T; <wv. We have

ATy ; no(1) (1) n(2) / /
P YT\ —Y)IP R)IGs\Z — W )Py—s\Y — 2)Dr 4\Y — 2 )Pp—r\Z — W
. ()] f<( )e(2)]gs( Jpus(y — 2)pr (Y = 2)pe=i( )
1
dy dz dw' dz" dy' . (dr)
Changing variables y — y — %/, and using Theorem 2.4, we obtain
onte / M (M P @ ()
I <suple@ [ [ eI~ ey = 2y o i =)
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dy dzdy' dz' ju(dr)

vA\T>
< swlp)l [ [u=s+r =) @)y )gs(z — w2 (2 — w)
Y T

dz dw' dz' dy' ju (dr)

vA\T>
< C(@)u—s) o [T = ey )

T
< Clp)u—s) (T 1)/
< C(p)H(s,l,u,v),

where H(s,l,u,v) = (u—s)~421(Ty —[)=%21 H is integrable over s <u <[ < Ty < v for
d < 2@1.

We proceed analogously with the other terms of |J|, obtaining bounds H of the form
(2.5).

Therefore conditions c¢) and d) of Theorem 2.2 are verified and the proof of Theorem 3.2

is complete.
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