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Abstract

In this paper we prove the Laplace principle for a class of random walks with
state-dependent noise. The Laplace principle implies a large deviations principle
with the same rate function. This type of model has important applications in

queueing and communication theory, and in the area of stochastic approximation.

Introduction

This paper is concerned with proving a large deviations principle for a certain class of

random walks, where the evolution of the noise process depends on the state of the random

walk. This type of model has important applications in queueing and communication

theory, and in the area of stochastic approximation. In fact, our main motivation for the

study of these models is their application to the state-dependent stochastic approximation

algorithms presented in [9].

Let S be a compact Polish space and let p(d(|z, &) be a stochastic kernel on S given

IRY x S. For each n € IN, we consider a sequence of random variables { (X7, 727),5 =



0,...,n} defined on a probability space (2, F,P) and taking values in IR? x S. For
r € R ¢ € S and b a function mapping IR? x S into IR?, this sequence is defined

through
Xy = =
Zy = ¢
Xr, = X;L+Tllb(X?,Z}7’+1),

where for j € {0,1,...,n— 1} the conditional distribution of Z},, given the past is given
by
Poe{Zyy, € dC|(XP, 200 =0, j} = pldC| X2, Z7). (1.1)

Here P,¢ denotes probability conditioned on Xy = z, Zy = §. We assume that the
stochastic kernel p and the function b satisfy the following hypothesis.
Hypothesis H.1.

a) b(z,£) is bounded, continuous in ¢ and Lipschitz continuous with constant K in z,

uniformly in €.
b) p(d¢|z, &) is weakly continuous in (z,&).

c¢) Given any compact set A C IR?, there exist a probability measure ¥ on S, a function

P(&,¢) on S x S, and constants 0 < a < A < oo such that

pd¢|z, &) = p*(§,C)9(d¢)  and  a<p*(§,¢) <A
for all z € A. Moreover, p*(&, () is continuous in x uniformly in £ and ¢, for x € A.

Under this hypothesis, the following statements are proved in [10]. Consider the

eigenvalue problem:
AU _ /S @V N+ YO (e |z, €). (1.2)

Under Hypothesis H.1 the solution to this problem exists. Moreover, the solution is

bounded with A smooth. In fact, we can identify A(«) in a very explicit manner. Given
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r € R and £ € S, set £& = £ and let {€5,7 = 0} be a Markov process with transition
kernel p(-|x, 7). Then the function A(z, o) satisfies

Az, o) = ]\}LH;O ]17 log E {exp(a, i\f: b(:v,ff)}} , (1.3)
j=1

where E¢ denotes expectation conditioned on £f = . We refer to the process {5]”?, j >0}
as the "fixed z” process. As can be seen, it is the Markov chain that results if the
parameter X7 in (1.1) is held constant at value . This process is intimately connected
with the process {X7'}: if n is large, then X7 varies slowly and thus the "local” evolution
of b(X]T‘, Z;-‘H) is very similar to the evolution of the same quantity but taking X7 as
constant (see [9]).

Let X™ = {X"(t),0 <t < 1} be the piecewise linear interpolation on [0, 1] of { X7, j =
0,...,n}. More precisely, for t € [j/n,(j+1)/n] and j =0,...,n—1

Xn() = X7+ (t _ j) DX, Z0). (1.4)

n
The main result of the paper, Theorem 2.2, states the Laplace principle for the process
{X™ ,n € IN}. The term Laplace principle refers to the asymptotic analysis of normalized
logarithms of expectations involving continuous functions (a precise definition is given in
the next section). Because a Laplace principle is equivalent to a large deviations principle
with the same rate function, the large deviation principle that we are interested in is an
immediate consequence of Theorem 2.2.

We note that the large deviations principle implied by Theorem 2.2 is covered by the
results in [3]. The proof there relies on technical assumptions for the function A, which
is assumed to exist. Under Hypothesis H.1, the function A exists indeed, and satisfies
the technical assumptions required there, thereby implying the large deviations principle.
Instead, an advantage of the proof presented here is that it depends on assumptions made
on the evolution of the process itself (the transition kernels and the function b). The
advantage is in several senses. First, for the purposes of using the results in applications,

assumptions must be made on the processes, since these are the type of assumptions
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that can be used there. Moreover, knowledge about the process provides a lot of intuition
concerning the averaging procedure required for the proof. This intuition has been heavily
exploited by some of the proofs of convergence of state-dependent stochastic algorithms
(see [9, 8]), and we have incorporated some of their underlying ideas into the proof.
Finally, seeing where each one of the properties of the process is needed in the proof has
enabled us to understand the ergodicity properties required to extend our results to more

general state-dependent processes. Extensions will be dealt with elsewhere.

2 The main theorem

Before stating our main theorem, we need to introduce the concept of a Laplace principle.
By definition, a rate function on a Polish space maps the Polish space into [0, oc| and has

compact level sets.

Definition 2.1 Let {X",n € IN} be a sequence of random variables taking values in a
Polish space X and let I be a rate funcion on X. We say that {X™,n € IN} satisfies
a Laplace principle with rate function I if for every bounded continuous function h

mapping X into IR

lim 1 log E {exp[—nh(X")]} = —;gﬁ/ {h(z) + I(x)} .

n—oo n,

A Laplace principle is equivalent to a large deviations principle with the same rate
function (see Theorems 2.2.1 and 2.2.3 in [4] for a proof). For our model of interest,
we will prove the former in the theorem that follows, obtaining the latter as a direct

consequence of it.

Theorem 2.2 For n € IN, let X™ be the piecewise linear interpolation of {X}I,j =
0,1,...,n} as defined in (1.4). Under Hypothesis H.1 the sequence {X™,n € IN} salisfies



the Laplace principle with rate function I, ¢(-), where

Lo(6) = 3 L(9, é)dt if ¢ is absolutely continuous and ¢(0) = z,
x,£ =

%) otherwise,

and L(x,-) is the Legendre-Fenchel transform of the function A(z,-) given in (1.3) with

respect to the second variable. That is, for x and 3 in IR?
L(.’E,ﬂ) = Sup{<0575> —A(l‘,O&)}. (25)

Let W"(z,&) = —1/nlog E, ¢ {exp[—nh(X™)]}. The proof of Theorem 2.2 is done in
two parts. We start by proving the Laplace principle upper bound, equivalent to

lminf W"(z,&) >  inf  {L.¢(¢) +h(9)}. (2.6)

n—oo $€C([0,1]:R%)

This is the content of Section 3. The lower bound

lim sup W"(z, &) < inf  {I,¢(0) +h(o)}. (2.7)

n—o00 #€C([0,1]:IRY)

is then proved in Section 4. In both cases, a key step in the proof involves the study (via
weak convergence methods) of the limit properties of a sequence of associated stochas-
tic control problems. For ease of presentation, the representation formulas required to
associate W™ (z, &) with an appropriate stochastic control problem are presented in the

Appendix (Theorem .1 is used for the upper bound and Theorem .2 for the lower bound).

3 Proof of the Laplace principle upper bound

This section is devoted to the proof of (2.6). As was mentioned earlier, we shall use the

representation formula found in Theorem .1 in the Appendix, so that for every n € IV

1n1

W@, §) = inf Exf{ ZR ()llp( IXf,Z?))+h(X”)}-



The infimum is taken over all admissible control sequences {V;-L, j=0,...,n— 1}, with
V() = V(| Xg, ..., X, Z1). The reader is referred to the Appendix for the definition of
all the quantities involved in the representation.

Given ¢ > 0, for each n € IN let {V;L,j =0,...,n— 1} be a sequence of early optimal

admissible controls, so that

1= 1 B B
W (z,8) > E { ZR Olp(1X7. Z7) + h(X”)} — €. (3.8)
Here { nj=0,...,n}is the controlled process associated with this sequence of controls,
and {X™ n € IN} is the sequence of piecewise linear interpolations of { 1 g =0,...,n}.

The proof of (2.6) requires that we analyze the asymptotic behavior of {X",n € IN}
and of a sequence of control measures {v",n € IN} which we now construct using the
sequences {1, j =0,...,n,n € IN}.

Let {m,,n € IN} be a sequence of real numbers satisfying m, — oo as n — oo, and
such that if k, = m,/n then lim,_ .. k, = 0. Also, suppose that 1 is an integral multiple
of k,. The basic idea will be to collect terms of the sum appearing in (3.8) in groups of
size m,, for the purposes of averaging. The control measures that we now define will be
the result of this grouping.

For ¢ € S, let d¢ denote the unit point measure at . For [ = 0,...,1/k, — 1, and
Borel subsets B; and By of S, let

(I+1)mn—1

Vln(Bl X BQ) = — Z 62]”(31) X V?(BQ’X]”, Z]n)

M j=lmy,

The quantity v is a stochastic kernel' on & x § with marginals

G G o
(' h(By) = o > 52;(31) and  (1]")2(By) = — > v B|X},Z}).
no j=lmy no j=lmy,

IFor ease of presentation, the dependence on the underlying probability space of all stochastic kernels

appearing in this paper is not made explicit in the notation



For each n € IN and t € [0, 1] define

N B e
v" X t) =
e Vi (Bux Ba) ift e [1—1/ky,1].
kn

Finally we define the admissible control measure " to be the random probability measure

defined for Borel subsets By, By of S and C' of [0, 1] through
Vn<Bl X BQ X C) = / Vn<Bl X BQ‘t)dt
c

Theorem A.5.6 in [4] provides us with a convenient decomposition for the measures
v"(d¢ x dy x dt) in terms of the first marginal of v"(d( x dy|t). More precisely, if for
B € B(S) we define the first marginal 27 (d(|t) of v™(d( x dy|t) through

ﬁ?(Bﬂt) = l/n(Bl X S|t),

then for Borel subsets By, By of S and C' of [0, 1] we can write

V(B X By x C) = /CV”(B1 x Bylt)dt

= [ [ i aic et
B1xBs
= [ [, % BalCH dClt)de (3.9)
where 5 (dy|C,t) is a stochastic kernel on S given S x [0, 1]. Following the notation in
[4], we summarize this decomposition as v™(d¢ x dy x dt) = U7 (d(|t) @ vy (dy|¢,t) @ dt.
The marginals of v™(d¢ x dy x dt) can also be represented in terms of the kernels 27 (d(|t)
and 74 (dy|C,t) and of Lebesgue measure A on IR. Namely, for Borel sets By and B of S
and C' of [0, 1] the marginal over ((,t) can be written as
V' (Bix Sx () = /Ca;b(Blu)dt
= (P @N)(By x ()
and the marginal over (y,t) as
VS X By x C) = / / (Bo|C, )50(dC|t)dt
= (DY @N)(By x C).
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We note that the marginal over ¢ is simply Lebesgue measure \.

The next step is to manipulate the sum appearing in (3.8) in order to rewrite the
right hand side of this inequality in terms of the measures v". We first use the fact that
R(3||y) = R(a x Blla x v) for any probability measures «, 3 and v on S. This formula

applied term by term enables us to write

{1 S ROl |X;,Zy>>}

=0 Mn o,

) ol | (F)ma-1 -

= {an > R(az;oxu;(-)@;(d@@p(-xy,o)}

mp j=lmny

where we have used the notation 6@(-) x p(-| X7, Z}) = 52? (d¢) ® p(-|X7,¢). Applying

Jensen’s inequality to the convex function R(:||-), the above is no less than

1 1(z+1 Ymp—1 l+1)mn—1
{z kR 3 0z(dC) x vy Hf >> 0z (dC) @ p(|X;] >)}

" j=lmn " j=lmy,

which is clearly equivalent to

Bee{ [ RO (0" Cleyar) (3.10)

where, for each n € IN and ¢ € [0, 1], we define

1(H—l)mn—1
’}/n(Bl X Bg‘t) — Z (SZn Bl) ®p(Bg’Xn, ) if ¢ < [lkn, (l + 1)kn),

n j=lmy,

for { =0,...,1/k, — 1. Define analogously the measure 7" on & x S x [0, 1] as:
V(B X By x C) = /ny”(Bl X Bo|t)dt
Finally we apply the equality
/XR(Oé('II)IIB(-W))W(dﬂU) = Rla@7[|f®7), (3.11)
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valid for all stochastic kernels o and 3 on § given A and probability measures v on X
(see [4, Lemma 1.4.3 (f)]). In the present context, this equality implies that (3.10) can be

rewritten as
E, e {R(V"|7")} -

Combining this series of inequalities with (3.8) we get

W"(x,€) + & = Eng {R0"|7") + H(X")} .

We now wish take the limit inferior as n — oo of both terms in the last inequality.
The asymptotic properties of the sequence {(v",~4", X"),n € IN} required to do this are
proved in Theorem .7 in the Appendix. Accordingly, there exists a probability space
where a subsequence of {(v",7", X"),n € IN} converges in distribution to some limit
(v,7,X). The stochastic kernels v and v and the random variable X (taking values in
the continuous functions on [0,1]) satisfy all the conclusions stated in Lemma .7. Thanks
to the Skorohod Representation Theorem [4, Theorem A.3.9], we can assume without loss
of generality that convergence takes place with probability one. Along the convergent
subsequence, lower semicontinuity of R(-||-) and Fatou’s Lemma, plus continuity of h
yield

liminf W™(z,€) +& > E,¢ { (v]ly) + h()_()} .

n—od

The limit characterizations of v,y and X enable us to continue

liminf W"(z, &) + ¢

n—o0

I
B
-I‘r\r
\
\
D:J
Q.
=
S
~
-
=
QL
=
!
\_/
\_/
\_/
E
~
=
QL
~
+
=
s}
—



_ B {/01 LOX (), X (1))t + h(X)}
= Epe {Le(X) + h(X)}
inf  {l,¢(0) +h(g)}.

peC([0,1]:RY)

v

The third line uses part b) of Lemma .7; the fourth and fifth lines both use (3.11); the
sixth line uses part h) of Theorem .4 and line seven follows from part e) of Lemma .7.
Since the above inequality is valid for all € > 0, (2.6) follows, concluding the proof of the

upper bound.

4 Proof of the Laplace principle lower bound

This section is devoted to showing that (2.7) holds for all k : C([0, 1] : IRY) — IRY. ;From
part (b) of Corollary 1.2.5 in [4], it suffices to show that (2.7) holds for functions h in
C([0,1]; R?) that are Lipschitz continuous. Therefore, throughout this section we work
under the assumption that A is Lipschitz continuous.

Following the proof of Proposition 6.6.1 in [4], the proof of (2.7) is done by intro-
ducing a perturbation to the original random walk by means of a random walk with
Gaussian noise. This allows one to obtain necessary smoothness properties for the func-
tion L,, which is the analogue of the function L defined in (2.5) but for the perturbed
process. Weak convergence arguments make use of these continuity properties, entailing
the Laplace principle lower bound when taking the perturbation to be sufficiently small.

Given o > 0, let {G;,,j € INg} be a sequence of i.i.d. random variables on IR? with
common Gaussian distribution p,, with mean zero and variance o/. We assume them to
be independent of {{f,z € IR, j € INy}, where &; is the "fixed 7 Markov process with
transition kernel p(-|x, ). Given n € IN and j € {0,1,...,n — 1}, let X7 and Z7 be as

before, and define
Upo, = 0
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n . n 1
Uj+1,a = Uj,o_{—ﬁG]}U‘

Denote by X™(t) and UJ(t) the piecewise linear interpolations of {X7,j =1,...,n} and
{Uj,

J?o.,

j=0,...,n} on [0,1], respectively (see 1.4). Also, define

Y1) = XM(E) + U, (4.12)

o

which is the piecewise linear interpolation of { X7 + U}, }.

As was mentioned earlier, the point of introducing a perturbation is to replace the
function L by a continuous function L,. This latter function is defined as the Legendre-
Fenchel transform of some convex function A,. Once again, the function A, is identified
via an eigenvalue problem, which we now describe.

For fixed x € S, we can identify an additive component of the process (see [10, p.
376]), namely, b(x,&7) + G, Here £ is the "fixed 2”7 Markov process described earlier.
Let Q% be the stochastic kernel on § x IR given ¢ € S defined by

Qu(Byx Bolg) = [ [ 15, (b(2.0) + oo (dy)p(dCl. ).
B JR
where By € B(S) and By € B(IR?). Then, letting v,(By x Bo|z) = [g, [ga 15,(b(z, () +
) pe(dy)9(dC), with ¥ as in Hypothesis H.1, B, € B(S) and B, € B(IR?), we have

O,’UU(Bl X BQ|LE) < Qi(Bl X BQ|§) < A’UU(Bl X BQ|LE)

These bounds on Q%(+,-|¢) and the fact that the convex hull of the support of v, (S x-|z) =
IR? guarantee [10, Lemma 3.1] the existence of a solution to the eigenvalue problem for
each z,o € IRY. That is, for ach =, € IR? there exist a unique Ay(z,0) € IR and a
bounded function ¥, (z;«,-) : S — IR such that

eAa(a:,a)-l—\Ifo(x;Oc,f) — / / ) e(a,b(m,g)-l—y)—l—\lfo(x;a,()pa(dy)p(ddx?5)‘
SR
Furthermore, A, (z, o) = Az, o) + %2“&“2, and U, (z;, &) = V(z; , §), where U(zx; &)

is the eigenfunction associated with A (see (1.2)). Finally, we define

L,(x,3) = Ai(xz,a) = sup {(«, 8) — Ay (x, ) }. (4.13)

aclR?
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Having introduced the necessary definitions, we proceed with the proof of (2.7). The
properties of L, that will be used are proved in Lemma .5 in the Appendix.

Let K; be the Lipschitz constant of h and define B = 2||h||o. Then

hYy) = X" +U7) = M(X") = (Ki[|UF || A B)

o

and, because of independence,

IN

i log E ¢{exp[—nh(Y;")]} i log E ¢{exp[—nh(X")] - exp[n(K:[|Uy||« A B)]}

1
= —W(x,&) + —log By {exp[n(K1||Us o A B}
Hence

1
limsup W"(z,&) < lim sup(— log Em,g{exp[—nh(YU”)]}> +
n

n—oo n—oo

1
lim Sup(n log Ey.¢ {exp[n(K1||U | A B)]})

< limsup(— Lt log E —nh(Y" Kio® 4.14
< limsup| ——log Egelexp|-nh(Ys)]} | + ——,  (4.14)

where the second inequality follows from [4, p.189]. This implies that (2.7) holds as long

as we can show that

limsup Wy (z,€) < inf  {L ¢(p) + h(p)} +0(0), (4.15)
peC([0,1):R%)

with W2 = —Llog F, ¢ exp[—nh(Y;")], and 6(c) — 0 when o — 0.
Now, given ¢ > 0, there exists 1) € C([0, 1] : IR%) such that

Lg@) +h(y) < inf  {le(p) +h(p)} +e < o0, (4.16)
eeC([0,1:R)

Then (4.15) will follow once we prove that

limsup W) (z, &) < L¢(¥) + h(¢) + 6(0). (4.17)

n—oo

The rest of this section is devoted to proving (4.17).
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As was the case in the proof of the upper bound, a key step in the proof of the lower
bound is the use of a variational representation. In this case we use a representation for
the quantity W2 (x, ) for every n € IN, so that

W;(.T,g) = {H}Lf} Exf { Z R || pXx Pa)(|7?a7?)) + h(Yn)} :

The admissible controls {v}'}, and the controlled processes )_(]”, Z]’f‘ and U 1 involved in
the representation are described in detail in Theorem .2 in the Appendix. In particular,

control sequences of the form
(d¢ x dy)| Xy, ..., X

— AR, X T T T ) Ay X KT T

J7 J J J

7N N SN
prod >U0a"'7UjaZj)

are admissible. Since for any probability measures v and § on S, and A and p on IR? we

have [4, Corollary C.3.3]
R(y x N[0 x p) = R(7]10) + R(A[| ), (4.18)
we can write
Eog {n > R proa(lI(p % Pa)('!Y?’Z?))}
= Eug { jZO[R(V}’”(~)HP(~!7?,7f)) + R(Vf’"(')\lpa('))]} :
Then the representation formula implies that

Wi < inf P {iz RO, OlIpCXS L Z5) + RO Clles ()] + h<Y”>} .

{ ;Lprod}

7=0
(4.19)
We will show that this inequality implies that
1 .
limsup W (2.€) < [ Lo((t), $(t))dt + h() +0(0), (4.20)
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for v as in (4.16). We observe that, since L, (z, 3) < L(x, 3) for all z and 3 € IR* (Lemma
.5 part a) in the Appendix), (4.17) will follow after that.

The proof of (4.20) proceeds as follows. Let ¢* be as in part e) of Lemma .5 in the
Appendix. We will design an admissible control sequence based on ¢* with the following
properties: the running costs are nearly optimal and, with probability converging to 1,
the process Y = X 4+ U enters a small neighborhood of ¥* as n — co. The estimates
that we obtain for the running costs will lead directly to (4.20).

Define the compact set

A= Ute[o,l}{y € R": |y =¥ (t)|| < 1}
Let n = n(A,0) € (0,1) satisfy the conclusions of part (d) of Lemma .5 when taking
e =o0. Also, let {z;,j =1...,n} be a sequence in A satisfying ||¢*(j/n) — ;|| < n. For
every n € IN, j = 1,...,n and with = ¢*(j/n), y = z; and § = ¥*(j/n), part (d) of
that lemma implies that there exists B;L e IR? such that

Lo (a5, B7) = Lo (4" (i/n), 4" (i/n) < (4.21)
and

187 = " (G /)l < K" (j/n) — .

Further, B: = B]ln + BJQ”, with

B = by O ade), and B = [y ().

Here p,, is the invariant measure corresponding to the kernel v7,, defined for B, € B(S)

as

Vin(Bil$"(j/n), &) = /Blexp{@b(?ﬂ*(j/n),é))—A(iﬂ*(j/n),a)
+W (071 /n); a, Q) = Vo (™ (j/n); o, €) }p(dClv™ (5 /n), £),

and for B, € B(IR?)

Vin(B2) :/B eXp{<0<,y> - 02||a||2}pa(dy)-

2 2

14



Here o = (" (j/n), 4" (j/n)) and 4+ (j/n) = J5 b(* (i /n), )15, (d€) + Jipa y¥; o (dly).
We observe that, from part (h) of Lemma .4 in the Appendix,

L B") < [ RO, C0G/m) ©lpClas, ) ()
= (" (/m) (/). B = B") = AW (G/m),aw* (3/m). 0 (7/n))
< LW (/). B — 5.

Now, from part (c) of Lemma .5 and for 3

; as in (4.21), there exist a stochastic kernel

1 . . . . 2
7" (+xz,€) on S given S x IRY, with invariant measure p%, and a measure ;" on R

which achieve the infimum in the representation for L,. That is,

Lo(ey ) = [ ROI" Clags ©lpCley, )@ + RO o), (4.22)

and

n

_ n n —1l,n -2,n
B = [ by Qi) + [y (dy) =B+ 5
where we have used formula (4.18). The kernel 7; ™ and the measure 732 ™ are defined,

respectively, as

7;’”(Bl|g;j’g) :/ 6<a7b(wj,C)>+‘I’o(a¢j;a,<)—‘1’a(wj;a7£)+A(Ij7a)p(dc|%75) (4.23)

B1

and

By = [ e Ty (),
with o = oz(xj,B?) — a(z;,¢*(j/n),¥*(j/n)) in both 7;’" and ’y?” Note that 7?’”
depends implicitly of z; (through «), but we do not write this dependence explicitly for
ease of notation.
We now use the kernels 7; "™ and 7; "™ to build a sequence of admissible controls that
will enable us to prove (4.17). The construction is similar to the one used in Section 3.

Let {m,,n € IN} be a sequence as the one used there, so that m,, — oo as n — oco. Let

k, =m,/n and [ € {O,...,ﬁ—l}. Then for Im,, < j < (I 4+ 1)m, — 1 we define

Vi (dC|Tim,, &) If maxoes<; |7 — ¥*(i/n)| < 7

1n .
Vj (d<|ZL’0,...,Ij,UO,...,Uj,gj): ) Y
p(d¢lxy, &5) if maxo<i<j [|w; — " (i/n)|| >n
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and

- ‘ %m (dy) if maxo<c; |lzi —¥*(i/n)| <n
Vj (dy|x07"'7xj7u07'"7uj7£j): . ;
po(dy) i maxo<<j |z —¥*(i/n)| > .

To simplify notation we have not made explicit the dependence on o of V} ™ and V? i

Let Xy =2 € R, Uy, =0, Z, =& €S, and define
and
U]_,'_l:U]—{—gG], j:07 ,’I’L—l,

where é?, 7?, Im, <j < (l+1)m, — 1 are random variables with joint distribution
P, A(Z},,,G)) € (d€ x dy)[ Xy, ..., X Ug,... U, Z; } = v™(dC) x v} (dy).

Now, for By, By € B(S), B € B(IR"), define

l/ll’n(Bl X BQ) = mi Z (57;1(_81) X V;’H(BQ|Y87 .. y?,??),
n j:ln
9 1 (l+1)’m,n*1 9 . .
Vl7n(B) i - Z yj’nB‘X()’""Xj)’
no j=lmn

VY € [l (I DEy) for 1=10,...,1/ky —2
yl’”fl)(-) if tel—kyl]

1
(R

and
i () if tellk,, (I+1)k,) forl=0,...,1/k, —2

(1”7 () i te 1k, 1),

Define the random measures v>™ and v>" on S x S x [0,1] and IR? x [0, 1], respectively,

by:

()

V(B x By x C) = / U (By X Bolt)dt
C

and

>"(B = [ v*"(Blt)dt
VB x C) = [ V(B
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Further, let v, be the random measure on § x § X IR? x [0,1] defined as
v (B x By x B x C) = / VY (By x Bolt)v?™(Bt)dt
c

Finally, let 7" = L(min{i € {0,1,...,n} : | X —¢*(i/n)| > n} An).
With these definitions we have that for j < n7" —1, and Im,, < j < (I+1)m,, — 1 for
some [ € {0,...,&—1},

R(v;"()p(I1X7, Z})) = Ry, C1 X s Z) 01X Z5))
and

Rw;" (pa()) = ROy, (llos ().

Moreover, the running cost has the form
1l . o
{ Z R (v () x " () (X7, Z5) % pg(.))}

- Ex,g{lmz_ RO IPCIR Z00) + B2 Ollos ()]

n o5
o gn—1 1 (+1)mp—1 —n —n 9
= e X b |- X ROMLCRG, ZDIRURT Z0) + RO () oo ()
=0 o j=lmn
1 nrtl n N =n N =n n
2 [R(%};mn('!X%mn,Zj)\lp('|Xj’Zj)+R(’V§;mn(')||pa(-))]}, (4.24)
J=qnmn

where ¢, is such that nt" = ¢,m,, + r,, with 0 < r, < m,, and q,,r, € INy.
We now prove the following claim: for each j < n7t" —1, Im, < j < (l+1)m, — 1 for

some [ € {0,...,q,}, and n large enough,
RV, 1K s ZODCIXG L Z5)) < RO, X ZNPC X s Z5)) + 00 (4.25)
We first note that part c¢) of Hypothesis H.1 implies that for any =,y € A, there exists

d > 0 such that for ||z —y|| < 0

ﬁy(é”c) _ ( <) _]5 ( ) ﬁy(§7C) _p‘x(g)() o
Feo -t T REo St a :

17
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Then taking n large enough so that m,||b]| /n < 8, we have | X, ,.— X}, || < bl < 0
for 0 <7 < m,, and hence
1,n ~n =N
’Ylmn<B1|len7Zj)

— A 6<a7b(ylnmn 7<)>+\I’U (Ylnmn ;a7C)_\I’U(Ylmn ;avg)_A(ylnmn 7a)p(d<’ |Yllnmn , Z;)
1

X" N
— / {00t O W0 K, 3060) Lo K, 3008) = A0 5K (77 Op: (Zj’oﬁ(dc)
B 77 ~X" ZTL
! P (Z;,¢)
< e"/ €<a=b(yrmn7<)>+\PU(Ylnmn;avc)_\yd(yrmn;a7§)_A(Ylnmn7O‘)ﬁY;(7‘?’C)ﬁ(dg) (4.27)
B1

for any By € B(S). ;jFrom the above we get that %17;1 (1 X, Z ) << p(- |X ) and
that
Dy Ximy Z5) wmiufan*%_mufszb
. ‘dr)/lmn(inmniZ?)
n dﬁ(|len7Zj) ,

which implies (4.25).

Fix £ € S and normalize ¥, in such a way that ¥, (z;«, &) = 0. Then, observing that

gelpo'(x;azgl) S e\IIU(x7a7£2) S éelpo'(x;azgl)
A a

for all £1,& € S, and taking & = &, we get that

A
< eVo(z08) —, Y¢eS$, x, ac R (428)

T a

| e

Then, from (4.23),

i (dCl, €) = elo MmO s10.0 2o ) =Mne (e, C)p(dC),

with o = a(z, 8, ), * € A, and 3, to satisfy (4.21), and hence

3
a
r)/lm (ddx 5) 2 ﬁe@‘vb(xc A(xa (dC)
@’ —2||b]| 0o maxg ||e|]
S 9(dC).
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Using the fact that (z, ) — «(x, ) is continuous, we get that for = € A,Bzmn belongs
to the set © = Ute[m]{ﬁ e R |5 - (t)|| < K} and, moreover, that max(reay ||| is

bounded.
We complete the estimate on the running cost for our admissible control sequence in
1,n,j

the inequalities that follow. Here 7, "
We observe that, from 16.0.2 in [11]:

shall denote the jth iteration of the kernel 7" .

3
n,j n : A" omax a,b(z
e (12, €) = i, ()| < p" with p=1— 12 2masta ¢ [{eob(@O)]

We have that (4.24) is less than or equal to

qn—1 1 (I+1)ymy—1 . . . .
B Xl X BOLLKin Z DR Z0) + BGE Olloo()]
]- it n v n Evall N n
b S (RO R g Zan P Z0) + RO, Ollos (D]} + 0
J=4nMn
< X kB X ]zl; RO, (s Z)N 0 Ko, Z)

+R<v?$n<->||pa<->>uwnmnwgmn]} o

kn  r—1 (I4+1)mp—1

- - 1 n ~n —=n N —=n
= LA BBl X ROLLCG 20X, 7))
r= =0 n .7 mMn
+R(7127;~7n(')||po('))]1[(r—1)mn<m'”§rmn]|ng <. 777mn7737 cee 7X:mn}} to
Vkn  7=1 1 (F)ma-1 B
= Y kX Bae{lpmvmcnmcmBoclom Y ROLL (K, 2D, Z))
r=1 =0 no j=lmy
RO OlleaOZs - D Ko Ko Y 0
Vkn =1 ] (E)ma-1
= Y b Y el Lo vmocumremBoclom Y RO 20K, Z))
r=1 =0 no j=lmy
FROL oDy i Koo K, } 0
kn  r—1 1 @+Dmu—1 . ) I
= Z k ZEIS{l[(T 1)mn<7LT"<7'mn]Ex€{m7 Z [<almn7/Sb<len>C)71$n(dC|lenaZj)>
r=1 =0 no j=lmy,
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A )]+ ROG Ollr O o K X M 0

1/kn r—1

_ 1
= Z kn Z E:c,f{l[(rl)mn<n7'"<rmn] [m

r=1 =0

I+1)mp—1

> (s [ WK, Ol (AC[X G, 2, )

j=lmy

[ a3 ma O AN Zi,) = [ (K30 O (A K, Zi, )

A am)) E [ ROM G, Ol ©)pim, () + ROZL Oloa ()] | + 0

1/ky r—1 1 ((+1)mn—1 —n 1 1 —n —=n
S Z k ZEacﬁ{l[r 1)mn<n7'”<rmn][ Z <Oélmn7‘/sb(len7C>71n?J+ (dC|lenvzlmn)
r= My Jj=lmy
- / K Ottt (40)) + [ RO (X OPCI X, )b, ()
4. A
R(V™ (I|po (- “InZ
FROE Ol )]} + = Z 4o
Yhn ol 1[5]] 00 A2 2fblloe_max {lla(z.5)]}
e I S | & R L
~"n 2,n 4 A
[ ROk (X O K ©)im, (d) + ROZ Ollpa(D)| | + 10 0
[1b]] A2 2ABllec_max (oA}
< BeO
< e Ldax Lol B)lte
]-/kn r—1 —n —n 4 A
+ 2 ka ZExs{l[(r Vi <nrn <rm,] La(sznjﬁzmn)]} toIh—+o
r=1
Lkn 11 W Amy o e Imy,
< Zk'nz {1[7' lmn<nT"<rmn]L (w ( n )7w ( n ))}
r=1 =0
4. A 116]| o0 A2 2Ablloe_max {lla@B)}
_ _ A,BEO
+oln—+20 4+ == max {[lalz,B)]}e ©
(& Amy o e Imy,
< Ex,g{ knLo (¢ (T>,¢ ( " ))} + 30, for n large enough,
=0
[1/kn] lm,. .. Im,
S kn La(w*(7)7¢*( n ))+30- (429)

We conclude that the admissible control sequence that we constructed has running cost
which is nearly optimal, as we had claimed.
We can now return to the proof of (4.20). All of the claims that follow refer to the

nearly optimal admissible control sequence constructed above. Since L, is continuous, ¥*
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is continuous and ¢/* has only a finite number of discontinuities,
T 1 i, 1n 2.n ~n N
sup Eye § — > R(v;™" () x v O)llp(1X5, Z5) % po () p < o0, (4.30)

Then, Theorem 5.3.5 in [4] and the fact that S is compact imply that, given any sub-
sequence of {(v'" 12" X" U",7"),n € IN}, there exists a subsubsequence such that
(vt 2 X U, ) converges in distribution to (¢!, %, X, U, 1), when n — co. {From

part e) of Theorem .7 in the Appendix we know that

X —x+// Q)in(d¢|s)ds

where v (d¢ x dy x ds) = 0,(d(|s) ® Dy(dy|(, ) @ ds and ;(d(|s) is an invariant measure
of Do(dy|¢, s). Furthermore,

Ut:/ 2(dy x ds),
(t) Rdx[ovl]yV(yX s)

and

Y(t) = lim Y"(t) = lim X(¢) + lim U(t) = X(t) + U(t).

Let {(v'™ v?" X", U",7")} be a convergent subsubsequence. Then, (4.29) and Le-
mma .5(e) (with € = o) imply that

. - 1 n—l ~n =n n —n
imenpZre { SR} OllCEZ0) + BEOllo()] + b))
1
< / Lo (4 (t), 9*(t))dt + 30 + limsup E, ¢ {h(Y™)}
0 n—oo
1
< / Lo (1), (8))dt + 4o + limsup By, {h(Y")}.
0

Thus, the proof of (4.20) will be complete once we prove that
limsup B, ch(Y") < h(y) + (o),
with () — 0 when ¢ — 0. This in turn will be implied by

lim lim sup Poe{ sup |[Y"(t) —*(t)|| > o} =0, (4.31)
0=V n—oo te[0,1]
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because of the Lipschitz property of h and Lemma .5(e).

JFrom the definition of len, and Lemma .5 (d), for each [ € {0, ..., [g]},
B 5N = B, + B, — ()
= K O () + [ i () — ()
< KRG, — () (432

Also, from the proof Lemma .7(e), when n — oo
S (¢) —x—l—// B(S1(5), &)1 (dEr X dEs|s)ds — X (t)
Sx

and
sy = [ 27 (dy x ds) — Tt
(t) o V7 (dy x ds) — U(t)

in distribution for almost all ¢ € [0, 1]. Let ¢ € [0, 7]. Then,

- b(X"(s), &) " (dér X déy|s)ds + b(X"(s), &) " (déy X dés|s)ds
SxSx[0,t] SxSx[0,t]
(= (7]

3 [ WAL ) = 3 b [ X €, (06)
=0

7] N t.
£ K [ BT, €, (d6) = [ ()|

=0

V() =@l = Jim || [ [ 0(5"(), &) (s x deols)ds

1 -
< limsup [ (K|[|S""(s) — X™(s)|| A 2||b]|s0)ds
n— o0 0
[kn (H‘l mn . _
+hmsupzkr ||7 Z / (Kt OV (dC| X+ Zim,)

—AMY%MOM%ﬁEM+hmwpK/HX(@—¢TMWS
n—00 0

(7] A2
hmsup Z En|1B]] 0o 762”””00 maxger,gee{lla(z,0)(}

+K [ 1X(s) - 0 (9)llds

IN
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= K| [1X(s) = ¢7(s)llds

INA
™

11(5) = V(s)llds + K [ 1V() = 0 (9)llds

< K sup |[X(s) = Y(s)|| + K /0 [V(s) — o (s)]|ds.

s€[0,7]
Let K = KeX. By Gronwall’s inequality,
sup |[Y(s) —47(s)|| < K sup [|[X(s) =Y (s)|| = K sup [[U(s)]],
s€[0,7] s€[0,7] s€[0,7]
which together with Lemma .6 implies that, for any o > 0,
* : D TT o
lim Pa:s{ sup |[Y(s) = ¢"(s)|| = o} < lim Py e{ sup [[U(s)|| = =} =0.
€[o,7] o—0 te[0,7] K

Since X =Y — U, for 0 < o < /2,

IN

lim Py e{ sup ||X(2) — 4" (1)]| > o}

te[0,7]

lim Py { sup [|U(t)|| = o/2}
o—0 tel0,7]
1lim P ef sup [[T(1) — o (1)]| > 0/2}
o= tel0,7]
= 0.
Finally, writing 7 = 7,, it can be proved, following the same arguments given in [4, p.

205-206], that
lim P,e{r, <1} =0,

which implies (4.31). This completes the proof of the lower bound.

Appendix
Representation Formulas
In this appendix we discuss the representation formulas used in the proof of Theorem

2.2. In particular, we shall establish variational representations for the quantity
W, €) =~ log Frg {expl-nh(X")]} (.33)
and for the quantity
W7 (2,€) =~ log Fie {exp[-nh(Y)]}, (34
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where X" and Y," are defined by (1.4) and (4.12), respectively, E, ¢ denotes expectation
conditioned on X = x and Z} = £ and h is bounded and continuous. We will only
discuss the representation for the first quantity in detail, since the representation for the
second quantity is derived in a completely analogous way.

Theorem .1 states the representation for the quantity W"(x, ) in terms of the minimal
cost function of a certain stochastic control problem. Before stating the theorem, we
introduce the appropriate control problem.

We define a discrete-time controlled process taking values in IR¢ x S denoted by
{(X']’.‘, Z]”),j = 0,...,n}. The control at time j is given by the distribution of the con-
trolled random variable Z]’-‘, namely, a stochastic kernel v(d¢| X[, . .. ,Xf, Z]") on S given
(R % S. A sequence of controls {v}',j = 0,...,n — 1} is what we refer to as an
admissible control sequence.

Now, setting ZJ = £ and X = z, the evolution of the controlled process is through
the relation

n n 1 n ’VL
X, =X +ﬁb(X Z),
where the the conditional distribution of Z]’-‘H is given by
P{Zp, € d(|Xy, ..., XD, 2, 20} = v (dCIXy, . X727,

Finally, we define X" = {X"(¢),t € [0,1]} to be the piecewise linear interpolation of

{X7,j=0,...,n} (see (1.4)). We consider the minimal cost function

V€)= inf B { S ROFOIC ) + h(X”)} . (35)
Here R is the relative entropy function; v}(-) = v}(-|Xy,..., X}, Z}'); the infimum is
taken over all admissible control sequences {V]’-L, j=0,...,n—1} Exf denotes expectation

conditioned on X§ = x and Zg = & {(XI, Z")} is the controlled process associated with
a particular control sequence {an}; and h is the same function appearing in the definition

(.33) of W"(z,£). We can now state the representation formula.
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Theorem .1 Let h be a bounded measurable function mapping C([0,1] : IR%) — IR. Then
foralln € IN,z € IR and £ € S the quantity W™(xz, &) defined in (.33) equals the minimal
cost function V" (z,€) defined in (.35), so that

W (z,8) = gqf}Exs{ ZR OlpCIX7, Z])) +h(5(”)}-
Proof. For any starting time i € {0,...,n} and any points zg,zy,...,2; € IR and

& € S, we start by defining
W"(i, {xo,...,z:},&) = 0 log E¢ {exp [-nh(X")| X = zo, ..., X' = x;, Z]' = &}

We identify zo with . Then W™(0,{z},§) equals W"(x, &), while W™(n,{xz,...,z,},&)
equals h(X™). Taking ¢ € {0,...,n — 1}, we use the Markov property to write:

exp [—nW"(i,{z,...,x;},&)]
= Ee{exp[-nh(X")]|X) =2,... . X' =2, Z) =&,.... 2] =&}
= B {E{exp[-nh(X"]|X§ =, X[\, 200, 20 |XG =3, 20 = &)
- E {exp [—nW”(i e+ ib(xi,gm)},gm) XM=, 2" = gi}

= /SGXP {—”Wn(z +1,{z,... 2 + ib(ﬂ% 0} C)} p(dC|xi, &)

Therefore

1

Applying the variational formula in Proposition 1.4.2(a) of [4] we obtain a dynamic pro-

gramming equation (DPE) of the form

Wi, {z, ..., x;},&) 1 1
= it ROl &) + W76 (b QL QU

veP(S)
Wh(n,{z,...,z.}, &) = h(X").
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What we will show is that the quantities W" (i, {x, ..., z;}, &) are not the only solution
to the DPE, but that it is also satisfied by the minimal cost functions

. .. B n_ll n v 7N n
Vi) €)= i By {Z SR Ip(IX7 Z7) + h(X >} .
J j=t

Since the DPE and the terminal condition have a unique solution, then the conclusion of
the theorem will follow.

We know that if a certain attainment condition is satisfied, then Theorem 1.5.2 in [4]
guarantees that indeed V"(i,{x,...,z;},&) are bounded, measurable and are the unique
solution to the DPE. This attainment condition requires that there exist an admissible
control sequence {7}, j = 0,...,n} such that the infimum in the DPE is attained. Since
such a sequence exists - it can be checked that the sequence of kernels {VJT-L, j=0,...n}

on S given (IR?) x S defined for every Borel set B of S through

~ [pexp [—nW”(j +1,{z, ..., x5,z + Lb(x;,Q)

2(Blz, ... ;€)= Q)] p(d¢|;, €)

¥
Jsexp [—nW”(j +1.{z,...,zj,z; + %b(%’ja 0}, C)} p(dClz;, )

is indeed infimizing - the proof of the theorem is complete.

Using the same approach, one can prove the representation in Theorem .2 for the
quantity W (x, ). We first state the appropriate stochastic control problem.

Let p X p, be the stochastic kernel on S x IR?, given ¢ € S, z € IR?, defined by
(p X po)(dC x dy|x,&) = p(dC|z,€) % p,(dy). We consider admissible control sequences
consisting of stochastic kernels
vi(d¢ x dylxo, . .., 75, u0, - . ., uj, 25) on S X R* given (zq, ..., 7;), (v, ..., u;) € (IRY)7*
and z; € S. Once again we identify z¢ with z. For each admissible control sequence {v} },

the controlled system is defined through

X, =z Uy =0
X = Xj+00(X5. Z50) U = Uj 4,0,
Y, = X;+U;,
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—-—n

where the conditional distribution of (Z; i1, G;) is given by

Px75(<7”+1, "ede x dy| Xy, X0 U T ZJ):
vid¢ x dy| Xy, ..., X, Uy, ..., U5, Z3).

Define now the processes X = = {X (t),t € [0,1]}, U" = {U"(t),t € [0,1]} and V" =
{Y"(t),t € [0,1]} as the linear interpolations of {Y;l}, {7;} and {7;}, respectively (see
(1.4)). In this case the minimal cost function takes the form
1'& ! —n =n —n
Vo (x,§) = IH,L%EM{HZR M x pe)(1X5, Z5)) + h(Y7)}.
Theorem .2 Let h be a bounded measurable function mapping C([0,1] : IRY) — IR. Then
foralln € IN,z € R, ¢ € S and o > 0, the quantity W (z, &) defined in (.34) equals the

minimal cost function V'(x,&), so that
n 13 ~n SN —n
Wg (2, €) = mf Bl ZR O > pe)(1X5, 25)) + h(Y )}

Properties of the functions L and L,.
In this appendix we establish properties of the functions A(z,«) and L(z, 3) defined
in (1.3) and (2.5) respectively, and of the function L, defined in (4.13).

Lemma .3 Under Hypothesis H.1, the function A(z,«) defined in (1.3) satisfies the fol-
lowing properties. For each z € IRY, A(x,«a) is a finite strictly convex function of
a € IR which is differentiable for all . In addition, A(z,«) is a continuous function

of (z,a) € R x IR%.

These properties follow from Lemmas 3.1 and 3.4 in [10] given the relation between
the function A and the solution to the eigenvalue problem given in (1.2).
The next lemma establishes important properties of the function L which is the

Frechel-Legendre transform of the function A.

Lemma .4 Under Hypothesis H.1, the function L(z,[3) defined in (2.5) satisfies the fol-

lowing properties.
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a) For each x € IR?, L(z, 3) is a convex and lowersemicontinuous function of 3 € IR%.

¢) L(z,3) achieves its minimum of —A(x,0) (equal to 0) at 3 if and only if 3 € AA(0)

and, furthermore, such a [ exists.

d) If L(z, () is finite in a neighborhood of 3, then OL(x, #') is nonempty and L(z, §') =
(a, B') — Az, @) if and only if o € IL().

e) There is uniqueness in the sense that there is only one convex and lower semicon-

tinuous function A such that L = A*.
f) If L achieves its minimum at 3 = 0 then A(x,«) > A(z,0).
8) L(z,8) — oo as |8]] — oo.

h) For each z and 3 in IR?

L, ) =it { [ RO IpE)AEE) 0 = p, [ b, du = 5.
If L is finite, then the infimum is attained uniquely.

Proof. Since A is finite and convex, properties a) - g) above are proved in [3, Lemma
2.1]. We now show h).

We first note that for any 3 € IR? such that L(z,3) = +oo then the infimum is
attained at any kernel v whose invariant measure has mean (3. Hence we can restrict our
attention to € ri(domL(z,-)).

For o € IR? let ~y, be the stochastic kernel defined by

dva(€]) , . elasb(@.0)+¥(0)
dp(€|") (€)= [ eleb@O)+(Op(£|dC)

In terms of the function A defined in (1.2) we can write
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Let po be the unique invariant measure of v,. (Proposition 4.1 in [10] guarantees that
such a measure exists). Part d) of the present lemma implies that there exists a unique

a = a(z, f) such that

L(z, 8) = {a(, 8), B) — Mz, a(z, §)) (-36)

with a(x, 3) € OL(S) if and only if 5 € 0H (a(z, 3)), so that § = [¢b(z, §)pu*(d§). Since
B = VA(a(z,3)), Proposition 4.1 in [10] gives

Ejib(w.8) = [ ba. &) (dE) = B

Now let v be any kernel (with corresponding invariant measure p”) satisfying

[ b€ () = 5

and
| ROEIpE)(©) < ox.

Then v(£]-) << p(&|-) for p7- almost all €. Since dg" is strictly positive, v(£]) << 7a(€]")

for almost all £ (with respect to ) and

| Rl )Hp(£| i ()

— [ [ 1o ;'g (€O (de)

— [ [ [ 102810 2o (ae
- [ | d”(@() €lac) + 10 2 € efac| (e

dva(§)
= [ RO Inalel)m (d) + / / log [exp (@, b(z, €)) + $(C) = (&) — Al@)]] 1(€ld) (@)
= [ BOEDIra(El N () = M) = [w©u(@d) + [ [ bz Q) + () v(EldOw (d€)
= [ RO Inalel)n(d) = Ala) + (o, ble, ) (d¢)
= [ ROGED (€l )i (d€) = M) + (o, )
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= [ RO IMall) () - Ala) + (o, 5)
= [ RO a(l ) (dg) + Liw, )

Equality is obtained if and only if v = ~,.

Remark.

a) Since A(x,-) is strictly convex on IR, L(z,-) is differentiable on int(domL(x,-)).
See Theorem D.2.8 in [4].

b) For each 3 € int(domL(z,-)) there exists a = a(x, 3) € IR? with a(z, 3) = VL(z, 3)
and L(x, 8) = (a(z, B), B) — Az, a(x, 3)). This follows from part (d) of Lemma .4

The next result establishes properties of the function L, defined in (4.13) that are

needed in the proof of the lower bound.
Lemma .5 Given o > 0, the function L,(x,3) satisfies the following properties.
(a) Lo(z, ) = inf {L(x. 5~ 2) + 5} and Lo(x, ) < L(z, 3).
ze

(b) Lo(x, ) is a finite, nonnegative, continuous function of (x, 3) € IR*x IR*. Moreover,
Ly(x,-) is differentiable on IR?

(c)
Lo(w,8) = inf{ [ RO(l2,€) x v()Ip(l.€) % pa()n(de) :
WZM[&(%S)M(%H/W yu(dy) Zﬁ}-

Further, for each x,3 € IR, there exist a stochastic kernel v* and a measure v*
such that the infimum on the right hand side is achieved. For Borel sets By of S

and By of IRY, these are given by:
+(Bilz, €) = /B @@ O) =A@ @)~ (@t +e (w:0.0) (¢, €
1
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and
vi(Ba) = [, e ),
with o = a(x, B) € argmax{{a, B) — Ay(z,a) : a € R*}.

(d) Given any compact set A C IR*, and ¢ € (0,1), there exists n € (0,1) such that,
whenever T,y € A, € RY, and ||z — y|| < n there exists B € IR such that:

a) Lo(y,B) — Lo (2, 0) < e
b) 18 = Bl < K|z —yl|,
where K is the Lipschitz constant of b.

(e) Given ) € C([0,1], R satisfying I, (1)) < oo and € > 0, there exists * € N such
that || — ¥*||w < € and

/[)lLa(w*(t),zb*(t))dt < /01L0(1/J(t),1/)(t))dt+g

< [z,é(w> +e.

(f) The function (z, ) — a(x, B) € argmaz,cpi{{a, 5) — Ay (x, )} is continuous.

Proof.

(a) Follows from Corollay D.4.2 in [D-E], while for the second part we take z = 0.

(b) From [12, Corollary 2.6.4] and Lemma 3.4 (iv) in [10], int(Dom L,(z,)) =
Range(VA,(z,-)) = R%. So L,(x, 3) < oo for all (z, 3) € IR? x IR?. The nonnegativity of
L,(z,3) follows from the nonnegativity of L(x,3). The continuity follows from Lemma
C.8.1 in [4] and the continuity of A(z,«) in both variables. Finally, the differentiability
follows from the strict convexity of A and Theorem D.2.8 in [4].

(c) Let z,8 € IR®. From Part (b) there exists a € R?, with a = a(z, 3), such that
B =Vol,(zr,a) and Ly(z,5) = (a, f) — Ao (2, @).

Let

V(@ a; €ldC x dy) = exp{{a, b(z,¢) +y) + ¥(z;0,¢) = ¥(z;0,8) — Az, q)

0.2
= lal[*}p(dC|z, €)po (dy).
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. From Proposition 4.1 in [10],

b= [ b, u(de) + [ ye Tl +eavp, (ay)

where p is the unique invariant measure of the kernel

71(337 a7§|dg) = exp{(oz, b([)?, g) + y> + \IJ(I) a, C) - \I/(ZL‘, Oé’g) - A(CL’, Oé)}p(ddl‘,f)

The rest of the proof follows the same arguments given in Lemma .4 (h).

(d) Let A € R? compact, z,y € A, § € R?, and ¢ > 0. We know, from Part (c), that
there exist v* and v* such that the infimum in part (c) is attained for (x,(3). Define
B= [sb(y, )" (d€) + [gayv*(dy). Then, from the representation formula given in Part

(©)
1B=BI < | [ (b(2,8) = bly, w7 (@)
< Kz —yl.

Now, for any Borel set B of S, we can use part ¢) of Hypothesis H.1 to write

7 (Ble,€) = [ expf(a,b(e,0)) + Wo(w0,0) = Bl 0,) = Alw, ) J57(€, O9(dC).

From the bound that we have on p*(-,-), it follows that v*(:|z, §) is absolutely continuous
with respect to p(-|y,€); and from the uniform continuity of p*(¢, (), there exists n > 0
such that ||z — y|| < n implies that

p*(& Q) < pY(€ Qe (:37)

(this is as in lines (4.26)). Then, from the variational equivalence given in Part (c),

L0'<y7B) < OO7 and

Lo(y.B) < [ RO Cla.&) x v O)lIpCly. ©) x o)A ()

< o, [ ba, Ou (d9)) - o [ () = Flall +
= <0575> - AU( ) te
= (x,B)+¢
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(e) The proof of this part is based in Lemmas 6.5.3 and 6.5.5 of [4], which in our case also
hold due to the structural properties given in Parts (a) and (b).
(f) Given z, 8 € IR, Part (b) and the differenciability of a — A,(x,a) imply that
there exists a unique «(zx, ) such that L,(x,3) = (a(z,B),8) — Ao(z,a(z,B)), 6 =
Vaolo(z,a(x,B)) and a(z,8) = VzL,(x,5). We observe that § — L,(z, ) is con-
tinuously differentiable thanks to [12, Corollary 25.5.1]. Moreover, x — VgL, (x,[3) is
continuous [12, Theorem 25.7] and in fact (z, ) — VgL, (x, 3) is continuous by the same
theorem. Therefore, (z, 3) — a(z, 3) is continuous in both variables.

The last lemma in this appendix establishes an estimate needed in the proof of the

lower bound.

Lemma .6 For any 6 > 0,

lim Fw,g{ sup |[U(t)|| >} = 0.
o—0 te[0,1]

N Fn

Proof. Let (v'™ v2" X", U, ") — (v',v% X,U,7) and define

S™(t) = / yr®"(dy x ds).
RIx[0,1]

From (4.30), sup,, E, {1 "7 R(V?’an)} < 00, and Proposition 5.3.8 in [4] implies that
S™ — U in distribution in C([0, 1]; IR?). The next inequality follows from the Skorohod

Representation Theorem and Fatou’s Lemma:

Exe{(sup [[U1)])*} < liminf £, ¢{( sup ||S"(8)]])*}. (-38)
te[0,1] t€[0,1]
Then we have that for any § > 0,

— _ 1 _
Prelsup [JU@®)]] = 6] < 7E$’5{(t21[$pu o)}

te[0,1] d
1 _
< —liminf F, su 2 (dy x ds)||)?
< mlminEeel(sm || [ oty o))
1 S 1n—1 2.n 2
< Flminf el S0 [ " @I)
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nt™—1

1
= (Thmlnszg{* Z ||62"

2 1" n—1
< Tllmmexg{* Z R(y Hpa)}
9 (1/kn] l . Im,,
< 502 h%nlnf{k g L,( TZ ), ¥ (TZ ) + 30}
9 1 .
_ 5;‘2[/0 Lo (4% (£), 4" (t))dt + 30]
2 2
< T lee(w) + 4o,

The fifth inequality follows noting that #Hﬂ?"w = La(ﬁ?’") < R(ﬁ"””p), where L, is
the Frechel-Legendre of the moment generating function of p,. The sixth line follows from
(4.24) and (4.29), while in line eight we used Part (e) of Lemma .5 with ¢ = o. Finally
we et

— — 202

Pag(sup [[UQR)]] 2 0) < limy —-|Lo(4) + 40] = 0,

te[0,1]

which proves the lemma.

Proofs of some limit results

This appendix is dedicated to the proofs of some limit results needed in the proof of

Theorem 2.2.

Theorem .7 For any v € IR, ¢ € S and each n € IN, consider any admissible control
sequence such that

_ 1 ! _
sup Ex,a{ ZR () llp( IX}%Z?))} < oo,

nelN

where v(-) = v} (| Xy, ..., X, Z7). In terms of these sequences we define the piecewise
linear interpolation {X™}, the piecewise constant interpolation {X"}, the sequence of
admissible control measures {v"} and its marginals {vy & X\, U} @ A}, and the measures

{7¥"} as in Section 3. The following conclusions hold.
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a) Given any subsequence of {(V", 08 @ \, 0] @ \,v",n € IN}, there exist a subsubse-
quence, a probability space (0, F, P, ¢), a a measure v on S xS x [0, 1] with marginals
p1, 2, and a measure v on S X S X [0, 1] such that the subsubsequence converges

in distribution to (v, py, p2,7y).

b) The stochastic kernel v has the decomposition

V(Bl X B2 X O) = /Cl/(Bl X Bg|t)dt = ,/C,/B l)l(ddt)ﬁg(BQK',t)dt

for some stochastic kernels v(-|t) on Sx S8 given [0,1]xQ, 21(:|[t) on S given [0,1]xQ
and Dy(-|¢,t) on S given S x [0,1] x Q.

c) We have the equality 11 @ A = Dy @ A.

d) Let q(dy|C,t) = o(dy|C,t). Then D1(d(|t) is an invariant measure of q for each
t e [0,1].

e) Let {n} be the subsubsequence obtained in Part (a). Then {X™, X"} converges to

X almost surely, where for every t € 0,1]

XMt = z+ /S o ML dy < ds)

:x—i-// &)in(dC|s)ds

with U1 an invariant measure for q.

f) The kernel v is has the decomposition

1B x Byx O) = [ [ n(Bilt) @ p(C Bol X (1))t

Proof.

a) Given the compactness of S, we immediately get tightness of ™, of v and of all the

marginals. Since the function mapping v™ into (v™, 0] ® A\, 75 ® \) is continuous,
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c)

there exist measures v and 7 over S xS x [0, 1] and measures 1 and ps over S x [0, 1]
such that (v, 0] @\, 75 @\, ") 2, (v, p1, o) [4, Theorem A.3.6]. Moreover, w.p.1

w1 and o equal the marginals of v over (z,t) and over (y,t) respectively.

We let 13 denote the marginal of v over ¢t. By the Skorohod Representation Theorem
we can assume that 1" = v and for i = 1,2 7" ® A = p; w.p.1 on (Q,F, P).
Using the fact that the marginal of v™ is Lebesgue measure A, we have that w.p.1

for any bounded continuous function g mapping [0, 1] into IR

[ otomtan = [ gt x dy x dn

= lim g(t)v"(d¢ x dy x dt)
n—00 /S xSx[0,1]
1
= lim [ g(t)dt

n—oo 0
1
— / g(t)dt.
0

Since the class of bounded and continuous functions is a measure determining class
[1, Theorem 1.3], this implies that w.p.1 us(-) equals A(-). By Theorem A.5.6 in [4],
there exists a stochastic kernel v(d{ x dy|t) on § x S given [0, 1] such that w.p.1

V(B % By x C) = /c”(31 % Bylt) dt.

Once more Theorem A.5.6 in [4] gives the existence of stochastic kernels on S given
S x [0,1] mo(dy|C,t), p1(d(|t) the second and first marginals of v(d( x dy|t) such
that

V(By x By x C) = /C/B 51 (dC[E) s Ba|C, 1) .
This gives the decomposition of v(d( x dy x dt) given in part (b). In terms of these
kernels we can write i1 (dC x dt) = o1(dC|t) @ A(dt) and pa(dy x dt) = Do (dy|C, 1) X
1 (S]t) x A(dt).

It is enough to check that
/f(y,t)(ﬁl ® A)(dy x dt) = /f(y,t)(ﬂz ® A)(dy x dt)
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with f(y,t) = g(y)h(t), g € C(S : IRY) and h € C([0,1] : R?) (see Theorem A.3.14
in [4]). Since

Eee{9Z3) = Loyl %o, X 20} =0,

we have that

is a martingale difference sequence. Therefore

/[O,I]Xsf(C,t)(D?®>\)(d< x dt) = /0 h(t) /S g(O)Tr(dC|t)dt

Bl (ke .
=5 [ h [ st
1=0 “n
L
En (+1D)kn
S S RO RTSICANCS
1=0 7thn
Bl )k 1 (HDma—d
_ h(t)dt - — Z}).
g /lk: Q My ]%”:n g J)
Similarly,
| Fu @ @ A (dy x d)
[0,1]xS
=-1 1 U+)ma—1 (IH+1D)kn
R / o(y)(dy) | / h(t)dt.
=0 | j=im, ln
Therefore

/Ol/sf(y,t)(ﬁ{‘®)\)(dy x dt) —/01[9f(y,t)(D§®A)(dy x dt)

w1 T ek, (+1)mn—1 . o
= [ T | (oZ) - [ e S X0.2))
=0 Mn [Jlkn j=lmn
Ho(Zp,) g(zaﬂ)mnn]
Note that
=-1
e 1 (H1)kn = = 2|lgll |7l
— h(t)dt 0 ) —qg(Zh < =0 7
g m, l/lk (t) ][9( lmn) g( (l+1)mn)} =",
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so that if m,, > w then

d(im ®>\)—/Sfd(ﬁ§®>\)‘ 25}

<P, { E 1 Vl(mmh(t)dt]

(I+1)my,—1

> (90210~ [awivan)

Jj=lmy

=0
4||h||2 n 1 = 7N n 2
<75 B 2 (907~ [otwian)
‘]:
- g2 n2 ne ’

This implies that [q fd(7] ® A) — [5 fd(P5 ® X) converges to zero in probability, so
that ([4, Theorem A.3.7])

| fawren) = [ fdw o x)

Given the convergence in distribution of 7' ® A and 7 @ A to 1 ® A and v, @ A

respectively, we can appply the Skorohod Representation Theorem to get w.p.1

lim /S Fd(im @A) = /S Fd(or @ N)

n—oo

and

n—~oo

lim /S Fd(in @A) = /S Fd(Ds @ N).
Therefore w.p.1

/S fd(in @A) = /5 Fd(D2  N). (.39)
Theorem A.3.14 in [4] implies that we can extend the equality in (.39) from f of the
form f(x,t) = g(x)h(t) to all f:S x [0,1] — IR that is bounded and continuous.
Since the class of bounded continous functions is measure-determing, we have that

" ®XN=10y® A\, as we wanted to show.
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d) Now we show that for each ¢t € [0, 1], and Borel subset B; of S we have

n(Bilt) = [ 72(BilC. O (dc). (40)

Let Uy(S) denote the space of bounded, uniformly continuous functions mapping S
into IR. Since S is Polish, there exists an equivalent metric m under which U, (S, m)
is separable with respect to the uniform metric. Let £ be a countable dense subset
of Uy(S,m), and let g be any function in €. For each s € [0,1] let E; C [0,1] be a

sequence of sets which shrinks nicely to s, and define

f(t2) = g(z) A(lE)f 0)

Since 77 @ A =1y ® A,

y) o1 (dylt) A y)a(dy|C, 1) (dC[t)A(dt).

Define hi(t) = [sg(y)tn(dy|t) and hao(t) = [5 [s9(y)Pa(dy|C,t)Dr(dC|t). Then we

have

N Joy MO =105+ |57 a0 = Pt

S o 0 = )+ 5 [ ) = halo)l

which tends to 0 as n — oo for almost all s € [0, 1] (see Theorem C.13 in [2]). This

|71 (s) = ha(s)|
‘ 1

IA

implies that hi(s) = ha(s) a.s., that is,

/ y)o (dylt) = // y)a(dy|C, t)n (dC|t) a.s.

This in turn implies that there exists a set B, € B([0,1]) with A(B,) = 0 and such
that [s g(y)tn(dylt) = [s [s 9(y)D2(dy|C, t)Dn1(dC|t) for all t ¢ B,. Now define the set
B as

B = UyeeB,.
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Then A\(B) =0 and for all t ¢ B and g € £ we have

9wyl = [ [ gmaaslc, tim(acl).
This equality, valid for g € &, is extended to g € Uy(S,m), which implies that
1 (dy|t) = Da(dy|t) for all t ¢ B. Finally, redefining in an obvious way 7y and 1 for
t € B, we get .40.
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