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FRACTIONAL BILINEAR STOCHASTIC
EQUATIONS WITH THE DRIFT IN THE FIRST
FRACTIONAL CHAOS

CONSTANTIN TUDOR

ABSTRACT. Inthe paper we compute the explicit form of the frac-
tional chaos decomposition of the solution of a fractional stochastic
bilinear equation with the drift in the fractional chaos of order one
and initial condition in a finite fractional chaos.

The large deviations principle is also obtained for the one-dimensional
distributions of the solution of the equation perturbed by a small
noise.

1. INTRODUCTION

In recent years many phenomena in telecommunication network,
mathematical finance, filtering theory, biology, etc., are modeled by
fractional Brownian motion (fBm for short). Multiple integrals has
been introduced and studied by Dasgupta and Kallianpur [3], Duncan,
ITu and Pasik-Duncan [5], Hu and Oksendal [6] for {Bm and by Huang
and Cambanis [7] for Gaussian processes.

Recently, in Peréz-Abreu and Tudor [14], multiple fractional integrals
are defined explicitly in terms of multiple Wiener-It6 integrals and
the equality with the fractional integrals introduced by Dasgupta and
Kallianpur [3], Duncan, Hu and Pasik-Duncan [5] is shown.

Also, by using the chaos decomposition method, we introduced an
anticipating fractional integral.

In the present paper we consider the case of fBm with Hurst pa-
rameter H > QL By using a product formula for multiple fractional
integrals, we get the chaos decomposition of the solution of anticipating
bilinear equations with the drift in the first fractional chaos and initial
condition in a finite fractional chaos.

Also, by using an extended contraction principle for large deviations
(see [13]) and the large deviations for multiple Wiener-Ito integrals (see

Ledoux [8] and Mayer-Wolf, Nualart and Peréz-Abreu [10]), we deduce
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the large deviations for the one-dimensional distributions of fractional
bilinear equations perturbed by a small noise.

2. PRELIMINARIES

Let%<H<1and0<t0<oo. Weput T'=[0,t) or T =R .

Next we fix a normalized {Bm {BtH }
defined on a probability space (Q, F, P).

We assume that F = B (BtH te T) . Recall that B¥ is a continuous
(Gaussian process with:

(i) B = 0.

(ii) For every s,t € T,

ey With Hurst parameter H,

1
BOBEB) = 5 (117 + 1o = |t = 5").
Define
2HT(2 — H) ? 1
o [P(H+ Dre— 2H)1 du = eal(H +3)

Remark 2.1. It is known that there exists a standard Brownian
motion {WtH } defined on the same probability space (2, F, P) such
that:

() {BtH}teT and {WtH}teT generate the same filtration F.

(i) (Representation formula). For each t € T,

te’T

(2.1) B :/KH,T(t,s)de,
T

_1
2

Kur(t,s) =cu [(t — s)f

_1 11 1 t
CH<t— S)H 2 F(H— 5,5 —H,H+§,1 — g)l[gyt) (S),
where F is the Gauss hypergeometric function (see Theorems 4.3 and

4.5 of [1] or Theorem 4.8 of [4], or Theorems 3.2 and 5.2 and Remark
5.1 of [11]).
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For 0 < @ <1 and f : T" — R we define the Liowville fractional
integral(see [17]) by

(Ito(;’ff> (X1, ey ) =

; to to f(th ---;tn) N
[P(a)]" /:c1 /ﬂin [(tl - 371) (tn — ajn)]l—adtl--.dtn, i € [O,to] ,
(Ig’nf) (aﬁ, ,a:n) =

IR A Flt, o tn) .
[C(e)]” /131 /mn [(ty — 1) oo (b — xn)]lfadtl“'dtm i € It

3. MULTIPLE FRACTIONAL INTEGRALS

We denote by L2([0,t0]") the family of all measurable functions
[ :10,40]" — R such that

/[Ot o (@1, y1) e p(Tn, yn) | f(2) f(y)] dzdy < o0,

where
©:R? > R, ¢(s,t) = H2H — 1) |s — t|*" 2,
and L%, (R") the class of all f € L*(R") such that

/R?n o(x1,91) - 0(Tn, yn) | f(2) f(y)| dady < o0,

For f,g € L% (T") we define

([s D) gm = /T% (1, y1) 0 (2, yn) [ (2)g(y)dady,

’f’HT” =/, f>HT” :

LE’H(T") is the subspace of all f € L2,(1™), f symmetric.
Next for a function f : T™ — R we denote by sym(f) its symmetriza-
tion.

Remark 3.1 (seec [15], [16], [19]) (a) We have the continuous and
dense inclusions L2([0,0]") C L%([0,t0]") € L'(]0,t0]"). Also we have
the inclusions

(RN LYRY) C L4(R") C L},

(Rn)7
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the first one being dense.
(b) The space (L%{(T"), (.,.) H’Tn) is an incomplete separable pre-
Hilbert space and the application

T8 L2 (1) — LT

(3.1) (rg;gf) (1o tn) = d% (t1t)T 7 x

v (ijj%’”) (o)™ E fln, o)) (b1, ), T = [0,10],

in .
(3.2) (rg?Tf) (tr, oo ty) = dy (L 7 f) (t1,ort) i T = R,
is an isometry.

1
We shall denote by I ’T( f») the multiple Wiener-It6 integral of the
kernel f, € L*(T?) with respect to the Wiener process W# from (2.1).

Definition 3.2 If f, € L%(T?) then we define the multiple fractional
integral of order p of f, with respect to B¥ by

(3.3) (f) = 170, 1),

Irom the product(multiplication) formula for multiple Wiener-Ito
integrals (see for example [12] or [18]) we have:

Remark 3.3 (Product formula). Let fm, € L2 1 (T™), gn € L2 5 (T")
be such that for any 1 <7 < min(m,n),

fm(tlu "'Jtmfru ')7 gn<317 ooy Sn—r; ) € L%J<TT)7 a.c. tl? "'Jtmfru 81y w5 Sn—rs
tlu "'7tm77’ - ’fm(tlu "'7tm77’7 )’H,TT = L%{(Tme%
815 ey Snor — |gn (81, o) Snr, )]HTT e L2(T" ).

Then
(3.4) Lyt (fr) 13 (gn) =
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min(m,n)

> OOt o (et ) Ga(51, s 0 Ve )

r=0
(here (fin(t1, - tm), gn(815 s 80)) o = fin © Gn)-

We denote
(3.5) Ly (Q,F, P) = 2o (L5 5 (T7)),

ie., F'e L% (Q,F,P) if F has an orthogonal fractional chaos decom-
position of the form

(3.6) F=EF)+Y L (f),
p=1
where f, € LE’H(TP) and

(3.7) > P plhe < oo
p=1

Remark 3.4. The chaos decomposition (3.6) of F' € L% (Q, F, P) is
unique and the subspace L2, (0, F, P) is total in L? (Q,F, P) .

Moreover, for every p > 1, the fractional Wiener chaos of orden p,
IIVT(L2 5 (T7)) is not closed. In particular L} (Q,F, P) is not closed
and it is strictly included in L? (Q,F, P).

Next we denote by L%{’oo (Q, F, P) the class of all functionals F' with
chaos decomposition of the form (3.6) such that for each A > 1,
(3.8) 1E W50 = D oI | fyly e < 00
p=1

Every F' € L} . (Q,F, P) is called an H-analytic functional.
A functional F'is of H-exponential type if for every p > 1,

CP
(3.9) [ folh e < —z
(')
Every F' of H-exponential type is analytic.
For f € L% (T) we define the exponentials {etH(f)}teT , {etH(zf)}
by

teT

1 2
e (f) = exp {le’T(fl[o,ﬂ) -3 \flw,tl\H,T} )
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1
€ (@f)—exp{ (i f 1) + §‘f1[0,t]‘2’T}-

Definition 3.5. For F' € L% (Q, F, P) with the chaos decomposition
(3.6) we introduce the S-transform as the mapping Sr : L%(T) — C,
defined by

(310> SF(f) = <€1{{<Zf)7 F>L2(Q’f’p) = ZZP <f®p7 fp>H’Tp °
p=0
Since the family {e{{(if)}teL%I(T) is dense in L% (Q,F,P) it follows
that
(3.11) Sr = Sg implies F' = (.
Definition 3.6. For f, € L2,(T™), f, € L2,(T") we define the
Wick product
(3.12) AT (f) o TEET(f,) = Ll (sym(frm © f))-

By Lemma 2.2 of [2] we have, for each A > 1,

M (fn) © LT < 12 (o) (12257 ()

and thus we can define by continuity the Wick product F' ¢ G for
every I'G € L%{’oo (Q,F, P) and we have

(3.13) FoGe Ly (QF,P),

(3.14) Srec = SrSa-
Lemma 3.7. Let F € L} (Q,F,P),F\,Fy € L}, . (Q,F, P) with the
chaos decompositions

(3.15) = Z]HT £, Z]HT

Assume that for every p > 0,
(316> p!fp<t17"'7tp) =

P
. 1 2 IS
Z Z j‘(p—j)‘a( )( Liyyeons s )a; )J(tll,...,tij).

J=0 1<41<..<i;<p
Then I € Ly . (Q,F, P) and
(3.17) F=FRok;
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Proof. We prove the equality of S-transforms in (3.17). We have by
(3.14)

Z Z > j‘(p—J)<§1),g >H’zj

' §=0 1<41 <. <%3;<p

3

(a2,9%00) = Su(0)5n(9) = Srenls).

For f € L% (T) we define
W = (L D

Definition 3.8. We define D! as the class of all measurable pro-
cesses {u (¢)},.p such that:

(1) we L2 (Q,F, P, L%(T)) and E (Huuiﬂ) < .
(2) For a.a. ¢t € T, u(t) € L?>(Q,F,P) and u(t) has the chaos

decomposition

(3.18) u(t) =Y 1T (f(, 1),

p=0

with
(319)  f(o8) € L24(I7), fy € IR, ¥p > 1,
(320 S B ol s < o0
p=1

(3) The series
(3.21) 85 (u ZI (sym (f,)),

p=0

converges in L? (Q, F, P).
Here sym(f,) is the symmetrization of f,(t1,...,t,,t) with respect to
all its p + 1-variables, i.e.,

sym (fp) (t1, .. tp, 1) = {fp(tl,... 0, U)+
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p
> oty tioa, b, ..,tp,tj)} :
j=1

Remark 3.9 ([14]). The operator
S Dy C L? (0, F, P, Ly(T)) — L* (O, F, P)

18 closable.

We denote again by 65 the closure of this operator and by Dom(65)
its domain.

Therefore a measurable process v €Dom(857) if there exists u,, € D5,
such that

E (]un — uﬁ{T) — 0 and V (‘6%‘(1@) — 0‘2) — 0.

We have in this case 657 (u) = v and we call §% (u) the fractional

stochastic integral of u with respect to BY and we denote it sometimes
also by [ u(t)dB{".
If ulyg €Dom(6%) then we define

b
/u(t)dBtH:éi?(ul[a,b])

An example. As consequence of the product formula (3.4) it follows
the equality

) BH _ BHY? _ (p— q)2H

4. FRACTIONAL BILINEAR STOCHASTIC EQUATIONS

We consider the anticipating fractional bilinear equation
¢ ¢

(4.1) Xt =7 —I—/ A(s)Xds —I—/ G(s)X.dBY teT,
0 0

A(t) =If(a"), n: (Q,F,P) — R is a random variable and

a'(s) : T*> — R,G : T — R are measurable functions.

Definition 4.1. A measurable process {X;}, ;. is a strong solution
of (4.1) if:

(1) Log(VAWX € LN(T) , 1oq()G()X. €Dom(6%) for a.a. t € T.

(i) For a.a. t € T, the equation (4.1) is satisfied P—a.s..

We introduce the following notation (later in Theorem 4.3 we give
the hypotheses which guarantee that the quantities introduced below
are well-defined):
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Given ty,...,t, and a symmetric function of p — j variables (j < p),
we denote by f,_ J( ﬂ]) the function f,_; evaluated in {’s other

that ¢; t;

219 0%

1500 bigs

Aj,p = {<i17"7ij> : Zk 7é Z.l if k 7é lulk = 17"'7p}7 j < b,

ho(u) = /Ot o’ (u)dr, Y, = exp {% \ht(.)ﬁﬂ} ,

¢
C; = exp {/0 <a5(.), 1[0,5](.)G(.)>H’T ds} ,
and if
M
n="> L (n), M <,
k=0

we define

o0
E ®k

N> h HTk>
k=0

St (t1, s by :Z (k+1). k:—l—p)<7]p+k,h® >H’Tk,p21.

k=0

Remark 4.2. We have the following straightforward equalities:

12 L) = (@O O A7) (1, ty),
(4.3 T (0 b)) Yo

(4.4) dd—(“;t — (a(), LogG()) . Co

(4.5) %s;m, certp) = (0 (), Sppa(tr ety )y e

Theorem 4.3. Assume that:
(i) The initial condition
M
(4.6) n = Z 1 (n,,) for some M < oo,

p=0
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1s such that for all 1 <p< M and 1<r<p-—1,
(4.7) Np(t1,ostr,.) € LH(TP7T) for ace. b, ..., 1,

(4.8) (t1,eeste) = [ty tey )| sy € Ly (T7):

(ii) a"(.), G € L%{(T) for any r .

(iii) 7 — |a" ()| g7 = Lo (VG ()| € DX(T) if T = [0,t0] and
r— ’CLT(‘)’H,T = ‘1[017’]<‘)G<‘)‘H’T < Ll200< ) Zf T=R.

Then the following statements hold.

(a) The equation (4.1) has a strong solution {X;}, ., such that for
every t, X; € L%{’OO (Q,F,P) and X has the fractional chaos decom-
position

(4.9) Xe= Z];{{’TU;);
p=0
(4.10) fo = CiY:S,
and for p > 1,
(411> ‘f tl; . 7 Z Z 711[0,t]j<ti17 JtZ]) X
J=1 i1 <. <45

X Gtiy)..Gt, ) (o — DUy tiy) + CY LR (b1, oo 1) S+

p
+Z Z hl(?(pij)<ti17"'Jti]‘)S;(tim'”utij)

J=1 i1 <<y
(b) If we define the sequence of kernels {f;} by
teT,p>0
and for p > 1,
(4.13) Pt s ty) = CY TP (b, s ty) +

p
SN BT Dl e 1) S by ) ¢

J=1 41 <. <2y
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then, for every p > 1,

(414> 'f tl,.., Z Z [Ot]] Zl,...,tij)x

J=1 41 <. <4y

XG<t11)G<tz])fgfj<£zly eees i,]) + f;(tl, ...,tp).
(¢) For each p>1andt €T,

‘ o
4.15 sup |/, < .
(419) tel0,7 il ®)
Proof. (a) From the product formula (3.4) it follows that X; €
L% (Q, F, P) defined by (4.9), with the property that for all p > 1 and
1 S r S b= 17

(4.16) f;(tl, sty ) € L4(TPT) for ae. ty, ...t
(4.17) (1, eeeste) = | fotrs sty N gy o € LH(TT),
is a solution of (4.1), if the sequence of kernels { flg}pz , 1s solution of

the infinite system of deterministic integral equations

t
(4.18) fi=mot [ (e ) s,
0
and for p > 1,
(4.19)  fi(te,enrty) = 0yt sty Z/ f21(E)a% (t;)ds +

t 1 o
(p + 1)/ <CLS, f;+1<t17 "'7tp7 ')>H,T ds + Z_? Z 1tz<tG<tz)f;Z—1<tz)
0

=1

It is easy to see that f; given by (4.10), (4.11) satisfies (4.16), (4.17)
and we prove by induction over p that f; given by (4.10), (4.11) is a
solution of (4.18), (4.19). From (4.11) we have

(4.20) i) = f5 [La <G () + he(t1)] + CYiSi(t),
and from (4.3) and (4.4)

(121)  SOY) = Y () 2pa OGO + h))
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Then using (4.20) and (4.21) we deduce

[ @ RO ts =

¢ ¢
/ .Y, <a5(.),1[oys](.)G—|—hS>HTds—|—/ CLY, <a5,Sf>HTds =
0 ’ 0 ’

tod as3 |
/OSO%(CSYS)ds+/O C.Y,—2ds =

t
d
0

Next from the form of ff, f£in (4.19) and using (4.2)-(4.5) and (4.18)

we get

t t
2/ (@, f3(t, ) gy ds = 1t1<tG(t1)/ (@ f{)ppds+
0

t1

t t
/ ff(tl) <CLS, 1[0,5]<‘)G>H’T ds — 1t1<tG<t1) / fég <a’s7 1[0:5]G>H,T ds +
0 t1

t t
| gt b ypds 4 [ CYabu(t) (@0,55) s +
0 0
t t
/CSYSS (1) {a®, h>HTds+/ CsYy) (a®, S5(t1, ) yrp ds =
0
1t1<tG<t1 /fo tl a’® 1[05]<)G> ds +
t v dY,
/CsYsSS@l) <a571[0,5]<')G>THd8+/ CSSSEdS_I_
0 ’ 0
t S " d(YsSt)
/OCSYShS(t)d ds +/005 s

b dC,
Lot G ) fL = Ly G0 / YaSiha(t)
0

‘ ac Lo Ld(Yy)
}/S St S ; 8 S d
/0 Si(ta)—ds /OCSO—ds s+
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t s
/CSYShS(tl)dS"d +/ C, A5 )d -
0 d 0 ds

"d(C.YsSi(t)

d
ds s

1t1<tG<t1)f 1t1<tG<t1) + /
0

/ Yshs(ty )@ds = 14y <G (1) o — 1o, <G (81) 3+ +
0

S

Y,
/CSS 2ds 4+ CY,S1(t1) — ny(t1) +
0

/ Y,hs(ty )@ds = Lt <G (1) f5 — Lo <G (1) fo! +
0

S

S

[ )™ s s - o

Therefore we obtain the equality
¢
(4.22) 2 / (0, 131,y 5 =
0
Ly <G (1) fo = 1o <G (1) fo' + CiYaSoha(th) —

/ f tl dS—I—Ct}/tS ( )—7]1<t1)

Now replacing (4.22) in (4.19) we see that (4.19) is satified for p = 1.
Assume now that (fﬁb)n@ given by (4.11) satisfies (4.19) and prove

that ft 1 Jp fgﬂ with f;;rl given by (4.11) also satisfies (4.19).
We have
t
(4.23) (p+ 1)/ (@, f23 (b, oo by, )y s = Z]k,
0

p[ Z Z <_1)]71<p + 1- j)!lti1<“‘<tij<t X

J=1 (d1,..,85)EA;

t
XG(tZl)G<tZ]) /t <CLS, f;+17j<ti1 , ----;tij; ')>H,T dS,

]
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—1)yp-1 ¢

]2 = ( p)‘ 1[0,t]p<t17 "'7tP)G<t1)“‘G<tP)/ <CLS, f15>T,H ds’

max(t1,..,tp)

t
I3 :/ f;(tl,....,tp) <a5’1[075]<'>G>H,TdS’
0

1 & . .
Iy = H Z<_1)J "p+1—j)! Z 1ti1<“‘<tij71<t x
—2

(il ..... ijfl)EAj—l,p

t
XG(tZl)G<tZ]71) /t f;+17j<ti17 sy tij71 ) ) <CLS, 1[015]<‘)G>H,T dS,

i

_1 p ¢
b= S et )G G [ (010G

max(t1,..,tp)

1 t
I = 27/ SohSP (ty, . tp) (@, hs) g ds,
- Jo

1< ! ]
= _HZ > /0 CaYaS5 (Liy oo 1ij) X

j:l i1<,...<i]‘§p

~

X h;®(pij) (tAZl s eeeey tij71 s £p+1) <CLS, h5>H,T dS,

t
]8 - / Csnh;®p<t17 “‘7tp) <CLS, Sf>H7T ds’
0

P t
]9 = Z Z Cs}/shig(erlij)({iu 7511) X

7=2 41 <...<ij71§p 0

o <a57 S;<ti17 s tijfl’ ')>H,T ds,

t
]10:/ CsYs <asus;+l<t17“'7tp7')>HTds'
0 ?
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~
8

Replacing in I the term ftt] <a5, prj(til, v fl-j, )>HT ds given by
(4.19) we obtain

1 p—1 . .
I = HZ Z (=1 (p - J>!1ti1<"'<tij< .

j=1 (il ..... i]‘)EALp

~ t.L ~ ~

< G(Li,)...G(t:,) { S (s byy) = [, (oo s,) —

1 /t R FUR
— fo At e by t)a® (r)ds—
D—j Z tijply<1 7 ) ()

TFLL,

~ ~

1 -
ij Z 1tij<tr<tG<t7’>f;:jfl<ti17""Jtijutf) )

TFLL,

and thus

(424 h==> Y -

1< . 1 &
2 LecGt) = DU () = 5 3 Gty <i
C =1 r=1
p—2

X Z Z <_1>p<p —1- j)!lti1<"‘<tij<tr X

XG(tZl)G@Z])ftr <£i17""7£ij7£T)'

p—j—1
On the other hand from (4.18) we have
—1)p!
(4.25) I = <p—)!1[0,t]p(t1, e b)) G (1) G (L) f§ —

—1)? max(?1,...,
<p‘) G(t1)..Gtp)Loap (L, ... tp) farote),
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Now if we multiply (4.14) (for t = s) with <a5, 1[0,5]G>HT and then we

integrate from 0 to ¢ we get

1< - .
(4.26) I; = H Z<_1)j 1<P —J)! Z 1ti1<“‘<tij<t X
e ,

1 t
1 YSdC'S
o Jo ds

1 <& tdc, i ) 5
HZ Z 0 }/SEI’LS (tilu""utij) j(ti17"'7tij)ds,

J=1 21 <. <2y

SehZP(ty, .. t,)ds +

1=,
wm L= e Y
p: =1 (il ..... ij)EA]p

t
XG(t”)G(tZ]) / f;7j<ti17 ceeny tz]) <CLS, 1[0’5]G>H,T ds.
tij

From (4.25)—(4.27) we have

t o dc,
(4.28) ]3+]4+]5:/ Yo B SEhET (1, by )ds +
0

S

b t
ACy o e o o
E E /}/sgh;@(p J)<tl‘1,....,tij) j<ti1,...,tij)d8.
0

J=1 41<...<i;

Next

t d}/s
(429> ]6 :/0 Ecssghigp(tl,..,tp)dS,
(4.30)

2 tay, :
]7 = Z Z /0 dss Cshig(pij)(til, ceeny tijytp+1)S;<ti17 ceey tij)ds,

J=1 61 <o i <p

togss
(4.31) L= /0 VO OR 1, ),
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(4.32)

p t ®( 7‘) . . . dS;
]9 - Z Z / }/Scshs P (ti17"7tij7tp+1)g<ti1u"7tij)d37
0

J=141<..<i3<p

t dSS
(433> ]10 :/ }/Scs—iD(tl,..,tp)dS.
0 ds
Now (4.28)-(4.33) imply
10 t
1 [d(Y,CsS5;
oL [0
= ' Jo ds

1 e - d .
ZT!Z Z /0h§(p J)(til,....,tij)g(}{gCSSj)(til,...,tij)der

J=1 41<.. < <p

1 [“d .
}7! ) % <}/sCsSp> (tl, ceey tp)ds,
or equivalently,
10 1
(4.34) d L= EYtCtSf)h(@p(tl, o ly) —
J=3 '

1 t
Y S—
— 'Jo

(

1 = ) o )
T D GVt ) -

J=161<.<55<p

p—1 t
%Z Z (p—j)/ C'S}@Sj(til,...,tij)sym <a5®h;®(p7jfl)> ds +
' 0

J=1 61 <o i <p

1 1
HCthSf,(tl, s ly) — an(tl, o by).

Next by using the form of f; | given by (4.11) we obtain

1 § ! s s 7 o
(4.35) E; /0 () f 1 (0))ds =



18 CONSTANTIN TUDOR

12 ,
HZ(‘DJ Hp—7)! Z 1ti1<“‘<tij<t X
) j:l (i1 ..... ij)EA]p

t
XG(t”)G(tZ]) / sym <CLS ® f;,j71<t1‘1, z] , )) ds +
0

1 t
m/ fisym (0 @ h2™V) ds -
i /.

-1
Z p—3i > /CYSS iy s biy) X
= 11 <...<%j

xsym((a®(.) ® el (R t;,)) ds.

Finally from (4.24), (4.25) , (4.34), (4.35) we get (4.14).
(b) It follows from (4.11) by induction.
(¢) First it is easy to see that for some positive constant «,

p! sup ‘S ‘HTP <af, Vp>1,
te[0,]

which implies that for some positive constant 3,

p! sup <P Vp =1,
tc[0,f] HTP
and by (4.14) we obtain (4.15). |

Remark 4.4. (a) The problem of uniqueness of the solution (4.1)
is still open for H # %, but for H = % the uniqueness hold (see [2]).

(b) Formally the form of X; in the previous theorem is similar to that
for H = % (see [9]). In fact in the definition of Cy,Ys, S; for general H,
the L2-norm is replaced by the norm ||, ;.

In general for zero drift we have the foilowing:
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Corollary 4.5. Let n and G be as in Theorem 4.5. Then the

equation
t
(4.36) Xe=n+ / G(S)XsdBf, tel,
0
has the unique solution
(437> Xt—n_l_Z]HT gp)_et (G)Onu
p=p
where
(438> pgp tl,.. , Z Z 711[0’t]j<ti17”-7ti]‘) X
J=1 41 <.. <4y

xG(ty,)...G(t;)(p — ) gp J( Zl,...,fij) —I—T]p<t1,...,tp).

Next for A€ L%(T),p>1,f, € LE’H(TP) and s < t, we define
(4.39) T (I () =

ZC’“ <(P2)T 1[st]A>) ,]; K ((Pg,)Tfp) (tl,..,tk,.))>

1

We put TtA’H = T . If we denote by T '? the transformation de-
fined in [2] for H = 5, T'=1[0,1] , 1

L2(T*) '

1% (15" (o) = }jc<[mw@ﬂgk@ﬁhwm»»
then it is clear that we have
(4.40) A (g =l ()
Since from (4.40) and [2] we have

L1y’

S
2

(57T (1))

H2)’

(4.41) ‘

T G|, < O Gl
we can extend T;}t’H : L%{’oo (Q, .7:, P)— L%{’oo (Q,F, P) and we have

(4.42) ‘

2
AH 2
L E| < Gl
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Remark 4.6. From [2] and (4.40) it follows that
(4.43) TN TET ) = TP E

I

(4.44) el (A) o F = el (AT, 47 (F), VF ¢ L4 (Q,F,P).

We have the following representation of the solution of (4.1) in terms
of Wick products (see [2] for the Brownian case).

Proposition 4.7. Assume T = [0,1] and let n and G be as in
Theorem 4.3. If we define

N 1
(4.45) =) H]f’T(S;),t e,
p=0*"
then the solution {X} of (4.1) given by (4.9) has the representation
t
419 Xe=ef(@en{ [ 1O @ sf oY=
0

t
e (G) exp { / Ts,f’H<fff’T<a5>>ds} o Ty

Proof. Define

Xt = Z]f’T<JE£)7
p=0
with f; given by (4.12), (4.13). Then from (4.14) and Lemma 3.7 it

follows

(4.47) X, = CYell(hy) oV,
(4.48) X; = (@) o X,
Replacing (4.47) in (4.48) and using (4.44) we obtain
—(Glig.g+he),H ;&
(4.49) X, = CYiel (100G + hy)T, oot iy

On the other hand
T (0) = L7 (a®) = (0 (), Lsa G gy s
so that

(4.50) exp { /0 t TS’tG’H(If{’T(aS))ds} =

Ct}/t exXp {— <ht7 1[0’t]G>H,T} G{J(ht)
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If Z; is the right-hand side of (4.46) then using (4.43), (4.44) and
(4.50) we deduce

(4.51) Z = CYiel! (he + 1og@) T, © ().
From (4.49) and (4.51) we see that we have to prove that

T*(l[o,t]GJrht)yH(
1

or equivalently (by (4.43)),

YQ) = T;G’H<7])7

0,0 G H (

I (A i Vi A P ()

. AH .
and since Ty is one to one,

(4.52) Y; =Ty,
The equality (4.52) it is easily seen for n = ]f’T(T]p). |

Next we denote by K the class of all absolutely continuous functions

¢ :T"— R such that

”@Hi?(T) = [ |p@) dt < co.
T

Proposition 4.8. Assume that A, G are as in Theorem 4.3 and for
any € >0,

o0

.= 5L (n,),

p=0

s of %—e:r:ponential type.
Consider the perturbed fractional bilinear stochastic equation

t t
(453)  Xf=n, +/ P A(s)Xds + s%/ G(s)XZdBY, t € T.
0 0
Let { X[}, be the solution of (4.53) oblained in Theorem 4.3, i.e.,
X;=) SN,
p=0
with {fg}teT,pZO given by (4.10) and (4.11).

Then for each t € T, the family of random variables {X{}__ satisfies
the large deviations principle on R with the good rate function

) 1 .
450 A@ =inf {21l P =2} o e



22

CONSTANTIN TUDOR

where I : Ko — Ry is defined by

(4.55) F(@:Z/ (rg’}Tf;) (1, t) 977 (L1, s ty) iy dty,
p=0"T7

Proof. Since by Theorem 4.3 the kernels { f;} are of H-

teT,p>0

exponential type we can apply Theorem 3.1 of [13] in order to get the
result. |

1]
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