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ON THE TWO-PARAMETER FRACTIONAL
BROWNIAN MOTION AND STIELTJES INTEGRALS
FOR HOLDER FUNCTIONS

CONSTANTIN TUDOR AND MARIA TUDOR

ABSTRACT. We extend the Stieltjes integral to Holder functions
of two variables and prove an existence and uniqueness result for
the corresponding deterministic ordinary differential equations and
also for stochastic equations driven by a two-parameter fractional
Brownian motion.

1. INTRODUCTION

For functions of one variable the Stieltjes integral fab f(t)dg(t) is well
defined if f is a-Holder, g is f-Holder, « + 8 > 1 (see [2], [3], [8],
[9]). This fact allows in particular to study the corresponding ordinary
differential equations, to define the stochastic integral with respect to
one-parameter fractional Brownian motion pointwise and consequently
the study of the associated stochastic equations (see [5]).

In the present paper we use the Liouville space for functions of two
variables in order to define the Stieltjes integral f;ll fab; f(ty,ta)dg(ty, ta)
if fis (aq, ap)-Holder, g is (5, 3,)-Holder, a; + 3; > 1. Then we prove
a general existence and uniqueness theorem for ordinary differential
equations with Holder continuous forcing and for stochastic equations
with a two-parameter fractional Brownian motion as forcing term.

2. PRELIMINARIES

We fix o = (a1, a2), o; € (0,1] and let T = [ay, by1] X [ag, bs]. For a
function f :T'— R we define the Riemann-Liouville fractional integral
of order « by

(2.1) (asap f) (21,m2) =
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t17 t?)
dit1dt cT.
Oél OZQ / / 371 _ tl 1 aq (an . t2)17a2 14L9, (ajl,aa)

The space A, = (]8;1 a2)+) (LP(T)) is called the Liouville space (or

the Besov space) and it becomes a separable Banach space with respect
to the norm

H](O;lyaQ)‘i‘fHa’p = Hpr :
Remark 2.1 (see [6]) (a) (Semigroup property). For every a, f3,

][3 _ yotp

](O:n,aQ)Jr (a1,a2)+ ](a1,a2)+'

(b> Iff € Cg(T) andf = 0on 81T = ([al,bl] X {bl})U<{a1} X [CLQ,bQ]) ,

then the function

(22> D(aal,ag)+f<aj17$2) =

/ /5‘32 Flt1,ts) dt,dt,
P(l - Oél 1 - OéQ 8t18t2 ,171 - tl)al (a:2 - t2)a27

is the unique function from L. (7’) such that
](O;LGQ)JrD(aahaz)Jrf =f.

For a rectangle D = [s1,t1] X [s2,t2] C T we define the increment on
D of the function f :T"— R by

f(D) = f(ti,t2) — f(t1, s2) — f(s1,t2) + f(51, 52).

We denote by Hiq, p.1.0; the space of all a;-Holder functions on [a;, b;]
and

/() = f(v)]

Qi

11

= sup

a;,b;],0
labilos sy, U — v

Also, we denote by Hr gy, .0, the space of all (av, ap)-Holder functions
on T, ie., f € Hrg, o, if f is continuous,

Hf(Cll, ')H[ag,bg],ag < 00, Hf<‘7a2)H[a1,b1],o¢1 < 00,
and

| f ([, v1] X [ug, va])]
= < 0.
HfHTal as uzulgz Uy — Ul’ 1 ’u2 _ UQ’ 2
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Remark 2.2 (see [2]). Assume that 0<f; < «a1,0<f3y < a2 and
p > 1. Then we have the continuous inclusions

Aayp - AB:IJ’

Aa,p - Halfp’l,agfp’lu HBDBQ C A%p if a,p > 1,ﬂl > Yi > 0.

Remark 2.3 (see [2]). Assume that f, g are C'([a,b])-functions
with f(a) = 0. Tet o, € (0,1] be such that &« + 3 > 1 and let
§:a =1t < ..<t, =0bbe a partition of [a,b] with the norm

|6]] = max;(¢;41 —t;). Then for every 0 < ¢ < a+ 3 — 1 the following
estimates hold,

(2.3)

b
[ 104000 < 60l Ll (0 0

(2.4)

[ #0g0 = 3 10 ottssn) — (0] <

C<Oéu ﬂ) Hf”[a,b],a Hg”[a,b],ﬁ (b - G/)s .

3. MAIN RESULTS

The next result represents the essential step for extending the Stielt-
jes integral to Holder functions of two variables.

Proposition 3.1. Let o; + 3, > 1, oy, 8, € (0,1], f,g € C*(T) and
let 0 <e; <a;+ B, — 1. Then

b1 bo
/ / Pty t)dg (b, 13)] <
a1 a9

C(Oéiuﬂi) HgHT,gth {HfHT,Oél’QQ (bl _ al)a1+ﬁ1 (bQ . a2)a2+[32 i

(3.1)

1/ (- 02) oy gy (b1 — @2) 0 (By — a2)” +
17 (a1, gy pog.n (b1 — @1)™ (By — a2)'™*** +

|/ (ar, a9)| (by — @)™ (b — GQ)BQ} :

Moreover for every partition A = (s;,t;)i, a1 = 81 < ... < Sp; =
bl, ay =11 < .. < th,
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|A|| = max; (si41 — $;) + max; (41 — t;) , we have
(3-2> / f Uy, U2 dg U1,U2)
ni—1nsg—1
Z Z f(5i,85)g ([s1, 5i41] X [t,8544])| <
i=1 j=1
a1+p1tag+py—2
10 8 s 195,181 ¥

(g5, 3, + 19001 Mgy, ) 1AM +
(19,5, 3, + 19+ ) s, ) 1807

Proof. Assume first that f =0 on 9,7 and define
h(ty,t2) = g(by — 1,0y — ta) — g(by — a1, by — 1) —

g(by —t1,be — as) + g(by — a1, by — as).
Then
8 g tl t2) 82 (f * h) (bl 62)
3.3 // ti,t SOL 2 g dty = 2]
(33) It t) =5 5r, dhdts 10t
Choose g; > 0,0 < o, < o, 0 < 3, < 3, with o + 3, =1+ &;.
By Remark 2.1-(b) the functions f; = D<O¢1 %) f, hy = D) gy

: ) (a1,a2)+ (a1,a2)+
are in L., and satisfy

(34> (al a2) fl f (51 82) h = h.

(a1 a2)+ 1 (a1,a2)+
Then by Remark 2.1-(a), (3.3) and (3.4) we have

8 t (4
/ / Tt ta)dg(ty, ts) = / / f(t1,t2) g g Q)dtldbz
Ot10ty

82 (f * h) (bl, 62) . 8 (al a2) (8}.,65) B
8t18t2 8t18t2 [ (a1, a2)+f1 ](al a2)+h 1 (blu b?) -

82 o/+[3/,o/+[3’
Ot10t [](<a11,a2)jr i 2) (fl * hl) (bl,bQ) =
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82 1,1 €1,
|:]((a11112)+]((a11:a3+ (f1 hl)} (b1,by) =

Ot,101s
152 (Fus ) (b, ba),
and then
b1 pbo
(35> / f(tl,t2)d9<t17t2) S
1 ag

(b1 —a1)™ (by — ap)”
e1291' (1) (e9)

[f1% ha <

(bl _ a1)1+61 (bQ o a2)1+62
€1€2P<€1)P<€2)

Next the integration by parts for functions of two variables (see [7])
yields

B df tl,aﬁ X [t27$2]) _
f1<$1’$2)_r(1—a1 I(1— o) / / (1 —t1)" (372—752) w

1 { ([t 2] ¥ [t 29])

m 7 7
P<1 - O/I)P<1 - O/Q) b ®; (aﬁ — tl)al (a:2 — t2>o¢2

1fill oo 1721l

lim o f([tluajl] X [t27x2])dt1 ~_ lim i f([tl,ﬂ?l] X [tQ,a:Q])dtQ
2o Jor (= )M (= 1) 0 e (= )™ (0 — 1)

/ /m2 tl, ,171 [tQ, $2])dt1dt2

Oé Oé 7 =

2 371 — 1) 1+1 <$2 _ t2)a2+1

o 042 / r2 f tl; [tQ,a?Q])dtldtQ

I'(l—ao))T ($2 — t2)o‘2+1’
so that

(3.6) /1]

/ /
Q) Qg

X
oo — P(l 1)1—w<1 o 04/2) HfHT,al,ag

z1 x2 ! !
X / / (a:l - tl)alialil (a:Q - tQ)OQiaQil dtldtQ S
a1 as
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NS Ny ay (b1 — a2)™ 7 (by — ag)™ .
Similarly
B7) il < i llgllrp, o, (01 = a0)" 7 (by = ap)™ 72
By using (3.6) and (3.7) in (3.5) we obtain (3.1) if f =0 on T

If f is not necessarily null on 0;T then we define
Fti,t2) = f ([ar, ta] % [az, ta]) -

Then f=0on ;T and f, f have the same increments.
Then we have

(3.8) / / fty,ty) 8 J tl’tQ)dtldtQ =
18 2

b1 b2 9?
a g(t1,t2) / / D%g(t1,ts)
ty.ty)————=dtdt t ————dt dty +
/a1 /a2 f( 1, 2) 8182 162 fa’17 2 18t2 1469

2
/ / fth%a b 2>dt1dt2+f<a1,az>g<[a1,bl]X[a2,62]>=

Ot10t,
/ / f t17t2 8 J tl’tQ)dtldtQ +
18 2
" _ag<blut2) ag<al,t2)_
/ flay, ts) o, o, dty +
" [Dg(t1,bs)  Og(ti,as)]
/ f(th CLQ) 8t1 - 8t1 | dtl +
4
f<a17a2)9 ([al,bl] X [CLQ,bQ]) = ij
k=1

From the previous reasoning we have

t
/ fl tl,tQ Gt 2)chtlchtz <

(3.9) 18 )

C(aiuﬂi) HJEHT,@L062 HgHTﬂl,ﬂg (bl _ al)a1+/31 (62 _ a2)a2+[32 ‘
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Next by using (2.3) we have

|.Ja| <

_I_

b2
[ s B2

|f(a1,a9)g ([a1,b1] X [ag,bs])| <

Clas, B;) 11 f(ax, ‘)H[ag,bg],ag lg(b1,.) — g(as, -)H[ag,bg],gQ (b2 — a2>1+62 +

£ (a1, a2)| gllp, 5, (b1 — a2)”" (by — a2)™,
so that

1+e
| To| < Clai, ) 1975, 5, {Hf(% Wiag pap.ag (b1 — 1) (b2 — az) =2 +

(3.10) F(ar,09)] (by = 1) (b — a5)™ }.
Similarly
(3.11) | J3| < Clev, 3;) HgHT,Bl,BQ X

X {Hﬂa a2)”[a1,b1],a1 (b1 — a1)1+51 (by — CLQ)BQ +
|/ (a1, a2)| (b1 — a1)™ (b — GQ)BQ} .

Replacing (3.10)-(3.11) in (3.8) we obtain (3.2).

Next we have

b1 pbo
(3-12> In = / / f(ul,UQ)dg(Ul,W) -

> S sit)a (e sen] % [t5,151a]) =

ZZJ:/:M /tjj# [f (ug, ua) — f(s5,t)] dgluy, us) =

Z/%Hrl /t‘j+1 [f(ul,UQ) — f(ul,tj) — f(si7u2) + f(si,tj)] dg<u17u2) +
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%: /SisiJrl /tjjJrl [f(ul,tj) - f(si,tj)] dg<U1,U2) +

Sit1 ftiva
Z/ / [f (i, u9) = [ (s3,)] dg(ur, u9) = Ix + IR + IR
i,j 84 t;

From (31) it follows that
(3.13) ‘]i‘ <C Hf”T,al,ag HgHT,Bl,BQ X

X Z (841 — Si)alwl (L1 — tj)aﬁﬁ? <
4,7

aytpytagtpy -2

Collf 00 19075, 5, 1A
Next define

Ji(ur,ug) = f(ur,ug) — f(si,ug) if ur € [55,8541) .
Then (2.3), (2.4) imply

sl g(ur,u
B2 [ et = o) T, =

Si+1 8 ) 8 )
Z/SZ [f(ul,tj) _f<3i,tj)] [ g(“g;fﬂrl) . g(gzl,tj)l du1 —

(2%]
b1 8 . .
g(u1, i) 89<u17ty)1
U, t; — duq,
/| A )| 8 g,
b1
2
(314> ‘]A‘ S C/ Hfl(Ul, ')H[ag,bg],ag Hg<u17 )H[ag,bg],ﬂQ dul
a1

Since uy € [8;, $;41) we have

(3-15) /1wt Miapsoan < 1 lmayan (W1 = 8™ <A lg0, 0 1A17

(3.16)  [lg(u, ')H[ag,bg],ﬂQ < (- a1>ﬂl HQHT,gl,ﬁQ + [lg(ax, ‘)H[ag,bg],ﬂQ )



TWO-PARAMETER FBM AND STIELTJES INTEGRALS 9

it follows by replacing in (3.14) that

(317) 1] < ol Ny DAI™ (N, + 19601 My ) -

Similarly

(3.18) 1] < Cull g 1A (19l 5, + 19C- 02) 0y 11, )

Finally using (3.13)-(3.18) in (3.12) we obtain (3.2). |

Next we define Hr 4, a,,00 the space Hr gy, o, endowed with the norm

Ha’;HT,ahaQ,oo = Ha’;Hoo + alztllzbl Ha’;<t17 ')H[ag,bg],ag +

azzt]j;bg Hx<'7t2>H[a1,b1],a1 + HajHT:alaOQ )

The space (HT,ocl,ocg,oo; H.HTal s OO) is a Banach space.

Theorem 3.2. Let Ty = [a1 — £0,b1 + 0] X [a2 — €0, + £0] , €0 >
0, and let oy, an, By, By € (0,1] be such that o; + 5, > 1.
If f € Hyy 00, 9 € Hryp,,8, then there exists a unique real number

f fbg f(u,v)dg(u,v) such that for every sequence of partitions A" =

<Sl,t?> ar = So < ... < Sg(n) = bl, ay =ty < ... < tk(n) = bQ, with
|A™|| — 0, the Riemann-Stieltjes summs

SfZ—ZZfsz,t? (st s2a] > [65.2714])

converge to f;11 fab; f(u,v)dg(u,v).
Moreover the following estimate holds

(3.19)

b1 bo
/ f(uyv)dg(u, )| <

1101 o0 191175, 5, (1 = @)™ (B — a2)2
Proof. Tt is enough to prove that for every 6 > 0 there exist n > 0
such that for every two partitions (Ai)z‘:m L ap=uh < .. < uin(i) =0
with ||A;|| < n we have

9 f9
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Let J € C*®(R?) be such that J > 0, J(z) = 0if ||z|| > 1 and
Jpe J(x)dz = 1 and define J.(z) = ¢ ?J(%). Consider the regulariza-
tions of f., g. of f,g. Recall that

f(z) = /RQ Jo(x — ) f(y)dy = /f(x —ey)J(y)dy,

and g. similarly (as usual f, g are extended as 0 on R? \ Tp). Tt is well
known that f., — f,g. — ¢ uniformly on T". Also it is easily seen that
fs € HT,al,a27 ge € HT,Bl,BQ-

Next we show that if 0 < o < oy, 0 < 3 < 3; then

(320> fs - f in HT,oc/l,O/Q; ge — g in HT,ﬂ/l,ﬁ/Qu
(3.21)

felar, ) = flar,.) in Higy by, 92 (01, ) — g(ar,-) in Higy )5,
(3.22)

fs(-,a2) - f(ah ) in H[al,b1],a’1796<a17 ) - g<a17 ) in H[al,bl],ﬁ’l-
We have

(fe = 1) ([s1, 4] X [s2,L5]) =
/B(O ) J(u,v) {f([s1 — eu, by — u] X [s9 — ev, 1y — cv])—

f([Sl,tl] X [SQ,tQ])}dU,d”U,
and then for every ,6 > 0,

[(fe = f) ([s1,t1] X [s9, 15])] <

sup — —~
= ’31 — t1’ 1 ’32 - t2’ 2
— t t

sup (/e f)([sl/u 1] % [827/2])’ si— b > 6, i=1,2%+
|81 — 11| 89 — 1o

e 7t ’t
sup (/. f)([sal/ 1] X [320/2])] tsy =t > or |sg—ty >6p <
|51 = 14| [s2 — to]™

1

W sup {]f(ul,vl) — f(UQ,’UQ)’ . ’U,Z — UZ" < £, Ui, Uy - T(),Z. = 1,2} +

cwmmmmw@wﬂﬁww)ﬁoﬁgﬁqgﬁg
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Similarly one prove (3.21), (3.22).
Next we choose 0 < o} < «;, 0 < 3, < 3; with of+ 3, > 1. Then
from (3.20)-(3.22) and (3.12) we obtain

f9 19 19 fe:ge
‘SAI_SAQ S ‘SAI_SAI

b1 bo b1 by
Sfl’gf — / / fe)dg.| + Sffs — / / Jedg.| <
a1 as 451 az

g Jerge g Jerge
5k - sk + |ske - sk

+ |y — st +

_I_

¢ (HszTyai,aé ) HQEHT,@L@’Q) {<”A1” + || Ayttt
A+ 1A 4 (1A + HA2H)%} <

1 Jerge
‘SAI - SAI

+ |5k — sk +

G {18 + gy oiesir

A+ 1Al + (A + HAQH)M“} -0,

as £ — 0 and than ||A;|| — 0.
The previous computation also shows that

lm / / fodg. = / / fdg.

and this fact and (2.3) imply (3.19). |

Next for K > 0 we define the closed sets
Higpo(K) = {‘70 € Hiapy H%OH[a By = K}

anf for ¢; € Hig, p;),045
HT,a1,a2,oo<K7 <7017 <702) =

{aj S HT,OélyOéQ,OO : 'x(a’l? ) = 901737(.7012) = P2, ”ajuT,al,ag < K7

sup Ha’;<t17 ')H[ag,bg],ag S K’ sup Ha’;<'7t2)H[a1,b1],a1 S K} :

a1 <t1<by ag<to<by
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Proposition 3.3. Let (,,0, € ( ,1} and vy, a9 be such that 3, >
a; >1—p3;. Let g € Hpz g, g,and b,o : R — R be such that b is bounded
and Lipschitz and o € CZ(R) with o” Lipschitz. Then for every K > 0
and a;,b; € R, a; < b;, i = 1,2, there esists ¢g > 0 independent of
a;, b;, such that for every ¢; € Hqg, a;te0),0: () the operator

F HDE,Oél,OCQ,OO<2K7 Y1, <702) - HDE,al,aQ,oo <2K7 Y15 902)7

defined by

(Faj)s,t = 901 + 902 / / xuv dU'dU +/ / ajuv dg u U)

is a contraction, where D. = [a1,a1 + €] X [ag,a9 +£], £ > 0.

Proof. Clearly we have

(3.23) b(xy,)dudv <

T,001,02,00

18]l (b1 — @)™ (e — az)' " [(b1 — a1)™ (by — a)™ +1].
By using (3.19) it follows

(3.24) 0 (Zuw)dg (u, v) <
T,01,002,00
HO_<$)HT@1,@Q,OO HQHT,BI’BQ (bl — a1)51*a1 (bQ _ a2)[32*a2 %
< [(br — a1)™ (b — a2)™ +1].
Next
(3.25) o () ([s1, 1] X [s2,ta]) =

1
(mt1,t2 - xt1,52> / o' (Aajthw + (1 - )‘>$t1,52) dA —
0

1
<x51,t2 - 3751’52)/ o' ()\3751,t2 + (1 - )‘>$51,52) dA =
0

1
(mtth = Lty,50 — Lty + 3751’52)/ o' (Aajtth + (1 - )‘>ajt1152) dA +
0
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1
<x51,t2 - 3751’52)/ [0/ (Aajthw + (1 - )\)371&1,52)
0

—a’ O‘ajshtz + (1 - )‘)3751,52) d)"]
Then (3.25) implies

o () ([s1,t1] % [s9,20])] <

{HU’HOO 12017, + 10 N2 (51, M3 000

1
< TRt + = )52y, 7

X (t1 — s1)™ (ta — 89)™",
and hence if © € Hr ay ay.00(K, @1, ¢,) then
(3.26) lo(@)l7,0y.0, < K (10"l + 11071 -
From (3.23), (3.24) and (3.26) it follows that F'z € H{q, py]x[a1,01],00,00,00

if © € Hiay py]x[a1,b1],01,00,00 a0d also for £; > 0 enough small we have
Fz e HDsl,ahaz,oo(QK; P1,p9) itz € HDsl,ahaz,oo(QKu P1,Pa)-
Next we have

[o(x) — a(y)] ([s1,ta] x [s2,1s]) =

1
(xtth - yt1,t2) / o' (Aajtth + (1 - )‘)ytth) dA —
0
1
(mt1,52 - yt1,52> / o' (AathSQ + (1 - )‘>yt1,52) dA —
0
1
<$51,t2 - y51,t2)/ o O‘ajshw + (1 - )‘)y51,t2) dA +
0
1
<$S1,52 - y51,82>/ o' ()\3751’52 + (1 - )‘>y51,52) dA =
0
1
(z —y) ([s1, 1] x [327t2])/ 0 (AZty by + (1= MYy 1,) dA +
0

1
(ajthSQ - yt1,52)/ [0/ O‘ajtl,tz + (1 - )‘)ythw) -
0

o' (Aajtl,SQ + (1 - )‘>yt1,82> d)‘] + <$S1,t2 - y81,t2> X
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1
x / [0/ <)‘xt1,t2 + (1 - )‘)ythw) — 0 <)\3751t2 + (1 - )‘)yshtz)] dA —
0

1
<$51,52 - y51,52)/ [0/ O‘ajtl,tz + (1 - )‘)yt1,t2) -
0

o' O‘ajShSQ + (1 - )‘)%1,52) dA] =

(2 — ) ([51, 2] % [s2:12]) / 0" (Nt + (1= Nt ) dA +

[(ajshtz - y51,t2> - <$S1,52 - y51,82>] X

1
x / [0/ Owtl,tg + (1 - )‘)ythtz) —a O‘ajSth + (1 - )‘)ysmz)] dA +
0

1
<$S1,52 - y51,52> / [0/ (Amthw + (1 - )‘>yt1,t2> — 0 ()\3751,@ + (1 - )\)ysm) +
0

+ o' ()\3751’52 + (1 - )‘)y51,52> —a (AajthSQ + (1 - )‘>yt1,52>] dA =

(z —y) ([s1,ta] ¥ [327t2])/0 0" (AZpyy + (1= ANty ,1,) dX +

[(ajshtz - y51,t2> - <$51,52 - y51,52>] X

1
X / [0/ (Aajthw + (1 - )‘>yt1,t2> —a (AajSth + (1 - )‘>y51,t2>] dA +
0
1
<$51,52 - y51,52>/ [)‘ (mtth - x51,t2> + (1 - )‘> (yt1,t2 - y51,t2>] X
0

1
8 / a" </J“ (Amthw + (1 - )‘)ythtz) + (1 - M) (Aa’;slth + (1 - )‘)y51,t2)> d/J“d)‘ -
0
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1
(ajshsz - y51,82>/ [)‘ (xt1,52 - 3751,52) + (1 - )‘> (yt1,52 - y51,52>] X
0

X /0 a” (/J“ (AajthSQ + (1 o )‘>yt1,52> + (1 - M) <A$51,52 + (1 - )‘>y51,52)) dﬂd)"
Therefore
(3.27) [o(z) — a(y)] ([s1, 1] X [s2,20]) =

(z —y) ([s1,ta] ¥ [327t2])/0 0" (AZpyy + (1= ANty ,1,) dX +

[(ajshtz - y51,t2> - <$51,52 - y51,52>] X
1
X / [0/ (Aajthw + (1 - )‘>yt1,t2> o (AajSth + (1 - )‘>y51,t2>] dA +
0
1
(51,80 — y51,52)/ [Az ([s1, 1] X [s2,82]) + (1 = Ny ([s1, 4] X [s2,8])] x
0
1
X / 0" (/J“ (Amthw + (1 - )‘>yt1,t2> + (1 - M) <)\3751,t2 + (1 - )‘>y51,t2)) dﬂd)‘ +
0
1
(ajshsz - y51,82>/ [)‘ (xt1,52 - 3751,52) + (1 - )‘> (yt1,52 - y51,52>] X
0

1
. / [0” (M (Aajtth + (1 - )‘>yt1,t2> + (1 - M) (AajSth + (1 - )‘>y51,t2)) -
0

o” (/J“ (Aa’;tlySQ + (1 o )‘)ythSQ) + (1 o M) <)\$51152 + (1 - )‘)y51,52)) dlj“d)‘] :
If 7,y € Hp,, a1,00.00 (K, 1, 9) then (3.27) yields
(3.28)

lo(x) = oW 100,00 < CUS N0 s 1]

1"

g

L> Haj - yHT,al,ag :
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From (3.23), (3.24) and (3.28) it follows that there exists €2 > 0 enough
small, independent of a;, b;, such that

(3.29) |Fz — Fy|

<d|z—vyl
Deqy,01,a2,00 — H Y Dey, 1,002,007

for some 0 < d < 1, and hence, denoting g9 = min(£y,£9), we obtain
that

P HDEO,aLaQ,oo(QKu 9017902) - HDEO,al,aQ,oo<2K7 9017902)7

1s a contraction. [ |

Theorem 3.4. Let 3,,3, € ( ,1} and oy, be such that 5, >
a; > 1— 0, Let g € Hge g, g,and b0 : R — R be such that b s
bounded and Lipschitz and o € CH(R) with o Lipschitz.

Then for every a; < by,ay < by and @; € Hyg, p,1.0, With @1(a1) =
y(ay), the equation

(3.30) = @1(8) + @a(t) — ¢1(ar) +

// a:uvdudv—l—// (£up)dg(u,v), (s,1) €T,

has a unique solution in Hry o) oy 00

Proof. Let K > 0 be such that ¢, € H,p0,(K). Then from
Proposition 3.3 we obtain the existence of the solution z of (3.30) on
the rectangle [a1,a1 + £o] X [ag, a2 + o], €0 independent of a;,b; (but
dependent of K). If a1 + ¢ < by, let ng be the bigest integer such
that nge < by. Then x € Hr oy y,00(2K) and inductively we obtain the
existence of the solution on

[a1 + £o, a1 + 250] X [CLQ,CLQ + 50] 5 eens [a1 + 71050,61] X [CLQ,CLQ + 50] ,

and then on

[al, a; + 50] X [CLQ + £o0, Q2 + 250] 5 eens [a1 + Noco, bl] X [CLQ + £o0, Q2 + 250] ,

and continuing again by induction we obtain the existence on T

Let now 1, zy be two solutions of (3.30). In particular there is
K > 0 such that z1, 5 € Hy, 0y.00(K). From (3.29) we deduce the
existence of a g9 > 0 (which does not depend on a;, b;) and 0 < d < 1
such that

|21 — <d|z -

L2 H [a1,a1+<0] X [az,a2+e0] — L2 H [a1,a1+e0]X [az,a2+e0]
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and therefore 1 = x5 on [a1,a1 + 0] X [ag, a2 + go]. Inductively (see
the existence part) we obtain that zy = 2 on T [ |

On a probability space (2, F, P) we consider a two-parameter frac-
tional Brownian motion (B )te[0,1]27 with the Hurst parameter v =
(v1,79) s Y, € (%, 1), i.e., B7 is a continuous centered Gaussian process

vanishing on the axes and with the covariance function
(3.31) R (s, 1) = Rgll)(sl,tl)R%)(Smh),
if s =(s1,89), t =(t1,19), where for v € (0,1),

1
(3.32) R (u,v) = 3 (lu* + [0 = Ju— "), u,v > 0.

Theorem 3.5. Let (BY); o2 be as above and let oy, B; > 0 be such
that §<ﬂi<fyi, B, >a;>1—p0,,1=1,2. Let b,o: R — R be such
that b is bounded and Lipschitz and o € CZ(R) with ¢ Lipschitz and
let be the processes {¢;(1)};ci01) such that almost surely 1(0) = ,(0)
and vop < H[O,l],ai'

Then with probability one the stochastic equation

(3.33) Xst = 1(8) +@q(t) — 1(0) +

// wdudv+// 2)dBL,, (s,1) € 0,17,

has a unique solution {Xuy}, e With the paths in Hyg 2 o o, o

Proof. From the Kolmogorov criterium (see [1], [4]) it follows that
B7 has B-Holder paths, i.e., there exists a random variable C' such that
for all w € €,

2
(B30 [(B([(01®)) @) < C @) 1 - ")
j=1
Therefore almost surely we have by Theorem 3.2 and (3.34) that the
Stieltjes integral fo fo u,v)dB], is well defined for f € Hy 12 01 0
Now the result is a consequence of Theorem 3.4 applied p01ntW1se .
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