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Abstract

In this paper, we determine the density of a singular elliptically contoured
matrix. From this, the study of Wishart and Pseudo- Wishart distributions,
whether central or non-central, whether singular or non-singular, is extended
to the case of elliptical models. Some applications of these results are studied
in the context of shape theory. Particular attention is paid to singular size-

and-shape and size-and-shape cone densities.
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1. Introduction

Consider the random matrix Z € IRP*® where, if Z has a density function with
respect to the Lebesgue measure in IRP®, the ps-dimensional Euclidean space, this
function is given by fz(Z) = h(tr Z'Z). The distribution of Z is called vector-spherical
distribution by Fang and Zhang (10, p. 96). Note that if Z is vectorized, that is, if

all the columns of Z are located one below the other, and this vector is defined as
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z=vecZ € IR?® (see Gupta and Varga (14, p. 13)), the density function of z is given
by f.(2) = h(z'2z) = h(vec' Z vec Z), because vec' Z vec Z = tr Z'Z (see Theorem 2.1.1
in Gupta and Varga (14, p. 20)), which we call spherical distribution.

Let A € RY*?, B’ ¢ IR®*™, with a rank of A, r(A) = k < min(N,p), r(B) =
r < min(m,s), and g € IRN*™ are matrices of constants such that ¥ = AA’ and
© = BB’. Then, from Theorem 2.1.1 in Gupta and Varga (14, p. 20), Y = AZB' + u
has an elliptically-contoured matrix distribution with characteristic function ¢y (T') =

etr(ip/T)p(tr TET’'O) which denotes

Y ~ 8N><m(ﬂ7 Za 97 (b)

Observe that r(X) = r(AA") = r(4) = r and r(©) = r(BB’) = r(B) = k, that
is, 3 > 0 and © > 0. Therefore, the distribution rank of Y is kr, that is, Y has a
singular distribution. Thus, Y € IRY*™ (vecY € IR™™) does not have density with
respect to the Lebesgue measure in IRN™. Nevertheless, the density function does
exist in the subspace M of IRN™ (see Cramér (2, p. 297), Gupta and Varga (14, p.
26) and Fang and Zhang (10, pp. 59 and 70)). Formally, as described in Section 2, the
density of Y exists with respect to the Hausdorff measure, which coincides with that
of Lebesgue when this is defined on the above-mentioned subspace M (see Theorem
19.1 in Billingsley (1, p. 209) and Remarks 2.2 and 2.3 in Diaz-Garcia, Gutiérrez and
Mardia (6)).

In this context, if Y has a distribution as defined above, this is denoted
k,r
Y ~ ENXNL(Ha Ea 67 h)

where the product of the supra-indices is the rank of the distribution and let ¢ is a
real constant, such that f,(Y) = ¢ h(-), is the density function with respect to the
Hausdorff measure. This measure, of course, can be replaced by the Lebesgue measure
if we specify the subspace M or if k = N and r = m.

Let us now consider the nonsingular part of the singular value decomposition (SVD)
of a matrix F = Uy DW{, where E € RN*™ D is diagonal and Dqq > -+ > Dy, and
r(E) = ¢ = min(k,r); U1 € V, n, the Stiefel manifold, and W7 € V, ,,, (see Rao (19,
p. 42)). By defining S = Y’©7Y, it is possible, by means of SVD, to find a single

expression for the density function of S by considering all the possible order relations
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between N, m, k and r, taking into account that k¥ < N and r < m. By analogy with
the case in which Y has a matrix variate normal distribution, matrix S is termed the
singular or nonsingular generalised Wishart or Pseudo-Wishart matrix, depending on
the order relation between N and m or between k and r (Wishart or Pseudo-Wishart)
and on that between N and k or between m and r (singular or nonsingular). In practice,
twelve cases of the S matrix may be given. The density of Y exists with respect to
the Hausdorff measure and, as a consequence of this, the density of S also exists, in
general, with respect to the Hausdorff measure.

The density of S, when Y has a matrix variant normal distribution with ¥ > 0
and N > m, has been studied by various authors, both in the central and noncentral
cases; see, for example, Srivastava and Khatri (17), James (15) and Muirhead (16),
among many others. In the same context, considering N < m and only the central
case, the density of S with © = Iy has been studied by Uhlig (21) and Diaz-Garcia
and Gutiérrez (5). A detailed study of the density of S (in which the normality of Y
was also assumed), considering all the possible cases arising in the definition of S, was
described in Diaz-Garcia, Gutiérrez and Mardia (6). Various authors have studied the
distribution of S, when Y has an elliptically-contoured distribution, N > m, © = Iy
and g = 0. These studies are summarized in Fang and Zhang (10) and Gupta and
Varga (14). In the noncentral, nonsingular, generalised Wishart case, with © = Iy,
the density of S has been studied by Fan (9) and Teng, Fang and Deng (20).

Unfortunately, even in classical multivariate analysis based on matrix normal dis-
tribution, the study of singular distributions has received little attention, with the
exception of some studies by Khatri presented in Rao (19) and a few recent publications
(see Uhlig (21), Diaz-Garcia and Gutiérrez (5) and Diaz-Garcia, Gutiérrez and Mardia
(6). These cases of singularity were resolved by other means, such as type F matrix
distributions associated with MANOVA (see theorems 10.4.1 and 10.4.4 in Muirhead
(16, pp. 449-451). Some other types of singularity have been resolved by different
methods applied to discriminate between variables (columns) or individuals (rows) in
the observation matrix X in order to obtain a nonsingular matrix. It is important
to note that such a singularity may be due to a numerical dependence between the
rows and/or columns of the observation matrix, and/or there may really exist a linear

dependence between the variables or individuals. The latter case could occur when
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we seek to represent a matrix in a lower dimension, for example in Factor Analysis,
Principal Component Analysis, Analysis of Correspondences, Multidimensional Scaling
and Analysis of Canonic Correlation. In such cases, in general, the confirmatory
analysis is based on the distribution of the eigenvalues of a certain matrix associated
with the corresponding technique which is a function of the data matrix, X. All these
cases of singularity are also present within generalised multivariant analysis (in which
an elliptical matrix distribution is assumed) and, indirectly, constitute one of the topics
examined in the present article.

The fundamental aim of this article is to extend the results presented in Diaz-Garcia,
Gutiérrez and Mardia (6) to the case of elliptical models. We determine the density
of a singular elliptically-contoured matrix, taking into account the linear dependence
between the rows or columns of Y (see Theorem 2.1). From this density, we define the
generalised S Wishart (Pseudo-Wishart) matrix. Making certain assumptions about
the function h, described above, we find the density of S for the central /noncentral and
singular/nonsingular cases (see Theorem 3.1 and Corollary 3.1). As these densities are
still a function of h, various results, described in the literature, have been obtained as
particular cases, see Corollaries 2.1, 3.1 and 3.4. Also, we study other particular cases
of a singular elliptically-contoured distribution, that is, the matrix variate symmetric
Kotz type distribution and the matrix variate symmetric Pearson Type VII distri-
bution. Furthermore, and as particular cases of the above, we study matrix variate
normal, t-, and Cauchy distributions (see Corollary 3.2).

In the context of shape theory, the generalised Wishart (Pseudo-Wishart) distribu-
tion extends the results obtained for the normal case to that of singular elliptical models
(see Goodall and Mardia (12) and (13)). Specifically, this density could perform the role
of a size-and-shape density (see Diaz-Garcia, Gutiérrez and Mardia (6)). Alternatively,
as a size-and-shape distribution, it is possible to use the joint density of the singular
values of matrix Y (or the joint density of the eigenvalues of matrix S), called size-
and-shape cone density in Goodall (11) and Goodall and Mardia (13). Unfortunately,
even in the normal case, these distributions are difficult to compute, even in the case
of low dimensions, a problem that has led to some approximate distributions of such
cases being studied, as suggested by Goodall and Mardia (13), see also Section 9.5 in
Muirhead (16, pp. 390-405). Nevertheless, it is necessary to identify the explicit form
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of such densities in order to propose approximate densities. The size-and-shape cone
density, in the central case, has been studied by Diaz-Garcia et al (7) for elliptical
models.

Finally, Section 4 proposes the density of S as the size-and-shape density. Theorem
4.1 determines the singular size-and-shape cone density in terms of matrix Y and,
making use of certain properties of symmetric polynomials (Davis (4)), obtains two
particular cases, one of which was presented in Teng, Fang and Deng (20) (see Corollary

4.1 and Remark 4.1).

2. Singular Elliptically Contoured Distribution

The following result is an extension of Theorem 2.1 given in Diaz-Garcia, Gutiérrez
and Mardia (6) to the case of an elliptical model. In this theorem, an alternative proof

is given, using the characteristic function (see Srivastava and Khatri (17, pp. 42-43)).

THEOREM 2.1 Let Y ~ Enym (1, 2,0, h) with ¥ : mxm, r(X) =r <m and/or O :
N XN, r(©) =k < N. This is termed the Singular Elliptically-Contoured Distribution
and is expressed as:

Y~ END (15,0, h)

NXxm

omitting the supra-indices when r = m and k = N. Moreover, the density function is

given by:
(Y O (Y — ) &
k/2 r/2
(1) (11
Hi(Y —p)P; = 0
Hy(Y —p)P] = 0 a. s. (2)
Hy(Y —p)P; = 0

where A~ is a symmetric generalised inverse of A, \; and &; are the nonzero eigenvalues

of ¥ and ©, respectively, and Hy € Vi n, Hy € V_i.n, Pl € Vi and Py € Vi pom.

Proof. Let P = (P{|P;) € O(m), the group of orthogonal matrices and H =
(H1|H2) S O(N), with Pl/ € er’m, PQ/ S mer,ma H, € VN,k y Hy € Vka,k such that
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(Srivastava and Khatri (17, p. 42))

Ds 0 Do 0
s=p| % P and ©=H| 7° H
0 0 0 0

where Dy, = diag(Aq,...,A,) and Dg = diag(d,...,0k), A; and J; are the nonzero

eigenvalues of ¥ and O, respectively. Then, from the characteristic function of Y:

Yy (T) = etr(ip/ T)p(tr TXT'O).

Note that
. / . Pl / . { )
itrp'T = dtr w' (Hy:Hs) T(P;:P;)
Py H),
o PurEy P, H|TP] H|TP,
= qtr
PQ/,[,/Hl PQ/J/HQ HéTPll HéTle
A" A’ W W
= itr H 12 " 2 = JtrA'W
Ay A War Wao
and that
D 0 D 0
YT’ = wHTP| pra| °
0 0 0 0
o[ P2 0 De o
0 0 0 0

Thus the characteristic function of Y can be expressed as

Yy (T) E(etr(sY'T))

E(etr(i(H'Y P) (H'TP)))
Ds 0\ [ Do 0

!

0 0 0 0

etr(itr A'W)g |W

which is valid for all values of W. Consider the following transformation:

H, H|YP, H|YP Rii Ris
Y( P P,)= = = R.
) oo HLYP! HLYP, Roi R

HYP=
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Then, from Theorem 2.3.3 in Gupta and Vargas (14, p. 32)

Rll ~ SKXT(AllszaD@vh)

Rizs = A
Roy = Ao a. s.
Rys = Ao

In other words, the density of R or, equivalently, that of Y, is given by the following
(see Theorem 2.2.1, Gupta and Vargas (14, p. 26)):

1 _ _
Ds[2| Dol /2" (tr (Dg' (Rux = A11)' D (Ray = An))) (4)
Ris—App = 0
R21 — AQl = 0 a. S. (5)
Ros —Agy = 0

An expression as a function of Y may be obtained, noting that [Dx| = [];_; A; and
|Deo| = Hszl d;. Furthermore, given that ¥ = P{Dx,P; and © = HiDgHj, it follows
that X~ = P{Dg'P, = P{(P\XP])"'P, and ©~ = H\Dg'H| = H,(H;0H,)"*H]

define symmetric generalised inverses of ¥ and ©, respectively. Note, also, that

tI‘(Dgl(RH — AH)IDél(RH — Au))
= te(P{(PySP{) " Pi(Y — ) Hy(H{©Hy) " H{(Y — p)

— (S (Y — ) O (Y — )
and the desired result is obtained. [ ]

Note that the expression for densities (1)-(2), (4)-(5) and for the symmetric gener-
alised inverses is not unique, as P and H are not unique. Nevertheless, such densities
can be used to calculate probabilities and for the inference of the density parameters,
without these depending on the particular values of P and H. Note, also, that
taking into account the notation used by Billingsley (see Billingsley (1, pp. 208-218)),
defining the set A € IRV*™ by (5) or by (2) and considering its elements (a;;) to
be the coordinates of a point on a (subspace) surface of dimension kr in RN™ (in
this particular case, the surface defines a hyperplane, see Cramér (2, pp. 16-17)), the
density (4) or (1) exists with respect to the Hausdorff measure, which coincides with the

Lebesgue measure, when the latter is defined on the above-mentioned hyperplane (see
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Remark 2.3 in Diaz-Garcia, Gutiérrez and Mardia (6) and Theorem 19.1 in Billingsley
(1, p. 209)).

A geometric interpretation of density (1) -(2) ((4)-(5)) may be made, noting that,
when R is defined by (3), this is equivalent to

vecR = vec(H'YP)

(P'® H')vecY

P ® Hj
P ® H!
= ! 2 vecY
P, ® Hj
P, ® H
(P ® Hp) vecY vec Ri1
(P ® H)) vecY vec Ria
(P, ® Hjp) vecY vec Rop
(P ® H)) vecY vec R

Note, too, that the covariance matrix of Y (R), Cov(vecY’), is proportional to the
matrix ¥ ® ©, whose rank is (X ® ©) = 7(X)r(0) = kr. From Cramér (2, p. 297),
the rank of the distribution is kr < Nm, from which we deduce that Y has a singular
distribution and therefore that there are Nm — kr linear relationships between the
coordinates of vecY (vec R) that contain the whole distribution mass. Moreover, these

Nm — kr linear relationships are such that

P ® Hj
P, ® H, |(vecY —vecu)=0 (6)
P, ® H)

are satisfied with a probability equal to one. In summary, the density (2) is interpreted
as being the density on the subspace of dimension kr defined by (6). In other words,
it is the density with a total mass on the hyperplane of dimension kr, as defined by

(6) (see Cramér (2, pp. 297-298)).

COROLLARY 2.1 Assume that Y ~ EX7 (1, 2,0,h). If, in particular, Y has a

Nxm
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matriz normal distribution, its density function is given by (see Diaz-Garcia, et al (5))

1
(m? (I ) (I )

etr (337 (Y — p)0~ (Y — p))

Hi(Y —p)Py = 0
HYY — )P, = 0
HYY — )P} = 0
Proof. The proof is immediate, noting in Theorem 2.1 that, h(u) = %.

3. Generalised Wishart and Pseudo-Wishart Distributions

From Theorems 3.1 and 3.2 (in Diaz-Garcia, Gutiérrez and Mardia (6)), with (dD) =
3:1 dD;; and expressing the nonnormalised invariant probability measure on V, x by

(U{dUy) (see Muirhead (16, pp. 67-72)), the jacobian J(E — Uy, D, W7) is given by
a
(dB) = 29| D[N +m=20 [[(D2 — D2,)(dD)(U{dUs) (WidW,)
i<j
Similarly, if we define the matrix F = E'E = W1 DU{U;DW| = W1 LW], with
L = D? we find that the jacobian J(E — F,U;) is defined as

(dE) = 279|L|N=m=D/2(qF) (U] dU, )

The following result is an extension of Theorem 3.3 in Diaz-Garcia, Gutiérrez and
Mardia (6) to the case of an elliptical model. It also extends Theorem 1 from Teng, Fang
and Deng (20) to the singular generalised Wishart and the singular and nonsingular

generalised Pseudo-Wishart noncentral cases.

THEOREM 3.1. Assume that Y ~ Ejli;im(,u, 3,0,h), with h expanding in series of
powers in IR. Let, also, ¢ = min(r,k); then the density of S =Y’'O7Y is given by
mak/2| | (k=m=1)/2 2 (D (tr(B S + Q)) CL(QX~S)

r t! sk
Ty(3h) (HA?”) e B0
i=1

Po(S — p'©~p)Py = 0. (8)

(7)
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where S = W1 LW/{, A~ is a symmetric generalised inverse of A, Q = S~ p/O p,
Cw(B) are the zonal polynomials of B corresponding to the partition k = (t1,...,t) of
t, with le t; =1, (k). is the generalised hypergeometric coefficient (see James (15))
and h9) () is the j-th derivate of h with respect to v =tr ¥~ S.

Proof. Note that from the factorization of the complete rank of © = Q'Q, Q : kx N

and 7, a generalised inverse of @
(@Q7)OQ™ =(Q7)(QRNQ™ = (QQ)(QQ™) = I,

given that 7(©) = r(QQ~) = k and QQ~ is of the order k x k .
Defining X = (Q~)’'Y by Theorem 2.1.1 (Gupta and Varga (14)) and by Theorem
2.1, we find that
X~ & (1, 5, I ),

kxm

in which p, = (Q)'u. Thus
S=Y'0Y=(Q)Y)o (@)Y)=XX.
Let us now consider the SVD of the matrix X = U; DW{. Then
S = W,DU{U,DW,| = W, D*W| = W, LW,
where L = D?, whose jacobian is given by
(dX) = 279 L= D2(ds) (U dUn)
in which ¢ = r(S) = r(Y) = r(X) = min(r, k). From Theorem 2.1, the density of X is

given by
1

(X — )Py =0 a.s.

h (tI‘Z_(X - :ua:)/(X - um))

Taking the nondegenerate part, we find that the joint density of Uy, .S and Wi is
2—q|L‘(k—m—1)/2

(1)

h(tr (278 + Q) + tr (—2u, X~ W1DUY)) (dS)(U1dUy),
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where Q =X 1/O7 .

Let us now assume that h can be expanded in series of powers (Fan (8)), that is,

oo ’Ut
v) = Z Q-
t=0 ’

The joint density of Uy, S and Wy is

q (k—m—1)/2
Lzat (tr (S78 + Q) + tr (~2u, X~ W, DUY))' (dS)(U{dU).

(HW) =
i=1

After developing the binomial, we obtain

2—q|L|(k—m—1)/2 i ag

r |
(H/\l;ﬂ) t=0 2 n=0
i=1

(tr (—2p,X~ W1 DUY))™(dS)(U1dUy).
The integral with respect to Uy € V, is zero when t is odd (see Eqs. (34)-(46) in

James (15)); thus the marginal of S can be expressed as

27q|L|(k7m 1)/2

o] SR

n=0

/ (61 (=201, 5~ W1 DUL))20(dS) (U dUY)
U, GVq,k
where [-] represents the integer part of the quotient.

By integrating (see Lemma 9.5.3 in Muirhead (16, p. 397) and Eq. (22) in James
(15)), we obtain:

/ (tr (=2, S~ W1 DU (ULdUY)
U1€Vq,k
2u7ik/2 . (3), Cx (412~ W1 DDW{E™ 1)
B Fq[%k] K 1 (%k);{
oapak/2 4" (5
=y 1(2) 10, (Q58).

Therefore the marginal of S is

[NEY

Tak/2|[|(k=m=1)/2 2, [£] (Qx-9)

" (fw”) ;ﬁzc;)“(%) (tr (875 +9))"” QWZW-

n=0
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Bearing in mind (see Muirhead (16, p. 21)) that

41 (%)77 = % =21(2n — 1!

the nondegenerate marginal of S is (see Fan (8) and Teng, Fang and Deng (20))

mak/2| L |k=m=1)/2 2~ hCD (tr(XS + Q)) C.(QX~S)
r t! 1k

e (T1) = S
=1

2
To obtain the degenerate part, note that

PyX'X P} = PSP}, = Py 11, P}

Given that p, = (Q7) ' and plpu, = 'O p, then Po,SP) = Pop/©~ uPj. In other
words,

Py(S— /'O p)Py=0 as.

and thus the desired result is obtained. [

Note that the singularity of the matrix S may be the consequence of three circum-
stances: the linear dependence between rows, the linear dependence between columns of
matrix Y or the singularity in the definition of S’ (generalised Pseudo-Wishart matrix),
that is, when N < m or k < r . Thus, when ¢ = k < m, S does not have a density
with respect to the Lebesgue measure in IR™™+Y/2 (note, the measure (dS) defined
on L}, the manifold of positive definite symmetric matrices with distinct eigenvalues,
is equivalent to the ordinary Lebesgue measure, taking the elements of S to be the
coordinates of points on an m(m + 1)/2-dimension surface in IRmz). In this case, the

density of S exists with respect to the measure (dS) defined on L7 _, the manifold

m,q>
of positive semidefined symmetric matrices with ¢ nonzero distinct eigenvalues. The
explicit definition of (dS) is obtained by taking the decomposition S = W; LW/ to be

a system of coordinates for this manifold such that

q q q
(ds) =27 T[T — 1) (Wiawy) A di (9)

=1 1<J =1
where, as above, L is diagonal with I3 > --- > I, (see Diaz-Garcia, Gutiérrez and

Mardia (6)). By analogy to the case of the Y matrix (see Section 2), this measure is a

particular case of the Hausdorff measure, which is eqgivalent to the Lebesgue measure
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when the latter is defined on £} ¢ taking the elements of S to be coordinates of points
on an mq—q(q—1)/2-dimension surface in IR™. Whenr < m, the degenerate part (7)
appears explicitly; in this case, an explicit form of the measure with respect to which
the density given in (8) exists is given by the product of a count measure for PSP
with a single point on the support given by Pou©~ pPs and the Hausdorff measure
(or the Lebesgue measure, as appropriate) defined above. Therefore density (7) is

interpreted as being the density on subspace (8) with respect to the volume given in

(9)-

COROLLARY 3.1 In Theorem 3.1, note that:

1. If k=N, r=m with N > m then g =m. Then

RSO D S B (S 1 0)) g G071

) ="5 vy e & 7 SN

(See Teng, Fang and Deng (20)).

2. If h(u) = (2m)~*"/2 exp(—u/2). Then
h(a=r)/2| | (e=m—1)/2

fo(8) =4 2T, (3k) (T, A7)

etr (3575 + 39) oFy (3k; 1Q575)

PSPy =0

(See Diaz-Garcia, et al (6)).

Proof.

1. The proof is immediate from Theorem 3.1, noting that P = P, € O(m), [[;_, )\f/Q =
SN2 |L|kmm D2 = W LW [V =m=D/2 = |§|(N=m=1)/2 “and that W =
W e O(m).

dh?t (u) 1 1\*
2. Observe that 2 = L exp(—u/2) (2> . Then, from Theorem 3.1,

the nonsingular part of density S can be written as
k(g—r)/2| [ |(k—m—1)/2 (Qx-
e (s ) S5 GO
2kr/2rq (ik) (Hi:l Ai ) t

The result follows, noting that C,(aX) = C.(X)/a* and that oF;(b; X) =

X = Cu(X)
;Z 1'(b)x -
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We now present another two particular cases of elliptically-contoured distribution:
the matrix variate symmetric Kotz type distribution and the matrix variate symmetric

Pearson Type VII distribution (see Gupta and Varga (14, pp. 75-76)).

COROLLARY 3.2. LetY ~ Ezlm(u,Z,G,h), with h expanding in series of powers
in IR. Then,

1. If Y has a matriz variate symmetric Pearson Type VII distribution, the density

of S =Y'O7Y is given by

Wk(qfr)ﬂp[ ]|L|(kfm71)/2 a

2.2
ark/2T[b — rk/2]T,(k (H/\k/2> t=0 x

( tr(ES+Q)> -0
b)oe | 1I+——

(zk
Cy (£0278)
(25)..
Py(S — ('O p)Py = 0.
in which a,b € IR and (b)2: = b(b+1)---(b+ 2t — 1).
2. If Y has a matriz variate symmetric Kotz type distribution, the density of S =
Y'O7Y is given by

akla=r)/24 b(20+kr—2)/2ar[lkr] ‘L|(k—m—1)/2

T[(2¢ + kr — 2)/2a]T, (k) (H/\W)

o (=) (W) (tr(B78 + Q)21 O (B2 (tr(5 5 4 Q)2 DOn-9)
ZZZ (z 4 2t)! (3k)

K

Py(S — ('O p)Py = 0.
where a,b,c € IR, a >0,b>0, 2c+kr >2 and w =a(z+2t) +c— 1.
Proof. The proof is immediate from Theorem 3.1, noting that:

1. For the Pearson Type VII case,

(]

R Ty L)

h(v) =
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from which

) = gy T i (v

2. For the Kotz case
a b(2c+kr72)/2a1—\[%kﬂ
k2T [(2¢ + kr — 2)/24]
B a b(2c+kr—2)/2ar[%kr] i (—b)lyal+e-1
mhr/2T((2¢ + kr — 2)/2a] !

h(v)

v exp(—bv®)

=0

from which, effecting a change to the sum parameter, we obtain

a bEethr=2/2ap 1] 2 (—b)* 2 (a(z + 2t) + ¢ — 1)g

(2t) _
W) = 7k 2T[(2¢ + kr — 2)/2d] ZZ v~ (alz+2t)+e—1-26) (5 4 9¢)]

=0

15

Remark 3.1. Note that, when b = (rk-+a)/2 in the singular symmetric Pearson Type

VII distribution we obtain the singular distribution ¢ of a random matrix with a degrees

of freedom. Note, too, that if we take a = 1 in the definition of the distribution ¢ of a

random matrix, we obtain the Cauchy singular distribution of a random matrix. And

if we take a = ¢ =1 and b = 1/2 in the Kotz type singular symmetric distribution, we

obtain the matrix variate normal singular distribution. Making the same substitutions

in the corresponding distributions of S, we obtain the generalised Wishart or Pseudo-

Wishart for each of the particular cases, see Corollary 3.1.

COROLLARY 3.3. Assume that in Theorem 3.1, n = 0. Then, the density of S is

given by
7.‘.qk/Q‘L|(kfm71)/2

Ty(Lk) (ﬁﬁ”)

PSP, =0.

h(trX™8)

COROLLARY 3.4 For Corollary 3.3:

1. If Y has a matriz normal distribution with r = m, k = N such that N < m then

q= N, and then
7.(.N(N77n)/2|L|(Nfrnfl)/2

2Nm/2]_"N (%N) |2|N/2

fs(S): etr (%E’S)



16 Diaz-Garcia and Gutiérrez-Jaimez

(See Uhlig (21)).

2. If Y has a matriz t distribution, withr =m=gq, k=N, m < N. Then

a®?T (L(a + Nm)) |S|N—m-1/2
T (1a) T (53) (77

fs(S): ( +try— ls) a+Nm)/2

(See Sutradhar and Ali (18)).

Proof. The proof follows from Corollary 3.3, noting again that P = P; € O(m),

H: A k/2 |Z|N/2 |L|(k m—1)/2 _ |S|(N m=1)/2_and

1. taking h(u) = (2m)~N™/2 exp(u/2)

I (3(a+Nm))

2. taking h(u) = m

( + /a) a+Nm)/2 -

4. Shape Theory

By analogy with the Gaussian case, in the context of shape theory the densities
given in Theorem 3.1 and in Corollary 3.1 are termed size-and-shape densities (see
Diaz-Garcia, Gutiérrez and Mardia (6)). In this section, we determine the joint density
of the singular values D1, ..., Dyq of X, termed the size-and-shape cone density as
an extension of the singular noncentral case of Theorem 2.1 in Diaz-Garcia, Gutiérrez
and Ramos (7). This can be obtained from the density of the eigenvalues of the matrix

S = W, LW/, noting that L'/? = D, or directly from the SVD of X.

THEOREM 4.1. The size-and-shape cone density is given by

q q
Qqu(k+m)/2HDZ+m—2QH(D2 D3))

i=1 i<y RCHD (tr Q)
k2 ez ze: B
ol (T02) %5

ALTCy (D) (5, 087)
(3K), Co(Im)

(D—-D,,)P;=0 a.s.

where D, is the diagonal matriz in the SVD of the matriz p,, X = UyDW| and
g = min(k,r) . The notation of the sum operators, AZ’K and CZ’K is given in Davis

(4) (see also Chikuse (3)).



Wishart and Pseudo-Wishart Distributions 17

Proof. Consider the SVD of the matrix X = U; DW/. The joint density of Uy, D
and W7 (the nondegenerate part) is given by:

q q
k+m—2
HDii a (DZZ’LiD?])

=1 i< h(e(E~WiD* WY +Q — 25~ W1 DUj )

q <f‘[)\f/2)
i=1

Assume that h can be expanded in series of powers and integrated with respect to

(dD)(U1dU,)(W{dWh).

Ui € Vym, proceed in an analogous form to the proof of Theorem 3.1. We then find
that the joint density of Wi and D is given by
7.qu/2|l)|(k—i-m.—2q) q (1922 _ D?])

k)2
(b (HA )
\D2W! + Q) Co(QS~ W, D2W))

ZZ B (20) (tr(%~ W! K (lk)

t=0 K 2

(dD)(WLdW,).

K

By expanding h(?Y) into series of powers

B (4 i ll’_
=0

the joint density of W7 and D can be expressed as
k/2 k+m—2 g 2 2
rak/ |D|( + ) TT¢ _(D,i _Djj)

(i
b (P ()

t,l1=0 K

tr S~ W, DW{)! C.(Q2~ W, D*W])(dD)(W{dWy).

After expanding (tr X~ W; DW/{)7 into zonal polynomials and integrating with respect
to W1 € V , with the help of Eq. (4.13) from Davis (4), we obtain
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/ (6 - Wy DWI) Coo (05~ Wy D2W) (W1 dIW )
Wi1EVym

> / Co(S~ WL DW)C,o(Q8~ Wi D>*W!)(W1dWy)

g Wlevq,nz
24 ram/2 3 3
= T [lm]z / Co(X~ W, DW])C (Q8~ W1 D?*W]) (dW)
qL2 0 O(m)
_ Qqum/zz AFCy(D?)CEM (5, 087) .
0 ¢eo,k CoIm)

The final equality is a consequence of (5.1) in Davis (4). Therefore, applying
the notation used by Davis (4), the joint density (of the nondegenerate part) of
D11, ..., Dgyq is given by

q
gagalktm)/2|plktm=2a]T(D2 - D?))
(2 37 0,k
- )(tr Q)l fA

Cy(D?)CH (57, 057)
C¢(Im) '

Finally,

q q
2q7rq(k:+m)/2HDZ_+m—2qH(D2 D]Q])

; 11 (2t+1)
i=1 i<j Z h (tr Q)

th!
% k‘] (H}\kﬂ) 0,k $€0,K

AL"Cy (DO (5,087)

(3%),. Co(Im)
For the degenerate part, consider the SVD of u, = Uy, D, Wl/m' Then,

(D-D,,)Py=0 a.s.

and thus the desired result is obtained. [
An important consequence of Theorem 4.1 in shape theory is that when ¥ = 021,

this result is obtained by making use of certain properties of symmetric polynomials,
Davis (4).

COROLLARY 4.1. In the hypotheses of Theorem 4.1, assume that ¥ = 0%1,,. Then,
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the size-and-shape cone density is given by
q

2a7a(k+m) “HD’“*’“ 2‘1H R0 (tr Q + ZD%)

i<j Z o’ i=1

Fq[%m]l“q[%k]amk ~ t!
1
CK(EDQ)CH(Q)
(35),. Cxllm)

Proof. Note that the degenerate part disappears,
[N =122 @=0"2ppe =0 20/0 4
and from (5.7) and (5.2), Davis (4),

K o e 1
Cor(xm,axT) = CY <—Jm,—9)

o2 o2

1\ 2 ASRC (1)
- (a) Cotn OO

Therefore, from Theorem 4.1, we have

R (4 Q) AL Cy(D?)CH™(S,087)
Z Z #l z' 1k), Cy(In)
2

(
BEH (1) (AZ”) Cys(D?)C(9)

Z Z o 02 26+

o ot (3K) . Cllm)

0,k €0,k

2

Note that Z (AZ’”) Cy(D?) = Cx(D?)Cy(D?) (see Eq. (5.10), Davis (4)), from
PED, K

which we obtain

I 2 hCHD (11 Q) C(D?)Cy(D?)Ck(Q)
S A=t (022 (3k), Cu(Im)

After summing on # and on [, noting that

1. ZC@ D?) = (tr D?)! and that

h® 1
3 “(a) (v—a)l, with a = tr 2, v = tr Q + QZD% and
=0 i=1
h(v) = R (v)

the desired result is obtained.
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Remark 4.1. As a particular case of Corollary 4.1, we obtained Theorem 2 in Teng,
Fang and Deng (20). By taking D? = A with (dD) = 27A|~Y2(dA), 0 = 1, k =n
and r(X) =qg=m < n.

Remark 4.2. Proceeding as in Corollary 3.2, it is simple to obtain particular
examples of the size-and-shape cone density. For this purpose we only need to evaluate

the (2t + 1) derivative of the function h.
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