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Abstract
We give the explicit chaos representation of the solution of a class of one

dimensional stochastic bilinear heat equations with drift in the first haos and
driven by a space-time white noise. The solution is a stochastic process with
finite moments of all orders.
The L2-Lyapunov exponents of the solution are also estimated.
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1 Introduction

Semilinear heat equations driven by space-time or space white noise has been studied
by several authors (see [1], [4], [7], [8], [10], [11], [13], [14]).
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In one dimensions the solution is usually in L2 and in many dimensions the solution
is in some distribution spaces.
The chaos expansion is a convenient way to solve linear stochastic equations and
it is very useful for obtaining many properties of the solution, such as: continuity,
estimates of the Lyapunov exponents and for the moments, large deviations, etc.(see
[4], [11], [12], [13]).
In the present paper we consider one-dimensional linear heat equations with the
drift in the first chaos, deterministic initial condition and driven by a two-parameter
Brownian sheet. This class includes those considered in the above mentioned papers.
The solution is a process for which we compute explicitely the chaos decomposition
of the unique weak solution. Then we use the chaos expansion in order show that
the solution is an analitic functional with finite moments of all orders and also for
obtaining upper estimates for the second moment Lyapunov exponent of the solution.
The results can be extended to general elliptic operators.

2 Preliminaries

Let {Wt,x}t≥0,x∈[0.1] be a Brownian sheet defined on a complete probability space
(Ω,F , P ), where F is the completion of the Borel σ-algebra generated by W . That
is W is a centered Gaussian random field with covariance

E (Ws,xWt,y) = (s ∧ t) (x ∧ y) , s, t ≥ 0, x, y ∈ [0.1] .

In the sequel we recall the basic definitions and some results of the stochastic calculus
of variations with respect to W. For details we refer to [8] and [9].
For f ∈ L2((R+ × [0, 1])n), f symmetric, we denote by In(f) the nth multipleWiener-
Itô integral. Recall that every F ∈ L2 (Ω,F , P ) has a a unique orthogonal chaos
decomposition

F =
∞X
n=0

In(fn),

f0 = I0(f0) = E(F ) and fn ∈ L2((R+ × [0, 1])n), fn symmetric.
For every λ ≥ 1 we define

kFk2λ =
∞X
n=0

n!λ2n kfnk2L2((R+×[0,1])n) ,
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and

H∞ =
©
F ∈ L2 (Ω,F , P ) : kFkλ <∞, ∀λ ≥ 1

ª
.

The elements of H∞ are called analitic functionals and H∞ is included in the space
D∞ of smooth functionals introduced by Watanabe[15].
For a process {ut,x}t≥0,0≤x≤1 with the chaos decomposition

ut,x =
∞X
n=0

In(f
t,x
n ),

fn ∈ L2((R+ × [0, 1])n+1), f t,xn (.) symmetric and for λ ≥ 1, we put

kuk2λ,T =
∞X
n=0

n!λ2n
Z T

0

Z 1

0

°°f t,xn °°2L2((R+×[0,1])n) dxdt,
and we define H∞ (L2 ([0, T ])) as the class of all processes u such that kukλ,T < ∞
for all λ ≥ 1. Also we denote by

D : D1,2 ⊂ L2 (Ω,F , P )→ L2 (R+ × [0, 1]× Ω)

the derivative operator and by

Dk
t1,x1,...,tk,xk

= Dt1,x1 ...Dtk,xk :

Dk,2 ⊂ L2 (Ω,F , P )→ L2
³
(R+ × [0, 1])k ×Ω

´
the iterated derivative operator.
Let δ : Dom δ ⊂ L2 (R+ × [0, 1]× Ω) → L2 (Ω,F , P ) be the Skorohod integral op-
erator, which is the adjoint of the derivative operator D. We will make use of the
notation δ(u) =

R∞
0

R 1
0
ut,xdWt,x for any u ∈ Dom δ.

Let Lk,2 = L2(R+× [0, 1] ,Dk,2), that is, a process u ∈ L2 (R+ × [0, 1]× Ω) belongs to
Lk,2 if ut,x ∈ Dk,2 for a.a. t, x and there exists a measurable version of Dk

t1,x1,...,tk,xk
ut,x

veryfying

E

·Z
(R+×[0,1])k+1

¯̄
Dk
t1,x1,...,tk,xk

ut,x
¯̄2
dxdtdx1..dxndt1..dtn

¸
<∞,
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or equivalently, if

ut,x =
∞X
n=0

In(f
t,x
n ),

f t,xn ∈ L2((R+ × [0, 1])n), f t,xn symmetric, fn ∈ L2((R+ × [0, 1])n+1), to saying that
∞X
n=2

n(n− 1)...(n− k + 1)n! kfnk2L2((R+×[0,1])n+1) <∞.

Theorem 2.1[9](Integration by parts formula). Let {Xt}t∈[0,T ] be a process of the
form

Xt =

Z t

0

Z 1

0

us(y)dWs,y,

such that
(i1) u ∈ L2,2.
(i2) There exists p > 4 withZ

([0,T ]×[0,1])2
|E (Ds,yut (x)))|p dxdtdyds+

E

µZ
([0,T ]×[0,1])3

¯̄
D2
s1,y1,s2,y2

ut (x))
¯̄p
dxdtdxidsi

¶
<∞.

Let {Vt}t∈[0,T ] be a continuous process with a.s. finite variation such that
(j 1) V ∈ L1,2 and

E

·Z T

0

Z T

0

Z 1

0

|Ds,yVt|4 dtdyds
¸
<∞.

(j 2) The mapping t → Ds,xVt is continuous with values in L4 (Ω) , uniformly with
respect to s, x. Then we have

XtVt =

Z t

0

Z 1

0

us(y)VsdWs,y +
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Z t

0

V 0sXsds+
Z t

0

Z 1

0

us(y)Ds,yVsdyds.

Let pt(x, y) be the Green function to the heat equation on the interval [0.1] with
Dirichlet boundary conditions, that is

pt(x, y) =
1√
2πt

∞X
n=−∞

·
e−

(y−x−2n)2
2t − e− (y+x−2n)2

2t

¸
.

For a function g : R→ R denote

Ptg(x) =

Z 1

0

pt(x, y)g(y)dy.

Let at(s) : R2+ → R, b : R+ → R, η : [0, 1]→ R be measurable functions.
We introduce the hypothesis (H):
(H) b, η are bounded andZ T

0

Z ∞

0

¯̄
at(s)

¯̄
dsdt <∞,

Z T

0

Z ∞

0

¯̄
at(s)

¯̄2
dsdt <∞ for all T > 0.

We consider the linear stochastic heat equation
∂ut(x)
∂t

= 1
2
∂2ut(x)
∂x2

+ I1(a
t)ut(x) + b(t)ut(x)

∂2Wt,x

∂t∂x

ut(0) = ut(1) = 0
u0 = η.

(2.1)

Definition 2.2. We say that a measurable process {ut(x)}t≥0,x∈∈[0,1] is a weak solu-
tion of (2.1) if for every t ∈ [0, 1] and ϕ ∈ C2([0, 1]) with ϕ(0) = ϕ(1) = 0 we have
1[0,t](.)b(.)u.(∗) ∈ Dom δ andZ 1

0

ϕ(x)ut(x)dx−
Z 1

0

ϕ(x)η(x)dx =

Z t

0

Z 1

0

1

2

∂2ϕ(x)

∂x2
us(x)dxds+

Z t

0

Z 1

0

ϕ(x)I1(a
s)us(x)dxds+

Z t

0

Z 1

0

ϕ(x)b(s)us(x)dWs,x. (2.2)

By using integration by parts formula (Theorem 2.1) and stochastic Fubini theorem
(deterministic and stochastic) we obtain as in Gyöngy[2], [3](in the adapted case) the
following result.
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Theorem 2.3. Assume the hypothesis (H) holds. Let {ut(x)}t≥0,x∈∈[0,1] be a measur-
able process which satisfies the assumptions of Theorem 2.1.
Then the following statements are equivalent.
(1) u is a weak solution of (2.1).
(2) For every t ≥ 0 and ψ(s, x) ∈ C1,2 ([0, t]× [0, 1]) with ψ(s, 0) = ψ(s, 1) = 0, s ∈
[0, t] we have Z 1

0

ψ(t, x)ut(x)dx−
Z 1

0

ψ(0, x)η(x)dx =

Z t

0

Z 1

0

·
1

2

∂2ψ(s, x)

∂x2
+

∂ψ(s, x)

∂s

¸
us(x)dxds+

Z t

0

Z 1

0

ψ(s, x)I1(a
s)us(x)dxds+

Z t

0

Z 1

0

ψ(s, x)b(s)us(x)dWs,x. (2.3)

(3) For almost every ω ∈ Ω and for all t

ut(x) = Ptη(x) +

Z t

0

Z 1

0

pt−s(x, y)I1(as)us(y)dyds+

Z t

0

Z 1

0

pt−s(x, y)b(s)us(y)Ws,y, (2.4)

for almost all x.

3 Main Results

We introduce the following notation (later we give the hypotheses which guarantee
that the quantities introduced below are well-defined):
Given t1, ..., tn and a symmetric function of n − j variables (j < n), we denote by
fn−j(t̂i1, .., t̂ij) the function fn−j evaluated in t’s other that ti1 , .., tij ,

∆j,n = {(i1, .., ij) : ik 6= il if k 6= l, ik = 1, ..., n} , j ≤ n,
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ht(u) =

Z t

0

ar(u)dr, Yt = exp

½
1

2

°°ht(.)°°2
L2(R+)

¾
,

Ct = exp

½Z t

0


as(.), 1[0,s](.)b(.)

®
L2(R+)

ds

¾
,

Remark 3.1. We have the following straightforward equalities:

d

dt
h⊗nt (t, ..., tn) = nsym

³
at ⊗ h⊗(n−1)t )(t, ..., tn)

´
, (3.5)

dYt
dt

=

at(.), ht(.)

®
L2(R+)

Yt, (3.6)

dCt
dt

=

at, 1[0,t]b

®
L2(R+)

Ct. (3.7)

Theorem 3.2. Assume that (H) is satisfied. Then the equation (2.1) has the unique
weak solution in H∞(L2 ([0, T ]) for all T > 0, given by the chaos expansion

ut(x) =
∞X
n=0

In(f
t,x
n ), (3.8)

f t,x0 = CtYtPtη(x), (3.9)

and for n ≥ 1,

f t,xn (t1, ..., tn, x1, ..., xn) = CtYt

½
Ptη(x)h

⊗n
t (t1, ..., tn)

n!
+

sym

"
nX
j=1

1t1<...<tj<tpt−tj(x, xj)b(tj)ptj−tj−1(xj, xj−1)b(tj−1)...
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pt2−t1(x2, x2)b(t1)Pt1η(x1)h
⊗(n−j)
t (tj+1, ..., tn)

io
=

1

n!
CtYt

 nX
j=1

X
(i1,..,ij)∈∆j,n

1ti1<...<tij<t×

×pt−tij (x, xij)b(tij)ptij−tij−1 (xij , xij−1)b(tij−1)...pti2−ti11(xi2, xi1)b(ti1)×

×Pti1η(xi1)h
⊗(n−j)
t (t̂i1, ..., t̂ij) + Ptη(x)h

⊗n
t (t1, ..., tn)

i
. (3.10)

Moreover for all t ≥ 0, x ∈ [0, 1] and n ≥ 1,

°°f t,xn °°2L2((R+×[0,1])n) ≤ kηk2∞C2t Y 2t (n+ 1)×

× 1
n!

nX
j=0

khtk2(n−j)L2(R+)

³
tkbk4∞
4

´ j
2

(n− j)!Γ ¡ j
2
+ 1
¢ . (3.11)

Proposition 3.3. Let ut(x) be the unique solution given in Theorem 3.2. Then the
following properties are satisfied.
(i) For all t ≥ 0, x ∈ [0, 1] , ut(x) ∈ H∞ and

sup
0≤t≤T,0≤x≤1

kut(x)kλ <∞ for every T > 0,λ ≥ 1. (3.12)

(ii) The mapping

(t, x)→ ut(x) : R+ × [0, 1]→ H∞

is continuous.
(iii) For every p ≥ 1, T > 0,

sup
0≤t≤T,0≤x≤1

E (|ut(x)|p) <∞. (3.13)
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Proposition 3.4. Assume the hypothesis (H) is satisfied and let ut(x) be the unique
solution given in Theorem 3.2. Moreover suppose that there exist α ≥ 1, h1 ∈ R, h2 >
0, such that

lim sup
t−→∞

1

tα

Z t

0

Z r

0

ar(s)b(s)dsdr ≤ h1 (3.14)

lim sup
t−→∞

1

tα
khtk2L2(R+) ≤ h2. (3.15)

Then

lim sup
t−→∞

1

tα
log sup

0≤x≤1
E
¡|ut(x)|2¢ ≤

(
2 (h1 + h2) +

kbk4∞
4
, α = 1

2 (h1 + h2) , α > 1.
(3.16)

Corollary 3.5. Assume the hypothesis (H) is satisfied and a ∈ L1(R+) ∩ L2(R+).
Then (3.16) is fulfilled with α = 1, h1 = 0, h2 = kak2L2(R+).
Corollary 3.6. Assume the hypothesis (H) is satisfied and

lim sup
t−→∞

1

t2

Z t

0

Z r

0

|ar(s)| dsdr ≤ k1 <∞, (3.17)

lim sup
t−→∞

1

t

Z t

0

Z ∞

0

|ar(s)|2 dsdr ≤ k2 <∞. (3.18)

Then (3.16) is fulfilled with α = 2, h1 = k2 kbk∞ , h2 = k1.
Corollary 3.7 (Adapted case). Assume the hypothesis (H) is satisfied. Moreover let
ar(s) = ar(s)1[0,r)(s) for all r, s and suppose that (3.17)

lim sup
t−→∞

1

t2

Z t

0

Z r

0

|ar(s)|2 dsdr ≤ k <∞. (3.19)

Then (3.16) is fulfilled with α = 2, h1 = k kbk∞ , h2 = k1.

Remark 3.8. Estimate from below of the L2-Lyapunov exponents can be obtained
in a similar way.
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4 Proofs

Proof of Theorem 3.2. Existence. Let u ∈ H∞([0, T ]), T > 0, be a weak solution
given by the expansion (3.8). Then, from the expression of the Skorohod integral and
the product formula for multiple Wiener integrals( see [5] or [8]) and by identifying
the kernels of multiple Wiener integrals in (2.4), it follows that the sequence of kernels
{f t,xn }n≥0 is solution of the infinite system of deterministic integral equations

f t,x0 = Ptη(x) +

Z t

0

Z 1

0

pt−s(x, y) has ⊗ 1, f s,y1 iL2(R+×[0,1]) dyds, (4.20)

and for n ≥ 1,

f t,xn (s1, ..., sn, x1, ..., xn) =
1

n

nX
i=1

Z t

0

Z 1

0

pt−s(x, y)as(si)f
s,y
n−1(ŝi, x̂i)dyds+

(n+ 1)

Z t

0

Z 1

0

pt−s(x, y)

as ⊗ 1, f s,yn+1(s1, ..., sn, x1, ..., xn

®
L2(R+×[0,1]) dyds+

1

n

nX
i=1

1si<tpt−si(x, xi)b(si)f
si,xi
n−1 (ŝi, x̂i). (4.21)

We prove that f t,xn given by (3.9), (3.10) is a solution of (4.20), (4.21).
We have

f s,x1 (s1, x1) = A1(s, x, s1, x1) +A2(s, x, s1),

A1(s, x, s1, x1) = CsYsps−s1(x, x1)b(s1))Ps1η(x1)1s1<s,

A2(s, x, s1) = CsYsPsη(x)hs(s1)).

ThenZ t

0

Z 1

0

pt−s(x, y) has ⊗ 1, A1(s, y)iL2(R+×[0,1] dyds =
Z t

0

Z 1

0

pt−s(x, y)CsYs ×
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×
·Z s

0

Z 1

0

as(s1)ps−s1(y, y1)b(s1))Ps1η(y1)ds1dy1

¸
dyds =

Z t

0

CsYs

Z 1

0

Z s

0

·Z 1

0

pt−s(x, y)ps−s1(y, y1)dy
¸
as(s1)b(s1))Ps1η(y1)dy1ds1ds =

Z t

0

CsYs

Z s

0

·Z 1

0

pt−s1(y, y1)Ps1η(y1)dy1

¸
as(s1)b(s1))ds1ds =

Ptη(x)

Z t

0

CsYs

Z s

0

as(s1)b(s1))ds1ds = Ptη(x)

Z t

0

YsC
0
s. (4.22)

Also we have Z t

0

Z 1

0

pt−s(x, y) has ⊗ 1, A2(s, y)iL2(R+×[0,1] dyds =

Z t

0

Z 1

0

pt−s(x, y)CsYs

Z ∞

0

Z 1

0

as(s1)Ps1η(y)hs(s1)dy1ds1dyds =

Z t

0

CsYs

Z ∞

0

·Z 1

0

pt−s(x, y)Ps1η(y)dy
¸
as(s1)hs(s1)ds1ds =

Ptη(x)

Z t

0

Y 0sCsds. (4.23)

From (4.22) and (4.23) we obtain (4.20).
Next using the expression for f2 given by (4.21) we have that

2

Z t

0

Z 1

0

pt−s(x, y) has ⊗ 1, f s,y2 (s1, x1)iL2(R+×[0,1] dyds =

2

Z t

0

Z 1

0

pt−s(x, y)
·Z ∞

0

Z 1

0

as(θ)f s,y2 (θ, s1, z, x1)dzdθ

¸
dyds =

5X
j=1

Ij, (4.24)
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I1 =

Z t

0

Z 1

0

pt−s(x, y)
Z ∞

0

Z 1

0

as(θ)CsYsps−s1(y, x1)b(s1)×

×ps1−θ(x1, z)b(θ)(Pθη)(z)10<θ<s1<sdzdθdyds,

I2 =

Z t

0

Z 1

0

pt−s(x, y)
Z ∞

0

Z 1

0

as(θ)CsYsps−θ(y, z)b(θ)×

×pθ−s1(z, x1)b(s1)(Ps1η)(x1)10<s1<θ<sdzdθdyds,

I3 =

Z t

0

Z 1

0

pt−s(x, y)
Z ∞

0

Z 1

0

as(θ)CsYsps−θ(y, z)b(θ)10<θ<s1 ×

×(Pθη)(z)hs(s1)dzdθdyds,

I4 =

Z t

0

Z 1

0

pt−s(x, y)
Z ∞

0

Z 1

0

as(θ)CsYsps−s1(y, x1)b(s1)10<s1<θ ×

×(Ps1η)(x1)hs(θ)dzdθdyds,

I5 = (Ptη)(x)

Z t

0

Z 1

0

as(θ)CsYshs(θ)hs(s1)dθds.

By using the semigroup property of p we obtain easily that

I1 = 1s1<tpt−s1(x, x1)b(s1)(Ps1η)(x1)
Z t

s1

CsYs

Z s1

0

as(θ)b(θ)dθds,

I2 = 1s1<tpt−s1(x, x1)b(s1)(Ps1η)(x1)
Z t

s1

CsYs

Z s

s1

as(θ)b(θ)dθds,

12



and then

I1 + I2 = 1s1<tpt−s1(x, x1)b(s1)(Ps1η)(x1)
Z t

s1

Z s

0

C 0sYsds. (4.25)

Similarly we obtain

I3 = (Ptη)(x)

Z t

0

C 0sYshs(s1)ds, (4.26)

I4 = 1s1<tpt−s1(x, x1)b(s1)(Ps1η)(x1)
Z t

s1

CsY
0
sds, (4.27)

I5 = (Ptη)(x)

Z t

0

CsY
0
shs(s1)ds. (4.28)

Replacing (4.25)-(4.28) and the expresion of f1 given by (3.10)in (4.24) we obtain
(4.21) for n = 1.
For arbitrary n write

f s,yn+1(s1, ..., sn+1, x1, ..., xn+1) = A
s,y(s1, ..., sn+1, xn+1) +

nX
j=1

X
(i1,..,ij)∈∆j,n

h
A
s,y,i1,..,ij
1 (s1, ..., sn+1, x1, ..., xn+1)+

jX
k=2

A
s,y,i1,..,ij
2,k (s1, ..., sn+1, x1, ..., xn+1) +A

s,y,i1,..,ij
3 (s1, ..., sn+1, x1, ..., xn+1)+

B
s,y,i1,..,ij
j (s1, ..., sn+1, x1, ..., xn+1)

i
+ Cs,y(s1, ..., sn+1), (4.29)

(n+ 1)!As,y(s1, ..., sn+1, xn+1) =

CsYs1sn+1<sps−sn+1(y, xn+1)b(sn+1)Psn+1η(xn+1)h
⊗n
s (s1, ..., sn),
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(n+ 1)!As,yj (s1, ..., sn+1, xj) =

CsYs1sj<sps−sj(y, xj)b(sj)Psjη(xj)hs(sj)h
⊗n
s (ŝj),

(n+ 1)!A
s,y,i1,..,ij
1 (s1, ..., sn+1, x1, ..., xn+1) =

CsYs1sn+1<si1<...sij<sps−sij (y, xij)b(sij)...psi2−si1 (xi2, xi1)b(si1)×

×psi1−sn+1(xi1, xn+1)b(sn+1)Psn+1η(xn+1)h⊗(n−j)s (ŝi1 , ..., sı̂j , ŝn+1),

(n+ 1)!A
s,y,i1,..,ij
2,k (s1, ..., sn+1, x1, ..., xn+1) =

CsYs1si1<...<sik−1<sn+1<sik<...<sij<sps−sij (y, xij)b(sij)...

...psik−sn+1(xik , y)b(sn+1)psn+1−sik−1 (xn+1, xik−1)b(sik−1)...

...psi2−si1 (xi2 , xi1)b(si1)Psi1η(xi1)h
⊗(n−j)
s (ŝi1 , ..., sı̂j , ŝn+1),

(n+ 1)!A
s,y,i1,..,ij
3 (s1, ..., sn+1, x1, ..., xn+1) =

CsYs1si1<...<sij<sn+1<sps−sn+1(y, sn+1)b(sn+1)...

...psn+1−sij (xn+1, xij)b(sij)...Psi1η(xi1)h
⊗(n−j)
s (ŝi1 , ..., ŝı̂j , ŝn+1),

B
s,y,i1,..,ij
j (s1, ..., sn+1, x1, ..., xn+1) = CsYs1si1<...<sij<sps−sij (y, xij)b(sij)...

14



...Psi1η(xi1)hs(sn+1)h
⊗(n−j)
s (ŝi1, ..., ŝı̂j , ŝn+1),

(n+ 1)!Cs,y(s1, ..., sn+1) = CsYsPsη(y)h
⊗(n+1)
s (s1, ..., sn+1).

By the semigroup property of p and Fubini’s theorem we obtain

I := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y) has ⊗ 1, As,y(s1, ..., sn)iL2(R+×[0,1] dyds =

1

n!
Psη(x)

Z t

0

YsC
0
sh
⊗n
s (s1, ..., sn)ds, (4.30)

Ij := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y)

as ⊗ 1, As,yj (s1, ..., sn+1)

®
L2(R+×[0,1]) dyds =

1

n!
Psjη(x)

Z t

0

YsC
0
sh
⊗n
s (ŝj)ds, (4.31)

J
i1,..,ij
1 := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y)×

×
D
as ⊗ 1, As,y,i1,..,ij1,j (s1, ..., sn, x1, ..., xn)

E
L2(R+×[0,1]

dyds =

1

n!
1si1<...<sij<tpt−sij (x, xij)b(sij)......Psi1η(xi1)×

Z t

sij

YsCs

·Z si1

0

as(sn+1)b(sn+1)dsn+1

¸
h⊗(n−j)s (ŝi1, ..., ŝı̂j)ds, (4.32)

J
i1,..,ij
2 := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y)×

15



×
D
as ⊗ 1, As,y,i1,..,ij2,j,k (s1, ..., sn, x1, ..., xn)

E
L2(R+×[0,1]

dyds =

1

n!
1si1<...<sij<tpt−sij (x, xij)b(sij)......Psi1η(xi1)×

Z t

sij

YsCs

"Z sik

sik−1

as(sn+1)b(sn+1)dsn+1

#
h⊗(n−j)s (ŝi1 , ..., ŝı̂j)ds, (4.33)

J
i1,..,ij
3 := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y)×

×
D
as ⊗ 1, As,y,i1,..,ij3,j (s1, ..., sn, x1, ..., xn)

E
L2(R+×[0,1]

dyds =

1

n!
1si1<...<sij<tpt−sij (x, xij)b(sij)...Psi1η(xi1)×

Z t

sij

YsCs

"Z s

sij

as(sn+1)b(sn+1)dsn+1

#
h⊗(n−j)s (ŝi1, ..., ŝı̂j)ds. (4.34)

From (4.32)-(4.34) we deduce

J
i1,..,ij
1 + J

i1,..,ij
2 + J

i1,..,ij
3 =

1

n!
1si1<...<sij<tpt−sij (x, xij)b(sij)...Psi1η(xi1)×

×
Z t

sij

YsC
0
sh
⊗(n−j)
s (ŝi1, ..., ŝı̂j)ds. (4.35)

Also we have

J
i1,..,ij
4 := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y)×

16



×
D
as ⊗ 1, Bs,y,i1,..,ijj (s1, ..., sn, x1, ..., xn)

E
L2(R+×[0,1]

dyds =

1

n!
1si1<...<sij<tpt−sij (x, sij)b(sij)......Psi1η(xi1)×

Z t

sij

Y 0sCsh
⊗(n−j)
s (ŝi1, ..., ŝı̂j)ds. (4.36)

Next

J := (n+ 1)

Z t

0

Z 1

0

pt−s(x, y) has ⊗ Cs,y(s1, ..., sn)iL2(R+×[0,1] dyds =

1

n!
Psη(x)

Z t

0

C 0sYsh
⊗n
s (s1, ..., sn)ds. (4.37)

Suming (4.30) and (4.37) we get

I + J =
1

n!
Psη(x)

Z t

0

(CsYs)
0 h⊗ns (s1, ..., sn)ds =

1

n!
Psη(x)CtYth

⊗n
t (s1, ..., sn)−

1

n!

Z t

0

nsym
¡
as ⊗ h⊗(n−1)¢ (s1, .., sn)ds, (4.38)

and from and (4.36), (4.37) yield

J
i1,..,ij
1 + J

i1,..,ij
2 + J

i1,..,ij
3 + J

i1,..,ij
4 =

1

n!
1si1<...<sij<tpt−sij (x, sij)b(sij)......Psi1η(xi1)×

×
Z t

sij

(YsCs)
0 h⊗(n−j)s (ŝi1 , ..., ŝı̂j)ds =

17



1

n!
1si1<...<sij<tpt−sij (x, sij)b(sij)...Psi1η(xi1)CtYth

⊗(n−j)
t (ŝi1 , ..., ŝı̂j)−

1

n!
1si1<...<sij<tpt−sij (x, sij)b(sij)...Psi1η(xi1)CsijYsijh

⊗(n−j)
sij

(ŝi1 , ..., ŝı̂j)−

1

n!
1si1<...<sij<tpt−sij (x, sij)b(sij)...Psi1η(xi1)×

×
Z t

sij

CsYs(n− j)sym
¡
as ⊗ h⊗(n−j−1)s

¢
(ŝi1 , ..., ŝı̂j)ds. (4.39)

Finally (4.38), 4.31 and (4.39) prove the validity of (4.21) for n.
Next, for t ≥ 0, x ∈ [0, 1] , j ≤ n, we have°°°sym h1t1<...<tj<tpt−tj(x, xj)b(tj)..Ptjη(xj)h⊗(n−j)t (tj+1, .., tn)

i°°°2
L2((R+×[0,1])n)

=

°°h1[0,t]°°2(n−j)L2(R+)

(n− j)!
Z
t1<...<tj<t

Z
[0,1]j

¯̄
pt−tj(x, xj)b(tj)..Ptjη(xj)

¯̄2
dx1..dxjdt1..dtj

≤
kηk2∞ kbk2j∞

°°ht1[0,t]°°2(n−j)L2(R+)

(n− j)! ×

×
Z
t1<...<tj<t

Z
[0,1]j

p2t−tj(x, xj)p
2
tj−tj−1(xj, xj−1)...

...p2t2−t1(x2, x1)dx1..dxjdt1..dtj =

kηk2∞
°°ht1[0,t]°°2(n−j)L2(R+)

(n− j)!

³
tkbk4∞
4

´ j
2

Γ
¡
j
2
+ 1
¢ ,

18



which implies easily (3.11).
Now from (3.11) we have for λ ≥ 1,

kut(x)k2λ =
X
n

n!λ2n
°°f t,xn °°2L2((R+×[0,1])n) ≤ C2t Y 2t kηk2∞ ×

×


∞X
n=1

(n+ 1)λ2n
nX
j=0

khtk2(n−j)L2(R+)

(n− j)!

³
tkbk4∞
4

´ j
2

Γ
¡
j
2
+ 1
¢
 =

C2t Y
2
t kηk2∞


∞X
j=0

∞X
n=j

(n+ 1)λ2n khtk2(n−j)L2(R+)

(n− j)!

³
tkbk4∞
4

´ j
2

Γ
¡
j
2
+ 1
¢ + eλ2khtk2L2(R+)



= C2t Y
2
t kηk2∞


∞X
j=1

∞X
k=0

(j + k + 1)λ2(j+k) khtk2kL2(R+)
k!

³
tkbk4∞
4

´ j
2

Γ
¡
j
2
+ 1
¢
 =

C2t Y
2
t kηk2∞


∞X
k=0

λ2k khtk2kL2(R+)
k!

∞X
j=0

j
³
tλ4kbk4∞

4

´ j
2

Γ
¡
j
2
+ 1
¢ +

λ2 khtk2L2(R+)
∞X
k=1

(λ khtk)2(k−1)L2(R+)

(k − 1)!
∞X
j=0

³
tλ4kbk4∞

4

´ j
2

Γ
¡
j
2
+ 1
¢ +

∞X
k=0

λ2k khtk2kL2(R+)
k!

∞X
j=0

³
tλ4kbk4∞

4

´ j
2

Γ
¡
j
2
+ 1
¢
 ,
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and then

kut(x)k2λ ≤ C2t Y 2t kηk2∞
³
2 + λ2 khtk2L2(R+)

´
×

×eλ2khtk
2
L2(R+)

∞X
j=1

(j + 1)
³
tλ4kbk4∞

4

´ j
2

Γ
¡
j
2
+ 1
¢ . (4.40)

Now it is clear that (4.40) implies that u ∈ H∞(L2 ([0, T ]) and u is a solution of (2.1).
Uniqueness. Let u ∈ H∞([0, T ]) be a weak solution. Define

vt = I1(ht)−
Z t

0

hr(r)b(r)dr =

Z t

0

I1(a
r)dr −

Z t

0

hr(r)b(r)dr,

yt(x) = e
−vtut(x).

Xt =

Z t

0

Z 1

0

1

2

∂2ϕ(x)

∂x2
us(x)dxds+

Z t

0

Z 1

0

ϕ(x)I1(a
s)us(x)dxds+

Z t

0

Z 1

0

ϕ(x)b(s)us(x)dWs,x,

Of course we have

v0t = I1(a
t) = ht(t)b(t), Dt,xe

−vt = −ht(t)e−vt.

From definition we have for ϕ ∈ C2([0, 1]) with ϕ(0) = ϕ(1) = 0

Xt =

Z 1

0

ϕ(x)ut(x)dx−
Z 1

0

ϕ(x)η(x)dx. (4.41)

By integration by parts (Theorem 2.1) we obtain easily thatZ 1

0

ϕ(x)yt(x)dx−
Z 1

0

ϕ(x)η(x)dx =

20



Z t

0

Z 1

0

1

2

∂2ϕ(x)

∂x2
ys(x)dxds+

Z t

0

Z 1

0

ϕ(x)b(s)ys(x)dWs,x. (4.42)

Thus (4.41), (4.42) show that y is a weak solution of the equation
∂yt(x)
∂t

= 1
2
∂2yt(x)
∂x2

+ b(t)yt(x)
∂2Wt,x

∂t∂x

yt(0) = yt(1) = 0
y0 = η,

which has a unique solution (see [1], [11]). ¥

Proof of Proposition 3.3. The property (3.12) is a consequence of (4.40) and
(3.13) follows from (4.40) and Proposition 2.2 of [13]. Consider now a sequence¡
tk, xk

¢
converging to (t, x).

We have f t
k,xk

n (t1, ..., tn, x1, ..., xn) converges to f t,xn (t1, ..., tn, x1, ..., xn) as k →∞, for
almost all ti, xi. Then (3.11) and the dominated convergence theorem yield°°°f tk,xkn − f t,x

°°°2
L2((R+×[0,1])n)

k→∞−→ 0. (4.43)

Next (4.43) and (3.12) imply that°°utk(xk)− ut(x)°°2λ k→∞−→ 0. ¥

Proof of Proposition 3.4. From (4.40) for λ = 1 and [4, page 50] we have for
ε > 1, t→∞,

E
¡|ut(x)|2¢ ≤ C2t Y 4t kηk2∞ ³2 + khtk2L2(R+)´×

×


∞X
j=1

³
tε2kbk4∞

4

´ j
2

Γ
¡
j
2
+ 1
¢ + 1

 ≤ C2t Y 4t kηk2∞
³
2 + khtk2L2(R+)

´
×

×
(
2 exp

Ã
tε2 kbk4∞

4

!
+O(

1

t
)

)
,

where from it is easy to conclude taking t→∞ and then ε& 1. ¥
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