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Abstract

Skewness is an intrinsic characteristic in Stochastic Frontier Analysis (SFA), where it is
used as a measure of technical inefficiency. We discuss the use of skew normality in SFA.
We consider stochastic frontier analysis in the common setting Normal + Truncated
Normal with uncorrelated errors, as well as the case with correlated errors. In this last
case we show the connection between the SFA model and the Closed Skew Normal as
discussed in Gonzdlez-Farias, et al (2003). We end with the proposal of a model for
stochastic frontier analysis with elliptical errors.

1 Introduction

A problem of interest to econometricians is the specification and estimation of a frontier
production function. The original formulation of the stochastic frontier model is due to



Aigner, Lovell and Schmidt (1977) and Meeusen and van den Broeck (1977):
y=r,(xB)+e

where the error term e = v — u, is composed by a symmetric component, v, representing
measurement, error, and by the nonnegative technical inefficiency component u. The
stochastic frontier f (x;3) + v allows for firms with same inputs, x, to have different
frontiers due to unobservable shocks; so, the model y = f (x;3) + v — u, models indeed
the inefficiency of a company to attain its production frontier. See Parsons (2002) for a
treatment of Stochastic Frontier Analysis in marketing science.

Some issues of interest in stochastic frontier analysis are the estimation of the common
frontier f (x;/3), the estimation of the technical efficiency (typically related to 72 =
var(u)), and the estimation of the measurement error o = var(v). Before we discuss
these objectives, we take a closer look at the structure of the disturbance term e, and
its relation to Azzalini’s proposal (1985) of a skewed distribution. The distributional

properties of y will be inherited from those of e by a translation of the location parameter

via f (x; 3).

Aigner, et al (1977) discuss the model where u has a positive half normal distribution and
is independent of v which is assumed normally distributed. Stevenson (1980) generalizes
this model by considering u to have a normal distribution with mean p and variance o
truncated below at zero. That is, when p = 0 we have the half normal distribution. From
Aigner, et al (1977) we have that the density of e = v —u, with u and v independent and
v~ N (0,0?) and u ~ N°(0,72), (that is, the distribution of u is positive half normal)

is given by:
s =210 (2) e (-2), 1)

where o = V72402, A = 7/0, ¢(-) and ®(-) denote the density function and the
distribution function of a standard normal random variable, respectively.
Comparing this function with the skew normal density introduced by Azzalini (1985):

g(x)=2¢(z)P(0x), 6 € R (2)
we see that the density of the disturbance e is just the density of a scaled skew normal
distribution; that is e = ax where x is a skew normal with § = —\.

Densities related to Azzalini’s can be traced back to the work of Birnbaum (1950).
For a historical note see Remark 2.2 in Arnold and Beaver (2002a). Azzalini’s work,
however, was the first to fully study its properties and to give it its name (Skew Normal
Distribution). Azzalini’s work of 1985 was followed by several developments related to
the skew normal, we can mention Henze (1986) which shows how to obtain it as the sum
of two random variables, one of them sign free, and the other a positive one. Azzalini
(1985) also generalizes the skew normal density as:

g(zx) = (V/\/1 n 52) & () ® (61 + ). (3)
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Arnold and Beaver (2000, 2002a, 2002b) describe several procedures that lead to skew
densities, all of them cover the skew normal as a special case. One of these procedures
considers the distribution of random variables of the form:

y =u+ov(c)

where u and v can have arbitrary distributions and v (¢) = v/ (v;c¢), where I (v;c) =1
if v > ¢ and zero otherwise; they give expressions for the cases v and v arbitrary, v and
v symmetric, v and v non independent.

The usual setting in Stochastic Frontier Analysis is when we consider models for optimal
production functions, thus the construct for the disturbance is e = v — u; if the setting
under consideration involves minimal cost frontiers, then the usual device is to switch
the sign of u: e = v + u. One direct generalization (of no use for the moment, but will
be useful in the next section) is to consider

e =0+ du,

where ¢ is fixed, u is a random variable truncated below at a positive constant c. The
parameter 0 would indicate the direction of asymmetry. The corresponding density is
given by:

9@ = [ Fle=duhu)du

if v ~ N(u,0%) and u ~ N¢(v,72) ( the notation N€¢(v,72) indicates that u has a
N (v, ) distribution truncated below at ¢, ¢ € R.) then the density is:

Pt (= e—p—ov

00 = S () (@)

Ot (e — pu— ov) N (v —c) V%12 + o2
o\o? + 6272 or

where oo = /72 + 02 (see Example in Appendix).

x O

Ife* =u—v,u~ N(0,0%,v~ N°(v,72), u independent of v, then using (4) with
p=c=0,and 6 = —1:

g(e") = )czﬁ(ezy)@{_T(eJﬂ/)jLQ]

o aT

K
L
—~
REAS

which is the same as in Kumbhakar and Lovell (2000, eq. 3.2.46) after simplification,

ie., g(e*):éqb(e;y)¢<5_%>/®<§>‘

where A = 7/0.
Also, observe that if we define the random variable w = \Z;’jr% and & = 07/0,

i = maVoirie” V:TQTW then the density of w is the same as (3).

The error structure, e = v + du, has been examined under several distributional as-
sumptions for v and u. See Arnold and Beaver (2002a, 2002b), Kumbhakar and Lovell
(2000).



2 Estimation

Let us assume a data structure of cross sectional type, composed of independent obser-
vations on n firms: We have their output production levels and the corresponding values
of exogenous variables collected at a fixed period of time. We will assume a model of
the form

yi = f(x;8) +e; where e;=v; +du;, 6; €R, i=1--- n.

In the next subsection we will state a series of distributional assumptions on the error
vector e = (eq,--- .en). However, the estimation problems are as before: We are
interested in the estimation of the production technology parameter 8 in f (x;3), and
also in the prediction of the technical efficiency of each firm, this last problem implies
that we need to separate the statistical noise from the technical inefficiency.

2.1 Model Assumptions

A standard set of assumptions in Stochastic Frontier Analysis would include: Measure-
ment error, v;, are independent random shocks N(0,0?), u; are i.i.d. N¢(v;7?) i.e.,
v = ¢ = 0 is the nonnegative half normal distribution; also an independence condi-
tion such as u; and v; independent for all ¢ and j; inputs, x; are known non stochastic
variables.

In this work we propose a general model that contains submodels of the stochastic
frontier model with Normal Errors + Truncated Normal, this is:

=f(X;8)+ v+ Du, (5)

y
where v = (v1, ..., v,) ~ N, (0, %), u = (uy, ..., up,) ~ NE (v, A), m > n, see Section 4.1
for the definition of N¢ (v, A). D(m x n) is a full row rank matrix. v independent of u,
f(x:8)=(f(x1;:8),....f (x:;8), X = (%1, ,%,)" a know matrix of covariables and

B is unknown.

The matrix D gives flexibility to the model, if we leave it unspecified, we can estimate
it and use this estimate to help validate the model assumptions, on the other hand, we
can set it D = I, or D = —1I,, for efficiencies or inefficiencies, respectively. Finally, we
can induce particular correlation structures in the errors by letting non-zero off-diagonal
parameters.

From Theorem 1 we have that the density of e = v + Du is:

g(e) =2, (0:c—v,A) ¢, (e; Dv, X + DAD) (6)
X [AD’ (X + DAD") ' (e — Dv);c — v,

(D's~'D + A—l)*l] ,



where ¢, (-;p,2) and @, (-; p, X) denote the p.d.f. and the c.d.f. of a p-dimensional
normal distribution with mean g and covariance matrix X, respectively.
Thus e has a closed skew normal distribution, i.e.,

e~ CSNym (X%, D", v*, A¥)

where u* = Dv, ¥* =¥+ DAD', D* =AD' (¥ + DAD’)_1 , V¥ = c —v. See equation
(11) and Gonzalez-Farias, et al (2003a,b) and Dominguez-Molina, et al (2003).

This model includes the following cases as submodels

Model I: homoscedastic and uncorrelated errors.

If we set in the model (5) D = 6I,,YX = o?[,,A = 72I,, where I, is the n x n
identity matrix, we would have the case of homoscedastic and uncorrelated observa-
tions: war (y;) = constant, 1 = 1,2,--- ,n and cov (y;,y;) = cov(e;,e;) = 0,1 # j,
,j=1,2,--- n.

Model II: heteroscedastic and uncorrelated errors.
If the matrices D, and A are diagonal and if any of them is of the form

D = diag (6, ...,6,), ¥ = diag (01,...,0%), A = diag (7{,...,7.)

then we would have the case of heteroscedastic but uncorrelated observations: var (y;) =
ki,i=1,2,--- ,nand k; # k; for some i # j, and cov (y;,y;) = cov (e;,e;) =0, 1 # 7,
t,7=1,2,---,n.

Model III: correlated errors.

If any of the matrices D, ¥ or A are non-diagonal we would have the case of correlated
errors cov (y;,y;) = cov(e;,e;) # 0 for some i # j. That is cov(e) = Q, could be
non-diagonal. If in this submodel we have:

¥ >0, D=diag (d1,...,0,) , A = diag (712,. 7'2) ;

ey Ty
then the errors are correlated and the marginal distribution of the errors would easily

computable, because in this case v; ~ N (0,0?) and u; ~ N°(v;;77) and independent

i

and we can use (4) in order to evaluate the marginal distributions of the errors.

For our general model (5) using Remark 1 of Gonzélez-Farias, et al (2003a), we have
that the marginal distribution of the errors is:

€; ~ CSNl,m (072;71);’”’ A;) ’

where:

¥, = ajXa,
Di = D'>*a, >y !
AL = A+ D*'S*D¥ — D*S*aa v DVEL,

and a; is the i-th unit vector in R".



2.2 Likelihood

Given a data structure of a vector of observations y = (y1, ..., ¥,) and the corresponding
set of inputs X = (xy,--- ,X,)’, then under the assumptions of model (5) we can write
the likelihood function and base our inferences on it.

From (6) and (5) we have that the likelihood function of the parameters 3,%, D, v, c, A
is:

L(B,%,D,v,c,A)

=& ' (0;c—v,AN) ¢, (y —f£(x;8); Dv, X + DAD")

x {AD' (X + DAD) 'y — £ (x; 8) — Dv;

c—v (DSD+A)
For the non-correlated case ¥ = diag (0%, ...,02), D = diag (01, ...,0,) , A = diag (73, ..., 72)
the likelihood reduces to:

L(B,%,D,v,c,A\)

lj { ( ) ¢ (yi — f (x4 8) ;0,07 + 6;77)
<o [,

(02 +06272) " (i — f (xi58) — Givi) s
e V“Z_ 452(0 +52 2) 1]}

ﬁ o1 ( ) = f (x:;8) — b
Pl \ 02 + 0277 N
@ 7i0; (yi — [ (%33 8) — divs) (ci — ) Voot ) L
iy Ui2 + 612 Ti2 o

2.3 Estimation of inefficiencies/efficiencies

In the univariate model of SFA the error is of the form e = v 4+ du. The main interest in
SFA is to estimate inefficiencies du (6 < 0) or efficiencies du (6 > 0) for each =.
After the estimation of 8 by maximum likelihood we can evaluate the residuals:

éi:yi_f<xi;//6\>'

The most common proposals for calculating the inefficiencies are by means of the mean
or the mode of the random variable ule, that is:

efficiency (8, 0,6,v,7,¢,e;x) = 0E (ule), or
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efficiency (83, 0,0, v, 7,¢,e;x) = IM (ule),
where M (-) is the mode. Thus we estimate the efficiency of firm i by:

efficiency; (B, 6,0,0,7,¢, éi;xi) .
For our model (5) we proceed in a similar way. Let us assume v ~ N, (0,%) and
u~ N¢ (v,A), v and u independent, then if
e =v + Du,
then the joint density of u and e is given by:
gu,e) =o' (—c;—v,A) ¢, (e — Du;0,%) ¢, (w;v, A) .

which, after some manipulations and the help of eq. A.2.4f of Mardia (1972, p458), it
can be reduced to,

g(u,e) = on [u; v+ (DS 'D+ A D' (e — Dy),
(D' D+ A7) | 6u (e; Dy, T + D'AD). (7)
From (10) and (6) we have that:
g(ule) =g(u,e)/g(e)
— Ko, [u; v+ (DS'D+ AN DS (e — D),
(D= D+ A,
where:
K'=a, [u + (DS D+ AT DS (e — Dy) e,
(DD + A7
that is:
ule ~ N© [u + (DS D+ AN DS (e — D),
(D= D+ A7

Dominguez-Molina, et al (2003) illustrate the procedure to obtain the mean of a Closed
Skew Normal distribution, which can be useful to obtain the mean of ule (E(ule)) then
we can obtain an estimation of the inefficiencies/efficiencies in our model, substituting
the corresponding estimates in:

efficiency (3,3, D,v,A,c,e;x) = DE (ule).

See also Kotz, et al (2000), section 45.10.



3 SFA with skew elliptical components

Definition. A p-vector w has a spherical distribution if and only if for its characteristic
function 1 (t) there exist a function ¢ (-) of scalar variable such that ¢ (t) = ¢ (t't).
The function v (-) is called the characteristic generator.

Definition. A p x 1 random vector v is said to have an elliptical distribution (or
elliptically symmetric distribution) with parameters p € R* and 3 (p X p) if:

v=np+Aw,
where w has spherical distribution with characteristic generator ¢. Where A (k x p),
A'A =3 with rank(X) = k. We will write v ~ EC), (u, 2;1) .

A random vector v ~ EC, (i, X; 1), in general, does not necessarily possess a density.
It is however possible to show that the density of v, if it exists, must be of the form
h (v'v) for some nonnegative function A (-) of a scalar variable such that:

/ Y2 h(y) dy < oo.
0
In this case we will write v ~ EC, (i, X; h). See Fang, et al (1990, p35).
Consider the stochastic frontier model:
y =f(X;8)+ v+ Du,

where v = (vy, ..., vn) ~ EC, (0,%;hy), u=(uy,...,un) ~ ECS (v,A;hy), m > n, see
(9), v independent of u, D is a full row rank matrix, f (X;83) = (f (x1;8), ..., f (x.:8)),
and X = (xy,...,X,) , X; is a known vector of %, d; a positive integer,i = 1,2, ..., n. and
the unknown. B € %%, d, a positive integer.

The density function of e is of the form:

g =K [ [ hl(e-Du) (e~ D) h (wdu
[

where K is a normalizing constant. This expression, in general, is difficult to evaluate.
If the moment generating functions of u and v are available, then the m.g.f. of e is of
the form:

Me (t) = My (t) My (D't), (8)

This expression could be useful to get the density function of e or, alternatively, we
could use it to obtain the moments of e and use a method of moments to estimate the
parameters of the model.
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4 Appendix

4.1 Linear combination of a normal random vector and a trun-
cated normal random vector

Let w = (w1, ...,w,) , we consider truncation of the type w > ¢, where w > ¢ means
w; > ¢, j = 1,...,p, that is, values of w; less than ¢; are excluded. (see Kotz, et al,
2000, Section 45.10).

For arbitrary vector ¢ €R? define the function:

xif x> c,
0 if otherwise.

umwz{

Let w a random vector, we denote by w (c) a random vector with truncation of the type
w > ¢, for ¢ €R? then w (c) can be written as:

w () = wl (wic), )
thus, if w has density f, the density function of w (c) is given by:
f(w)

Pr(w>0) C>[(W;C).

g(w) =
If w~ EC,(p,2;h) and u 2w (c), where 2 means equality in distribution, then the
density function of u is:

f(u;p, %)

9(w) = Pr(u > c)
AT

Pr(—u < —c)
f(upX)

~Flc-me W)

where f and [ are the density and the distribution function of w, respectively.
If w ~ EC, (i, 2;h),h(w) = e /2 that is w ~ N, (1, ¥), and u 2w (c) thus:

g(u)=[Pr(x =) ¢, (u . 2) I (u;c)
= [Pr(—x < —c)] " ¢ (wp, ) I (uc)
(I);l <—C, —H, ) ¢P (u;#’7 E) 1 (ua C) :

I (u;c)

I (u;c)

We will denote by u ~ ECS (u,X;h) if u 2 w (c) and w ~ EC, (i, 3; h), similarly
u~ NS (p,Y) if uZ w(c) and w~ N, (1, ).

Theorem 1 If v ~ N, (p,¥) and u ~ NZ (v, ), and v is independent of u and:

e =v + Du,



where D is a full row rank matriz, then
e~ CSN,, (;ﬂ, >t D vt AT)

where it = p+ Dv, ©F = X+ DAD', Dt = AD' (S + DAD) ", vt = c—v, Al =
(D'’S'D+ A Y7
That is, the density function of e is:
g(e) =2, (0;c —v,A) ¢, (e; + Dv, % + DAD') (10)
X @, [AD’ (X + DAD) (e — p+ Dv)sc— v,
(D= D+
Before proving Theorem 1 we will define the closed skew normal (CSN) distribution.

Gonzalez-Farias, et al (2003b) defines a random vector, y, to have the CSN distribution
if its density function is given by:

Ipq (¥) = Cop (y; 1, 2) Q4 [D (y — p);v, A,y € R, (11)

where:

C'=9,(0;v,A+ DD, (12)

where ¢, (-;p,2) and @, (-; u, X) denote the p.d.f. and the c.d.f. of a p-dimensional
normal distribution with mean g and covariance matrix X, respectively. We denote this
as:

y~CSN,, (.2, D, v,A).
The moment generating function of y is:

By (DSt;1, A+ DID') o 41y

£) = tc R, 1
v (=g (0v.8+ DD ¢ , BER (13)

Lemma 2 Ifw ~ N, (v,A) then the moment generating function of u = w (c) is given

" M, (t) =@, (0;c — v, A) e T2VMG (At;c — v, A).
Proof.
M, (t) = Eet™
=& 1 (—c; -1, A)
X /Oo---/Ooet/“%(u;u,A)dwl---dwq
61 cq
given that:

et'“gbp (u;v, A) = e +%t'At¢p (w;v + At A),
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we get:
—c;—v,A) et +3tAL
/ / bq (0;v + At A) dw, - - dw
(v, A) et D (¢ v — AL, A).
|
Proof of Theorem 1. From Lemma 2 and the fact that Mp,, (t) = M, (D’t) we obtain:

Mpy (t) = &1 (0;c — v, A) P +%t1DAD/tCI>q (AD't;c — v, A)

q
and given that w ~ N, (p, X) the m.g.f. of w is given by:
My, (t) = ot +at'St
By independence of v and u the m.g.f. of v 4+ Du is:

M, (t) = MV+Du (t)

= M, (t) M, (D't)
=&, (0;¢c—v,A) &, (AD't;c — v, A) e’ TP )+t (S+DAD)
=o' (0;c—v,A)

o, [AD’ (S + DAD')"" (S + DAD') t; ¢ — v, A}
% et +D )+%t’(Z+DAD’)t‘
Comparing with the CSN m.g.f. (13) we get that the density function of e is:
Gp.q (€) = Co, (e; TR ET) P, [DJr (e — ;ﬂ) 720 AT] , eecRy

where pf, ©f, DT, vT and AT are given in the statement of Theorem 1 This density could
have been obtained by integrating (7) with respect to u.

Example: (The stochastic frontier error model). If v ~ N (u,0?) and w ~ N¢ (v, 7?%),
v and w are independent. Then the density function of:

e =v+ dw,

is given by:

ge)=a! ( — C) ) (e;,u—l—5y, o + 527'2)

ot (e—pu—90v) (v—c)vVo2r?+o?

x P +
otV o? 4 6272 oT

11



Proof. From Theorem 1 with ¥ = 0%, D = §, A = 72 and the identities:

= p+ov, 2" = 0% 4+ 5272,
DI = AD' (% + D/\D’)_1 = o712 (02 + (5272)_1 wi=c—v

and: -
DY D+ AN = (20242 2 2T
( +A7) (0%~ +77%) 5272 + o2
we obtain that the density function of e is:
-1 (V—c 2 | 2 2
gle) = ( >¢(e;u+5v,0 +6°77)
2,2

o°T

—1
X(I)|i57'2(0'2+627'2) (G—M—éy);c—y,m

simplifying the former expression we get the stated density.
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