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L. Let Q7= %h:ORE(t) € s03 be the infinitesimal rotation around the £ € R? axis, i.e. Qe(7) = £x7.
For g € SOg, by definition, Adgﬁgz %\tzogR{(t)g’l = gQngl.
Since theﬂ axis of an infinitesimal rotation is the kernel of the skew symmetric operator, we have
AdeE(gg) = g0z = 0, so that Ady€)z is an infinitesimal rotation about the axis g¢.
Hence, under the identification so3 with R3, the action of Ad, on R? is by rotation: 5 — gg.

2. We use that as a function of the columns say, the determinant is multilinear, so that in particular we
may use product rule when differentiating.

Let é; be the standard basis of R" and @; be the columns of the matrix A. Then viewed as a function
of the columns we have: det(I + tA) = det(é; + tdy, ..., é, + td,). Product rule gives:

d
%h:() det(I + tA) = det(c_il, ég, ,én) + det(él,ag,ég, ceny én) + ...+ det(él, veny énfl, C_in)
=a11 + ... + ann = tr(A).

3. (a) First, we compute in Cartesian coordinates:
wl Aw? = (urdet + uada® + uzda®) A (vida? A dad + vadad A da? + vada? A dad)
= (u1v1 + ugvg + uzvz)drt A dz? A dzd = (u-v)wpe = WL A W2,
Next, by Cartan’s formula we have:
d(tyivwror) = Ly (towyol) — tu(diywyor) = Lu(tvwWyol),
since d(i,Wyor) = dw? = div(v)wyer = 0, as v has divergence zero.
Using the general formula from the differential forms notes for the Lie derivative of an interior derivative:
d(iniyWool) = Lu(tvWuol) = Gu,v)Wrol + tv-LoWuol = u,v]Wvol,
since again by Cartan’s formula, %, w01 = diyWyer + iudwyor = 0 since div(u) = 0 and dw,e = 0.
(b) Using part a, we have:
wy = [ w /\wuv] [p wiy A d(inioweor)-
Now, by product rule for exterior derivative of wedge products:
Wl A d(iyivwyer) = dwl A (inivweor) — d(wh A (iuivwyol))-
By Stoke’s, fD d(wl A (iyiywyer)) = faD WL A (iyiyweer) = 0, since u,v are tangent to 9D, so in
particular i,i,wyor|lop = (v X u) - (¥*) = 0 (since v X u is normal to dD).

For the remaining term in the exterior derivative product rule, note that:

dleu = wgurl(w)
and by product rule for interior derivative:

0= iu(wfwl(w) A (iywyol)) = (iuwgwl(w)) A (iyWyor) + wfwl(w) A (i uWeol)

where we use that wfwl(w) A (iywyor) = 0 since any 4-form on R3 is zero. That is:

*(iuwfwl(w)) A (ivwvol) = wgurl(w) A (iuivwvol)-

Observe that zuwcurl(w) = curl(w) - (u X *) = — * -(curl(w) X u) = —iuwfurl(w) = wixeurl(w)
Now:
<[’U,, U] fD ww A w[u v] T fD curl(w) A (Z“Z”w”d) == fD (i“wgurl(w)) A (ivw”f’l)

= [pw! War s cuurt () Aw2 = (u x curl(w),v)
(¢c) Using product rule, d(aw?) = da A w? + adw? = w;md(a) A w2, since div(v) = 0. Now:

(grad(a),v) = [pdanw? = [, d(aw?) = [, 0w =0
since v is tangent to 0D so the flux of v (or aw) through 9D is zero.



4. (a) We consider the velocity curve y(t) = e’ (so v(0) = x and #(0) = x). Then:
dof(x) = Elimof (e'z) = £lioe™ f(z) = af(x).
(b) Requiring that q(t) = A\(t)q, satisfy the equations of motion means:
AMgy = M = VU = 35V, U
where M is the diagonal matrix weighting the positions by their masses. Rearranging we have:
%)‘PM o = Vg, U

= k is constant.

N
where only the A terms depend on ¢. Since g, is fixed, we must have %

Note that V, I = Mg,, so a solution of this form necessarily has
kVa I =V, U

for some constant k.

Finally, dotting both sides with g, and using the homogeneity U(rq) = r~*U(q) we have by part (a)
that k = —U(q,)/21(g) < 0, i.e.
A

A= TEDE

satisfies the Kepler problem with p:= —k > 0.

5. (a) We consider the matrix representation, €2, of w in a basis: w(u,?) = @ - QU. Then Q is skew and
det Q = det QT = det(—Q) = (—1)"det Q. If n is odd then detQ = 0, so  has a non-trivial kernel.

In particular for ¥ # 0 in this kernel (so Q7 = 0) we have w(@,¥) = @ -0 = 0 for all @ € V, which
contradicts the non-degeneracy of w. Hence n is even.

(b) Let us call a basis with the properties stated in the problem a symplectic basis. We use induction
on k, where dim(V') = 2k to prove the existence of symplectic bases.

k = 1 : Take any non-zero vector e; € V\0. By nondegeneracy of w, there exists f € V\0 such that
w(er, f) =c#0. With f; := f/c then ey, f1 is a symplectic basis.

Now, suppose symplectic bases exist for symplectic vector spaces of dimension 2k and consider a
symplectic vector space, (V,w), of dimension 2k + 2.

First, let eg € V\0. By non-degeneracy of w there is fy € V\0 such that w(eg, fo) = 1. Let Vj =
span(eq, fo) be the 2-dimensional subspace spanned by eg, fo.

Set Vit i={v €V :w(v,u) =0,Yu € Vp}.

We claim that V = Vy @ Vi-. Indeed, first notice that for any v € V we may write v = vy + v+
with vg € Vp and vt € Vit by vt := v — w(v, fo)eo + w(v,eo) fo and vy = w(v, fo)eg — w(v, eo) fo. So
V = Vo + Vg-. Next, if v = aep + bfy € Vo N VOJ- then 0 = w(v, fo) = a and 0 = w(ep,v) = b so that
v=0.So VoNnVz- ={0} and V =V, @ V*. In particular V5" is 2k dimensional.

Next, we claim that the restriction of w to V5" is non-degenerate. If there where v € Vg with w(v,u) = 0

for all u € V- then w(v, w) = w(v, wp +wt) = 0 for all w € V contradicting the non-degeneracy of w.
So indeed, Vg- with W|VOJ_ is a 2k dimensional symplectic vector space.

Now, we apply the induction hypothesis to Vz- to obtain a symplectic basis ey, ..., ex, f1, ..., fx of V5=
Then eg, €1, ..., ex, fo, f1, ---, fx is a symplectic basis for V.

6. (a) The standard symplectic form is defined by w(@,¥) = @-Jv. If A € Sp(2n) then @-Jo = At- JAV =
- AT JA® for all @, v € R?™. Hence J = AT JA.
For the other ordering, we take inverse of both sides and use that J~! = —.J so that:
—J=—AT1JATT = AJAT = J.



(b) We will show that if A is an eigenvalue of A € Sp(2n) then also 1 is an eigenvalue of A. Since the
determinant is the product of eigenvalues, this implies that det A = 1.

Note that from 1 = det.J = det AJAT = (det A)?, that det A = +1 and no eigenvalues are zero.

Suppose 0 = det(A—\I). Conjugating by J preserves the roots, so that 0 = det(JAJ + ) (since J* =
—I). Now JAJ = J2A~T = —A~T 5o that \ satisfies as well: 0 = det(A — A7) or 0 = det(AA* — 1)

Since A # 0, we have 0 = det( A" — %I ), and as the determinant is invariant under transpose we have:
0 =det(A — 1), i.e. 5 is also an eigenvalue of A as claimed.

. (a) We will determine a matrix B so that the linear transformation ¢ — Aq = Q,p — Bp = P is
symplectic.

_ T _
By 6a, we need to satisfy: (61 g) <? OI> (% BOT> = (9 OI> =J, or:

0 —ABT T _r

(BAT 0 )—J@BA =I,orB=A"".

Hence the transformation Q = Agq ’lifts’ or ’extends’ to the symplectic transformation with P = A~ Tp,
or ATP = p.

1 0 0
(b) Let the masses of the bodies be m;. We consider the lift of Q@ = [ -1 1 0| ¢ = Ag so that
-1 0 1
1 -1 -1
ATPp=|(0 1 0 |P=p.
0 0 1

Then P, = py, P3 = p3, PL = p1 + p2 + p3. Note Pj is the linear momentum.

To express the Hamiltonian in these symplectic coordinates, we first consider the potential term. Note
that Q2 — Qg = Q2 — (Qq3, SO that

mi1ms mims mams
V= + .
Q2| Qs Q2 — Q3]
w0 0
For the kinetic term, welet M = | 0 pp 0 |, where y; = 2. Then 2K = Mp-p = MATP-ATP =
0 0 ps
AMATP . P. We compute:
231 —H1 —H1
AMAT = | =1 1 + pio H1
—H1 251 B+ ps
so that
P2 B? Ps?
K = Ml% + (11 +u2)% + (1 +M3)| ;l — 1P (P + P3) 4 P - Ps.

The Hamiltonian is then H = K + V. Note that there is no @}; dependence reflecting that linear

momentum P; is constant. When we take a frame with the center of mass fixed, P, = 0, then

|P2|> myme |P5|? myms
2 |Q2| +(,1L1+,LL3) 9 ‘QS‘ +,[L1P2 PS ‘Q2—Q3"

In particular, if one sets the mass of the 'sun’ m; = 1 and rescales the masses of the 'planets’ ms —

emi, m3 — €mg, and so also correspondingly the momenta P, — P, P3 — €P3, where ¢ is ’small’

then we have:

mams

H = (1 + po2)

}H: |P2|2 . ma + |P3‘2 . ms + <P2+P3|2 . moms >
€ 2my Q2] 2ms  |Qs] 2 |Q2 — Qs

reflecting that as ¢ — 0, the dominant terms of the dynamics are two uncoupled Kepler problems.



8.

10.

Let S(x, I) be our generating function, so that p, = S,,0 = S; gives a symplectic change of coordinates.
We want S to satisfy:

(95)2 + k%22 = h(I) =: c.

Then dS = V¢ — k2x2dz and the substitution siny = % yields:

dS = £ cos®ydy = S = & (¥ +y).

Let us take ¢ = 2kI (here one has a choice). Then S = I(% +y) where siny = |/ 2-x.

By construction, we have

2 4 2,2
kI = H = u’
2
while finding the relation for 6 requires determining Sj.
First compute cosydy = — %%dl, so that % = —w%ﬁ = —“;%. Now:

f=S;= % —I—y—&—I(cosZy—Fl)% zsinycosy—l-y—I(Qcosz)tZ% =y, so that

.|k
6 = arcsin ﬁx

(a) The characteristic equations are ¢ = t,2’ = z,u = 0.

The trajectories with initial condition (¢, = 1,2,,u, = ,) are given by t = e®, x = z,e’,u = x,.
Eliminating z, and s the solution with w(z,1) = z is u = x/¢t. The snapshots of the solution for
various values of ¢ are lines of varying slope (the slope becoming infinite as ¢ — 0).

The trajectories with initial condition (t, = 1,z,,u, = 22) are given by t = e*,x = z,e’,u = 2.

Eliminating x, and s the solution with u(z,1) = 22 is u = (x/t)?. The snapshots with increasing ¢ are
flattening parabolas, while as ¢ — 0 the parabola approaches the upper y-axis.

When we take an initial condition u(x,0) = f(x), the method of characteristics fails since ¢’ = 0 so the
characteristics stay constrained to the ¢ = 0 plane failing to determine a graph (z, ¢, u(z,t)).

e characteristic equations are t' = t, 2’ = z,uv' = 1. e trajectories with initial condition
b) The ch teristi ti t/ t,x ! 1. The trajectori ith initial diti
(to =1,2,,u, = x,) are given by t = e*,x = x,e®, u = x, + s. Eliminating x, and s the solution with
u(z,1) =z is u = x/t + logt.

(¢c) The characteristic equations are ¢ = z, 2’ = —t,u’ = 0.

The trajectories with initial condition (¢, = 1, z,, u, = x,) are given by t = x,8in s, T = x, COS 8, U = X,.
Eliminating z, and s the solution with u(z,1) = z has u? = 2% 4 t?, where we choose the branches
of the hyperbola to tend to the initial condition u(z,1) = z, that is: v = va2 4+t for > 0 and
u=—vxZ+1t2forx <0.

The trajectories with initial condition (¢, = 1, x,,u, = x2) are given by t = z,sins,r = x,cos s,u =
Eliminating x, and s the solution with u(z,1) = 2
parabolas.

2
2.
is u = 22 +t2. The snapshots are vertically shifted

(a) Since ~(s) is unit speed, 0 = %|’y'|2 = 27" -+", so that 4" is perpendicular to 7/. As we are in the
plane, this means that 4" is proportional to n, i.e. v"(s) = r(s)n(s) for some k(s) € R.

Now n' =iv" =ikn = ki(iy') = —ky'.

(b) We will find k = 4" - i7/ by chain rule. First, I' = ~'3, where § = ||, that is ds = |I'|dt.

Differentiating v = % with respect to s gives:
V'=al + 4D =al' + LT

7| ds [

Hence, k =" - 17/ =~ - % = ﬂfll;, since I" - i’ = 0.
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12.

n(s)
Kk(s) "

We use (b) to compute the curvature of the parabola via the parametrization I' : ¢ (t,t2). Then
I' = (1,2t),T = (0,2). The unit normal is given by n(t) = IZ?F\ = % so that k(t)
T2 =1+ 4%

Hence the parabola’s caustic is parametrized by:

tes T(t) + % =T(t) + ‘%‘2(—%, 1) = (¢,8%) + (1 + 4t3)(—t, 3) = (—4t3, 1 + 3¢%).

In a different form, from (y — )% = 27¢% 22 = 1615, we have 16(y — 3)® = 2722 gives the caustic.

(¢) The caustic of a parametrized curve is y(s) +

= ﬁ, where

(a) We apply the maximum principle. Let x = (g), so that z = (Z) = f(z,u).

Suppose . (t), u«(t) is an optimal trajectory.

The solutions of p = —d, f(x.(t),u.(t))p are p; = cst.,pa = —tp1 + p2(0). Now there is some such
solution p(t) such that at each time ¢, an optimal trajectory satisfies: f(z4(t), u«(t))-p(t) > f(x.(t),u)-
p(t) for all u € [-1,1]. Written out:

Ve (£)p1 + uk(t)p2(t) > va(t)p1 + upa(t) = wa(t)pa(t) > upa(t),Yu € [-1,1].

The solutions po(t) are linear in ¢ so (unless they are constant) have at most one zero. Apart from this
one time we then have u,(t) = 1 when p2(t) > 0 and u.(t) = —1 when pa(t) < 0.

The optimal trajectories are then concactenations of solutions to ¢ = 41, which graph as parabolas in
the (g,v) plane.

In fact, one can describe the concactenation process in the following way: we call the curve consisting
—2q ¢>0
V—2¢ ¢<0
construct an optimal trajectory, if ones initial position and velocity is below the switching curve one
takes u = 1 until reaching the switching curve at which instant one takes u = —1. Likewise if ones
initial position and velocity is above the switching curve, one takes u = —1 until reaching the switching
curve at which point one takes u = 1.

of trajectories with v = +1 going straight into (0,0): v = { the ’switching curve’. To

*it is interesting to observe that this optimal trajectory is not very smooth. One concactenates maxi-
mum acceleration and maximum braking*

(b) We proceed similarly to part a. Take f(z,u) = ( ) , so that solutions to p = —d, f(z«(t), u.(t))p

v
—q+tu
are p1(t) = Asin(t + ¢), p2(t) = Acos(t + ¢). The condition f(x.(t),us(t)) - p(t) > fla.(t),u) - p(t)
along an optimal trajectory again implies:

s (t)p2(t) > upa(t),Vu € [-1,1].

Hence u,(t) = £1 depending on the sign of pa(t). Any non-zero solution ps(t) has zeroes at intervals
of time seperated by .

The optimal trajectories are then concactenations of solutions to § = —g =+ 1, which parametrize circles
centered at +1 in the (g, v) plane. The motion along the circles is clockwise.

As before, the process for choosing the sign of u, may be described with a switching curve. It consist of
the upper halves (v > 0) of circles of radius 1/2 centered at v =0, = —1,—2, ... and the lower halves
(v < 0) of circles of radius 1/2 centered at v = 0,9 = 1,2, 3,.... When one is above this switching curve
one should set ©u = —1 and when below it v = 1.

(a) Any vector field bracketed with itself gives zero: [X, X] = 0. For some more interesting examples
in the plane, one can check that the flows of X = 9, (translation along z-axis) and ¥ = 9, (translation
along y-axis) commute so have Lie bracket zero. Also, the flows of rotating dy = 20, —y0,, and dilating
r0, = 0, + y0, commute so also have zero Lie bracket.
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(b) We may just give an example on R, since this also provides an example in the plane (e.g. a 'y’
independent vector field). We seek ’simple’ vector fields whose flows we can solve explicitly.

Consider X = 0,,Y = x0,. The flow of X is ¢!(x,) = x, + t and the flow of Y is ¥*(x,) = e®x,.
Then the flows of X and Y do not commute to first order: %At:s:wﬁ—t o 1% o ¢t(x,) = 1, so that

their Lie bracket is not zero. In fact the constant vector field '1’ corresponds to translations along the
z-axis so that [X,Y] =X =9, = [0y, 20,).

One could also verify this using the commutating formula for vector fields thought of as operators that
we derived in class:

[X,Y]=XY —YX = (0(x) — 29,(1))0, = Oy, since 9,(x) =1 and 9,(1) = 0.

Yet another alternate method to compute this Lie bracket is to use its 'derivation’ property (that we
didn’t cover in class, but is still useful!). This says in general one has: [U, fV] = (Uf)V + f[U, V], for
f a function and vector fields U, V. Then:

[0z, 05| = 0p ()0 + x[0, On] = Os.

We will rephrase tracking the first digit of 2* as tracking an orbit of an irrational rotation on the circle.
Observe that:

klogyo2 = logyo(dk.dy...dn, ) + ni

where dj, is the leading digit of 2¢, and nj, + 1 € N is the number of digits in 2*.

Viewed on the circle, R/Z = {z : x = x + m, m € Z}, tracking the leading digits of powers of 2 is to
examine the orbit of the point 0 under the irrational rotation map f : z — x + log;, 2.

For example if f¥(0) € [0,log;,2) then the leading digit of 2¥ is 1. Likewise, for m € {1,2,...,9}, if
f*(0) € [logyom,log;o(m + 1)) then the leading digit of 2* is m.

Now, we apply the theorem stated in class on irrational rotations: the time an orbit spends in an
interval is proportional to the length of the interval. Hence the limits:

_ #{ times f*(0) lies in [log;o m,log;o(m + 1)) for 0 < k < n}
Pm = e n

1
= length[log,, m, logyo(m + 1)) = logo(1 + E)

Numerically, p; &~ 30.1%, po ~ 17.6%, p3 ~ 12.5%,ps =~ 9.7%, ps ~ 7.9%, ps ~ 6.7%, p7 ~ 5.8%, pg ~
5.1%, pg ~ 4.6%.



