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Geometry. The first volume, Planimetry, was published as [4] (see sec-
tion Bibliography) and will be referred to as Book I The reader is di-
rected to Translator’s Foreword in Book I for background information on
the original work [5, 6]. Preparing Book II, I added about 250 exercises,
expanded the sections on Similarity of polyhedra, Symmetries of space fig-
ures and Regular polyhedra, and wrote a new, last chapter. It contains
a geometric approach to vectors, followed by a vector approach to logical
foundations of geometry, and concludes with a constructive introduction
into non-Euclidean plane geometry. While some accounts of such topics
are certainly expected of every modern course in elementary geometry, any
specific choices may have non-obvious mathematical and pedagogical im-
plications. Some of them are explained in Translator’s Afterword Three
controversies about mathematics, geometry, and education.
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Chapter 1

LINES AND PLANES

1 Drawing a plane

1. Preliminary remarks. In stereometry (called also solid
geometry) one studies geometric figures not all of whose elements
fit the same plane.

Geometric figures in space are shown on the plane of a diagram
following certain conventions, intended to make the figures and their
diagrams appear alike.

Many real objects around us have surfaces which resemble geo-
metric planes and are shaped like rectangles: the cover of a book, a
window pane, the surface of a desk, etc. When seen at an angle and
from a distance, such surfaces appear to have the shape of a paral-
lelogram. It is customary, therefore, to show a plane in a diagram
as a parallelogram. The plane is usually denoted by one letter, e.g.
“the plane M” (Figure 1).

Figure 1

2. Basic properties of the plane. Let us point out the fol-
lowing properties of planes, which are accepted without proof, i.e.
considered axioms. .
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(1) If two points' of a line lie in a given plane, then every point
of the line lies in this plane.

(2) If two planes have a common point, then they intersect in a
line passing through this point.

(3) Through every three points not lying on the same line, one
can draw a plane, and such a plane is unique.

3. Corollaries. (1) Through a line and a point outside i, one
can draw o plane, and such a plane is unique. Indeed, the point
together with any two points on the line form three points not lying
on the same line, through which a plane can therefore be drawn, and
such a plane is unique. :

(2) Through two intersecting lines, one can draw a plane, and
such a plane is unique. Indeed, taking the intersection point and
one more point on each of the lines, we obtain three points through
which a plane can be drawn, and such a plane is unique.

(3) Through two parallel lines, one can draw only one plane. In-
deed, parallel lines, by definition, lie in the same plane. Such a plane
is unique, since through ohe of the lines and any point of the other
line, at most one plane can be drawn.

4. Rotating a plane about a line. Through each line in space,
infinitely many planes can be drawn.

Indeed, let a line a be given (Figure 2). Take any point A outside
it. Through the line ¢ and the point A, a unique plane is passing
(§3). Let us call this plane M. Take a new point B outside the
plane M. Through the line a and the point B, too, a unique plane
is passing. Let us call this plane N. It cannot coincide with A ,
since it contains the point B which does not lie in the plane M.
Furthermore, we can take in space yet another point C outside the
planes M and N. Through the line a and the point C, yet a new
plane is passing. Denote it P. It coincides neither with M nor with
N, sinceé it contains the point C' which lies neither in the plane M
nor in the plane V. Proceeding by taking more and more points in
space, we will thus obtain more and more planes passing through
the given line a. There will be infinitely many such planes. All these
planes can be considered as various positions of the same plane which
rotates about the line a. :

We may therefore formulate one more property of the plane: o
plane can be rotated about every line lying in this plane.

! As in Book 1, we will always assume that expressions like “three points,” “two
planes,” etc. refer to distinct points, planes, etc.
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EXERCISES

1. Explain why three-legged stools standing on flat floor are always
stable, while many four-legged ones totter.

2. Using the axioms from §2, show that the plane described in the
proof of Corollary 1 of §3 contains, indeed, the given line and the
given point as required. Similarly, complete the proofs of Corollaries
2 and 3.

2. Prove that through any two points in space infinitely many planes

can be drawn.

. Prove that if through three given points two planes can be drawn,
then infinitely many planes through these points can be drawn.

5.* Prove that several lines in space, intersecting pairwise, either lie
in the same plane or pass through the same point.

92 Parallel lines and planes

5. Skew lines. Two lines can be positioned in space in such a
way that no plane can be drawn through them. For example, take
two lines AB and DE (Figure 3), of which the first one lies in a
certain plane P, and the second one intersects this plane at a point
C, which does not lie on the first line. No plane can be drawn through
these two lines, since otherwise there would exist two planes passing
through the line AB and the point C: one (P) intersecting the line
DE and the other one containing it, which is impossible (§3).

e

Figure 2 Figure 3

Of course, two lines not lying in the same plane do not intersect
each other no matter how far they are extended. However they are
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not called parallel, the term being reserved for those lines which,
being in the same plane, do not intersect each other no matter how
far they are extended.

Two lines not lying in the same plane are called skew lines.

6. A line and a plane parallel to each other. A plane and a
line not lying in this plane are called parallel if they do not intersect
each other no matter how far they are extended.

7. Theorem. If a given line (AB, Figure 4) does not lie in a
given plane (P) but is parallel to a line (CD) that lies in it,
then the given line is parallel to the plane.

Through AB and CD, draw the plane R and assume that the
line AB intersects the plane P. Then the intersection point, being a
point of the line AB, lies in the plane R that contains AB, and at
the same time it lies in the plane P, of course. Then the intersection
point, being in both planes R and P, must lie on the line CD of
intersection of these two planes. But this is impossible, since AB||C D
by the hypothesis. Thus the assumption that the line AB intersects
the plane P is false, and hence AB|P.

>
W

C K D

Figure 4

8. Theorem. If a given line (AB, Figure 4) is parallel to a
given plane (P), then it is parallel to the intersection line
(CD) of the given plane with every plane (R) containing the
given line.

Indeed, firstly the lines AB and CD lie in the same plane, and
secondly they cannot intersect each other, since otherwise the line
AB would intersect the plane P, which is impossible.

9. Corollary. If aline (AB, Figure 5) is parallel to each of two’
intersecting planes (P and Q), then it is parallel to their intersection
line (CD).

Draw a plane through AB and any point C of the line CD. This
plane must intersect each of the planes P and @ along a line parallel
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to AB (§8) and passing through the point C. But according to the
parallel postulate (Book I, §75), through a given point, there is only
one line parallel to a given line. Therefore the lines of intersection
must be the same line. It lies in each of the planes P and @) and thus
coincides with the line C'D of their intersection. Hence CD|AB.

c A c
' P

A
< E

Figure 5 Figure 6

10. Corollary. If two lines (AB and CD, Figure 6) are parallel
to a third one (EF), then they are parallel to each other.

If the three lines lie in the same plane, then the required conclu-
sion follows immediately from the parallel postulate. Let us assume,
therefore, that the three lines do not lie in the same plane.

Draw the plane M through the line EF and the point A, and the
plane N through the line C'D and the point A. Since the lines CD
and EF are parallel, each of them is parallel to the intersection line
of these planes (§8). Since through the point A, there is only one
line parallel to EF, the intersection line of the planes M and N is
AB. Thus CD||AB. '

11. Parallel planes. Two planes are called parallel, if they do
not intersect each other no matter how far they are extended.

12. Theorem. If two intersecting lines (AB and AC, Figure
7) of one plane (P) are respectively parallel to two lines (A'B’
and A'C") of another plane (P'), then these planes are parallel.

The lines AB and AC are parallel to the plane P’ (§7).

Suppose that the planes P and P’ intersect along a certain line
DE (Figure 7). Then AB||DE and AC||DE (88).
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Thus, the plane P contains two lines AB and AC passing through
A and parallel to the same line DE, which is impossible. Hence the
planes P and P’ do not intersect each other.

Figure 7 Figure 8

" 13. Theorem. If two pamllel planes (P and @, Figure 8) are
intersected by a third plane (R), then the intersection lines
(AB and CD) are parallel.

Firstly, the lines AB and CD lie in the same plane (R). Secondly,
they cannot intersect, since otherwise the planes P and @ would
intersect each other, thereby contradicting the hypothesis.

14. Theorem. The segments (AC and BD, Figure 9), cut off
by parallel planes (P and Q) on parallel lines, are congruent.

Draw the plane containing the parallel lines AC and BD. It
intersects the planes P and @ along the parallel lines AB and C'D
respectively. Therefore the quadrilateral ABDC'is a parallelogram,
and hence AC = BD.

15. Theorem. Two angles (BAC and B'A'C’, Figure 10) whose
respective sides are parallel and have the same direction, are
congruent and lie either in parallel planes (P and P') or in
the same plane. '

When two angles with respectively parallel and similarly directed
sides lie in the same plane, their congruence has been established in
Book I, §79. Let us assume that the planes P and P’ do not coincide.
Then they are parallel, as has been shown in §12.

To prove that the angles in question are congruent, mark on their
sides arbitrary but respectively congruent segments AB = A’B’ and
AC = A'C’, and draw the lines AA’, BB’, CC’, BC and B'C". Since
the segments AB and A’B’ are congruent and parallel (and have the
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same direction), the figure ABB'A’ is a parallelogram. Therefore
AA' and BB’ are congruent and parallel. For the same reason, AA
and CC' are congruent and parallel. Therefore BB'||CC’ (§10) and
BB = CC',i.e. BCC'B' is a parallelogram. Thus BC' = B'C’, and
hence AABC = AA’B'C’ (by the SSS-test). Therefore ZA = £A'

/ /

/ ] / {/

’ P

A’ c’

Figure 9 Figure 10

16. Problem. Through a given point (M, Figure 11), not lying
on either of two given skew lines (a and b), find a line intersecting
each of the given ones.

Figure 11 Figure 12

Solution. The line in question must pass through the point M
and intersect the line a, and therefore it has to lie in the plane P
passing through M and a (since two of its points lie in this plane:
M, and the intersection point with a). Similarly, the line in question
has to lie in the plane Q passing through M and b. Thus this line has
to coincide with the intersection line ¢ of the planes P and Q. If this
intersection line is parallel to neither a nor b, then it will intersect
each of them (since it lies in the same plane with either of them: a
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and c lie in the plane P, and b and ¢ lie in the plane Q). Then the
line ¢ will intersect a and b and pass through M, and will therefore
provide the unique solution of the problem. If however c|la (Figure
12) or c||b, then the problem has no solution.

17. Remark. There is some resemblance between the above prob-
lem, and the problems of constructing plane figures using drafting de-
vices such as straightedge and compass. For purposes of describing
figures in space, the drafting devices become useless. Consequently,
in solid geometry we will refrain from formulating construction prob-
lems. However the question of finding a geometric figure satisfying a
certain set of requirements can be understood the same way as it has
been done in the above solution. Namely, one can seek to find out if
the required figure ewists, and if it is unique (or, more generally, how
many solutions there are, and how the number of solutions depends
on the given data).

18. Problem. Through a given point (A, Figure 13) not lying in
a given plane (P), find a plane parallel to the given one.

Figure 13

Solution. On the plane P, draw an arbitrary pair of intersecting
lines BC and BD. Draw two auxiliary planes: M through the point
A and the line BC, and N through the point A and the line BD.
Every plane parallel to P and passing through A must intersect the
plane M along the line AC’ parallel to BC, and the plane N along the
line AD’ parallel to BD (§13). There is a unique plane P’ containing
the lines AC” and AD’, and this plane is parallel to P (§12). Thus
the solution exists and is unique.

Corollary. Through each point not lying on a given plane, there
exists a unique plane parallel to the given one.



3. Perpendiculars and slants 9

EXERCISES

6. Prove that through every point in space, not lying on a given line,
there exists a unique line parallel to the given one.

#. Derive from the parallel postulate that, in a plane, two lines par-
allel to a third one are parallel to each other.

8. Prove that two planes parallel to a third one are parallel to each
other.

9. Prove that all lines parallel to a given plane and passing through
the same point lie in the same plane parallel to the given one.

10. Prove that two parallel lines, lying respectively in two intersect-
ing planes, are parallel to the intersection line of these planes.

11. Can two planes intersect, if the first plane contains two lines
respectively parallel to two lines contained in the second plane?

12. Prove that if a line a is parallel to a plane M, then every line
parallel to a and passing through a point of M lies in M.

19. Prove that for every pair of skew lines a and b, there is a unique
pair of planes: one passing through @ and parallel to b, the other
passing through b and parallel to a, and that these planes are parallel.
14. Given a pair of skew lines a and b, find the geometric locus of
points M for which there is no line passing through M and intersect-
ing a and b.

15. Find a plane passing through a given point and parallel to two
given lines. /

16. Find a line intersecting two given lines and parallel to a third
one. )

17. Find the geometric locus of midpoints of segments connecting a
given point with points lying on a given plane.

18. Let AB and CD be skew lines. Prove that the midpoints of the
segments AC, AD, BC, and BD are vertices of a parallelogram, and
that its plane is parallel to the lines AB and CD.

19.* Compute the ratios in which the plane passing through barycen-
ters of the triangles ABC, ACD, and ADB, not lying in the same
plane, divides the sides AB, AC, and AD.

3 Perpendiculars and slants

19. A line perpendicular to lines in a plane. In order to
understand which lines should be considered perpendicular to a given
plane, let us prove the following proposition.
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Theorem. If a given line (AO, Figure 14) intersecting a
given plane (M) is perpendicular to two lines (OB and 0OC)
drawn in the plane through its intersection point (O) with the
given line, then the given line is perpendicular to any other
line (OD) drawn in the plane through the same intersection
point.

On the extension of the line AO, mark the segments OA’ con-
gruent to AO. On the plane M, draw any line intersecting the three
lines, drawn from the point O, at some points B, D, and C. Connect
these points with A and A’ by straight segments. We thus obtain
several triangles, which we examine in the following order.

Figure 14 Figure 15

First, consider the triangles ABC and A’BC. They are congru-
ent, since BC' is their common side, BA = BA’ as two slants to
the line AA’ whose feet are the same distance away from the foot O
of the perpendicular BO (Book I, §52), and CA = CA’ — for the
same reason. It follows from the congruence of these triangles, that
ZABC = ZA'BC.

Next, consider the triangles ADB and A’DB. They are congru-
ent, since BD is their common side, BA = BA’, and ZABD =
ZA'BD. 1t follows from the congruence of these triangles, that
DA =DA.

Finally, consider the triangle ADA’. Tt is isosceles, and therefore
its median DO is perpendicular to the base AA’.

20. Definition. A line is called perpendicular to a plane if
it intersects the plane and forms a right angle with every line lying
in the plane and passing through the intersection point. In this case,
one would also say that the plane is perpendicular to the line.
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The previous theorem shows that a given line is perpendicular to
a plane whenever it is perpendicular to two lines lying in the plane
and passing through its intersection point with the given line.

A line intersecting a plane, but not perpendicular to it, is called
oblique to this plane, or a slant.

The intersection point of a line with a plane is called the foot of
the perpendicular or of the slant.

21. Theorem. Through every point (A, Figure 15) lying on
a given line (AB), a plane perpendicular to the line can be
drawn, and such a plane is unique.

Draw any two planes M and N through the line AB, and at the
point A, erect perpendiculars to AB inside these planes: AC in the
plane M, and AD in the plane N. The plane P, passing through
the lines AC and AD, is perpendicular to AB. Conversely, every
plane perpendicular to AB at the point A must intersect M and N
along lines perpendicular to AB, i.e. along AC and AD respectively.
Therefore every plane perpendicular to AB at A coincides with P.

22. Corollary. All lines perpendicular to a given line (AB,
Figure 15) at a given point (A) lie in the same plane, namely the
plane (P) perpendicular to the given line at the given point.

Indeed, the plane passing through any two lines perpendicular
to AB at A is perpendicular to AB at the point A and therefore
coincides with the plane P.

23. Corollary. Through every point (C, Figure 15) not lying on
a given line (AB), one can draw a plane perpendicular to the given
line, and such a plane is unique.

Draw an auxiliary plane M through C and the line AB, and drop
from C the perpendicular CA to AB inside the plane M. Every
plane perpendicular to AB and passing through C must intersect
the plane M along a line perpendicular to AB, i.e. along the line
CA. Therefore such a plane must coincide with the plane P passing
through the point A and perpendicular to the line AB.

24. Corollary. At every point (A, Figure 15) of a given plane
(P), a perpendicular line (AB) can be erected, and such a line is
unique.

In the plane P, draw two arbitrary lines a and b passing through
A. Every line perpendicular to P at the point A will be perpendicular
to each a and b, and therefore will lie in the plane M perpendicular
to @ at A, and in the plane N perpendicular to b at A. Thus it will
coincide with the intersection line AB of the planes M and N.
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25. Comparing the perpendicular and slants.2 When from
the same point A (Figure 16), a perpendicular AB and a slant AC
to the same plane P not passing through A are drawn, the segment
BC, connecting the feet of the perpendicular and the slant is called
the projection of the slant to the plane P. Thus the segment BC
is the projection of the slant AC, the segment BD is the projection
of the slant AD, etc.

26. Theorem. If from the same point (A, Figure 16) not
lying in the given plane (P), a perpendicular (AB), and any
slants (AC, AD, AE, ...) to this plane are drawn, then:

(1) slants with congruent projections are congruent;

(2) the slant with the greater projection is greater.

Indeed, rotating the right triangles ABC' and ABD around the
leg AB, we can superimpose their planes with the plane of the trian-
gle ABE. Then all the perpendicular AB and all the slants will fall
into the same plane, and all their projections will lie in the same line.
Then the conclusions of the theorem follow from the corresponding
results in plane geometry ,(Book I, §52).

A A
B P B
E
E Z c
C D P D
Figure 16 Figure 17

Remark. Each of the slants AC, AD, AF is the hypotenuse
of a right triangle, of which AB is a leg, and hence the slants are
greater than the perpendicular AB. We conclude that the perpen-
dicular dropped from a point to a plane (see §35) is the shortest of
all segments connecting this point with any point of the plane. Con-
sequently, the length of the perpendicular is taken for the measure
of the distance from the point to the plane.

2For the sake of brevity, the terms “perpendicular” and “slant” are often used
instead of “the segment of the perpendicular between its foot and the given point,”
and “the segment of the slant between its foot and the given point.”
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97. Converse theorems. If from a point not lying in a
gien plane, a perpendicular and any slants are drawn, then:

(1) congruent slants have congruent projections;
(2) greater slants have greater projections.
We leave the proof (by reductio ad absurdum) to the reader.

98. The theorem of the three perpendiculars. The follow-
ing theorem will prove useful later on.

Theorem. The line (DE, Figure 17) drawn in a plane (P)
through the foot of a slant (AC) and perpendicular to its
projection (BC), is perpendicular to the slant itself.

On the line DE, mark arbitrary but congruent segments CD
and CE, and connect each of the points A and B with D and E by
straight segments. Then we have: BD = BE (since B lies on the
perpendicular bisector BC of the segment DE in the plane P), and
consequently AD = AFE (as slants to the plane P with congruent
projections BD and BE). The triangle DAE is therefore isosceles,
and hence its median AC is perpendicular to the base DE.

This proposition is often called the theorem of the three perpen-
diculars because it relates the following three perpendicular pairs:
AB L P, BC L DE, and AC 1 DE.

29. Converse theorem. If a slant (AC, Figure 17) to a given
plane (P) is perpendicular to a line (DE) passing through
the foot of the slant and lying in the plane, then the line is
perpendicular to the projection (BC) of the slant.

Repeat the constructions performed in the proof of the direct
theorem, i.e. mark arbitrary but congruent segments CD and DE on
the line DE, and connect each of the points A and B with D and F.
Then we have: AD = AE (since A lies in the plane of AADE on the
perpendicular bisector of the segment DE), and consequently BD =
BE (as projections of congruent slants AD and AFE). The ADBE
is therefore isosceles, and hence its median BC' is perpendicular to
the base DE.

30. Relations between parallel and perpendicular lines
and planes. There is a dependence between the properties of lines
or planes to be parallel, and the property of a line and a plane to
be perpendicular. Namely, if certain elements of a given figure are
parallel, one may be able to conclude that certain other elements are
perpendicular, and conversely, if certain elements are perpendicular,
then certain other elements turn out to be parallel. This relation
between parallel and perpendicular lines and planes is expressed by
the theorems described below. ~
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31. Theorem. If a plane (P, Figure 18) is perpendicular to
one of two given parallel lines (AB), then it is perpendicular
to the other (CD).

In the plane P, draw through the point B any two lines BE
and BF', and through the point D two lines DG and DH parallel
to BE and BF respectively. Then we have: ZABE = Z/CDG and
ZABF = ZCDH as angles with respectively parallel sides. But
ZABE and ZABF are right angles (since AB 1 P), and hence
ZCDG and ZCDH are also right angles. Therefore CD | P (§20).

A C A y
’ i Q
E G I
P B D P B D
F H
2 E
Figure 18 Figure 19

32. Converse theorem. If two lines (AB and CD, Figure
19) are perpendicular to the same plane (P), then they are
parallel.

Let us assume the opposite, i.e. that the lines AB and C'D are not
parallel. Through the point D, draw the line parallel to AB; under
our assumption, it will be a certain line DC’ different from DC. We
have: DC’ L P by the direct theorem, and and DC 1 P by the
hypotheses. Therefore two perpendiculars to the plane P are erected
at the same point D, which is impossible by §24. Therefore our
assumption was false, and hence the lines AB and CD are parallel.

33. Theorem. If a line (AA’, Figure 20) is perpendicular
to one of two given parallel planes (P and P’), then it is
perpendicular to the other.

Through the line AA’, draw any two planes. Each of them in-
tersects the planes P and P’ along parallel lines: one along AB and
A'B’, the other along AC and A’C’. Since the line AA’ is perpendic-
ular to P, it is perpendicular to the lines AB and AC, and therefore
it is also perpendicular to the lines A'B’ and A’C’ respectively par-
allel to them. Thus AA’ is perpendicular to the plane P’ passing
through A’B’ and A'C’.
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34. Converse theorem. If two given planes (P and @, Figure
20) are perpendicular to the same line (AB), then they are
parallel.

Otherwise, i.e. if the planes P and @ intersected, we would have
two planes passing through a point of intersection and perpendicular
to the same line, which is impossible (§23).

B P

A'<E Ay

I 1 0

1 ¢, Q 1
|

e P

A'\ B B’
c’ P

Figure 20 Figure 21

35. Corollary. From a given point (A, Figure 21), not lying on
a given plane (P), a perpendicular (AB) to this plane can be dropped,
and such a perpendicular is unique.

Through the given point A, draw the plane () parallel to P (§18),
and erect from A the perpendicular AB to @ (§24). According to
§33, the line AB is perpendicular to P. The uniqueness of such a
perpendicular is obvious, since otherwise, i.e. if another perpendic-
ular AB' (Figure 21) were dropped from A to P, we would have a
triangle ABB’ with two right angles B and B’, which is impossible.

Remark. Combining this Corollary with results of §§21, 23, and
24, we see that: through a point (lying or not on a given plane ), there
is a unique line perpendicular to this plane, and through a point (lying
or not on a given line), there is a unique plane perpendicular to this
line.

EXERCISES

20. Prove that there is a unique line in space, perpendicular to a
given line and passing through a given point not lying on it.

21. Prove that there are infinitely many lines in space perpendicular
to a given line and passing through a given point on it.

22. Prove that all points of a line parallel to a given plane are equidis-
tant from the plane.
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23. Prove that all points of one of two parallel planes are equidistant
from the other.

24. Prove that if a plane and a line are perpendicular to the same
line, then they are parallel to each other.

25. Prove that if a line a parallel to a plane P intersects a line b
perpendicular to P, then a is perpendicular to b.

26. Find a line perpendicular to two given skew lines.

27. Prove that if a point A is equidistant from B, C, and D, then
the projection of A to the plane BC'D is the circumcenter of ABCD.

28. Find the geometric locus of points equidistant from: (a) two
given points, (b) three given non-collinear points.

4 Dihedral and some other angles

36. Dihedral angles. A plane is divided by a line lying in it into
two parts, called half-planes, and the line is called the edge of each
of these half-planes. A figure in space formed by two half-planes
(P and @, Figure 22) which have the same edge (AB) is called a
dihedral angle. The line AB is called the edge and the half-planes
P and @ faces of the dihedral angle. Space is divided by the faces
into two parts, called the interior, and exterior of the dihedral
angle (and defined similarly to how it was done in Book I, §13 for
angles in plane geometry).

A dihedral angle is usually denoted by the two letters marking
the edge (e.g. a dihedral angle AB). If several dihedral angles in a
diagram have the same edge, then we will denote each of them by
four letters, of which the middle two mark the edge, and the outer
two mark the faces (e.g. a dihedral angle SCDR, Figure 23).

If from an arbitrary point D on the edge AB of a dihedral angle
(Figure 24), a ray perpendicular to the edge is drawn in each face,
then the angle CDE formed by these two rays is called a linear
angle of the dihedral angle.

The measure of the linear angle of a dihedral angle does not de-
pend on the position of its vertex on the edge. Namely, the linear
angles CDE and C'D'E’ are congruent, because their sides are re-
spectively parallel and have the same direction.

The plane containing a linear angle of a dihedral angle is perpen-
dicular to the edge since it contains two lines perpendicular to it.
Thus, linear angles of a dihedral angle are obtained by intersecting
both faces by planes perpendicular to the edge.
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37. Congruence and comparison of dihedral angles. Two
dihedral angles are congruent if they become superimposed when
one of them is embedded into the interior of the other, so that their
edges coincide; otherwise, the one of them that will lie inside the
other is considered smaller.

Figure 22 Figure 23 Figure 24

Similarly to angles in plane geometry, dihedral angles can be
vertical, supplementary, etc.

If two supplementary dihedral angles are congruent to each other,
then each of them is called a right dihedral angle.

Theorems. (1) Congruent dihedral angles have congruent
linear angles.

(2) The greater of two dihedral angles has the greater
linear angle.

Let PABQ and P'A’B'Q' (Figure 25) be two dihedral angles.
Embed the angle A’B’ into the angle AB so that the edge A'B’
coincides with the edge AB, and the face P’ with the face P. Then,
if these dihedral angles are congruent, the face Q' will coincide with
the face Q. However, if the angle A'B’ is smaller, the face Q' will
occupy a certain position Q" in the interior of the dihedral angle AB.

Having noticed this, pick on the common edge any point B, and
through this point draw the plane R perpendicular to the edge. In-
tersecting this plane with the faces of the dihedral angles, we obtain
their linear angles. Clearly, if the dihedral angles coincide, then their
linear angles will turn out to be the same angle CBD. 1If the dihe-
dral angles do not coincide (i.e. the face Q@' occupies the position
Q"), then the greater dihedral angle will turn out to have the greater
linear angle, namely ZCBD > £C"BD.
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38. Converse theorems. (1) Congruent linear angles cor-
respond to congruent dihedral angles.

(2) The greater of two linear angles corresponds to the
greater dihedral angle.

These theorems are easy to prove by reductio ad absurdum.

A Q

2

Figure 25

39. Corollaries. (1) Right dihedral angles correspond to right
linear angles, and vice versa.

Let a dihedral angle PABQ (Figure 26) be right. This means
that it is congruent to its supplementary angle P’ABQ. But then
the linear angles CDE and CDE' are also congruent, and since they
are supplementary, each of them is right. Conversely, if the sup-
plementary linear angles CDFE and CDE' are congruent, then the
corresponding dihedral angles are congruent, and therefore each of
them is right.

(2) All right dihedral angles are congruent because they have con-
gruent linear angles.

Similarly, one can easily prove that:

(3) Vertical dihedral angles are congruent.

(4) Dihedral angles with respectively parallel and similarly (or
oppositely) directed faces are congruent.

(5) For the measure of a dihedral angle, one takes the degree
measure of its linear angle. Thus, o dihedral angle containing n
degrees is congruent to the sum of n unit dihedral angles.

Two intersecting planes form two pairs of vertical dihedral angles,
supplementary to each other. The measure of the smaller of these
dihedral angles is used to measure the angle between two planes.
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40. Perpendicular planes. Two planes are called perpendic-
alar if they intersect and form right dihedral angles.

Theoren (test for perpendicular planes). If a plane (Q, Figure
26) contains a line (CD) perpendicular to another plane (P),
then these two planes are perpendicular.

P
E - E F
D
Pl
A
Figure 26 Figure 27

Let AB be the intersection line of the planes P and Q. On the
plane P, draw DE L AB. Then Z/CDE is the linear angle of the
dihedral angle PABQ. Since the line CD is perpendicular to P by
the hypothesis, it is perpendicular to DE. Thus the angle CDE is
right, and therefore the dihedral angle is right, i.e. the plane Q is
perpendicular to the plane P. :

41. Theorem. The perpendicular dropped from a point (A,
Figure 27) of one of two given perpendicular planes (P and
Q), to the other plane (Q) lies entirely in the first plane.

Let AB be the perpendicular in question, and suppose that it
does not lie in the plane P (as shown in Figure 27). Let DE be the
intersection line of the planes P and Q. Draw on the plane P the
line AC L DE, and on the plane Q the line CF L DE. Then the
angle ACF will be right as the linear angle of a right dihedral angle.
Therefore the line AC, being perpendicular to DE and CF, will be
perpendicular to the plane Q. Thus we will have two perpendiculars
dropped from the same point A to the plane @, namely AB and AC.
Since this is impossible (§35), our assumption had to be false, and
therefore the perpendicular AB lies in the plane P.

42. Corollary. The intersection line (AB, Figure 28) of two
planes (P and Q) perpendicular to a third plane (R) is perpendicular
to this plane.

Indeed, if from any point A of the intersection line of the planes
P and Q, we drop the perpendicular to the plane R, then this per-
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pendicular will lie, according to the previous theorem, in each of the
planes P and @, and therefore coincide with AB.

Figure 28 Figure 29

43. Angles between skew lines. Given positions and direc-
tions of two skew lines (AB and CD, Figure 29), the angle between
them is defined as any angle (MON ) obtained by picking an arbi-
trary point O in space and drawing from it two rays (OM and ON)
respectively parallel to thé skew lines (AB and CD) and similarly
directed to them.

The measure of this angle does not depend on the choice of the
point O, for if another such angle MO’ N’ is drawn, then ZMON =
ZM'O'N’ since these angles have respectively parallel and similarly
directed sides.

Now on, we use the terms angle between lines and perpen-
dicular lines even if the lines do not meet.

44. Orthogonal projections. As we have discussed in 625,
when from a given point, the perpendicular and a slant to a given
plane are drawn, then the segment connecting the feet of the per-
pendicular and the slant is called the projection of the slant to the
plane. We now give a more general definition of projection.

(1) The orthogonal (or Cartesian) projection of a point to
a given plane (e.g. of the point M to the plane P in Figure 30)
is defined as the foot (M’) of the perpendicular dropped from this
point to the plane.

For the sake of brevity we will usually omit the adjective “or-
thogonal” and say simply “projection.”

(2) The projection of a given figure (e.g. a curve) to a given
plane is defined as the geometric locus of projections of all points of
this figure.
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In particular, if the curve being projected is a straight line (AB,
Figure 30) not perpendicular to the plane (P), then its projection
to this plane is also a line. Indeed, if through the line AB and the
perpendicular MM " dropped to the plane from a point M of the
line, the plane @ is drawn, then this plane will be perpendicular to
the plane P. Therefore the perpendicular dropped to the plane P
from any point of the line AB (e.g. from the point N) will lie in the
plane @ (§41). Thus projections of all points of the line AB will lie
in the intersection line (A’B’) of the planes P and Q. Conversely,
every point of the line A’B’ is the projection of some point of the
line AB, because the perpendicular to the plane P erected at any
point of the line A’B’ will lie in the plane Q and therefore intersect
the line AB at some point. Thus the line A’B’, is the geometric locus
of projections of all points of the line AB, i.e. it is the projection of
the line.

Figure 30 & Figure 31

45. The angle a slant makes with a plane. Given a line
(AB, Figure 31), oblique to a given plane (P), the angle between
them is defined as the acute angle (ABC) formed by this line with
its projection to the plane. This angle has the property of being
the least of all angles which the given slant AB forms with lines
drawn in the plane P through the foot B of the slant. Let us prove,
for example, that the angle ABC is smaller than the angle ABD
shown in Figure 31. For this, we mark the segment BD = BC
and connect D with A. The triangles ABC and ABD have two
pairs of respectively congruent sides, but their third sides are not
congruent, namely: AC < AD, since the perpendicular to a plane is
shorter than any slant dropped from the same point (§26). Therefore
/ABC < ZABD (Book I, §50).
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EXERCISES

29. Provide proofs of the theorems stated in §38.
30. Prove Corollary 3 in §39: Vertical dihedral angles are congruent.

31. Prove that a plane and a line both making right angles with
another line are parallel to each other.

32. Prove that a line parallel to a given plane makes a right angle
to any line perpendicular to the plane.

33. Prove that in an acute dihedral angle, the sides of any linear
angle are projections of each other to the faces of the angle.

34. Find a plane containing a given line and perpendicular to a given
plane.

35. Given a plane P and a line a|| P, find a plane containing the line
a and making a given angle with the plane P.

36. Given a plane P and two points A and B on the same side of
it, find a point C on the plane P such that the sum AC + BC is
minimal. R

37. Find the greatest among the dihedral angles between a given
plane and all planes containing a given slant to it.

38. Prove that if the intersection points of a line with faces of a
dihedral angle are the same distance away from the edge, then the
angles between the line and the faces are congruent.

39. Can four lines in space (not necessarily passing through the same
point) be pairwise perpendicular?

40. Prove that the degree measures of angles formed by a given line
with a line and a plane perpendicular to each other add up to 90°.

41. Prove that the projection of a parallelogram to a plane is a
parallelogram.

42. Prove that the projection to a given plane of the barycenter of a
given triangle coincides with the barycenter of the projection of the
triangle.

43 In space, four points A, B, C, and D are given such that
AB = AC and DB = DC. Prove that the lines AD and BC are
perpendicular.

44.* Prove that a line making congruent angles with three pairwise
intersecting lines of a plane, is perpendicular to the plane.

45.% Compute the angle between a line and a plane if the line forms
the angles of 45° and 60° with two perpendicular lines lying in the
plane.
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5 Polyhedral angles

46. Definitions. Take several angles (Figure 32): ASB, BSC,
CSD, ..., ESF, which being consecutively adjacent to each other,
lie in the same plane around a common vertex S. Rotate the plane of
the angle ASB about the side SB (common with the angle BSC) so
that it forms some dihedral angle with the plane BSC. Then, keeping
the dihedral angle unchanged, rotate it about the line SC so that the
plane BSC forms some dihedral angle with the plane CSD. Proceed
with such consecutive rotations about each common side. If in the
end the first side SA turns out to coincide with the last side SF, then
the geometric figure thus formed (Figure 33) is called a polyhedral
angle. The angles ASB, BSC, ..., ES A are called plane angles, or
faces; their sides SA, SB, ..., SE edges; and their common vertex
S the vertex of the polyhedral angle. Every edge of a polyhedral
angle is at the same time the edge of some dihedral angle formed
by two adjacent faces. Thus a polyhedral angle has as many edges,
or dihedral angles, as it has plane angles. The smallest number of
faces a polyhedral angle can have is equal to three, and such angles
are called trihedral. There exist tetrahedral, pentahedral, etc.
angles.

D

Figure 32 Figure 33

We will denote a polyhedral angle either by a single letter (S)
marking its vertex, or by a string of letters (SABCDE) of which the
first one denotes the vertex and the others label the edges in their
consecutive order. :

A polyhedral angle is called convex, if it lies entirely on one side
of the planes of each of its faces. Thus, the polyhedral angle shown
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in Figure 33 is convex. On the contrary, the angle shown in Figure
34 is not convex, since it is situated on both sides of the plane ASB
or of the plane BSC.

If we intersect all faces of a polyhedral angle by a plane, then in
this plane a polygon is formed. In a convex polyhedral angle, such a
polygon is also convex. In the sequel, unless the opposite is specified,
all polyhedral angles we consider will be assumed convez.

S

c

Figure 34 2 Figure 35

47. Theorem. In a trihedral angle, each plane angle is
smaller than the sum of the other two plane angles.

In a trihedral angle SABC (Figure 35), let the greatest of the
plane angles be the angle ASC. In the interior of this angle, mark the
angle ASD congruent to ZASB, and draw any line AC intersecting
SD at some point D. Mark SB = SD and connect B with A and C.

In AABC, we have:
AD + DC < AB + BC.

The triangles ASD and ASB are congruent since their angles at the
vertex S are congruent and enclosed between respectively congruent
sides, and hence AD = AB. Discarding the congruent summands
AD and AB on each side of the above inequality we conclude that
DC < BC. We note now that in the triangles BSC and DSC, two
sides of one of them are respectively congruent to two sides of the
other, while the third respective sides are not congruent. In this case,
the angle opposite to the smaller of these sides is smaller, i.e.

ZCSD < LCSB.

Adding to the left side of this inequality the angle ASD, and to the
right side the angle ASB congruent to ZASD, we obtain the required
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inequality:
LASC < LASB + ZCSB.

Corollary. Subtracting from both sides of the latter inequality
the angle ASB or the angle C'SB, we obtain:

LASC — LASB < LCSB
LASC — ZCSB < LASB.

Reading these inequalities from right to left, and also taking into
account that the angle ASC, being the greatest of the three plane
angles, is also greater than the difference of the other two, we con-
clude that in a trihedral angle, each plane angle is greater than the
difference of the other two plane angles.

S

Figure 36

48. Theorem. In a convex polyhedral angle, the sum of all
the plane angles is smaller than® 4d.

Intersect all the faces of a convex polyhedral angle SABCDE
(Figure 36) by any plane. Then a convex n-gon ABCDE will be
formed in the plane of the cross-section. Applying the previous the-
orem to each of the trihedral angles whose vertices are A, B, C, D,
and E, we find:

/ABC < LZABS + ZCBS;
/BCD < /BCS + ZDCS and so on.

Add all these inequalities term-wise. On the left hand side, we obtain
the sum of all angles of the polygon ABCDE, which is congruent
to 2dn — 4d, and on the right the sum of angles of the triangles

3Recall from Book I, that the measure of a right angle is denoted by d.
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ABS, BCS, and so on, except those angles, which have the vertex
S. Denoting the sum of the latter angles by the letter z, we find
after the summation:

2dn — 4d < 2dn — z.

In the differences 2dn — 4d and 2dn — z, the minuends are the same.
Thus, in order for the first difference to be smaller than the second
one, it is necessary that the first subtrahend 4d be greater than the
second subtrahend z, i.e. 4d > x.

49. Symmetric polyhedral angles. As we already know, ver-
tical angles are congruent, as long as they are angles formed by lines
or by planes. Let us find out if this statement still holds true for
polyhedral angles.

Extend all edges of a polyhedral angle SABCDE (Figure 37)
past the vertex S, so that a new polyhedral angle SA'B'C'D'E’ is
formed, which can be called vertical to the original one. It is not
hard to see that in these polyhedral angles, all plane angles of as well
as dihedral ones are respectively congruent, but the angles of either
kind are positioned in the opposite order. Indeed, if we imagine an
observer who is looking from the exterior of the first polyhedral angle
at its vertex, we find that the edges SA, SB, SC, SD, SE of the
first angle will appear to him ordered counter-clockwise. However if
he is looking at the angle SA'B'C'D’'E’ from its exterior, then the
edges SA’, SB’, SC’, SD’, SE’ will appear ordered clockwise.

Figure 37

Polyhedral angles whose plane and dihedral angles are respec-
tively congruent but are positioned in the opposite order cannot,
generally speaking, be superimposed onto each other, and are there-
fore not congruent. Such polyhedral angles are often called symmet-
ric. Symmetry of figures in space will be discussed in more detail in
Section 4 of Chapter 2.
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50. Theorem (tests for congruence of trihedral angles).

Two trihedral angles are congruent if they have:

(1) a pair of congruent dihedral angles enclosed between
two respectively congruent and similarly positioned plane
angles, or

(2) a pair of congruent plane angles enclosed between two
respectively congruent and similarly positioned dihedral an-
gles.

Figure 38

(1) Let S and S’ be two trihedral angles (Figure 38) such that
LASB = LA'S'B', ZASC = £A'S'C’ (and these respectively con-
gruent angles are also positioned similarly), and the dihedral angle
AS is congruent to the dihedral angle A'S’. Insert the angle S into
the angle S so that the vertices S’ and S, edges S’A’ and SA, and
planes A’S'B’ and ASB coincide. Then the edge S'B’ will merge
with SB (since ZA'S'B’ = ZASB), the plane A'S'C’ will merge
with ASC (since the dihedral angles are congruent), and the edge
S'C’ will merge with the edge SC (since LA'S’C' = LASC). Thus
all respective edges of the trihedral angles become superimposed onto
each other, and therefore the angles are congruent.

(2) The second test is proved similarly by superimposing.

EXERCISES

46. Show that every trihedral angle is convex.

4’7. Can a non-convex polyhedral angle have the sum of plane angles
smaller than 2d?

48. Give an example of a non-convex tetrahedral angle whose sum
of plane angles is: (a) greater than 4d; (b) smaller than 4d; (c) 4d.
49. How many of the planes angles of a convex tetrahedral angle can
be obtuse? :
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50. Prove that: if a trihedral angle has two right plane angles then
two of its dihedral angles are right. Conversely, if a trihedral angle
has two right dihedral angles then two of its plane angles are right.

51. Prove that every plane angle of a tetrahedral angle is smaller
than the sum of the other three.

52. Can symmetric polyhedral angles be congruent?

53. Prove that two trihedral angles are congruent if: (a) all their
plane angles are right, or (b) all their dihedral angles are right.
54.* Prove that a tetrahedral angle can be intersected by a plane in
such a way that the cross section is a parallelogram.

55. In the interior of a trihedral angle, find the geometric locus of
points equidistant from the faces.

56. Suppose that two dihedral angles with parallel edges have respec-
tively perpendicular faces. Prove that either these dihedral angles are
congruent, or their sum is congruent to 2d (i.e. to the sum of two
right dihedral angles).

57. Suppose that from a point in the interior of a dihedral angle,
perpendiculars are dropped to its faces. Prove that the angle between
the perpendiculars is congruent to the angle supplementary to the
linear angle.

58. Suppose that edges of one trihedral angle are perpendicular to
the faces of another trihedral angle. Prove that faces of the first
angle are perpendicular to the edges of the second.

59.* Prove that in a trihedral angle, the sum of all dihedral angles
is greater than 2d, and the sum of each pair of dihedral angles is
smaller than the sum of the third dihedral angle and 2d.

60.* Prove that in a (convex) polyhedral angle with n faces the sum
of all dihedral angles is greater than 2dn — 4d (i.e. than the angle
sum of a convex n-gon).

61.* One of two polyhedral angles with the same vertex lies inside
the other. Prove that the sum of plane angles of the latter one is
greater than the sum of plane angles of the former. Does this remain
true if one of the polyhedral angles is not required to be convex?
Which one?
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POLYHEDRA

1 Parallelepipeds and pyramids

51. Polyhedra.! A polyhedron is a geometric solid bounded
by polygons. The boundary polygons of a polyhedron are called its
faces. A common side of two adjacent faces is called an edge of
the polyhedron. When several faces meet at their common vertex,
they form a polyhedral angle, and the vertex of the angle is called a
vertex of the polyhedron. A straight segment connecting any two
vertices, which do not lie in the same face, is called a diagonal of
the polyhedron.

The smallest number of faces a polyhedron can have is four. Such
a polyhedron can be cut out of a trihedral angle by a plane.

We will consider only those polyhedra which are convex, i.e. lie
on one side of the plane of each of its faces.

52. Prisms. Take any polygon ABCDE (Figure 39), and
through its vertices, draw parallel lines not lying in its plane. Then
on one of the lines, take any point (A’) and draw through it the
plane parallel to the plane ABCDE, and also draw a plane through
each pair of adjacent parallel lines. All these planes will cut out a
polyhedron ABCDEA'B'C'D'E’ called a prism.

The parallel planes ABCDE and A’B'C'D'E’ are intersected by
the lateral planes along parallel lines (§13), and therefore the quadri-
laterals AA’B’'B, BB'C'C, etc. are parallelograms. On the other
hand, in the polygons ABCDE and A’ B'C’' D'E’, corresponding sides
are congruent (as opposite sides of parallelograms), and correspond-

! Polyhedra (or polyhedrons) is the plural of polyhedron.

29
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ing angles are congruent (as angles with respectively parallel and
similarly directed sides). Therefore these polygons are congruent.

Thus, a prism can be defined as a polyhedron two of whose faces
are congruent polygons with respectively parallel sides, and all other
faces are parallelograms connecting the parallel sides.

Figure 39 Figure 40

The faces (ABCDE and A'B'C'D'E") lying in parallel planes are
called bases of the prism. The perpendicular OO’ dropped from any
point of one base to the plane of the other is called an altitude of
the prism. The parallelograms AA’B’'C, BB'C'C, etc. are called lat-
eral faces, and their sides AA’, BB', etc., connecting corresponding
vertices of the bases, are called lateral edges of the prism. The
segment A’C’ shown in Figure 39 is one of the diagonals of the prism.

A prism is called right if its lateral edges are perpendicular to
the bases (and oblique if they are not). Lateral faces of a right prism
are rectangles, and a lateral edge can be considered as the altitude.

A right prism is called regular if its bases are regular polygons.
Lateral faces of a regular prism are congruent rectangles.

Prisms can be triangular, quadrangular, etc. depending on
what the bases are: triangles, quadrilaterals, etc.
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53. Parallelepipeds are prisms whose bases are parallelograms
(Figure 40). Just like general prisms, parallelepipeds can be right or
oblique. A right parallelepiped is called rectangular? if its base is
a rectangle (Figure 41). It follows from the definitions that:

(1) All six faces of a parallelepiped are parallelograms;

(2) The four lateral sides of a right parallelepiped are rectangles,
while its bases are parallelograms;

(3) All six faces of a rectangular parallelepiped are rectangles.

The three edges of a rectangular parallelepiped meeting at a ver-
tex are called its dimensions; one of them can be considered its
length, another width, and the third height.

A rectangular parallelepiped whose three dimensions are all con-
gruent to each other is called a cube. All faces of a cube are squares.

Figure 41 Figure 42

54. Pyramids. A pyramid is a polyhedron, of which one face
(called its base) can be any polygon, and all other faces (called
lateral) are triangles meeting at a common vertex.

In order to construct a pyramid, it suffices to take any polyhedral
angle S (Figure 42), cut it by a plane ABCD intersecting all the
edges, and take the finite part SABCD.

The common vertex of the lateral faces is called the vertex, the
edges adjacent to it lateral edges of the pyramid, and the perpen-
dicular SO, dropped from the vertex to the base, its altitude.

A plane drawn through the vertex and any diagonal of the base
(e.g. the diagonal BD, Figure 44) is called a diagonal plane of the

2Rectangular parallelepipeds are also known as cuboids or boxes.
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pyramid. Identifying a pyramid by names of its vertices, one usually
begins with the vertex, e.g. SABCD (Figure 42).

Pyramids can be triangular, quadrangular, etc., depending on
what the base is: a triangle, quadrilateral, etc. A triangular pyra-
mid is also called a tetrahedron (Figure 43). All four faces of a
tetrahedron are triangles.

A pyramid is called regular (Figure 44) if, firstly, its base is a
regular polygon, and secondly, the altitude passes through the center
of this polygon. In a regular pyramid, all lateral edges are congruent
to each other (as slants with congruent projections). Therefore all
lateral faces of a regular pyramid are congruent isosceles triangles.
The altitude SM (Figure 44) of each of these triangles is called an
apothem. All apothems of a regular pyramid are congruent.

s E)

Figure 43 Figure 44 Figure 45

55. Frustum of a pyramid. The part of a pyramid (Fig-
ure 45) contained between its base (ABCDE) and a section plane
(A'B'C'D'E") parallel to the base is called a pyramidal frustum.
The parallel faces are called bases, and the segment OO’ of the
perpendicular dropped from any point of one base to the other, an
altitude of the pyramidal frustum. A frustum of a regular pyramid
is called a regular pyramidal frustum.

56. Theorem. In a parallelepiped:
(1) opposite faces are congruent and parallel;
(2) all four diagonals intersect at their midpoints.

(1) The bases ABCD and A'B'C'D’ (Figure 46) are parallel
and congruent by the very definition of parallelepipeds as a kind of
prisms. The lateral faces BB'C'C and AA’D’D are parallel because
two intersecting lines BB’ and B’'C’ in one of them are respectively
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parallel to two lines AA’" and A'D’ in the other (§12). These faces,
being parallelograms, are congruent since B’ C' = AD, BB = AA
(as opposite sides of parallelograms) and £/BB'C' = LAA'D' (as
angles with respectively parallel and similarly directed sides).

A’ A’ D
B’ 1
I c
]
/J/
1
1
]
i
oo __2p
A SE N
A s
B B ¢
Figure 46 Figure 47 Figure 48

(2) Pick any two diagonals (e.g. AC’ and BD’', Figure 47), and
draw the auxiliary lines AD’ and BC'. Since the edges AB and D'C’
are parallel and congruent to the edge DC, they are parallel and con-
gruent to each other. Therefore the figure ABC'D' is a parallelogram
in which the lines AC’ and BD' are diagonals, and diagonals in any
parallelogram bisect each other. Thus the diagonals BD' and AC’
intersect at their midpoints. But the same applies to any pair of
diagonals, e.g. to AC" and any of the remaining diagonals B'D or
A'C. Therefore each of these diagonals also intersects AC’ at the
midpoint and is itself bisected by the point of intersection. Thus all
the diagonals pass through the same point — the midpoint of ACY,
and are bisected by it.

57. Theorem. In a rectangular parallelepiped, the square
of any diagonal (C'A, Figure 48) is equal to the sum of the
squares of the dimensions.

Drawing the diagonal AC of the base we obtain the triangles
ACC' and ABC. They are both right triangles, the first one because
the parallelepiped is right, and therefore the edge C'C is perpendic-
ular to the base, and the second one because the parallelepiped is
rectangular, and hence its base is a rectangle. From these triangles,
we find:

C'A%2 = AC? + C'C? and AC? = AB? + BC.
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Therefore
C'A* = AB* + BC? + C'C2.

Corollary. In a rectangular parallelepiped, all diagonals are con-
gruent.

58. Parallel cross sections of pyramids.

Theorem. If a pyramid (Figure 49) is intersected by a plane
parallel to the base, then:

(1) lateral edges and the altitude (SM) are divided by this
plane into proportional parts;

(2) the cross section itself is a polygon (A'B'C'D'E'’) sim-
tlar to the base;

(3) the areas of the cross section and the base are pro-

portional to the squares of the distances from them to the
vertezx.

Figure 49 Figure 50

(1) The lines A’'B’ and AB can be considered as intersection
lines of two parallel planes (the base and the cross section) by a
third plane ASB. Therefore A'B'||AB (§13). For the same reason,
we have: B'C'||BC, C'D'||CD, etc., and A’M'||AM. It follows from
Thales’ theorem that

SA"  SB SC SM’

AA- BB CcC T MM

(2) From similarity of the triangles ASB and A’SB’, and then
BSC and B'SC’, we derive:

AB _BS BS _ BC AB _ BC
A5 - BS Bs - pon ndhence -

A'B" B'C"
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gimilarly, we obtain: BC : B'C' = CD : C'D), as well as the propor-
tionality of all other sides of the polygons ABCDE and A'B'C'D'E".
These polygons also have congruent corresponding angles (as angles
with parallel and similarly directed sides), and are therefore similar.

(3) Areas of similar polygons are proportional to the squares of
corresponding sides (see Book I, §251). Since
AB AS MS
A'B" T A'S M'S
(due to similarity of AASM and AA'SM"), we conclude that

Area of ABCDE AB? M52

Area of AB'IC'D'E' ~ (AB)?  M'S%

Corollary 1. If two pyramids with congruent altitudes are in-
tersected by planes at the same distance from the vertices, the areas
of the cross sections are proportional to the areas of the bases.

Let a1 and ag (Figure 50) be the areas of the bases of two pyra-
mids, h the altitude of each of them, and a} and a4 the areas of the
cross sections parallel to the bases and drawn at the same distance
h/ from the vertices. According to the theorem, we have:

/ n2 / /
a h a a a1
-1 = ") 2) = 2 and hence — = —
ai h as a,  ap

Corollary 2. If a; = ag then a} = ah, i.e. if bases of two
pyramids with congruent altitudes are equivalent 3 then cross sections
equidistant from the vertices are also equivalent.

59. Lateral surface area of prisms.

Theorem. The lateral surface area of a prism is equal to
the product of a lateral edge and the perimeter of a perpen-
dicular cross section.

By a perpendicular cross section (Figure 51) of a prism, we
mean the polygon abcde obtained by intersecting all lateral faces of
the prism by a plane perpendicular to the lateral edges. Sides of this
polygon are perpendicular to the lateral edges (§§31, 20).

The lateral surface area of the prism is equal to the sum of areas
of parallelograms. In each of them, a lateral edge can be considered
as the base, and one of the sides of the perpendicular cross section as
the altitude. Therefore the lateral surface area is equal to AA’-ab+
BB'-bc+CC'-cd+DD'-de+EE'-ea = AA'- (ab+bc+cd+de+ea).

3Recall that plane figures are called equivalent when they have equal areas.
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Corollary. The lateral surface area of a right prism is equal
to the product of the perimeter of the base and the altitude, because
lateral edges of such a prism are congruent to the altitude, and its
base can be considered as the perpendicular cross section.

Figure 51 Figure 52

9

60. Lateral surface area of regular pyramids.

Theorem. The lateral surface area of a regular pyramid is
equal to the product of an apothem and the semiperimeter
of the base.

Let SABCDE (Figure 52) be a regular pyramid, and SM its
apothem. The lateral surface area of the pyramid is the sum of areas
of congruent isosceles triangles. The area of one of them, e.g. ASB,
is equal to %AB -SM. If n is the number of triangles, then the lateral
surface is equal to %AB -n-SM, where %AB -n is the semiperimeter
of the base, and SM is the apothem.

Theorem. The lateral surface area of a regular pyramidal
frustum is equal to the product of an apothem and half the
sum of the perimeters of the bases.

The lateral surface area (Figure 52) of a regular pyramidal frus-
tum abede ABCDE is the sum of areas of congruent isosceles trape-
zoids. The area of one of the trapezoids, e.g. AabB, is equal to
5 (AB+ab)- Mm. If n is the number of trapezoids, then the lateral
surface area is equal to

ABz—l—ab.]\Im‘nzjvjm'AB-n;—ab-n7

where AB - n and ab - n are perimeters of the bases.
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EXERCISES

62. Show that in a tetrahedron, or a parallelepiped, each face can
be chosen for its base.

63. Compute the angle between diagonals of two adjacent faces of a
cube. (Consider first the diagonals that meet, then skew ones.)

64. Prove that if every face of a polyhedron has an odd number of
sides then the number of the faces is even.

65.* Prove that in every polyhedron all of whose faces are triangles
there is an edge such that all plane angles adjacent to it are acute.
66.* Prove that in every tetrahedron, there is a vertex all of whose
plane angles are acute.

67. Prove that in a tetrahedron, all faces are congruent if and only
if all pairs of opposite edges are congruent.

68. Find a point equidistant from all faces of a given tetrahedron.
69.* Prove that a polyhedron is convex if and only if every segment
with the endpoints in the interior of the polyhedron lies entirely in
the interior.

70. Prove that faces, cross sections, and projections of convex poly-
hedra are convex polygons.

71. Compute the diagonal of the cube with the edge 1 cm.

72. In a cube, which of the two angles is greater: between two diag-
onals, or between a diagonal and an edge?

73. Prove that if two diagonals of a rectangular parallelepiped are
perpendicular, then its dimensions are congruent to the sides of a
right triangle, and vice versa.

74. Compute the length of a segment if its orthogonal projections to
three pairwise perpendicular planes have lengths a, b, and c.

75.* Is a polyhedron necessarily a prism, if two of its faces are con-
gruent polygons with respectively parallel sides, and all other faces
are parallelograms? (First allow non-convex polyhedra.)

76.* Prove that if all diagonals in a prism are concurrent (i.e. pass
through the same point), then this prism is a parallelepiped.

77. Prove that in a pyramidal frustum with quadrilateral bases, all
diagonals are concurrent, and vice versa, if in a pyramidal frustum,
all diagonals are concurrent, then its bases are quadrilateral.

78.* Find a parallelepiped three of whose edges lie on three given
lines, of which no two lie in the same plane.

79. Compute the total surface area of a right prism whose altitude
equals 1 ¢m, and the base is a right triangle with legs 3 cm and 4 cm.
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80. The total surface area of a rectangular parallelepiped is equal
to 1714 m?, and the dimensions of the base are 25 m and 14 m.
Compute the lateral surface area and the lateral edge.

81. In a rectangular parallelepiped with a square base and the alti-
tude h, a cross section through two opposite lateral edges is drawn.
Compute the total surface area of the parallelepiped, if the area of
the cross section equals S.

82. A regular hexagonal pyramid has the altitude h and the side of
the base a. Compute the lateral edge, apothem, lateral surface area,
and total surface area.

83. Compute the total surface area of the tetrahedron all of whose
edges have the same length a.

84. Compute the angle between lateral faces and the base of a regular
pyramid whose lateral surface area is twice the area of the base.

85. Prove that if all lateral edges of a pyramid form congruent angles
with the base, then the base can be inscribed into a circle.

86. Prove that if all lateral faces of a pyramid form congruent angles
with the base, then the base can be circumscribed about a circle.

87. A regular hexagonal pyramid, which has the altitude 15 em and
the side of the base 5 e¢m, is intersected by a plane parallel to the
base. Compute the distance from this plane to the vertex, if the area
of the cross section is equal to %\/ﬁ cm?

88. The altitude of a regular pyramidal frustum with a square base
is h, and the areas of the bases are a and b. Find the total surface
area of the frustum.

89. The bases of a pyramidal frustum have areas 36 and 16. The
frustum is intersected by a plane parallel to the bases and bisecting
the altitude. Compute the area of the cross section.

90.* Through each edge of a cube, draw outside the cube the plane
making 45° angles with the adjacent faces. Compute the surface area
of the polyhedron bounded by these planes, assuming that the edges
of the cube have length a. Is this polyhedron a prism?

91. Prove that if all altitudes of a tetrahedron are concurrent, then
each pair of opposite edges are perpendicular, and vice versa.

92.* Prove that if one of the altitudes of a tetrahedron passes through
the orthocenter of the opposite face, then the same property holds
true for the other three altitudes.

93.* From a point in the interior of a polyhedron, perpendiculars to
the planes of the faces are dropped. Prove that the foot of at least
one of the perpendiculars lies in the interior of the face.
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2 Volumes of prisms and pyramids

61. Main assumptions about volumes. A vessel of a cer-
tain shape can hold a certain amount of water. The amount can
be measured and expressed quantitatively in “cubic” units, such as
em3, m3, ft3, etc. Such measuring of solid shapes leads us to the
geometric theory of volumes. Our assumptions about volumes ex-
press therefore, in an idealized form, properties of the water-holding
capacity of vessels. Namely we will assume that volumes of geomet-
ric solids are expressed by positive numbers, and are defined for all
polyhedra and, more generally, for all solids that can be partitioned
into several polyhedra. Furthermore, we assume that the following
properties hold true.

(1) Congruent solids have equal volumes.

(2) The volume of a solid subdivided into several parts is equal to
the sum of the volumes of these parts.

(3) The volume of the unit cube (i.e. the cube whose edge is a
unit of length) is equal to 1 (in the corresponding cubic units).

Two solids that have equal volumes are called equivalent. ‘

62. Theorem. The volume of a rectangular parallelepiped
is equal to the product of its dimensions.

Let a,b,c be three numbers expressing the three dimensions of
a rectangular parallelepiped in a certain unit of length. Let V' be
the number expressing the volume of the parallelepiped in the corre-
sponding cubic unit. The theorem says that V = abc. In the proof,
we consider the following three cases.

(i) The dimensions are expressed by whole numbers.

Let for example the dimensions be (Figure 53) AB = a, BC =,
and BD = ¢, where a,b, ¢ are whole numbers (in Figure 53, a = 4,
b =2, and ¢ = 5). Then the base of the parallelepiped contains ab
unit squares. On each of them, a unit cube can be placed. Thus a
layer of such cubes is obtained (as shown in Figure 53) containing ab
unit cubes. Since the altitude of this layer is congruent to one unit of
length, and the altitude of the parallelepiped contains ¢ such units,
the whole parallelepiped can be filled with ¢ such layers. Therefore
the volume of the parallelepiped is equal to abc cubic units.

(ii) The dimensions are expressed by fractions.
Let the dimensions of the parallelepiped be
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Bringing the fractions to a common denominator, ngs, we have:

PR GO N L Ll

ngs’ ngs’ ngs

Pick a new (auxiliary) unit of length congruent to the 1/ngs-th part
of the original unit. Then the dimensions of the parallelepiped, ex-
pressed by means of this new unit, are given by whole numbers, and
therefore by the result of case (i) the volume is equal to their product

(mns) - (nps) - (ngr),

if measured by the new cubic unit. The number of such new cubic
units contained in the original unit cube is equal to (ngs)3, i.e. the
new cubic unit is equal to the 1/(ngs)3-th part of the original one.
Therefore the volume of the parallelepiped expressed in the original
cubic units is equal to

1 mqgs nmps nqr

(g PN = s g s

Figure 53 Figure 54

(iii) The dimensions are expressed by arbitrary real numbers.

Let the dimensions of the rectangular parallelepiped @ (Figure
54) be AB = a, BC = b and BD = ¢, where a, b and c are positive
real numbers, possibly irrational. FEach of these numbers can be
represented by an infinite decimal fraction. Take the finite decimal
fractions: firstly o, 3, and -, approximating a, b and ¢ from below
with the precision of 1/10", and then «j,, 8} and v}/, approximating
a, b and ¢ from above with the same precision. On the lines AB,
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BC and BD, mark the segments: firstly BA' = o, BC' = ,, and
BD' =), and then BA" = o}, BC" = 3 and BD" = ;. We will
have:

BA' < BA< BA", BC' < BC < BC", BD' <BD < BD".

Next, build two auxiliary rectangular parallelepipeds: one (denoted
Q') with the dimensions BA’, BC' and BD’, and the other (denoted
Q") with the dimensions BA”, BC" and BD". The parallelepiped Q'
will lie in the interior of the parallelepiped @, and the parallelepiped
Q" will contain the parallelepiped @ in its interior.

According to the result of case (ii), we will have:
Volume of Q' = a,3,7,, Volume of Q" = aj Bnn-

Now let us increase n. This means that we approximate a, b and ¢
with greater and greater precision. As the number n increases in-
definitely, the volume of @' will obviously increase and (remaining
bounded from above by the volume of @) tend to a certain limit.
This limit will be equal to the product of those limits to which the
approximations o/, 3, and ~,, tend, i.e. to abc. On the other hand,
as n increases indefinitely, the volume of Q" will decrease and tend
to the product of those limits to which o, 3 and ~, tend, i.e. to
the same number abc. We conclude therefore that the volume of the
parallelepiped @ is equal to the common limit abc, to which the vol-
umes of the parallelepipeds @' (contained in @) and Q" (containing
Q) tend as n increases indefinitely.

Corollary. The volume of a rectangular parallelepiped is equal
to the product of the altitude and the area of the base.

Indeed, if a and b denote dimensions of the base, then the third
dimension ¢ is the altitude, and its product with the area ab of the
base is equal to the volume abe.

Remark. The ratio of two different cubic units is equal to the
third power of the ratio of those units of length that serve as the
edges of these unit cubes. For instance, the ratio of one cubic meter
to one cubic centimeter is equal to 1003, i.e. 1,000,000. Similarly,
one cubic yard contains 3% = 27 cubic feet (Figure 55).

63. Lemma. An oblique prism is equivalent to a right
prism with base congruent to the perpendicular cross sec-
tion of the oblique prism and with altitude congruent to its
lateral edge.

Suppose we are given an oblique prism ABCDEA'B'C'D'E’
(Figure 56). Extend all of its lateral edges and lateral faces in the
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same direction. On the extensions of any of the edges, e.g. AA’,
take a point ¢ and draw through it the perpendicular cross sec-
tion abede. Then mark the segment aa’ = AA’, and draw through
the point a’ another perpendicular cross section a'b'c’d’e’. Since
the planes of the perpendicular cross sections are parallel, we have:
b = cc’ = dd' = ee’ = aa’ = AA’ (§14). Therefore the polyhedron
ae' is the right prism (whose bases are the constructed perpendicu-
lar cross sections) described in the formulation of the lemma. Let us
prove that it is equivalent to the given oblique prism.

B b b
pd 7|
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Figure 55 Figure 56

For this, we first notice that the polyhedra Ae and A’e’ are con-
gruent. Indeed, the segments BB', CC’, ..., ee’ are congruent to
AA’ and have the same direction. Therefore, if we slide the second
polyhedron along the lateral edges so that the vertex A’ merges with
the vertex A of the first polyhedron, then all the other corresponding
vertices also merge: B’ with B, ¢’ with C, ..., € with e. Thus the
second polyhedron becomes superimposed onto the first one.

Now we notice that adding to the right prism ae’ the polyhedron
Ae, or adding to the oblique prism AE’ the polyhedron A’e’, con-
gruent to Ae, results in the same polyhedron Ae’. Tt follows that the
two prisms ae’ and AFE' are equivalent.

64. Volumes of parallelepipeds.

Theorem. The volume of a parallelepiped is equal to the
product of the altitude and the area of the base.

We have proved this theorem for rectangular parallelepipeds; we
now prove it for right parallelepipeds, and then for oblique ones.

(i) Let (Figure 57) AC’ be a right parallelepiped, i.e. its base
ABCD can be any parallelogram, and all lateral faces are rectan-
gles. Take the lateral side AA’B’B for a new base, so that the par-
allelepiped becomes oblique. Considering it as a special case of an
oblique prism, we conclude from the lemma of §63 that this paral-
lelepiped is equivalent to one with the altitude BC and the base a
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perpendicular cross section PQQ'P'. The quadrilateral PQQ'P’ is a
rectangle, because its angles are plane angles of right dihedral angles.
Therefore the right parallelepiped, whose base is PQQ'P, must be
rectangular, and hence its volume equal to the product of its three
dimensions: QQ’, PQ, and BC. But the product of PQ and BC
expresses the area of the parallelogram ABCD. Thus

Volume of AC’ = (Area of ABCD) -QQ' = (Area of ABCD) - BB
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Figure 57 Figure 58

(ii) Let (Figure 58) AC” be an oblique parallelepiped. It is equiv-
alent to such a right parallelepiped, whose altitude is the edge BC,
and base a cross section PQQ'P' perpendicular to the edges AD,
BC, etc. But according to case (i), the volume of a right paral-
lelepiped is equal to the product of the altitude and the area of the
base, i.e.

Volume of AC' = BC - (Area of PQQ'P").

If MM’ is an altitude of the cross section PQQ'P’, then the area of
PQQ'P' is equal to PQ - M M’, and therefore

Volume of AC' = BC - PQ - M M.

But the product BC - PQ expresses the area of the parallelogram
ABCD. Tt remains to show that the segment M M’ is the altitude
of the parallelepiped with respect to the base ABCD.

Indeed, the cross section PQQ’' P’ is perpendicular to the line BC,
which is therefore perpendicular to any line in the plane of the cross
section, e.g. to MM’ On the other hand MM’, being an altitude
of the parallelogram PQQ’P’, is perpendicular to its base PQ). Thus
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M M’ is perpendicular to two intersecting lines (BC and PQ) in the
plane ABCD, and therefore perpendicular to this plane.

Thus, the volume of the parallelepiped AC’ is equal to the prod-
uct of its altitude MM’ and the area of the base ABCD.

65. Volumes of prisms.

Theorem. The volume of a prism is equal to the product
of the altitude and the area of the base.

We will prove this for a triangular prism first, and then for an
arbitrary one.

(i) Through a lateral edge AA’ of a triangular prism ABCA'B'C’
(Figure 59), draw the plane parallel to the face BB'C’C, and through
the edge CC' the plane parallel to the face ABB’A’, and then extend
the planes of both bases up to their intersection with the drawn
planes. We obtain the parallelepiped BD’ divided by the diagonal
plane ACC’A’ into two triangular prisms, of which the prism AC’
is the given one. Let us prove that these prisms are equivalent. For

Figure 59 Figure 60

this, draw a perpendicular cross section abcd. It is a parallelogram
which is divided by its diagonal ac into two congruent triangles.
The given prism is equivalent to a right prism whose altitude is the
edge AA’ and base the triangle abc. The other triangular prism is
equivalent to a right prism whose altitude is AA’ and base the triangle
adc. But two right prisms with congruent bases and altitudes can
be superimposed onto each other, and are therefore congruent. Thus
the prisms ABCA'B'C’ and ADCA'D'C' are equivalent. It follows
that the volume of the given prism is equal to half the volume of
the parallelepiped BD'. If we denote by V the volume of the given
prism, and by h its altitude, then we find:

(Area of ABCD)-h  Area of ABCD
2 - 2 '

V= h = (Area of ABC)-h.
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(ii) Through a lateral edge AA’ (Figure 60) of an arbitrary given
prism (Figure 60), draw all diagonal planes AA'C'C, AA'D'D. Then
the given prism becomes divided into several triangular prisms. The
sum of the volumes of these prisms is equal to the volume of the
given one. If we denote by a1, ag, az the areas of the bases of these
triangular prisms, by h their common altitude, and by V' the volume
of the given prism, then we find:

V =a;-h+as-h+as-h = (a1+az+as)-h = (Area of ABCDE)-h.

Corollaries. (1) Comparing with the result of §63, we conclude
that the ratio of the area of the perpendicular cross section of an
oblique prism to the area of the base is equal to the ratio of the altitude
to the lateral edge.

(2) If a polygon (abcde in Figure 56) is the orthogonal projection
of a given polygon (ABCDE), then the area of the projection is equal
to the product of the area of the given polygon and the cosine of the
angle between the planes of these polygons.

Indeed, in the oblique prism shown in Figure 56, the ratio of
the altitude to the lateral edge is the cosine of the angle between
them. This angle, and the linear angle of the smaller of the dihedral
angles, formed by the base and the perpendicular cross section, are
congruent as angles with respectively perpendicular sides.

66. Cavalieri’s principle. An Italian mathematician of the
17th century Bonaventura Cavalieri formulated the following propo-
sition. If two solids (bounded by — no matter — plane or curved
surfaces) can be positioned in such a way that, for each plane parallel
to a given plane, the cross sections of these solids by this plane are
equivalent plane figures, then the volumes of these solids are equal.

Figure 61 Figure 62

To justify Cavalieri’s principle one needs methods that would go
beyond elementary mathematics. We will merely verify the principle
in several special cases.
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For instance, the hypotheses of Cavalieri’s principle are satisfied
when two prisms (no matter — triangular or polygonal) have con-
gruent altitudes and equivalent bases (Figure 61). As we already
know, such prisms are equivalent. On the other hand, if such prisms
are placed standing with their bases on the same plane, then every
plane parallel to the bases and intersecting one of the prisms will
intersect the other as well, and the cross sections will be equivalent
(since they are congruent to the respective bases which are equiva-
lent). Therefore Cavalieri’s principle holds true in this special case.

Cavalieri’s principle also applies to areas in plane geometry.
Namely, if two figures can be positioned so that for every line parallel
to a given line, its intersections with the figures have equal lengths,
then the figures are equivalent. Two parallelograms or two triangles
with congruent bases and congruent altitudes (Figure 62) are good
illustrations of this principle.

The following lemma establishes Cavalieri’s principle in the case
of triangular pyramids.

67. Lemma. Triangular pyramids with congruent altitudes
and equivalent bases are equivalent.

Placing the pyramids to stand on the same plane, divide their
common altitude into an arbitrary number n congruent parts (see
Figure 63 where n = 4) and draw through the division point planes
parallel to the bases. Since the bases ABC and A’B'C’ are equiv-
alent, the triangles formed as cross sections of one of the pyramids
are respectively equivalent to the triangles formed as cross sections
of the other pyramid (Corollary 2 in §58). In the interior of each
pyramid, construct now a series of prisms such that: the triangular
cross sections are their upper bases, the lateral edges are parallel to
the edge SA in one of the pyramids and to the edge S’A’ in the
other, and the altitude of each of the prisms is congruent to 1/n-th
of the altitude of the pyramids. There will be n — 1 such prisms in
each pyramid. Denote the volumes of the prisms in the pyramid S
by p1,p2,...,Pn—1 in the order from the vertex to the base, and the
volumes of the prisms in the pyramid S’ by p}, pj, ..., p/, in the same
order. Then we have:

pL=7p1, P2 ="0hy .oy Pa1 =Dl _q,

because corresponding prisms of each pair have equivalent bases and
congruent altitudes. Hence

PLtp2t o+ Pao1 =Py P D
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Suppose now that n, i.e. the number of congruent parts into
which we divided the altitude, increases indefinitely. Then both sides
of the latter equality change, remaining equal to each other. Let us
prove that each of the sides tends to a limit equal to the volume of
the pyramid into which the prisms are inscribed, i.e. to the volume V'
of the pyramid S for the L.H.S., and to the volume V" of the pyramid
S’ for the R.H.S. Then the equality V = V' of the limits will follow,
since an infinite sequence can have at most one limit (Book I, §228).

Figure 63

To prove that the L.H.S. tends to V as n increases indefinitely,
construct in the pyramid S another series of prisms (situated partly
outside the pyramid) such that: the triangular cross sections are
their lower bases, while the lateral sides are parallel to SA and the
altitudes are congruent to 1/n-th of the altitude of the pyramid,
as before. There will be n such prisms. Denote their volumes by

q1,42, - - -, qn in the order from the vertex to the base. It is not hard
to see that:

g =p1, ¢2=DP2, --+s Gn—-1 = Pn.
Therefore:

(@+a+ - +am1+a)—(Pr+p2+-+Po1) = dn
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Since the pyramid S is covered by the n prisms entirely, we have:
pLE+pe+- o1 <V<qa+g+-+an,

and hence
0< V—-(p1+p2—|—"'—|-pn_1) < @Qn-

As the number n increases indefinitely, the volume g, of the bottom
prism tends to 0 (because its altitude tends to 0 while the base ABC
remains the same). Thus the difference V' — (p1 + p2 + -+ + pp_1),
remaining positive, tends to 0 as well. By the very definition of limit,
this means that the sum p; +ps + -+ + p,_1 tends to V.

Obviously, the same argument applies to any triangular pyramid,
e.g. to S, and we conclude that the sum p} + p) + --- + p/,_; tends
to the volume V' of the pyramid S”. As we have noticed earlier, this
means that V' = V7, i.e. the two pyramids are equivalent.

Remark. The need for such an elaborate argument involving lim-
its arises from the fact that two equivalent solids cannot be so easily
transformed into one another by cutting one into pieces and reassem-
bling them to form the other, as it can be done with equivalent poly-
gons in plane geometry. Namely, it turns out there exist equivalent
tetrahedra (in particular, those with equivalent bases and congru-
ent altitudes) which are not scissors-congruent, i.e. cannot be
cut into a finite number of respectively congruent polyhedral pieces.
This impossibility result (which remains true even if adding the same
auxiliary polyhedral pieces to both solids is allowed before cutting)
was obtained in 1901 by a German mathematician Max Dehn as his
solution to the so-called Hilbert’s 3rd Problem. It was perhaps
the most approachable of the 23 challenging mathematical problems
(of which some still remain unsolved) presented by David Hilbert
to the International Congress of Mathematicians in 1900.

68. Volumes of pyramids.

Theorem. The volume of any pyramid is equal to the prod-
uct of the area of the base and a third of the altitude.

We first prove this theorem for triangular pyramids, and then for
polygonal.

(i) On the base of a triangular pyramid SABC (Figure 64), con-
struct the prism ABCSDE such that its altitude is congruent to
the altitude of the pyramid, and one of the lateral edges coincides
with the edge AS. Let us prove that the volume of the pyramid is
equal to 1/3-rd of the volume of the prism. For this, remove the
part of the prism occupied by the pyramid. The remaining part is
the quadrangular pyramid SBCED with the vertex S and the base

5N
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BCED. Divide this pyramid by the plane drawn through the vertex
S and the diagonal DC of the base into two triangular pyramids.
They have the same vertex S and congruent bases BCD and CDE
lying in the same plane, and are therefore equivalent according to the
lemma. proved above..Compare one of them, SBCD, with the given
pyramid SABC. Taking the point C for the common vertex of these
pyramids, we see that they have bases SAB and SDB, which are
congruent and lie in the same plane. Therefore, by the same lemma,
these two pyramids are also equivalent. Thus the prism ABCSDE
is divided into 3 equivalent pyramids SABC, SBCD, and SCDE.
If we denote the volume of the given pyramid by V, the area of the
base ABC by a, and the altitude by h, we find:

Volume of ABCSDE _ a-h _

V =
3 3

a -

h
-

B

Figure 64 Figure 65

(ii) Through any vertex A (Figure 65) of the base of a polygonal
pyramid SABCDE, draw all diagonals AC, AD. Then draw section
planes through the edge SA and each of these diagonals. These
planes divide the polygonal pyramid into several triangular ones,
which have the same altitude as the given one. Denote this altitude
by h, and the areas of the bases of these triangular pyramids by
a1,as,as. Then from part (i) we have:

h h
Volume of SABCDE = arg—i—az-%—l—ag-g = (a1+a2+a3)-g = a-g,

where a = a1 + az + a3 is the total area of the base of the given
pyramid.
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EXFERCISES

94. Compute the volume of a regular triangular prism whose lateral
edge is { and the side of the base is a.

95. Express the volume of a rectangular parallelepiped in terms of
the diagonals x, y, and z of the faces.

96. Compute the volume of a regular triangular pyramid whose lat-
eral edge is [ and the side of the base is a.

97.* Compute the volume of a parallelepiped all of whose faces are
congruent rhombi with the side a and an angle 60°.

98. Compute the volume of a pyramid, if lateral edges make the
angle 60° with the plane of the base, which is a right triangle with
the hypotenuse ¢ and an angle 30°.

99. In a pyramid with the altitude h, a plane parallel to the base is
drawn that dissects the pyramid into two equivalent parts. Compute
the distance of this plane from the vertex.

100. Compute the volume and lateral surface area of a regular hexag-
onal pyramid whose altitude has length » and makes the angle 30°
with the apothem.

101. On the edges of a trihedral angle SABC, all three of whose
plane angles are right, the segments SA = a, SB = b, and SC = ¢
are marked, and a plane is drawn through the points A, B, and C.
Compute the volume of the pyramid SABC.

102. Compute the volume of a triangular pyramid all of whose lateral

faces are perpendicular to each other and have areas a? b? and 2

103. Compute the volume of a triangular pyramid, if each lateral
edge makes the angle 45° with the base, whose sides are a, b, and c.

104.* Compute the volume of a triangular prism (possibly oblique)
if the area of one of its lateral faces is S, and the distance from the
plane of this face to the opposite edge is d.

105.* Compute the volume of a right triangular prism whose base
has the area 4 cm? and the lateral faces 9 cm? 10 em? and 18 em?

106.* Compute the volume of a regular quadrangular pyramid whose
base has the edge a, and whose plane angles at the vertex have the
same measure as the angles between lateral edges and the base.

107. A pyramidal frustum whose bases are regular hexagons with
the sides @ = 23 ¢m and b = 17 cm respectively, has the volume
V = 1465 cm3 Compute the altitude of the frustum.

108. Prove that the volume of a pyramidal frustum is equal to the
sum of the volumes of three pyramids which have the same altitude
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as the altitude of the frustum, and have areas of the bases equal
respectively to: the area of the upper base, the area of the lower
base, and their geometric mean.

109. Prove that the segments into which the plane, bisecting the
dihedral angle AB of a tetrahedron ABCD, divides the opposite
edge CD are proportional to the areas of the faces ABC and ABD.

110.* Does there exist a tetrahedron whose altitudes are 1, 2, 3, and

6 cm long?
Hint: Use Corollary 2 from §65.

3 Similarity of polyhedra

69. Definition. Two polyhedra are called similar if they have
respectively congruent polyhedral angles and respectively similar and
similarly positioned faces. For example, any two cubes are simi-
lar. Corresponding elements of similar polyhedra are called homol-
ogous.

It follows from the definition, that in similar polyhedra:

(1) homologous dihedral angles are congruent and similarly posi-
tioned, because the polyhedral angles are congruent;

(2) homologous edges are proportional, because in each of the two
similar faces the ratios between homologous edges are the same, and
in each polyhedron adjacent faces have an edge in common.

2a

| S

Figure 66

In the example in Figure 66, two rectangular parallelepipeds with
square bases (and dimensions: one — a, a, 2a, the other — 2a, 2a, a)
have respectively congruent polyhedral angles, and respectively sim-
ilar faces. These parallelepipeds are not similar, because lateral faces
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are positioned differently (namely, their shorter edges are adjacent to
the bases in one parallelepiped, and their longer ones in the other). In
particular, there is no proportionality between corresponding edges
of these polyhedra.

To construct polyhedra similar to any given one, let us introduce
homothety in space.

70. Homothety. Given a geometric figure ® (Figure 67), a
point S, and a positive number k, one defines another figure, @,
homothetic to ® with respect to the center of homothety S with
the homothety coeflicient k. Namely, pick a point A in the figure
®, and mark on the ray SA the point A’ such that SA" : SA = k.
When this construction is applied to every point A of the figure ®,
the geometric locus of the corresponding points A’ is the figure &’
homothetic to ®.

Figure 67 Figure 68

Clearly, the figure @ is obtained from the figure @' by the homoth-
ety with the same center S and the homothety coefficient reciprocal
to k.

It is easy to see that the figure, homothetic to a given plane with
respect to any center not lying in it, is another plane parallel to the
given one.

Some figures can be homothetic to themselves even if the homo-
thety coefficient k # 1. For example, the figure homothetic to a
dihedral angle (Figure 68) with respect to any center S lying on its
edge, is the dihedral angle itself. Likewise, any polyhedral angle is
obviously homothetic to itself with respect to the center of homothety
chosen at its vertex (Figure 67).

Remark. One can define homothety with a negative coefficient
k the way it was done in plane geometry, i.e. by requiring that the
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oint A’ homothetic to A lies not on the ray SA, but on the extension
of it beyond the center S. It is not hard to see that in the case of
a negative homothety coefficient, the figure homothetic to a given
polyhedral angle with respect to its vertex is the polyhedral angle
symmetric to the given one in the sense of §49.
71. Lemma. Two geometric figures homothetic to a given
one with the same homothety coefficients but with respect
to two different centers are congruent to each other.

Indeed, let S and S’ (Figure 69) be two centers of homothety, and
let A be any point of the given figure. Denote by B and B’ the points
obtained from A by the homothety with the same coeflicient & with
respect to the centers S and S’ respectively. We will assume that
L > 1. The case where k < 1 (including the negative values) is very
similar and will be left to the reader as an exercise. In the triangles
SAS' and BAB', which lie in the same plane, the angles at the vertex
A are congruent (as vertical), and the sides adjacent to the these
angles are proportional. Indeed, since BS : AS =k = B'S . AS,
we have: BA: SA=Fk—1= B'A: S A. Therefore the triangles are
similar, and in particular Z/B'BS = ZBSS’, and BB’ : S8 =k—1.
Thus the segment BB’ is parallel to S5, the length of it is equal to
k — 1 times the length of S’ and the direction of it is opposite to
the direction of SS’. (In the case where k < 1, the direction will be
the same.)

S o8

Figure 69

We conclude that by taking the point B homothetic to A with
respect to the center S, then moving it in the direction parallel and
opposite to the direction of the segment connecting S with ', and
placing it at the distance (k — 1) - S8’ from B, we obtain the point
B’ homothetic to A with respect to the center S

In this argument, A could be any point of the given figure. Thus,
if ® and @ are the figures homothetic to the given one with the same
coefficient k > 1 but with respect to two different centers S and S’
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then the figure ® can be superimposed onto the figure ® by moving
® as a whole in the direction parallel and opposite to SS’ through
the distance (k — 1) -SS”. Thus ® and ® are congruent.

72. Remark on translations. The operation of moving all
points of a geometric figure by a given distance in the direction par-
allel to a given segment is a geometric transformation called trans-
lation. It generalizes to the case of space geometry the concept of
translation on the plane described in Book I, §101.

For example, translating a given polygon ABCDE (Figure 70)
in a direction not parallel to its plane, we obtain another polygon
A'B'C'D'E’, congruent and parallel to the given one. The segments
AA’, BB’ etc. are parallel, congruent and similarly directed. There-
fore the quadrilaterals AA'B’B, BB'C'C, etc. are parallelograms,
and thus the given and translated polygons are two bases of the
same prism AFE'

Using the concept of translation, our proof of the lemma can
be summarized as the following statement about geometric transfor-
mations of figures: two homotheties with the same coefficient but
different centers differ by an appropriate translation.

73. Corollaries. (1) A polyhedral angle homothetic to a given
one with a positive homothety coefficient is congruent to it. Indeed,
when the center of homothety is the vertex, the homothetic angle
coincides with the given one; however, according to the lemma, the
choice of another center gives rise to a congruent polyhedral angle.

(2) A polygon homothetic to a given one is similar to it. Indeed,
this is true in plane geometry, i.e. when the center of homothety
lies in the plane of the polygon. Therefore this remains true for any
center due to the lemma (since polygons congruent to similar ones
are similar).

(3) A polyhedron obtained from a given one by a homothety with
a positive coefficient is similar to it. It is obvious that correspond-
ing elements of homothetic polyhedra are positioned similarly with
respect to each other, and it follows from the previous two corol-
laries that the polyhedral angles of such polyhedra are respectively
congruent and corresponding faces similar.

74. Theorem. If two polyhedra are similar, then each of
them is congruent to a polyhedron homothetic to the other.

Since polyhedral angles at homologous vertices of similar polyhe-
dra are congruent, we can superimpose one of the polyhedral angles
of the first polyhedron onto the homologous polyhedral angle of the
second. Let SABCDE (Figure 71) be the given polyhedron P, and
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let SA’B'C'D'E’ be the polyhedron P’ similar to it and positioned
in such a way that one pair of homologous polyhedral angles of both
polyhedra coincide at the vertex S. Let k be the ratio SA": SA of
homologous edges SA and SA’. We will prove that the polyhedron
Q homothetic to P with respect to the center 5 with the homothety
coefficient k coincides with P’ For this, note that respective edges of
the polyhedra @ and P’ are congruent, since they are proportional
with the same coefficient & to the homologous edges of P. Therefore
the endpoints A, B’ C’, and D’ of the edges SA', SB', SC’, and SD’of
the polyhedron P’ are vertices of the polyhedron @ as well. Conse-
quently the polygons SA'B, SB'C', SC'D', and SD'A" are common
faces of both polyhedra. Furthermore, since all homologous dihedral
angles of @ and P’ are congruent, the planes of the faces of () adja-
cent to the edges A’B’ and B’C’ coincide with A’B'E’ and B'C'FE.
Thus the polyhedral angles of @ and P’ with the vertex B’ coincide.
Similarly to the way we compared edges and faces of the polyhedra
@ and P’ adjacent to their common polyhedral angle S, we can now
proceed with their polyhedral angle B’. For example, the ray B'E’
is an edge of this polyhedral angle in both polyhedra, and since their
respective edges are congruent, the endpoint E of the edge B'E’ is
their common vertex. So, we have found that the polyhedra ¢ and
P’ coincide since they have the same vertices. (Should @ and P’
have more elements than those shown in Figure 71, we could con-
secutively compare their respective faces, edges, and vertices, and
conclude that they all coincide.)

B C
A
D
A b
Figure 70 Figure 71

Thus the polyhedron similar to the given polyhedron P is con-
gruent to the polyhedron Q homothetic to P.
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75. Similarity of arbitrary geometric figures. One can give
the following general definition of similarity: two geometric figures
are similar if one of them is congruent to a figure homothetic to
the other. The lemma of §72 shows that the position of the center
of homothety in this definition is irrelevant: when a given figure
becomes congruent to another after application of homothety with
one center, it becomes congruent to it after homothety with any other
center, provided that the coefficient of homothety remains the same.
Thus, this definition fully expresses the idea of similarity as “being
of the same shape but possibly different scale.”

To maintain consistency with the definition of similar polyhedra
given in §69, we need to assume that the homothety coefficients in the
definition of arbitrary similar figures are positive. Then the previous
theorem together with Corollary 3 of §73 show that two polyhedra
are similar in this new sense whenever they are similar in the old
sense, and vice versa.

76. Theorem. In a pyramid (SABCDE, Figure 72), if a cross
section parallel to the base is drawn, then it cuts off another
pyramid (SA'B'C'D'E'Y similar to the given one.

According to part (1) of the theorem in §58, the lateral sides of
the pyramids are proportional. Set k = SA’ : SA, and apply to
the given pyramid the homothety with the center S and coefficient
k. Then the resulting figure will be a polyhedron with the vertices
A, B, C" D', E',and S, i.e. it will be the pyramid SA’B'C’'D'E". Since
homothetic polyhedra are similar, the theorem follows.

77. Theorem. Surface areas of similar polyhedra have the
same ratio as the squares of homologous edges.

Let A1, Ao, ..., A, denote the areas of faces of one of the similar
polyhedra, and ay,as,...,a, the areas of the homologous faces of
the other. Let L and [ be the lengths of any two homologous edges.
Then, due to similarity of homologous faces and proportionality of
homologous edges, we have:
l2

aj ag 12

el il A W 23

From properties of equal ratios, it follows:

atay+-ta, 1
A+ A+ + A,  L¥

78. Theorem. Volumes of similar polyhedra have the same
ratio as the cubes of homologous edges.
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Consider first the case of pyramids. Let SABCDE (Figure 72)
be one of the given pyramids, L be the length of one of its edges, e.g.
SA, and I < L be the length of the homologous edge of the pyramid
similar to it. On the altitude SO of the given pyramid, take the
point O’ such that SO’ : SO =1 : L, and draw through O’ the cross
section parallel to the base. Then the pyramid SA'B'C'D'E’, cut
off by this plane, is homothetic to the first given pyramid with the
homothety coefficient equal to ! : L and is therefore congruent to the
second given pyramid. Let us denote by V and v the volumes of the
pyramids SABCDE and SA’'B'C'D'E' respectively, and prove that
v:V =1®: L3 For this we note that, according to the theorem of
§58, the altitudes of these pyramids are proportional to their lateral
edges, and the bases are similar polygons. Therefore, if ¢ and o
denote the areas of the bases ABCDE and A’B’C'D'E’, then

SO _ ! and a_’ = ﬁ
SO L’ a L%
Since V = 4a- SO and v = 3a’ - SO', we find:

d so PPl B

a SO I1* L I¥

v
v

Figure 72 Figure 73

Suppose now that we are given two similar polyhedra with vol-
umes V and v respectively, and with a pair of homologous edges of
lengths L and I. In the interior of the first polyhedron, pick a point
S (Figure 73), connect it with all vertices A, B,C, etc., and draw
planes SAB, SBC, etc. through the point S and each edge of the
polyhedron. Then the planes partition the polyhedron into pyramids
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SABCF, SBCD, etc., which have the common vertex S, and whose
bases are faces of the given polyhedron.* Let Vi, Va,...,V, be the
volumes of the pyramids. If one applies the homothety with the cen-
ter S and the coefficient equal to [ : L, a polyhedron congruent to the
second given one is obtained, partitioned into pyramids homothetic
to SABCF, SBCD, etc. previously constructed. Let vy, vs, ..., v,
be the respective volumes of these pyramids. Then

E_Z?’ 112_l3 vn_l3
%_L3>V2_L35"'7V11_L33
and therefore,
v_untvntooto, P
Vo o WVi+Vato+V, LY

EXERCISES

111. Prove that two regular n-gonal pyramids are similar if and only
if their plane angles at the vertex are congruent.

112. Find out which regular prisms are similar.

113. Prove that two pyramids are similar if the base and a lateral
face of one of them and the base and a lateral face of the other are
respectively similar, form respectively congruent dihedral angles, and
are similarly positioned.

114. The same — about two prisms.

115. Show that a figure homothetic to a line (or a plane) with respect
to a center of homothety not lying in it, is a line (respectively a plane)
parallel to it.

116. Provide the proof of the lemma of §71 in the case of the homo-
thety coefficient k < 1.

117. Prove that if one of two figures is congruent to a figure homo-
thetic to the other, then vice versa, the other figure is congruent to
a figure homothetic to the first one.

118. Prove that similar polyhedra of equal volume (or equal surface
area) are congruent.

119. Given a cube with the edge a, find the edge = of another cube
whose volume is twice the volume of the given one.

4Recall our convention to consider only convex polyhedra. In the case of non-
convex polyhedra, the theorem holds true, but the partitioning procedure should
begin with dividing into convex polyhedra.
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remark. This problem of doubling the cube, known since antiq-
uity, is easily solved by computation (namely, z = V263 = 20 =
ax 1.259921 . ..), but it cannot be solved by a straightedge and com-
pass construction.

120. In what ratio should a plane parallel to the base of a pyramid
divide its altitude so that the volumes of the parts into which the
plane divides the pyramid have the ratio m : n?

121. A pyramid with the altitude h is divided by two planes parallel
to the base into three parts whose volumes have the ratio [ : m : n.
Find the distances of these planes from the vertex.

122. Compute the volumes of two similar polyhedra, if their total
volume is V, and their homologous edges have the ratio m : n.

4 Symmetries of space figures

79. Central symmetry. Two geometric figures are called sym-
metric about a point O if to every point A of one of the figures there
corresponds a point A’ of the other figure such that the midpoint of
the segment AA’ is the point O. The point O is called the center
of symmetry of the figures.

Thus, in order to find the figure ® symmetric about the center
O to a given figure ®, one needs for every point A of the figure @, to
extend the line AO past the center O and mark on the extension the
segment OA’ congruent to AO. Then the figure ' is the geometric
locus of all points A’ thus obtained.

We have encountered examples of centrally symmetric figures in
§49, when we described the polyhedral angle symmetric to a given
one about the vertex. Also, central symmetry is a special case of
homothety with negative coefficients: the figure homothetic with the
homothety coefficient & = —1 to a given figure is centrally symmetric
to it about the center of homothety.

In centrally symmetric figures, certain homologous elements, such
as segments, plane angles, or dihedral angles, are congruent. However
the figures as wholes are not necessarily congruent, because generally
speaking they cannot be superimposed onto each other. We have seen
this phenomenon in the example of symmetric polyhedral angles.

Yet sometimes centrally symmetric figures are congruent, but the
elements being superimposed are non-homologous. For instance, con-
sider a trihedral angle with the vertex O and edges OX, OY and OZ
(Figure 74) all of whose plane angles are right. Consider the angle
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OX'Y'Z' symmetric to it. Rotating the angle OX'Y’Z’ about the
line X X’ until the ray OZ’ coincides with the ray OZ, and then
rotating the resulting angle about the line OZ, we can superimpose
the angle OX'Y'Z’ onto OXY Z. However the ray OX’ then merges
with the ray OY, and OY’ with OX. However, if we rotate the angle
OX'Y'Z' about the line ZZ' until the rays OX’ and OY’ coincide
with OX and OY respectively, then the rays OZ and OZ’ turn out
to have opposite directions.

zZ r4
fo) o
X v XY XX ; Y v
z z
Figure 74

b
If the geometric figure symmetric to a given one about a certain
center coincides with the given figure, one says that the given figure
has a center of symmetry. For example, any parallelepiped has a
center of symmetry, namely the intersection point of the diagonals

(856).

Figure 75

80. Bilateral symmetry. Two geometric figures are called
symmetric about a given plane P, if to every point A of one of
the figures there corresponds a point A’ of the other, such that the
segment AA’ is perpendicular to the plane P and is bisected by the
intersection point with it. The plane P is called the plane of sym-
metry of the figures.
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In figures symmetric about a plane, corresponding segments, and
plane or dihedral angles are congruent. For example, if A and B
are any two points of a given figure, and A’ and B’ are the points
symmetric to them about a plane P (Figure 75), then the segments
AB and A’B’ are congruent. Indeed, since the lines AA’ and BB’ are
perpendicular to the plane P, they are parallel to each other, and in
particular lie in the same plane, ), perpendicular to P. Inside this
plane, the points A and B are symmetric, about the line of inter-
section of the planes P and @, to the points A’ and B’ respectively
(because AA’ and BB’ are perpendicular to this line and are bisected
by it). Therefore AB = A'B’.

As in the case of central symmetry, figures symmetric about a
plane are not necessarily congruent. Examples of symmetric figures
are obtained by reflecting any object in a mirror: every figure is
symmetric to its mirror reflection with respect to the plane of the
mirror.

If a geometric figure coincides with the figure symmetric to it
about a certain plane (or, in other words, can be divided into two
parts symmetric about this plane), then the figure is said to have a
plane of symmetry, or is symmetric bilaterally.

Bilaterally symmetric objects are frequently found in the house-
hold (e.g. chairs, beds, etc.) and in nature. For instance, the human
body has a plane of bilateral symmetry dividing it into the left and
right sides. By the way, this provides a convincing example of sym-
metric figures which are not congruent. Namely, the left and right
hands are symmetric, but cannot be superimposed, as it is clear from
the fact that the same glove does not fit both hands.

Symmetry about a line. Two figures are called symmetric
about a line [ if to every point A of one of the figures there corre-
sponds a point A’ of the other such that the segment AA’ is per-
pendicular to the line [, intersects it, and is bisected by the point of
intersection. The line [ is called the axis of symmetry of the 2nd
order.

It follows from the definition, that if two geometric figures sym-
metric about a line are intersected by any plane perpendicular to
this line (at some point O) then the cross sections of the figures are
plane figures symmetric about the point O.

Furthermore, it follows easily that two solids symmetric about a
line can be superimposed by rotating one of them 180° about the
line. Indeed, imagine all possible planes perpendicular to the axis
of symmetry. Each of these planes contains two cross sections sym-
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metric about the point of intersection of the plane with the axis. If
one moves the plane along itself by rotating it in space 180° about
the axis, then the first figure becomes superimposed onto the sec-
ond. This holds true for every cross section perpendicular to the
axis. Since simultaneous rotation of all cross sections through the
angle of 180° is equivalent to rotating the whole figure 180° about
the axis, our statement follows.

If a figure, obtained from a given one by rotating 180° about a
certain line, coincides with the given figure, one says that it has an
axis of symmetry of the 2nd order. The name reflects the fact that
in the process of rotation by 360° about an “axis of symmetry of the
2nd order” the rotated figure will occupy its original position twice.

Here are some examples of solids possessing axes of symmetry of
the 2nd order:

(1) A regular pyramid with an even number of lateral faces. The
axis of symmetry is the altitude.

(2) A rectangular parallelepiped. It has three axes of symmetry
of the 2nd order, namely, the lines connecting the centers of opposite
faces.

(3) A regular prism. If the number n of lateral faces is even, then
the prism has n + 1 axes of symmetry of the 2nd order, namely 5N

lines connecting the midpoints of opposite lateral edges, and 2 5n+1
lines connecting the centers of opposite faces, including the bases. If
the number n of lateral faces is odd, then the prism has n axes of
symmetry of the 2nd order, namely each line connecting the midpoint
of a lateral edge and the center of the opposite lateral face.

81. Relations between central, bilateral and axial sym-
metries.

Theorem. If two figures are symmetric to a given figure,
one about a point (O, Figure 76), the other about a plane (P)
passing through it, then they are symmetric about the line
perpendicular to the plane at this point.

Let A be a point of the given figure, A’ the point symmetric to
A about the center O, and A” the point symmetric to A about the
plane P. Denote by B the intersection point of the segment AA”
with the plane P. Draw the plane through the points A, A’ and
A" This plane is perpendicular to the plane P since it contains the
line AA” perpendicular to this plane. In the plane AA’A”, draw the
line ! passing through the point O and parallel to AA”. This line
is perpendicular to the plane P and to the line BO. Let C be the
intersection point of the lines A’A” and .
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In the triangle AA’A” the segment BO is the midline parallel to
A’A”. But BO LI, and hence A’A” 1 [. Furthermore, since O is the
midpoint of the segment AA’ and the line  is parallel to AA”, we
find that A’C = CA”. We conclude that the points A’ and A” are
symmetric about the line /. Since the same holds true for any point
A of the given figure, we conclude that the geometric locus of points
A’ symmetric to points of the given figure about the center O, and
the geometric locus of points symmetric to points of the given figure
about the plane P, are symmetric to each other about the line .

A" C _ A’
P
B —+ 0
! 1
A
I
Figure 76

Corollaries. (1) Two figures centrally symmetric to a given
figure about two different centers are congruent to each other. This
follows from the lemma of §71, since figures centrally symmetric to
the given one are homothetic to it with respect to two different cen-
ters and the same coefficient k¥ = —1.

(2) Two figures symmetric to a given figure about two different
planes are congruent to each other. Indeed, replace each figure, sym-
metric to the given one about a plane, by a congruent figure, namely
by the figure symmetric to the given one about a center lying on the
plane of symmetry. Then the problem reduces to the previous one
about figures symmetric to the given one about different centers.

82. Axes of symmetry of higher orders. If a figure possesses
an axis of symmetry of the 2nd order, it is superimposed onto itself by
the rotation about this axis through the angle of 180°. It is possible
however that a figure is superimposed onto itself after the rotation
about a line through a certain angle smaller than 180° Thus in the
process of rotating the figure about this line, it occupies its original
position several times. The number of times this happens (including
the original position) is called the order of symmetry, and the line
is called an axis of symmetry of higher order. For example, while



64 Chapter 2. POLYHEDRA

a regular triangular pyramid does not have axes of symmetry of the
2nd order, its altitude serves as an axis of symmetry of the 3rd order,
Indeed, after rotation through the angle of 120° about the altitude
(Figure 77), the pyramid occupies its original position. In the process
of rotation about this axis, the pyramid becomes superimposed onto
itself three times (after the rotation through the angles of 0° 120°
and 240°).

It is easy to see that any axis of symmetry of an even order is also
an axis of symmetry of the 2nd order. Regular pyramids, or regular
prisms, with n lateral faces are examples of solids with symmetries
of the nth order. The altitude (respectively the line connecting the
centers of the bases) is the axis.
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83. Symmetries of the cube. The intersection point of the
diagonals is the center of symmetry of the cube (Figure 78).

There are nine planes of symmetry: 6 diagonal planes (such as
DBFH) and three planes passing through the midpoints of each
quadruple of parallel edges.

The cube has nine axes of symmetry of the 2nd order: six lines
connecting the midpoints of opposite edges (e.g. of AD and FG),
and three lines connecting the centers of each pair of the opposite
faces. The latter lines are in fact axes of symmetry of the 4th order.
In addition, the cube has four axes of symmetry of the 3rd order,
namely its diagonals (e.g. AG). Indeed, the diagonal AG, obviously,
makes congruent angles with the edges AB, AD, and AFE, and these
angles make the same (right) angles with each other. If we connect
the points B, D, and E, then we obtain a regular triangular pyramid,
ABDE, for which the diagonal AG is the altitude. When the cube is
rotated about this diagonal through the angle of 120° the pyramid
returns to its original position. The same is true about the pyramid
GHFC, centrally symmetric to the pyramid ABDE. Thus, as the
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result of this rotation, the whole cube returns to its original position.
It is not hard to see that the cube does not have any other axes of
symmetry.

Let us find out now, how many different ways of rotating the cube
are there that preserve it as a whole. An axis of symmetry of the 2nd
order gives only one such way (excluding the trivial rotation through
0°). An axis of symmetry of the 3rd order gives two such ways, and
of the 4th order three. Since the cube has six axes of symmetry of
the 2nd order, four of the 3rd order, and three of the 4th order, we
find that there are 6 x 1 44 x 2 4+ 3 x 3 = 23 ways, excluding the
trivial one, to superimpose the cube onto itself by rotation.

It is not hard to see directly that all the 23 rotations are different
from each other (e.g. by noting that some of the vertices A, B, C,
etc. change their positions differently). Together with the trivial
rotation (leaving the position of each vertex unchanged) they give 24
ways of superimposing the cube onto itself.

EXERCISES

123. Prove that the figure centrally symmetric to a line (or a plane),
is a line (respectively a plane).
124. The same — for symmetry about a plane.

125. Prove that the figure symmetric to a dihedral angle about any
plane is congruent to it.

126. Determine centers, axes, and planes of symmetry of the figure
formed by a given line intersecting a given plane, but not perpendic-
ular to it.

1277. Determine centers, axes, and planes of symmetry for the figure
consisting of two intersecting lines.

128.* Prove that a prism has a center of symmetry if and only if its
base does.

129. Determine the number of planes of symmetry of a regular prism
with n lateral faces.

130. Determine the number of planes of symmetry of a regular pyra-
mid with n lateral faces.

131. Let three figures ®, @, and &’ be symmetric: ® and ® about a
plane P, and ® and ®” about a plane Q perpendicular to P. Prove
that ® and " are symmetric about the intersection line of P and Q.
132. What can be said about the figures ® and ®” of the previous
problem if the planes P and @ make the angle: (a) 60°7 (b) 45°7
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133.* Prove that if a figure has two symmetry planes making an
angle 180°/n, then their intersection line is an axis of symmetry of
the nth order.

13/. Describe the cross section of a cube by the plane perpendicular
to one of the diagonals at its midpoint.

135.* Show that the 24 ways of superimposing the cube onto itself
correspond to 24 different ways (including the trivial one) of permut-
ing its four diagonals.

5 Regular polyhedra

84.Definition. Let us call a polyhedral angle regular if all
of its plane angles are congruent and all of its dihedral angles are
congruent. A polyhedron is called regular if all of its faces are con-
gruent regular polygons, and all of its polyhedral angles are regular
and congruent. Thus a cube is a regular polyhedron. It follows
from the definition, that in a regular polyhedron: all plane angles
are congruent, all dihedral angles are congruent, and all edges are
congruent.

85. Classification of regular polyhedra. Let us take into ac-
count that a convex polyhedral angle has at least three plane angles,
and that their sum has to be smaller than 4d (§48).

Since in a regular triangle, every angle is %d, repeating it 3, 4, or
5 times, we obtain the angle sum smaller than 4d, but repeating it
6 or more times, we get the angle sum equal to or greater than 4d.
Therefore convex polyhedral angles whose faces are angles of regular
triangles can be of only three types: trihedral, tetrahedral, or pen-
tahedral. Angles of squares and regular pentagons are respectlvely d
and gd Repeating these angles three times, we get the sums smaller
than 4d, but repeating them four or more times, we get the sums
equal to or greater than 4d. Therefore from angles of squares or
regular pentagons, only trlhedral convex angles can be formed. The
angles of regular hexagons are 5 d and of regular polygons with more
than 6 sides even greater. The sum of three or more of such angles
will be equal to or greater than 4d. Therefore no convex polyhedral
angles can be formed from such angles.

It follows that only the following five types of regular polyhedra
can occur: those whose faces are regular triangles, meeting by three,
four or five triangles at each vertex, or those whose faces are either
squares, or regular pentagons, meeting by three faces at each vertex.
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Regular polyhedra of each of the five types do exist and are often
called Platonic solids after the Greek philosopher Plato. They are:

(i) regular tetrahedron whose surface is formed by 4 regular
triangles (Figure 79);

(ii) octahedron whose surface is formed by 8 regular triangles
(Figure 80);

(iil) icosahedron whose surface is formed by 20 regular triangles
(Figure 81);

(iv) cube (or hexahedron) whose surface consists of 6 squares
(Figure 82);

(v) dodecahedron whose surface is formed by 12 regular pen-
tagons (Figure 83).
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86. Constructions of Platonic solids. The above argument
shows that regular polyhedra, if they exist, fall into five types, but
it does not prove that regular polyhedra of each of the five types
exist. In order to establish their existence it suffices to point out a
construction of each of the five Platonic solids. In the case of the
cube, which was defined as a rectangular parallelepiped all of whose
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three dimensions are congruent, such a construction is familiar to us.
We will show here how each of the remaining four Platonic solids can
be constructed from a cube.

A regular tetrahedron can be constructed by taking four of the
eight vertices of a cube for the vertices of the tetrahedron as shown
in Figure 84. Namely, pick any vertex A of the cube, and in the three
square faces adjacent to this vertex, take the vertices B, C, and D
opposite to A. The six edges connecting the vertices A, B, C, D pair-
wise are diagonals of the cube’s faces (one diagonal in each face), and
are therefore congruent. This shows that all faces of the tetrahedron
are congruent regular triangles. Rotating the cube 120° about any
of its diagonals (e.g the diagonal passing through the vertex A) will
keep one of the vertices (A) of the tetrahedron in its place, but cycli-
cally permute the edges, adjacent to it, and the other three vertices
(e.g. move B into C, C into D, and D into B). The corresponding
polyhedral angles become superimposed onto each other (the angle
B onto the angle C, etc.) This shows that all polyhedral angles of
the tetrahedron are congruent, and all dihedral angles (in each of
them) are congruent. Thus the tetrahedron is a regular polyhedron.

B

Figure 84 Figure 85

A regular octahedron can be constructed by taking the six centers
of cube’s faces (Figure 85) for the vertices. Each edge of the resulting
polyhedron connects centers of two adjacent faces of the cube and,
as easily computed, has the length —1—2—(1 where a denotes the cube’s

dimension. In particular, all edges have the same length, and hence
all faces of the octahedron are congruent regular triangles. To prove
that all dihedral and all polyhedral angles of the octahedron are
congruent, we note that by rotating the cube (say, about axes passing
through centers of opposite faces) one can move any face (e.g. P) of
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the cube onto any other (e.g. @). Since the rotation preserves the
cube, it also preserves the set of eight centers of the faces. Therefore
the rotation preserves the octahedron as a whole, but moves the edges
(CA to CB) and vertices (A to B). Thus the corresponding dihedral
and polyhedral angles of the octahedron become superimposed.

A dodecahedron can be constructed by drawing 12 planes, one
through each of the 12 edges of a cube (Figure 86), and choosing the
slopes of these planes in such a way that the resulting polyhedron is
regular. The fact that it is possible to achieve this is not obvious at
all, and proving it will require some preparation.

Let us begin with examining a regular pentagon. All of its di-
agonals are congruent, and can be assumed to have the same length
as the dimension of the cube. The angles of the pentagon contain
108° each. If we place two copies of the pentagon in one plane so that
they have an edge in common, the angles at the common vertices will
add up to 216° which is smaller by 144° than the full angle. There-
fore we can rotate the two pentagons in space about their common
edge (AB, Figure 87), so that their planes form a dihedral angle,
until the angle CAF decreases from 144° to 108°. Since the figure
formed by the two regular pentagons in space is symmetric about
the plane perpendicular to the edge AB at the midpoint, the an-
gle DBE symmetric to the angle CAF will also contain 108°. This
means that two more regular pentagons congruent to the original
ones can be attached, one to the edges F'A and AC (shown in Figure
87 as GCAFH), the other to the edges EB and BD. If we now
draw the diagonals CD, DE, EF, and FC in these pentagons, they
will form a square. Indeed, CD||EF (since these diagonals are par-
allel to the common side AB of the pentagons) and thus CDEF is
a rhombus, and ZFCD = ZEDC (as angles symmetric about the
plane perpendicular to the line AB at the midpoint).

Let us now examine the tent-like polyhedron ABCDEF shaded
in Figure 87. From the vertex A, drop the perpendicular AO to its
base CDEF, then draw two slants: AM and AN perpendicular re-
spectively to CD and FC, and finally draw their projections OM
and ON to the base. Then, by the theorem of the three perpen-
diculars (§28), OM L CD, ON L FC, and therefore ZAMO and
ZANO are linear angles of the dihedral angles formed by the base
CDEF with the lateral faces CABD and AFC respectively.

Since the base of the tent-like polyhedron is a square, we can
attach polyhedra congruent to it, to each of the faces of the cube as
shown in Figure 86. We claim that in the resulting polyhedron, the
faces (triangles and quadrilaterals) of the attached tent-line polyhe-
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dra will agree in their slopes and thus form regular pentagons.

In order to show that the slopes agree, it suffices to check that
the dihedral angle formed by the lateral face ABCD and the base
CDEF is congruent to the dihedral angle formed by the extension
FHGC of the triangle FAC and the face P of the cube adjacent to
the base CDEB. Since the plane P is perpendicular to the base,
it suffices to check instead that the dihedral angles, formed by the
faces ABCD and FAC with the same plane CDEF, add up to
90°, i.e. that ZAMO + ZANO = 90°. For this, we will compute
cos(ZLAMO) = OM : AM and cos(£LANO) = ON : AN, and show
that they are legs of a right triangle with the hypotenuse equal to 1:

OM\* [ON\?
) (=) =1
AM AN
Note that ZACM = 72°, and ZACN = 36°, so we have:

OM = NC = AC -cos36°, AM = AC -sinT72°,
ON =MC = AC -cos72°, AN = AC - sin 36°.

As we found in Book I, §223, in an isosceles triangle with the angle
at the vertex 36° (and hence the angles 72° at the base), the ratio of

the base to the lateral side is equal to the golden mean (v/5 — 1)/2.
From the geometry of this triangle, we find:

V5

-1
cos 72° = 7 cos 36° =1—2cos?72° =

VE+1
—

i
2

Using the identity cos® o + sin® o = 1, we compute:

cos? 72° = 3—%—-—\/—5, sin?72° = 5—*_8———\/5,
cos? 36° = 5 +8\/5’ sin?36° = > _8\/3'

Therefore
OM\? ON\? _ cos?36° cos?72°
(ZJTJ) (A_JV) ~ sin?72°  sin?36°
_3+\/§+3—\/5_ (B3+vE)(5—v5)+(3=v5)(5+V5)
5+v5 5—+/5 (5+5)(5 - V/5)
_10+2vV5+10-2v5 20

=—=1
20 20
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As a by-product, we have computed the ratio OM : AM, i.e. the
sine of the angle OAM, which is a half of the linear angle of the di-
hedral angle AB. Note that we used only the fact that plane angles
of the trihedral angle A contain 108° each. This shows that all tri-
hedral angles with this property have congruent dihedral angles and
are therefore congruent to each other (§50). Thus the constructed
polyhedron with 12 regular pentagonal faces is regular.

Figure 86 Figure 87

Once the existence of the dodecahedron is established, a regular
icosahedron can be constructed by taking the centers of 12 faces of
the dodecahedron for the vertices.

87. Theorem. Any regular polyhedron is similar to one of
the five Platonic solids.

In §85, we proved that any regular polyhedron R falls into the
same type as one of the five Platonic solids P. Replace now the poly-
hedron R with a polyhedron @, homothetic to it and such that the
edges of @ have the same length as the edges of P, and prove that
Q is congruent to P. For this we need to establish first that @ and
P have congruent polyhedral angles. We know that these polyhedral
angles are regular and have the same number of congruent plane an-
gles. Let the regular polyhedral angle S be one them, with n plane
angles o (see Figure 88, where n = 5). It is easy to see that S has
an axis of symmetry of the nth order. Tt can be located as the inter-
section line SO of two planes of symmetry, e.g. of the bisector plane
ASO of the dihedral angle, and of the plane HSO passing through
~ the bisector SH of the plane angle ASE and perpendicular to its
plane. Draw the plane perpendicular to the axis of symmetry and
passing through any point O on it in the interior of the polyhedral
angle S. Then the cross section of the polyhedral angle by this plane
will be a regular n-gon ABCDE. In the faces of the dihedral angle
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SB, drop perpendiculars AG and CG to the edge SB from the ver-
tices A and C of the n-gon, and consider the isosceles triangle AGC.
The length of its lateral side AG is determined by the side AB of the
n-gon and by ZSBA = (180° — a)/2. The base AC is a diagonal of
the regular n-gon and is determined by its side AB. Thus the angle
AGC is determined by the number n of the plane angles and their
measure a. But the angle AGC is the linear angle of the dihedral
angle SB. This proves that reqular polyhedral angles with the same
number and measure of their plane angles have congruent dihedral
angles, and therefore are congruent to each other.

Using this, we can pick one vertex in each of the polyhedra @
and P and superimpose their polyhedral angles at this vertex. Since
the edges of these polyhedra are congruent, the adjacent vertices will
also coincide. Since all dihedral angles of both polyhedra are con-
gruent to each other, the polyhedral angles at these adjacent vertices
also become superimposed. Examining the edges adjacent to these
vertices, and proceeding this way to other vertices, we conclude that
the polyhedra @ and P are superimposed.

88. Remark. We accepted a very demanding definition of regu-
lar polyhedra and found that, up to scale, there are only five such
polyhedra. One may ask if the same conclusion can be derived from
milder requirements of regularity. It turns out that the answer is
“yes”: in order to conclude that a polyhedron is regular, it suf-
fices to require that all of the faces are congruent regular polygons
and polyhedral angles are congruent (but assume nothing about di-
hedral angles). In fact, many attempts to relax the definition even
further lead to mistakes. First, merely assuming that all faces are
congruent regular polygons is not enough (to construct a counter-
example, attach two congruent regular tetrahedra to each other by
their bases). Next, the class of polyhedra, all of whose polyhedral
angles are congruent and faces regular, includes regular prisms with
square lateral sides. This class was first systematically explored by
a German mathematician and astronomer Johannes Kepler. In
1619, he found that in addition to the prisms, it also includes an-
tiprisms (Figure 89), and 15 Archimedean solids (13, if symmet-
ric polyhedra are not distinguished), which were described in the
4th century A.D. by a Greek mathematician Pappus and attributed
by him to Archimedes. Although regularly shaped solids of various
kinds were thoroughly studied and classified in the 20th century, the
ancient symmetry patterns of the five Platonic solids still play the
most fundamental role in modern mathematics and physics.






