. A point x € X is a zero of the vector field v if v(x) 0. Show that if k
is odd, there exists a vector field v on S having no zeros. [HINT: For
k =1, use (x,, x,) — (—x2, x;).] It is a rather deep topological fact X
that nonvanishing vector fields do not exist on the even spheres. We will J

see why in Chapter 3.
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Prove that if S* has a nonvanishing vector field, then its antipodal map
is homotopic to the identity (Compare Section 6, Exercise 7.) [HINT:

Show that you may take |'11(x)| = 1 everywhere. Now rotate x to —xin
the direction indicated by v(x).]
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10. The Whitney Immersion Theorem. Prove that every k-dimensional : &l i) e AT
manifold X may be immersed in R2*,
e o

Inverse Function Theorem Revisited. Use a partition-of -unity technique
to prove a noncompact version of Exercise 10, Section 3. Suppose that
the derivative of f: X — Y is an isomorphism whenever x lies in the
submanifold Z < X, and assume that f maps Z diffeomorphically onto A
f(Z). Prove that f maps a neighborhogd opr diﬁ‘eomorpl'ﬂcally znto a s v = %
neighborhood of f(Z). [Outline: Find local inverses g,: U; — X, where
{U,;} is a locally finite collection of open subsets of Y covering f(Z).
Define W = {y € U,: g(y) = g/y) whenever y € U, N U,}. The maps
g; “patch together” to define a smooth inverse g: W — X. Finish by
proving that W contains an open neighborhood of f(Z); this is where
local finiteness is needed.]



