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Chapter 1

Vector spaces

1.1 VECTOR SPACES

The notions of group and field are defined in the Appendix: A.3 and A.5.1
respectively.

The fields Q (of rational numbers), R (of real numbers), and C (of complex
numbers) are familiar, and are the most commonly used. Most of the notions
and results we discuss are valid for vector spaces over arbitrary underlying
fields. When we do not need to specify the underlying field we denote it by the
generic [ and refer to its elements as scalars. Results that require specific fields
will be stated explicitly in terms of the appropriate field.

1.1.1 DEFINITION: A vector space V over a field I is an abelian group
(the group operation written as addition) and a binary product (a,v) — av of
F x V into V, satisfying the following conditions:

vsl. lv=w
v-s 2. a(bv) = (ab)v,
v-s3. (a+b)v=av+ bv, a(v+u) = av + au.

A real vector space is a vector space over the field R; A complex vector
space is one over the field C.

Vector spaces may have additional geometric structure, such as inner prod-
uct, which we study in Chapter VI, or additional algebraic structure, such as
multiplication, which we just mention in passing.

1



LINEAR ALGEBRA

EXAMPLES:

a.

[F™, the space of all [F-valued n-tuples (a1, . .., a,) with addition and scalar
multiplication defined by

(al,...,an)—i—(bl,...,bn):(al—i—bl,...,an—i—bn)

cla,...,ay) = (cay,...,cap)

If the underlying field is R, resp. C, we denote the space R"”, resp. C".

We write the n-tuples as rows, as we did here, or as columns. (We sometime
write F resp. [} when we want to specify that vectors are written as
columns, resp. rows.)

M(n, m;TF), the space of all F-valued n x m matrices, that is, arrays

ailr ... Qim

asy ... Qa2m

A:

(0775 Apm,

with entries form [F. The addition and scalar multiplication are again done
entry by entry. As a vector space M(n, m;F) is virtually identical with
™" except that we write the entries in the rectangular array instead of a
row or a column.

We write M (n;F) instead of M (n, n;F) and when the underlying field is
either assumed explicitly, or is arbitrary, we may write simply M (n, m) or
M(n), as the case may be.

FF[z], the space' of all polynomials 3" a, 2™ with coefficients from F. Addi-
tion and multiplication by scalars are defined formally either as the standard
addition and multiplication of functions, or by adding (and multiplying by
scalars) the corresponding coefficients. The two ways define the same op-
erations.

'F[x] is an algebra over F, i.e., a vector space with an additional structure, multiplication.

See A.5.2.
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I. VECTOR SPACES 3

d. The set Cr([0,1]) of all continuous real-valued functions f on [0, 1], and
the set C([0, 1]) of all continuous complex-valued functions f on [0, 1],
with the standard operations of addition and of multiplication of functions
by a scalars.

Cr([0,1]) is a real vector space. C([0,1]) is naturally a complex vector
space, but becomes a real vector space if we limit the allowable scalars to
real numbers only.

e. The set C*°([—1, 1]) of all infinitely differentiable real-valued functions f
on [—1, 1], with the standard operations on functions.

J- The set 7y of 27-periodic trigonometric polynomials of degree < IN: the
functions admitting a representation as a sum of the form Z|n‘< N Qn €T,
Standard operations on functions.

g. The set of functions f which satisfy the differential equation
3f"(z) —sinzf’(x) + 2f(x) = 0.
Standard operations.
1.1.2 ISOMORPHISM. The expression “virtually identical” in the compari-

son, in Example b. above, of M (n, m;F) with F"", is not a proper mathemat-
ical term. The proper term here is isomorphic.

DEFINITION: A map ¢: V; — Vs is called linear if, for all scalars a, b and
vectors v, v € Vi

(1.1.1) plavy + bug) = ap(vy) + bp(ve).

Two vector spaces V; and Vs over the same field are isomorphic if there
exist a bijective” linear map ¢: Vi — V.

*That is ¢ maps V; onto Vs and the map is 1 — 1 (and linear); see Appendix A.2.

—DRAFT— JANUARY 1, 2006



4 LINEAR ALGEBRA

1.1.3 SUBSPACES. A (vector) subspace of a vector space V is a subset
which is closed under the operations of addition and multiplication by scalars
defined in V.

In other words, WW C V is a subspace if ajw; + aswg € W for all scalars
a; and vectors w; € W.

EXAMPLES:

a. Solution-set of a system of homogeneous linear equations.

Here V = [F". Given the scalars a;;, 1 <7 < k, 1 < j < n we consider
the solution-set of the system of £ homogeneous linear equations

n
(1.1.2) > ajr; =0, i=1,.... k.
j=1
This is the set of all n-tuples (x1,...,xz,) € F™ for which all k£ equations

are satisfied. If both (x1,...,z,) and (y1,. .., y,) are solutions of (1.1.2),
and a and b are scalars, then for each 7,

n n n
Z agj (aa:j + byj) =aq Z ai;r; +b Z ai;y; = 0.
j=1 j=1 j=1
It follows that the solution-set of (1.1.2) is a subspace of F".

b. 1In the space C*°(R) of all infinitely differentiable real-valued functions f
on R with the standard operations, the set of functions f that satisfy the
differential equation

f"(@) =5f"(x) +2f'(x) — f(x) = 0.

Again, we can include, if we want, complex valued functions and allow, if
we want, complex scalars.

c. Subspaces of M(n):

The set of diagonal matrices—the n x n matrices with zero entries off the
diagonal (a;; = 0 for i # j).

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 5

The set of (lower) triangular matrices—the n x n matrices with zero entries
above the diagonal (a;; = 0 for i < 7).

Similarly set of upper triangular matrices, (a;; = 0 for ¢ > j).

d. Intersection of subspaces: If VW; are subspaces of a space V, then N\W; is
a subspace of V.

e. The sum® of subspaces: 3 Wj is defined by
ZWJ = {Zvj 1V € WJ}

J- The span of a subset: The span of a subset £ C V, denoted span[FE], is
the set {>"aje;:a; € F, e; € E} of all the finite linear combinations of
elements of E. span[E] is a subspace; clearly the smallest subspace of V
that contains E.

1.1.4 DIRECT SUMS. If V,..., V) are vector spaces over I, the (formal)
direct sum @5 V; = V1 @ --- @ Vy is the set { (v1, . .., vx) :v; € V;} in which
we define addition:

(01 08) + (s ug) = (U1 + s v + ),
and multiplication by scalars: a(vy,...,v;) = (avy,...,avy).
DEFINITION: The subspaces W;, j = 1,...,k of a vector space V are inde-

pendent if ) v; = 0 with v; € W, implies that v; = 0 for all j.

Proposition. IfW; are subspaces of V, then the map ® of W1 @ - - - & W, into
Wi + -« + Wy, defined by

P : (Ul,...,vk) = U1+ s+ Vg,
is an isomorphism if, and only if, the subspaces are independent.

*Don’t confuse the Sum of subspaces with the union of subspaces which is seldom
a subspace, see exercise I.1.5 below.

—DRAFT— JANUARY 1, 2006



6 LINEAR ALGEBRA

PROOF: @ is clearly linear and surjective. To prove it injective we need to
check that every vector in the range has a unique preimage, that is, to show that
(1.1.3) vi,vf € Wj and v+ 4up = v+
implies that v}/ = v} for every j. Subtracting and writing v; = v} — v}, (1.1.3)
is equivalent to: ) v; = 0 with v; € Wj;, which implies that v; = 0 for all j.
<

Notice that ® is the “natural” map of the formal direct sum onto the sum of
subspaces of a given space.

In view of the proposition we refer to the sum ) W; of independent sub-
spaces of a vector space as direct sum and write @ WV; instead of > W;.

If V = U & W, we refer to either U or VW as a complement of the other in
V.

1.1.5 QUOTIENT SPACES. A subspace W of a vector space V defines an
equivalence relation* in V:

(1.1.4) x=y (modW) if z—yeWw.

In order to establish that this is indeed an equivalence relation we need to check
that it is

a. reflexive (clear, sincex —x =0 € W),

b. symmetric (clear, since if t —y € W, theny —z = —(z —y) € W),

and

c. transitive, (if t—y € Wandy—z € W, thenx—z = (z—y)+(y—z) € W).

The equivalence relation partitions )V into cosets or “translates” of WV, that
is into sets of the form z + W = {v:v =2+ w,w € W}

So far we used only the group structure and not the fact that addition in V
is commutative, nor the fact that we can multiply by scalars. This information
will be used now.

We define the quotient space V /W to be the space whose elements are the
equivalence classes mod WV in V, and whose vector space structure, addition
and multiplication by scalars, is given by:

4See Appendix A.1

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 7

ifx =24+ W and § = y + VW are cosets, and a € F, then
(1.1.5) UE—i-g]:x—i-y—i—W:m and al = ax.

The definition needs justification. We defined the sum of two cosets by taking
one element of each, adding them and taking the coset containing the sum as
the sum of the cosets. We need to show that the result is well defined, i.e., that
it does not depend on the choice of the representatives in the cosets. In other
words, we need to verify that if z = z; (mod W) andy = y; (mod W), then
r+y=x1+y (mod W). But,z = 21 +w, y = y1 +w withw,w’ € W
implies that x +y = 21 + w + y; + w' = x1 + y1 + w + w’, and, since
w+w €W wehave z +y = x1 +y1 (mod W).

Notice that the “switch” w 4 y; = y; 4+ w is justified by the commutativity
of the addition in V.

The definition of aZ is justified similarly: assuming x = x; (mod W)
then ax — axy = a(x — x1) € W, (since W is a subspace, closed under
multiplication by scalars) and ax = ax; (mod W) .

1.1.6 'TENSOR PRODUCTS. Given vector spaces V and U over I, the set of
all the (formal) sums ) a; v; ® uj, where a; € IF, v; € V and u; € U; with
(formal) addition and multiplication by elements of IF, is a vector space over F.

The tensor product V & U is, by definition, the quotient of this space by the
subspace spanned by the elements of the form

a. (v14+v2) @u— (V1 @ u~+ V2 ®u),
(1.1.6) b. v® (ug +uz) — (V®up + v ug),

c. a(v®u)—(av) ®u, (av)@u—v& (au),
forallv,v; € Vu,u; € Uanda € F.

In other words, V ® U is the space of formal sums ) a; v; ® u; modulo
the the equivalence relation generated by:

a. (V1 +v2)Ru=v1 Qu+ vy ®u,
(1.1.7) b. v® (up +u2) =vQu +v® ug,
c. a(v®u) = (av) @u=v& (au).

—DRAFT— JANUARY 1, 2006



8 LINEAR ALGEBRA

Example. IfV = F[z] and U = F|y], then p(x) ® ¢(y) can be identified with
the product p(x)q(y) and V ® U with Flz, y].

EXERCISES FOR SECTION 1.1

L.1.1. Verify that R is a vector space over , and that C is a vector space over either
QorR.

I.1.2. Verify that the intersection of subspaces is a subspace.
I.1.3. Verify that the sum of subspaces is a subspace.

I.1.4. Prove that M(n, m;F) and F™" are isomorphic.

I.1.5. Let U/ and W be proper subspaces of a vector space V, neither of them contains
the other. Show that / U W is not a subspace.

Hint: Takeu € U\ W, w € W\ U and consider u + w.

xL.1.6. If F is finite, n > 1, then F"™ is a union of a finite number of lines. Assuming
that IF is infinite, show that the union of a finite number of subspaces of V), none of
which contains all others, is not a subspace.

Hint: LetV;, j = 1,...,k be the subspaces in question. Show that there is no loss
in generality in assuming that their union spans V. Now you need to show that [ JV;
is not all of V. Show that there is no loss of generality in assuming that V); is not
contained in the union of the others. Take v; € V; \ U ;21 Vi and w ¢ V1; show that
avi +w € JV;, a € I, for no more than k values of a.

I.1.7. Letp > 1 be a positive integer. Recall that two integers, m, n are congruent
(mod p), written n = m (mod p), if n — m is divisible by p. This is an equivalence
relation (see Appendix A.1). For m € Z, denote by 7 the coset (equivalence class) of
m, that is the set of all integers n such that n = m (mod p).

a. Every integer is congruent (mod p) to one of the numbers [0,1,...,p — 1].
In other words, there is a 1 — 1 correspondence between Z,, the set of cosets
(mod p), and the integers [0, 1,...,p — 1].

b. As in subsection 1.1.5 above, we define the quotient ring Z,, = Z/(p) (both
notations are common) as the space whose elements are the cosets (mod p) in Z,

and define addition and multiplication by: m + . = (m +n) and m-7 = m-n.
Prove that the addition and multiplication so defined are associative, commutative
and satisfy the distributive law.

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 9

c. Prove that Z,, endowed with these operations, is a field if, and only if, p is prime.

Hint: You may use the following fact: if p is a prime, and both n and m are not
divisible by p then nm is not divisible by p. Show that this implies that if 7 # 0
in Z,,, then {nm :m € Z,} covers all of Z,,.

1.2 LINEAR DEPENDENCE, BASES, AND DIMENSION

Let V be a vector space. A linear combination of vectors vy, ..., v is a
sum of the form v = ) a;v; with scalar coefficients a;.

A linear combination is non-trivial if at least one of the coefficients is not
Zero.

1.2.1 Recall that The spanof a set A C V, denoted span[A], is the set of all
vectors v that can be written as linear combinations of elements in A.
DEFINITION: A set A C Vis a spanning set if span[A] = V.

1.2.2 DEFINITION: A set A C V is linearly independent if for every se-
quence {v1,...,v;} of distinct vectors in A, the only vanishing linear combi-
nation of the v;’s is trivial; that is, if ) a;v; = 0 then a; = 0 for all j.

If the set A is finite, we enumerate its elements as v1, . . . , vy, and write the
elements in its span as ) a;v;. By definition, independence of A means that
the representation of v = 0 is unique. Notice, however, that this implies that the
representation of every vector in span[A] is unique, since >} a;v; = 4 bjv;
implies 3! (a; — b;)v; = 0 so that a; = b; for all 5.

1.2.3 A minimal spanning set is a spanning set such that no proper subset
thereof is spanning.

A maximal independent set is an independent set such that no set that
contains it properly is independent.

Lemma.
a. A minimal spanning set is independent.
b. A maximal independent set is spanning.

PROOF: a. Let A be a minimal spanning set. If >~ a;v; = 0, with distinct
v; € A, and for some k, a;, # 0, then vy, = —a,;l Z#k ajvj. This permits
the substitution of v, in any linear combination by the combination of the other

—DRAFT— JANUARY 1, 2006



10 LINEAR ALGEBRA

v;’s, and shows that vy, is redundant: the span of {v; : j # k} is the same as the
original span, contradicting the minimality assumption.
b. If B is independent and u ¢ span[B], then the union {u} U B is inde-

pendent: assume otherwise, then there exists {v1,...,v;} C B and coefficients
d and c;, not all zero, such that du + }_ cjv; = 0. Assuming d # 0 implies
u = —d '3 cjvj and u would be in span[vy,...,v;] C span[B], contradict-

ing the assumption u ¢ span[B]; so d = 0. But now > ¢jv; = 0 with some
non-vanishing coefficients, contradicting the assumption that B is independent.

It follows that if B is maximal independent, then u € span[B] for every
u € V, and B is spanning. <

DEFINITION: A basis for V is an independent spanning set in V.  Thus,
{v1,...,v,} is a basis for V if, and only if, every v € V has a unique repre-
sentation as a linear combination of {v1,...,v,}, that is a representation (or
expansion) of the form v = >~ a;v;. By the lemma, a minimal spanning set is
a basis, and a maximal independent set is a basis.

A finite dimensional vector space is a vector space that has a finite basis.
(See also Definition 1.2.4.)

Theorem. IfV is finite dimensional then:
a. Every spanning set can be trimmed to a basis.
b. Every independent set can be expanded to a basis.

PROOF: a. Let {v;}}_; be a spanning set for V. Call inessential a vector v
-1
j=1"

that is linearly dependent on {v;} and essential otherwise. Observe that
an inessential v; is linearly dependent on the essential vectors preceding it.

Remove the inessential vectors. Since every v is either essential or linearly
dependent on the preceding essential vectors, the essential vectors span ) and
are independent, hence form a basis.

b. Let {u; }5?:1 be independent, and let {e;}’_; be a basis for V. Write
w; = u; forj = 1,...,k, and wg4; = e; for j = 1,...,n. The sequence
{w;} contains the basis {e;} and is therefore spanning. Now remove, as in part
a. the inessential vectors to obtain a basis, and observe that the first k£ vectors,

namely {u; }9?:1 are all essential, and hence form part of the basis. <

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 11

EXAMPLES:

a. In F" we write e; for the vector whose j’th entry is equal to 1 and all

the other entries are zero. {ey,...,e,} is a basis for F”, and the unique
a

representation of v = | : | in terms of this basis is v = ) a;e;. We refer
an

to {e1,...,en} as the standard basis for F".

b. The standard basis for M(n,m): let e;; denote the n x m matrix whose
ij’th entry is 1 and all the other zero. {e;;} is a basis for M(n,m), and

all oo alm
a1 agm . .

= ) a;je;; is the expansion.
an1 anm

c. The space F[x] is not finite dimensional. The infinite sequence {z"}5°
is linearly independent, in fact a basis, and, as we see in the following
subsection, it cannot have a finite basis.

1.2.4 STEINITZ’ LEMMA AND THE DEFINITION OF DIMENSION.

Lemma (Steinitz). Assume spanjvy,...,v,] =V and {u,...,uny} linearly
independent in' V. Claim: the vectors v; can be (re)ordered so that, for every
k=1,...,m, the sequence {uy,...,ug,Vks1,...,Vn} spans V.

In particular, m < n.

PROOF: Write u1 = ) a;vj, possible since span[vy,...,v,] = V. Reorder
the v;-s, if necessary, to guarantee that a; # 0.

Now vy = aj ' (u; — > 7—2 a;v;), which means that span[uy, vz, . .., vp]
contains every v; and hence is equal to V.

Continue recursively: assume that, having reoredered the v;’s if necessary,
we have {u1,...,ug, Vk+1,-..,Un} spans V.

Observe that unless £k = m, we have k < n (since uy,1 is not in the span
of {uy,...,ux} at least one additional v is needed). If £ = m we are done. If
k < m we write up1 = Z§:1 ajuj—kZ?:kH bjvj, and since {u1, ..., up,} is
linearly independent, at least one of the coefficients b; is not zero. Reordering
the remaining v;’s if necessary, we may assume that b, # 0 and obtain,

—DRAFT— JANUARY 1, 2006



12 LINEAR ALGEBRA

as before, that vi1 € spanfui,...,Ug+1, Vg2, - - -, Un), and, once again, the
span is V. Repeating the step (a total of) m times proves the claim of the
lemma. <
Theorem. If {v1,...,v,} and {u1,...,un} are both bases, then m = n.

PROOF: Since {vi,...,v,} is spanning and {ui,...,u,} independent we
have m < n. Reversing the roles we have n < m. <

Steinitz’ lemma is a refinement of part b. of theorem 1.2.3: in a finite dimen-
sional vector space, every independent set can be expanded to a basis by adding,
if necessary, elements from any given spanning set. The additional information
here, that any spanning set has at least as many elements as any independent
set, that is the basis for the current theorem, is what enables the definition of
dimension.

DEFINITION: A vector space V is finite dimensional if it has a finite basis.
The dimension, dim ) is the number of elements in any basis for V. (Well
defined since all bases have the same cardinality.)

As you are asked to check in Exercise 1.2.9 below, a subspace WV of a finite
dimensional space V is finite dimensional and, unless YV = V), the dimension
dim W of W is strictly lower than dim V.

The codimension of a subspace W in V is, by definition, dim V — dim W.

1.2.5 The following observation is sometimes useful.

Proposition. Let U and VV be subspaces of an n dimensional space V, and
assume that dim U + dim W > n. Then U N W # {0}.

PROOF: Let {Uj}é-zl be a basis for ¢ and {w;}}, be a basis for W. Since
Il +m > n the set {%’}2’:1 U {w;}72, is linearly dependent, i.e., the exist
a nontrivial vanishing linear combination } cju; + > djw; = 0. If all the
coefficients c; were zero, we would have a vanishing nontrivial combination
of the basis elements {w;}7,, which is ruled out. Similarly not all the d;’s
vanish. We now have the nontrivial ) cju; = — > djw; in U NW. <

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 13

EXERCISES FOR SECTION 1.2

I12.1. Theset{v;:1 < j < k} is linearly dependent if, and only if, v; = 0 or there
exists I € [2, k] such that v; is a linear combination of vectors in {v;: 1 < j <[—1}.
L.2.2. LetV be a vector space, W C V a subspace. Let v, u € V \ W, and assume
that u € span[W, v]. Prove that v € span[W, u].

I.2.3. What is the dimension of C° considered as a vector space over R?

1.2.4. Is R finite dimensional over Q?

L.2.5. Is C finite dimensional over R?

L.2.6. Check that for every A C V, span[4] is a subspace of V, and is the smallest
subspace containing A.

L.2.7. Let U, W be subspaces of a vector space V, and assume 4NV = {0}. Assume
that {uy,...,ur} C U and {wy,...,w;} C W are (each) linearly independent. Prove
that {uq,...,up} U{wy,...,w} is linearly independent.

I.2.8. Prove that the subspaces W; C V, j = 1,..., N are independent (see Defini-
tion 1.1.4) if, and only if, W; N 3_,,. W, = {0} for all j.

1.2.9. Let V be finite dimensional. Prove that every subspace YW C V is finite
dimensional, and that dim W < dim V with equality only if W = V.

L.2.10. If Vis finite dimensional, every subspace VW C V is a direct summand.

«[.2.11. Assume that V is n-dimensional vector space over an infinite F. Let {W, } be
a finite collection of distinct m-dimensional subspaces.
a. Prove that no W is contained in the union of the others.
b. Prove that there is a subspace ¢/ C V which is a complement of every W;.

Hint: See exercise 1.1.6.

1.2.12. Let V and W be finite dimensional subspaces of a vector space. Prove that
VY + W and V N W are finite dimensional and that

(1.2.1) dim(V NW) + dim(V + W) = dim V + dim W.

1.213. If W;, j = 1,...,k, are finite dimensional subspaces of a vector space V
then ) W is finite dimensional and dim ) > W; < " dim W, with equality if, and
only if, the subspaces W; are independent.

1.2.14. Let V be an n-dimensional vector space, and let V; C )V be a subspace of
dimension m.
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a. Prove that V/V;—the quotient space—is finite dimensional.
b. Let {v1,...,vn} be abasis for V; and let {11, ..., W} be a basis for V/V;.
For j € [1, k], let w; be an element of the coset w;.

Prove: {v1,..., v} U{ws,...,wg} is a basis for V. Hence k + m = n.

L1.2.15. Let V be a real vector space. Let r; = (al,l,...,ahp) eRP,1<[<s
be linearly independent. Let vq,...,v, € V be linearly independent. Prove that the

vectors u; = » 5 a;,;vj, | =1,...,s, are linearly independent in V.

1.2.16. LetV and U be finite dimensional spaces over [F. Prove that the tensor product
V ® U is finite dimensional. Specifically, show that if {e;}"_; and {f };L, are bases
for V and U, then {e; ® fir}, 1 <j <n, 1<k <m,isabasisfor V® U, so that
dimV ® U =dim VYV dim Y.

+1.2.17. Assume that any three of the five R?® vectors v; = (z;,9;,2;), j = 1,...,5,
are linearly independent. Prove that the vectors

wj = (xj?yjazjax]y_ﬂszjayjzj)

are linearly independent in R®.

Hint:  Find non-zero (a, b, c) such that ax; + by; + cz; = 0 for j = 1,2. Find
non-zero (d, e, f) such that dx; + ey; + fz; = 0 for j = 3,4. Observe (and use) the
fact

(axs 4 bys + cz5)(des + eys + fz5) # 0

1.3 SYSTEMS OF LINEAR EQUATIONS.

How do we find out if a set {v;}, j = 1,...,m of vectors in g, is linearly
dependent? How do we find out if a vector u belongs to span[vy... v,,]?

aij C1
Given the vectors v; = | ¢ |, j = 1,...,m,andand u = | : |, we

Anj Cn,
express the conditions ) xjv; = 0 for the first question, and ) | x;v; = u for

the second, in terms of the coordinates.
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I. VECTOR SPACES 15

For the first we obtain the system of homogeneous linear equations:

a1+ ... +aimxrm =0

asx1+ ... +awpT, =0
(1.3.1)

apiri+ ... +apmrm =0
or,

m

(1.3.2) Zaijxj :O, 1= 1,...,n.

j=1

For the second question we obtain the non-homogeneous system:
m

(1.3.3) Y airi=c, i=1,....n
j=1

We need to determine if the solution-set of (1.3.2), namely the set of all
m-tuples (x1,...,x,,) € F™ for which all n equations hold, is trivial or not,
i.e., if there are solutions other than (0, ...,0). For (1.3.3) we need to know
if the solution-set is empty or not. In both cases we would like to identify the
solution set as completely and as explicitely as possible.

1.3.1 Conversely, given the system (1.3.2) we can rewrite it as

ail A1m
(1.3.4) 21| | 4 dam| o | =0

Qan1 Anm

Our first result depends only on dimension. The m vectors in (1.3.4) are ele-
ments of the n-dimensional space Fy. If m > n, any m vectors in [Fy are de-
pendent, and since we have a nontrivial solution if, and only if, these columns
are dependent, the system has nontrivial solution. This proves the following
theorem.

Theorem. A system of n homogeneous linear equations in m > n unknowns
has nontrivial solutions.
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Similarly, rewriting (1.3.3) in the form

all A1m C1
(1.3.5) 1| |+ =,

an1 Anm Cn

it is clear that the system given by (1.3.3) has a solution if, and only if, the

c1 aij
column | : | is in the span of columns | : |, 7 € [1, m].

Cn Anj
1.3.2 The classical approach to solving systems of linear equations is the
Gaussian elimination— an algorithm for replacing the given system by an
equivalent system that can be solved easily. We need some terminology:

DEFINITION: The systems

(Q[) Zaija:j:ci, i:L...,k.

(1.3.6) 7
(%) Zbijxj:dia ’izl,...,l.

j=1

are equivalent if they have the same solution-set (in F'").

The matrices

alr ... A1m ailr ... alm C1

asy ... a2m, asr ... a9m C2
A= | ) and Ay =

ar1 ... Qkm a1 ... Qpm Ck

are called the matrix and the augmented matrix of the system (2(). The aug-
mented matrix is obtained from the matrix by adding, as additional column, the
column of the values, that is, the right-hand side of the respective equations.
The augmented matrix contains all the information of the system (2(). Any
k x (m + 1) matrix is the augmented matrix of a system of linear equations in
m unknowns.

JANUARY 1, 2006 —DRAFT—



I. VECTOR SPACES 17

1.3.3 ROW EQUIVALENCE OF MATRICES.

DEFINITION: The matrices

allr ... A1m, bn . blm

asl ... a2m, b21 e bgm
(1.3.7) ] . and

Akl ... Qkm bll ce blm

are row equivalent if their rows span the same subspace of F}*; equivalently:
if each row of either matrix is a linear combination of the rows of the other.

Proposition. Two systems of linear equations in m unknowns

(91) Zaijxj:ci, iZl,...,k.
j=1

(‘,B) Zbijwj:dzﬁ i:l,...,l.
Jj=1

are equivalent if their respective augmented matrices are row equivalent.

PROOF: Assume that the augmented matrices are row equivalent.
If (x1,..., ) is a solution for system (2) and

(Bits- - - bim, di) = > alary, - - -, Gk, Ck)

then
m
D bz =Y aipagiz; = > ek = d;
Jj=1 k,j k
and (x1,...,,,) is a solution for system (5B). <

DEFINITION: The row rank of a matrix A € M(k, m) is the dimension of the
span of its rows in F,
Row equivalent matrices clearly have the same rank.
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1.3.4 REDUCTION TO row echelon FORM. The classical method of solving
systems of linear equations, homogeneous or not, is the Gaussian elimination.
It is an algorithm to replace the system at hand by an equivalent system that is
easier to solve.

all ... A1m,
i asr ... agm | . . i
DEFINITION: A matrix A = | | | isin row echelon form if the
ap1 ... Ao,

following conditions are satisfied

ref~1 The first g rows of A are linearly independent in F""*, the remaining k — ¢
TOWS are Zero.

ref~2 There are integers 1 < Iy < Iy < --- < l; < m such that for j < g, the
first nonzero entry in the j’th row is 1, occuring in the /;’th column.

ref-3 The entry 1 in row j is the only nonzero entry in the [; column.

’

One can rephrase the last three conditions as: The /;’th columns (the “main’
columns) are the first ¢ elements of the standard basis of F¥, and every other
column is a linear combination of the “main” columns that precede it.

Theorem. Every matrix is row equivalent to a matrix in row-echelon form.

PROOF: If A = 0 there’s nothing to prove. Assuming A # 0, we describe an
algorithm to reduce A to row-echelon form. The operations performed on the
matrix are:

a. Reordering (i.e., permuting) the rows,

b. Multiplying a row by a non-zero constant,

¢. Adding a multiple of one row to another.

These operations do not change the span of the rows so that the equivalence
class of the matrix is maintained. (We shall return later, in Exercise I1.3.10, to
express these operations as matrix multiplications.)

Let [ be the index of the first column that is not zero.

Reorder the rows so that a; ;, # 0, and multiply the first row by ailll.

Subtract from the j’th row, j # 1, the first row multiplied by a;, .
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I. VECTOR SPACES 19

Now all the columns before /7 are zero and column /; has 1 in the first row,
and zero elswhere.

Denote its row rank of A by q. If ¢ = 1 all the entries below the first row
are now zero and we are done. Otherwise let 5 be the index of the first column
that has a nonzero entry in a row beyond the first. Notice that lo > [;. Keep the
first row in its place, reorder the remaining rows so that as ;, # 0, and multiply
the second row> by as, 112.

Subtruct from the j’th row, j # 2, the second row multiplied by a; .

Repeat the sequence a total of ¢ times. The first g rows, rq,...,ry, are
(now) independent: a combination ) c;r; has entry ¢; in the [;’th place, and
can be zero only if ¢; = 0 for all j.

If there is a nonzero entry beyond the current ¢’th row, necessarily beyond
the /,’th column, we could continue and get a row independent of the first g,
contradicting the definition of g. Thus, after ¢ steps, all the rows beyond the
q’th are zero. <

Observe that the scalars used in the process belong to the smallest field that
contains all the coefficients of A.

1.3.5 If A and Agyg are the matrix and the augmented matrix of a system
(2A) and we apply the algorithm of the previous subsection to both, we observe
that since the augmented matrix has the additional column on the right hand
side, the first ¢ (the row rank of A) steps in the algorithm for either A or Ay,
are identical. Having done ¢ repetitions, A is reduced to row-echelon form,
while A,y may or may not be. If the row rank of A, is g, then the algorithm
for Aqug ends as well; otherwise we have ;11 = m + 1, and the row-echelon
form for the augmented matrix is the same as that of A but with an added row
and an added “main” column, both having 0 for all but the last entries, and 1 for
the last entry. In the latter case, the system corresponding to the row-reduced
augmented matrix has as it last equation 0 = 1 and the system has no solutions.

On the other hand, if the row rank of the augmented matrix is the same as
that of A, the row-echelon form of the augmented matrix is an augmentation of

SWe keep referring to the entries of the successively modified matrix as a;.
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the row-echelon form of A. In this case we can assign arbitrary values to the
variables x;, @ # lj, j = 1,...,q, move the corresponding terms to the right
hand side and, writing C}; for the sum, we obtain

(1.3.8) z; =Cj, j=1,...,q

Theorem. A necessary and sufficient condition for the system () to have so-
lutions is that the row rank of the augmented matrix be equal to that of the
matrix of the system.

The discussion preceding the statement of the theorem not only proves the
theorem but offers a concrete way to solve the system. The unknowns are now
split into two groups, ¢ “main” ones and m — ¢ “secondary”. We have “m — ¢
degrees of freedom”: the m — ¢ secondary unknowns become free parameters
that can be assigned arbitrary values, and these values determine the “main”
unknowns uniquely.

Remark: Notice that the split into “main” and “secondary’”” unknowns depends
on the specific definition of “row—echelon form”; counting the columns in a
different order may result in a different split, though the number ¢ of “main”
variables would be the same—the row rank of A.

Corollary. A linear system of n equations in n unknowns with matrix A has
solutions for all augmented matrices if, and only if, the only solution of the
corresponding homogeneous system is the trivial solution.

PROOF: The condition on the homogeneous system amounts to “the rows of
A are independent”, and no added columns can increase the row rank. <

1.3.6 DEFINITION: The column rank of a matrix A € M(k, m) is the di-
mension of the span of its columns in F¥,

Linear relations between columns of A are solutions of the homogeneous
system given by A. If B is row-equivalent to A, the columns of A and B have
the same set of linear relations, (see Proposition 1.3.3). In particular, if B is in
row-echelon form and {l; }?:1 are the indices of the “main” columns in B, then
the [;’th columns in A, j = 1,..., ¢, are independent, and every other column
is a linear combination of these.
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It follows that the column rank of A is equal to its row rank. We shall
refer to the common value simply as the rank of A.

EXERCISES FOR SECTION 1.3

I.3.1. Identify the matrix A € M (n) of row rank n that is in row echelon form.

L.3.2. A system of linear equations with rational coefficients, that has a solution in
C, has a solution in Q. Equivalently, vectors in Q™ that are linearly dependent over C,
are rationally dependent.

Hint: The last sentence of Subsection 1.3.4.

I.3.3. A system of linear equations with rational coefficients, has the same number
of “degrees of freedom” over Q as it does over C.
1.3.4. An affine subspace of a vector space is a translate of a subspace, that is a set

of the form vy + Vo = {vo +v:v € Vy}, where vy is a fixed vector and Vy C Vis a
subspace. (Thus a /ine in V is a translate of a one-dimensional subspace.)

Prove that a set A C V is an affine subspace if, and only if, aju; € A for all
choices of u1,...,ur € A, and scalars a;, j = 1,...,ksuchthat ) a; = 1.

I.3.5. If A C Vis an affine subspace and ug € A, then A —ug = {u—wup:u € A}is
a subspace of V. Moreover, the subspace A — ug, the “corresponding subspace” does

not depend on the choice of uy.

I.3.6. The solution set of a system of k linear equations in m unknowns is an affine
subspace of F™™. The solution set of the corresponding homogeneous system is the

“corresponding subspace”.

a1 .o A1m
aij
a1 .. A2m,
1.3.7. Consider the matrix A = . . and its columns v; =
Ak j
ar1 ... Qern

Prove that a column v; end up as a “main column” in the row echelon form of A if,

and only if, it is linearly independent of the columns v;, j < i.

b11 . blm
. . b21 e b27n L.
1.3.8. (continuation) Denote by B = | | .| the matrix in row echelon
br1 - bkm

form obtained from A by the algorithm described above. Let [y < I3, ... be the indices
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of the main columns in B and ¢ the index of another column. Prove

(1.3.9) v; = Z bjiui, -

1;<i

1.3.9. What is the row echelon form of the 7 x 6 matrix A, if its columns C}, j =
1,...,6 satisfy the following conditions:

a.Cy #0;

b. CQ = 301;

¢. C5 is not a (scalar) multiple of Cf;

d.Cy =C1 4205 4+ 3C5;

e. C5 = 603,
J- Cg is not in the span of C5 and Cs.
1.3.10. Given polynomials Py = > (a;z/, P» = Y ;' bjal, S = Zé ;@7

of degrees n, m, and [ < n + m respectively, we want to find polynomials ¢; =
ngl cjzd, and g = 2371 djz7, such that

Reduce the polynomial equation (1.3.10) to a system of linear equations, the un-
known being the coefficients cg, . .., ¢n—1 0f 1, and dy, . . ., d,,—1 of go.

The associated homogeneous system corresponds to the case S = 0. Show that it
has a nontrivial solutions if, and only if, P, and P, have a nontrivial common factor.
(You may assume the unique factorization theorem, A.6.3.)
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Chapter 11

Linear operators and matrices

2.1 LINEAR OPERATORS (MAPS, TRANSFORMATIONS)
2.1.1 LetV and W be vector spaces over the same field.
DEFINITION: A mapT': V — Wis linearif for all vectors v; € V) and scalars
aj,

2.1.1) T(ajv1 + agvz) = a1Tv; + axTvs.

This was discussed briefly in 1.1.2. Linear maps are also called linear oper-
ators, linear transformations, homomorphisms, etc. The adjective “linear” is
sometimes assumed implicitly. The term we use most of the time is operator.

EXAMPLES:

a. If {vi,...,v,} is a basis for V and {wy, ..., w,} C W is arbitrary, then
the map v; — wj, 7 = 1,...,n extends (uniquely) to a linear map 7' from
V to W defined by
(2.1.2) T: Zajvj — Zajwj.

Every linear operator from V into JV is obtained this way.

b. LetV be the space of all continuous, 27-periodic functions on the line. For
every xo define T, the translation by xo:

Taco: f(x) = f:vo(x) = f(l’ - 'r[))'

23
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The transpose.

ailr ... A1m aill e anl

a1 ... A2m ai2 an2
(2.1.3) A= — AT = ,

[077% R Apm, Alm -+ Qpm

which maps M (n, m; F) onto M(m,n; F).

Differentiation on F[z]:
(2.1.4) D: Y aja) =Y jaal 7l
0 1

There is no limiting process involved and the definition is valid for arbitrary
field F.

Differentiation on 7:
(2.1.5) D: Z ane™ — Z ina,e™".
-N -N

There is no limiting process involved.

Differentiation on C*°[0, 1], the complex vector space of infinitely differ-
entiable complex-valued functions on [0, 1]:

d

(2.1.6) D:f—f = —f

dx
If YV =W ® U every v € V has a unique representation v = w + u with
w € W, u € U. The map 71: v — w is the identity on YV and maps
U to {0}. Tt is called the projection of ¥V on W along U. The operator
7r1 is linear since, if v = w + w and v;1 = wy + wuq, then av + bv; =
(aw + bwy) + (au + buq ), and 71 (av 4 bvy) = amwiv + bmwyv.
Similarly, wo: v — wu is called the projection of V on U along W.

and 7r, are referred to as the projections corresponding to the direct sum
decomposion.
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2.1.2 We denote the space of all linear maps from V into W by L(V, ).
Another common notation is HOM (V,W). The two most important cases in
what follows are: YW =V, and WW = [, the field of scalars.

When W =V we write £(V) instead of L(V, V).

When W is the underlying field, we refer to the linear maps as linear func-
tionals or linear forms on V. Instead of L(V,F) we write V*, and refer to it as
the dual space of V.

2.1.3 If T € L(V,W) is bijective, it is invertible, and the inverse map 7"
is linear from W onto V. This is seen as follows: by (2.1.1),

T_l(alTvl + CLQTUQ) :T_l(T(alvl + CLQUQ)) = a1v1 + a2v2

2.1.7) ) B
=aT (Tvl) + asT (Tvg),

and, as 7' is surjective, T'v; are arbitrary vectors in WV.

Recall (see 1.1.2) that an isomorphism of vector spaces, } and WV is a
bijective linear map 7': V — W. An isomorphism of a space onto itself is
called an automorphism.

VY and W are isomorphic if there is an isomorphism of the one onto the
other. The relation is clearly reflexive and, by the previous paragraph, symmet-
ric. Since the concatenation (see 2.2.1) of isomorphisms is an isomorphism,
the relation is also transitive and so is an equivalence relation. The image of
a basis under an isomorphism is a basis, see exercise I1.1.2; it follows that the
dimension is an isomorphism invariant.

If V is a finite dimensional vector space over I, every basis v = {v1,...,v,}
of V defines an isomorphism C,, of V onto F" by:

ai

(2.1.8) CV:v:Zajij : :Zajej.

Gn

Cy v is the coordinate vector of v relative to the basis v. Notice that this
is a special case of example a. above: we map the basis elements v; on the
corresponding elements e; of the standard basis, and extend by linearity.

If V and W are both n-dimensional, with bases v = {v1,...,v,}, and
w = {wi,...,wy} respectively, the map T": )" a;v; — 3 ajw; is an isomor-
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phism. This shows that the dimension is a complete invariant: finite dimen-
sional vector spaces over [F are isomorphic if, and only if, they have the same
dimension.

2.1.4 The sum of linear maps 7,.S € £(V,V), and the multiple of a linear
map by a scalar are defined by: for every v € V,

(2.1.9) (T+S)v=Tv+ Sv, (aT)v=a(Tv).

Observe that (7' + S) and a7, as defined, are linear maps from V to W, i.e.,
elements of L(V, W).

Proposition. Let V and VW be vector spaces over F. Then, with the addition
and multiplication by a scalar defined by (2.1.9), L(V, W) is a vector space
defined over F. If both V and W are finite dimensional, then so is L(V, W),
and diim L(V, W) = dim V dim W.

PROOF: The proof that £(V, W) is a vector space over F is straightforward
checking, left to the reader.

The statement about the dimension is exercise I1.1.3 below. <

EXERCISES FOR SECTION 2.1

IL1.1.  Show that if A is linearly dependent in V and T' € L(V, W), then T A is
linearly dependent in WV .

IL.1.2. Prove that an injective map T € £(V, W) is an isomorphism if, and only if,
it maps some basis of )V onto a basis of W, and this is the case if, and only if, it maps

every basis of V onto a basis of W.

I1.1.3. Let V and W be finite dimensional with bases v. = {v1,...,v,} and
w = {ws,...,wn} respectively. Let ¢;; € L(V, W) be defined by ¢;;v; = w; and
@ijur = 0 for k # i. Prove that {¢;;:1 < i < n, 1 < j < m}is a basis for
LV, W).
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2.2 OPERATOR MULTIPLICATION

22.1 ForT € L(V,W)and S € LW, U) we define ST € L(V,U) by
concatenation, that is: (ST)v = S(Tv). ST is a linear operator since

(2.2.1) ST(alvl + CLQ’UQ) = S(alTvl + CLQT’L)Q) = a15Tv1 + a2STvs.
In particular, if V =W = U, we have T', S, and T'S all in L(V).
Proposition. With the product ST defined above, L(V) is an algebra over F.

PROOF: The claim is that the product is associative and, with the addition de-
fined by (2.1.9) above, distributive. This is straightforward checking, left to the
reader. <

The algebra £(V) is not commutative unless dim V = 1, in which case it
is simply the underlying field.

The set of automorphisms, i.e., invertible elements in £(V) is a group under
multiplication, denoted GL (V).

2.2.2 Given an operator T' € L(V) the powers T7 of T are well defined for
all j > 1, and we define T7° = I. Since we can take linear combinations of the
powers of T we have P(T) well defined for all polynomials P € F[z].

We denote

(2.2.2) P(T) = {P(T): P € Flz]}.
P(T) will be the main tool in understanding the way in which 7" acts on V.

EXERCISES FOR SECTION 2.2

I1.2.1. Prove that P(7T) is a commutative subalgebra of £(V).

I1.2.2. For T € L(V) denote comm[T] = {S:S € L(V), ST = TS}, the set of
operators that commute with 7". Prove that comm|[T7] is a subalgebra of L(V).

I1.2.3.  Verify that GL(V) is in fact a group.
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2.3 MATRIX MULTIPLICATION.

2.3.1 We define the product of a 1 x n matrix (row) r = (ay,...,a,) and an
b1

n X 1 matrix (column) c = | : |, to be the scalar given by
bn

(23.1) r-c=> ajbj

Given A € M(l,m) and B € M(m,n), we define the product AB as the
I x n matrix C' whose entries c;; are given by

(2.3.2) cij = Ti(A) - ¢j(B) = airby;
k

(r;(A) denotes the 7’th row in A, and c;(B) denotes the j’th column in B).

Notice that the product is defined only when the number of columns in A
(the length of the row) is the same as the number of rows in B, (the height of
the column).

The product is associative: given A € M(l,m), B € M(m,n), and
C € M(n,p), then AB € M(l,n) and (AB)C € M(l,p) is well defined.
Similarly, A(BC) is well defined and one checks that A(BC) = (AB)C by
verifying that the 7, s entry in eitheris 3, j Grjbjicis.

The product is distributive: for A; € M(l,m), B; € M(m,n),

(2.3.3) (Al + AQ)(Bl + BQ) = A1B1 + A1By + A3 By + AsBo,
and commutes with multiplication by scalars:A(aB) = aAB.

Proposition. The map (A, B) — AB, of M(l,m) x M(m,n) to M(l,n), is
linear in B for every fixed A, and in A for every fixed B.

PROOF: The statement just summarizes the properties of the multiplication
discussed above. <
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2.3.2 Write the n X m matrix (aij) 1<i<n as a “single column of rows”,

1<j<m
a1 A1m (an alm) ry
az1 A2m (a21 a2m) I
anl an’m (a’TLl an?n) r’n
where r; = (ai,1 a,-m) € F™. Notice that if (z1, ..., x,) € F?, then
ail A1m ry
az; ... ao2m rs n
(2.3.4) (xl, . 735”) . . = (ml, . 735”) = E T;r;
: : i=1
anl Apm In
Similarly, writing the matrix as a “single row of columns”,
ail A1m ail | | a2 A1m
a21 a2m a21 a22 a2m
= . . . :(Cl,C27...,Cm)
anl Anm anl an2 Apm
we have
ail A1m Y1 Y1
as a2m | | Y2 Y2 m
(2.3.5) = (01,02,...,cm) | = E Y;C;j-
anl Gnm Ym, Ym

2.3.3 Ifl = m = n matrix multiplication is a product within M(n).

Proposition. With the multiplication defined above, M(n) is an algebra over
F. The matrix I = I, = (0; ) = 3.7 €i; is the identity" element in M(n).

The invertible elements in M (n), aka the non-singular matrices, form a
group under multiplication, the general linear group GL(n, F).

Theorem. A matrix A € M(n) is invertible if, and only if its rank is n.
16]-, & is the Kronecker delta, equal to 1 if j = k, and to 0 otherwise.
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PROOF: Exercise I1.3.2 below (or equation (2.3.4)) give that the row rank of
B A is no bigger than the row rank of A. If BA = I, the row rank of A is at
least the row rank of I, which is clearly n.

On the other hand, if A is row equivalent to I, then its row echelon form
is I, and by Exercise I1.3.10 below, reduction to row echelon form amounts to
multiplication on the left by a matrix, so that A has a left inverse. This implies,
see Exercise I1.3.12, that A is invertible. |

EXERCISES FOR SECTION 2.3

I1.3.1. Letr be the 1 x n matrix all whose entries are 1, and ¢ the n x 1 matrix all
whose entries are 1. Compute rc and cr.

I1.3.2. Prove that each of the columns of the matrix AB is a linear combinations of
the columns of A, and that each row of AB is a linear combination of the rows of B.

I1.3.3. Prove: If A is a diagonal matrix with distinct entries on the diagonal, and if B
is a matrix such that AB = BA, then B is diagonal.
IL.3.4. Denote by =(n;i,j), 1 <i,j < n, the n X n matrix Zk?ém exk + €55 + e
(the entries &, are all zero except for &;; = &;; = 1, and &, = 1if k # 4, j. This is
the matrix obtained from the identity by interchanging rows ¢ and j.

Let A € M(n,m) and B € M(m,n). Describe Z(n;1i,j)A and BZ(n; 1, j).

I1.3.5. Leto be a permutation of [1, ..., n]. Let A, be the n X n matrix whose entries
a;; are defined by

1 ifi=o0(
(2.3.6) ai; = _(” )

0 otherwise.

Let B € M(n,m)and C € M(m,n). Describe A, B and CA,.

I1.3.6. A matrix whose entries are either zero or one, with precisely one non-zero
entry in each row and in each column is called a permutation matrix. Show that the
matrix A, described in the previous exercise is a permutation matrix and that every

permutation matrix is equal to A, for some o € S,,.

I1.3.7. Show that the map o — A, defined above is multiplicative: A,, = A, A,.
(o7 is defined by concatenation: o7(j) = o(7(j)) forall j € [1, n].)
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IL.3.8.  Denote by e;;, 1 < 4,5 < n, the n X n matrix whose entries are all zero
except for the 45 entry which is 1. With A € M(n, m) and B € M(m,n). Describe
eij A and Be;;.

I1.3.9. Describe an n x n matrix A(c, 4, j) such that multiplying on the appropriate
side, an n X n matrix B by it, has the effect of replacing the ¢’th row in B by the sum

of the 7’th row and c times the j’th row. Do the same for columns.

I1.3.10. Show that each of the steps in the reduction of a matrix A to its row-echelon
form (see 1.3.4) can be accomplished by left multiplication of A by an appropriate
matrix, so that the entire reduction to row-echelon form can be accomplished by left
multiplication by an appropriate matrix. Conclude that if the row rank of A € M (n)
is n, then A is left-invertible.

I1.3.11. Let A € M(n) be non-singular and let B = (A, I), the matrix obtained by
“augmenting” A by the identity matrix, that is by adding to A the columns of [ in their
given order as columns n + 1,...,2n. Show that the matrix obtained by reducing B
to row echelon form is (I, A=1).

IL3.12.  Prove that if A € M(n,m) and B € M(m,!) then (AB)T = BTAT,
Show that if A € M(n) has a left inverse then AT has a right inverse and if A has
a right inverse then A™ has a left inverse. Use the fact that A and AT have the same

rank to show that if A has a left inverse B it also has a right inverse C and since
B = B(AC) = (BA)C = C, we have BA = AB = I and A has an inverse.

Where does the fact that we deal with finite dimensional spaces enter the proof?

I1.3.13. What are the ranks and the inverses (when they exist) of the matrices

11111 11111
02 1.0 022 11 01 1 1 1

(2.3.7) ;;;; 2 1 2 1 2|, 001 11
05 0 0 050091 00011
05007 00001

1

I1.3.14. Denote A,, = [0

ﬂ . Prove that A,, A,, = A+, for all integers m, n.

2.4 MATRICES AND OPERATORS.

2.4.1 Recall that we write the elements of F™ as columns. A matrix A in
M(m,n) defines, by multiplication on the left, an operator 7'y from F" to F.

—DRAFT— JANUARY 1, 2006



32 LINEAR ALGEBRA

The columns of A are the images, under T4, of the standard basis vectors of
F” (see (2.3.5)).

Conversly, given T' € L(F™, ™), if we take A = Ar to be the m x n
matrix whose columns are T'e;, where {e1, ..., e, } is the standard basis in F",
we have Ty =T

Finally we observe that by Proposition 2.3.1 the map A +— T4 is linear.
This proves:

Theorem. There is a 1-1 linear correspondence T «— At between L(F",F™)
and M(m,n) such that T € L(F",F"™) is obtained as a left multiplication by
the m X n matrix, Ar.

242 IfT € L(F*,F™) and S € L(F™ F') and Ay € M(m,n), resp.
Ag € M(l,m) are the corresponding matrices, then
ST € ﬁ(Fn,Fl), AgAr € M(l,n), and Agpr = AgAr.
In particular, if n = m = [, we obtain

Theorem. The map T < Ar is an algebra isomorphism between L(F™) and

2.4.3 The special thing about F" is that it has a “standard basis”. The corre-
spondence 1" < Ap (or A < T'4) uses the standard basis implicitly.

Consider now general finite dimensional vector spaces V and W. Let T' €
L(V,W) and letv = {vy,...,v,} be a basis for V. As mentioned earlier, the
images {T'v1, ..., Tv,} of the basis elements determine 7" completely. In fact,
expanding any vector v € V as v = ) cjvj, we must have T'v = ) ¢;T'v;.

On the other hand, given any vectors y; € W, j = 1,...,n we obtain
an element 7' € L(V, W) by declaring that Tv; = y; for j = 1,...,n, and
(necessarily) 7'(>" ajv;) = 3 ajy;. Thus, the choice of a basis in )V determines
a 1-1 correspondence between the elements of £(V, V) and n-tuples of vectors
in W.

2.4.4 Ifw={wi,...,wy}isabasisfor W, and Tv; = >} t; jwg, then,
for any vector v = ) ¢;jv;, we have

(24.1) To="7 ¢jTvj =Y cjlywp = Z(Z Cjtkd)wk'
ik ko j
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Given the bases {v1,...,v,} and {wy, ..., w,,}, the full information about T’
is contained in the matrix

t11 tin
tor ... ton

2.4.2) AT,v,w = . . = (Cw Tvi,...,Cw Tvn).
tmi --- tmn

The ‘“coordinates operators”, Cy,, assign to each vector in W the column of
its coordinates with respect to the basis w, see (2.1.8).

When W =V and w = v we write Ar instead of Apy .

Given the bases v and w, and the matrix Ar y v, the operator T is explicitly
defined by (2.4.1) or equivalently by

(2.4.3) CwTv = ArywCyv.

Let A € M(m,n), and denote by Sv the vector in JV whose coordinates with
respect to w are given by the column A Cy v. So defined, S is clearly a linear
operator in £(V, W) and Ag w = A. This gives:

Theorem. Given the vector spaces V and VW with bases v = {v1,...,v,}
and w = {wr, ..., wy,} repectively, the map T — At~ w is a bijection of

LV, W) onto M(m,n).

2.4.5 CHANGE OF BASIS. Assume now that W = V), and that v and w
are arbitrary bases. The v-coordinates of a vector v are given by C,, v and the
w-coordinates of v by Cy, v. If we are given the v-coordinates of a vector v,
say z = Cy v, and we need the w-coordinates of v, we observe that v = C;,l x,
and hence Cy, v = Cy C;,l z. In other words, the operator

(2.4.4) Cwv =CwC;

on [ assigns to the v-coordinates of a vector v € V its w-coordinates. The

factor C;,l identifies the vector from its v-coordinates, and C,y assigns to the
identified vector its w-coordinates; the space ) remains in the background.
Notice that C;,lyw =Cwyv
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Suppose that we have the matrix A7, of an operator 7' € L(V) relative
to a basis w, and we need to have the matrix A7 of the same operator T,
but relative to a basis v. (Much of the work in linear algebra revolves around
finding a basis relative to which the matrix of a given operator is as simple as
possible—a simple matrix is one that sheds light on the structure, or properties,
of the operator.) Claim:

(245) AT,V = Cv,w AT,W Cw,v;

Cuw.v assigns to the v-coordinates of a vector v € V its w-coordinates; A7
replaces the w-coordinates of v by those of T'w; Cy  identifies T'v from its
w-coordinates, and produces its v-coordinates.

2.4.6 How special are the matrices (operators) Cy ? They are clearly non-
singular, and that is a complete characterization.

Proposition. Given a basis w = {w;,...,w,} of V, the map v — Cy v is a
bijection of the set of bases v of V onto GL(n, F).

PROOF: Injectivity: Since Cy, is non-singular, the equality Cw v, = Cw. v,
implies C;,, = Cj,, and since Cy/, maps the elements of the standard basis
of F™ onto the corresponding elements in v1, and C'Vl2 maps the same vectors
onto the corresponding elements in vo, we have v = va.

Surjectivity: Let S € GL(n, F) be arbitrary. We shall exhibit a base v such
that S = Cy . By definition, Cy, w; = e;, (recall that {e1,...,e,} is the
standard basis for F™). Define the vectors v; by the condition: Cw v; = Se;,
that is, v; is the vector whose w-coordinates are given by the j’th column of S.
As S is non-singular the v;’s are linearly independent, hence form a basis v of
V.

For all j we have v; = C;,l ej and Cw v e; = Cyw v; = Se;. This proves
that S = Cw v <

2.4.7 SIMILARITY. The matrices By and Bs are said to be similar if they
represent the same operator 7' in terms of (possibly) different bases, that is,
Bl = AT,V and B2 = AT,w-

If By and By are similar, they are related by (2.4.5). By Proposition 2.4.6
we have
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Proposition. The Matrices By and Bs are similar if, and only if there exists
C € GL(n, F) such that

(2.4.6) Bi = CB,C™ L.
We shall see later (see exercise V.6.3) that if there exists such C' with entries
in some field extension of IF, then one exists in M(n, F).

2.4.8 The operators S, T' € L(V) are said to be similarif there is an operator
R € GL(V) such that

(2.4.7) T =RSR™'.

EXERCISES FOR SECTION 2.4

II.4.1. Prove that S, T' € L£(V) are similar if, and only if, their matrices (relative to
any basis) are similar. An equivalent condition is: for any basis w there is a basis v
such that Ay, = Ag w.

I14.2. LetF,[z] be the space of polynomials > a;z7. Let D be the differentiation

operator and 7' = 2D + I.
a. What is the matrix corresponding to T relative to the basis {z7}_,?

b. Verify that, if u; = Z?:j 2!, then {uj};?:o is a basis, and find the matrix
corresponding to T’ relative to this basis.

I1.4.3.  Prove that if A € M(l,m), the map T: B — AB is a linear operator
M(m,n) — M(l,n). In particular, if n = 1, M(m, 1) = F7* and M(l,1) = F. and
T € L(F™,FL). What is the relation between A and the matrix A7 defined in 2.4.3
(for the standard bases, and with n there replaced here by [)?

2.5 KERNEL, RANGE, NULLITY, AND RANK
2.5.1 DEFINITION: The kernel of an operator T' € L(V, W) is the set
ker(T) ={veV:Tv=0}.
The range of T is the set
range(T) =TV ={w € W:w = Tv forsome v € V}.

The kernel is also called the nullspace of T'.
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Proposition. Assume T' € L(V,W). Then ker(T) is a subspace of V, and
range(T) is a subspace of V.

PROOF If V1, U2 S ker(T) then T(Gl’l}l + GQ’UZ) = a’lTvl =+ GQTUQ — 0
If vj = Tu] then a1v1 + asvy = T(alul + CLQUZ)- <

If Vis finite dimensional and 7" € £(V, W) then both ker(7") and range(T")
are finite dimensional; the first since it is a subspace of a finite dimensional
space, the second as the image of one, (since, if {v1,...,v,} is a basis for V,
{Tv1,...,Tv,} spans range(T)).

We define the rank of T, denoted p(T), as the dimension of range(7"). We
define the nullity of T', denoted v(T'), as the dimension of ker(7T').

Theorem (Rank and nullity). Assume T € L(V, W), V finite dimensional.
(25.1) p(T)+v(T) =dim V.

PROOF: Let {vy,...,v;} be abasis for ker(T"),l = v(T), and extend it to a ba-
sis of V by adding {u1, ..., ur}. By 1.2.4 we have [+k = dim ). The theorem
follows if we show that k = p(T). We do it by showing that {Tuy, ..., Tug}
is a basis for range(7).

Write any v € V as 22:1 a;v; + 25:1 b;u;. Since Tv; = 0, we have
Tv =% | b;Tu;, which shows that {Tuy, ..., Tu;} spans range(T).

We claim that {T'uy, ..., T'u;} is also independent. To show this, assume
that Z?:l ¢;jTu; = 0, then T(Z?Zl cju;) = 0, that is Z?Zl cju; € ker(T).
Since {v1,...,v;} is a basis for ker(T"), we have Zle cjuj = Zé‘:1 djv; for
appropriate constants d;. But {vy,..., v} U {uq,...,u} is independent, and
we obtain c¢; = 0 for all j. <

The proof gives more than is claimed in the theorem. It shows that 7' can
be “factored” as a product of two maps. The first is the quotient map V +—
V/ ker(T'); vectors that are congruent modulo ker(7") have the same image
under 7. The second, V/ ker(T) + TV is an isomorphism. (This is the
Homomorphism Theorem of groups in our context.)
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2.5.2 The identity operator, defined by Iv = v, is an identity element in the
algebra £(V). The invertible elements in £())) are the automorphisms of V,
that is, the bijective linear maps. In the context of finite dimensional spaces,
either injectivity (i.e. being 1-1) or surjectivity (onto) implies the other:

Theorem. Let V be a finite dimensional vector space, T' € LV. Then
(2.5.2) ker(T) = {0} <= range(T) =V,
and either condition is equivalent to: “I is invertible”, aka “nonsingular”.

PROOF: ker(T) = {0} is equivalent to v(T) = 0, and range(T) =V is
equivalent to p(T) = dim V. Now apply (2.5.1). |

2.5.3 As another illustration of how the “rank and nullity” theorem can be
used, consider the following statment (which can be seen directly as a conse-
quence of exercise 1.2.12)

Theorem. Let V = Vi @ Vs be finite dimensional, dimV; = k. Let W C V
be a subspace of dimension | > k. Then dimW N Vy > [ — k.

PROOF: Denote by 71 the restriction to WV of the projection of V on V; along
V5. Since the rank of 7r; is clearly < k, the nullity is > | — k. In other words,
the kernel of this map, namely W N V,, has dimension > | — k. R |

EXERCISES FOR SECTION 2.5

IL5.1. Assume T, S € L(V). Prove that v(ST) < v(S) + v(T).

IL.5.2.  Give an example of two 2 X 2 matrices A and B such that p(AB) = 1 and
p(BA) =0.
I1.5.3. Given vector spaces V and W over the same field. Let {v;}}_; C V and
{w, };?:1 C W. Prove that there exists a linear map T': span(vy,...,v,] — W such
that Tv; = wy, j =1,...,n if, and only if, the following implication holds:

n

n
If a;, j=1...,n arescalars, and Zajvj =0, then Zajwj =0.
1 1

—DRAFT— JANUARY 1, 2006



38 LINEAR ALGEBRA

Can the definition of 1" be extended to the entire V?

I1.5.4. What is the relationship of the previous exercise to Theorem 1.3.5?

IL.5.5. The operators T,.S € L(V) are called “equivalent” if there exist invertible
A, B € L(V) such that

S=ATB (sothatT = A"'SB™1).
Prove that if V is finite dimensional then T', .S are “equivalent” if, and only if
p(S) = p(T).

IL.5.6. Give an example of two operators on 2 that are equivalent but not similar.

IL.5.7. Assume T, S € L(V). Prove that the following statements are equivalent:
a. ker(S) C ker(T),
b. There exists R € L(V) such that T = RS.

Hint: For the implication @. = b.: Choose a basis {v1, . .., v} for ker(S). Expand
it to a basis for ker(7") by adding {uy,...,us—s}, and expand further to a basis for V
by adding the vectors {w1, ..., Wy_¢}.

The sequence {Suq,...,Sus—s} U {Sws,...,Sw,_} is independent, so that R
can be defined arbitrarily on it (and extended by linearity to an operator on the entire
space). Define R(Su;) = 0, R(Sw;) = Tw;.

The other implication is obvious.

I1.5.8. Assume T, S € L(V). Prove that the following statements are equivalent:
a. range(S) C range(T),
b. There exists R € £(V) such that S = TR.
Hint: Again, b. = a. is obvious.
For a. = b. Take a basis {v1,...,v,} for V. Letu;, j = 1,...,n be such that
Tu; = Svj, (use assumption a.). Define Rv; = u; (and extend by linearity).

IL5.9.  Find bases for the null space, ker(A), and for the range, range(A), of the
matrix (acting on rows in R%)

100 5 9
010 -3 2
001 2 1
3 2 1 11 32
1 2 0 -1 13
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I1.5.10. LetT € L(V), [ € N. Prove:

a. ker(T") C ker(T"*1); equality if, and only if range(7") N ker(T') = {0}.

b. range(T'*!) C range(T"); equality if, and only if, ker(T'*1) = ker(T").

c. Ifker(T'*!) = ker(T"), then ker(T'+#+1) = ker(T'**) for all positive integers
k.

IL5.11. Anoperator T is idempotent if T? = T Prove that an idempotent operator

is a projection on range(T) along ker(T).

x2.6 NORMED FINITE DIMENSIONAL LINEAR SPACES

2.6.1 A norm on a real or complex vector space V is a nonnegative function
v — ||v|| that satisfies the conditions

a. Positivity: ||0]] = 0 and if v # 0 then ||v|| > 0.
b. Homogeneity: ||av|| = |a|||v]| for scalars a and vectors v.
c¢. The triangle inequality: ||v 4+ u| < ||v|| 4 |Ju||-

These properties guarantee that p(v, u) = ||v — ul| is a metric on the space,
and with a metric one can use tools and notions from point-set topology such
as limits, continuity, convergence, infinite series, etc.

A vector space endowed with a norm is a normed vector space.

2.6.2 If V and W are isomorphic real or complex n-dimensional spaces and
S is an isomorphism of V onto WV, then a norm ||-||* on W can be transported
to V by defining ||v|| = ||Sv||*. This implies that all possible norms on a real
n-dimensional space are copies of norms on R"”, and all norms on a complex
n-dimensional space are copies of norms on C".

A finite dimensional V can be endowed with many different norms; yet, all
these norms are equivalent in the following sense:

DEFINITION: The norms ||-||; and ||-||2 are equivalent, written: ||-||; ~ |[|-]|2
if there is a positive constant C' such that for all v € V

C ol < [lvll2 < Cllvly
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The metrics p1, p2, defined by equivalent norms, are equivalent: for v, u € V
Cilpl (U, ’LL) < P2(Ua ’LL) < Cﬂl(Ua U)

which means that they define the same topology—the familiar topology of R™
or C™.

2.6.3 If V and W are normed vector spaces we define a norm on £(V, W)
by writing, for 7" € L(V, W),

T
(2.6.1) IT] = max | To] = max L0
lvll=1 o0 o]
Equivalently,
(2.6.2) |T|| = inf{C: ||Tv|] < Cllv| forallv e H}.

To check that (2.6.1) defines a norm we observe that properties a. and b. are
obvious, and that c. follows from?

(T + S)vll < [Toll + [1Soll < I THlloll + [1SHell < AT+ [1SDIv]l-

L(V) is an algebra and we observe that the norm defined by (2.6.1) on L(V)
is submultiplicative: we have ||[STv| < [|S|||Tv| < |ISIIT|l||v], where
S, T € L(V) and v € V, which means

(2.6.3) ST < IS

EXERCISES FOR SECTION 2.6

IL.6.1. Let V be n-dimensional real or complex vector space, v = {v1,...,0,} a
basis for V. Write || a;v;{lv,1 = Y _la;|, and ||Y° a;v;|lv,c0 = max|a;|.

Prove:
a. |||v,1 and ||-||v,co are norms on V, and
(2.6.4) H'”v,oo < H'Hv,l < nH'Hv}oo

*Notice that the norms appearing in the inequalities are the ones defined on W, L(V, W),
and V, respectively.
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b. If ||-|| is any norm on V then, for all v € V,

(2.6.5) [[0]lv,1 maxjvz]| > {|vf].

IL6.2. Let ||-||;,j = 1,2, be norms on V, and p; the induced metrics. Let {v,, }72
be a sequence in V and assume that p1 (vy,, vg) — 0. Prove pa (v, vg) — 0.

IL6.3. Let {v,}, be bounded in V. Prove that }_,° v, 2™ converges for every z
such that |z| < 1.

Hint: Prove that the partial sums form a Cauchy sequence in the metric defined by
the norm.

I1.6.4. LetV be n-dimensional real or complex normed vector space. The unit ball
in V is the set
By ={veV:|v| <1}

Prove that By is

convex: If v, u € B1,0 < a < 1,thenav + (1 —a)u € By.

Bounded: For every v € V, there exist a (positive) constant A such that cv ¢ B for
lc| > A

Symmetric, centered at 0: If v € B and |a| < 1 then av € B.

IL1.6.5. LetV be n-dimensional real or complex vector space, and let B be a bounded
symmetric convex set centered at 0. Define

|lu|| = inf{a > 0:a"'u € B}.

Prove that this defines a norm on V, and the unit ball for this norm is the given B

I1.6.6. Describe a norm || || on R? such that the standard unit vectors have norm 1

while [|(1,1,1)[o < 735-

I1.6.7. LetV be a normed linear space and T' € L(V). Prove that the set of vectors
v € V whose T-orbit, {T™v}, is bounded is a subspace of V.
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Chapter I11

Duality of vector spaces

3.1 LINEAR FUNCTIONALS

Let V be a finite dimensional vector space with basis {v1,...,v,}. Every
element v € V can be written, in exactly one way, as

n

(3.1.1) v=">a;(v)v;,
1
the notation a;(v) comes to emphasize the dependence of the coefficients on
the vector v.
Letv = "7 a;j(v)vj, and u = > aj(u)v;. If ¢, d € IF, then
n
cv +du = Z(caj(v) + daj(u))v;

1

so that
a;j(cv + du) = ca;(v) + daj(u).

In other words, a;(v) are linear functionals on V.

A standard notation for the image of a vector v under a linear functional v*
is (v, v*). Accordingly we denote the linear functionals corresponding to a;(v)
by v} and write

n

(3.1.2) aj(v) = (v,v;) sothat v= Z(v,v;)vj.

1
Proposition. The linear functionals vj, j = 1,...,n form a basis for the dual
space V*.
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PROOF: Letu* € V*. Write b;(u*) = (v;,u*), then for any v € V,

(Ua U*) = (Z(Uv U;>Uj> U*) = Z(Uv U;k)bj(U*) = (Ua Z bj(U*)v;)a
J J
and u* = 3" bj(u*)v;. It follows that {vf,...,v;} spans V*. On the other
hand, {v],...,v;} is independent since }° cjo7 = 0 implies (vg, Y cjvy) =
¢, = 0 for all k. |

Corollary. dim V* = dim V.

The basis {vj}7, j = 1,...,nis called the dual basis of {v1,...,v,}. It
is characterized by the condition

(3.1.3) (vj,vE) = 0jk,

d;., is the Kronecker delta, it takes the value 1 if j = k, and 0 otherwise.

3.1.1 The way we add linear functionals or multiply them by scalars guaran-
tees that the form (expression) (v,v*), v € V and v* € V*, is bilinear, that is
linear in v for every fixed v*, and linear in v* for any fixed v. Thus every v € V
defines a linear functional on V*.

If {v1,...,v,} is abasis for V, and {v], ..., v} the dual basis in V*, then
(3.1.3) identifies {v1,...,v,} as the dual basis of {v},...,v}}. The roles of
V and V* are perfectly symmetric and what we have is two spaces in duality,
the duality between them defined by the bilinear form (v, v*). (3.1.2) works in
both directions, thus if {v1,...,v,} and {v],..., v’} are dual bases, then for
allv € V and v* € V*,

n

n
(3.1.4) v = Z(v,v;)vj, vt = Z(vj,v*)v;‘.
1 1

The dual of F? (i.e., ™ written as columns) can be identified with F' (i.e.,
[F™ written as rows) and the pairing (v, v*) as the matrix product v*v of the row
v* by the column v, (exercise II1.1.4 below). The dual of the standard basis of
F? is the standard basis 7.
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3.1.2 ANNIHILATOR. Given a set A C V, the set of all the linear func-
tionals v* € V* that vanish identically on A is called the annihilator of A and
denoted A+. Clearly, A" is a subspace of V*.

Functionals that annihilate A vanish on span[A] as well, and functionals
that annihilate span[A] clearly vanish on A; hence A+ = (span[A])*.

Proposition. Let V| C V be a subspace, then dim V; + dim Vi~ = dim V.

PROOF: Let {v1,..., v} be abasis for Vi, and let {v,, 41, ..., v, } complete
it to a basis for V. Let {v7, ..., v} be the dual basis.
We claim, that {v}, 1, ...,v}} is a basis for Vi; hence dim Vi* = n —m

proving the proposition.

By (3.1.3) we have {v}, q,...,v5} C Vi, and we know these vectors to
be independent. We only need to prove that they span Vi-.

Let w* € Vit, Write w* = >_j—1a;v;, and observe that a; = (vj,w").
Now w* € VlL implies a; = 0 for 1 < j < 'm, so that w* =37 4 ajv;-‘. <

Theorem. Let A C V, v € V and assume that (v,u*) = 0 for every u* € A~
Then v € span[A].
Equivalent statement: If v ¢ span[A] then there exists u* € A" such that

(v,u*) # 0.

PROOF: If v ¢ span[A], then dimspan[A4,v] = dimspan[A] + 1, hence
dim span[A, v]* = dim span[A]*—1. It follows that span[A]* D span[A, v]*,
and since functionals in A+ which annihilate v annihilate span[A, v], there ex-
ist functionals in A+ that do not annihilate v. <

3.1.3 LetV be a finite dimensional vector space and V; C V a subspace. Re-
stricting the domain of a linear functional in V* to V; defines a linear functional
on V.
The functionals whose restriction to V; is zero are, by definition, the el-
ements of Vi-. The restrictions of v* and u* to V; are equal if, and only if,
*

v* —ut € V%. This, combined with exercise III.1.2 below, gives a natural
identification of Vj with the quotient space V*/Vi-.

—DRAFT— JANUARY 1, 2006



46 LINEAR ALGEBRA

EXERCISES FOR SECTION 3.1

IIL1.1. Given a linearly independent {v1,...,v;} C V and scalars {a; };?:1. Prove
that there exists v* € V* such that (v;,v*) = a; for1 < j < k.

IIL.1.2. If V; is a subspace of a finite dimensional space V then every linear functional
on V) is the restriction to V; of a linear functional on V.

II1.1.3. Let V be a finite dimensional vector space, V; C V a subspace. Let
{u}}r_, C V* be linearly independent mod Vi- (i.e., if Y cpuf € Vi, then¢i, = 0,
k=1,...,m). Let {vj};_; C Vi, be independent. Prove that {u}} U {v;}is linearly

independent in V*.

III.1.4. Show that every linear functional on FZ is given by some (ay,...,a,) € F¥
as
1 1
= (ar,...,an) | :Zajxj
Tn Tn

IIL.1.5. LetV and WV be finite dimensional vector spaces.
a. Prove that for every v € V and w* € W* the map

Yo @ T — (Tv,w")

is a linear functional on L(V, W).

b. Prove that the map v ® w* +— ¢, 4+ is an isomorphism of ¥V ® WW* onto the
dual space of L(V, W).
IIL1.6. Let) be a complex vector space, {v}}5_; C V*, and w* € V* such that for

allv € V,
(v, w")| < max]_;[(v,v])].

Prove that w* € span[{v} }5_,].

III.1.7. Linear functionals on Ry [z]:

1. Show that for every € R the map ¢, defined by (P, ¢, ) = P(x) is a linear
functional on R y [z].

2. If {x1,..., 2y} are distinct and m < N + 1, then ¢, are linearly independent.
3. Foreveryz € Randl € N, [ < N, the map ¢ defined by (P, o) = PO ()

is a (non-trivial) linear functional on Ry [z].
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IIL1.8. Letz; € R, [; € N, and assume that the pairs (z;,/;), 7 =1,..., N + 1,

are distinct. Denote by #(m) the number of such pairs with I; > m.

a. Prove that a necessary condition for the functionals goz(ﬁ)

lJ to be independent on
Ry [z] is:

(3.1.5) for every m < N, #(m) < N —m.

b. Check that ¢1, ¢_1, and go(()l) are linearly dependent in the dual of Ry[z], hence

(3.1.5) is not sufficient. Are @1, ©_j, and go(()l) linearly dependent in the dual of

3.2 THE ADJOINT

3.2.1 The concatenation w*T" of T' € L(V, W), and w* € W*, is a linear
map from V to the underlying field, i.e. a linear functional v* on V.

With T fixed, the mapping w* — w*T is a linear operator 7* € LONV*, V*).
It is called the adjoint of T'.

The basic relationship between 7', T, and the bilinear forms (v, v*) and
(w,w*) is: Forall v € V and w* € W*,

(3.2.1) (Tv,w*) = (v, T"w").

Notice that the left-hand side is the bilinear form on (W, W*), while the right-
hand side in (V, V*).

3.2.2 Proposition.

(32.2) p(T)=p(T).

PROOF: LetT € L(V, W), assume p(T) = r, and let {vy,...,v,} be a basis
for V such that {v,11,...,v,} is a basis for ker(T"). We have seen (see the
proof of theorem 2.5.1) that {T'vy, ..., Tv,} is a basis for T’V = range(T).

Denote wj = Twvj, 7 =1,...,r. Add the vectors w;, j =r+1,...,mso
that {w1, ..., w.,} be a basis for W. Let {w7, ..., w},} be the dual basis.

Fix k > r; for every j < r we have (vj, T*w}) = (wj,w}) = 0 which
means 7wy, = 0. Thus T*W* is spanned by {T"w} }]_;.

For 1 < 4,5 < r, (v;,T*wj) = (w;,w;) = 6;;, which implies that
{T™wj}7_, is linearly independent in V*.

Thus, {T*w?, ..., T*w?} is a basis for T*W*, and p(T") = p(T). <
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3.2.3 We have seen in 3.1.1 that if V = FZ, W = F[*, both with standard
bases, then V* = F}!, W* = [}, and the standard basis of F}* is the dual basis
of the standard basis of Fg.

tir ... tin
IfA=Apr=1| : |, isthe matrix of T" with respect to the stan-

tm1 -+ tmn
dard bases, then the operator 7" is given as left multiplication by A on F{ and

the bilinear form (7'v, w), for w € F}* and v € F7, is just the matrix product
(3.2.3) w(Av) = (wA)v.

It follows that T*w = wAr, that is, the action of 7 on the row vectors in F}*
is obtained as multiplication on the right by the same matrix A = Arp.

If we want! to have the matrix of T* relative to the standard bases in F?
and IF*, acting on columns by left multiplication, all we need to do is transpose
wA and obtain

T*w™ = ATy ™,

3.2.4 Proposition. Ler T € L(V,W). Then
(3.2.4) range(T)" = ker(T*) and range(T*)* = ker(T).

PROOF: w* € range(T)" is equivalent to (T, w*) = (v, T*w*) = 0 for all
v eV, and (v, T*w*) = 0 for all v € V is equivalent to T*w* = 0.

The condition v € range(T™*)* is equivalent to (v, T*w*) = 0 for all
w* € W* and Tv = 0 is equivalent to (Tv,w*) = (v,T*w*) = 0 ie.
v € range(T*)*. <

EXERCISES FOR SECTION 3.2

!"This will be the case when there is a natural way to identify the vector space with its dual, for
instance when we work with inner product spaces. If the “identification” is sesquilinear, as
is the case when F = C the matrix for the adjoint is the complex conjugate of AT, | see Chapter
VI

JANUARY 1, 2006 —DRAFT—



III. DUALITY OF VECTOR SPACES 49

ML21. IV = W@ U and S is the projection of V on W along U (see
2.1.1.g), what is the adjoint S*?

II.2.2. Let A € M(m,n;R). Prove

p(ATA) = p(A)

II1.2.3.  Prove that, in the notation of 3.2.2, {w;k }j=r+1,..,m is a basis for
ker(T™).
IIL.2.4. A vector v € V is an eigenvector for T € L(V) if Tv = \v with
A € F; A is the corresponding eigenvalue.

Let v € V be an eigenvector of T' with eigenvalue A, and w € V* an
eigenvector of the adjoint 7 with eigenvalue \* # \. Prove that (v, w*) = 0.
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Chapter IV

Determinants

4.1 PERMUTATIONS

A permutation of a set is a bijective, that is 1-1, map of the set onto itself.
The set of permutations of the set [1,...,n| is denoted S,,. It is a group under
concatenation—given 0,7 € S,, define 7o by (70)(j) = 7(c(j)) for all j.
The identity element of S,, is the trivial permutation e defined by e(j) = j for
all j.

S,, with this operation is called the symmetric group on [1,...,n].

4.1.1 Ifo e S,anda € [1,...,n] the set {o¥(a)}, is called the o-orbit of
a. If oa = a the orbit is trivial, i.e., reduced to a single point (which is left
unmoved by o). A permutation o is called a cycle, and denoted (a1, ..., q;),
if {%’}é’:l is its unique nontrivial orbit, aj;1 = o(a;) for 1 < j < [, and
a1 = oa;. The length of the cycle, [, is the period of a; under o, that is, the
first positive integer such that o'(a;) = a;. Observe that o is determined by
the cyclic order of the entries, thus (a1, ...,a;) = (a;,a1,...,a;-1).

Given o € S,,, the o-orbits form a partition of [1, . . ., n], the corresponding
cycles commute, and their product is o.

Cycles of length 2 are called transpositions.

Lemma. Every permutation o € S, is a product of transpositions.

PROOF: Since every o € S,, is a product of cycles, it suffices to show that
every cycle is a product of transpositions.
Observe that

(ala “e. ,(Il) = (ala ap,ag, ... aal—l) - (ala CLQ)(CLQ, (13) e (al—lyal>
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(a; trades places with a;_1, then with a;_o, etc., until it settles in place of a;;
every other a; moves once, to the original place of a;11). Thus, every cycle of
length [ is a product of [ — 1 transpositions. <

Another useful observation concerns conjugation in S,,. If o, 7 € S,,, and

1

7(i) = j then 70~ maps o (i) to j and 070~ maps o (i) to o(j). This means

that the cycles of o7o ™!

are obtained from the cycles of 7 by replacing the
entries there by their o images.

In particular, all cycles of a given length are conjugate in S,,.

4.1.2 THE SIGN OF A PERMUTATION. There are several equivalent ways
to define the sign of a permutation o € S,,. The sign, denoted sgn [0}, is to take
the values +1, assign the value —1 to each transposition, and be multiplicative:
sgn [oT] = sgn o] sgn [7], in other words, be a homomorphism of S,, onto the
multiplicative group {1, —1}.

All these requirements imply that if o can be written as a product of k
transpositions, then sgn [¢] = (—1)¥. But in order to use this as the definition
of sgn one needs to prove that the numbers of factors in all the representations
of any o € S,, as products of transpositions have the same parity. Also, finding
the value of sgn [o] this way requires a concrete representation of o as a product
of transpositions.

We introduce sgn in a different way:

DEFINITION: A set J of pairs {(k,[)} is appropriate for S, if it contains
exactly one of (j,1), (4, j) for every pairi,j, 1 <i < j < n.

The simplest example is J = {(4,7):1 < i < j < n}. A more general
example of an appropriate set is: for 7 € S,,,

4.1.1) Jr={(1(i),7()):1<i<j<n}.
If J is appropriate for S,,, and o € S,,, then'

@12 [[sen(o() o) = ] sen(o(j) —o(i)sgn(j 1)

1<j (i5)ed
IThe sign of integers has the usual meaning.
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since reversing a pair (4, j) changes both sgn (o(j) — o(4)) and sgn (j —¢), and
does not affect their product.
We define the sign of a permutation o by

(4.1.3) sgn (o] = [ sgn (o (j) — o(i))

1<j

Proposition. The map sgn : o +— sgn [o] is a homomorphism of S,, onto the
multiplicative group {1, —1}. The sign of any transposition is —1.

PROOF: The multiplicativity is shown as follows:

sgn [oT] = H sgn (o7(j) —o7(i))

1<j
= H sgn (o7(j) —o7(i))sgn (7(5) — (7)) H sgn (7(j) — 7(2))

= sgn [o]sgn [T].

Since the sign of the identity permutation is +1, the multiplicativity implies
that conjugate permutations have the same sign. In particular all transpositions
have the same sign. The computation for (1, 2) is particularly simple:

sgn(j—1)=sgn(j—2)=1 forall j>2, while sgn(l—2)=-1
and the sign of all transpositions is —1. <

EXERCISES FOR SECTION 4.1

IV.1.1.  Let o be a cycle of length k; prove that sgn [0] = (—1)*~1),

IV.1.2. Leto € S, and assume that its has s orbits (including the trivial orbits, i.e.,
fixed points). Prove that sgn [0] = (—1)"~*

IV.1.3. Let o; € S,, j = 1,2 be cycles with different orbits, Prove that the two
commute if, and only if, their (nontrivial) orbits are disjoint.

4.2 MULTILINEAR MAPS
LetV;, j =1,...,k, and V¥ be vector spaces over a field F. A map

(4.2.1) ¢2V1XV2"~XVkF—>W
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is multilinear, or k-linear, (bilinear—if k = 2) if ¢»(v1, . . ., vg) is linear in each
entry v; when the other entries are held fixed.

When all the V;’s are equal to some fixed V we say that ¢ is k-linear on V.
If W is the underlying field I, we refer to ¢ as a k-linear form or just k-form.

EXAMPLES:

a. Multiplication in an algebra, e.g., (S,T") — ST in LV or (A, B) — AB in
M(n).

b. Y(v,v*) = (v,v"), the value of a linear functional v* € V* on a vector
v € V, is a bilinear form on V x V*.

c. Given k linear functionals v} € V*, the product ¢ (v1, . .., vx) = [(vj,v])
of is a k-form on V.

d. Let V; = F[z] and Vo = F[y] the map (p(x),q(y)) — p(z)q(y) is a
bilinear map from F[z] x F[y] onto the space F[z, y| of polynomials in the
two variables.

*4.2.1 The definition of the tensor product V; ® Vs, see 1.1.6, guarantees that
the map

(4.2.2) U(v,u) =v® u.

of V1 x Vy into V1 ® Vs is bilinear. It is special in that every bilinear map from
(V1, V) “factors through it”:

Theorem. Let  be a bilinear map from (V1,Vs) into W. Then there is a linear
map ®: Vi @ Vo — W such that p = V.

The proof consists in checking that, for v; € Vi and u; € Vo,
Zvj Quj =0 = ng(vj,uj) =0

so that writing ®(v ® u) = (v, u) defines ® unambiguously, and checking
that so defined, ® is linear. We leave the checking to the reader.
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*4.2.2 Let V and W be finite dimensional vector spaces. Given v* € V*
w € W, and v € V, the map v — (v,v*)w is clearly a linear map from V
to W (a linear functional on V times a fixed vector in W) and we denote it
(temporarily) by v* ® w.

Theorem. The map ® : v* @ w — v* @ w € L(V, W) extends by linearity to
an isomorphism of V* @ W onto L(V, W).

PROOF: Asin %4.2.1 we verify that all the representations of zero in the tensor
product are mapped to 0, so that we do have a linear extension.

Let T € L(V, W), v = {v;} abasis for V, and v* = {v}} the dual basis.
Then, forv € V,

(4.2.3) Tv = T(Z(v,v}‘)w) = Z(v,v;)ij = (Z Vi ® ij)v,

so that T" = } v ® T'v;. This shows that ® is surjective and, since the two
spaces have the same dimension, a linear map of one onto the other is an iso-
morphism. |

When there is no room for confusion we omit the underlining and write the
operator as v* @ w instead of v* @ w.

EXERCISES FOR SECTION 4.2

IV.2.1. Assume (v, u) bilinear on V; x Vs. Prove that the map T': u — ¢, (v) is a
linear map from V% into (the dual space) V;. Similarly, S: v — ,¢(u) is linear from
YV to VS

IV.2.2. Let)); and Vs be finite dimensional, with bases {v1, ..., vy, } and {u, ..., u,}
respectively. Show that every bilinear form ¢ on (V;, V,) is given by an m x n matrix
(ajk) such thatif v = 1" xjv; and u = > yruy then

a1 co. Q1p Y1
4.2.4) o(v,u) = Zajkxjyk = (Z1,...,Tm)

aml - Qmn Yn

IV.2.3.  What is the relation between the matrix in IV.2.2 and the maps S and T'
defined in IV.2.1?
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IV.2.4. LetV); and V; be finite dimensional, with bases {v1, ..., v, } and {u1, ..., un}
respectively, and let {v], ..., v, } be the dual basis of {v1, ..., v, }. LetT € L(V1, Va)

and let
ailp ... Qim

Ap =
anl .- Anpm

be its matrix relative to the given bases. Prove

(4.2.5) T=>aj;(v; ®u).

4.2.3 If U and ® are k-linear maps of V1 X Vo --- X Vi into W and a,b € F
then aW¥ + b® is k-linear. Thus, the k-linear maps of V; X Vy - -+ X Vi into W

form a vector space which we denote by ML ({V; }§:1v W).

When all the V; are the same space V), the notation is: MLV W).
The reference to WV is omitted when W = F.

4.2.4 Example b. above identifies enough k-linear forms

4.3 ALTERNATING N-FORMS

4.3.1 DEFINITION: An n-linear form ¢(v1,...,v,) on V is alternating if
o(v1, . ..,v,) = 0 whenever one of the entry vectors is repeated, i.e., if vy = vy
for some k # |.

If ¢ is alternating, and k # [ then

90("'>vka"'>Ula"'):¢("'>Uk7"'7vl+vk>"')
(431) :SD( ’_’Uh"‘ ’/Ul_i_vk’):@( ’_/Uh... 7vk7"')

:_¢(...’vl7...’vk7...)’

which proves that a transposition (k, ) on the entries of ¢ changes its sign. It
follows that for any permutation o € S,,

(4.3.2) O(Vg(1)s - -+ Vo(n)) = sgR[T]P(V1, ..., Vn).

Condition (4.3.2) explains the term alternating and when the characteristic
of IF is # 2, can be taken as the definition.
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If ¢ is alternating, and if one of the entry vectors is a linear combination
of the others, we use the linearity of ¢ in that entry and write ¢ (v1,...,v,)
as a linear combination of ¢ evaluated on several n-tuples each of which has a
repeated entry. Thus, if {vy, ..., v,} is linearly dependent, ¢(v1,...,v,) = 0.
It follows that if dim V' < n, there are no nontrivial alternating n-forms on V.

Theorem. Assume dimV = n. The space of alternating n-forms on V is
one dimensional: there exists one and, up to scalar multiplication, unique
non-trivial alternating n-form D on V. D(vy,...,v,) # 0 if, and only if,
{v1,...,vn} is a basis.

PROOF: We show first that if ¢ is an alternating n-form, it is completely de-
termined by its value on any given basis of V. This will show that any two
alternating n-forms are proportional, and the proof will also make it clear how
to define a non-trivial alternating n-form.

If {v1,...,v,} is a basis for V and ¢ an alternating n-form on V, then
©(vj,,...,v;5,) = Ounless {j1,...,jn} is a permutation, say o, of {1,...,n},
and then ©(Vg(1), - -+ Vo(n)) = 581 [o]p(v1, ..., vp).

If {wy,...,uy} is an arbitrary n-tuple, we express each u; in terms of the
basis {v1,...,v,}:

n
(4.3.3) uj =Y aijvi, j=1,...,n
i=1

and the multilinearity implies

gp(ul, NN ,un) = ZCLLﬁ cee an,jncp(vjl, ‘e ,an)

(4.3.4) :( Z sgn [U]alp(l) s ,an7g(n))90(1)1, c. ,’Un).
o€S,

This show that ¢(v1,...,v,) determines p(u1,...,u,) for all n-tuples,
and all alternating n-forms are proportional. This also shows that unless ¢ is
trivial, o(v1, ..., vy,) # 0 for every independent (i.e., basis) {v1, ..., v, }.

For the existence we fix a basis {v1,...,v,} and set D(vy,...,v,) = 1.

Write D(vy(1); - - -, Vo(n)) = $gn [o] (for o € Sy) and D(vjy,...,v;,) = 0if
there is a repeated entry.
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For arbitrary n-tuple {u1, ..., u,} define D(uq,...,uy) by (4.3.4), that is

(4.3.5) D(ul, ce ,un) = Z sgn [0‘}&170(1) s am,(n).
o€S,

The fact that D is n-linear is clear: it is defined by multilinear expansion. To
check that it is alternating take 7 € S,, and write

D(Ur(1)s - Urn) = D S8RI[0)Ar(1)0(1) " * Cr(n) o (n)

(4.3.6) 7S
= Z sgn [U]alﬂ'*la(l) © o Qpr=lg(n) = SN [T]D(ulv R 7un)
o€S,
since sgn [T~ 10| = sgn [7]sgn [o]. <

Observe that if {u1, ..., u,} is given by (4.3.3) then {T'uy, ..., Tu,} is given
by

n
4.3.7) Tuj = a;Tvi, j=1,...,n
i=1
and (4.3.4) implies

D(ula"'7un)
438 D(Tuy,. .., Tuy) = =2l popy, oy,
( ) (ula ) u) D(’Ul,...,vn (1)1 U)

4.4 DETERMINANT OF AN OPERATOR
4.4.1 DEFINITION: The determinant det T of an operator 7' € L(V) is

D(Tvy,...,Tvy,)
D(vy,...,vn)

(4.4.1) det T =

where {v1,...,vy,} is an arbitrary basis of V and D is a non-trivial alternating
n-form. The independence of det T" from the choice of the basis is guaranteed
by (4.3.8).

Proposition. det T = 0 if, and only if, T is singular, (i.e., ker(T) # {0}).
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PROOF: T is singular if, and only if, it maps a basis onto a linearly depen-
dent set. D(Twy,...,Tv,) = 0if, and only if, {Tvy,...,Tv,} is linearly
dependent. <

4.4.2 Proposition. IfT,S € L(V) then
4.4.2) det TS = det T det S.

PROOF: If either S or T is singular both sides of (4.4.4) are zero. If det S # 0,
{Swv;} is a basis, and by (4.4.1),

D(TSvy,...,TSv,) D(Svi,...,50) det T det S

detTS =
et TS D(Svy,...,Sv,) D(vi,...,vp) <

*4.4.3 ORIENTATION. When V is a real vector space, a non-trivial alternat-
ing n-form D determines an equivalence relation among bases. The bases {v; }
and {u;} are declared equivalent if D(v1,...,v,)and D(u1,...,u,) have the
same sign. Using —D instead of D reverses the signs of all the readings, but
maintains the equivalence. An orientation on V is a choice which of the two
equivalence classes to call positive.

4.4.4 A subspace W C Vis T-invariant, (T € L(V)), if Tw € W whenever
w € W. The restriction Ty, defined by w — Tw for w € W, is clearly a
linear operator on W.

T induces also an operator 73, )y on the quotient space V/W, see 5.1.5.

Proposition. If VW C V is T-invariant, then
(4.4.3) det T' = det Tyy det Ty, jyy.

PROOF: Let {w;}7 be a basis for V, such that {w;}} is a basis for W. If T}y
is singular then 7" is singular and both sides of (4.4.3) are zero.

If Tyy is nonsingular, then w = {Twy,...,Twy} is a basis for W, and
{Tw1,...,Twg; wki1,...,w,} is a basis for V.

Let D be a nontrivial alternating n-form on V. Then ®(uy,...,u;) =
D(uy, ..., up;wki1,...,wy,) is a nontrivial alternating k-form on W.
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60 LINEAR ALGEBRA

The value of D(T'wy, ..., Twg; k41, - - -, Up) is unchanged if we replace
the variables uy41, ..., u, by ones that are congruent to them mod W, and
the form W(tgy1,...,0,) = D(Twy,...,Twk; ugsq, ..., uy,) is therefore a

well defined nontrivial alternating n — k-form on V/W.

D(Twy,...,Twy,)

detT: =
D(w17"'7wn)
D(Twy, ..., Twg; Wgt1, .-, W) D(Twy,...,Twy,) B
D(wy,...,wy) D(Twy, ..., Twg; Wgt1, .-, W)
O(Twy, ..., Twy) Y(Twpi,...,Tw,)
: = — = det Tyy det T .
q)(wlv"'awk) \Il(wk-‘rla"‘vwn) VIw

<

Corollary. IfV = @ V; and all the V;’s are T-invariant, and Ty, denotes the
restriction of T to V), then

(4.4.4) det T =[] det Ty,
J

4.4.5 THE CHARACTERISTIC POLYNOMIAL OF AN OPERATOR.
DEFINITIONS:  The characteristic polynomial of an operator T' € L(V) is
the polynomial x(\) = det (T' — \) € F[A].

Opening up the expression  D(Tv; — Avq, ..., Tv, — Av,), we see
that X1 is a polynomial of degree n = dim V, with leading coefficient (—1)".

By proposition 4.4.1, xp(\) = 0if, and only if, 7" — X is singular, that is
if, and only if, ker(T' — X) # {0}. The zeroes of X, are called eigenvalues
of T" and the set of eigenvalues of 7" is called the spectrum of T', and denoted
o(T).

For A € o(T), (the nontrivial) ker(7" — \) is called the eigenspace of
A. The non-zero vectors v € ker(T" — \) (that is the vectors v # 0 such that
Tv = lv) are the eigenvectors of T' corresponding to the eigenvalue .

EXERCISES FOR SECTION 4.4

IV.4.1. Prove that if T is non-singular, then det 7= = (det T') !
IV4.2. If W C Vis T-invariant, then X 7(\) = X7, X1,y
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IV.  DETERMINANTS 61

4.5 DETERMINANT OF A MATRIX

4.5.1 Let A = {a;;} € M(n). The determinant of A can be defined in
several equivalent ways: the first—as the determinant of the operator that A
defines on F™ by matrix multiplication; another, the standard definition, is di-
rectly by the following formula, motivated by (4.3.5):

ail e A1n
a1 . aAon
4.5.1) det A=| S =) sgn(olai ey Gno(m)-
. ce . o€S,
anl ... Apn

The reader should check that the two ways are in fact equivalent. They each
have advantages. The first definition, in particular, makes it transparent that
det(AB) = det A det B; the second is sometimes readier for computation.

4.5.2 COFACTORS, EXPANSIONS, AND INVERSES. For a fixed pair (4, )
the elements in the sum above that have a;; as a factor are those for which
o (1) = j their sum is

(4.5.2) Z sgn [U]alﬁ(l) s anvg(n) = aijAZ-j.
0€Sn,o(i)=j

The sum, with the factor a;; removed, denoted A;; in (4.5.2), is called the
cofactor at (i, 7).

Observe that partitioning the sum in (4.5.1) according to the value o(4) for
some fixed ¢ gives the expansion of the determinant along its i 'th row:

(453) det A = Z aiinj.
J

If we consider a “mismatched” sum: }_; a;j Ay, for ¢ # k, we obtain the de-
terminant of the matrix obtained from A by replacing the k’th row by the 7’th.
Since this matrix has two identical rows, its determinant is zero, that is

(4.5.4) for i # k, > aijAg; = 0.
j
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62 LINEAR ALGEBRA

All R Anl
i A ~ A12 o An2 .
Finally, write A = . ) and observe that Zj a;j Ay is the
A .. A

ik’th entry of the matrix AA so that equtions (4.5.3) and (4.5.4) combined are
equivalent to

(4.5.5) AA =det A I

Proposition. The inverse of a non-singular matrix A € M(n) is ﬁm)ﬁ.
Historically, the matrix A was called the adjoint of A, but the term adjoint
is now used mostly in the context of duality.

4.5.3 THE CHARACTERISTIC POLYNOMIAL OF A MATRIX.
The characteristic polynomial of a matrix A € M (n) is the polynomial
XA(A) =det (A —N).

Proposition. If A, B € M(n) are similar then they have the same character-
istic polynomial. In other words, X 4 is similarity invariant.

PROOF: Similar matrices have the same determinant: they represent the same
operator using different basis and the determinant of an operator is independent
of the basis. Equivalently, if B = CAC™!, then det B = det(CAC™!) =
det C'det A(det C)~! = det A.

Also,if B = CAC™!, then B—)\ = C(A—\)C~!, which implies det(B —
A) =det(A —N). <

The converse is not always true—matrices (or operators) that have the same
characteristic polynomials may not be similar. See exercise IV.5.2.

If we write X 4 = Y. a;\, then
n
an = (=1)", a9=detA, and a, ;= (-1)"" Za“.
1

The sum )7 a;;, denoted trace A, is called the trace of the matrix A. Like any
part of X 4, the trace is similarity invariant.
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IV.  DETERMINANTS 63

The trace is just one coefficient of the characteristic polynomial and is not
a complete invariant. However, we shall see later that the traces of A7 for all
1 < j < n determine X 4(\) completely.

EXERCISES FOR SECTION 4.5

IV.5.1. A matrix A = {a;;} € M(n) is upper triangularif a;; = 0 when i > j.
A'is lower triangularif a;; = 0 when ¢ < j. Prove that if A is either upper or lower
triangular then det A = [T, a;;.

IV.5.2. Let A # I be alower triangular matrix with all the diagonal elements equal
to 1. Prove that X 4, = X; ({ is the identity matrix); is A similar to I?

IV.5.3. How can the algorithm of reduction to row echelon form be used to compute

determinants?

IV.54. Let A € M(n). A defines an operator on F™, as well as on M(n), both by
matrix multiplication. What is the relation between the values of det A as operator in
the two cases?

IV.5.5. Prove the following properties of the trace:
1. If A, B € M(n), then trace(A + B) = trace A + trace B.
2. f A € M(m,n) and B € M(n,m), then trace AB = trace BA.

IV5.6. If A,B € M(2),then (AB — BA)? = — det (AB — BA)I.

IV.5.7.  Prove that the characteristic polynomial of the n x n matrix A = (a; ;) is
equal to [ ;" (a;; — A) plus a polynomial of degree bounded by n — 2.

IV5.8.  Assuming F = C, prove that trace (ai,j) is equal to the sum (including
multiplicity) of the zeros of the characteristic polynomial of (ai, j). In other words, if
the characteristic polynomial of (a; ;) is equal to [T— (A=X)), then 3 X; = - aqi.

IV59. Let A = (a;;) € M(n)and let m > n/2. Assume that a; ; = 0 whenever
both ¢ < m and j < m. Prove that det(A) = 0.

IV.5.10. The Fibonacci sequence is the sequence {f,} defined inductively by:
fi=1fo=1,and f,, = fn_1 + fn_2 forn > 3, so that the start of the sequence is
1,1,2,3,5,8,13,21,34, .. ..

Let (a; ;) be an n x n matrix such that a; ; = 0 when |j — 7| > 1 (that is the only

non-zero elements are on the diagonal, just above it, or just below it). Prove that the
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64 LINEAR ALGEBRA

number of non-zero terms in the expansion of the detrminant of (a; ;) is at most equal

to fn+1-

IV.5.11.  The Vandermonde determinant.  Given scalars aj, j = 1,...,n, the
Vandermonde determinant V' (aq, . .., a,) is defined by
1 a a@ ... at
1 ay a3 ... a}™?
V(ah 7an) - .
1 a, a2 an—1
Use the following steps to compute V' (ay, .. ., a,). Observe that
1 a; a2 ... a¥
1 as a% .o.ooay
Viay,...,an,x) =
1 a, a? ay
1z 2? "

is a polynomial of degree n (in x).
a. Prove that

n
V(at,...,an,z) =V(a,...,an) H(a: —a;)
j=1

b. Use induction to prove V(ay, ..., an) =[], ;(a; — a;).

IV.5.12. A trigonometric polynomial P(z) = Z;"zl a;e'i® that has a zero of order
m (a point 2 such that PU)(zo) = 0 for j = 0,...m — 1) is identically zero.
IV.5.13. Let C € M(n,C) be non-singular. Let RC, resp. SC, be the matrix whose
entries are the real parts, resp. the imaginary parts, of the corresponding entries in C'.
Prove that for all but a finite number of values of ¢ € R, the matrix RC + aSC is
non-singular.

Hint:  Show that replacing a single column in C' by the corresponding column in
RC + aSC creates a non-singular matrix for all but one value of a. (The determinant
is a non-trivial linear function of a.)

IV.5.14.  Given that the matrices By, By € M(n;R) are similar in M (n; C), show
that they are similar in M(n; R).

JANUARY 1, 2006 —DRAFT—



Chapter V

Invariant subspaces

The study of linear operators on a fixed vector space V (as opposed to
linear maps between different spaces) takes full advantage of the fact that £())
is an algebra. Polynomials in 7" play an important role in the understanding
of T itself. In particular they provide a way to decompose V into a direct sum
of T-invariant subspaces (see below) on each of which the behaviour of T is
relatively simple.

Studying the behavior of T' on various subspaces justifies the following
definition.

DEFINITION: A linear system, or simply a system, is a pair (V,T') where V
is a vector space and 7" € £(V). When we add adjectives they apply in the
appropriate place, so that a finite dimensional system is a system in which V is
finite dimensional, while an invertible system is one in which T is invertible.

5.1 INVARIANT SUBSPACES
5.1.1 Let (V,T) be a linear system.

DEFINITION: A subspace V; C V is T-invariant if TV, C V;. If Vp is
T-invariant and v € V;, then T9v € V) for all Jj, and in fact P(T)v € V; for
every polynomial P. Thus, V; is P(T)-invariant for all P € F[z].
EXAMPLES:

a. Both ker(T') and range(T") are (clearly) 7-invariant.

b.1f S € L(V) and ST = T'S, then ker(.S) and range(.S) are T-invariant
since if Sv = 0 then STv = T'Sv = 0, and 'SV = S(TV) C SV. In particu-
lar, if P is a polynomial then ker(P (7)) and range(P(T")) are T-invariant.
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66 LINEAR ALGEBRA

c. Given v € V, the set span[T,v] = {P(T)v:P € F[z]} is clearly a
subspace, clearly T-invariant, and clearly the smallest 7-invariant subspace
containing v.

5.1.2 Recall (see 4.4.5) that A\ € F is an eigenvalue of T if ker(T' — \) is
nontrivial, i.e., if there exists vectors v # 0 such that T'v = Av (called eigen-
vectors “associated with”, or “corresponding to” ). Eigenvectors provide the
simplest—namely, one dimensional—7 -invariant subspaces.

The spectrum o (T) is the set of all the eigenvalues of T'. It is (see 4.4.5)
the set of zeros of the characteristic polynomial X, (A) = det (T"— A). If the
underlying field [F is algebraically closed every non-constant polynomial has
zeros in IF and every T' € £(V) has non-empty spectrum.

Proposition (Spectral Mapping theorem). Let T € L(V), A € o(T), and
P € Fx]. Then

a. P(\) € o(P(T)).

b. Forall k € N,
(5.1.1) ker((P(T) — P(A)¥) D ker((T — \)¥).

c. If F is algebraically closed, then o(P(T)) = P(a(T)).

PROOF: a. (P(x)—P(\))isdivisibleby x—\: (P(z)—P(\)) = Q(x)(z—\),
and (P(T) — P(\)) = Q(T)(T — A) is not invertible.

b. (P(x)—P(X) = Q(z)(x— ) implies: (P(z)—P()" = Q*(z— )", and
(P(T)—P(\)F = QKT (T —N)F. If v € ker((T — A)*), i.e., (T —A)*v =0,
then (P(T') — P(\))*v = QX(T)(T — X)*v = 0.

c. If F is algebraically closed and ;2 € IF, denote by c; (1) the roots of P(x) — 1,
and by m; their multiplicities, so that

—p=TI )™, and P(T)—p=[](T ~c;(n
Unless ¢j(p) € o(T) for some j, all the factors are invertible, and so is their

product. <

Remark: If F is not algebraically closed, o(P (7)) may be strictly bigger
than P(o(T)). For example, if F = R, T is a rotation by 7/2 on R?, and
P(z) = 22, then o(T) = () while o/(T?) = {—1}.
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V. INVARIANT SUBSPACES 67

5.1.3 T-invariant subspaces are P(7')-invariant for all polynomials P. No-
tice, however, that a subspace WV can be T?-invariant, and not be T-invariant.
Example: V = R? and T maps (x,y) to (y,z). T? = I, the identity, so that ev-
erything is T2-invariant. But only the diagonal {(z, ) :z € R} is T-invariant.

Assume that 7', S € £()) commute.

a. T commutes with P(S) for every polynomial P; consequently (see 5.1.1b.)
ker(P(S)) and range(P(S)) are T-invariant. In particular, for every A € T,
ker(S — \) is T-invariant.

b. If W is a S-invariant subspace, then 7V is S-invariant. This follows from:
STW =TSW CTW.

There is no claim that W is T-invariant!. Thus, kernels offer “a special situa-
tion.”

c. If v is an eigenvector for S with eigenvalue A, it is contained in ker(S — \)
which is T invariant. If ker(S — X) is one dimensional, then v is an eigenvector
for T'.

5.1.4 Theorem. Let W C V, and T € L(V). The following statements are
equivalent:

a. W is T-invariant;
b. W+ is T*-invariant.

PROOF: Forall w € W and u* € W' we have
(Tw,u*) = (w, T*u™).

Statement a. is equivalent to the left-hand side being identically zero; statement
b. to the vanishing of the right-hand side. |

' An obvious example is S = I, which commutes with every operator T, and for which all
subspaces are invariant.
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5.1.5 If W C Vs a T-invariant subspace, we define the restriction Ty of
T to W by Tyyv = Tv for v € W. The operator Tyy is clearly linear on WV,
and every T)y-invariant subspace W; C W is T-invariant.

Similarly, if W is T-invariant, 7" induces a linear operator 73,/ on the
quotient VV/W as follows:

v+ W is the coset of WV containing v and, we justify the definition by showing
that it is independent of the choice of the representative: if vy — v € W then,
by the T-invariance of W, Tvy — Tv = T'(v; — v) € W.

The reader should check that 73,y is in fact linear.

5.1.6 The fact that when F algebraically closed, every operator 7' € L(V)
has eigenvectors, applies equally to (V*, 7).
If V is n-dimensional and ©* € V* is an eigenvector for 7%, then V,_1 =
[u*]t = {v € V:(v,u*) = 0} is T invariant and dim V,,_; = n — 1.
Repeating the argument in V,,_1 we find a T-invariant V,,_o C V,_1 of
dimension n — 2, and repeating the argument a total of n — 1 times we obtain:

Theorem. Assume that I is algebraically closed, and let V be a finite dimen-
sional vector space over F. For any T € L(V), there exist a ladder {V;},
7 =0,...,n, of T-invariant subspaces of V,, =V, such that

5.13) V= {0}, Vi =V, Vj_l C Vj, and dim Vj = 7.
Corollary. If F is algebraically closed, then every matrix A € M(n;F) is

similar to an upper triangular matrix.

PROOF: Apply the theorem to the operator 1" of left multiplication by A on
F¢. Choose vj in V; \ Vj_1,j = 1,...,n, then {v1,...,v,} is a basis for V
and the matrix B corresponding to 7" in this basis is (upper) triangular.

The matrices A and B represent the same operator relative to two bases,
hence are similar. <

2Also called a complete flag.
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V.  INVARIANT SUBSPACES 69

Observe that if the underlying field is R, which is not algebraically closed,
and T is a rotation by /2 on R?, T admits no invariant subspaces.

EXERCISES FOR SECTION 5.1

V.1.1. Let W be T-invariant, P a polynomial. Prove that P(T")yy = P(T\w).
V.1.2. Let )V be T-invariant, P a polynomial. Prove that P(T')y, )y = P(Ty /).
V.1.3. Let W be T-invariant. Prove that ker(T)y) = ker(T) N W.

V.1.4. Prove that every upper triangular matrix is similar to a lower triangular one
(and vice versa).

V.1.5. If V; C Vis a subspace, then the set {S:S € L(V), SV C Vi}isa
subalgebra of L(V).

V.1.6. Show that if S and 7' commute and v is an eigenvector for .S, it need not be an
eigenvector for 7' (so that the assumption in the final remark of 5.1.3 that ker(S — \)
is one dimensional is crucial).

V.1.7. Prove theorem 5.1.6 without using duality.

Hint: Start with an eigenvector u; of T. Set U; = span[uy]; Let iy € V/U; be an

eigenvector of Ty, , uz € V a representative of tio, and Us = spanfuy, ug]. Verify
that Us is T-invariant. Let @3 € V /U, be an eigenvector of T3, /Uy €tC.

5.2 THE MINIMAL POLYNOMIAL

5.2.1 THE MINIMAL POLYNOMIAL FOR (T, v).
Given v € V, let m be the first positive integer k such that {T7v}k is linearly
dependent or, equivalently, that T™v is a linear combination of {7 0}6”_1,

say>

m—1
(5.2.1) T =—> ajT.
0
The coefficients a; are uniquely determined—this since, by assumption,
{T7v}7! is independent. For k > 0 we have T "%y = S~ q;T7+*y, and
induction on k establishes that 7™ %y € span[u, ..., T™ 'v]. It follows that
{T7v}3~ ! is a basis for span[T, v].

3The minus sign is there to give the common notation: MNP ,(x) = 2™ + Z;n_l a;x’
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DEFINITION:  The polynomial minPr ,(z) = 2™ + 20" ' a;27, with a;
defined by (5.2.1) is called the minimal polynomial for (T, v).

Theorem. minPr ,(x) is the monic polynomial of lowest degree that satisfies
P(T)v =0.

The set Ny, = {P € Flz]: P(T)v = 0} is an ideal in F[z]. The theorem
identifies minP , as its generator.

Observe that P(T")v = 0 is equivalent to “P(7T")u = 0 forall u € span[T,v]”.

5.2.2 CYCLIC VECTORS. A vector v € V is cyclic for the system (V,T') if
it is not contained in any 7-invariant proper subspace, that is, if span[T, v] = V.
Not every linear system admits cyclic vectors*; a system that does is called a
cyclic system.

If v is a cyclic vector for (V, T) and minPr ,(z) = 2" + 30" a;27, then

the matrix of T' with respect to the basis v = {v, Tv,...,T" v} has the form
0 0 0 —ag
1 0 ... 0 —aq

(5.2.2) Ary = 01 ... 0 —as
0 0 ... 1 —Qp—1

We normalize v so that D(v, T'v,. .. ,T”_lv) = 1 and compute the character-

istic polynomial (see 4.4.5) of T', using the basis v = {v, T, ..., T" tv}:

(5.2.3) X7(A) = det (T = \) = D(Tv — \v,...,T"0 — AT 1v).

Replace T"v = — 28*1 aT*v, and observe that the only nonzero summand

in the expansion of D(Tv—M\v, ..., Tiv—-\T9" v, ... T lo—\T"" 20, T*v)

is obtained by taking —\T”v for j < k and T7v for j > k so that

D(Tv—v,...,T" Yo = XT"" 2, TFy) = (= \)F(=1)" 7+~ = (1) 1\F,
*Consider T' = T
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V. INVARIANT SUBSPACES 71

Adding these, with the weights —ay, for k < n—1and —A—a,_; fork = n—1,
we obtain

(5.2.4) xr(A\) = (1) minPr , (A).

In particular, (5.2.4) implies that if 7" has a cyclic vector, then X (7") = 0.
This is a special case, and a step in the proof, of the following theorem.

Theorem (Hamilton-Cayley). x(T') = 0.

PROOF: We show that X1 is a multiple of minPr , for every v € V. This
implies xp(T)v =0 forall u € V, ie., xp(T) = 0.
Let u € V, denote U = span[T,u] and minPp, = \™ + 26”_1 aj)\j.

m=1y, form a basis for 2. Complete {Tju}gn_1 to a

The vectors u, T'u, ..., T
basis for V by adding wy, . .., Wnp_m. Let A7 be the matrix of 7" with respect
to this basis. The top left m x m submatrix of Ay is the matrix of 73, and
the (n — m) x m rectangle below it has only zero entries. It follows that
X1 = Xr, Q> where Q is the characteristic polynomial of the (n—m) x (n—m)
lower right submatrix of A, and since X, = (=1)" minPt , (by (5.2.4)

applied to Ty,) the proof is complete. <

An alternate way to word the proof, and to prove an additional claim along
the way, is to proceed by induction on the dimension of the space V.

ALTERNATE PROOF: If n = 1 the claim is obvious.

Assume the statement valid for all systems of dimension smaller than n.

Letu € V, u # 0, and U = span[T,u]. If U = V the claims are a conse-
quence of (5.2.4) as explained above. Otherwise, U and V/U have both dimen-
sion smaller than n and, by Proposition 4.4.3 applied to T'— A, (exercise 1V.4.2)
we have X7 = X, Xty BY the induction hypothesis, X7, u (Ty,u) =0,
which means that X7, , (T') maps V into U, and since X, (T") maps U to 0
we have x(T) = 0. <

The additional claim is:

Proposition. Every prime factor of X 1 is a factor of minPr ,, for some u € V.
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PROOF: We return to the proof by induction, and add the statement of the
proposition to the induction hypothesis. Each prime factor of x is either a
factor of X7, or of X7, Ju and, by the strengthened induction hypothesis, is
either a factor of minPr , or of minPTwu,,; forsome v = v+ U € V/U.

In the latter case, observe that minPr ,(7')v = 0. Reducing mod U gives
minPr ,(7y,/4)0 = 0, which implies that minPTwwg divides minP,. <«

5.2.3 Going back to the matrix defined in (5.2.2), let P(z) = 2" + 3 bja’
be an arbitrary monic polynomial, the matrix

00 ... 0 —b
1 0 —b
(5.2.5) 01 0 —b
00 ... 1 —b,

is called the companion matrix of the polynomial P.
If {ug,...,up—1} is a basis for V, and S € L(V) is defined by: Su; =

ujy1 for j < n —1, and Su,—1 = —28_2 bju;. Then ug is cyclic for
(V,S), the matrix (5.2.5) is the matrix Ag, of S with respect to the basis
u = {ug,...,up—1}, and mnPg ,, = P.

Thus, every monic polynomial of degree n is minPg ,, the minimal poly-
nomial of some cyclic vector u in an n-dimensional system (V, S).

5.2.4 THE MINIMAL POLYNOMIAL.

Let T € L(V). The set Ny = {P: P € Flz|, P(T) = 0} is an ideal in
FF[x]. The monic generator® for M, is called the minimal polynomial of T and
denoted minPt. To put it simply: minPr is the monic polynomial P of least
degree such that P(T) = 0.

Since the dimension of £(V) is n?, any n? + 1 powers of T are linearly
dependent. This proves that 97 is non-trivial and that the degree of minPr is
at most n?. By the Hamilton-Cayley Theorem, X € M which means that
minPr divides X, and its degree is therefore no bigger than n.

See A.6.1
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The condition P(T") = 0 is equivalent to “P(T)v = 0 for all v € V",
and the condition “P(T")v = 0 is equivalent to minPr , divides minPt. A
moment’s reflection gives:

Proposition. minP is the least common multiple of minPr ,, for all v € V.
Invoking proposition 5.2.2 we obtain
Corollary. Every prime factor of X is a factor of minPr.

We shall see later (exercise V.3.7) that there are always vectors v such that
minP is equal to MNP .

5.2.5 The minimal poynomial gives much information on 7" and on polyno-
mials in 7.

Lemma. Let Py be a polynomial. Then Pi(T) is invertible if, and only if, P
is relatively prime to minPr.

PROOF: Denote P = ged(P;, minPt). By Theorem A.6.2, there exist poly-
nomials ¢, g; such that g1 P, + ¢gminPp = P. Substituting 7" for x we have
a(T)P(T) = P(T).

If P =1, P, (T) is invertible and ¢; (T') is its inverse.

If P # 1 we write minPt = PQ, so that P(T)Q(T") = minP¢(T) =0
and hence ker(P (7)) D range(Q(T)). The minimality of minPt guarantees
that Q(T') # 0 so that range(Q(7")) # {0}, and since P is a factor of P,
ker(P1(T")) D ker(P(T')) # {0} and P;(T) is not invertible. <

Comments:

a. If Pj(x) = xz, the lemma says that 7 itself is invertible if, and only if,
minP(0) # 0. The proof for this case reads: if mMinPr = zQ(x), and T is
invertible, then Q(7") = 0, contradicting the minimality. On the other hand if
minPr(0) = a # 0, write R(z) = a~'27!(a — minP7), and observe that
TR(T)=1I—a 'minPp(T) =1.

b. If minPt is P(x), then the minimal polynomial for 7"+ X is P(xz — \).
It follows that 7" — X is invertible unless x — A divides minP, that is unless
minPt(A\) = 0.
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EXERCISES FOR SECTION 5.2

V.21. LetT € £(V) and v € V. Prove that if u € span[T, v], then minPr ,, divides
minPr ,.

V.2.2. Let U be a T-invariant subspace of ) and Ty, the operator induced on V/U.
Letv € V, and let v be its image in V/U. Prove that minPTww; divides minPr .
V.23, If (W, T) is cyclic (has a cyclic vector), then every S that commutes with T'
is a polynomial in 7. (In other words, P(T') is a maximal commutative subalgebra of
L(V).)

Hint: TIf v is cyclic, and Sv = P(T')v for some polynomial P, then S = P(T)
V24. (V,T) is cyclic if, and only if, deg minPt = dim V

V.2.5. If minPr is irreducible then minPt ,, = minP for every v # 0 in V.

V.2.6. Let Py, P, € F[z]. Prove: ker(Py(T)) Nker(Py(T)) = ker(ged (P, P2)).

V.2.7.  (Schur’s lemma) A system {W, S}, S C L(W), is minimal if no nontrivial
subspace of W is invariant under every S € S.
Assume {W, S} minimal, and T' € L(W).

a. If T commute with every S € S, so does P(T') for every polynomial P.

b. If T commute with every S € S, then ker(T") is either {0} or WW. That means that
T is either invertible or identically zero.

c. With T as above, the minimal polynomial minPr is irreducible.

d. If T commute with every S € S, and the underlying field is C, then 7" = Al

Hint: The minimal polynomial of 7' must be irreducible, hence linear.
V.2.8. Assume T invertible and deg minPt = m. Prove that
MNP (z) = cz™ minPr(z 1),

where ¢ = minPr(0) L.

V.29. LetT € L£(V). Prove that minP vanishes at every zero of X .
Hint: Tf Tv = Av then T*v = A\*v and P(T)v = P(\)v for any polynomial.

V.2.10.  What is the characteristic, resp. minimal, polynomial of the 7 x 7 matrix
(ai,j) defined by

{1 if3<j=i+1<7,
i =

0 otherwise.
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V.2.11.  Assume that A is a non-singular matrix and let ¢(z) = z* + 2’5*1 ajx’
be its minimal polynomial. Prove that ag # 0 and explain how knowing ¢ gives an

efficient way to compute the inverse A~

5.3 REDUCING.

5.3.1 Let (V,T) be a linear system. A subspace Vi C V reduces T if it is
T-invariant and has a T-invariant complement, that is, a 7-invariant subspace
Vo such that YV = V; @ Vs.

A system (V,T') that admits no reducing subspaces is irreducible. We say
also that 1" is irreducible on V. An invariant subspace is irreducible if T" re-
stricted to it is irreducible .

Theorem. Every system (V,T') is completely decomposable, that is, can be
decomposed into a direct sum of irreducible systems.

PROOF: Use induction on n = dim V. If n = 1 the system is trivially irre-
ducible. Assume the validity of the statement for n < N and let (V,T') be of
dimension N. If (V, T) is irreducible the decomposition is trivial. If (V,T') is
reducible, let V = V1 @ V5 be a non-trivial decomposition with T-invariant V;.
Then dim V; < N, hence each system (V;, Ty, ) is completely decomposable,
Vj = @y Vjx with every V; ,, T-invariant, and V = @; ;, V; k.- |

Our interest in reducing subspaces is that operators can be analyzed sepa-
rately on each direct summand (of a direct sum of invariant subspaces).

The effect of a direct sum decomposition into 7T'-invariant subspaces on the
matrix representing 7' (relative to an appropriate basis) can be seen as follows:

Assume V = V| @ Vs, with T-invariant V;, and {v1, ..., v,} is a basis for
V such that the first k elements are a basis for V; while the the last] = n — k
elements are a basis for Vs.

The entries a; ; of the matrix A of T relative to this basis are zero unless
both ¢ and j are < k, or both are > k. Ap consists of two square blocks
centered on the diagonal. The first is the k£ x k matrix of T restricted to V;
(relative to the basis {v1,...,vr}), and the second is the | x [ matrix of T’
restricted to Vs (relative to {viy1,...,Un}).
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Similarly, if V = EB§=1 V; is a decomposition with T-invariant compo-
nents, and we take as basis for ) the union of s successive blocks—the bases
of V}, then the matrix A relative to this basis is the diagonal sum® of square
matrices, A;, i.e., consists of s square matrices Ay,..., Ay along the diagonal
(and zero everywhere else). For each j, A; is the matrix representing the action
of T" on V; relative to the chosen basis.

5.3.2 The rank and nullity theorem (see Chapter II, 2.5) gives an immediate
characterization of operators whose kernels are reducing.

Proposition. Assume V finite dimensional and T € L(V). ker(T') reduces T
if, and only if, ker(T') N range(T') = {0}.

PROOF: Assume ker(7") Nrange(T') = {0}. Then the sum ker(7") 4 range(T)
18 a direct sum and, since

dim (ker(T") & range(T')) = dim ker(7T') + dim range(T) = dim V,

we have V = ker(T") & range(T"). Both ker(T") and range(7’) are T-invariant
and the direct sum decomposition proves that they are reducing.
The opposite implication is proved in Proposition 5.3.3 below. <

Corollary. ker(T) and range(T) reduce T if, and only if, ker(T?) = ker(T).

PROOF: For any T € L(V) we have ker(T?) 2 ker(T) and the inclusion is
proper if, and only if, there exist vectors v such that v # 0 but T%v = 0,
which amounts to T'v € ker(T). <

5.3.3 Given that V; C V reduces T—there exists a T'-invariant V5 such that
Y = Vi @ Vo—how uniquely determined is V». Cosidering the somewhat ex-
treme example 7' = I, the condition of T-invariance is satified trivially and we
realize that Vs is far from being unique. There are, however, cases in which the
“complementary invariant subspace”, if there is one, is uniquely determined.
We propose to show now that this is the case for the 7T-invariant subspaces
ker(T') and range(T).

8Also called the direct sumof Aj,j =1,...,s
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Proposition. Let V be finite dimensional and T € L(V).

a. If Vo C Vis T-invariant and V = ker(T') & Vs, then Vo = range(T).

b. If Vi C Vis T-invariant and ¥V =V @ range(T'), then V| = ker(T).
PROOF: a. As dim ker(T") +dim Vo = dim V = dim ker(T") + dim range(T'),
we have dim Vo = dimrange(T'). Also, since ker(T) N Vo = {0}, T is 1-1
on Vs, and dim 7'V, = dim range(7"). Now, TV, = range(T") C Vs and, since
they have the same dimension, V2 = range(T).

b. TV: C V1 Nrange(T) = {0}, and hence V; C ker(T'). Since V; has the
same dimension as ker(7") they are equal. <

5.3.4 THE CANONICAL PRIME-POWER DECOMPOSITION.

Lemma. If P, and P, are relatively prime, then
(5.3.1) ker(P1(T')) Nker(P(T)) = {0}.

If also Pi(T)P>(T) = 0 then V = ker(P1(T)) @ ker(P2(T")), and the corre-

sponding projections are poynomials in T

PROOF: Given that P, and P» are relatively prime there exist, By Appendix
A.6.1, polynomials ¢;, g2 such that g1 P; + g2 P> = 1. Substituting 7" for the
variable we have

(5.3.2) q(T)P(T) + ¢2(T)P(T) = 1.

If v € ker(P1(T)) N ker(Py(T)), that is, P (T)v = Po(T)v = 0, then
v =q1(T)Pi(T)v + q2(T)Po(T)v = 0. This proves (5.3.1) which implies, in
particular, that dim ker(P;(T")) + dim ker(P(7T)) < n.

If P\(T)P(T) = 0, then the range of either P;(7") is contained in the
kernel of the other. By the Rank and Nullity theorem

n = dim ker(P;(T"))+ dim range(P; (T"))

(5.3.3)
<dimker(Pi(T)) + dim ker(P(T)) < n.

It follows that dimker(P;(7")) + dimker(P»(T")) = n, which implies that
ker(Py(T)) @ ker(P»(T)) is all of V. <
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Observe that the proof shows that
(5.3.4) range(P1(T)) = ker(Py(T)) and range(P(T)) = ker(Py(T)).

Equation (5.3.2) implies that ¢2(T") = q1(T)Pi(T) = I — q2(T) P(T) is
the identity on ker( P (7)) and zero on ker(P;(7T')), that is, o is the projection
onto ker(P»(T")) along ker(Py(T)).

Similarly, ¢1(7") = ¢2(T)P>(T) is the projection onto ker(P;(7")) along
ker(Py(T)).

Corollary. For every factorization minPr = ngl Pj into pairwise relatively
prime factors, we have a direct sum decomposition of V

l
(5.3.5) V = P ker(P;(T)).
j=1
PROOF: Use induction on the number of factors. P |

For the prime-power factorization minPt = [] @Tj , where the ®;’s are
distinct prime (irreducible) polynomials in F[x], and m; their respective multi-
plicities, we obtain the canonical prime-power decomposition of (V,T):

k
(5.3.6) V = P ker(®77(T)).
j=1

The subspaces ker(éznj (T")) are called the primary componentsof (V,T)

Comments: By the Cayley-Hamilton theorem and corollary 5.2.4, the prime-
power factors of x are those of minPr, with at least the same multiplicities,
that is:

(5.3.7) xr=[[®7, with s; >m;.

The minimal polynomial of 7" restricted to ker(@?j (1)) is @;nj and its
characteristic polynomial is <I>;j . The dimension of ker(<I>;.nj (T))is sj deg(P;).

JANUARY 1, 2006 —DRAFT—



V. INVARIANT SUBSPACES 79

5.3.5 When the underlying field F is algebraically closed, and in particular
when F = C, every irreducible polynomial in F[z] is linear and every polyno-
mial is a product of linear factors, see Appendix A.6.5.

Recall that the spectrum of T is the set o(T) = {\;} of zeros of X or,
equivalently, of minPr. the prime-power factorization of minPr (for systems
over an algebraically closed field) has the form minPr = [[5co () (2 — A)m)
where m(\) is the multiplicity of A in minP.

The space V) = ker((T — X\)™M) is called the generalized eigenspace, or,
nilspace of A. The canonical decomposition of (V,T') is given by:

(5.3.8) V= V.
Aeo(T)

5.3.6  The projections ¢ (T') corresponding to the the canonical prime-power
decomposition are given by ¢, (T') = ¢;(T) [1;-; ®;"*(T), where the polyno-
mials g; are given by the representations (see Corollary A.6.2)

¢ iz @ + ;@77 = 1.

An immediate consequence of the fact that these are all polynomials in 7" is
that they all commute, and commute with 7.

If W C Vis T-invariant then the subspaces ¢, (T)W = WnN ker((I';nj (1)),
are T-invariant and we have a decomposition

k
(5.3.9) W=, T)W
j=1
Proposition. The T'-invariant subspace VV is reducing if, and only if, ¢ ; (T)w
is a reducing subspace of ker(@?nj (T)) for every j.
PROOF: If W is reducing and U/ is a T-invariant complement, then
ker(87(T)) = ,(T)V = @, (T)W & ¢, (T)U,

and both components are T -invariant.
Conversely, if U; is T-invariant and ker(®" (T)) = o;(T)W & Uj, then
U = @ U, is an invariant complement to W. <
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5.3.7 Recall (see 5.3.1) thatif V = @5:1 Vj is a direct sum decomposition
into 7" invariant subspaces, and if we take for a basis on V the union of bases of
the summands V;, then the matrix of 7" with respect to this basis is the diagonal
sum of the matrices of the restrictions of 7" to the components V;. By that we

mean
A 0 0 0
0 A O 0

(5.3.10) Ap=10 0 A3 O

0 0 0 0 A
where A; is the matrix of T3 v, (the restriction of 7" to the component V; in the
decomposition.)

EXERCISES FOR SECTION 5.3
V3.1, LetT € L£(V), k > 0 and integer. Prove that ker(T*) reduces 7T if, and only
if ker(TF+1) = ker(T*).
Hint: Both ker(T*) and range(T"*) are T-invariant.
V.32, LetT € L(V),and V = U @ W with both summands T-invariant. Let 7 be
the projection onto U along W. Prove that v commutes with 7.
V.3.3.  Prove that if (V,T) is irreducible, then its minimal polynomial is “prime
power” that is, mMinPt = ®™ with ® irreducible and m > 1.
V34, ItV = ker(@;"-’ (T")) is a primary component of (V, T), the minimal polyno-
mial of Ty, is ®".
V.3.5. Show that if minPt = ®™, with ® irreducible, then there exist vectors v € V
such that minPr ,, = minPr.
V.3.6. Letw;, v € V and assume that minPr ,, and minPr ,, are relatively prime.
Prove that MNPt 4, 44, = MNPt ,, MNP ,,.
Hint:  Write P; = minPr,, @ = minPt ,, 4,,, and let ¢; be polynomials such
that ¢, P1 + g2 P> = 1. Then Qqa Py (T)(v1 + v2) = Q(T)(v1) = 0, and so P, | Q.
Similarly P, | Q, hence Py Py | Q. Also, Py Py(T)(vy + v2) = 0, and Q | P Ps.
V.3.7. Show that there always exist vectors v € V such that minPr , = minPr.

Hint: use the prime-power decomposition and the previous exercise.
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5.4 SEMISIMPLE SYSTEMS.

5.4.1 DEFINITION: The system (V,T') is semisimple if every T-invariant
subspace of V is reducing.

Theorem. The system (V,T) is semisimple if, and only if, minPr is square
free (that is, the multiplicities m; of the factors in the canonical factorization
minPy = [[®}" are all 1).

PROOE: Proposition 5.3.6 reduces the general case to that in which minPr is
®™ with @ irreducible.

a. When m > 1. ®(T) is not invertible and hence the invariant subspace
ker(®(T)) is non-trivial nor is it all of V. ker(®(7)?) is strictly bigger than
ker(®(T')) and, by corollary 5.3.2, ker(®(T")) is not ®(T")-reducing, and hence
not 7T'-reducing.

b. When m = 1. Observe first that minPr , = @ for every non-zero v € V.
This since minP ,, divides ® and @ is prime. It follows that the dimension
of span[T,v] is equal to the degree d of ®, and hence: every non-trivial T-
invariant subspace has dimension > d.

Let W C V be a proper T-invariant subspace, and v; ¢ V. The subspace
span[T’, v1] N is T-invariant and is properly contained in span[7’, v1], so that
its dimension is smaller than d, hence span[T’, v1] N VW = {0}. It follows that
Wi = span[T, (W, v1)] =W @ span[T’, v1].

If Wi # V, letva € V \ Wy and define Wy = span[T, WV, v1,v2)]. The
argument above shows that Wy = W @ span[T’, v;| @ span[T’, v2]. This can be
repeated until, for the appropriate’ k, we have

(5.4.1) V=Weo& @?:1 span[T’, v;]
and @} span[T’, v;] is clearly T-invariant. <

Remark: Notice that if we take YW = {0}, the decomposition (5.4.1) expresses
(V,T) as a direct sum of cyclic subsystems.

"The dimension of Wit1 is dim W; + d, so that kd = dim V — dim W.
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5.4.2 1If (V,T) is semisimple and F is algebraically closed, and in particular
if F = C, all irreducible polynomials in F|x] are linear. If ®;(7) = T — A,
with \; € T, then the canonical prime-power decomposition has the form

(5.4.2) V = Pker(T - ))),

and, for each j, the restriction of 7" to ker(7" — ;) is just multiplication by ;.

5.4.3 If Fis not algebraically closed and minPt = @ is irreducible, but non-
linear, we have much the same phenomenon, but in somewhat hidden form.

Lemma. Let T € L(V), and assume that minPr is irreducible in F[z]. Then
P(T)={P(T): P € Flx]} is a field.

PROOF: If P € F[z| and P(T') # 0, then ged(P, ®) = 1 and hence P(T) is
invertible. Thus, every non-zero element in P(7") is invertible and P(7") is a
field. <

*5.4.4 'V can now be considered as a vector space over the extended field
P(T') by considering the action of P(T') on v as a multiplication of v by the
“scalar” P(T) € P(T). This defines a system (Vp(7),T). A subspace of
(Vp(r)) is precisely a T-invariant subspace of V.

The subspace span[T’,v], in V (over F) becomes “the line through v in
(Vp(1))”, i.e. the set of all multiples of v by scalars from P(7T'); the statement
“Every subspace of a finite-dimensional vector space (here V over P (7)), has
a basis.” translates here to: “Every T-invariant subspace of V is a direct sum of
cyclic subspaces, that is subspaces of the form span[T’, v].”

EXERCISES FOR SECTION 5.4

V4.1. a. If T is diagonalizable then (V,T') is semisimple.
b. IfF is algebraically closed and (), T') is semisimple, then 7" is diagonalizable

V4.2. Analgebra B C L(V) is semisimple if every T € B is semisimple. Prove

that if B is commutative and semisimple, then dim B < dim V.
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V4.3. LetV =V, @)V, andlet B C L(B) be the set of all the operators .S such that
SV1 C Vo, and SV, = {0}. Prove that B is a commutative subalgebra of £(V) and
that dim B = dim Vy dim V;. When is B semisimple?

. b
V4.4. Let B be the subset of M(2;R) of the matrices of the form [ ab } . Prove
a

that B is an algebra over R, which is in fact a field isomorphic to C.

V.4.5. LetV be an n-dimensional real vector space, and T' € £()) an operator with
non-linear irreducible minimal polynomial. Prove that n is even and explain: (V,T) is

“isomorphic” to (C"/2, sI) (s a complex number, I the identity on C"/2),

5.5 NILPOTENT OPERATORS

The canonical prime-power decomposition reduces every system to a direct
sum of systems whose minimal polynomial is a power of an irreducible polyno-
mial ®. If F is algebraically closed, and in particular if F = C, the irreducible
polynomials are linear, ®(x) = (x — \) for some scalar A\. We consider here
the case of linear ®, and discuss the general case in section * 5.6.

If minP = (z—\)™, then MinP 1.y = 2™ and the structure of § = T'—\
clarifies the structure of 7. We therefore focus on the case A = 0.

5.5.1 DEFINITION: An operator 7' € L(V) is nilpotent if for some posi-
tive integer k, T = 0. The height of (V,T), denoted height[(V, T)], is the
smallest positive & for which 7% = 0.

If 7% =0, minPr divides 2, hence it is a power of z. In other words, T'
is nilpotent of height k if minP(z) = z*.

For every v € V, minPt ,(z) = 2! for an appropriate . The height,
height[v], of a vector v (under the action of T') is the degree of minPr ,, that
is smallest integer [ such that T'v = 0. It is the height of T, where W =
span[T’, v], the span of v under 7'. Since for v # 0, height[T'v] = height[v] — 1,
elements of maximal height are not in range(7).

EXAMPLE: V is the space of all (algebraic) polynomials of degree bounded by
m, (so that {7 }Lo is a basis for V), T the differentiation operator:

m ] m ) m—1 ]
(5.5.1) T aja’) =) jaja’ ' = (j+ Dajyia’.
0 1 0
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The vector w = ™ has height m + 1, and {7/ w}'l is a basis for V (so that
w is a cyclic vector). If we take v; = % as basis elements, the operator
takes the form of the standard shift of height m + 1.

DEFINITION: A k-shift is a k-dimensional system {)V, T’} with T nilpotent
of height k. A standard shift is a k-shift for some k, that is, a cyclic nilpotent
system.

If {V, T} is a k-shift, vg € V and height[v] = k, then {T7v}"_] is a
basis for V, and the action of 7" is to map each basis element, except for the

last, to the next one, and map the last basis element to 0. The matrix of 1" with
respect to this basis is

0 0 0 0
1 0 00
(5.5.2) Apy =01 ... 00
00 ... 10

Shifts are the building blocks that nilpotent systems are made of.

5.5.2 Theorem (Cyclic decomposition for nilpotent operators). Ler (V,T)
be a finite dimensional nilpotent system of height k. ThenV = @ V;, where V;
are T-invariant, and (V;,Ty,) is a standard shift.

Moreover, if we arrange the direct summands so that k; = height[(V;,T')]
is monotone non-increasing, then {k;} is uniquely determined.

PROOF: We use induction on k& = height[(V, T)].

a. Ifk = 1, then T' = 0 and any decomposition V = @ V; into one dimen-
sional subspaces will do.

b. Assume the statement valid for systems of height less that k£ and let (V, T")
be a (finite dimensional) nilpotent system of height k.

Write Wi, = ker(T) N TV, and let Wo,e C ker(T') be a complementary
subspace, i.e., ker(T) = Win @ Wout.

(T'V,T) is nilpotent of height £ — 1 and, by the induction hypothesis,
admits a decomposition TV = j., ]7]- into standard shifts. Denote [; =
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height[(V;, T)]. Let ©; be of height I; in V; (so that V; = span|[T, @;]), and
observe that {T%~15,} is a basis for Wi,.

Let v; be such that 0; = T'vj;, write V; = span[T,v;], and let Woye =
@D, <; WV, be a direct sum decomposition into one dimensional subspaces. The
claim now is

(5.5.3) V=@pVv,ePw.
To prove (5.5.3) we need to show that the spaces {V;, Wi}, i = 1,...,1,
J =1,...,m, are independent and span V.

Independence: Assume there is a non-trivial relation > u; + > w; = 0
with u; € V; and w; € W;. Let h = max height[u;].

If h > 1, then . Th 1y, = 701 (Z uj + sz‘) = 0 and we obtain a
non-trivial relation between the 17j’s. A contradiction.

If h = 1 we obtain a non-trivial relation between elements of a basis of
ker(T). Again a contradiction.

Spanning: Denote U = span[{W;,V;},i=1,....l,j=1,...,m. TU
contains every v;, and hence T'UY = T'V. It folows that ¢/ D W, and since it
contains (by its definition) Wot, we have U D ker(T).

For arbitrary v € V, let v € U be such that Tv = T'0. Thenv — ¥ €
ker(T) C U sothatv € U,and U = V.

Finally, if we denote by n(h) the number of summands V; in (5.5.3) of
dimension (i.e., height) h, then n(k) = dim T*~1V while, forl = 0,...,k—2,
we have

k
(5.5.4) dimTV = > (h—1)n(h),
h=I[+1

which determines {n(h)} completely. <
Corollary. An irreducible nilpotent system is a standard shift.

EXERCISES FOR SECTION 5.5

V.5.1. Assume F = R and minPt = ®(z) = 22 + 1. Prove that a + bT + a + bi is
a (field) isomorphism of Fg onto C.
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What is Fg if minPr = &(x) = 22 + 3?2
V.5.2. Assume minPt = ®™ with irreducible ®. Can you explain (justify) the

statement: (V,T) is “essentially” a standard m-shift over F.

%5.6 THE CYCLIC DECOMPOSITION

We now show that the canonical prime-power decomposition can be refined
to a cyclic decomposition.

DEFINITION: A cyclic decomposition of a system (V, T') is a direct sum de-
composition of the system into irreducible cyclic subspaces, that is, irreducible
subspaces of the form span[T’, v].

The summands in the canonical prime-power decomposition have the form
ker(®™(T")) with an irreducible polynomial ®. We show here that such sys-
tems (whose minimal polynomial is ®™, with irreducible ®) admit a cyclic
decomposition.

In the previous section we proved the special case® in which ®(z) = .
If we use the point of view proposed in subsection x5.4.4, the general case
is nothing more than the nilpotent case over the field P(7") and nothing more
need be proved.

For the reader not used to switching underlying fields we repeat the proof
of the nilpotent case in the present context.

5.6.1 We assume now that minPt = ®" with irreducible ¢ of degree d. For
every v € V, minPr , = ®+(W) 1 < k < m, and max, k(v) = m; we refer to
k(v) as the ®-height, or simply height, of v.

Theorem. There exist vectors vj € V such thatV = @ span|[T’,v;]. Moreover,
the set of the ®—heights of the v;’s is uniquely determined.

PROOF: We use induction on the ®-height m.
a. m=1. See5.4.

b. Assume that minPt = @, and the theorem valid for heights lower than m.
Write Wi, = ker(®(T"))N®(T)V and let Woye C ker(®(7')) be a complemen-

8Notice that when ®(x) = z, a cyclic space is what we called a standard shift.
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tary T-invariant subspace, i.e., ker(®(7")) = Wi, @ Wout- Such complemen-
tary T-invariant subspace of ker(®(7")) exists since the system (ker(® (7)), T)
is semisimple, see 5.4.

(®(T')V,T) is of height m — 1 and, by the induction hypothesis, admits
a decomposition (7)Y = Dj., V; into cyclic subspaces, V; = span[T, ;.
Let v; be such that v; = ®(T")v;.

Write V; = span[T, vj], and let Wyt = @ig W; be a direct sum decom-
position into cyclic subspaces. The claim now is

(5.6.1) V=PpV;ePw.
To prove (5.6.1) we need to show that the spaces {V;, Wi}, i = 1,...,1,
j =1,...,m, are independent, and that they span V.

Independence: Assume there is a non-trivial relation ) u; + > w; = 0
with u; € V; and w; € W;. Let h = max ®-height[u;].
If h > 1, then 3 ®(T)"u; = @(T)h_l(z uj + Zwi) = 0 and we

obtain a non-trivial relation between the 17]-’5. A contradiction.

If h = 1 we obtain a non-trivial relation between elements of a basis of
ker(®)(T"). Again a contradiction.

Spanning: Denote U = span[{W;,V;}],i=1,...,1,j =1,...,m. No-
tice first that U D ker(T").

®(T')U contains every 0, and hence TU = TV. Forv € V, let v € U be
such that Tv = T'0. Thenv — ¥ € ker(T)) C U sothatv € U,and U = V.

Finally, just as in the previous subsection, denote by n(h) the number of
v;’s of ®-height & in the decomposition. Then dn(m) = dim ®(7)™~1V and,
forl =0,...,m — 2, we have

k
(5.6.2) dm®(T)'V=d Y (h—Un(h),
h=l+1
which determines {n(h)} completely. <
5.6.2 THE GENERAL CASE.

We now refine the canonical prime-power decomposition (5.3.6) by apply-
ing Theorem 5.6.1 to each of the summands:
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Theorem (General cyclic decomposition). Let (V,T) be a linear system over
afield F. Let minPt =[] <I>;nj be the prime-power decomposition of its mini-
mal polynomial. Then (V,T') admits a cyclic decomposition

V=V

For each k, the minimal polynomial of T on Vy, is @3((]?) for some l(k) < mj(k)»
and my,y = max (k).

The polynomials (ID;((IZ)) are called the elementary divisors of T'.

Remark: We defined cyclic decomposition as one in which the summands are
irreducible. The requirement of irreducibility is satisfied automatically if the
minimal polynomial is a “prime-power”, i.e., has the form ®"" with irreducible
®. If one omits this requirement and the minimal polynomial has several rela-
tively prime factors, we no longer have uniqueness of the decomposition since
the direct sum of cyclic subspaces with relatively prime minimal polynomials
is itself cyclic.

EXERCISES FOR SECTION 5.6

V.6.1. Assume minPr , = ®™ with irreducible ®. Let u € span[T’, v], and assume
®-height[u] = m. Prove that span[T’, u] = span[T’,v].

V.6.2.  Give an example of two operators, 7' and S in £(C®), such that minPy =
minPg and X = X4, and yet S and T are not similar.

V.6.3. Assume F is a subfield of F;. Let By, By € M(n,F) and assume that they
are Fy-similar, i.e., B, = C~!B;C for some invertible C € M(n,F;). Prove that

they are F-similar.

5.7 THE JORDAN CANONICAL FORM

5.7.1 BASES AND CORRESPONDING MATRICES. Let (V,T) be cyclic,
that is V = span[T, v], and minPt = minPr, = ®™, with ® irreducible of
degree d. The cyclic decomposition provides several natural bases:

i. The (ordered) set {7V v}?;”(f 1is a basis, and the matrix of T" with respect
to this basis is the companion matrix of ™.
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ii. Another natural, and in some ways more useful, basis in this context is
(5.7.1) {(TFoyZ u{e() Ty U - U {e(T)™ TR ]

And the matrix Agm of T relative to this ordered basis consists of m copies
of the companion matrix of ® arranged on the diagonal, with 1’s in the unused
positions in the sub-diagonal.

If Ag is the companion matrix of ¢ then the matrix Aga is

(5.7.2) Ags =
Ag

As

5.7.2 Consider the special case of linear ®, which is the rule when the un-
derlying field IF is algebraically closed, and in particular when F = C.

If ®(z) = x — A for some A € F, then its companion matrix is 1 x 1 with
A its only entry.

Since now d = 1 the basis (5.7.1) is now simply {(T — \)/v ;7”‘:*01 and the
matrix A,_)m in this case is the m X m matrix that has all its diagonal entries
equal to A, all the entries just below the diagonal (assuming m > 1) are equal
to 1, and all the other entries are 0.

0 0 0 0
1 0 0 0
1A 0 0
(5.7.3) Ag_sym = :
0 0 1 0
0 0 DY
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5.7.3 THE JORDAN CANONICAL FORM. Consider a system (V,T") such
that all the irreducible factors of minPr are linear, (in particular, an arbitrary

system (V,T') over C). The prime-power factorization of minP is now °

minPr = [ (z—N"W
Xeo(T)

where m(A) is the multiplicity of A in minPr.
The space V) = ker((T — A\)™™) is called the generalized eigenspace or
nilspace of A, see 5.3.4. The canonical decomposition of (V,T') is given by:

(5.7.4) V= P V.
Aeo(T)
For A € o(T), the restriction of 7' — X to V) is nilpotent of height m(\).
We apply to V) the cyclic decomposition

V= @ span[T, v;].

and take as basis in span[T’, v;] the set {(T" — )\)Svj}];iv({)_l, where h(v;) is the
(T — X)-height of v;.

The matrix of the restriction of 7" to each span[T’, v;] has the form (5.7.3),
the matrix A7y, of T'on V) is the diagonal sum of these, and the matrix of T’
on V is the diagonal sum of Ay, forall A € o(T).

5.7.4 THE CANONICAL FORM FOR REAL VECTOR SPACES. When
(V,T) is defined over R, the irreducible factors & of minPr are either linear
or quadratic, i.e., have the form

O(x) =z — A, or ®(z) = 2> +2bx +c with b —c<O0.

The companion matrix in the quadratic case is

0 —c
(5.7.5) L —Qb] .

Recall that the spectrum of T is the set o(T) = {\;} of the eigenvalues of T, that is,
the set of zeros of minPr.
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(Over C we have 2% + 2bz +c = (x — A)(z — \) with A = —b+ /b2 — ¢, and
the matrix similar to the diagonal matrix with A and \ on the diagonal.)

EXERCISES FOR SECTION 5.7

V.7.1. Assume that vy, ..., vy are eigenvectors of 1" with the associated eigenvalues

A1, ..., A\ all distinct. Prove that vy, . . ., vy are linearly independent.

V.7.2.  Show that if we allow complex coefficients, the matrix (5.7.5) is similar to
[i)\ ﬂ with A = —b+ Vb2 —c.

0 2
V.7.3. T is given by the matrix Ay = |1 0| acting on F3.
0 1 0
a. What is the basic decomposition when F = C, when F = R, and when F = Q?
b. Prove that when IF = Q every non-zero vector is cyclic. Hence, every non-zero
rational vector is cyclic when F = R or C.

0
0

c. What happens to the basic decomposition under the action of an operator S that
commutes with 7'?

d. Describe the set of matrices A € M(3;F) that commute with Ay where
F =C, R, resp. Q.

V.7.4. Prove that the matrix {(1) 0

derlying field is R, and is diagonalizable over C. Why doesn’t this contradict exercise
V.6.3?

V.7.5. Let A € M(n;C) such that {A7:j € N} is bounded (all the entries are
uniformly bounded). Prove that all the eigenvalues of A are of absolute value not

} is not similar to a triangular matrix if the un-

bigger than 1. Moreover, if A € o(A4) and |A| = 1, there are no ones under X in the
Jordan canonical form of A.

V.7.6. Let A € M(n;C) such that {47:j € Z} is bounded. Prove that A is
diagonalizable, and all its eigenvalues have absolute value 1.
V77, LetT € L(V). Write X = [] <I>;.nj with ®; irreducible, but not necessar-

ily distinct, and m; are the corresponding heights in the cyclic decomposition of the
system.

Find a basis of the form (5.7.1) for each of the components. and describe the

matrix of T relative to this basis.
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V.7.8.  Let A be the m x m matrix A, _x)~ defined in (5.7.3). Compute A™ for all
n > 1.

5.8 FUNCTIONS OF AN OPERATOR

5.8.1 THEORETICAL. If P =3} aj:):j is a polynomial with coefficients in
[F, we defined P(T') by

P(T) =Y a;T.

Is there a natural extension of the definition to a larger class of functions?

The map P — P(T) is a homomorphism of F[z]| onto a subalgebra of
L(V). We can often extend the homomorphism to a bigger function space, but
in most cases the range stays the same. The advantage will be in having a better
match with the natural notation arising in applications.

Assume that the underlying field is either R or C.

Write minPr(2) = [[eo(r)(2 — )™M and observe that a necessary and
sufficient condition for a polynomial ) to be divisible by minP is that ) be
divisible by (z — \)"™) for every A € o(T), that is, have a zero of order at
least m(A) at . It follows that P, (T') = P»(T) if, and only if, the Taylor
expansion of the two polynomials are the same up to, and including, the term
of order m(\) — 1 atevery A € o(T).

In particular, if m(A\) = 1 forall A € o(T) (i.e., if (V,T) is semisimple)
the condition P;(A) = Pa(A) for all A\ € o(T) is equivalent to P, (T) =
P2 (T)

If f is an arbitrary numerical function defined on o ( T"), the only consistent
way to define f(7') is by setting f(T') = P(T') where P is any polynomial that
takes the same values as f at each point of o(T"). This defines a homomor-
phism of the space of all numerical functions on o (7") onto the (the same old)
subalgebra generated by 7" in L(V).

In the general (not necessarily semisimple) case, f needs to be defined and
sufficiently differentiable!® in a neighborhood of every A € o (T), and we
define f(T') = P(T') where P is a polynomial whose Taylor expansion is the

10That is, differentiable at least m(\) — 1 times.
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same as that of f up to, and including, the term of order m(\) — 1 at every
Aeo(T).

5.8.2 MORE PRACTICAL. The discussion in the previous subsection can
only be put to use in practice if one has the complete spectral information about
T—its minimal polynomial, its zeros including their multiplicities given ex-
plicitly.

One can often define F'(7T") without explicit knowledge of this information
if F' holomorphic in a sufficiently large set, and always if ' is an entire func-
tion, that is a function that admits a power series representation in the entire
complex plane. This is done formally just as it was for polynomials, namely,
for F'(z) = >°0° anz™, we write F/(T) = > 3° a,T™. To verify that the defini-
tion makes sense we check the convergence of the series. Since £()) is finite
dimensional so that all the norms on it are equivalent, we can use a submul-
tiplicative, “operator norm”, as defined by (2.6.1). This keeps the estimates a
little cleaner since ||7™|| < ||T'||", and if the radius of convergence of the series
is bigger than ||7'||, the convergence of Y §° a, 1™ is assured.

Two simple examples:

a. Assume the norm used is submultiplicative, and ||T’|| < 1, then (I — T)) is
invertible and (I — T)~! =320, T™.

b. Define e = TTT The series clearly convergent for every T' € L(V)
and number a. As a function of the parameter a it has the usual properties of
the exponential function. We can consider it as a function of 7" and check if
e(T+5) = ¢TeS. We find that the answer is yes if S and T’ commute, but no in
general.

EXERCISES FOR SECTION 5.8

V.8.1. Prove that e?7 e = e(at0)T,

V.8.2. Prove that if S and T commute, then e(T+5) = ¢Te¥,

V.8.3. Give an example of operators S and T such that e(T+5) £ ¢T'¢eS,
Hint: Try for eSe” # eTeS.
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Chapter VI

Operators on inner-product spaces

6.1 INNER-PRODUCT SPACES

Inner-product spaces, are real or complex vector spaces endowed with an
additional structure, called inner-product. The inner-product permits the in-
troduction of a fair amount of geometry. Finite dimensional real inner-product
spaces are often called Euclidean spaces. Complex inner-product spaces are
also called Unitary spaces.

6.1.1 DEFINITION:
a. An inner-product on a real vector space V is a symmetric, real-valued, posi-
tive definite bilinear form on V. That is, a form satisfying

1. (u,v) = (v,u)
2. (u,v) is bilinear.
3. (u,u) > 0, with (u,u) = 0 if, and only if, u = 0.

b. An inner-product on a complex vector space V is a Hermitian!, complex-
valued, positive definite, sesquilinear form on V. That is, a form satisfying

L (u,v) :W

2. (u,v) is sesquilinear, that is, linear in v and skew linear in v:

-
(Au,v) = Mu,v) and (u, \v) = Mu,v).
A

3. (u,u) > 0, with (u,u) = 0if and only if u = 0.

' A complex-valued form ¢ is Hermitianif o(u,v) = o(v, ).
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Notice that the sesquilinearity follows from the Hermitian symmetry, con-
dition 1., combined with the assumption of linearity in the first entry.

EXAMPLES:

a. The classical Euclidean n-space £" is R" in which (a, b) = 3" a;b; where
a=(ay,...,ap)and b = (by,...,by).

b. The space Cg([0, 1]) of all continuous real-valued functions on [0, 1]. The
inner-product is defined by (f, g) = [ f(z)g(z)dz.

c. InC"fora = (ai,...,a,)andb = (by,...,b,) we set (a,b) = 3 a;b;
which can be written as matrix multiplication: (a, b) = ab™. If we con-

al bl
sider the vector as columns,a = | : [ andb = | : | then (a,b) = bTa.

Qn bn

d. The space C([0,1]) of all continuous complex-valued functions on [0, 1].
The inner-product is defined by (f, g) = fol f(z)g(z)dz.

We shall reserve the notation H for inner-product vector spaces.

6.1.2 Given an inner-product space H we define a norm on it by:
6.1.1) loll = /(0,).
Lemma (Cauchy-Schwarz).
(6.1.2) [{u, )| < [lul]lv]l.
PROOF: If v is a scalar multiple of v we have equality. If v, v are not propor-
tional, then for A € R,
0 < (u+ M, u+ M) = |Jul|® + 2AR(u, v) + A\?||jv||.

A quadratic polynomial with real coefficients and no real roots has negative
discriminant, here (R (u,v))? — [Jul|?||v|* < 0.

For every 7 with |7| = 1 we have |R(ru,v)| < |Jul|||v|; take T such that
(Tu,v) = |(u,v)|. <
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The norm has the following properties:
a. Positivity: If v # 0 then ||v|| > 0; ||0|| = 0.
b. Homogeneity: ||av|| = |a|||v]| for scalars a and vectors v.
c. The triangle inequality: ||v + u|| < ||v]| + ||u]|-
d. The parallelogram law: ||v + ul|? + [[v — u[|? = 2(||v||? + ||u|?).
Properties a. and b. are obvious. Property c. is equivalent to
[l + lll® + 2%(v, w) < [Jo]]* + ull* + 2l|v] |[u],

which reduces to (6.1.2). The parallelogram law is obtained by “opening brack-
ets” in the inner-products that correspond the the various || ||2.

The first three properties are common to all norms, whether defined by an
inner-product or not. They imply that the norm can be viewed as length, and
p(u,v) = ||lu — v|| has the properties of a metric.

The parallelogram law, on the other hand, is specific to, and in fact charac-
teristic of, the norms defined by an inner-product.

A norm defined by an inner-product determines the inner-product, see ex-
ercises VI.1.11 and VL.1.12.

6.1.3 ORTHOGONALITY. Let H be an inner-product space. The vectors
v,u in H are (mutually) orthogonal, denoted v L w, if (v,u) = 0. Observe
that, since (u,v) = (v, u), the relation is symmetric: v L v <= v L w.

The vector v is orthogonal to a set A C H, denoted v L A, if it is orthog-
onal to every vectorin A. If v L A, u 1L A, and w € A is arbitrary, then
(av + bu, w) = a(v,w) + b(u, w) = 0. It follows that for any set A C H, the
set> A+ = {v:v L A} is a subspace of H.

Similarly, if we assume that v 1 A, w; € A, and wy € A, we obtain
(v, awy + bwg) = av,w1) + b{v,wz) = 0 so that v L (span[A]). In other
words: A+ = (span[A])*.

2This notation is consistent with 3.1.2, see 6.2.1 below.
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A vector v is normal if ||v]| = 1. A sequence {v1, ..., vy} is orthonormal
if

(6.1.3) (vi,v;) = 6;; (ie. Lifi =7, and 0ifi # j);

that is, if the vectors v; are normal and pairwise orthogonal.

Lemma. Let {u1,...,uy} be orthonormal, v, w € H arbitrary.

a. {uy,...,un} is linearly independent.

b. The vector vi = v — > 7" (v, u;)u;j is orthogonal to spanfuy, . . ., Up).

c. If {u, ..., up} is an orthonormal basis, then
m

(6.1.4) v="> (v,uj)u;.
1

d. Parseval’s identity. If {u., ..., un} is an orthonormal basis for H, then
m

(6.1.5) (v,w) = Z(v,uj><w,uj).

1

e. Bessel’s inequality and identity. If {u;} is orthonormal then

(6.1.6) > v ug) P < o]
If {u1,. .., un} is an orthonormal basis for H, then |[v||*> = S7"|(v, u;)|*
PROOF:

a. If 3" aju; = 0 then ap, = (3" ajuj,ui) = 0forall k € [1, m].

b. (v1,ug) = (v,u) — (v,ui) = 0 forall k € [1, m]; (skew-)linearity extends
the orthogonality to linear combinations, that is to the span of {u1, ..., Uy }.

c. If the span is the entire H, v; is orthogonal to itself, and so v; = 0.
d.

(v, w) = (v, ug)ug, So{w, uphur) = 325 (v, ug) (w, ug)(uy, up)
=25 (v, uy)(w, uj)

e. This is clearly weaker that (6.1.5). <
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6.1.4 Proposition (Gram-Schmidt). Let {v1,...,v,,} be independent. There

exists an orthonormal {uy, ..., uny} such that for all k € [1,m],
6.1.7) span[uy,...,u;|] = spanfvy,..., vl
PROOF: (By induction on m). The independence of {v1, ..., v,,} implies that

v1 # 0. Write u; = v1/||v1||. Then w; is normal and (6.1.7) is satisfied for
kE=1.

Assume that {uq,...,u;} is orthonormal and that (6.1.7) is satisfied for
k <. Since v;+1 ¢ span[{v,...,v;}] the vector

I
Uj41 = V41 — Z<Ul+17 uj)u;
j=1

is non-zero and we set w1 = U;4+1/|0141]|- <

One immediate corollary is: every finite dimensional  has an orthonormal
basis. Another is that every orthonormal sequence {w; }} can be completed to
an orthonormal basis. For this we observe that {u]}]f is independent, complete
it to a basis, apply the Gram-Schmidt process and notice that it does not change
the vectors u;, 1 < j < k.

If YW C 'H is a subspace, {v;}7 is a basis for H such that {v;}}" is a basis
for W, then the basis {u;}} obtained by the Gram-Schmidt process splits into
two: {u;}7 U {u;}" 1, where {u;}7" is an o.n. basis® for W and {u;}", 4
is one for WW. This gives a direct sum (in fact, orthogonal) decomposition
H=WaWw

The map

m

(6.1.8) T v Y (0,u5)u;
1

is called the orthogonal projection onto V. It depends only on WV and not on
the particular basis we started from. In fact, if v = v; + v = u; + ug with vy
and w1 in W, and both vy and us in W, we have

U1 — U :uz—UQEVVﬂVVL

3«o.n.” is short for “orthonormal”
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which means v1 — u; = ug — vo = 0.

6.1.5 The definition of the distance p(v1,v2) (= ||v1 — v2l|) between two
vectors, extends to that of the distance between a point (v € H) and a set
(E C H) by setting p(v, E) = inf,cg p(v,u). The distance between two
sets, B; C 'H j = 1,2, is defined by

(6.1.9) p(E1, E2) = inf{||v; — va| :v; € Ej}.

Proposition. Let W C H be a subspace, and v € H. Then
p(v, W) = [lv = 7w

In other words, v is the vector in W closest to v.

The proof is left as an exercise (VL.1.5) below).

EXERCISES FOR SECTION 6.1

VL.1.1. LetV be a finite dimensional real or complex space, and {v, . .., v, } a basis.

Explain: “declaring {v1, ..., v,} to be orthonormal defines an inner-product on V.

VL1.2.  Prove that if H is a complex inner-product space and 7' € L(H), there
exists an orthonormal basis for H such that the matrix of 7" with respect to this basis is
triangular.

Hint: See corollary 5.1.6.

VI.1.3. a. Let ‘H be a real inner-product space. The vectors v, v are mutually
orthogonal if, and only if, ||v + u||? = |[v]|? + |Jul>.

b. If H is a complex inner-product space, v, u € H, then |[v+ul|? = ||v]|? + ||u|?
is necessary, but not sufficient, for v L wu.
Hint: Connect to the condition “< u, v > purely imaginary”.

c. If 'H is a complex inner-product space, and v, u € H, the condition: For all
a, b € C, |lav + bul|? = |a|?||v||* + |b|?||u||? is necessary and sufficient for v L w.

d. Let V and U be subspaces of H. Prove that V L U if, and only if, forv € V
andu € U, ||v+u|? = |Jv]|® + [Jul®

e. The set {vy,..., vy, } is orthonormal if, and only if ||>° a;v;||*> = |a;|* for

all choices of scalars a;,j = 1,...,m. (Here H is either real or complex.)
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VL.1.4. Show that the map 7y defined in (6.1.8) is an idempotent linear operator *

and is independent of the particular basis used in its definition.
VI.1.5. Prove proposition 6.1.5.
VIL.1.6. Let E; = v; + W, be affine subspaces in . What is p(E1, E2)?

VL1.7. Show that the sequence {u1, ..., u,, } obtained by the Gram-Schmidt pro-
cedure is essentially unique: each u; is unique up to multiplication by a number of
modulus 1.

Hint: If {v1,..., v} is independent, Wy, = span[{vy,...,v;}], k=0,...,m—1,
i . Wi — |1

then u; is ¢y v, with le| = Hﬂ'Wj{leH .

VI.1.8. Over C: Every matrix is unitarily equivalent to a triangular matrix.

VI19. Let A € M(n,C) and assume that its rows w;, considered as vectors in

C” are pairwise orthogonal. Prove that AAT is a diagonal matrix, and conclude that
|det A| = [Tlw;]-

VI.1.10. Let {v1,...,v,} C C" be the rows of the matrix A. Prove Hadamard'’s
inequality:

(6.1.10) [det A| < T llvsl

Hint: Write Wy, = span[{v1,...,v}], k=0,...,n—1,w; = my,+ v;, and apply
j—1
the previous problem.

VI.1.11. Prove that in a real inner-product space, the inner-product is determined by
the norm: (polarization formula over R)

(6.1.11) (u,0) = 2 ([lu+o[* = flu—v|?)

>~

VI.1.12. Prove: In a complex inner-product space, the inner-product is determined
by the norm, in fact, (polarization formula over C)

(6.1.12) (u,v) = = (flu+v]? = lu—v|* +iflu+iv|]* —i]lu—iv[?).

|

4 An operator T is idempotent if T? = T.
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VI.1.13. Show that the polarization formula (6.1.12) does not depend on positivity, to
wit, define the Hermitian quadratic form associated with a sesquilinear Hermitian
form 1) (on a vector space over C or a subfield thereof) by:

(6.1.13) Q(v) = Y(v,v).

Prove

(6.1.14) Y(u,v) = i(Q(u +v) — Qu—v) +iQ(u + iv) — iQ(u — ).

VI.1.14. A bilinear form ¢ on a vector space V over a field of characteristic # 2, can
be expressed uniquely as a sum of a symmetric and an alternating form: ¢ = Qgym +
Part Where 2p5ym (v, u) = @(v,u) + ¢(u,v) and 24 (v, u) = (v, u) — @(u, v).

The quadratic form associated with ¢ is, by definition ¢(v) = ¢(v,v). Show
that ¢ determines @y, in fact

(q(v +u) — q(v) — q(u)).

DN =

(6.1.15) Psym (v, u) =

6.2 DUALITY AND THE ADJOINT.

6.2.1 'H ASITS OWN DUAL. The inner-product defined in H associates with
every vector u € H the linear functional ¢,,: v — (v, u). In fact every linear
functional is obtained this way:

Theorem. Let ¢ be a linear functional on a finite dimensional inner-product
space H. Then there exist a unique v € H such that p = @, that is,

(6.2.1) p(v) = (v, u)
forallv € 'H.

PROOF: Let {w;} be an orthonormal basis in , and let u = Y p(w;)w;. For
every v € H we have v = ) (v, w;)wj, and by Parseval’s identity, 6.1.3,

(6.2.2) p(v) = (v, wi)p(w;) = (v,u).

In particular, an orthonormal basis in H is its own dual basis.
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6.2.2 THE ADJOINT OF AN OPERATOR. Once we identify H with its dual
space, the adjoint of an operator 7' € L(’H) is again an operator on H. We
repeat the argument of 3.2 in the current context. Given u € H, the mapping
v +— (T, u) is a linear functional and therefore equal to v — (v, w) for some
w € H. We write T"u = w and check that u +— w is linear. In other words 7™
is a linear operator on H, characterized by

(6.2.3) (Tv,u) = (v, T*u).

Lemma. ForT € L(H), (T*)" =T.

PROOF: (v, (T*)*u) = (T*v,u) = (u, T*v) = (Tu,v) = (v, Tu). <
Proposition 3.2.4 reads in the present context as
Proposition. For T € L(H), range(T) = (ker(T*))*.

PROOF: (T'z,y) = (x,T*y) so thaty L range(T) if, and only if y € ker(T™).
<

6.2.3 THE ADJOINT OF A MATRIX.

DEFINITION: The adjoint of a matrix A € M(n, C) is the matrix A* = a",

A is self-adjoint, aka Hermitian, if A = A*, thatis, if a;; = aj; for all 7, j.

If A = Ar, is the matrix of an operator 7" relative to an orthonormal basis
v, see 2.4.3, and A~y is the matrix of 7™ relative to the same basis, then,
writing the inner-product as matrix multiplication:

T
(6.2.4) (Tv,u) =TT Av = (ZTru) v, and (v, T*u) = (A*u)To,

we obtain Ap- y = (Ary)*. The matrix of the adjoint is the adjoint of the
matrix.

In particular, 7' is self-adjoint if, and only if, A7, for some (every) or-
thonormal basis v, is self-adjoint.

EXERCISES FOR SECTION 6.2

VI.2.1. Prove thatif T, S € L(H), then (ST)* = T*S*.
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VI.2.2. Prove thatif T' € L(H), then ker(T*T) = ker(T').
VI.2.3. Prove that X ,. is the complex conjugate of X ;.
VI.24. If Tv = \v, T*u = pu, and p # A, then (v, u) = 0.

VI.2.5.  Rewrite the proof of Theorem 6.2.1 along these lines: If ker(p) = H then
¢ = 0 and u* = 0. Otherwise, dim ker(¢) = dimH — 1 and (ker(¢))* # (). Take
any non-zero @ € (ker(p))* and set u* = cii where the constant c is the one that
guarantees (1, cii) = (1), thatis ¢ = ||a|| ~2¢(@).

6.3 UNITARY AND ORTHOGONAL OPERATORS

We have mentioned that the norm in H defines a metric, the distance be-
tween the vectors v and u given by p(v, u) = ||[v—u||. Mappings that preserve a
metric are called isometries (of the given metric). Operators U € £(H) which
are isometries, that is such that ||[Uv|| = ||v|| for all v € H are called unitary
operators when H is complex, and orthogonal when H is real. The operator U
is unitary if

|Uv||? = (Uv, Uv) = (v, U*Uv) = (v,v)

which is equivalent to U*U = I or U* = U~ !,

Proposition. Letr H be an inner-product space, T € L(H). The following
statements are equivalent:

a. T is unitary;

b. T maps some orthonormal basis onto an orthonormal basis;

¢. T maps every orthonormal basis onto an orthonormal basis.

The columns of the matrix of a unitary operator U relative to an orthonor-
mal basis {v;}, are the coefficient vectors of Uv; and, by Parseval’s identity
6.1.3, are orthonormal in C™ (resp. R™). Such matrices (with orthonormal
columns) are called unitary when the underlying field is C, and orthogonal
when the field is R.

The set U(n) C M(n, C) of unitary n x n matrices is a group under matrix
multiplication. It is caled the unitary group.

The set O(n) C M (n,R) of orthogonal n x n matrices is a group under
matrix multiplication. It is caled the orthogonal group.
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DEFINITION:  The matrices A, B € M(n) are unitarily equivalent if there
exists U € U(n) such that A = U~ BU.

The matrices A, B € M(n) are orthogonally equivalent if there exists
C € O(n) such that A = O~' BO.

The added condition here, compared to similarity, is that the conjugating
matrix U, resp. O, be unitary, resp. orthogonal, and not just invertible.

EXERCISES FOR SECTION 6.3

VIL.3.1. Prove that the set of rows of a unitary matrix is orthonormal.

VI1.3.2. Prove that the spectrum of a unitary operator is contained in the unit circle
{z:]2| = 1}.

VL.3.3. An operator 1" whose spectrum is contained in the unit circle is similar to a
unitary operator if, and only if, it is semisimple.

VI1.3.4. An operator 7" whose spectrum is contained in the unit circle is unitary if,
and only if, it is semisimple and eigenvectors corresponding to distinct eigenvalues are

mutually orthogonal.

VL3.5. LetT € L(H) be invertible and assume that ||7V|| is uniformly bounded for
J € Z. Prove that T is similar to a unitary operator.
6.4 SELF-ADJOINT OPERATORS

6.4.1 DEFINITION: An operator T' € L(H) is self-adjoint if it coincides

with it’s adjoint: T' = T, (that is, if (T'u,v) = (u, Tv) for every u,v € H).
For every T € L(H), the operators RT' = (T + T*), ST = (T — T*),

T*T,and TT™* are all self-adjoint.

Proposition. Assume that T is self-adjoint on 'H.

a. o(T)CR

b. If W C H is T-invariant then so is W (the orthogonal complement of
W). In particular, every T-invariant subspace is reducing, so that T' is
semisimple.

c. If W C His T-invariant then T'|yy), the restriction of T' to W, is self-
adjoint.
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PROOF:
a. If A\ € o(T) and v is a corresponding eigenvector, then
Mv||2 = (Tw,v) = (v, Tv) = M|v||?, sothat A=\

b. Ifv € W+ then, forany w € W, (T, w) = (v, Tw) = 0 (since Tw € W),
so that Tv € W+,

c¢. The condition (Twy,wz) = (wi,T'we) is valid when w; € W since it
holds for all vectors in H.

<

6.4.2 Part b. of the proposition implies that for self-adjoint operators 7" the
generalized eigenspaces Hy, A € o(7T'), are not generalized, they are simply
kernels: Hy = ker(7' — X). The Canonical Decomposition Theorem reads in
this context:

Proposition. Assume T' self-adjoint. Then H = @ \cq (1) ker(T' — A).

6.4.3 The final improvement we bring to the Canonical Decomposition The-
orem for self-adjoint operators is the fact that the eigenspaces corresponding to
distinct eigenvalues are mutually orthogonal: if 7" is self-adjoint, T'v; = Ajv1,
Ty = Agu1, and A\; # Ao, then’,

A1 (vr,v2) = (Twr,v2) = (v1,Tva) = Ao (v1,v2) = Ao(v1, v2),
so that (v, v2) = 0.

Theorem (The spectral theorem for self-adjoint operators). Let H be an inner-
product space and T' a self-adjoint operator on 'H. Then H = @xco(7) Ha
where Ty, the restriction of T to 'H ), is multiplication by \, and Hy, 1 H),
when \1 # Aa.

An equivalent formulation of the theorem is:
SRemember that A2 € R.
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Theorem (Variant). Let H be an inner-product space and T’ a self-adjoint
operator on 'H. Then 'H has an orthonormal basis all whose elements are
eigenvectors for T.

Denote by 7, the orthogonal projection on H ). The theorem states:

(6.4.1) = > @ and T= ) Am.

Xeo(T) Aeo(T)

The decomposition H = @ ye(7) Ha is often referred to as the spectral
decomposition induced by T' on H. The representation of T"as }_ ¢ (1) AT
is its spectral decomposition.

6.4.4 If {uy,...,u,} is an orthonormal basis whose elements are eigenvec-
tors for T', say Tu; = Aju;, then

(6.4.2) Tv="> Xv,u;)u,
for all v € H. Consequently, writing a; = (v,u;) and v = 3" aju;,
6.43)  (Tv,v)=> Alaj* and  [[To]> =Y |N[[(v,u,)[?
Observations. Assume T self-adjoint.

|T|| = maxyeq(ry|Al-

b. If||T|| < 1. Then there exists a unitary operator U that commutes with T,
such that T = (U + U*).

PROOF: a. If \,, is an eigenvalue with maximal absolute value in o( T'), then
|T|| > [|[Tum|l = maxyeq(7)|Al. Conversely, by (6.4.3),

170l = D10 (v, uy)[* < max|;|* Y [ (v, ug)|* = max| A [?[|v].

b. By parta., o(T) C [-1,1]. For A\; € o(T) write (; = A\j +i,/1 — A?, )
that \; = R¢; and |(;| = 1. Define: Uv = 3 (j(v, uj)u;. <
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6.4.5 Theorem (Spectral theorem for Hermitian/symmetric matrices). Ev-
ery Hermitian matrix in M(n, C) is unitarily equivalent to a diagonal matrix.
Every symmetric matrix in M(n,R) is orthogonally equivalent to a diagonal
matrix.

PROOF: A Hermitian matrix A € M(n,C) is self-adjoint (i.e., the operator
on C" of multiplication by A is self-adjoint). If the underlying field is R the
condition is being symmetric. In either case, theorem 6.4.3 guarantees that the
standard C", resp. R", has an orthonormal basis {v;} all whose elements are
eigenvectors for the operator of multiplication by A.

The matrix C of transition from the standard basis to {v;} is unitary, resp.
orthogonal, and CAC~! = C AC* is diagonal. <

6.4.6 COMMUTING SELF-ADJOINT OPERATORS.

Let T' is self-adjoint, H = @) co(7) Ha. If S commutes with T, then S
maps each H) into itself. Since the subspaces H  are mutually orthogonal, if S
is self-adjoint then so is its restriction to every H ), and we can apply Theorem
6.4.3 to each one of these restrictions and obtain, in each, an orthonormal basis
made up of eigenvectors of S. Since every vector in ) is an eigenvector for
T we obtained an orthonormal basis each of whose elements is an eigenvector
both for 7" and for S. We now have the decomposition

H = @ H)x,/u
Ao (T),uco(S)
where H ) ,, = ker(T' — X) Nker(S — p).
By induction on the number of operators we obtain the following theorem.
Theorem. Let H be a finite dimensional inner-product space, and {T;} com-

muting self-adjoint operators on H. Then there exists an orthonormal basis
{ur} in H such that each uy, is an eigenvector of every T}.

EXERCISES FOR SECTION 6.4

VI4.1. LetT € L(H) be self-adjoint, let \; < Ay < -+ < )\, be its eigenvalues
and {u;} the corresponding orthonormal eigenvectors. Prove the “minmax principle”:

(6.4.4) AN = max (Tw,v).

min
dim W=l veWw, ||v||=1
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Hint: Every I-dimensional subspace intersects span[{u;}_,], see 1.2.5.

VI4.2. LetW C 'H be a subspace, and 7y, the orthogonal projection onto V. Prove
that if 7" is self-adjoint on H, then )T is self-adjoint on WV.

VI1.4.3. Use exercise VI.2.2 to prove that a self-adjoint operator T on H is semisimple
(Lemma 6.4.1, part b.).

6.5 NORMAL OPERATORS.

DEFINITION:  An operator 7' € L(H) is normal if it commutes with it’s
adjoint: TT™* =T*T.

Self-adjoint operators are clearly normal. Unitary operators are normal
since for unitary U we have U*U = UU* = 1.

If T is normal then S' = TT™* = T*T is self-adjoint.

6.5.1 THE SPECTRAL THEOREM FOR NORMAL OPERATORS. For every
operator T' € L(H), the operators
Ty =RT=4T+T*) and Tp=9T = L(T-T)

are both self-adjoint, and 7' = (7} + i7T%). T is normal if, and only if, 7 and
T5 commute.

Theorem. Let T € L(H) be normal. Then there is an orthonormal basis {uy}
of H such that every uy, is an eigenvector for T

PROOF: As above, write T} = T + T, Ty = —i(T — T™). Since T} and T%
are commuting self-adjoint operators, Theorem 6.4.6 guarantees the existence

of an orthonormal basis {uy} C H such that each wuy, is an eigenvector of both
Tyand 15 If T = 3 4t pmy,, 7 = 1, 2, then

(6.5.1) T =Y (tig + itop)Tu,,
k
and the vectors uy, are eigenvectors of 7" with eigenvalues (¢ + ito k). <
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6.5.2 A subalgebra A C L(H) is self-adjoint if S € A implies that S* € A.

Theorem. Let A C L(H) be a self-adjoint commutative subalgebra. Then
there is an orthonormal basis {uy,} of H such that every uy, is a common eigen-
vector of every T € A.

PROOF: The elements of A are normal and A4 is spanned by the self-adjoint
elements it contains. Apply Theorem 6.4.6. <

EXERCISES FOR SECTION 6.5

VL.5.1. If S is normal (or just semisimple), a necessary and sufficient condition for

an operator () to commute with S is that all the eigenspaces of .S be ()-invariant.
VL5.2. If S is normal and ) commutes with S it commutes also with S*

VI.53. IfT € L(H)and {T"},cz is bounded, then T is similar to a unitary operator.
(T'=S"1U9)

VI.5.4. Prove without using the spectral theorems:

a. Forany Q € L(H), ker(Q*Q) = ker(Q).

b. If S is normal, then ker(S) = ker(S*).

c. If T is self-adjoint, then ker(T') = ker(T?).

d. If S is normal, then ker(S) = ker(S?).

e. Normal operators are semisimple.

VIL.5.5. Prove without using the spectral theorems: If S is normal. then
a. Forallv e H, || S*v|| = ||Sv].
b. If Sv = \v then S*v = \v.

VIL5.6. If S is normal then S and S* have the same eigenvectors with the
corresponding eigenvalues complex conjugate. In particular, o (S *) = W. It
T, = RS = SES* and Ty = S = S;;S’*’ then if Sv = Av, we have Tyv = RAv,
and Thv = S\ v.

VILS.7. Prove that the dimension of any commutative self-adjoint subalgebra of
L(H) is bounded by dim H, and every such algebra is contained in a commutative

self-adjoint subalgebra of L(H) of dimension dim H.

JANUARY 1, 2006 —DRAFT—



VI. OPERATORS ON INNER-PRODUCT SPACES 111

6.6 POSITIVE OPERATORS.
6.6.1 A self-adjoint operator S' is nonnegative, written S > 0, if

(6.6.1) (Sv,v) >0

for every v € H. S is positive, written S > 0, if, in addition, (Sv,v) = 0 only
forv = 0.

6.6.2 Lemma. A self-adjoint operator S is nonnegative, resp. positive, if, and
only if, o(S) C [0,00), resp o(S) C (0, 00).

PROOF: Use the spectral decomposition S = >y (7) AT

We have (Sv,v) = 3" Aj||m;v||?, which, clearly, is nonnegative for all
v € H if, and only if, A > 0 for all A € o(5). If o(S) C (0,00) and
|v]|? = 3|lmav||? > 0 then (Sv,v) > 0. If 0 € o(S5) take v € ker(S), then
(Sv,v) = 0and S is not positive. <

6.6.3 PARTIAL ORDERS ON THE SET OF SELF-ADJOINT OPERATORS.
Let T" and S be self-adjoint operators. The notions of positivity and nonnega-
tivity define partial orders, “>"" and “>"" on the set of self-adjoint operators on
H. WewriteT >S5S if T—S>0,and T>S if T—S5>0.

Proposition. Let T and S be self-adjoint operators on 'H, and assume T > S.
Let o(T) = {\;} and o(S) = {p;}, both arranged in nondecreasing order.
Then \j > pjforj=1,...,n.

PROOF: Use the minmax principle, exercise VL.4.1:

Aj = min max (Tv,v) > min max  (Sv,v) = p;
dimW=j veWw, |jv||=1 dim W=j veW,|jv||=1
<4
Remark: The condition “\; > p; for j = 1,...,n” is necessary but, even

if T and S commute, not sufficient for T > S (unless n = 1). As example
consider : {vy,...,v,} is an orthonormal basis, 7" defined by: Tv; = 2jv;;
and S defined by: Sv; = 3vy, Sv; = v; for j > 1. The eigenvalues of 7' — §
arev; = 2j — 1forj > 1,buty = —1.
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6.7 POLAR DECOMPOSITION

6.7.1 Theorem. A positive operator S on 'H has a unique positive square root.

PROOF: Write S = } ¢ (1) A\ as above, and V'S = VA, where we
take the positive square roots of the (positive) A’s. Then (1/S)? = S.

If T is positive and 72 = S then T and S commute so that T preserves all
the eigenspaces H ) of S. On each H), we have S = \I, (the identity operator
on H,) so that T = +/AJ, with positive square root, J positive, and J2 = I.
The eigenvalues of J are &1, and the positivity of J implies that they are all 1,
soJ=TandT =+/S. <

A nonnegative operator S has square roots: write H = Hpu @ Hpos Where
Hpur = ker(S) and Hpos = @Dircos)\{01 Ha- The restriction S5 of S to
Hopos is positive and, by the theorem, has a unique square root /Spos.

The restriction of S to H,,,,; is zero, and any operator " such that T2 =0
can serve as a square root of S on H,,,;;. This is the source of ambiguity in
the definition of the square root. Setting v/'S to be the operator that keeps both
Hypun and Hpos invariant, is zero on H,yy, and is /Spos 0n Hpos, is now a
uniquely defined nonnegative operator whose square is .S. We’ll denote it, as
for positive S, by v/S or by S3.

6.7.2 Lemma. Let H; C 'H, j = 1,2, be isomorphic subspaces. Let Uy be an
isometry H1 +— Ha. Then there are unitary operators U on 'H that extend Uj.

PROOF: Define U on Hi as an arbitrary isometry onto s (which has the
same dimension) and extend by linearity. <

6.7.3 Lemma. Let A, B € L(H), and assume that || Av|| = ||Bv|| for all
v € H. Then there exists a unitary operator U such that B = U A.

PROOF: Clearly ker(A) = ker(B). Let {u1,...,u,} be an orthonormal ba-
sis of H such that {uy, ..., uy,} is a basis for ker(A) = ker(B). The subspace
range(A) is spanned by { Au;}7_,, | and range(B) is spanned by { Bu; }}_,,, . ;-
The map U;: Au; — Bu; extends by linearity to an isometry of range(A)
onto range(B). Now apply Lemma 6.7.2, and remember that, on the range of
A, U=U; <
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Remark: The operator U is unique if, and only if, A (or B) is invertible.

6.7.4 We observed, 6.4.1, that for any 7' € L£(H), the operators S; = T*T
and So =TT are self adjoint. Notice that unless 7" is normal, S; # So.
Forany v € H

(S1v,v) = (T, Tv) = |Tv||*> and (Sov,v) = || T*v|?,

so that both S; and S5 are nonnegative, and both are positive if T" is non-
singular.

Let T € L(H). The operators S; = T*T and So = TT* are nonnegative
and hence have nonnegative square roots. Observe that

|T||? = (T, Tv) = (T*Tv,v) = (S1v,v) =

= (/S1v,V/S1v) = |V/S1v])%.

By Lemma 6.7.3, with A = /57 and B = T there exist unitary operators U
such that T' = U+/S57. This proves

Theorem (Polar decomposition®). Every operator T € L(H) admits a repre-
sentation

(6.7.1) T =UR,
where U is unitary and R = \/T*T nonnegative.

Remark: Starting with T and taking adjoints at the end, one obtains also a
representation of the form 7' = R, U, with unitary Uy and R; = VTT* non-
negative. Typically Ry # R, as shown by following example. Let 7" be the map
on C2 defined by T'v; = vg, and Tvg = 0. Then R is the orthogonal projection
onto the line of the scalar multiples of v, R; is the orthogonal projection onto
the multiples of vo, and U = Uy maps each v; on the other.

We shall use the notation |T| = v/T*T.

®Not to be confused with the polarisation formula,
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6.7.5 With T, |T|, and U as above, let {u1,. .., u,} denote the eigenval-
ues of (the self-adjoint) |T'| = v/T*T, let {uy, ..., u,} be the corresponding
orthonormal eigenvectors, and denote v; = U~ 'u;. Then {vy,...,v,} is or-
thonormal, |T'|v = Y p; (v, uj)u;, and

(6.7.2) Tv =" p;(v,uj)v;.

This is sometimes written’ as

(6.7.3) T=> pju; @ vj.

EXERCISES FOR SECTION 6.7

VL.7.1. Let {ws,...,w,} be an orthonormal basis for  and let T" be the (weighted)
shift operator on {ws,...,w,}, defined by Tw; = (n — j)wj4q for j < n, and
Tw,, = 0. Describe U and R in (6.7.1), as well as Ry and U; above.

VI.7.2. An operator T' is bounded below by c, written T' > ¢, on a subspace V C 'H
if [|Tv|| > c||v| for every v € V. Assume that {uq,...,u,} and {vy,...,v,} are
orthonormal sequences, 1; > 0, f1j+1 < pj, and T = ) pju; ® vj. Show that

p; = max{c: there exists a j-dimensional subspace on which 7' > c.}

"See x4.2.2.
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Chapter VII

Additional topics

Unless stated explicitely otherwise, the underlying field of the vector spaces
discussed in this chapter is either R or C.

7.1 QUADRATIC FORMS

7.1.1 A quadratic form on an n-dimensional inner-product space H is a func-
tion of the form Q(v) = (Tw,v) with T € L(H).

A basis v = {vy,...,v,} transforms () into a function @)y of n variables
on the underlying field, R or C as the case may be. We use the notation appro-
priate! for C.

Write v = 377 zjvj and a; ; = (T'v;, v;); then (Tv,v) = 3, ; a; jx;T; and

(7.1.1) QV(J?l, cee :Cn) = Zai,jl'ijjj
i,

expresses () in terms of the variables {x;}, (i.e., the v-coordinates of v).
We denote the matrix of coefficients (a; ;) by Ay, write the coordinates as

T
a column vector, x = | : |, and observe that
"B’VL
(7.1.2) Qv(z1,...,zy) = (Ax,X) = xTA,x

transfers the action to F"™.

'f the underlying field is R the complex conjugation can be simply ignored
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7.1.2  When the underlying field is R the quadratic form @ is real-valued. It
does not determine the entries a; ; uniquely. Since xjx; = x;x;, the value of
@ depends on a; ; + a;; and not on each of the summands separately. We may
therefore assume, without modifying @, that a; ; = a;;, thereby making the
matrix Ay = (a; ;) symmetric.

For real-valued quadratic forms over C the following lemma guarantees
that the matrix of coefficients is Hermitian.

Lemma. A quadratic form XTAyx on C" is real-valued if. and only if. the
matrix of coefficients Ay is Hermitian® i.e., a;5 = j;.

PROOF: If a;; = @j; for all ¢, j, then 3, ; a; jx;T; is it own complex conju-
gate.

Conversely, assume that Zi’ j Qi T is real-valued for all 1, ..., z, € C.
Taking x; = O for j # k, and z;, = 1, we obtain ay, j, € R. Taking z, = x; =1
and z; = 0 for j # k,[, we obtain ay; + a; 1, € R, ie. Say; = —Say . For
xp =1, vy = 1 we obtain i(ax; —a; ) € R, i.e., Rap; = RNa; 1, and combining

the two we have ay; = a; . |

7.1.3 If we replace the basis v by another, say w, the coefficients undergo
a linear change of variables. There exists a matrix C € M(n), that trans-

7

forms by left multiplication the w-coordinates y = | : | of a vector into its
Yn

v-coordinates: x = C'y. Now

(7.1.3) Qv(z1,...,xp) = xTA,x =1 éﬂAvC y

and the matrix representing () in terms of the variables y;, is3
(7.1.4) Ay = CTA,C = C*ALC.

Notice that the form now is C* AC, rather then C~*AC' (which defines
similarity). The two notions agree if C' is unitary, since then C* = C~!, and
the matrix of coefficients for the variables {y;} is C"1AC.

Equivalently, if the operator T is self-adjoint.
3The adjoint of a matrix is introduced in 6.2.3.
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7.1.4 The fact that the matrix of coefficients of a real-valued quadratic form
Q is self-adjoint makes it possible to simplify () by a (unitary) change of vari-
ables that reduces it to a linear combination of squares. If the given matrix is
A, we invoke the spectral theorem, 6.4.5, to obtain a unitary matrix U, such
that U*AU = U~'AU is a diagonal matrix whose diagonal consists of the
complete collection, including multiplicity, of the eigenvalues {\;} of A. In
other words, if x = Uy, then

(7.1.5) Qx1, ... wn) =Y Ajly;|*.
There are other matrices C' which diagonalize (), and the coefficients in the
diagonal representation Q(y1,...,yn) = > b;|y;|* depend on the one used.

What does not depend on the particular choice of C' is the number 1 of posi-
tive coefficients, the number ng of zeros and the number n_ of negative coeffi-
cients. This is known as The law of inertia.

DEFINITION: A quadratic form Q(v) on a (real or complex) vector space V
is positive, resp. negativeif Q(v) > 0, resp. Q(v) < 0, for all v # 0 in V.

On an inner-product space Q(v) = (Av, v) with a self-adjoint operator A,
and our current definition is consistent with the definition in 6.6.1: the operator
A is positive if so is Q(v) = (Av,v).

Denote

ny = n%}?x dimV; : (@ ispositive on V.

(7.1.6)
n_ = rr%}ax dimV; : (@ isnegative on V.
1

and,np =n—n4y —n_.

2

>

Proposition. Let v be a basis in terms of which Q(y1,...,yn) = > bjly;

and arrange the coordinates so that b; > 0 for j < m and b; < 0 for j > m.
Thenm = n.

PROOF: Denote Vi = span[vi,...vy), and V<o = span[vy,1,...v,] the
complementary subspace.

Q(y1,...,yn) is clearly positive on V, so that m < ny. On the other
hand, by Theorem 2.5.3, every subspace WV of dimension > m has elements
v € V<, and for such v we clearly have Q(v) < 0. <
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The proposition applied to —(¢) shows that n_ equals the number of negative
b;’s. This proves

Theorem (Law of inertia). Let (Q be a real-valued quadratic form. Then in any
representation Q(y1, . ..,yn) = 3 bj|y;|? the number of positive coefficients
is ny, the number of negative coefficients is n_, and the number of zeros is ny.

EXERCISES FOR SECTION 7.1

VIL1.1. Prove thatif {Av,v) = (Bv,v) forall v € R", with A, B € M(n,R), and
both symmetric, then A = B.

7.2 POSITIVE MATRICES

A matrix A € M(m,C) is positive* if all the entries are positive. A is
nonnegative if all the entries are nonnegative.

Similarly, a vector v € C™ is positive, resp. nonnegative, if all its entries
are positive, resp. non-negative.

With A; denoting either matrices or vectors, Ay > A, A; = Aj, and
A; > Ay will mean respectively that A; — Ay is nonnegative, nonnegative but
not zero, positive.

7.2.1 Wewrite ||A||s, = max{|7|:7 € o(A)}, and refer to it as the spectral
norm of A.

DEFINITION: An eigenvalue A of a matrix A is called dominant if
a. \is simple (that is ker((A — \)2) = ker(A — \) is one dimensional), and
b. every other eigenvalue p of A satisfies |u| < |A|.

Notice that b. implies that |\| = || A[|sp.

Theorem (Perron). Let A = (a; ;) be a positive matrix. Then it has a posi-
tive dominant eigenvalue and a positive corresponding eigenvector. Moreover,
there is no other nonnegative eigenvector for A.

*Not to be confused with positivity of the operator of multiplication by A.
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PROOF: Let p(A) be the set of all positive numbers 4 such that there exist
nonnegative vectors v # 0 such that

(7.2.1) Av > pw.

Clearly min; a;; € p(A); also p < mmax; ja,; for all p € p(A). Hence
p(A) is non-empty and bounded.

Write A = SUP,cp(a) K- We propose to show that A € p(A), and is the
dominant eigenvalue for A.

Let pn, € p(A) be such that p,, — A, and v, = (vp(1),--- ,v(m)) = 0
such that Av,, > 15,05, We normalize vy, by the condition 3 vy, () =1, and
since now 0 < v, (j) < 1 for all n and j, we can choose a (sub)sequence 7
such that vy, (j) converges for each 1 < j < m. Denote the limit by v, (j)
and let v, = (vi(1),--- ,v4(m)). Since all the entries of Av,, converge to the
corresponding entries in Av, we have 3_, v«(j) = 1, and

(7.2.2) Avy > v,

Claim: the inequality (7.2.2) is in fact an equality, so that )\ is an eigenvalue
and v, a corresponding eigenvector.

If one of the entries in Av,, say Av.(l), were smaller than the [’th entry in
Aw,, we could replace v, by v, = v +£€; (Where e is the unit vector that has
1 as its [’th entry and zero everywhere else) with € > 0 small enough to have

Av, (1) > Avgi(1).

Since Ae; is (strictly) positive, we would have Av,, > Av, > Av., and for
0 > 0 sufficiently small we would have

AvVsse = (A 4 ) Vss

contradicting the definition of \.

Since Aw is positive for any v = 0, a nonnegative vector which is an eigen-
vector of A with positive eigenvalue, is positive. In particular, v, > 0.

Claim: ) is a simple eigenvalue.

a. If Au = A\u for some vector u, then ARy = ARu and ASu = ASw.

So it would be enough to show that u is a constant multiple of v, under the
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assumption that u has real entries. There exists a constant ¢ # 0 such that
v, + cu has nonnegative entries and at least one vanishing entry. Since v, + cu
is an eigenvector for A, the previous remark shows that v, + cu = 0 and w is a
multiple of v,.

b. We need to show that ker((A — \)?) = ker((A — \)). Assume the
contrary, and let u € ker((A — \)?) \ ker((A — X)), so that

(7.2.3) Au = du + cvy
with ¢ # 0. Splitting (7.2.3) into its real and imaginary parts we have:
(7.2.4) ARu = ARu + Rev,  ASu = ASu + Scvy.

Either ¢; = Rec # 0 or ¢ = ¢ # 0 (or both). This shows that there is no loss
of generality in assuming that  and c in (7.2.3) are real valued.

Replace u, if necessary, by u; = —wu to obtain Au; = Auj + c1v, with
c1 > 0. Let @ > 0 be such that u; + av, > 0, and observe that

A(ug + avy) = Mu1 + avy) + c1oy

so that A(uy + avs) > A(u1 + av,) contradicting the maximality of \.

¢. Claim: Every eigenvalue p # X of A satisfies |u| < A.

Let 1« be an eigenvalue of A, and let w # 0 be a corresponding eigenvector:
Aw = pw. Denote |w| = (Jw(1)],-- -, |w(m)]).

The positivity of A implies A|w| > |Aw| and,

(7.2.5) Afw| > |Aw| > |p][w]

so that |u| € p(A4), i.e., [p] < A If |u| = A we must have equality in (7.2.5)
and |w| = cv,. Equality in (7.2.5) can only happen if A|lw| = |Aw| which
means that all the entries in w have the same argument, i.e. w = ¢|w], in
other words, w is a constant multiple of v,, and y = .

Finally, let i # A be an eigenvalue of A and w a corresponding eigenvector.
The adjoint A* = A"is a positive matrix and has the same dominant eigen-
value \. If v* is the positive eigenvector corresponding to A then (w, v*) = 0
(see exercise VL.2.4) and since v* is strictly positive, w must have both positive
and negative entries. <
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EXERCISES FOR SECTION 7.2

VIL.2.1. What part of the conclusion of Perron’s theorem remains valid if the as-
sumption is replaced by “A is similar to a positive matrix” ?

7.3 NONNEGATIVE MATRICES

Nonnegative matrices exhibit a variety of modes of behavior. Consider the
following n X n matrices

a. The identity matrix. 1 is the only eigenvalue, multiplicity n.

b. The nilpotent matrix having ones below the diagonal, zeros elsewhere. The
spectrum is {0}.

¢. The matrix A, of a permutation 0 € S,. The spectrum depends on the
decomposition of ¢ into cycles. If ¢ is a unique cycle then the spectrum of
A, is the set of roots of unity of order n. The eigenvalue 1 has (1,...,1)
as a unique eigenvector. If the decomposition of o consists of k cycles of
lengths [;, j = 1,...,k, then the spectrum of A, is the union of the sets
of roots of unity of order /;. The eigenvalue 1 now has multiplicity .

7.3.1 Let 1l denote the matrix all of whose entries are 1. If A > 0 then
A+ %]]1 > 0 and has, by Perron’s theorem, a dominant eigenvalue \,, and
a corresponding positive eigenvector v,,, which we normalize by the condition
Yj—1vm(j) = 1.

Am 1S monotone non increasing as m — oo and converges to a limit A > 0
which clearly dominates the spectrum of A. A can well be zero, as can be seen
from example b. above. For a sequence {m;} the vectors v,,, converge to a
(normalized) nonnegative vector v, which, by continuity, is an eigenvector for
A

Thus, a nonnegative matrix has A = || A]|, as an eigenvalue with nonneg-
ative eigenvector vy, however

1. )\ may be zero,

2. X may have high multiplicity,
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3. )\ may not have positive eigenvectors.
4. There may be other eigenvalues of modulus || A||sp.

The first three problems disappear, and the last explained for transitive
nonnegative matrices. See below.

7.3.2 DEFINITIONS. Assume A > 0. We use the following terminology:

A connects the index j to ¢ (connects (j, %) for short) directly if a; j # 0.
Since Ae; = )" a; je;, A connects (j, ¢) if e; appears (with nonzero coefficient)
in the expansion of Ae;.

A connects j to i (connects (7, 7) for short) if there is a connecting chain for
(4,1), that is, a sequence {sl}fzo such that j = sq, ¢ = s and Hle Us; 511 F
0. The existence of connecting chain for (j, ) is equivalent to: e; appears (with
nonzero coefficient) in the expansion of A* ej.

An index j is A-recurrent if A connects it to itself—there is a connecting
chain for (74, j). The lengths k of connecting chains for (7, j) are called return
times for j. Since connecting chains for (7, j) can be concatenated, the set of
return times for a recurrent index is an additive semigroup of N.

A'is transitive > if it connects every pair (j,1).

Lemma. If A is a nonnegative transitive matrix, every index is A-recurrent. In
particular, A is not nilpotent.

PROOF: Left as an exercise. |

Corollary. If A is a nonnegative transitive matrix then A = || Al|s, > 0.

7.3.3  We write ¢ <4 j if A connects (4, 7). This defines a partial order and
induces an equivalence relation in the set of A-recurrent indices. (The non-
recurrent indices are not equivalent to themselves, nor to anybody else.)

We can reorder the indices in a way that gives each equivalence class a con-
secutive bloc, and is compatible with the partial order, i.e., such that for non-
equivalent indices, ¢ <4 j implies ¢ < j. This ordering is not unique: equiv-
alent indices can be ordered arbitrarily within their equivalence class; pairs of

3 Also called irreducible, or ergodic.
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equivalence classes may be <4 comparable or not comparable in which case
each may precede the other; non-recurrent indices may be placed consistently
in more than one place. Yet, such order gives the matrix A a “quasi-super-
triangular form”: if we denote the coefficients of the “reorganized” A again by
a; j, then a; ; = 0 for 7 greater than the end of the bloc containing j. That
means that now A has square transitive matrices centered on the diagonal—the
squares J; x J; corresponding to the equivalence classes, while the entries on
the rest of diagonal, at the non-recurrent indices, as well as in the rest of the
sub-diagonal, are all zeros. This reduces much of the study of the general A to
that of transitive matrices.

7.3.4 We focus now on transitive matrices.

A nonnegative matrix A is transitive if, and only if, B = Z?Zl Al is
positive. Since, by 7.3.1, A = ||A]|sp is an eigenvalue for A, it follows that
B = >_7 M is an eigenvalue for B, having the same eigenvalue v,.

Either by observing that 5 = || B||sp, or by invoking the part in Perron’s
theorem stating that (up to constant multiples) there is only one nonnegative
eigenvector for B (and it is in fact positive), we see that § is the dominant
eigenvalue for B and v, is positive.

Lemma. Assume A transitive, v > 0, i > 0, Av ; pv. Then there exists a
positive vector u > v such that Au > pu.

PROOF: As in the proof of Perron’s theorem: let [ be such that Av(l) > pwy,
let0 < &1 < Av(l) — pwvy and v1 = v + £1€;. Then Av > pwy, hence

Avy = Av 4+ e1Ae; > puy + €1 Aey,

and Aw; is strictly bigger than pvq at [ and at all the entries on which Ae; is
positive, that is the i’s such that a;; > 0. Now define v = v1 + e2Ae; with
g9 > 0 sufficiently small so that Ave > pwy with strict inequality for [ and the
indices on which Ae; + A?e; is positive. Continue in the same manner with vs,
and Avs > pwvs with strict inequality on the support of (I + A + A% + A3)e
etc. The transitivity of A guarantees that after & < n such steps we obtain
u = v, > 0 such that Au > pu. |
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The lemma implies in particular that if, for some p > 0, there exists a vector
v > 0 such that Av 2 pwv, then p1 < || Al|sp. This since the condition Au > pu
implies® (A + L1 )u > (1 + a)pu for a > 0 sufficiently small, and all m. In
turn this implies \,,, > (1 4 a)p for all m, and hence A > (1 + a)p.

In what follows we simplify the notation somewhat by normalizing (multi-
plying by a positive constant) the nonnegative transitive matrices under discus-
sion so that || A||sp, = 1.

Corollary. Assume ||Allsp = 1. If p = €% is an eigenvalue of A and u,, a
corresponding’ eigenvector, then |u,| = v,.

PROOF: Alup| = [Aup| = |pwy] = |upl.
If Alu,| # |u,| the lemma would contradict the assumption ||A|[;, =1. <«
7.3.5 Forv € C", |v| > 0 we write argv = (arguvy,...,argvy,), and®
ei argv __ (ei arg vi ei argvn)
feees .
The key observation is: if Aw, = pu,, then Alu,| = |Au,| which means

that every entry in Auw,, is a linear combination of entries of u,, having the same
argument, that is on which argw,, is constant. The set [1, ..., n] is partitioned
into the level sets I; on which argu, = 1;, and A maps e; for every | € I;,
and hence span[{e; } xe,], into span[{ey }rer,] where ¥ = 9 + .

Let v = ¢ be another eigenvalue of A, with eigenvector u,, = ¢! 28"y, |
and let Ji be the level sets on which arg u, = ;. A maps e; for every [ € J,
into span[{e,, }me..] where vs = i + 1.

It follows that for [ € I; N Jj, Ae; € span[{ey}rer.] N span[{em }tme,]
where U5 = U+ and vy = vy, +1. If we write u, = elarguutargun)y, then
arg Ae!itmm)e; = arg uy, + arg u, + ¢ + 1, which means: Au,, = pv u,,.

This proves that the product pv = ¢(#%) of eigenvalues of A is an eigen-
value, and o(A) N{z:|z| = 1} is a subgroup of the multiplicative unit circle;
i.e., the group of roots of unity of order m for an appropriate m.

®See 7.3.1 for the notation.
"Normalized: > lun() = 1.
8The notation considers C™ as an algebra of functions on the space [1,. .., n].
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The group o(A) N{z:|z| = 1}, (or {e: || Al|spe € a(A)} if A is not
normalized), is called the period group of A and its order m is the periodicity
of A.

We call the partition of [1,. .., 7] into the the level sets I; of arg v, where
1 is a generator of the period group of A, the basic partition.

The subspaces V; = span[{e;:l € I;}] are A™-invariant and the restric-
tion of A™ to V; is transitive with the dominant eigenvalue 1, and v, ; =
>_te1, v+(1)e; the corresponding eigenvector.

The restriction of A™ to V; has |I;| — 1 eigenvalues of modulus < 1. Sum-
ming for 1 < j < m and invoking the Spectral Mapping Theorem, 5.1.2, we
see that A has n — m eigenvalues of modulus < 1. This proves that the eigen-
values in the period group are simple and have no generalized eigenvectors.

Theorem (Frobenius). Let A be a transitive nonnegative n X n matrix. Then
A = || A||sp is a simple eigenvalue of A and has a positive eigenvector vy. The
set {e: \e't € o(A)} is a subgroup of the unit circle.

7.3.6 DEFINITION: A matrix A > 0 is strongly transitive if A™ is transi-
tive forall m € [1,...,n|.

Theorem. If A is strongly transitive, then ||Al|s, is a dominant eigenvalue for
A, and has a positive corresponding eigenvector.

PROOF: The periodicity of A has to be 1. |

EXERCISES FOR SECTION 7.3

VIL3.1. A nonnegative matrix A is nilpotent if, and only if, no index is A-recurrent.

VIL.3.2. Prove that a nonnegative matrix A is transitive if, and only if, B = Zle Al
is positive.
Hint: Check that A connects (4, j) if, and only if, ;" A’ connects j to i directly.

VIL.3.3. Prove that the conclusion Perron’s theorem holds under the weaker assump-
tion: “the matrix A is nonnegative and has a full row of positive entries”.

VIL.3.4. Prove that if the elements I; of the basic partition are not equal in size, then
ker(A) is nontrivial.
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Hint: Show that dim ker(A) > max|I;| — min|[;|.

VIL.3.5. Describe the matrix of a transitive A if the basis elements are reordered so

that the elements of the basic partition are blocs of consecutive integers in [1,. .., n],
VIL.3.6. Prove thatif A > 0 is transitive, then so is A*.
VIL.3.7. Prove that if A > 0 is transitive, A = ||A]|sp, and v* is the positive

eigenvector of A*, normalized by the condition (v, v*) = 1 then for all v € C”,

N

1 oo
T —J Ay — *
(7.3.1) A}gr{l)@ N El AT ATy = (v, 0" ),
VIL3.8. Let o be a permutation of [1,...,n]. Let A, be the n X n matrix whose

entries a;; are defined by

1 ifi= j
(713.2) a; =4 o)
0 otherwise.

What is the spectrum of A,, and what are the corresponding eigenvectors.

VIL.3.9. Let 1 < k < n, and let ¢ € S,,, be the permutation consisting of
the two cycles (1,...,k) and (k + 1,...,n), and A, as defined above. (So that the
corresponding operator on C™ maps the basis vector e; onto e, (;).)

a. Describe the positive eigenvectors of A. What are the corresponding eigenval-
ues?

b.Let 0 < a,b < 1. Denote by A, ; the matrix obtained from A by replacing
the k’th and the n’th columns of A by (¢; ;) and (c¢;,,,), resp., where ¢1 , = 1 — a,
ck+1,k = a and all other entries zero; ¢; , = b, cx41,, = 1 — b and all other entries
ZEero.

Show that 1 is a simple eigenvalue of A, ; and find a positive corresponding eigen-

vector. Show also that for other eigenvalues there are no nonnegative eignevectors.

7.4 STOCHASTIC MATRICES.

7.4.1 A stochastic matrix is a nonnegative matrix A = (a; ;) such that the
sum of the entries in each column? is 1:

(7.4.1) > ag;=1.

°The action of the matrix is (left) multiplication of column vectors. The columns of the
matrix are the images of the standard basis in R" or C"
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A probability vector is a nonnegative vector 7 = (p;) € R” such that
> v = 1. Observe that if A is a stochastic matrix and 7 a probability vector,
then A is a probability vector.

In applications, one considers a set of possible outcomes of an “experi-
ment” at a given time. The outcomes are often referred to as states, and a prob-
ability vector assigns probabilities to the various states. The word probability
is taken here in a broad sense—if one is studying the distribution of various
populations, the “probability” of a given population is simply its proportion in
the total population.

A (stationary) n-state Markov chain is a sequence {v; } j>o of probability
vectors in R™, such that

(7.4.2) v; = Av;_1 = Ay,

where A is an n X n stochastic matrix.
The matrix A is the transition matrix, and the vector vy is referred to as
the initial probability vector. The parameter j is often referred to as time.

7.4.2 POSITIVE TRANSITION MATRIX. When the transition matrix A is
positive, we get a clear description of the evolution of the Markov chain from
Perron’s theorem 7.2.1.

Condition (7.4.1) is equivalent to u*A = u*, where u* is the row vector
(1,...,1). This means that the dominant eigenvalue for A* is 1, hence the
dominant eigenvalue for A is 1. If v, is the corresponding (positive) eigen-
vector, normalized so as to be a probability vector, then Av, = v, and hence
Alvy, = v, forall j.

If w is another eigenvector (or generalized eigenvector), it is orthogonal
to u*, that is: 3T w(j) = 0. Also, 3| Alw(j)| is exponentially small (as a
function of 1).

If vg is any probability vector, we write vg = cv, + w with w in the span
of the eigenspaces of the non dominant eigenvalues. By the remark above
c =Y wo(j) = 1. Then Alvg = v, + Alw and, since Alw — 0as | — oo, we
have Alvg — v,.

Finding the vector v, amounts to solving a homogeneous system of n equa-
tions (knowing a-priori that the solution set is one dimensional). The observa-
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tion v, = lim Alvg, with vg an arbitrary probability vector, may be a fast way
way to obtain a good approximation of v,.

7.4.3 TRANSITIVE TRANSITION MATRIX. Denote v, the eigenvectors of
A corresponding to eigenvalues p of absolute value 1, normalized so that v; =
vy is a probability vector, and |v,| = v,. If the periodicity of A is m, then,
for every probability vector vy, the sequence AJvj is equal to an m-periodic
sequence (periodic sequence of of period m) plus a sequence that tends to zero
exponentially fast.

Observe that for an eigenvalue ;1 # 1 of absolute value 1, 37" u! = 0. It
follows that if v is a probability vector, then

1 k+m
(7.4.3) — > Ay — v,
m
I=k+1

exponential fast (as a function of k).

7.4.4 REVERSIBLE MARKOV CHAINS. One way of obtaining a transition
matrix is from a nonnegative symmetric matrix (p; ;) by writing W; = >~ p;;

. . _ p’i,'
and, assuming W; > Oforall ¢, a; ; = WZ
> ia;; = 1forall j.

We can identify the “stable distribution”—the A-invariant vector—Dby think-

. Then A = (a; ;) is stochastic since

ing in terms of “population mouvement”. Assume that at a given time we have
population of size b; in state j and in the next unit of time a; ; proportion of this
population shifts to state 7. The absolute size of the j to 7 shift is a; ;jb; so that
the new distribution is given by Ab, where b is the column vector with entries
b;. This description applies to any stochastic matrix, and the stable distribution
is given by b which is invariant under A, Ab = b.

The easiest way to find b in this case is to go back to the matrix (p; ;) and
the weights 1W;. The vector w with entries W is A-invariant in a very strong
sense. Not only is Aw = w, but the exchange of mass between any two states
is even:

e the mass going from i to j is:  Wa;; = pji,

e the mass going from j toiis:  Wja;; = p; j,

e the two are equal since p; ; = pj;.

JANUARY 1, 2006 —DRAFT—



VII. ADDITIONAL TOPICS 129

EXERCISES FOR SECTION 7.4

VII4.1. Let o be a permutation of [1,...,n]. Let A, be the n X n matrix whose
entries a;; are defined by

1 ifi=o0(y
(7.4.4) ai; = ()

0 otherwise.

What is the spectrum of A, and what are the corresponding eigenvectors.

VI1.4.2. Let 1] < k < n, and let 0 € S,,, be the permutation consisting of
the two cycles (1,...,k) and (k 4+ 1,...,n), and A, as defined above. (So that the
corresponding operator on C™ maps the basis vector e; onto e, (;).)

a. Describe the positive eigenvectors of A. What are the corresponding eigenval-
ues?

b.Let 0 < a,b < 1. Denote by A, ; the matrix obtained from A by replacing
the k’th and the n’th columns of A by (¢; ;) and (c; ), resp., where ¢, = 1 — a,
ck+1,k- = @ and all other entries zero; ¢1,, = b, cx41,» = 1 — b and all other entries
zZero.

Show that 1 is a simple eigenvalue of A, ;, and find a positive corresponding eigen-

vector. Show also that for other eigenvalues there are no nonnegative eignevectors.

7.5 REPRESENTATION OF FINITE GROUPS

A representation of a group G in a vector space V is a homomorphism
o : g +— g of G into the group GL(V) of invertible elements in L.

Throughout this section G will denote a finite group.

A representation of G in V turns V into a G-module, or a G-space. That
means that in addition to the vector space operations there is an action of G on
V by linear maps: for every g € G and v € V the element gv € V is well
defined and,

g(avy + buy) = agvy + bgvy  while  (g1g2)v = g1(g2v).

The data (o, V), i.e., V as a G-space, is called a representation of G in V.
The representation is faithful if o is injective.

Typically, o is assumed known and is omitted from the notation. We shall
use the terms G-space, G-module, and representation as synonyms.
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We shall deal mainly in the case in which the underlying field is C, or R,
and the space has an inner-product structure. The inner-product is assumed
for convenience only: it identifies the space with its dual, and makes LV self-
adjoint. An inner product can always be introduced (e.g., by declaring a given
basis to be orthonormal).

7.5.1 THE DUAL REPRESENTATION. If o is a representation of GG in V
we obtain a representation o* of G in V* by setting 0*(g) = (o(g~1)* (the

1

adjoint of the inverse of the action of G on V). Since both g — g~ and

g +— g reverse the order of factors in a product, their combination as used
above preserves the order, and we have

0*(9192) = 0" (91)0"(g2)

so that o* is in fact a homomorphism.
When V is endowed with an inner product, and is thereby identified with
its dual, and if o is unitary, then o* = o.

7.5.2 LetV; be G-spaces. We extend the actions of G to V1 @V and V1 @ Vs
by declaring!®
(7.5.1) g(vi ®vp) =guvr ®guy and g(v1 ® v2) = gu1 ® gua

L(V1,V2) = Vo ® Vi and as such it is a G-space.

7.5.3 G-MAPS. Let H; be G-spaces, j = 1,2. Amap S: H; — Hais
a G-map if it commutes with the action of (G. This means: for every g € G,
Sg = gS. The domains of the various actions is more explicit in the diagram

HlLHQ

gl Jg
H —— H,

and the requirement is that it commute.

00bserve that the symbol g signifies, in (7.5.1) and elswhere, different operators, acting on
different spaces.
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The prefix G- can be attached to all words describing linear maps, thus, a
G-isomorphism is an isomorphism which is a G-map, etc.

If Vj, j = 1,2, are G-spaces, we denote by L (V1, V2) the space of linear
G-maps of V) into Vs.

7.54 Lemma. Let S: Hy — Ha be a G-homomorphism. Then ker(S) is a
subrepresentation, i.e., G-subspace, of Hi1, and range(S) is a subrepresenta-
tion of Ha.

DEFINITION: Two representations H; of G are equivalent if there is a
G-isomorphism S : H; — Ho, that is, if they are isomorphic as G-spaces.

7.5.5 AVERAGING, 1. For a finite subgroup G C GL(H) we write

(7.5.2) Ig={veH:gv=uv forall geqG}.

In words: I is the space of all the vectors in H which are invariant under every
ging.

Theorem. The operator

1
_@Zg

geg

(7.5.3) g

is a projection onto Ig.

PROOF: mg is clearly the identity on Ig. All we need to do is show that
range(mg) = Ig, and for that observe that if v = ﬁ >_geg 8U, then

1
g1v = @ Z g18u
geg
and since {g1g:g € G} = G, we have g1v = v. |

7.5.6 AVERAGING, II. The operator Q) = >, g"g is positive, selfadjoint,
and can be used to define a new inner product

(7.5.4) (v,u)g = (Qu,u) = Z(gv,gu}

geg
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and the corresponding norm

lollgy =D _(gv.gv) = > _llgvll*.

g€g geg

Since {g:g € G} = {gh:g € G}, we have

(7.5.5) (hv, hu)g = Z(ghv,ghu) = (Qu,u),
geg

and ||hv||g = ||v||q. Thus, G is a subgroup of the “unitary group” correspond-
ing to (-, )q.

Denote by H the inner product space obtained by replacing the given
inner-product by (-, -)q. Let {u1,...,uy} be an orthonormal basis of H, and
{v1,...,v,} be an orthonormal basis of H¢. Define S € GL(H) by imposing
Suj = v;. Now, S is an isometry from H onto H¢, g unitary on H (for any
g € G), and S~! an isometry from Hg, back to ; hence S~!gS € U(n). In
other words, S conjugates G to a subgroup of the unitary group U(H). This
proves the following theorem

Theorem. Every finite subgroup of GL(H) is conjugate to a subgoup of the
unitary group U (H).

7.5.7 DEFINITION: A unitary representation of a group G in an inner-
product space H is a representation such that g is unitary for all g € G.

The following is an immediate corollary of Theorem 7.5.6

Theorem. Every finite dimensional representation of a finite group is equiva-

lent to a unitary representation.

7.5.8 Let G be a finite group and H a finite dimensional G-space (a finite
dimensional representation of (7).

A subspace U C H is G-invariant if it is invariant under all the maps g,
g € G. If U C 'H is G-invariant, restricting the maps g, g € G, to U defines U
as a representation of GG and we refer to U as a subrepresentation of H.

A subspace U is G-reducing if it is G-invariant and has a G-invariant com-
plement, i.e., H = U & V with both summands G-invariant.
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Lemma. Every G-invariant subspace is reducing.

PROOF: Endow the space with the inner product given by (7.5.4) (which makes
the representation unitary) and observe that if I/ is a nontrivial G-invariant sub-
space, then so is its orthogonal complement, and we have a direct sum decom-
position H = U & V with both summands G-invariant. |

We say that (the representation) H is irreducible if there is no non-trivial
G-invariant subspace of H and (completely) reducible otherwise. In the termi-
nology of V.2.7, H is irreducible if (H, G) is minimal.

Thus, if H is reducible, there is a (non-trivial) direct sum decomposition
H = U & V with both summands G-invariant. We say, in this case, that o is
the sum of the representations ¢/ and V. If either representation is reducible we
can write it as a sum of representations corresponding to a further direct sum
decomposition of the space (I/ or V) into G invariant subspaces. After no more
than dim A such steps we obtain H as a sum of irreducible representations.
This proves the following theorem:

Theorem. Every finite dimensional representation H of a finite group G is a
sum of irreducible representations. That is

(7.5.6) H=E0 Uy

Uniqueness of the decomposition into irreducibles

Lemma. Let V and U be irreducible subrepresentations of H. Then, either
W=UNV={0},orld =V.

PROOF: W is clearly G-invariant. |
7.5.9 THE REGULAR REPRESENTATION. Let GG be a finite group. Denote

by £2(G) the vector space of all complex valued functions on G, and define the
inner product, for ¢, 1 € £2(G), by

(1) = > p(x)y(@).

zeG
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For g € G, the left translation by g is the operator T(g) on £?(G) defined by

(T(9)0)(2) = (g™ 2).

Clearly 7(g) is linear and, in fact, unitary. Moreover,

(T(9192)9) () = 0((9192) " '@) = (g5 ' (g7 ")) = (T(g1)7(g2)0) ()

so that 7(g192) = 7(g1)7(g2) and T is a unitary representation of G. It is
called the regular representation of G.

If H C G is a subgroup we denote by ¢*(G/H) the subspace of ¢*(G) of
the functions that are constant on left cosets of [ .

Since multiplication on the left by arbitrary g € G maps left H-cosets onto
left H-cosets, £2(G/H) is T(g) invariant, and unless G is simple, that is—has
no nontrivial subgroups, T is reducible.

If H is not a maximal subgroup, that is, there exists a proper subgroup
H; that contains H properly, then left cosets of H; split into left cosets of H
so that ¢2(G/Hy) C £*(G/H) and T|¢2(/ 1) is reducible. This proves the
following:

Lemma. Ifthe regular representation of G is irreducible, then G is simple.

The converse is false! A cyclic group of order p, with prime p, is simple.
Yet its regular representation is reducible. In fact,

Proposition. Every representation of a finite abelian group is a direct sum of
one-dimensional representations.

PrOOF: Exercise VIL5.2 |

7.5.10 Let W be a G space and let (,) be an inner-product in JV. Fix a
non-zero vector u € YV and, for v € W and g € G, define

(7.5.7) folg) = (g v, u)

The map S: v + f, is a linear map from W into £2(G). If W is irreducible
and v # 0, the set {gv:g € G} spans W which implies that f, # 0, i.e., S is
injective.
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Observe that for v € G,

(7.5.8) () fol9) = fo(v'g) = (g7 v, u) = fru(9),

so that the space SW = Wg C (?(G) is a reducing subspace of the regu-
lar representation of £2(G) and S maps o onto the (restriction of the) regular
representation 7 (to) on Ws.

This proves in particular

Proposition. Every irreducible representation of G is equivalent to a subrep-
resentation of the regular representation.

Corollary. There are only a finite number of distinct irreducible representa-
tions of a finite group G.

EXERCISES FOR SECTION 7.5

VIL5.1. If G is finite abelian group and o a representation of G in H, then the linear
span of {o(g): g € G} is a selfadjoint commutative subalgebra of LH.

VIL.S5.2. Prove that every representation of a finite abelian group is a direct sum of
one-dimensional representations.

Hint: 6.5.2

1 n

0 1
the properties shown above for representations of finite groups that fail for o.

VIL5.3. Consider the representation of Z in R? defined by o (n) = ( ) . Check
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Appendix

A.1 EQUIVALENCE RELATIONS — PARTITIONS.

A.1.1 EQUIVALENCE RELATIONS. A binary relationon aset X is a subset
R C X x X. We write xRy when (z,y) € R.

EXAMPLES:
a. Equality: R = {(z,z):x € X}, zRy means x = y.

b. OrderinZ: R={(z,y):x <y}

DEFINITION:  An equivalence relation in a set X, is a binary relation (de-
noted here x = y) that is

reflexive: forall z € X, x = x;

symmetric: forall z,y € X,if x = y, then y = x;
and transitive: forall x,y,z € X,ifz =y and y = 2, then x = 2.

EXAMPLES:

a. Of the two binary relations above, equality is an equivalence relation, order
is not.

b. Congruence modulo an integer. Here X = Z, the set of integers. Fix an
integer k. x is congruent to y modulo k and write x = y (mod k) ifx —y
is an integer multiple of k.

c¢. For X = {(m,n):m,n € Z, n # 0}, define (m,n) = (my,n;) by the
condition mn; = min. This will be familiar if we write the pairs as %
instead of (m,n) and observe that the condition mn; = mjn is the one

defining the equality of the rational fractions ™ and 2.
n ni
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A.1.2 PARTITIONS.

DEFINITION: A partition of X is a collection P of (pairwise) disjoint subsets
P, C X whose union is X.

A partition P defines an equivalence relation: by definition, x = y if, and
only if, z and y belong to the same element of the partition.

Conversely, given an equivalence relation on X, we define the equivalence
classof v € X asthe set £, = {y € X :2 = y}. The defining properties of
equivalence can be rephrased as: a. x € &;, b. If y € &, thenz € &, and c.
If y € &, and z € &, then z € &,. These conditions guarantee that different
equivalence classes are disjoint and the collection of all the equivalence classes
is a partition of X (which defines the given equivalence relation).

EXERCISES FOR SECTION A.1

A1l Writte Ry CRXxR={(z,y): |z —y| <1} and x ~; y when (z,y) € Ry.Is
this an equivalence relation, and if not—what fails?

A.1.2. Identify the equivalence classes for congruence mod k.

A2 MAPS

The terms used to describe properties of maps vary by author, by time, by
subject matter, etc. We shall use the following:

Amap p: X — Y isinjectiveif x1 # zo — (1) # ¢(x2). Equiva-
lent terminology: ¢ is one-to-one (or 1-1), or ¢ is a monomorphism.

Amap p: X — Y is surjective if o(X) = {p(z):x € X} =Y. Equiva-
lent terminology: ¢ is onto, or ¢ is an epimorphism.

A map ¢: X — Y is bijective if it is both injective and surjective: for
every y € Y there is precisely one x € X such that y = ¢(x). Bijective maps
are invertible—the inverse map deifed by: p~1(y) = zif y = p(x).

Maps that preserve some structure are called morphisms, often with a pre-
fix providing additional information. Besides the mono- and epi- mentioned
above, we use systematically homomorphism, isomorphism, etc.

A permutation of a set is a bijective map of the set onto itself.
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A3 GROUPS

A.3.1 DEFINITION: A group is a pair (G, %), where G is a set and * is a
binary operation (z,y) — x * y, defined for all pairs (z,y) € G x G, taking
values in G, and satisfying the following conditions:

G-1 The operation is associative: For z,y,z € G, (xxy) *x 2z = x * (y * 2).

G-2 There exists a unique element e € G called the identity element or the
unitof G, suchthatex x = x xe = z forall x € G.

G-3 For every « € G there exists a unique element 2!, called the inverse of
1

z,suchthatz ' sz =z xz" ! =e.

A group (G, %) is Abelian, or commutative if x x y = y * x for all z and y.
The group operation in a commutative group is often written and referred to as
addition, in which case the identity element is written as 0, and the inverse of
T as —z.

When the group operation is written as multiplication, the operation symbol
* 1S sometimes written as a dot (i.e., x - y rather than x * y) and is often omitted
altogether. We also simplify the notation by referring to the group, when the
binary operation is “assumed known”, as G, rather than (G, x).

EXAMPLES:
a. (Z,+), the integers with standard addition.
b. (R\{0},), the non-zero real numbers, standard multiplication.

c. Sy, the symmetric group on [1,...,n|. Here n is a positive integer, the
elements of S,, are all the permutations o of the set [1,...,n], and the
operation is concatenation: for 0,7 € S, and 1 < j < nwe set (70)(j) =

7(0(4))-
More generally, if X is a set, the collection S(X) of permutations, i.e.,

invertible self-maps of X, is a group under concatenation. (Thus S,, =

S([1,...,n])).

The first two examples are commutative; the third, if n > 2, is not.
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A3.2 LetGy;,i=1,2, be groups.

DEFINITION: A map ¢: G1 — Gy is a homomorphism if

(A3.1) p(zy) = p(z)p(y)

Notice that the multiplication on the left-hand side is in G1, while that on the
right-hand side is in Gb.

The definition of homomorphism is quite broad; we don’t assume the map-
ping to be injective (1-1), nor surjective (onto). We use the proper adjectives
explicitly whenever relevant: monomorphism for injective homomorphism and
epimorphism for one that is surjective.

An jsomorphism is a homomorphism which is bijective, that is both injec-
tive and surjective. Bijective maps are invertible, and the inverse of an isomor-
phism is an isomorphism. For the proof we only have to show that (o ~! is multi-
plicative (as in (A.3.1)), that is that for g, h € Ga, o1 (gh) = ¢ 1(9)p 1 (h).
But, if g = ¢(x) and h = ¢(y), this is equivalent to gh = ¢(xy), which is the
multiplicativity of ¢.

If p: G1 — G and ©: G — (G4 are both isomorphisms, then Y : G| —
(33 is an isomorphism as well..

We say that two groups G and G} are isomorphic if there is an isomor-
phism of one onto the other. The discussion above makes it clear that this is an
equivalence relation.

A.3.3 INNER AUTOMORPHISMS AND CONJUGACY CLASSES. An iso-
morphism of a group onto itself is called an automorphism. A special class of
automorphisms, the inner automorphisms, are the conjugations by elements
y € G:

(A3.2) Ayr = y ey

One checks easily (left as exercise) that for all y € G, the map A, is in fact an
automorphism.

An important fact is that conjugacy, defined by = ~ zif 2 = Ayz = y oy
for some y € G, is an equivalence relation. To check that every x is conjugate
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to itself take y = e, the identity. If 2 = Ayz, thenz = A
1 1

y—1%, proving the

symmetry. Finally, if z = y~ "2y and v = w™ " zw, then

1

w=wlw=wly lzyw = (yw) lz(yw),

which proves the transitivity.
The equivalence classes defined on G by conjugation are called conjugacy
classes.

A.3.4 SUBGROUPS AND COSETS.
DEFINITION: A subgroup of a group G is a subset H C G such that

SG-1 H is closed under multiplication, that is, if hq, ho € H then hihy € H.
SG-2 ec H.

SG-3 Ifhe H,thenh e H

EXAMPLES:
a. {e}, the subset whose only term is the identity element

b. In Z, the set gZ of all the integral multiples of some integer ¢q. This is a
special case of the following example.

c. Forany z € G, the set {z¥},cz is the subgroup generated by x. The
element x is of order m, if the group it generates is a cyclic group of order
m. (That is if m is the smallest positive integer for which ™ = e). x has
infinite order if {2} is infinite, in which case n — " is an isomorphism
of Z onto the group generated by x.

d. If o: G — G is a homomorphism and e; denotes the identity in G1, then
{g € G:pg = ey} is a subgroup of G (the kernel of ).

e. The subset of S,, of all the permutations that leave some (fixed) [ € [1,...,n]
in its place, that is, {o € S,,: o (1) = [}.

Let H C G a subgroup. For x € G write zH = {zz:z € H}. Sets of the
form xz H are called left cosets of H.
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Lemma. For any x,y € G the cosets tH and yH are either identical or
disjoint. In other words, the collection of distinct xH is a partition of G.

PROOF: We check that the binary relation defined by “x € yH” which is
usually denoted by x = y (mod H), is an equivalence relation. The cosets
xH are the elements of the associated partition.

a. Reflexive: ¢ € xH,sincex =zeande € H.

b. Symmetric: If y € xH then x € yH. y € xH means that there exists
z € H, such that y = 2z. But then yz~!

c. Transitive: If w € yH and y € xH, then w € zH. For appropriate

=gz, andsince 2"t € H, z € yH.

21,29 € H,y =xz1 and w = yzo = x2129, and 2129 € H. P |

EXERCISES FOR SECTION A.3

A.3.1. Check that, for any group G and every y € G, the map A,z = y !

xy is an
automorphism of G.

A.3.2. Let G be a finite group of order m. Let H C G be a subgroup. Prove that the
order of H divides m.

«A.4 GROUP ACTIONS

A.4.1 ACTIONS. DEFINITION: An action of G on X is a homomorphism
¢ of G into S(X), the group of invertible self-maps (permutations) of X.

The action defines a map (g, x) — ©(g)z. The notation ¢(g)x often re-
placed, when ¢ is “understood”, by the simpler gz, and the assumption that ¢
is a homomorphism is equivalent to the conditions:

gal. exr =z forall z € X, (e is the identity element of 7).
ga2. (g192)r = g1(gox) forall g; € G,z € X.
EXAMPLES:

a. G acts onitself (X = @) by left multiplication: (z,y) — zy.

b. G acts onitself (X = G) by right multiplication (by the inverse): (x,y) —
yr~!. (Remember that (ab)~! = b~ta™!)
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c. G acts on itself by conjugation: (x,y) — o(x)y where ¢(z)y = zyx L.

d. S, acts as mappingson {1,...,n}.

A.4.2 ORBITS. The orbit of an element x € X under the action of a
group G is the set Orb (x) = {gz:g € G}.

The orbits of a G action form a partition of X. This means that any two
orbits, Orb (x;) and Orb (x2) are either identical (as sets) or disjoint. In fact,
if z € Orb(y), then z = goy and then y = galx, and gy = ggalx. Since
the set {ggy':g € G} is exactly G, we have Orb (y) = Orb (x). If & €
Orb (x;) NOrb (x2) then Orb (x) = Orb (x;) = Orb (x2). The corresponding
equivalence relation is: x = y when Orb (x) = Orb (y).

EXAMPLES:

a. A subgroup H C G acts on G by right multiplication: (h, g) — gh. The
orbit of g € GG under this action is the (left) coset gH.

b. S,actson|[l,...,n|, (0,j) — o(j). Since the action is transitive, there is
a unique orbit—|1, ..., n].

c. If o € S, the group (o) (generated by o) is the subgroup {o*} of all the
powers of . Orbit of elements a € [1,...,n] under the action of (o), i.e.
the set {c¥(a)}, are called cycles of o and are written (ay, ..., a;), where
aj41 = O'(CLj), and [, the period of a; under o, is the first positive integer
such that o' (a;) = a;.

Notice that cycles are “enriched orbits”, that is orbits with some additional
structure, here the cyclic order inherited from Z. This cyclic order defines o
uniquely on the orbit, and is identified with the permutation that agrees with o
on the elements that appear in it, and leaves every other element in its place.
For example, (1,2,5) is the permutation that maps 1 to 2, maps 2 to 5, and
5 to 1, leaving every other element unchanged. Notice that n, the cardinality
of the complete set on which S, acts, does not enter the notation and is in
fact irrelevant (provided that all the entries in the cycle are bounded by it; here
n > 5). Thus, breaking [1,...,n] into o-orbits amounts to writing ¢ as a
product of disjoint cycles.
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A.4.3 CONJUGATION. Two actions of a group G, ¢1: G x X — X1, and
p2: G x Xy — Xy are conjugate to each other if there is an invertible map
V: X7 — X suchthatforall x € Gand y € X;,

(A4.1) o (x) Uy = U(py(x)y) or, equivalently, @y = U UL,

This is often stated as: the following diagrams commute

Xl —iL—) X1 Xl _i1__> Xl
ooy o] v
X L Xo Xo L Xo

meaning that the concatenation of maps associated with arrows along a path
depends only on the starting and the end point, and not on the path chosen.

A.5 FIELDS, RINGS, AND ALGEBRAS
A.5.1 FIELDS.

DEFINITION: A (commutative) field, (F,+,-) is a set F endowed with two
binary operations, addition: (a,b) — a + b, and multiplication: (a,b) — a - b
(we often write ab instead of a - b) such that:

F-1 (F,+) is a commutative group, its identity (zero) is denoted by 0.

F-2 (F \ {0},-) is a commutative group, whose identity is denoted 1, and
a-0=0-a=0foralla €F.

F-3 Addition and multiplication are related by the distributive law:

a(b+c) = ab+ ac.

EXAMPLES:
a. Q, the field of rational numbers.
b. R, the field of real numbers.

c. C, the field of complex numbers.
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d. 75 denotes the field consisting of the two elements 0, 1, with addition and
multiplication defined mod 2 (so that 1 + 1 = 0).

Similarly, if p is a prime, the set Z,, of residue classes mod p, with addition
and multiplication mod p, is a field. (See exercise 1.5.2.)

A.5.2 RINGS.

DEFINITION: A ringis atriplet (R, +,-), Ris aset, 4+ and - binary operations
on R called addition, resp. multiplication, such that (R, +) is a commutative
group, the multiplication is associative (but not necessarily commutative), and
the addition and multiplication are related by the distributive laws:

alb+c)=ab+ac, and (b+ c)a=ba+ ca.

A subring Ry of aring R is a subset of R that is a ring under the operations
induced by the ring operations, i.e., addition and multiplication, in R.

Z is an example of a commutative ring with a multiplicative identity; 27,
(the even integers), is a subring. 27 is an example of a commutative ring with-
out a multiplicative identity.

A.5.3 ALGEBRAS.
DEFINITION:  An Algebra over a field F is a ring A and a multiplication of
elements of A by scalars (elements of ), that is, a map F x A — A such that
if we denote the image of (a, u) by au we have, for a,b € F and u,v € A,
identity: lu = u;
associativity: a(bu) = (ab)u, a(uv) = (au)v;
distributivity: (a+bu=au+bu, and a(u+v)=au+ av.

A subalgebra A; C Ais asubring of A that is also closed under multiplication
by scalars.

EXAMPLES:

a. F[z] — The algebra of polynomials in one variable = with coefficients from
F, and the standard addition, multiplication, and multiplication by scalars.
It is an algebra over [F.
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b. C[xz,y] — The (algebra of) polynomials in two variables z, y with complex
coefficients, and the standard operations. C[z, y] is “complex algebra”, that
is an algebra over C.

Notice that by restricting the scalar field to, say, R, a complex algebra can
be viewed as a “real algebra” i.e., and algebra over R. The underlying field
is part of the definition of an algebra. The “complex” and the “real” C|x, y]
are different algebras.

¢. M(n), the n x n matrices with matrix multiplication as product.

DEFINITION: A left (resp. right) idealin aring R is a subring I that is closed
under multiplication on the left (resp. right) by elements of R: for a € R and
h € I we have ah € I (resp. ha € I). A two-sided ideal is a subring that is
both a left ideal and a right ideal.

A left (resp. right, resp. two-sided) ideal in an algebra A is a subalgebra of
A that is closed under left (resp. right, resp, either left or right) multiplication
by elements of A.

If the ring (resp. algebra) is commutative the adjectives “left”, “right” are
irrelevant.

Assume that R has an identity element. For g € R, the set I, = {ag:a €
R} is aleft ideal in R, and is clearly the smallest (left) ideal that contains g.

Ideals of the form I, are called principal left ideals, and g a generator of
I,. One defines principal right ideals similarly.

A.5.4 7Z AS A RING. Notice that since multiplication by an integer can be
accomplished by repeated addition, the ring Z has the (uncommon) property
that every subgroup in it is in fact an ideal.

Another special property is: Z is a principal ideal domain—every nontriv-
ial! ideal I C Z is principal, that is, has the form mZ for some positive integer
m.

In fact if m is the smallest positive element of [ and n € I, n > 0, we can
“divide with remainder” n = gm + r with ¢, r integers, and 0 < r < m. Since
both n and gm are in [ so is r. Since m is the smallest positive element in 1,

'Not reduced to {0}.
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r = 0 and n = gm. Thus, all the positive elements of I are divisible by m (and
so are their negatives).

If mj € Z, j = 1,2, the set Iy, m, = {nim1 + nama:nq,ng € Z} is an
ideal in Z, and hence has the form gZ. As g divides every element in I,,,, ..,
it divides both my and mg; as g = nymy + noms for appropriate n;, every
common divisor of m; and my divides g. It follows that g is their greatest
common divisor, g = gcd(my, m2). We summarize:

Proposition. If m; and mg are integers, then for appropriate integers ny, no,

ged(my, ma) = nimy + noms.

EXERCISES FOR SECTION A.5

A.5.1. Let R be aring with identity, B C R a set. Prove that the ideal generated by
B, that is the smallest ideal that contains B, is: I = {>_ a;b;:a; € R. b; € B}.
A.5.2. Verify that Z,, is a field.

Hint: If pisaprime and 0 < m < p then ged(m, p) = 1.

A.5.3. Prove that the set of invertible elements in a ring with and identity is a multi-
plicative group.

A.5.4. Show that the set of polynomials {P: P =3, ajz’} is an ideal in F[z], and
that {P: P =3, ajz’} is an additive subgroup but not an ideal.

A.6 POLYNOMIALS

Let IF be a field and F[x] the algebra of polynomials P = > aja:j in the
variable x with coefficients from F. The degree of P, deg(P), is the highest
power of x appearing in P with non-zero coefficient. If deg(P) = n, then a,x"
is called the leading term of P, and a,, the leading coefficient. A polynomial
is called monic if its leading coefficient is 1.

A.6.1 DIVISION WITH REMAINDER. By definition, an ideal in a ring is
principal if it consists of all the multiples of one of its elements, called a gener-
ator of the ideal. The ring [F|x] shares with Z the property of being a principal
ideal domain—every ideal is principal. The proof for [F[x] is virtually the same
as the one we had for Z, and is again based on division with remainder.
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Theorem. Let P, F' € Fx]. There exist polynomials Q, R € Flx] such that
deg(R) < deg(F), and

(A.6.1) P=QF +R.

PROOF: Write P = Y% a;z/ and F' = Y7 bja? with a,, # 0 and by, # 0,
so that deg(P) = n, deg(F) = m.

If n < m there is nothing to prove: P =0- F + P.

If n > m, we write ¢,—m = apn/bm, and Py = P — ¢, ™ "™ F, so that
P = qp_pmax" " F + Py with n; = deg(P1) < n.

If ny < m we are done. If ny > m, write the leading term of P as
ain,x™, and set ¢p, —m = A1y, /bm, and Po = P; — gy, —pma™ " ™F. Now
deg(P) < deg(P1) and P = (Gn—mx" ™™ + @n,—ma™ ™) F + P».

Repeating the procedure a total of k times, & < n — m + 1, we obtain
P = QF + Py, with deg(Py) < m, and the statement follows with R = Pj,. <«

Corollary. Let I C F[x] be an ideal, and let Py be an element of minimal
degree in 1. Then Py is a generator for I.

PROOF: If P € I, write P = QP + R, with deg(R) < deg(Fp). Since
R =P—QPF, € 1, and 0 is the only element of I whose degree is smaller than
deg(Po), P=QPF,. «

The generator F is unique up to multiplication by a scalar. If P; is another
generator, each of the two divides the other and since the degree has to be the
same the quotients are scalars. It follows that if we normalize Py by requiring
that it be monic, that is with leading coefficient 1, it is unique and we refer to it
as the generator.

A.6.2 Given polynomials P;, j = 1,...,[ any ideal that contains them all
must contain all the polynomials P = ¢; P; with arbitrary polynomial coeffi-
cients ¢;. On the other hand the set of all theses sums is clearly an ideal in F|x].
It follows that the ideal generated by { P; } is equal to the set of polynomials of
the form P = ) ¢; P; with polynomial coefficients g;.

The generator G of this ideal divides every one of the P;’s, and, since G
can be expressed as )  ¢; P;, every common factor of all the P;’s divides G. In
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other words, G = gcd{ Py, ..., P}, the greatest common divisor of { P; }. This
implies

Theorem. Given polynomials Pj, j = 1,...,1 there exist polynomials q; such
that gcd{ Py, ..., P} =3 q;P;.

In particular:

Corollary. If P, and P> are relatively prime, there exist polynomials q1, qo
such that P1q1 + Pogo = 1.

A.6.3 FACTORIZATION. A polynomial P in F[z] is irreducible or prime if
it has no proper factors, that is, if every factor of P is either scalar multiple of
P or a scalar.

Lemma. Ifgcd(P, P)) = 1 and P| P, Py, then P| P.

PROOF: There exist g, g; such that gP + q; P, = 1. Then the left-hand side of
qPP; + q1 P P, = P, is divisible by P, and hence so is P». |

Theorem (Prime power factorization). Every P € F|x] admits a factorization
P = [[®"", where each factor ®; is irreducible in F|x], and they are all
distinct.

The factorization is unique up to the order in which the factors are enumer-
ated, and up to multiplication by non-zero scalars.

A.6.4 THE FUNDAMENTAL THEOREM OF ALGEBRA. A field F is alge-
braically closed if it has the property that every P € [F|x] has roots in F, that is
elements A € F such that P(\) = 0. The so-called fundamental theorem of
algebra states that C is algebraically closed.

Theorem. Given a non-constant polynomial P with complex coefficients, there
exist complex numbers \ such that P(\) = 0.
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A.6.5 We now observe that P(\) = 0 is equivalent to the statement that
(z — A) divides P. By Theorem A.6.1, P(z) = (2 — A\)Q(2) + R with deg R
smaller than deg (2 — A\) = 1, so that R is a constant. Evaluating P(z) =
(z—A)Q(z)+R at z = X shows that R = P(\), hence the claimed equivalence.
It follows that a non-constant polynomial P € C|[z] is prime if and only if it is
linear.

Theorem. Let P € C[z]| be a polynomial of degree n. There exist complex
numbers A1, ..., \n, (not necessarily distinct), and a # 0 (the leading coeffi-
cient of P), such that

(A.6.2) P(z)=a ﬁ(z — ).
1

The theorem and its proof apply verbatim to polynomials over any alge-
braically closed field.

A.6.6 FACTORIZATION IN R[z]. The factorization (A.6.2) applies, of course,
to polynomials with real coefficients, but the roots need not be real. The basic
example is P(z) = 2% + 1 with the roots +i.

We observe that for polynomials P whose coefficients are all real, we have
P(X) = P(\), which means in particular that if \ is a root of P then so is .

A second observation is that

(A.6.3) (x — Nz —X) = 2% — 220\ + | A2

has real coefficients.

Combining these observations with (A.6.2) we obtain that the prime factors
in Rx] are the linear polynomials and the quadratic of the form (A.6.3) where
A ER.

Theorem. Let P € R[x] be a polynomial of degree n. P admits a factorization
(A.6.4) P(z) = aH(w - X)) H Qj(x),

where a is the leading coefficient, {\;} is the set of real zeros of P and Q; are
irreducible quadratic polynomials of the form (A.6.3) corresponding to (pairs
of conjugate) non-real roots of P.
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Either product may be empty, in which case it is interpreted as 1.
As mentioned above, the factors appearing in (A.6.4) need not be distinct—
the same factor may be repeated several times. We can rewrite the product as

(A.6.5) P(z)=a]](z=X)"]] Q? (z),

with A; and @); now distinct, and the exponents /; resp. k; their multiplicities.
The factors (z — \;)% and ij (x) appearing in (A.6.5) are pairwise relatively
prime.
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