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Chapter 1

Introduction.

1-1 Lagrangian Dynamics.

Let M be a boundaryless n-dimensional complete riemannian manifold.
An (autonomous) Lagrangian on M is a smooth function L : TM — R
satisfying the following conditions:

2

L
aviavj
ordinates on the fiber T, M, is uniformly positive definite for all
(z,v) € TM, i.e. there is A > 0 such that

(a) Convezity: The Hessian (z,v), calculated in linear co-

w - Lyy(2,0) -w > A |w|*  for all (z,v) € TM and w € T, M.

(b) Superlinearity:

L
lim M = 400, uniformly on x € M,
|v]—+o0 ’1)’

equivalently, for all A € R there is B € R such that

L(z,v) > Alv| =B for all (x,v) € TM.



1. INTRODUCTION.

(c) Boundedness': For all r >0,

r)= sup L(z,v)< +o0. (1.1)
(z,v)eTM,
|v|<r

g(?‘) = Ssup w- va(m7v) s w < +00. (12)
|w|=1

|(z,v)[<r

The FEuler-Lagrange equation associated to a lagrangian L is (in

local coordinates)

%g—i(x,x') = g—i(:n,i:). (E-L)
The condition (c) implies that the Euler-Lagrange equation (E-L) defines
a complete flow ¢y on TM (proposition 1-3.2), called the FEuler-Lagrange
flow, by setting ¢y(zo,v0) = (zu(t), y(t)), where z, : R — M is the
solution of (E-L) with z,(0) = z¢ and 2,(0) = vo.

We shall be interested on coverings p : N — M of a compact man-
ifold M and the lifted Lagrangian . = Lodp : TN — R of a convex
superlinear lagrangian L on M. The lagrangian L then satisfies (a)—(c)
and its flow v is the lift of .

Observe that when we add a closed 1-form w to the lagrangian L,
the new lagrangian L + w also satisfies the hypothesis (a)-(c) and has
the same Euler-Lagrange equation as L. This can also be seen using the
variational interpretation of the Euler-Lagrange equation (see 1-2.3).

'The Boundedness condition (c) is equivalent to the condition that the associ-
ated hamiltonian H is convex and superlinear, see remark 1-4.2. This condition is
immediate when the manifold M is compact.



1-2. THE EULER-LAGRANGE EQUATION.

1-2 The Euler-Lagrange equation.

The action of a differential curve v : [0,7] — M is defined by

T
Auly) = /O Lv(£),4(1)) dt

One of the main problems of the calculus of variations is to find and
to study the curves that minimize the action. Denote by C*(q1,q2;T)
the set of C*-differentiable curves 7 : [0,7] — M such that v(0) = ¢
and (T) = go.

1-2.1 Proposition. If a curve z(t) in the space C*(q1,q2; T) is a critical
point of the action functional on C*(q1,qo; T), then x satisfies the Euler-
Lagrange equation

& Lufalt), #(0)) = La(a(t), a(0) (E-L)

in local coordinates. Consequently, this equation does not depend on the
coordinate system.

Proof: Choose a coordinate system (x1,...,x,) about x(t). Let h(¢)
a differentiable curve such that h(0) = A(T) = 0. Then for every e,
sufficiently small the curve y. = x +¢eh is on Ck(ql, g2;T) and contained
in the coordinate system. Define

g(e) = Ar(y-)

9
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Then g has a minimum in zero and

_ T . - _ .
lim g(e) — g(0) _ lim/ L(x +¢eh,& +¢eh) — L(z, %) it
e—0 g e—0 0 S
T .
_ / lim eLyh + eLyh + o(e) it
0 e—0 g
T .
= / L,h+ L,h dt
0

T
d T
:/0 (Lo — SL,) hdt + Ly h|!

T
= / (L, — &L,)hdt.
0

Hence
r o d .
0= /0 [Lm:(t),x(t))—ELU@(t),x(t)) b,

for any function h € C¥(0,0;7). This implies that x(t) satisfies the
Euler Lagrange equation (E-L). O

The Euler Lagrange equation is a second order differential equation
on M, but the convexity hypothesis (L., invertible) implies that this
equation can also be seen as a first order differential equation on T'M:

T =,

O = (Lyy) "N (Ly — Lygv).

The associated vector field X on T'M is called the lagrangian vector
field and its flow ¢; the lagrangian flow. Observe that X is of the form

X(z,v) = (v,-).

1-2.2 Remark. It is possible to do the same thing in the space Cr(p, q),
the set of absolutely continuous curves « : [0, 7] — M such that v(0) = p
and y(T') = ¢. A priori minimizers do not have to be differentiable and
there are examples where they are not, see Ball & Mizel [4]. However

10
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when the lagrangian flow is complete (cf. proposition 1-3.2), every ab-
solutely continuous minimizers is C? and satisfies the Euler-Lagrange
equation. See Mather [46].

1-2.3 Remark. If we add a closed 1-form w to the lagrangian L, the
lagrangian L + w also satisfies the hypothesis (a)-(c). Moreover, the
action functional Ay, on a neighbourbood of a curve y € C*(x1, 29, T)
satisfies

Appaln) = Ar(n) + 74 v,
Y

because the curve 7 is homologous to . Therefore, the critical points
for Ar4,, and for Ay, are the same. This implies that the Euler-Lagrange
equations for L and L + w are the same. But since the values of Ap 4,
and Ay, are different, minimizers of these two actions may be different.

11



12 1. INTRODUCTION.

1-3 The Energy function.

The energy function of the lagrangian L is F : TM — R, defined by

L
E(z,v) = 8—(95,1)) -v — L(z,v). (1.3)
ov
Observe that if x(t) is a solution of the Euler-Lagrange equation (E-L),
then

4 B(x,i)= (%L, — L;) - & =0.

Hence E : TM — R is an integral (i.e. invariant function?) for the
lagrangian flow ¢; and its level sets, called energy levels are invariant
under ;. Moreover, the convexity implies that

% E(x,s0)|s=1 = v Lyy(x,v) -v > 0.
Thus
UngjJCI}WE(a:,v) = E(z,0) = —L(x,0).
Write
ey = géé}‘}JCE(ZE,O) = —grcreuj\g[ L(z,0) > —oo0, (1.4)

by the superlinearity eq > —oo, then
eo =min{k € R|7: E""k} — M is surjective }. (1.5)
By the uniform convexity, and the boundedness condition,

A:= inf w-Ly(xz,v) w>0,
(z,v)eTM
|w|=1

and then using (1.1) and (1.2),

ol

vl
E(z,v) = E(z,0) +/ 4 B(z,s1%) ds
0

> —0(0) + 5 A |v]*. (1.6)

2The energy is invariant only for autonomous (i.e. time-independent) lagrangians.

12
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Similarly, using (1.2),

E(z,v) < eq + g(|v]) [v]- (1.7)

Hence

1-3.1 Remark.
If k€ R and K C M is compact, then E~'{k} N Tx M is compact.

1-3.2 Proposition. The Fuler-Lagrange flow is complete.

Proof: Suppose that o, 8 is the maximal interval of definition of ¢ —
@i(v), and —oo < a or f < +oo. Let k = E(v). Since E(p(v)) = k,
by (1.6), there is @ > 0 such that 0 < |ps(v)| < a for « <t < 3. Since
©¢(v) is of the form (y(t),7(t)), then ¢;(v) remains in the interior of the
compact set

Q:={(y,w) eTM|d(y,z) <a[|f—al+1], [w|<a+1},

where x = 7(v). The Euler-Lagrange vector field is uniformly Lipschitz
on (). Then by the theory of ordinary differential equations, we can
extend the interval of definition |a, B[ of ¢ — ¢ (v). O

13
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1-4 Hamiltonian Systems.

Let T*M be the cotangent bundle of M. Define the Liouwville’s 1-form
© on T*M as

©,(&) =p(dr§) for € € T,(T*M),

where 7 : T*M — M is the projection. The canonical symplectic form
on T*M is defined as w = dO.

A local chart x = (z1,...,2,) of M induces a local chart (x,p) =
(1., Tn;P1y- .. 0n) of T*M writing p € T*M as p = ¥; p; dz;. In
these coordinates the forms © and w are written

O =p-dx=) p;dr,

w=dpAdx=> dp; \Ndx;.

A hamiltonian is a smooth function H : T*M — R. The hamiltonian
vector field Xy associated to H is defined by

w(Xp, ) =dH. (1.8)

In local charts, the hamiltonian vector field defines the differential equa-

tion
T = H,,

p:_ Hl‘u

where H, and H) are the partial derivatives of H with respect to x and
p. Let ¢y be the hamiltonian flow. Observe that it preserves H, because

(1.9)

4LH=H,i+H,p=0.

Moreover, it preserves the symplectic form w, because?

4 (i) = Lx,w=dix,w+ix,w =d(dH)+ix, (0) = 0.

3Lx is the Lie derivative, defined on forms n by Lxn = dixn + ixdn, where
ixn =n(X,) is the contraction by X. The Lie derivative satisfies Lxn = Z1){n|:—o,
where 1) is the flow of X.

14
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We shall be specially interested in hamiltonians obtained by the
Fenchel transform of a lagrangian:

H(z,p) = max pv-—L(z,v).

Observe that H = Eo L™, where F is the energy function (1.3) and
L(x,v) = (z, Ly(z,v)) is the Legendre transform of L. Moreover

1-4.1 Proposition. The Legendre transform L : TM — T*M,
L(z,v) = (x,Ly(z,v)) is a conjugacy between the lagrangian flow and
the hamiltonian flow.

Proof: By corollary D.2, the convexity and superlinearity hypothesis
imply that L = L™ = H*. So if p = L,(x,v) then v = Hp(x,p). With
this notation:
H(z,p) =v- Ly(x,v) — L(z,v) = Eo L7}
=p- Hy(z,p) — Lz, Hy(x,p)).

Thus H, = —L,, and the Euler-Lagrange equation

T = % r =v = Hp,
p=% Ly=L;=—Hy,
is the same as the hamiltonian equations. O

1-4.2 Remark. Using that L* = H and H* = L, from proposition D.2
in the appendix we obtain that the boundedness condition is equivalent
to

(¢) Boundedness: H = L* is convex and superlinear.

We say that an energy level H~1(k) is regular, if k is a regular value
of H,i.e. dH(z,p) # 0 whenever H(x,p) = k.

15
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1-4.3 Proposition. Two hamiltonian flows restricted to a same regular
enerqgy level are reparametrizations of each other.

Proof: Suppose that H,G : T*M — R are two hamiltonians with
H=Y(k) = G7Y(¢) and k, ¢ are regular values for H and G respectively.
Then, if H(z,p) =k,

ker d(x7p)H = T(x7p)H_1(k7) = T( )H_l(k’) = ker d(ﬂc,p)G

x7p

Thus there exists A(x,p) > 0 such that d(, ) H = A\(,p) d(y )G Equa-
tion (1.8) implies that Xy = A(z,p) Xg when H(x,p) = k. O

We shall need the following estimate on the norm of the partial

derivative L, (z,v).

1-4.4 Lemma. There is a function f : [0,00[— R such that
[ Lo (@, v)|| < f(lv]) for all (x,v) € TM.

Proof: The convexity condition implies that the maximum in

H(z,p) = Jnax p-w— Lz, w)

is attained at w = vy with p = L, (x,vp). Since H(z, L,(z,v)) = E(z,v),
Ly(z,v) w < E(z,v) + L(z,w), Vo, w e T, M, Vo € M.
Applying this inequality to —w, we get that
Ly(z,v) -w > —FE(z,v) — L(z,—w).
Thus using (1.6), (1.7) and (1.1), for |v| < r, we have

| Lo(z,0)|| < |E(z,v)| + max{ |L(z,v)|, |L(z, —v)| }
< max{|¢(0)| + %Arz, eo+ g(r)r} + [€(r)] =: f(r).

16
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1-5 Examples.

We give here some basic examples of lagrangians.

Riemannian Lagrangians:
Given a riemannian metric ¢ = (-,-), on T'M, the riemannian la-
grangian on M is given by the kinetic energy

2
Liz,v) = & [o]2. (1.10)
Its Euler-Lagrange equation (E-L) is the equation of the geodesics of g:
Di=o, (1.11)

and its Euler-Lagrange flow is the geodesic flow.  Its corresponding
hamiltonian is

2
H(z,p) = 5 |Ipll; -

Analogous to the riemannian lagrangian is the Finsler lagrangian,
given also by formula (1.10), but where ||-||,, is a Finsler metric, i.e. |||,
is a (non necessarily symmetrict) norm on T, M which varies smoothly
on x € M. The Euler-Lagrange flow of a Finsler lagrangian is called the
geodesic flow of the Finsler metric ||| .

Mechanic Lagrangians:

The mechanic lagrangian, also called natural lagrangian, is given
by the kinetic energy minus the potential energy U : M — R,

L(z,v) = L |v])2 - U(a). (1.12)

Its Fuler-Lagrange equation is

“ie. |Av[l, = A [jv]|, only for A >0

17
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where % is the covariant derivative and VU is the gradient of U with
respect to the riemannian metric g, i.e.

d,U(v) = (VU (x),v), forall (z,v) € TM.

Its energy function and its hamiltonian are given by the kinetic energy
plus potential energy:

E(z,v) = L[] + U(x),
H(z,p) =4 |lp|2 + U(x).

Symmetric Lagrangians.

The symmetric lagrangians is a class of lagrangian systems which
includes the riemannian and mechanic lagrangians. These are the la-
grangians which satisfy

L(z,v) = L(z, —v) for all (z,v) € TM. (1.13)

Their Euler-Lagrange flow is reversible in the sense that ¢_4(v) =
—pt(—v).

Magnetic Lagrangians.

If one adds a closed 1-form w to a lagrangian, L(z,v) = L(z,v) +
wz(v), the Euler-Lagrange flow does not change. This can be seen by
first observing that the solutions of the Euler-Lagrange equation are
the critical points of the action functional on curves on C(x,y,T) (with
fixed time interval and fixed endpoints). Since w is closed, the action
functional of L and L on C(z,y,T) differ by a constant and hence they
have the same critical points.

But adding a non-closed 1-form to a lagrangian does change the
Euler-Lagrange flow. We call a magnetic lagrangian a lagrangian of the
form

L(z,v) = 5 vl +12(v) = U(z), (1.14)

18
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where ||-||, is a riemannian metric, 7 is a 1-form on M with dn # 0, and
U: M — R asmooth function. If Y : TM — TM is the bundle map
such that

dTl(Ua U) = (Y(u)7 U>

then the Euler-Lagrange equation of (1.14) is
L& =Y, (i) — VU(z). (1.15)

This models the motion of a particle with unit mass and unit charge
under the effect of a magnetic field with Lorentz force Y and potential
energy U(x). The energy functional is the same as that of the mechanical
lagrangian but its hamiltonian changes because of the change in the
Legendre transform:

[v])2 + U(=),
lp — A(@)|3 + U(),

N[— N[—=

where A : M — TM is the vector field given by 7, (v) = (A(z),v),.

Twisted geodesic flows.

The twisted geodesic flows correspond to the motion of a particle
under the effect of a magnetic field with no potential energy. This can be
modeled as the Euler-Lagrange flow of a lagrangian of the form L(x,v) =
1 |v]|2 47 (v), where d # 0. But the Euler-Lagrange equations depend
only on the riemannian metric and dn. A generalization of these flows
can be made using a non-zero 2-form €2 instead of dn and not requiring
Q) to be exact. This is better presented in the hamiltonian setting.

Fix a riemannian metric (, ) and a 2-form Q on M. Let K : TTM —
TM be the connection map K¢ = Vv, where £ = 4 (z(t),v(t)). Let
w: TM — M be the canonical projection. Let wg be the symplectic
form in T'M obtained by pulling back the canonical symplectic form via
the Legendre transform associated to the riemannian metric, i.e.

WO(&,C) = <d7T£7 KC> - <d7TC7 K£> :

19
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The coordinates TyT'M > & «— (dn&,K¢) € TroM @ Tr(0)M =
H(0)® V(0) are the standard way of writing the horizontal and vertical
components of a vector £ € TyT'M for a riemannian manifold M (see
Klingenberg [31]).

Define a new symplectic form wq on T'M by
wo =wo + 7 Q.

This is called a twisted symplectic structure on TM. Let H : TM — R
be the hamiltonian
2
H(z,v) = 5 |0l -

Consider the hamiltonian vector field X corresponding to (H,wgq), i.e.
wo(Xa(8), ) =dH . (1.16)

Define Y : TM — TM as the bundle map such that
Qp(u,v) = (Y(u),v)y - (1.17)

The hamiltonian vector field Xq(0) € TpTM is given by Xq(f) =
(0,Y(9)) € H(#) ® V(0). Hence the hamiltonian equation is

recovering equation (1.15) with U = 0, but where © doesn’t need to be
exact.

If H'(M,R) = 0, both approaches coincide, and any twisted geodesic
flow is the lagrangian flow of a magnetic lagrangian of the form L(x,v) =
1 [v]|2 4 n2(v), with dny = . For example if N is a compact manifold
Q is a 2-form in N and M is the abelian cover or the universal cover
of N; if  is not exact, then the corresponding twisted geodesic flow is
a lagrangian flow on M but not on N (where it is locally a lagrangian
flow). This lagrangian flow on M is actually the lift of the twisted
geodesic flow on N.

20
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Embedding flows:

There is a way to embed the flow of any bounded vector field on a
lagrangian system. Given a smooth bounded vector field F': M — T M,
let

L(z,v) =31 lv - F(2)|?2. (1.18)

Since F'(x) is bounded, then the lagrangian L is convex, superlinear and
satisfies the boundedness condition. The lagrangian L on a fiber T, M
is minimized at (z, F'(x)), hence the integral curves of the vector field,
& = F(x), are solutions to the Euler-Lagrange equation.

21
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Chapter 2

Mané’s critical value.

2-1 The action potential and the critical value.

We shall be interested on action minimizing curves with free time in-
terval. Unless otherwise stated, all the curves will be assumed to be
absolutely continuous. For x,y € M, let

Clz,y) = {v:[0,T] = M[T >0, 7(0) =z, ¥(T) = y }.
For k € R define the action potential @y : M x M — RU {—o0}, by

Pp(z,y) = Vegg ) Arr(y)-

Observe that if there exists a closed curve v on N with negative L + k
action, then ®y(x,y) = —oo for all x,y € N, by going round v many
times.

Define the critical level ¢ = ¢(L) as
¢(L) = sup{ k € R|3 closed curve v with Ay, x(7) <0}.

Observe that the function k — ®p(z,y) is increasing. The superlinearity
implies that L is bounded below. Hence there is £ € R such that

23



24 2. MANE’S CRITICAL VALUE.

L+ k> 0. Thus ¢(L) < +o0. Since k — Ar1,(7) is increasing for any
v, we have that

(L) =inf{k € R| Ap1+x(y) > 0V closed curve v }.
2-1.1 Proposition.

1. (a) For k < ¢(L), ®p(x,y) = —o0 for allx,y € M.
(b) For k > ¢(L), ®r(z,y) € R  for all xz,y € M.

2. For k> c(L), Pp(x,z) < O(x,y) + Pi(y,2), Va,y,z€ M.

(z, 2)

3. Pp(x,x) =0, Yoz e M.
4 (z,y)
(z,y)

d
For k> c(L), ®r(z,y) + Pr(y,x) >0 ifx #y.

5. For k > c¢(L) the action potential ®y, is Lipschitz.

2-1.2 Remark. The action potential @, is not symmetric in general,
but items 2, 3, 4 imply that

dk(l‘,y) = q)k($7y) + (I)k(y,$)

is a metric for £ > ¢(L) and a pseudo-metric for k = ¢(L) [i.e. perhaps
dc(z,y) = 0 for some z # y and ¢ = ¢(L)].

Proof:

2. We first prove 2 for all £ € R. Since ®i(z,y) € RU {—o0}, the
inequality in item 2 makes sense for all £ € R. If v € C(z,vy),
n € C(y, z), then v n € C(z, z) and hence

Pp(z,2) < Apgr(v*n) < Apsi() + Arsr(n).
Taking the infima on v € C(x,y) and n € C(y, z), we obtain 2.

24
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1. (a) If v is a closed curve with A;4x(y) < 0 and 7(0) = z, then
p(z2) < lim Appp(ys-xq) = lm N Ap(y) = —oc,
For x,y € M, item 2 implies that
Op(x,y) < Pp(z, 2) + Pr(z, 2) + Pr(z,y) = —o0.
Since the function k — ®(z,y) is increasing, then item 1(a) fol-

lows.

(b) Conversely, if ®x(z,y) = —oo for some k € R and z,y € M,
then

Thus there is v € C(x,x) with Aryx(y) < 0. Then k& < ¢(L). Ob-
serve that the set {k € R| Ap.x(7) < 0 for some closed curve v }
is open. Hence ®p(z,y) = —oo actually implies that & < ¢(L).
This proves item 1(b).

3. Let £k € R by the boundedness condition there exists ) > 0 be
such that
|L(z,v) + k| <Q for |v] <2. (2.1)

Now let v : [0,e] — M be a differentiable curve with |¥| = 1 and
7(0) = z. Then

(I)k(:Ev:E) < @k(l‘,’}/@)) + (I)k(’}/(a?),l‘)
< Arir (Vo) + Arsr (V= 9)ljo,)
<2Qe.

Letting € — 0 we get that ®(x, ) < 0. But the definition of ¢(L)
and the monotonicity of k +— ®p(z,z) imply that ¢ (z,x) > 0 for
all k£ > c(L).

5. Let k > ¢(L). Given z1,x9 € M we have that
Op(z1,22) < Apgn(v) < @ dur (1, 22),

25
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2. MANE’S CRITICAL VALUE.

where v : [0,d(z1,22)] — N is a unit speed minimizing geodesic
joining x1 to x9 and @ > 0 is from (2.1). If y1,y2 € M, then the
triangle inequality implies that

(I)k(xlyyl) — (I)k(x27y2) < @k(xl,xg) + (I)k(y27yl)
< Q [dy (21, 22) + dar(y1,y2)]

Changing the roles of (z1,y1) and (z2,y2) we get item 5.

. The first part of item 4 follows from items 2 and 3. Now suppose

that k > ¢(L), v # y and di(z,y) = 0. Let 7, : [0,T,,] — M,
Yn € C(x,y) be such that ®p(z,y) = lim, Apik(v,). We claim
that T}, is bounded below.

Indeed, suppose that lim, T,, = 0. Let A > 0, from the superlin-
earity there is B > 0 such that L(z,v) > A|v|—B, V (z,v) € TM.
Then
TN
Bulag) =lim [ Lo d) +
mJo
>lim A [|¥]+ (k—B)T,
Letting A — +oo we get that ®x(z,y) = +oo which is false.

Now let M - [O,Sn] — M, M € C(y,a:) with lim,, AL+k(77n) =
Ok (y,x). Choose 0 < T < liminf, T, and 0 < S < liminf,, S,.
Then for ¢ = ¢(L) < k,

(2, x) <Hm Apye(yn * 7n)
<lmAp () + (¢ = F)T + Apsr(na) + (¢ = k)S
< lir{n Op(z,y) + Pr(y,z) + (c— k)(T+5)
<(c—K)(T+S) <0,

which contradicts item 3. O
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2-2. CONTINUITY OF THE CRITICAL VALUE.

27

2-2 Continuity of the critical value.

2-2.1 Lemma. The function C*°(M,R) > 1) — (L + 1) is continuous
in the topology induced by the supremum norm.

Proof: Suppose that ¢, — ¢ and let ¢, := ¢(L+1,,) and ¢ := ¢(L+1).
We will prove that ¢, — c.

Fix € > 0. Since ¢ — € < ¢, by the definition of critical value there
exists a closed curve «y : [0,7] — M such that A yqc—c(y) <0, hence
for all n sufficiently large

ALtgppte—e(7) <0.

Therefore for n sufficiently large ¢ — e < ¢y, and thus ¢ — e < liminf,, ¢,.
Since € was arbitrary we have that ¢ < liminf,, ¢,.

We show now that limsup,, ¢, < c¢. Suppose that ¢ < limsup, c,.
Take ¢ such that
¢ < c+e < limsup, ¢,. (2.2)

Since v, — 1, there exists ng such that for all n > ny,
—e <Y -1, <e. (2.3)
By (2.2), there exists m > ng such that
c<c+e<Cy.

By the definition of critical value there exists a closed curve ~ : [0,T] —
M such that

AL ptere(7) <0,
and hence using (2.3) we have

Aptpre(7) £ ALttere(7) <0,
which yields a contradiction to the definition of the critical value c.
O

This proof also shows that L +— ¢(L) is continuous if we endow the
set of lagrangians L with the topology induced by the supremum norm
on compact subsets of T'M.
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28 2. MANE’S CRITICAL VALUE.

2-3 Holonomic measures.

Let Cg be the set of continuous functions f : TM — R having linear
growth, i.e.

|/ (@, v)]
[fllg:=sup < 400
¢ (z,0)eTM 1+ HUH

Let My be the set of Borel probabilities ¢ on T'M such that

/ loll dy < +oo,
TM

endowed with the topology such that lim,, u, = p if and only if

lim / f dpn = / fdu (2.4)

for all f € C}.

Let (CP)’ the dual of C{. Then M, is naturally embedded in (C})’
and its topology coincides with that induced by the weak* topology on
(Y.

We shall see that this topology is metrizable. Let {f,,} be a sequence
of functions with compact support on C’? which is dense on C’? in the
topology of uniform convergence on compact sets of T'M. Define a metric

d('v ) on MZ by

A 1z) = ' [~ [ 1 e

11
+§n:2_na‘/fndm—/fndu2
(2.5)
where ¢, = sup(, . | fn(2,0)].

2-3.1 EXERCISES:

1. Construct p € My such that [ |v|* du = +o0.

2. Show that the first term in (2.5) is necessary.
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2-3. HOLONOMIC MEASURES. 29

2-3.2 Proposition.
The metric d(-,-) induces the weak* topology on M, C (CP)'.

Proof: We prove that d(-, ) generates the weak™ topology on M,. Sup-
pose that

/fduna/fdu, VfeCy.

Given ¢ > 0, choose M > 0 such that Zsz 2% -2 < g, and choose
N > 0 such that

/fmdun—/fmdu‘<s, for0<m<M, n>N;

‘/!fu] d,un—/\v\ du‘ <eg, for n > N.

“loo = 1, then for n > N we have that

M
d(#”)”)ég‘i’ z 2Lm€+ Z 2%2”]‘.7””:35
m=1

Thus d(pn, 1) — 0.
Now suppose that d(uy, ) — 0. Let K, be compact sets such that
K, C Kppq1 and that TM = UK,,,. Then

/ fdun—>/ fdu, VfeC? Vm:

J/rvrdun-——»j/\v\du

This implies that

lim I d#n:/ Wlds,  Ym.  (26)
TM—-Kp, T

n—~o0

Given ¢ > 0, choose m(e) > 0 such that

/ (14 Jo]) du < &,
TM—K 4

m(e)
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and N such that
/ (1—|-|v|)d,un<i, Vn > N.
TM =K o) 2

Fix f € C’?. Choose N > 0 such that

/ fd,un—/ fdul <e, Vn>N.
Km(s) Km(s)
Then
€
Lo Uil [ @k dun Sl 5 Y.
TM—K,p () TM—K,p e

Using a similar estimate for y we obtain that

‘/fdun—/fdu'gs+\|f\u (5+9).

O

If v : [0,T] — M is a closed absolutely continuous curve, let u, € M,

be defined by
1 /7
[raw =7 [ r0@.50) d
0

for all f € C’? . Observe that ;1 € M, because if v is absolutely contin-
uous then [ |¥(t)| dt < 4+o00. Let C(M) be the set of such p,’s and let
C(M) be its closure in My. Observe that the set C(M) is convex. We
call C(M) the set of holonomic measures on M.
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2-4. INVARIANCE OF MINIMIZING MEASURES.

2-4 Invariance of minimizing measures.

Given a Borel probability measure p in T'M define its action by

A = [ L.

Since by the superlinearity the lagrangian L is bounded below, this
action is well defined. Observe that L ¢ CJ and that A (u) = +oo for
some p € My (see exercise 2-3.1).

Let M(L) be the set of @s-invariant probabilities on T'M.

2-4.1 Theorem (Mané [38], prop. 1.1, 1.3, 1.2).

1. M(L) CC(M) C M,.

2. If up € C(M) satisfies
Ar(p) = min{ A (v) |v € C(M) },
then p € M(L).

3. If M is compact and a € R, then the set {p € C(M) | Ar(p) < a}
18 compact.

Observe that item 3 implies the existence of a minimizer as in item 2.

The inclusion M(L) C C(M) follows from Birkhoft’s ergodic theorem

and the fact that C(M) is convex. Taking f = ||v|| in equation (2.4) we
see that My is closed, so that C(M) C M,.

Proof of item 2-4.1.3:
Since C(M) is closed, it is enough to prove that the set

Aa) = {peMy|AL(p) <a}

is compact in M,. First we prove that A(a) is closed. Let k£ > 0 and
define Ly := min{L, k}. Let

Bk::{,uGMAkad,uﬁa}.
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Since L; € C?, then By is closed in My. Since A(a) = Ng=oBk, then
A(a) is closed.

In order to prove the compactness, consider a sequence {u,} C A(a).
Applying the Riesz’ theorem B.1, taking a subsequence we can assume
that there exists a measure p on the Borel o-algebra of T'M such that

[ fiduwn— [ fian (2.7)

for every f; in the sequence used for the definition of d(,-). Approxi-
mating the function 1 by the functions f; we see that u is a probability.

Approximating L by functions f; we have that

/Lk dp = lim/Lk dpy, < liminf/L dpn, < a.
n n
Letting k£ T 400, by the monotone convergence theorem, we get that
AL(p) < a. (2.8)

Let B > 0 be such that |v| < L(z,v) + B for all (z,v) € TM. Then
/m du < Ap()+ B <a+ B < +o0, (2.9)

So that u € My.

We now prove that lim, [ |v| du, — [|v] du. Let € > 0. By
adding a constant we may assume that L > 0. Choose r > 0 such that
L(z,v) > ac ! |v| for all |v| > r. Then

/}\ﬂ@mSZ/meég/L@méa
vi>r v|>r

Similarly, by (2.8),

/ [v] dp < e.
|v|>r
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2-4. INVARIANCE OF MINIMIZING MEASURES.

From (2.7) we obtain that there is N > 0 such that

/ o] dps — / o] dyan
[v|<r [v|<r

Adding these inequalities we get that

‘/]v[ d,un—/]v] d,u‘ <3e.

<eg, formn> N.

O

The proof of item 2-4.1.2 requires some preliminary results which we
present now. Item 2-4.1.2 is proved at the end of the section.

The following proposition is needed to show that the minimum of
the action in C(M) is the same as the minimum on C(M).

2-4.2 Proposition.
Given p € C(M), there are py,, € C(M) such that p,, — p and

lim/Ld,unn :/L dp.

2-4.3 Remark. The statement of proposition 2-4.2 is not trivial. It is

easy to see that the function Ay : C(M) — R is always lower semicon-
tinuous (see the last argument of the proof of 2-4.2), but in general it
is not continuous. It is possible to give a sequence (i, € C(M) such
that p,, — pin C(M) but liminf, Ar(pty,) > Ar(p) for a quadratic
lagrangian L.

This can be made by calibrating the high speeds in ~, so that
f[|v|>R] |v|dpt, — 0 but a := liminf, f“v|>R]Ld,u% > 0. Then the
limit measure p will have support on [Jv| < R] and “will not see” the
remnant a of the action.
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34 2. MANE’S CRITICAL VALUE.

Proof: Let A > 1 and let v : [0,7] — M be a closed absolutely con-
tinuous curve. We reparametrize « to a curve n : [0, S] — M such that
1 =+ when |[¥| < A and ) = m A when |y| > A. So that || < A. Write

n(s(t)) = (), w(s) = [n(s)| and v(t) = [§(#)]. We want

" w(s) ds = tv(t) dt,
0 0

so that

Then

S(T):/[v(tKA}dtJr/ } 0 g,

>4 A
S(T) / |v]
T /“L“/ | | (o[> A] A

S(T) ‘ / / |v]
—— -1 < dpy + — dp
‘ T >4 Jpeza A

< 2/ o] du,. (2.10)
lol>4]

Suppose that f : TM — R is u,-integrable. Since % = % when

v(t) > A then




2-4. INVARIANCE OF MINIMIZING MEASURES.

Then

/ f dpiy = ﬁ / F(n(s).7i(s)) ds

1 ' »
_ /mgA} F(v(@),4(¢)) dt +/ f(n(s), %8%1‘1) ds

~ S(T) [14(t(s)) > A]
|t [ e,
[v|<A] [|v]>A4]

For A > 1 big enough,

T

- S(T)

/ v| dpy <e < 1. (2.11)
[lv[>A]
Define

fv if |v| < A,

fA(U) = v v .

(Y it > A

Then
/fd/‘n = % /fA Aty . (2.12)

Observe that from (2.10) and (2.11), we have that

‘%—1( < 4. (2.13)

Then

‘/fdﬂn_/fAdN*y

If || fl|oo <1, then

/\fArduwg/ !f!duwr/ F = fal dus
[lv]<A] [lv]>A]

§1+/ Mduyél—ka.
[Jo]>4] A

< |ty 1| [ Valdy <2 [ 174] s
(2.14)
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36 2. MANE’S CRITICAL VALUE.

‘/fdun—/fduw =

%/fAdM—/fd/"Y
—T—l‘ /|fA| dpy + /|f fal dpy
4e(l+¢e)+e<6e.

| /\

Also, using (2.14),

[l 101 =

Hence

sty 1] [lold <te [ 1ol du.

daa s 17) < 6 [ (ol + 1) di. (2.15)

Now let € C(M). Let

K:=1+ /(|v| +1) du. (2.16)
For R > 0, define
L(v) if |v] < R.
Lg(v) := {L vyl g R
(m ) R 1 ’U’ > .

Claim: If E(v) > 0 for all |v| > R, then
Lr(v) < L(v) for all ve TM.

Proof:
If |v] < R then Lgr(v) = L(v). Suppose that |[v| = R. For s > 1 let

f(s):= L(sv) — Lr(sv) = L(sv) — sL(v).
It is enough to prove that f(s) > 0 for all s > 1. We have
f'(s) = v Ly(sv) = L(v)
1"(s) = v+ Lyy(sv) - v > 0.
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37

We have that f(1) =0, f/(1) = E(v) >0, f"(s) > 0 for all s > 1. This
implies that f(s) > 0 for all s > 1.

¢
Given N > 0, choose R = R(N) > 1 such that
E(w)>0 if|vy|>R and / lv| dp < =+ (2.17)
[v|>R
Observe Lp(y) has linear growth. Choose fi,, € C(M) such that
sz(:u”YNﬂu’) < %7 (218)
/LR(N) dptyy < /LR(N) dp + 7,
and
[l [ plda-d(219)
[lv|<R(N)] [lv|<R(N)]
Then
/(]1)] +1) dpyy < K from (2.16) and (2.18), (2.20)

/ [v| dpyy < 2 from (2.17), (2.18) and (2.19).  (2.21)
[[o|>R(N)]

Construct ny as above for vy and A = R(N). Then from (2.11), (2.15),
(2.20) and (2.21), dat, (Hay s oy ) < 35 K. From (2.18),

sz(lunNHu) < 1_]\§K+ %

Thus fi,),, LR w in C(M). Moreover, from (2.12), (2.13), (2.11) and the
claim,

/L dMUN = S(I%\va) /LR(N) d,uw < S(I%\va) |:/LR(N) d,u+%}

< (1412) [/deﬂ.
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38 2. MANE’S CRITICAL VALUE.

Hence
limsup/L dpiyy < /L d.
N

Fix R > 0 such that £ > 0 on |v| > R. Then Lp has linear growth
and by the claim Lr < L. Therefore

limNinf/Ld,unN Zlijgn/LR Aty :/LR dp.

Letting R T +00, by the dominated convergence theorem we get that

limNinf/L dptyy > /L du.

Given z, y € M, define

S(z,y; T):= inf Ap(y).
v€Cr (z,y)

Observe that S(z,y;T) > —oo because L is bounded below. If v €
C*([0,T], M), define

ST () == AL(y) = S((0),7(T); 7).

The absolutely continuous curves v with S*(y) = 0 are called Tonelli
minimizers. Observe that a Tonelli minimizer is a solution of (E-L).
Given 7, v2 € C*([0,T],M), the absolutely continuous distance
d1(y1,72) is defined by

T
di(v1,72) = sup d(%(t)772(t))+/ dras ([ (1), A1), [ya (), 2 (8)]) dt.
t€[0,T) 0

2-4.4 Proposition. Given a compact subset K C M and given C, € > 0
there exist 6 > 0 such that if v : [0, T] — M is absolutely continuous and
satisfies
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iii.  ST(y) <6

Then either v([0,T]) N K = & or there exists a Tonelli minimizer ~y :
[0,T] — M such that di(9,7) < €.

Proof: If such § does not exists then there is a sequence =, €
C*([0,T,], M) such that v,([0,T,)) N K # 2,1 <T, <C, ST(v,) — 0,
Ar(vn) < C and di(yn,n) > € for any Tonelli minimizer 7.

Adding a constant we can assume that L > 0. Let B > 0 be such
that L(z,v) > |v| — B for all (z,v) € TM. Choose sy € [0,T},] such that
Yn(s0) € K. Then

A(, 1 (1)) < d(m(50), 1 (1)) < / il

[80 7t]

< / [ L(vm,4w) + B] < C+ BC.
[807t]

Let Q :={y € M|d(y, K) < C+BC }. Then we have that 7, ([0,7,]) C
Q.

We can assume that T,, — T, 7,(0) — = € Q and v,(T,,) — y € Q.
Moreover, we can assume that T,, = T, 7,(0) = z and 7,(T) = y. By
theorem 3-1.2, the set A(b) = {v € Cr(z,y)| AL(y) < b} is compact in
the C%-topology. Then we can assume that there is 79 € Cr(z,y) such
that v, — 7o in the C%topology. Since the action functional is lower
semicontinuous, then Ap(vy) < liminf, Ar(v,) = S(z,y;T), because
ST (v) — 0. Thus 7 is a Tonelli minimizer. Moreover, we have that
Ar(vn) — Ar(70). By proposition 3-1.3, v, — 7 in the d;i-topology.

U

Let

H = {h :TM — R‘ | flloo <1, [ALip <1, h with compact support },
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40 2. MANE’S CRITICAL VALUE.

where

|h(z,v) — h(y, w)|
[AlLip =  sup
P @ty dra((@,0), (y,w))

is the smallest Lipschitz constant for h.

2-4.5 Corollary.
Given h € H and C > 0 there exist 6 = 6(C,h) > 0 such that if
~v:[0,T] — M satisfies conditions 2-4.4.1, 2-4.4.1i, 2-4.4.iii then

}{h—}{hogpl
il il

Proof: Let K = m(supp(h) U ¢_1(supp(h))). Given C > 0 and € > 0
let 6 = 6(C,e) > 0 and A > 0 be given by proposition 2-4.4 then if
v : [0,T] — M satisfies conditions 2-4.4.i, 2-4.4.i, 2-4.4.iii we have
that either v([0,7]) N K = &, or we can take vy minimizing such that

dl (707 ’Y) S g.
Observe that if v([0, T])N K = &, then h(vy,%) = 0 and hopi(v,7) =
0. This implies (2.22). Suppose then that d;(y9,7) < e.

We have that

g

where [h]Lip is the smallest Lipschitz constant of h. Let Q(h) :=
¢—1(supp(h)), then

?{hosﬁl—j{ hog
¥ "0

Since 7y is a solution of (E-L), we have that

]é h—]é ho o
Yo Yo

< 5. (2.22)

< [PJLip di(7,70) < 1-1-¢,

< [PlLip [p1lQmlLip d1(7:70) < 1 [p1]om)lLip - €

T
= ‘/0 h(70(t),%0(t)) — h(yo(t +1),50(t + 1)) dt

1 T+1
S/ |h(70,%)|dt+/T \h(70,7%0)| dt < 2.
0
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%h—%hog@l
Y Y

Hence
<e(1+ [pilomlLip) + 2.

Proof of item 2-4.1.2:

Observe that to prove that p is invariant it is enough to prove that

/h dp = /h d(ei ) for all h € H. (2.23)

By proposition 2-4.2, there exists a sequence p,, € C(M) such that
[y, — v and

lim Af(py,) = Ap(p) =min { AL (v)|v € C(M) } = k. (2.24)

Let T}, be a period of the curve ~, : R — M. Take an integer N > 0.
By joining a constant curve if necessary, we can assume that every T,
is a multiple of NV and that lim,, .. 7T, = +00. Given C > 0 let

By(C):={jeN[1<j< T Ar(ya,) > C),
where
Vnj = Ynl[N,(i+1)N]-

By the superlinearity L is bounded below, adding a constant we can
assume that L > 0. Then we can assume that

Tn
) =7 [ Lowdn) de <2k v
T, Jo
Hence
2T, > > Ap(y) = C#Ba(0).
JEBR(C)
Thus 4B,(C) 2k
FonY) o 2B .
T SC (2.25)
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Given § > 0, let

Bi(§)={jeN[1<j<Ta—1 S¥(y,;)>d}.

Then
(Tn/N)—1
STm) = Y ST(ymy) = 8 #B,(6).
j=1
Moreover,
1 I
k< = S(va(0),7(Tn); Tr) = AL(N%) T ST (Yn)-
Hence
S* () < Tn(AL(,an) - k)
Therefore 4B (5) .
B < 2 (Al — B). (2:26)

Now fix h € ‘H. Then

Denote B! := B,(C) U B., (). Since sup |h| < 1, then

‘/hduwn—/hd«wwn > ¢ fhoeol
Yn,j Tn

Now choose C' > N2 and 6§ = §(C,h) > 0 from corollary 2-4.5. Using
equations (2.25), (2.26) and corollary 2-4.5 we obtain that

+— 2N #B.

QBH

5 T, 1
‘/hdu% - /hd(sﬁf Py )| < T <W - #BZ> + T—QN#BZ
5 2k 1
< N +2N (6 + g(AL(an) - k)) .
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Now let n — oo. Using equation (2.24) and that C > N2, u,, — p and
h, hop € C’g (because they have compact support), we obtain that

'/hdu—/hd(d{u)'é%Jr%.

Since N is arbitrary, this difference is zero and we get (2.23). O
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2-5 FErgodic characterization of the critical
value.

Given a Borel probability measure p in T'M define its action by

Ap(p) = /TML dp.

Since by the superlinearity the lagrangian L is bounded below, this
action is well defined.

Let M(L) be the set of ps-invariant probabilities on T'M.
2-5.1 Theorem (Mané [35]). If M is compact, then

o(L) = —min{ AL (n) |p € M(L) }.

We will obtain theorem 2-5.1 from theorem 2-5.2 below, which also
applies to the non-compact case. If M is non-compact, theorem 2-5.1
may not hold, as seen in example 5-7.

Recall that if v : [0, 7] — M is a closed absolutely continuous curve,
the measure p, € My is defined by

T
[ 1=z [ 16040) @

for all f € C?, and that C(M) is the closure of the set of such yu,’s in
M.

2-5.2 Theorem.

o(L) = —inf{ Ap () | p € C(M
(

i )} (2.27)
= —inf{ Ap(p) |p € C(M) }.

2-5.3 Definition. We say that a holonomic measure pu € C(M) is (glob-
ally) minimizing if Ar(u) = —c(L).

44



2-5. ERGODIC CHARACTERIZATION OF THE CRITICAL VALUE.

45

2-5.4 Remarks.

1.

Recall that by theorem 2-4.1, if a minimizing measure exists, then
it is invariant under the lagrangian flow.

. The equality between the two infima in theorem 2-5.2 is non-trivial

and follows from proposition 2-4.2.
Theorems 2-5.2 and 2-4.1 imply theorem 2-5.1.

If p: N — M is a covering, M is compact and . = L o dp is the
lifted lagrangian, then theorems 2-5.2 and 2-4.1 imply that

o(L) = —min{ AL () |p € M(L)Ndp.CN) }, (2.28)

by noticing that Ay (dps v) = Ap(v) for v € C(N). Here dp,.C(N) is
the set of probabilities j1, on T'M where 7 is a curve on M whose
lifts to IV are closed. The compactness property on theorem 2-
4.1(3) allows to obtain a minimum on (2.28) instead of the infimum
on (2.27) which may not be attained in the non-compact case.

. The statement for coverings in equation (2.28) allows to obtain

minimizing measures which don’t appear in the Mather’s theory.
For example if ¢, is the critical value of the universal cover M of
M and c¢q is the critical value of the abelian cover M of M ; the
minimizing measures on a fixed homology class (corresponding to
Mather’s theory) all have action A(u) > —co, (see equation (2.31)

and proposition 2-7.3), while the minimizing measures for M have
action ¢, < ¢g.

The measures for M correspond to “minimizing in the zero homo-
topy class” while the measures for M are minimizing in the zero
homology class.

The drawback of this approach is that we obtain honest minimizing
invariant measures on T'M which may not lift to finite measures
on the covering T'N.
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Proof of theorem 2-5.2:
If py € C(M), then Ap . ry(py) > 0. Hence A (1) > —c(L). Thus

—c(L) <inf{ Ap(p) |p € C(M) } = inf{ Ar(n) |p € C(M) },

where the last equality follows from proposition 2-4.2.

If £ < ¢(L) then there is a closed absolutely continuous curve v on
M such that Ap4,(y) <0. Thus py € C(M) and

—k > Ar(py) > inf{ Ap(n) | p € C(M)}.

Now let k£ T ¢(L). O
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2-6 The Aubry-Mather Theory.

Through this section we shall assume that M is compact.

2-6.a Homology of measures.

Observe that since M is compact, any 1-form is in C?. By definition,

an holonomic probability 4 € C(M) satisfies [, |v| dp < +o00 and

/ df du=0 for all f € C*(M,R).
™

Then we can define its homology class as p(u) € Hi(M,R) ~ HY(M,R)*
by

(ol l) = [, (2.20)

for any closed 1-form w on M, where [w] € H'(M,R) is the coho-
mology class of w. Here we have used the identification! Hy(M,R) ~
H'(M,R)* and equation (2.29) shows how the homology class p(i) acts
on H'(M,R). Since y is holonomic, the integral in (2.29) depends only
on the cohomology class of w. The class p(u) is called the homology of
1 or the rotation of u by analogy to the twist map theory.

Using a finite basis { [wi],...,[wk]} for H'(M,R) and the topology

of C(M), we have that

2-6.1 Lemma. The map p: C(M) — Hi(M,R) is continuous.

2-6.b The asymptotic cycle.

Given a differentiable flow ¢; on a compact manifold N and a ;-
invariant probability u, the Schwartzman’s [65] asymptotic cycle of an

'In fact, H'(M,R) ~ hom(H:(M,R),R) = H1(M,R)* by the universal coefficient
theorem. Since M is compact, then H;(M,R) is a finite dimensional vector space and
hence it is naturally isomorphic to its double dual H*'(M,R)*.
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invariant probability p is defined to be the homology class A(u) €
Hi(N,R) ~ H'(N,R)* such that

(A, [0]) =/Nw<X> .

for any closed 1-form w, where [w] € H'(N,R) is the cohomology class
of w and X is the vector field of ¢;. This integral depends only on
the cohomology class of w because the integral of a coboundary by an
invariant measure is zero: in fact, if df is an exact 1-form, then define

Pl = tim = [ dp(x dt = lim 7 =0
) ‘_Tilfoof/o f(X(pey)) dt = lim 7 [flpey) = f(y)] =0,

by Birkhoff’s theorem,

/Ndf(X)du:/Nquzo.

If 41 is ergodic and = € N is a generic point 2 for u, then

T
(A(p),[w]) = lim 1/0 (X (e @) dt.

T—4o00 T’
Applying this to a basis {w1,...,wr} for H'(N,R), we get that

A(p) = TETOO% [vr *or] € Hi(N,R),
where vr(t) = ¢i(x), t € [0,T], the curve dr is a unit speed geodesic
from ¢7(z) to x, and the limit is on the finite dimensional vector space
Hy{(N,R).
In the case of a lagrangian flow, the phase space N = T'M is not com-
pact, but it has the same homotopy type as the configuration space M
because M is a deformation retract of T'M (contracting T'M along the

%ie. Tlirf + fOT f(pez) dt = [ f du for all f € C°(N,R).
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fibers to the zero section M x 0). Moreover, the ergodic components
of an invariant measure of a lagrangian flow are contained in a unique
energy level, which is a compact submanifold of TM by remark 1-3.1.

We see that the homology of an invariant probability and its asymp-
totic cycle coincide under the identification H(T'M,R) X~ H 1(M,R).

2-6.2 Proposition.

T (A(p)) = p(p)  for all p € M(L),

where m, : H(TM,R) — Hy(M,R) is the map induced by the projection
T™M 5 M.

Proof: If w is a closed 1-form on M, then
(7" W) (X (2,0)) = w[dm (X (2,))] = wa(v)

because the lagrangian vector field X has the form X(z,v) = (v, x).
Then

(me ) [o]) = (A7 [W]) = [ (w w)(X) do
=/ wdp = (p(p),[w])-
TM

2-6.3 Lemma. The map p: M(L) — Hi(M,R) is surjective.

Proof: Let h € H1(M,Z) be an integer homology class. Let 7 : [0, 1] —
M be a closed curve with homology class h. Let v be a minimizer of the
action of L among the set of absolutely continuous curves [0,1] — M
with the same homotopy class as . Then by remark 1-2.2, ~ is a periodic
orbit for the lagrangian flow with period 1. The invariant measure s
satisfies p(py) = h.

The map p is affine and M(L) is convex; hence p(M(L)) is con-
vex and, in particular, it contains the convex hull of Hy(M,Z). Thus,
H\(M, R) C p(M(L)). O
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2-6.c The alpha and beta functions.

The action functional Ay, : M(L) — R is lower semicontinuous® and the
sets

M(h) = {peM(L)|p(p) =h}

are closed. Hence we can define the Mather’s beta function [ :
Hi(M,R) — R, as
h) = in A .
B(h) L, L(n)
We shall prove below that the @G-function is convex. The Mather’s
alpha function o = B* : H'(M,R) — R is the convex dual of the
G-function:

a(w) = max {(w] h)—pB(h)}

heH1(M,R)

= - Me%](am{ Ap(p) = (W], p(p)) }  using 2-6.3,

— — min A;_
MGHJ%/II?L) rlk)

= ¢(L —w), by 2-5.1.  (2.30)

Observe that since L — w is also a convex superlinear lagrangian, then
a([w]) is finite.

2-6.4 Theorem. The o and 3 functions are conver and superlinear.

Proof: We first prove that 8 is convex. Let hi, hy € Hi(M,R) and
0 <A< 1. Let py, uas € M(L) be such that p(u;) = h; and Ap(p;) =
B(h;) for i = 1,2. The probability v = A1 + (1 — A) po satisfies p(v) =
Ahy + (1 — X) he. Hence

BAR1+(1 = A ha) < Ap(Apn+(1 = A) p2) = AB(h1) + (1 = X) B(ha).

By proposition 2-6.3, p is surjective, and hence [ is finite. By propo-
sition D.1 on the appendix, « is superlinear. By D.1, o and ( are

3 AL is lower semicontinuous iff liminf,, Az (vn) > Ar(p) when v, — p.
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convex. Formula (2.30), implies that « is finite and then by D.1, g is
superlinear. O

For h € H{(M,R) and w € H'(M,R), write

Mu(L) = {1 € ML) | p(pz) = by Ar() = B(R)}
ML) = { € M(L) | Ap_(p) = —e(L —w) }.

Since the §-function has a supporting hyperplane at each homology
class h, if w € 98(h), then M, (L) € M“(L). Conversely, since by
corollary D.2 a* = (3, then M¥(L) C My (L) if h € da(w). Thus

U ML) = U M(L).
heH1(M,R) weH(M,R)

We call these measures Mather minimizing measures and the set
M= ML) = {pe M(L) | AL(n) = —<(L) },

the Mather set.

Define the strict critical value as

L):= i L—-w)= ‘
o) = il AP = il )

= —5(0).

By corollary 3-6.3 the strict critical value is the lowest energy level which
supports Mather minimizing measures and since ¢o(L) = —3(0), these
minimal energy Mather minimizing measures have trivial homology.
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2-7 Coverings.

We shall deal mainly with compact manifolds M, but there are some
important non-compact cases, for example the coverings of M. Partic-
ularly interesting are the abelian cover M , the universal cover M and
the finite coverings.

The abelian cover M of M is the covering whose fundamental group
is the kernel of the Hurewicz homomorphism 7 (M) — Hi(M,Z). Its
deck transformation n_group is H{(M,Z) and H 1(M Z) = {0}. When
m1 (M) is abelian, M = M. A closed curve in M projects to a closed
curve in M with trivial homology.

If My 2 Mis a covering, denote by Li := Lodp : TM; — R the
lifted lagrangian to T'Mj.

2-7.1 Lemma. If M; 2> M is a covering, then ¢(L1) < ¢(L).

Proof: The lemma follows form the fact that closed curves on N project
to closed curves on M. O

2-7.2 Proposition. If M is a finite covering of Ma then ¢(Lq1) = ¢(Ls).

Proof: We know that ¢(L1) < ¢(Lg). Suppose that the strict inequality
holds and let k& be such that ¢(L;) < k < ¢(Lg2). Hence there exists
a closed curve v in My with negative (Lo + k)-action. Since M is a
finite covering of My some iterate of - lifts to a closed curve in M with
negative (L; + k)-action which contradicts ¢(L1) < k. O

2-7.3 Proposition. [60]
co(L) = cq(L) = critical value of the abelian cover.
Then we have
cu(L) < co(L) = co(L) < ¢(L —w)  V[w] € H'(M,R),
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where ¢, is the critical value of the lift of the lagrangian to the universal
cover. When ¢, (L) < ¢o(L), the method in equation (2.28) gives some
minimizing measures which are not Mather minimizing. For symmetric
lagrangians ¢(L) = ep = co(L) = ¢, (L). Mané [39] gives an example in
which eg < ¢o(L) = ¢o(L) < ¢(L). G. Paternain and M. Paternain [60]
give an example in which ¢, (L) < ¢q(L).

Proof: Let w be a closed form in M. Since H;(M,R) = {0}, the lift &
of w to M is exact, then

ca(L) :=c(L) = ¢(L — @) < (L — w).

Hence
co(L) < welgll%ﬁ,ﬂ&) (L —w) = cy(L).
Moreover,
—ca(L) =inf { Ag(u) | € C(A) }
= inf{ Az () [y € C(M) } by proposition 2-4.2,

= inf{ A (py) | py € C(M), p(p) =0},

because a closed curve v on M has homology [y] = 0 if and only if it
has a closed lift to M. Then

—co(L) =inf{ A () | € C(M), p(p) =07}, by 2-4.2 and 2-6.1
<min{ Az (p) |p € M(L), p(u) =0} because M(L) C C(M)
= —B(0) = co(L).

U

The real abelian cover is the covering M of M with h : 7(M) —
Hy(M,R) is the Hurewicz homomorphism. It is an intermediate covering
M — M — M and the deck transformations of M — M are given by
the torsion* of Hy(M,Z). Hence M — M is a finite cover so that they
have the same critical value ¢, (L) = c¢o(L).

4i.e. the elements of finite order Loy @+ ®ZLn, C HI(M,Z).
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Chapter 3

Globally minimizing orbits.

3-1 Tonelli’s theorem.
Given z, y € M and T > 0, let

Cr(z,y) == {7 €C*(0,T],M) | 4(0) ==, ¥(T) =y }.
We say that v € Cp(x,y) is a Tonelli minimizer if

Ap(y)= min Ag(n).
neCr (x,y)

In this section we shall prove

3-1.1 Tonelli’s Theorem.
Forallz, y € M andT > 0 there exists a Tonelli minimizer on Cr(x,y).

The only difference in the proof of this theorem when M is noncom-
pact is corollary 3-1.8. An independent proof of this corollary is given
in remark 3-1.9.

The idea of Tonelli’s theorem is to prove that the sets
Ale) == {v€Cr(z,y) | AL(y) < c} (3.1)
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are compact in the C°-topology. Then a Tonelli minimizer will be a
curve in

N Ale) # 2,
c>a
where a = inf,cc .z, AL(n) > inf L > —oo0.
An addendum to Tonelli’s theorem due to Mather [46] states that
these sets are compact in the topology of absolutely continuous curves.

Given v1, 2 € C*([0,T], M) define their absolutely continuous distance
by

T
dy(y1,72) 1= sup dag (1(6), 72 (8)) + / drat (P (.31 (D), bra (8), 32(8)]) dt.
te[0,T 0

3-1.2 Theorem (Mather [46]). For any z,y € M, T > 0, b € R, the
set

Ab) = {7y €Cr(z,y) [AL(y) < b}
is compact in the C°-topology.

This theorem is proved in 3-1.12. We quote here the following propo-
sition (addendum on page 175 of Mather [46]).

3-1.3 Proposition. (Mather [46])

If N C M is a compact subset and 1, Y2, ... 1S a Sequence in
C%(la,b], N) which converges C° to v and Ar(vy;) converges to Ar(7),
then v1, va, ... converges in the di-topology to ~y.

In fact, the set A(b) in proposition 3-1.2 is not compact in the d;-
topology as the following example shows. Since the action functional is
only lower semicontinuous on Cr(x,y) a priori it is not possible to ensure
the convergence of the action in a C%-convergent sequence obtained from
theorem 3-1.2. Unless, for example, if the action is converging to the
minimal action (e.g. proposition 2-4.4).
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3-1.4 Example. A(b) is not compact in the dj-topology.

Let L = 3[v|? be the riemannian lagrangian on R? with the flat
metric. Let n(t) = (t,0) and 7, (t) = (¢, L sin(2wnt)), t € [0,1]. The
action Ay (y,) =1+ 272 is bounded. 7, — 7 in the C%topology.

The length of =, is bounded below by a polygonal curve join-
ing the maxima and minimums of its second component. Hence
U(yn) > 2n+/4/n?+1/(4n?) > 4. Therefore £(v,) # £(n), and thus
Yn 7> n in the dj-topology. Moreover, since a reparametrization pre-
serves length, there is no reparametrization of the 7,’s which converges
in the d; topology to 7.

We shall split the proof of Tonelli’s theorem in several parts:

3-1.5 Definition.
A family F C C%Ja,b], M) is absolutely equicontinuous if ¥ ¢ > 0
36 > 0 such that

N N

Z|ti_3i|<5 = Zd(xsi’xti)<€7
i=1 i=1
whenever |s1,t1[,...,]sn, tn[ are disjoint intervals in [a, b].

3-1.6 Remark.

(i) An absolutely equicontinuous family is equicontinuous.

(ii) A uniform limit of absolutely equicontinuous functions is abso-
lutely continuous.

3-1.7 Lemma. For all c € R and T > 0, the family
Fle)={ryec™(0,T],M) | AL(y) < c}
1s absolutely equicontinuous.
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Proof: Since by the superlinearity, the lagrangian L is bounded below;
by adding a constant we may assume that L > 0. For a > 0 let

L(x,v)
|v]

<Km):4m{ ‘(%v)ETNLhdza}. (3.2)

The superlinearity implies that lim,— . K (a) = +00. Given € > 0 let

a > 0 be such that .

<

=
—
Q
l\?.l ™

)

Let 0 <s1 <1 < -+ <sy<ty<T,J:= Uﬁil[si,ti] and F =
J N [|&] > a], then L(zs,is) > K(a) || for s € E. We have that

i= J\E

K@)im%mnumqém+Km/ ]

g/Lm@+wK@mU)
E
<c+a-K(a) m(J), (because L > 0),

where m is the Lebesgue measure on [0, 7]

N
Awe,me) < [ i € gl +am() S g +am(). (33)
=1

[Nelf0)

(2

This implies the absolute equicontinuity of F(c).
U

In order to apply the Arzela-Ascoli theorem we need a compact
range, for this we have:

3-1.8 Corollary. For allc € R and T > 0 there is R > 0 such that for
allz,y e M,

A(e) € c*([0,T], B(z, R)),
where B(x,R) :={z € M | dy(x,2) < R}.
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Proof: Inequality (3.3) for N = 1 and J = [s,t] is d(xs, z¢) < 5+a|t—s|.
It is enough to take R = § +aT. O

3-1.9 Remark.
Corollary 3-1.8 is the only difference for the proof of Tonelli’s theorem when
M is non-compact. Another proof for corollary 3-1.8 is the following:

Adding a constant we may assume that L > 0. There is B > 0 such that
L(z,v) > |v| — B for all (x,v) € TM. Then for 0 < s <t < T, we have that

t t
d(xs,xt)g/ |:b|§BT+/ L(z,&) < BT +c.

Recall that
F(e) = {yeC®(0,T],M) | Ar(y) < ¢}

3-1.10 Theorem.
If v, € F(c) and ~, — 7 in the uniform topology, then v € F(c).

We shall need the following lemma. We may assume that M = R",

3-1.11 Lemma. Given K compact, a > 0 and € > 0, there exists § > 0
such that if x € K, |x —y| <0, |v| < a and w € R", then

L(y,w) > L(z,v) + Ly(z,v) (w —v) — €. (3.4)

Proof of theorem 3-1.10:

It is immediate from the definition 3-1.5 that a uniform limit of abso-
lutely equicontinuous curves is absolutely continuous. We may assume
that 7, ([0,77]) is contained in a compact neighbourhood K of ([0, 7).
By the superlinearity we may assume that L > 0. Let ¢ > 0 and
E = [|%] < a], then by lemma 3-1.11, for n large,

[ G+ L@ - e < [ LG se (e L20). (35)
E E
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Claim:
tin [ L,(3) (G — ) =
" JE
Letting n — +o00 on (3.5), we have that
/ L(y)—eT<ec.
E

Since E 1 [0,7] when a — 400 and L > 0, then

T
/OL(f'y): lim [ L(y)<c+eT.

a——+00 E

Now let ¢ — 0.

We now prove the claim. We have to prove that
lim / P (3.6)

where 1) = L,(¥)-1g is bounded, z, = v, — and 1g is the characteristic
function of E. Since ||z, — 0, if A = [a,b] is an interval then

lim / Zp = lim 2z,
n A n

Since v is absolutely continuous, ¥ € £'. From 4 € £ and inequality
(3.3), given € > 0 there is 6 > 0 such that

b
= 0. (3.7)

m(D) <8 — / ol <e  WneN. (3.8)
D

Equations (3.7) and (3.8) imply that (3.7) holds for any Borel set A,
approximating A by a finite union of intervals. Hence (3.6) holds if ¢ is
a simple function ), a; 14,.

Let f be a simple function such that || f|| . < 2||¢]|, and [|¥ — f| <
e2. Let B = [|» — f| > €], then m(B) < ¢.

[w-nu| e [ a4t [ < e
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By (3.8) one can take h(e) with lim. h(¢) = 0. Then
lim/¢2n glim‘/fén /w—f)zn

3-1.12. Proof of Tonelli’s theorem:

By lemma 3-1.7, the family A(c) in (3.1) is equicontinuous, and by
corollary 3-1.8, the curves in A(c) have a uniform compact range. By
Arzela-Ascoli’s theorem and theorem 3-1.10, A(c) is compact. Then

v € ﬂ A(c)

CzinfCT(z,y) AL

+ lim sup <0+ h(e) 0.
n

0

is a Tonelli’s minimizer on Cr(x,y). O
Proof of lemma 3-1.11:
Let
Cy = sup{ |Ly(z,0)| |z € K, |v] < a}
Cy == sup{ L(z,v) — Ly(z,v) v |z € K, [v| < a}.
Let b > 0 be such that
K®) -r>Cy+Cir for all r > b,
where K (b) is from (3.2). Then if y € M and |w| > b,
L(y,w) = K(b) ]
> Cy + Cy |w|
> Co+ Ly(z,v) - w
> L(z,v) + Ly(z,v) - (w —v) for |w| > b.
This gives (3.4) when |w| > b. Since L is convex,
L(z,w) > L(z,v) + Ly(z,v) - (w —v) Vw e R™

Then there is 6 > 0 such that for |[x — y| < 0, |[v] < a and |w| < b
inequality (3.4) holds.

O
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3-2 A priori compactness.

The following lemma, due to Mather [46] for Tonelli minimizers in the
non-autonomous case, will be very useful. In the autonomous case its
proof is very simple.

3-2.1 Lemma.

For C > 0 there exists A = A(C) > 0 such that if z, y € M and v €
Cr(z,y) is a solution of the Euler-Lagrange equation with Ar(y) < CT,
then |¥(t)| < A for all t € [0,T].

Proof: By the superlinearity there is D > 0 such that L(z,v) > |v|—D
for all (x,v) € TM. Since Ar(vy) < CT, the mean value theorem implies
that there is ¢ty €]0, T such that

|¥(to)| < D+ C.

The conservation of the energy and the uniform bounds (1.7) and (1.6)
imply that there is A = A(C) > 0 such that |§| < A.

O

For k > ¢(L) and x, y € M, define

Pp(z,y; T) == inf Apyi(y).
YECT (2,y)

3-2.2 Corollary. Givene > 0, there are constants A(e), B(e), C(e) > 0
such that if T > e, d(x,y) < R and k € R, then

(i) Pu(z,y;T) <[Cle,R) + k] T.
(ii) If v € Cr(z,y) is a solution of the Euler-Lagrange equation such

that Ap+x(y) < [C(e,R) + k]T + 1, then |¥| < A(e,R) and
E(v,9) < B(e,R).
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Proof: Comparing with the action of a geodesic on Cr(z,y), we get (i)
with
Cle, R) = sup{ L(v) | Jo] < 422 < £},

)

Using (i) and lemma 3-2.1,we obtain A(e, R). Using A(e, R) and in-
equality (1.7) we obtain B(e, R). O

3-2.3 Lemma.
There exists A > 0 such that if x,y € M and v € Cp(z,y) is a
solution of the Fuler-Lagrange equation with

AL+C(7) < <I>c(:17,y) + dM($7y)7
then (0) T > % du(z,y).

(b) |7(t)] < A forallt € [0,T].

Proof: Let n : [0,d(x,y)] — M be a minimal geodesic with || = 1.
Let £(r) be from (1.1) and D = ¢(1) 4+ ¢ + 2. From the superlinearity
condition there is B > 0 such that

L(z,v) +c¢>Dlv| - B, V(z,v) € TM.

Then
[(1) + ] d(z,y) > AL+e(n) > Pe(z,y) (3.9)
> Apte(y) — d(z,y) (3.10)
T .
> [0 Bl B)a-d.y
> Dd(z,y) — BT —d(x,y).
Hence

T > 2=l d(z,y) > £ d(2,y).
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From (3.9) and (3.10), we get that

Ar(v) < [6(1) +c+ 1] d(z,y) —cT,
<{Bl1)+c+1]—c} T

Then lemma 3-2.1 completes the proof. U
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3-3 Energy of time-free minimizers.

A curve v € C(x,y) is a global minimizer or time free minimizer for
L+Ekifk>c(L) and Apii(y) = Pr(x,y).
3-3.1 Proposition. A time-free minimizer for L+k has energy E = k.

We need the following

3-3.2 Lemma. Let: z:[0,7] — M be an absolutely continuous curve
and k € R. For A > 0, let x\(t) :== xz(A\t) and A(\) :== Api(xy). Then

Proof: Since &,(t) = A ©(At), then

T

A = /0 [Lx(M), i (M) + k] dt.

Differentiating A(\) and evaluating at A = 1, we have that
T
A1) =-T[L(=(T),&(T)) + k]| + / [Lytd+ Ly (& +ti)] dt.
0
Integrating by parts the term (L, & + L,&)t = (%L) t, we have that
T
A1) =-T [L(x(T),#(T)) + k] + Lt[] +/ (Ly&—L)dt
0

— —Tk—l—/OTE(x,j:) dt:/OT[E(:E,:t)—k] dt.

Proof of proposition 3-3.1.

Since ~ is a solution of the Euler-Lagrange equation its energy
E(v,%) is constant. Since it minimizes with free time, the derivative
in lemma 3-3.2 must be zero. So that E(v,5) = k. O
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3-3.3 Corollary.
Let z € C*([0,1], M) and k > 0. For T > 0, write yp(t) = z(%) :
[0, 7] = M and B(T) = Ap+ik(yr). Then

17 _
B(T) =7 [ [Blr.in) ~ k] dt.
0
Proof: Using A\ = % on lemma 3-3.2, we have that j—s = —gg %. Thus

1 1 [T ,
%‘S:TB: T c[li_/\|,\:1“4: _T/o [E(yT’yT)_k] dt.
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3-4 The finite-time potential.
Recall that if & > ¢(L), z,y € M and T > 0,

Op(z,y;T) = inf  Apii(y).
'YECT(:Evy)

Here we shall prove the following proposition. See also corollary 4-11.8.

3-4.1 Proposition.

1. For k € R, a compact subset R C M and € > 0, the function
(x,y,t) — Px(z,y;t) is Lipschitz on R x R x [e,+00] for any
e >0.

2. Op(z,y;T) = Pe(z,y;T)+ (k—c)T, fork>c(L), z,y € M.

3. lim,_ o+ Px(x,y;6) = 400, for k>c(L), ©#y.
4. lmp_ 4o Pr(z,y; T) = 00, for k>c(L), z,y€ M.
5. limp_ 4 oo Pp(z,y; T) = —o00, for k<c(L), x,y€ M.

6. When M is compact, the limits in items 4 and 5 are uniform in
(z,y).

Proof: Item 2 follows from the fact that both action potentials satify
an equivalent variational principle. We now compute the limits.

3. Given A > 0, let B > 0 be such that L(x,v) > A|v| — B. Then

3
Op(z,y;¢) = inf Apip(y) > inf/ Aly|—B+k
VECe (z,y) 7 Jo
> Ad(z,y) + (k— B)e.
Thus, liminf, g+ ®p(z,y;¢) > Ad(z,y). Now let A — +o0.
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4. Observe that if £ > ¢(L),

i T) > lim [®.(x, —o)T] = 4.
Pm Pr,y;T) = lim [@c(w,y) + (k=) T] = +oc

When M is compact, this limit is uniform because

p(z,y;T) 2 inf Qe(w,y) + (k— o) T.
z,yeM
5. For k < ¢(L) there exists a closed curve v € Cg(z,2), S > 0,
z € M such that Ari.(y) < 0. Then for T'=nS + 7, with S < 7 < 25,
we have that

Pp(z,y; T) < Pp(x,2;5) +nApye(y) + Pz, 45 5)

This implies that limp_, 4o ®p(z,y;T) = —oo. The uniformity of this
limit for (z,y) on compact subsets follows from the Lipschitz condition
of item 1 that we now prove.

Fix e > 0. We prove now that the function |e, +o00[> t — P (z,y;1)
is uniformly Lipschitz. If T > ¢ and v € Cr(x,y) is a Tonelli minimizer,
from corollary 3-2.2 and inequality (1.6) there exists D = D(e, R) > 0
such that |E(y,¥) — k| < D(e,R) + |k|. Denote h(s) := Pp(x,y;s).
If v5(t) :== v(£t), t € [0,s], then h(s) < Apip(ys) =t B(s). Using
corollary 3-3.3 we have that

(T + 6) — h(T)

f(T) : = limsup

0—0 o
T
<B)= 5 [ [k-B00)]
< D(e,R) + |k|.

If S, T > e we have that

S
Py (z,y; S) < Py, y; T) +/T f(t)dt

< @p(z,y;T) + [D(e, R) + k| | IT - SI.

68



3-4. THE FINITE-TIME POTENTIAL.

69

Since we can reverse the roles of S and T, this implies the uniform
Lipschitz condition for T — ®y(z,y;T).

Now we prove the Lipschitz condition on a neighbourhood of yq for
y — Pr(zo,y;Tp). The proof for a neighbourhood of z is similar. Since
R is compact, this is enough to show that the function is Lipschitz on
R x Rx|e,+o0l.

Fix 0 < § < § small. Let A € Cr(wo,y0) be a Tonelli minimizer.
Observe that A\ realizes ®y(xo,yo,7). Let v : [0,1] — M be a length
minimizing geodesic joining yo to y, with || = 1. Let n(s,t), s € [0,1],
t € [T'—9,T] be a variation by solutions of (E-L) such that n(s, T —¢) =
MNT —9), n(s, T) =~(s) and n(0,t) = A(t). Let

E(s) == Atk (M- * n(s: ) r—s17)-
Then

/ d T on T
€(s) = T_JL(E(SJ)) dt = _JL:B 2+ Ly ok

r ’ dr \0

L, — %L,) 3!
s T / y ( L) 5

0
= Lo (1(5), 25, T)) - 4(5).

By Weierstrass theorem 77, if § and d(y, yo) are small enough, the curves
t — n(s,t) are Tonelli minimizers — and thus they realize ®x(yo,y,0).
Then by corollary 3-2.2, there exists A(d, R) > 0 such that \877 (s,T)| <

A(6, R). By lemma 1-4.4, || L,(z ,g?(s )| < f(A(6, R)). Thus

_ on

=Ly 55

Oy (z0,y:T) < Pp(x0, yo; T / E'(s

§%@Mmﬂ+AfM@m)Mﬂd8

= ®p(z0,90; T) + f(A(S, R)) d(y, vo)-

The value od § can be taken locally constant on a neighbourhood of
yo. Changing the roles of y and yy we obtain that f(A(J, R)) is a local
Lipschitz constant for y — @k (x,y;T), x,y € R. O
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3-5 Global Minimizers.

Here we construct curves that realize the action potential.
For k < ¢(L), @), = —o0, so there are no minimizers.

3-5.1 Proposition.
If k> c¢(L) and x, y € M, x # y, then there is v € C(x,y) such that

A7) = u(z,y).
Moreover, the energy of v is E(v,5) = k.

Proof: Let f(t) := ®y(z,y;t). By proposition 3-4.1, f(t) is continuous
and f(t) — +o0o whent — 0% or t — +o0. Hence it attains its minimum
at some T' > 0. Moreover, ®p(z,y) = infiso P(x,y;t) = Pr(x,y;T).
Now take a Tonelli minimizer v on Cr(z,y). From lemma 3-3.2, the
energy of v is k. ]

We now study minimizers at k = ¢(L). Observe that for ¢ = ¢(L)
and any absolutely continuous curve v € C(x,y), we have that

Apte(7) = @e(,y) = =Pe(y, ). (3.11)

3-5.2 Definition. Set ¢ = ¢(L).

An absolutely continuous curve v € C(x,y) is said semistatic if
Apte(y) = Pc(,y).

An absolutely continuous curve vy € C(z,y) is said static if
Apte(7) = —Pe(y, 7).

These names are justified by the following remark: For mechanic
lagrangians L = 1|v[2 — U(x), static orbits are the fixed points (zo,0)
of the lagrangian flow where U(z) is maximal; and semistatic orbits lie
in the stable or unstable manifolds of those fixed points.
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By the triangle inequality for ®. the definition of semistatic curve
x : [a,b] — M is equivalent to

Apye(xlisg) = Pe(x(s), z(t)), Va<s<t<hb. (3.12)

Inequality (3.11) implies that static curves are semistatic.

Moreover, a curve v € C(z,y) is static if

(a)  ~ is semistatic, and
(b)  de(z,y) = Pe(z,y) + Pe(y, ) = 0.
From proposition 3-3.1 we get
3-5.3 Corollary. Semistatic curves have energy E = c¢(L).
3-5.4 Definition.
M = U{supp(p) | p € M(L), Ar(p) = —c(L)}
N =%(L) := {w ETM‘$U, : R — M is semistatic }
A=3(L) = {weTM|z,:R— M is static }
S7(L) :={w e TM|zy:] —00,0] » M is semistatic }
SHL) :={w e TM|zy :[0,+00[— M is semistatic }

We call M the Mather set, N' the Maiié set, P = m(5(L)) the Peierls
set' and A = X(L) the Aubry set.

Using the characterization of minimizing measures 3-6.1 and corol-
lary 3-5.3 we have that?

MCACNCE, (3.13)

where M is the Mather set, A is the Aubry set, N is the Mafié set and
& is the energy level £ = [E = ¢(L)]. All these inclusions can be made

!The name is justified by proposition 3-7.1.5.
2The typographical relationship was observed by Albert Fathi.
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proper constructing examples of embedded flows as in equation (1.18)
and adding a properly chosen potential ¢(x).

Denote by a(v) and w(v) the o and w-limits of v under the
Euler-Lagrange flow.

3-5.5 Proposition.
A local static is a global static, i.e. if xy|(qy is static then v € X(L)
(i.e. the whole orbit is static).

Proof: Let n(t) = mpi(v) and let v, € Cp,(n(b),n(a)) be solutions
of (E-L) with

ALve(m) < @e(n(b),n(a)) +

S

By the a priori bounds 3-2.3 |§,,| < A. We can assume that 4, (0) — w.
Let &(s) = 7 ps(w). If w # 1(b) then the curve np_c 4 * &[4 is not C,
and hence by remark 1-2.2, it can not be a Tonelli minimizer. Thus

Dc(n(b—¢),8()) < ALte(lp—c) + AL+e(€lip)-

®c(n(a),n(a)) < @c(n(a),n(b —¢)) + @c(n(b —€),£(e)) + Pc(é(e). n(a))
< ALte(Map—e]) + Arte(ilp-cp) + ALte(€lpo,g) +liminf Arie(nlie )
< AL+c(n‘[a,b]) + 117?1(%\[0,5} * ’Yn‘[a,Tn})
< =2c(n(b),n(a)) + @c(n(b),n(a)) =0,

which contradicts proposition 2-1.1(3). Thus w = 7(b) and similarly
lim,, 4, (T3,) = n(a).

If limsup 7;, < +o0, we can assume that 7 = lim,, T,, > 0 exists. In
this case 1 is a (semistatic) periodic orbit of period 7 + b — a and then
it is static.
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Now suppose that lim,, T,, = +0c0. If s > 0, we have that

AL te(Nlfa—sprs) + Pe(n(b +5),n(a — 5)) <
< lim { Arvcnlima—s]) + Ave(m) + Arye(mlps) }
+ Qc(n(b+s),m(a — s))
< @c(n(a),n(b))
+ 1171}1 { Arre(mlos) + ALte(mlism-s) + ArveOnlim—s1)) }

< e(n(a), n(b)) + e(n(b), n(a)) = 0.

Thus 74—, p4s 18 static. O

3-5.6 Definition. Set ¢ = ¢(L).
An absolutely continuous curve v : [0, +00[— M (resp. 1 :]—00,0] — M)
is a ray if 7‘[07t} (resp. n’[—t,O}) is a Tonelli minimizer for all ¢ > 0; i.e.

Ar+e(Vljo,g) = @c(v(0),7(t);t)  for all £ > 0.

Clearly a semi-infinite semistatic curve is a ray. We shall see in
corollary 4-11.9 that rays are semistatic.

3-5.7 Proposition.
Ifv € ¥ is semistatic, then a(v) C X(L) and w(v) C X(L). Moreover
a(v) and w(v) are each contained in a static class.

Proof: We prove only that w(v) C &. Let v(t) = 7 ¢ (v). Suppose that
tn, — 400 and A(t,) — w € TM. Let n(t) = mpi(w). Since v and n
are solutions the Euler-Lagrange equation, then ’y][tn_ 8,tn+3] F 77‘[—5,5]'
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Then
AL+C(77|[—578}) + <I>C(77(8)7 77(_8)) =
= 1171}1{ ALte(Vitn—s,tats) T HM ALy (Y it 45,00 —51) }
= h}Ln hrlnm AL+c(7|[tn—s,tm—s})
= lim lim ®.(y(tn, — $),Y(tm — 9))

= ®c(n(—s),n(—s)) = 0.

Thus w € S(L). Let u € w(v). We may assume that 4(s,) — u with
tn < Sp < tpt1. Then

de(mw, mu) = Oo(Tw, Tu) + Po(TU, TW)
=l Apse(ltn,s0)) + ALte(Visn tusa))

= lirlln ALyl tnia]) = Pe(mw, mw) = 0.

Thus w and w are in the same static class. O
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3-6 Characterization of minimizing measures.

Recall that minimizing measures p satisfy Ap(u) = —c(L) and that by
theorem 2-4.1 they are invariant.

3-6.1 Theorem (Mané [39]).
w e M(L) is a minimizing measure if and only if supp(p) € X(L).

Proof: Since ¥ is closed, it is enough to prove the theorem for ergodic
measures. Suppose that p € M(L) is ergodic and supp(p) € X(L).
Since p is finite, by Birkhoff’s theorem there is a set of total p-measure
A such that if 8 € A then liminfr_ o dras(0, orf) = 0 and

T—+o0

T
/L—I—cd,u: lim l/ [L(¢0) + ] dt
M T Jo

< ljiminf L & (n(r 0),7(0)) = 0.

Now suppose that g € M(L) is minimizing. Then [ L + ¢ du = 0.
Applying corollary 3-6.5 to F' = L+ c and X = T M, we get that there
is a set A C TM of total y-measure such that if 8 € A then there is a
sequence T,, — 400 such that d(6, ¢, 0) — 0 and

Tn
lim/ [L(¢t6) +c] dt =0.
n o Jo
Then

0 < de(m, mp16) =lim| P (70, 71 6) + Pe(m 1 0,707, 0) |
Tn
< lim/ [ L(:0) +¢] dt = 0.
" Jo

This implies that 6 is static. Since f‘,(L) is closed and A is dense in
supp(u) then supp(p) C %(L). O
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It follows from theorem 2-5.1 that

3-6.2 Corollary.
If M is compact then (L) # &.

Combining theorem 3-6.1 with corollary 3-5.3, we get

3-6.3 Corollary (Dias Carneiro [9]). If pu is a minimizing measure then
it is supported in the energy level E(supp(u)) = c¢(L).

3-6.4 Lemma. Let (X,B,v) be a probability space, f an ergodic mea-
sure preserving map and F : X — R an integrable function. Given
A € B with v(A) > 0 denote by A the set of point p € A such that for
all e > 0 there exists an integer N > 0 such that f~(p) € A and

P

ZlF(fj(p)) _N /qu( <e.

7=0
Then v(A) = v(A).

Proof: Without loss of generality we can assume that [ F dv = 0. For

p € X denote
N—-1

SnF(p) == Y F(f"(p)).

n=0
Let
A(e) :== {p € A|3IN > 0 such that f¥(p) € A and |[SyF(p)|<e} .

It is enough to prove that v(A(e)) = v(A), because A =, A(L). Let
X be the set of points for which the Birkhoff’s theorem holds for F' and
the characteristic functions of A and of A(g). Take z € AN X and let
Nj < Ny < -+ be the integers for which fVi(x) € A. Define 6(k) by

Ny o(k) =[S, F ()] -
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Since z € X we have that limy_ ;o d(k) = 0. Set

Cl = SNkF(x),
S:={keN|V>k, |cg—cx| >},
Sk)y={1<j<k-1]|jeS}.

Observe that if j ¢ S(k), then there is an ¢ > j such that |¢; — ¢;| < ¢,
so that

|SNZ_NJ.F (fNJ(a;))‘ =|cp—¢j| <e.
Hence
j¢Sk) = fY(z) € Ale).
This implies that

v(A—Ae)) :kEI-lI-looNik #{0<j<Ni|fi(x)e A—Ale) }

1
< . #5(8). (3.14)

If S is finite, from inequality (3.14) we get that v(A4 — A(e)) = 0,
concluding the proof of the lemma.

Assume that S is infinite. This implies that the set {cx |k € S} is
unbounded. Choose an infinite sequence K in S such that for all k£ € IC
we have,

|ck| = e =18
Then, for k € IC,
1 (2¢) #S(k) < |ex| = 6(k) Ny.

From (3.14), we get that
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3-6.5 Corollary. If besides the hypothesis of lemma 3-6.4, X is a com-
plete separable metric space, and B is its Borel o-algebra, then for a.e.
x € X the following property holds: for all ¢ > 0 there exists N > 0
such that d(fN(z),x) < e and

<e€

N-1 ,
j;OF(f (ac)) —N/de

Proof: Given € > 0 let {V,,(¢)} be a countable basis of neighbourhoods

with diameter < ¢ and let V,, be associated to V,, as in lemma 3-6.4. Then

the full measure subset NU Vn(%) satisfies the required property. O
mn
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3-7 The Peierls barrier.

For T'> 0 and x, y € M define

hr(z,y) = Pc(z,y; T) :=  inf  Apic(y).
'YECT(imy)

So that the curves which realize hy(z,y) are the Tonelli minimizers on
Cr(x,y). Define the Peierls barrier as

h(z,y) = liminf hr (2, y).

The difference between the action potential and the Peierls barrier is
that in the Peierls barrier the curves must be defined on large time
intervals. Clearly

h(ﬂi‘,y) 2 @C(;p’y),

3-7.1 Proposition.
If h: M x M — R is finite, then

1. h is Lipschitz.
Va,ye M, h(x,z) > ®.(z,y), in particular h(x,x) > 0,V xz € M.

h(z,y) < ®c(z,p) + h(p,q) + Plq,y), Y,y p g M.

~

hz,z) =0<=zecn(X)="P.

IS # 2, h(z,y) < inf s Pc(@,p) + De(p, ).

S & L e

Proof: Item 2 is trivial. Observe that for all S, T > 0 and y € M,
hT+S(33, Z) < hT(gj> y) + hS(y7 Z).
Taking liminf7_, 1, we get that

h(z,z) < h(x,y) + hs(y, 2), for all S > 0.
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Taking liminfg_. 1, we obtain item 3.
1. Taking the infimum on S > 0, we get that

hz,2) < h(z,y) + Pc(y,2)  Va,y,z€M.
< h(‘ray) + A dM(y72)7

where A is a Lipschitz constant for ®.. Changing the roles of x, y, z,
we obtain that A is Lipschitz.

4. Observe that
sl*gtfr hS(xay) < <I>C(x,p) + hT(p7 q) + @c(q,x)

Taking liminfr_, o, we get item 4.

5. We first prove that if p € P = (X)), then h(p,p) = 0. Take
v € X such that 7(v) = p and y € w(w-limit(v)). Let v(¢) := 7 (v)
and choose t,, T 400 such that vy(t,) — y. Then

0 < h(p,p) < h(p,y) + Pc(y,p)
< 1iTILn Arte(Vlo,6n)) + Pe(y: p)
< hTILIl—(I)c(’Y(tn)ap) + (I)c(yap) =0.

Conversely, if h(z,xz) = 0, then there exists a sequence of Tonelli
minimizers v, € C(x,z;T,) with T,, — +oo and Ari.(yn) 0. By
lemma 3-2.3, || is uniformly bounded. Let v be an accumulation point

of 4,(0) and 7n(t) := 7 ¢¢(v). Then if 4,, (0) *, v, for any s > 0 we have
that

0< Oz, mpsv) + Pe(mps v, x)
< AL-i-c (77’[0,5]) + (I)c(ﬂ' Ps U, x)
< h}fn AL+e (Vnk |[0,s]) + ALte (%Lk |[s,Tn])
=0.

Thus v € 5.
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6. Using items 4 and 5, we get that

hz,y) < inf [®c(z,p) +0+ De(p,y)].
pem (%)

3-7.2 Proposition. If M is compact, then

h(z,y) = inf [@c(z,p) + Pc(p,y)].
pem(X)

Proof:
From proposition 3-7.1.6 we have that

h(z,y) < inf [Dc(z,p) + Pe(p,y)].
pET(Z)

In particular h(x,y) < 4oo for all z, y € M. Now let v, € Cr,(x,y)
with T,, — 400 and Apic(v,) — h(z,y) < +00. Then %AL+c(7n) — 0.
Let 41 be a weak limit of a subsequence of the measures fi,,. Then g
is minimizing. Let ¢ € m(supp(u)) and g, € vn([0,75]) be such that
lim,, g, = q. Then,

Po(,q) + Pelq,y) < Doz, qn) + Pe(gn, y) + 24 d(gn, q)
< AL—i—c(’Yn) + 24 d(Qn7 Q)'

Letting n — oo, we get that

De(w,q) + Pelq, y) < h(z,y).
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3-8 Graph Properties.

In this section we ShaAll see that the projection 7 : S — Mis injective.
We shall call P := 7(X) the Peierls set. > Thus the projection w|s gives
an identification P ~ .

For v € T'M, write x,(t) = 7 p(v). Given € > 0, let

Y :={weTM|zy,:[0,e) > M or z, : (—&,0] — M is semistatic }.

3-8.1 Theorem. (Mané) [39]
For all p € w(X) there exists a unique {(p) € T,M such that

(p,&(p)) € ¢, in particular (p,&(p)) € S and 3 = graph(§).

~

Moreover, the map £ : w(¥X) — X is Lipschitz.

The proofs of the injectivity of 7 in this book only need that the
solutions of the Euler-Lagrange equation are differentiable?. The reader
may provide those proofs as exercises. The proof of the Lipschitz con-
dition need the following lemma, due to Mather. For the proof see [46]
or Mané [36].

3-8.2 Mather’s Crossing lemma. [46]

Given A > 0 there exists K > 0 &1 > 0 and § > 0 with the following
property: if |v;| < A, (pi,v;) € TM, i = 1,2 satisfy d(p1,p2) < § and
d((p1,v1), (p2,v2)) > K~ 'd(p1,p2) then, if a € R and z; : R — M,
i = 1,2, are the solutions of L with x;(a) = p;, &;i(a) = v;, there exist
solutions v; : [a —e,a +¢] — M of L with 0 < e < &1, satisfying

/71(&_6) ::L'l(a_e) ) 71(a+€):$2(a+5)7
/72((1_6) :$2(a_€) ) 72(a+6) :$1(a+€)7
AL(T1]ja—e,ate]) + AL(T2lja—c,ate]) > AL(M1) + AL(72)

3This name is justified by proposition 3-7.1(5).
“and hence a non-differentiable curve can not be a Tonelli minimizer.
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Proof of theorem 3-8.1:
We prove that if (p,v) € i, (g, w) € ¥¢, and d(p,q) < 9, then

drar ((p,v), (¢, w)) < K dy(p,q) -

Observe that this implies the theorem. For simplicity, we only prove
the case in which z,[_. o is semistatic. Suppose it is false. Then by
lemma 3-8.2 there exist «, 3 : [—¢,¢] — M such that

a(—¢e) = xy(—¢€) = q—c , a(0) =p,
B(—¢) = zy(—€) =:pe, B(0) =q,
and
Ap(a) + AL(B) < AL(wl[—c,0) + AL(Zo|[—c,0))-
So
DPo(q-c,p) + Pe(p—c,q) < Pe(q—c,q) + Pe(p—c, )
= ®e(q-c,q) — Pe(p,p—c)
Thus

FIG. 1: GRAPH PROPERTY.

Pe(q-c,q) < Pe(q—e,p) + Pe(p,p—c) + Pe(P—c, @) < Pelg—c,q)

which is a contradiction. O
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Using the graph property 3-8.1 we can define an equivalence relation on
) by
wvES, u=v — de(m(u), w(v)) = 0.
The equivalence classes are called static classes. The continuity of the
pseudo-metric d. implies that a static class is closed, and it is invariant
by proposition 3-5.5.
For v € TM denote by w(v) its w-limit. Let " be a static class, the

set
' ={vex"(L)|wk) CT}

is called the (forward) basin of T'. Clearly I'" is forward invariant. Let

Iy = Usso #:(T'7)
= U.s0 {v € TM | 2y|)—¢ 450 is semistatic and w(v) C T }.

The set m(I't \ I'{) is called the cut locus of T'T.

3-8.3 Theorem. (Mané)[39]
For every static class T", the projection m : Fa' — M is injective with
Lipschitz inverse.

The projection 7 : '™ — M may not be surjective. But when M is
compact for generic lagrangians w(I't) = 7(I'") = M because there is
only one static class (cf. theorem 7-0.1.(B)). But 7 may not be injective
on I'" \Far even for generic lagrangians.

Proof: We prove that for K as in lemma 3-8.2, if v, w € FS‘ then
dry (v, w) < Kdpy(m(v), m1(w)). (3.15)

Suppose it is false. Then there are v, w € F(J{ such that inequality (3.15)
does not hold. Let ¢ > 0 be such that y|[_. joo[ and Ty |[—c oo are
semistatic. By lemma 3-8.2, there exist a € Co.(zy(—¢),x4(¢)) and
B € Coc(xw(—€),zy(g)) such that

AL+c(a) + AL+c(ﬁ) +4 < AL+C($U|[—E,€]) + AL+C($w|[—a,a})a
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for some 6 > 0. Let p, ¢ € 7(I') and s, t,, — +00 be such that z,(s,) —
+oo and zy(s,) — P, Ty (ty) — q. Then
De(zo(—€)s Tw(tn)) + Pel(Tw(—€), 2u(sn)) + 6
< Apte(ax Tyl ) + ALte(B* Tolcs,)) +6
< ALte(Toli—c,s,]) + ALte(Twl—c )
= Do(zy(—€), 2p(8n)) + Pe(@y(—€), Ty (t))-

Letting n — oo and adding d.(p,q) = 0, we have that

q>c($v(_€)7p) + (I)c(xw(_g)v Q)
< (I)c(xv(_e)’ Q) + q>c($w(_€)7p) + (I)C(Q7p) + (I)c(py Q)
< (I)c(xv(_e)7p) + <I>C($w(_€)v Q)‘
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3-9 Coboundary Property.

The coboundary property was first presented by R. Mané in [38] and
further developed in [39] and by A. Fathi.

3-9.1 Theorem. (Mané) [39]
Ife =¢(L), then (L+c¢) s s a Lipschitz coboundary. More precisely,

taking any p € M and defining G : SR by

G(w) = ®.(p, w(w)),

then

where

Proof: Let w € £ and define F,(v) := ®.(m(w), 7(v)). We have that

I

=

=
CaI

Fy(pnw) — Fw(w)]
)

—

o(mw, mop w) — Bo(mw, ww) |

nn

L+c ($w|[0 h])

L(zw(s), dw(s)) +c|ds

T
o
> = S S

\

E‘\
&
_I_
o

We claim that for any p € M and any w € i, heR,

Glenw) = c(p, m(ppw)) = Pe(p, m(w)) + Pe(m(w), m(e0p w))
Glonw) = Pe(p, m(w)) + Fu(on(w)). (3.16)
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This is enough to prove the theorem because then

aGa d

= = ZF
dp|, ~ dh n(Pn )

h=o d¥

= L(w) +¢,
w
and G is Lipschitz by proposition 2-1.1.

We now prove (3.16). Let ¢ := w(w), = := w(¢pw). We have to
prove that
De(p, x) = Pe(p, @) + Pelq, @) (3.17)

Since the points ¢ and = can be joined by the static curve xw][o,h], then

<I>C($7 Q) = _<I>C(Q7 l‘)

Using twice the triangle inequality for ®. we get that

De(p,q) < Pe(p,7) + Pe(x,q) = Pe(p, 7) — Pe(g, ) < Pe(p, @)

This implies (3.17). O
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3-10 Covering Properties.

3-10.1 Theorem. 7(X1(L)) = M.
But in general : X7 (L) — M is not injective.

Proof: First suppose that $(L) # o. Take p € 7(2). Given z €
M \ 7(X¥), take a Tonelli minimizer ~,, € Cr, (z,p) such that

AL—i—c(’Yn) < (I)C(Z',p) + %

By the a priori bounds 3-2.3, |¥,| < 4 and T, > L d(z,p). Let v =
limy, 4y, (0) be an accumulation point of (,(0)). Let n(t) := me¢(v).
Then, if 0 < s < liminfy, T}, , we have that

Ariec (77|[075]) = likHl Apte (’7nk|[0,s})
< lilin[q)c(’}’nk (0)7'7”1@ (S)) + TL_lk]
= ¢>c(77(0)777(8))-

Then 7 is semistatic on [0, S], where S = liminfy T}, . If S < +o00 then
n(S) = limg vy, (Tx) = p. Since z ¢ m(X), this contradicts the graph
property 3-8.1; hence S = +00. Thus 77][0,+oo[ is semistatic and v € ¥,

If S = &, then by corollary 3-6.2, M is non-compact. Let x € M
and (y,) € M such that dy(z,y,) — +00. Let v, € Cp,(x,y,) be a

Tonelli minimizer such that

Arve(m) < (@, yn) + %

Then by lemma 3-2.3, |4,| < A, and hence T,, — +o00. The rest of the
proof is similar to the case above. O

By corollary 3-5.3 E(X1) = ¢(L), using (1.5) we get that ¢(L) > e
and then
€0 < ey <o <o <ce(L). (3.18)
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3-11 Recurrence Properties.

Let A be the set of static classes. Define a reflexive partial order < in
A by

(a) = is reflexive.
(b) < is transitive.

(c) If there is v € ¥ with the a-limit set a(v) C A;
and w-limit set w(v) C Aj, then A; < A;.

3-11.1 Theorem.
Suppose that M is compact and the number of static classes is finite.
Then given A; and Aj in A, we have that A; < A;.

FIG. 2: CONNECTING ORBITS BETWEEN STATIC CLASSES.

The three closed curves represent the static classes and the
other curves represent semistatic orbits connecting them.

Theorem 3-11.1 could be restated by saying that if the cardinality
of A is finite, then given two static classes A; and A; there exist classes
A; = Aq,..., A, = A; and semistatic vectors vy, ...,v,—1 € X such that
for all 1 < k < n —1 we have that a(vy) € Ar and w(vy) C Ay
In other words, between two static classes there exists a chain of static
classes connected by heteroclinic semistatic orbits (cf. figure 2).
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A proof of the following theorem can be found in [12]
3-11.2 Theorem. If M is compact, then
1. ¥(L) is chain transitive.

2. S(L) is chain recurrent.

Now we proceed to prove theorem 3-11.1. Assume for the rest of this
section that M is compact.

3-11.3 Proposition.
Ifv € ¥ is semistatic, then a(v) C X(L) and w(v) C X(L). Moreover
a(v) and w(v) are each contained in a static class.

Proof: We prove only that w(v) C &. Let v(t) = 7 ¢;(v). Suppose that
tn, — 400 and Y(t,) — w € TM. Let n(t) = mp(w). Since v and 7
are solutions the Euler-Lagrange equation, then v|;, _s 1,45 — 7l[=s,s)-

Cl
Then
AL+c(n’[—s,s}) + (I)c(n(s)777(_s)) =
= hgln{ AL+C(’Y‘[tn—s,tn+s]) + hgln AL+C(7‘[tn+s,tm—s]) }
=l lim Ap4c(Yit, —s,t—s])
= lim lim ®.(v(t, — 8),Y(tm — 5))
= ®c(n(—s),n(—s)) = 0.

Thus w € i(L) Let u € w(v). We may assume that (s,) — u with
tn < S$p < tpr1. Then

de(mw, mu) = Oo(Tw, 7u) + Po(TU, TW)
=l Apse(ln,50)) + ALte(Visn tnsa))
= ligln ALte(nlitntnin]) = Pe(mw, mw) = 0.

Thus w and u are in the same static class. O
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3-11.4 Proposition. FEvery static class is connected.

Proof: Let A be a static class and suppose that it is not connected. Let
Uy, Us be disjoint open sets such that A C Uy UU; and ANU; # &,
i=1,2. Let p; € 7(U; N A), i = 1,2. Since U; and U are disjoint sets
we can take a solution z,,, : [an,b,] — M, a, < 0 < b, of (E-L) such
that z,, (0) ¢ w(Uy U Us), Ty, (an) = D1, Ty, (by) = p2 and

Apye(w,) < @e(pr,p2) + & (3.19)

Let u be a limit point of v, then x, : R — M is semistatic (see the
proof of claim 2 item (a)). Then, for a, < s <t < by,

dc(plap2) < (I)c(ply Loy, (3))+q)c(xvn (3)7 Lo, (t))"i_(pc(xvn (t)a p2)+(1>c(p27p1)7

therefore

dc(plap2) < (I)c(p27p1)
+ limninf [De(p1; To, (8)) + Pe(Tu, (8), Tu, (1)) + Py, (1), p2)]

< Dc(p2,p1) + limninf Arte(zy,)
< dc(p1,p2) =0,
where in the last inequality we used (3.19). Hence
Po(p1,24(5)) + Pe(@u(s), zu(t)) + Pe(zy(t), p2) + Pe(p2,p1) = 0.

Combining the last equation with the triangle inequality we obtain

de(Tu(8), T (t)) <
< Pe(@u(s), mu(t)) + [Pc(@u(t), p2) + Pe(p2,p1) + Pelp1, 2u(s))] = 0.

So that u € 5. Moreover, for s = 0,t = 1:

dc(ﬂfu(O),pl) S

< (I)c(plyxu(o)) + [(I)c(xu(o)axu(l)) + q)c(mu(1)7p2) + (pc(p27p1)] =0.
Hence z,(0) € m(A). On the other hand x,(0) ¢ n(U; U Usz). This
contradicts the fact that A C Uy U Us. O
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Proof of theorem 3-11.1.

Given v € TM denote by a(v) and w(v) its o and w-limits respec-
tively. By proposition 3-11.4 the static classes are connected. Hence
if we assume that there are only finitely many of them, the connected
components of 3 are finite and must coincide with the static classes. For
e >0, let $(¢) be the e-neighborhood of &, i.e.

S(e) i={veTM|dry(v,) <}

Fix ¢ > 0 small enough such that the connected components of i(a) are
the e-neighborhoods of the static classes. So that for 0 < § < ¢, i(é) =
lei(f ) A;(0), where A;(6) are disjoint open sets containing exactly one
static class and the number of components N (¢) is fixed for all 0 < § < e.

Now suppose that the theorem is false. Let A;, Ay € A be such that
Ai % Ak Let

A = U Aj N B:.= U Aj.

{A;EA| A=A} {AjeAM|AiRKA; }

Given v € ¥ with a(v) C A and 0 < § < ¢, define inductively si(v),
ti(v), Tk (v) as follows. Let

s1(v) :=1inf{s € R| fs(v) ¢ A(e) } € RU {+o0}.

If sx(v) < 400, k > 1, define

ti(v) == sup{t < si(v) [ fi(v) € A(6) },
Ti(v) :=inf{t > sx(v) | fr(v) € A(9) }.

Observe that si(v) < +oo implies that Ti(v) < +oo because by the
definition of B and the transitivity of < we have that w(v) C A. Define

A = Ag(6) == sup{ | Tp(v) — tx(v) | : v €, a(v) C A, sp(v) < +oo},
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if s(v) = +oo for all v € 3 with a(v) C A, write Ag(0) =0 for all £ > k.
Now set:

Ski1(0) = {5 > Th(o) | £i(0) ¢ AE) 1.
Observe that sg(v), tx(v) and Tk (v) are invariant under f;.

We split the rest of the proof of theorem 3-11.1 into the following
claims:

Claim 1. Ai(0) < 400 for allk=1,2,... and all 0 < § < €.

Define
M:={v|veX alv) CA}.

Claim 2.
(a) MNB # 7.
(b) limsup;, Ag(d) = supy, Ax(d) = +oo.

Claim 3. There exist sequences v, € %, 0 < s, < t, such that v, —
up € A, fs, (vn) — ua & A(e), fi,(vn) — usz € A and de(muy, Tus) = 0.

We now use claim 3 to complete the proof of theorem 3-11.1. If uy €
A; C A, we shall prove that up € Aj\A(e), obtaining a contradiction and
thus proving theorem 3-11.1. It is enough to show that d.(mu;, Tu2) = 0.
Indeed

de(muy, mug) = ®o(wuy, mug) + Po(mug, Tuq)
< o (mug, mug) + Po(mug, mug) + Po(mwus, mug)

< hrILn [q)c(ﬂ"[)n, 7Tfsn ('Un)) +(I)C(7Tfsn (Un)v 7Tftn (U”))]
+ @ (musz, TU1)

= lim O (7vp, 7 fr, (vn)) + Pe(mus, Tuy)

= dc(ﬂ'ul,ﬂ'u;;) = 0,

where the fourth equation holds because v,, is a semistatic vector.
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Proof of claim 1:

Suppose that A; < +oo for ¢ = 1,...,k — 1 and A, = +oo. The
case k = 1 is similar. Then there exists v, € X, with a(v,) C A and
Ti(vn) — ti(v,) — 4+00. We can assume that t;(v,) = 0 and that v,
converges (X is compact). Let v = lim, v, € OA(d). Then for all n, we
have that

{1 < 0] (o) ¢ AE)) < 3 A

where m is the Lebesgue measure on R. This implies that
k—1
m{t <O0[fi(u) ¢A)} < 20 Ai
i=1

and hence a(u) NA(e) # @. By proposition 3-11.3, a(u) C A. Since
fi(vp) € A(e) for 0 < t < Ty (vy,) and Tk (v,) — 400, then fi(u) ¢ A(e)
for all £ > 0 and hence w(u) € B. But then the orbit of u contradicts
the definition of B.

O

Proof of claim 2:

(a) Let p € A, ¢ € 7B. For n > 0, let z,, : [an,b,] — M be a
solution of (E-L) such that z,, (a,) = p, z, (bn) = ¢ and

AL-‘,—c(:Evn) S <I>c(p, q) + %
This implies that

(3.20)

3=

At (Tualis) < Pe(20, (), 20, (1)) +
for all a, < s <t <b,. We can assume that
inf{s > ay, |z, (s) € B() } =0,

and that the sequence v,, converges (cf. lemma 3-2.3). Let u = lim,, v, €
7~ (@ mB(4)). Taking limits in (3.20) we obtain that 2}, 4 is semistatic
for all liminf, a, < s <t < limsup,, by.
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Any limit point w of &y, (a,) = fa,(vn) satisfies 7(w) = p € 7A,
and by the graph property (theorem 3-8.1), w € A. Similarly, any limit
point of fp, (v,) is in B. Since A U B is invariant and v ¢ A U B, then
lim,, a, = —oo, lim, b, = +00. Hence u € X. Since fi(v,) ¢ B(J) for
all a, <t <0 and a, — —oo, then fi;(u) ¢ B(0) for all ¢ < 0. Hence
a(u) C A and thus v € M. Since u € 7T:1(87TB(5)) there exists z € B

such that dps(m(u), 7(2)) <. Since z € ¥ and u € X, by theorem 3-8.1
we have that

dTM((W(u),u), (m(2), z)) < K.
Thus v € MNB(KS6). Letting § — 0, we obtain that MNB # &.

(b) By claim 1 it is enough to show that sup, Ax(d) = +oo. If
supy, Ar(0) < T, then M C M(6,T), where

M(6,T) = {v € | flrm(v) NA(S) # & }.

Then MNB C M(d,7)NB = &, because B is invariant and BNA(J) = &.
This contradicts item (a).

]
Proof of claim 3:

Given 0 < 0 < g, by claim 2(b) there exists k > N(e) such that

Ak (8) > 0. Hence there is v = vs € ¥ with a(v) C A, such that the orbit
of v leaves A(e) and returns to A(J) at least k£ times. Since k > N(¢)
there is one component A;(0) C A(d) with two of these returns, i.e.
there exist 71(0) < s(6) < m(9) with f-, (v) € Aj(6), fs(v) ¢ A(e) and
fr(v) € Aj(5). We can choose vs so that 71(d) = 0. Now, there exists a
sequence such that the repeated component A; C A;(6,) is always the
same. Let s, := s(0y,), t, := T2(d,,) and choose a subsequence such that
U, fon(vn) and fy, (vy) converge. Let ui = lim, v, € NyA;(0,) = A,
ug = lim, fi, (v,) € Aj and ug = lim,, f, (vy,) ¢ A(e). Since uj,u3 € A,
then d.(muy, mug) = 0.

]
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Chapter 4

The Hamiltonian
viewpoint.

4-1 The Hamilton-Jacobi equation.

Let w be the canonical symplectic form on T*M. A subspace A of
T,T*M is called isotropic if w(X,Y) =0 for all X,Y on A. Since w is
nondegenerate, the isotropic subspaces have dimension < n, half of the
dimension of T* M. Isotropic spaces of dimension n are called lagrangian
subspaces We say that a submanifold W C T*M is lagrangian if at
each point § € W, its tangent space TyW is a lagrangian subspace of
ToT* M. In particular, dimW = dim M = n.

4-1.1 Theorem (Hamilton-Jacobi).
If the hamiltonian H is constant on a lagrangian submanifold N,
then N is invariant under the hamiltonian flow.

Proof: We only have to show that the hamiltonian vector field X is
tangent to N. Since H is constant on N, then dH|ry = 0. Since
w(X,-) =dH, then w(X,&) = 0 for all £ € TN. Since the tangent spaces
to N are lagrangian, they are maximal isotropic subspaces, therefore
X eTN. O
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Some distinguished n-dimensional manifolds on T*M are the graph
submanifolds, which are of the form

Gy={(z,n) |z e M} CT"M, (4.1)

where 7, is a 1-form on M. A lagrangian graph is a lagrangian graph
submanifold. In fact,

4-1.2 Lemma. G, is a lagrangian graph if and only if the form n is
closed:
Gy, is lagrangian <= dn =0

Proof: Choose local coordinates qi,...,q, of M. Then n(q) =
>k Pr(q)dgr. A basis of the tangent space to the graph G, is given

8 X .
by E; = <6%1-’Ek 8{)1]; %) Applying w = dp A dg,

0 I op;
oA )= B~ i

Since

op:  Op;
dnzz<8§j_8%) dg; A dg
i<j
then w|rg, =0 <= dn =0.
U

Thus, we can associate a cohomology class [n] € H'(M,R) to each
lagrangian graph G,,. Lagrangian graphs with zero cohomology class are
the graphs of the exact 1-forms: Ggr, with n = df and f : M — R a
smooth function. These are called ezact lagrangian graphs.

The Hamilton-Jacobi equation for autonomous hamiltonians is
H(z,dyu) =k, u: M —R. (H-J)

Thus a smooth solution of the Hamilton-Jacobi equation corresponds to
an exact invariant lagrangian graph.
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4-2 Dominated functions.

We say that a function u is dominated by L+ k, and write u < L+ k if

u(y) —u(x) < Pg(z,y) forall z,y € M.

The triangle inequality implies that the functions u(x) = Pk (y, x)
and v(x) = —®p(x,y) are dominated, for any y € M.

4-2.1 Lemma.

1. If u < L+ k, then u is Lipschitz with the same Lipschitz constant
as ®.. In particular, a family of dominated functions is equicon-
tinuous.

2. If u < L+ k then H(z,d,u) < k at any differentiability point x of
u.

Proof:

1. We have that u(y) — u(z) < ®.(z,y) < A dp(z,y), where A is a
Lipschitz constant for ®.. Changing the roles of = and ¥y, we get that u
is Lipschitz.

2. We have that

) ~u(e) < [ £0,3)+x
for all curves v € C(x,y). This implies that
dyu-v < L(z,v) + k
for all v € T,,M when u is differentiable at x € M. Since
H(z,dyu) = sup{dyu-v— L(z,v)|v e T, M},

then H(x,dyu) < k. O
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4-2.2 EXERCISES:
1. If u: M — R is differentiable, then

H(z,dyu) <k<—=u<L+k.

2. Fix xg € M. For k > ¢(L) choose fr, € C*°(M,R) such that f(zo) =0
and H (dfy) <k (cf. 4-4.4). Let u(x) := limsup,_,. () fu(2).
Then u < 400, u is Lipschitz and H(z,d,u) < ¢(L) for a.e. z € M.

4-2.3 Definition. Given a dominated function u < L + k, we say that
an absolutely continuous curve 7 : [a,b] — M realizes u, if

u(y(t)) —u(y(s)) = Aptk(Vlsy),  foralla<s<t<b (42

Observe that such realizing curves must be global minimizers. In
particular for k = ¢(L), they are semistatic.

The following proposition shows that we actually get a solution
of (H-J) if there are (semistatic) curves which realize a dominated func-
tion wu.

4-2.4 Proposition.  Suppose that u < L + k.
1. If v:] — e,e[— M realizes u, then u is differentiable at v(0).

2. Ifv:]—e,0] = M or~:[0,e[— M realizes u and u is differentiable
at x = 7(0), then dyu = Ly(x,%(0)) and H(x,dyu) = k.

4-2.5 Remarks.
1. Equation dyu = Ly(x,7(0)) means that the tangent vector

(z,%(0)) of any a.c. curve ~ realizing u is sent by the Legendre
transform to d u.

2. In particular, since the functions u(x) = ®r(p,z) (resp. v(x) =
—®.(z,p)) are dominated, then they are differentiable at any point
which is not at the (backward) (resp. forward) (L + k)-cut locus
of p.
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3. Observe that the energy E(x,7(0)) = H(x,dzu). In proposition 4-
9.7, we show that any semistatic orbit realizes some dominated
function. Thus we obtain another proof for ¥ C E~'{c}, i.e. that
the semistatic orbits have energy c¢(L).

Proof: 1. Let w € T, M and let n(s,t) be a variation of v fixing the
endpoints y(—¢), y(¢) such that n(0,t) = v(t) and %n(o, 0) = w. Define

0
A(s) ::/_ L(%n(s,t)) +k dt.

Then, integrating by parts and using the Euler-Lagrange equation (E-L),

0
A'(0) = L, €°. +/ [Ly — %L,] €dt = Ly(z,5(0)) - w,

—€

where £(t) := %n(O,t). Also
(

s[un(s,0)) —u(@) ] = {[uln(s,0)) — uly(~€)) + u(v(=e)) — u(v(0))]
[A(s) — A(0)] ,

1
S
1
S
where we used that v < L + k and (4.2). Hence

tim sup & [w(n(s,0)) — u(x) ] < A'(0) (43)

Similarly, if B(s) := Apk(n(s,-)]jo,¢]), then

u(v(€)) — uln(s,0)) — u(v(¢)) + u(x) < B(s) — B(0),
limsup 1 [u(z) — u(n(s,0))] < B(0) = —Ly(z,5(0)) - w.

s—0
Hence
liminf £ [u(n(s,0)) = u(z)] > Lu(z,5(0)) - w. (4.4)

From (4.3) and (4.4) we get that u is differentiable at x = +(0). and
dyu = Ly(z,5(0)).
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2. Now assume that v :] —e,0] — M realizes u and that u is differ-
entiable at x = v(0). The same argument as in 4.3 shows that

dyu - w < Ly(z,%(0)) - w for all w e T, M.

Applying this inequality to —w and combining both inequalities we get
that dyu = Ly(x,%(0)).
Now, since u < L + k, by lemma 4-2.1, H(z,d,u) < k. Since

0
u(v(0)) — u(y(t)) = Atk (Vo) = /t [L(v(s),%(s)) + k] ds,
then
dyu - 7(0) = L(+(0),7(0)) + k.
Hence

H(xz,dyu) = sup {dyu-v— L(z,v)} > k.
UETCL'M
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4-3 Weak solutions of the Hamilton-Jacobi
equation.

We shall see in corollary 4-4.7 that there are no weakly differentiable
subsolutions of (H-J) for k < ¢(L).

In the next proposition we show that when k > ¢(L) there are always
Lipschitz solutions of (H-J). On the other hand, in theorem 4-8.4 we
show that when M is compact the only energy level that supports a dif-
ferentiable solution is k = ¢(L). When M is non-compact there may
be differentiable solutions on k > ¢(L), as example 7?7 shows.

4-3.1 Proposition. If k > c(L), then for any y € M, the function
u(z) = Ok (y, z) satisfies H(x,dyu) =k for a.e. z € M.

Proof: Since u is Lipschitz, by by Rademacher’s theorem [19], it is
differentiable at Lebesgue-almost every point. Since u is dominated by
proposition 4-2.4.2, it is enough to see that u is one-sided realized at
every point.

If k > ¢(L), by proposition 3-5.1, for all z € M, x # y, there exists a
finite-time global minimizer v € Cr(y,x) with Ap1x(v) = Px(y,x). By
the triangle inequality, the function 0(¢) = Aryx(7]j0,) — Pr(y,¥(t)) is
increasing. Also 6(t) > 0 and 6(7") = 0. So that 6(¢) = 0 and hence ~
backward-realizes u at z.

If k = ¢(L) then u may be realized by an infinite semistatic orbit as
follows. Let vy, € C(y,x), Vo : [-Tn,0] — M be a Tonelli minimizer such
that

3=

(I)c(y,w) < AL+c(7n) < (I)c(:%x) +
This implies that

Doy, 7(5) < Apse(l-1,.9) < Pely,(s)) + 2,

for all —T;, < s < 0. Thus
|u(@) = u(yn(s)) = ALse(mlso)| < £ (4.5)
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104 4. THE HAMILTONIAN VIEWPOINT.

By proposition 3-2.3, |y, | < A for all n. Hence, if « # y, lim inf,, T,, > 0.
We can assume that 4,(0) — v € T, M and T,, > ¢ > 0. Let \(¢) =
m@i(v). Then y,l_c g — Alj—c,0) in the C'-topology. Letting n — oo
on (4.5), we get that \ realizes u.

]
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4-4 Lagrangian graphs.

We say that a function u : M — R is a subsolution of the Hamilton-
Jacobi equation if
H(xz,dyu) <k,

We shall prove that for k£ > ¢(L) there is always a C* subsolution of
the Hamilton-Jacobi equation and for k < ¢(L) there are no (weakly)
differentiable subsolutions. Hence

4-4.1 Theorem. If M is any covering of a closed manifold, then

c(L) = inf sup H(x,d,
()= et 38, 1 0e)

= inf{k € R: there exists f € C°°(M,R) such that H(df) < k}.
where H s the hamiltonian associated with L.

Theorem 4-4.1 could be restated by saying that ¢(L) is the infimum of
the values of k € R for which H~!(—o0, k) contains an exact lagrangian
graph. This is a very geometric way of describing the critical value.

In exercise 4-2.2. there is an elementary construction of a weak
subsolution for k = ¢(L). Theorem 4-4.1 is an immediate consequence
of lemma, 4-4.2 and proposition 4-4.4 below.

4-4.2 Lemma. If there exists a C' function f : M — R such that
H(df) <k, then k > ¢(L).

Proof: Recall that

H(z,p) = max {p(v) — L(z,v)}.
Since H(df) < k it follows that for all (z,v) € TM,
dmf(v) - L(ZL’,’U) <k.
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Therefore, if v : [0,7] — M is any absolutely continuous closed curve
with 7" > 0, we have

T T
/ (L(3,4) + k) dt = / [L(v.A) + k—dy f(3)] di >0,
0 0

and thus k > ¢(L). O

4-4.3 Remark. The utility of a differentiable subsolution of the
Hamilton-Jacobi equation can be seen in lemma 4-4.2. If H(du) < ¢(L),
then the lagrangian L can be replaced by the lagrangian

L(z,v) := L(z,v) — dzu(v) + ¢(L) > 0

The new lagrangian L is positive, has the same minimizing measures as
L, its o« and 3 functions are translates of those for L. The static set
¥ (L) is contained in the level set L. = 0.

4-4.4 Proposition.
For any k > ¢(L) there exists f € C°(M,R) such that H(df) < k.

Proof: Set ¢ = ¢(L). Fix ¢ € M and let u(x) := ®.(¢,z). By the
triangle inequality, u < L + ¢. By lemma 4-2.1.2, H(d,u) < c¢ at any
point x € M where u(z) is differentiable.

We proceed to regularize u. Since u is Lipschitz, by Rademacher’s
theorem (cf. [19]) it is differentiable at Lebesgue almost every point.
Moreover it is weakly differentiable (cf. [19, Section 4.2.3]), that is, for
any C'* function ¢ : U — R with compact support, equation (4.6) holds.
The next lemma completes the proof. O

4-4.5 Lemma. Let M be a riemannian covering of a compact manifold
and suppose that supj, < Hg—ﬁ(x,v)H < +oo. Ifu: M — R is weakly
differentiable and

H(z,d,u) <k for a.e. x € M,

106



4-4. LAGRANGIAN GRAPHS. 107

then for all 6 > 0 there exists f € C*°(M,R) such that H(x,d, f) < k+9
for allx € M.

4-4.6 Remark. If M is a covering M > N of a compact manifold N
and the lagrangian L on M is lifted from a lagrangian £ on N: L = £odp,
then the condition on % follows. In general it may not be true as the
lagrangian L(z,v) = 3|v|* + sin(z?) on R shows.

The condition on M can be replaced by some bounds in the rieman-
nian metric of M, see appendix ?7.

Proof: We shall explain first how to prove the proposition in the case
in which M is compact and then we will lift the construction to an
arbitrary covering M.

We can assume that M C RY. Let U be a tubular neighbourhood
of M in RN, and p : U — M a C* projection along the normal bun-
dle. Extend u(z) to U by u(z) = u(p(z)). Then u(z) is also weakly
differentiable.

Extend the lagrangian to U by

L(z.v) = L(p(2). d=p(v) + & [v — d:p(w) 2.

Then the corresponding hamiltonian satisfies H(z,pod,p) = H (p(z), p)
for p € TP*(Z)M . At any point of differentiability of @, we have that

du = dpyuod.p, and H(d.uw) = H(dyu) < k.
Let € > 0 be such that

(a) The 3e-neighbourhood of M in RY is contained in U.

(b) If 2 € M, (y,p) € T"RY = R?N H(y,p) < k and dgn (7,y) < &,
then H(z,p) < k + 4.

Let ¢ : R — R be a C* function such that ¢ (x) > 0, support(y) C
(—e,e) and [pn ¥(|z|)dz = 1. Let K : RV x RN — R be K(z,y) =
Y(|Jz — y|). Let N. be the e-neighbourhood of M in RM. Define f :
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N: — R by
fo) = [ o) K(e.y) dy.
RN
Then f is C*° on V..

Observe that 0, K (z,y) = —0yK(x,y). Since u(y) is weakly differ-
entiable, for any C'* function ¢ : U — R with compact support

/ (pdu+udp)dr=0. (4.6)
RN
Hence
—/ u(y) Oy K (z,y) dy = / K(z,y) dyu dy.
RN RN
Now, since
dof = | u(y) 0K (z,y) dy,
RN
we obtain

dyf = / K(z,y) dyu dy.
RN

From the choice of € > 0 we have that H(z,d,u) < k + & for almost
every y € suppK(z,-) and z € M. Since K(z,y)dy is a probability
measure, by Jensen’s inequality

H(dof) <H(dyf) < | H(x,dyu) K(z,y) dy <k+96.
]RN

for all x € M.

Now, suppose that M is a covering of a compact manifold N with
covering projection p. Assume that N C RN. We can regularize our
function u similarly as we shall now explain. For £ € M let x be the

projection of T to N and let u, be the Borel probability measure on N
defined by

/wduzz/ (pop)y) K(z,y) dy,
N RN
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for any continuous function ¢ : N — R. Then the support of u, satisfies

supp(pz) C {y € N : dy(z,y) < €}.

Let iz be the Borel probability measure on M uniquely defined by the
conditions: supp(piz) C {y € M : dy(Z,9) < e} and pufiz = py. Then

we have J
il diiz = | doodiiz(3
df/Mcp [z /M 5 diiz (1Y),

for any weakly differentiable function ¢ : M — R. The condition (b)

above is now granted by the bound on %. Then the same arguments

as above show that
1@ = [ u@ .
M
satisfies H(dzf) < k. O

Combining lemma 4-4.5 with lemma 4-4.2, we obtain:

4-4.7 Corollary.
There are no weakly differentiable subsolutions of (H-J) for k < ¢(L).

If we consider lagrangian graphs with other cohomology classes, we
obtain Mather’s alpha function:

4-4.8 Corollary. If M is compact,

a(k) = inf sup H(z,w(z)).
W=k zeM

In particular the critical value of the abelian cover ¢y = min, (k)
is the infimum of the energy levels which contain a lagrangian graph of
any cohomology class in is interior.

Proof: Let us fix a closed one form wy such that [wy] = k. By equality
(2.30) we have that a(k) = ¢(L — wp). Hence, it suffices to show that

(L —wp) = [i?jﬁ sg]\[; H(z,w(z)). (4.7)
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It is straightforward to check that the hamiltonian associated with L —wyg
is H(z,p+wo(x)). Since all the closed one forms in the class k are given
by wg + df where f ranges among all smooth functions, equality (4.7) is
now an immediate consequence of theorem 4-4.1.

O
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4-5. contact flows.

4-5 Contact flows.

Let N be a 2n+1 smooth manifold and let a be a non-degenerate
1-form, i.e. a A (da)™ is a volume form for N.

dim ker do = 1, where
kerdya := {v € Ty N |dya(v,w) =0, Vw e T,N}, x€N.

Define a vector field Y on N by Y (z) € kerd,a,

etc

4-5.1 Proposition. The hamiltonian flow on the energy level [H = k]
is a reparametrization of a O-preserving flow if and only if k > ¢(L).

. También se tiene desigualdad estricta cuando M no es com-
pacta?

Proof: Let ¥ = [H = k|. Observe that
Lopr0 = Lx Oy = ix dO + dix© = dH|s, + dO(X) = dO(X)|s.

Thus a reparametrization of ¥; preserves © if and only if its vector field
is a constant multiple of Y = ﬁ X. Such reparametrization exists if
and only if ©(X) # 0 on X.

Since H is convex, the sets ¥, := T7M N X have compact convex
interiors. The outward normal vector to 3, at (x,p) is Hy(x,p). Observe
that ©(X) = p- Hp. Then if the point (x,0) lies on the exterior of ¥,
and (z,p) is the tangency point of a tangent line to ¥, passing through
(x,0), we have that ©(X(x,p)) = 0. Thus O(X) # 0 on X implies that
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the zero section of T*M lies in H < k. Since the zero section is the
derivative of a constant function, by theorem 4-4.1, k > ¢(L).

Moreover, if the zero section lies inside H < k, then O(X) > 0.

Now suppose that & > ¢(L). By theorem 4-4.1, there exists
f € C®°(M,R) with H(df) < k. Define the new convex hamiltonian
H(z,p) := H(z,p + dyf). Then the energy level [H = k| contains the
zero section. Thus, if X is its hamiltonian vector field, then ©(X) > 0.
Let L := L — df. Let H be the hamiltonian of I and X its hamiltonian
flow. Then

O
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4-6 Finsler metrics.

In this section we prove that if k& > ¢(L) then the Euler-Lagrange flow
on the energy level F = k is a reparametrization of the geodesic flow
on the unit tangent bundle of a Finsler metric. This allows to borrow
theorems from Finsler geometry.

We give first a lagrangian proof and afterwards a hamiltonian proof,
with a flavor of symplectic geometry.

When k > ¢(L), the subsolution H(df) < k obtained in proposi-
tion 4-4.4 can be used to replace the lagrangian L by the lagrangian
L =L —df, then L + k£ > 0. These lagrangians have the same energy
function and equivalent variational principles. Hence they have the same
lagrangian flow, minimizing orbits, and the same action functional on
closed curves and invariant measures. Their action potentials are related
by

Pi(z,y) = @p(z,y) + f(y) — flz).

Given a Finsler metric v/F and an absolutely continuous curve -,
define its Finsler length as

() = [ VFG).

Observe that since the Finsler metric is homogeneous of degree one, the
definition does not depend on the parametrization of the curve. Define
the Finsler distance as

Dp(z,y) = inf | .
F(z,y) Lot F(7)

4-6.1 Theorem. [14, 30] If k > c¢(L) then the lagrangian flow on the
energy level E = k is a reparametrization of the geodesic flow of a Finsler
metric on its unit tangent bundle.

Moreover, if f € C®°(M,R) is such that H(df) < k, the Finsler
lagrangian F' can be taken to be

VF(z,v) = L(x,v) + k — d, f(v)
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on E(xz,v) =k, and then
If k > —inf L then f can chosen f =0.

Proof: By theorem 4-4.1, if £k > ¢(L) then there exists f € C*°(M,R)
such that H(df) < k. Observe that

H(z,0) = Jmax [0-v—L(z,v)] = —Uel%lszL(x,’U).

So that if k > —inf L, we can choose f = 0.

Observe that if H(df) < k then k > ¢(L) > ep. So that the zero
section M x 0 C E~'{k} C TM. Also, L + k — df > 0. Then we can
define a Finsler metric on TM by v'F = L+k—df on E~'{k} and extend
it by homogeneity. Since k > ¢(L) = ¢(L —df), by proposition 3-5.1, for
any x # y there exists a global minimizer on C(x,y) for L+ k — df which
has energy k. By the homogeneity of v/F, we can restrict the curves in
the definition of Dp to those with energy k. Thus &, — Af = Dp.

To show that the lagrangian flow on E = k is a reparametrization
of the geodesic flow on the unit tangent bundle of v/F, we only need to
prove that sufficiently small Fuler-Lagrange solutions with energy k are
geodesics of VF. Let L = L — df. The equality (4.8) implies that any
(L + k)-global minimizer is a geodesic for v/F. So it is enough to prove
that sufficiently small orbits with energy k are global minimizers.

Fix z € M and a small neighbourhood N (x) of z such that for all
y € N(x) there exists a unique Euler-Lagrange solution contained in
N (x), with energy k and joining x to y. Let P; be the action potential
for L and let

e =inf{Py(x,2) |z ¢ N(z)} >0,
M(z) ={y € M|Py(z,y) <5}

Then M(z) is a neighborhood of N(z) with M(xz) C N(x). By the
triangle inequality, any (L + k)-global minimizer joining x to a point y €

114



4-6. FINSLER METRICS. 115

M(z) must be contained in N (z). By proposition 3-5.1 such minimizer
exists. Hence all the small solutions contained in N (x) joining z to
points y € M(x) are global minimizers. O

Now we shall give a hamiltonian proof of theorem 4-6.1.

First we need a hamiltonian characterization of Finsler lagrangians.
We say that a function f : R™ — R is a Finsler energy if f(z) > 0 when
x # 0 and f is positively homogeneous of order 2. Observe that L is a
Finsler lagrangian if and only if it is a Finsler energy on each tangent
space T, M

4-6.2 Lemma. Let f € C?(M,R) be strictly conver and superlinear.
Then f is a Finsler energy if and only if its convex dual f* is a Finsler
energy.

Proof: If f is homogeneous, then, writing v = Aw, A > 0, we have
f*(Ap) = max [)\p v — f(v)] = max [Azp w— )\zf(w)] = )\zf*(p).
Let £ be the Legendre transform of f. Observe that

froLip)=f(p) p—fp)=%f(tp)|,_,— F®) =2f(p)— f(p) = f(p).
So that f* > 0.

Since f is strictly convex and superlinear, then f** = f. Thus the
argument above shows that if f* is homogeneous then so is f. O

4-6.3 Lemma. If two convex hamiltonians have a common reqular level
set 33, then their hamiltonian vector fields are parallel on 3.

Proof: Suppose that H1{k} = G{{} = =. If p € ¥, then d,H =
ker d,G = T),X. Since X is a regular energy level, these derivatives are
nonzero. Moreover, since H and G are convex, they are positive on
vectors pointing outwards ¥. Thus d,H = A(p) d,G for some A(p) > 0.
Also,

w(Xu,-) =dpH = Xp) dpG = ANp)w(Xg,-)
So that Xg = A\(p) X¢. O
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4-6.4 Lemma. If F' is a Finsler lagrangian, then the orbits of its la-
grangian flow are reparametrizations of the unit speed geodesics of F'.

Proof: We prove it for a Finsler hamiltonian G. The result follows
because the Euler-Lagrange flow of F' is the hamiltonian flow of its
energy function on T'M with respect to the symplectic form L7 (w),
where w is the canonical symplectic form on T*M.

Let G be a Finsler hamiltonian. Since G(x, A\p) = AG(z,p), then
drpG(w) = LG (2, Ap + sw)| _, = X2 G(z,p+ )| _, = AdpG(w).

If X is the hamiltonian flow of G, then w(X(p), ) = dpG. Therefore
X(Ap) = AX(p). O

Hamiltonian proof of theorem 4-6.1:

If £ > ¢(L), by theorem 4-4.1, there exists f € C*°(M,R) with
H(df) < k. Let H(x,p) dof H(z,p+dyf). Then H (] — 0o, k[) contains
the zero section of T*M. Define a new hamiltonian G : T*M—M x0 — R
by G = + on H'{k} and G(z,\p) = A2G(z,p) for all A > 0. By
lemma 4-6.2, the convex dual G* of GG is a Finsler metric on T'M.

Since by definition G=1{3} = H~'{k}, it follows from lemma 4-
6.3 that the hamiltonian flows of G and H~'{k} coincide up to
reparametrization on the energy level G=1{1} = H™!{k}.

The Legendre transforms Lg(z,p) = (z,Gp) and Ly(z,p) = (x, Hy)
on H~'{k} satisfy

Gp-w=0=H,-p, for all w € T,(Tx M NH{k});

4.9
Gp'p:2G(p):%>0, H, -p=06(X) >0, (by4-5.1). (4.9)

So that Lg(x,p) = A Ly(z, p) for some A(z,p) > 0. Also Ly conjugates
the hamiltonian flow on H~*{k} to the lagrangian flow of L on E~1{k}.
By lemma 4-6.4 the orbits of the Euler-Lagrange flow of L on E~'{k}
are reparametrization of unit speed geodesic of G*.
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We now compute G*. From (4.9), H, = 20 (X) G, thus

G*(z, Hy) = G*(2,20(X) G,) = 40(X)> G*(z,G))
=40(X)’G(p) = O(X)* = (p- Hp)”
= (Lv'v)2 = (L+k)

Let h : T*M — T*M be the map h(x,p) = (z,p + dpf). Then the
hamiltonian flows ¢; of H and 1, of Hy(x,p) = H(z,p+d, f) are related
by h o ¢ = 1 o h. Thus, the hamiltonian flow of H is conjugate to a
Finsler hamiltonian flow.

A hamiltonian level set can be made a Finsler level set if and only
if it contains the zero section. On the other hand, a lagrangian energy
level [E = k] with k > ep always contains the zero section.
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4-7 Anosov energy levels.

An Anosov energy level is a regular energy level on which the flow ¢; is
an Anosov flow.

4-7.1 Theorem. If the energy level E=1(k) is Anosov, then

k> c,(N).

Proof: Suppose that the energy level k is Anosov and set 3 def H- (k).
Let w: T*N — N denote the canonical projection. G.P. Paternain and
M. Paternain proved in [57] that ¥ must project onto the whole manifold
N and that the weak stable foliation W* of ¢ is transverse to the fibers
of the fibration by (n — 1)-spheres given by

7l X — N.

Let N be the universal covering of N. Let 3 denote the energy level k
of the lifted hamiltonian H. We also have a fibration by (n — 1)-spheres

%|§§]—>N

Let W* be the lifted foliation which is in turn a weak stable foliation
for the hamiltonian flow of H restricted to . The foliation W* is also
transverse to the fibration 7| : > — N. Since the fibers are compact a
result of Ehresmann (cf. [7]) implies that for every (z,p) € & the map

%‘Ws(x’p) : Ws(x7p) - N7

is a covering map. Since N is simply connected, ) is in fact a dif-

e (a.p
feomorphism and Ws (x,p) is simply connected. Consequently, Ws(w, D)
intersects each fiber of the fibration 7|5 : Y — N at just one point.
In other words, each leaf ws (x,p) is the graph of a one form. On the

other hand it is well known that the weak stable leaves of an Anosov
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energy level are lagrangian submanifolds. Since any closed one form in
the universal covering must be exact, it follows that each leaf Ws(a:, p) is
an exact lagrangian graph. The theorem now follows from lemma 4-4.2
and the fact that by structural stability there exists € > 0 such that for
all k' € (k — e,k + ¢) the energy level £’ is Anosov. O

For e € R, let A, be the set of ¢ € C*°(M) such that the flow of
H + ¢ is Anosov in (H + ¢)~!(e) and let B. be the set of ¢ € C°(M)
such that (H + ¢)~!(e) contains no conjugate points. As is well known
A, is open in C* topology and B, is closed. On the other hand G. and
M. Paternain [54] have shown that A, is contained in Be. It is proved
in [15] the following

4-7.2 Theorem. The interior of B, in the C? topology is A..

This theorem is an extension to the Hamiltonian setting of a result
of R. O. Ruggiero for the geodesic flow [64]. Theorems 4-7.2 and 4-7.1
have as corollary:

4-7.3 Corollary. Given a convez superlinear lagrangian L, k < ¢, (L)
and € > 0 there exists a smooth function ¢ : N — R with [|c2 < € and
such that the energy level k of L + 1 possesses conjugate points.

Proof: Suppose now that there exists € > 0 such that for every ¢ with
||z < €, the energy level k of A + v has no conjugate points. The
main result in [15] says that in this case the energy level k of A must be
Anosov thus contradicting theorem 4-7.1. O

4-7.4 Proposition. Ifk is a reqular value of the energy such that k < e,
then the energy level k has conjugate points.

Proof: If an orbit does not have conjugate points then there exist along
it two subbundles called the Green subbundles. They have the following
properties: they are invariant, lagrangian and they have dimension n =
dim N. Moreover, they are contained in the same energy level as the
orbit and they do not intersect the vertical subbundle (cf. [13]). If k is
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a regular value of the energy with k < e, then 7(E~1(k)) is a manifold
with boundary and at the boundary the vertical subspace is completely
contained in the energy level. Therefore the orbits that begin at the
boundary must have conjugate points, because at the boundary two n-
dimensional subspaces contained in the energy level (which is (2n — 1)-
dimensional) must intersect. O
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4-8 The weak KAM Theory.

In the rest of this chapter we develop the theory of global weak KAM
solutions, discovered by Albert Fathi. Recall that for an autonomous
hamiltonian H : T*M — R, the Hamilton-Jacobi equation is

H(x,dyu) =k, (H-J)

where v : U C M — R. Here we are interested on global solutions
of (H-J), i.e. uw: M — R satisfying (H-J).

It may not be possible to obtain a smooth global solution of (H-J).
Instead, for certain values of k, we shall find weak solutions of (H-J),
which are Lipschitz. By Rademacher’s theorem [19], a Lipschitz function
is Lebesgue almost everywhere differentiable so that (H-J) makes sense
in a.e. point.

In fact, we have seen in corollary 4-4.7 that there are no weakly dif-
ferentiable! global solutions for k& < ¢(L). In theorem 4-8.4 we shall see
that when M is compact, there are no C'*MP solutions unless k = ¢(L).
In proposition 4-9.7 we show that there are always Lipschitz solutions
for k = ¢(L), and in proposition 4-10.2 we show that when M is non-
compact there are Lipschitz solutions for k > ¢(L).

Given a dominated function u < L + ¢ define the sets
) = el
Lo (u) == {v € X7 Ju(zy(0)) — u(zu(t)) = Pe(zo(t), 20(0)), V¢ <0},
I (u) = tL>JO‘Pt T @) , T (u):= tyo@t (T (w)),

where x,(t) = m(v). We call TF(u) (resp. I'*(u)) the basin of u and
(0§ (w) \ T (u)) (resp. m(Ig (u) \T"(u))) the cut locus of u.

Il (u) == {v e Xt |u(zy(t)) — u(ay(0 0(0),2,(t)), Vt >0},

T
T

4-8.1 Definition.
A function u_ : M — R is a backward weak KAM solution of (H-J) if

n particular, by Rademacher’s theorem, there are no Lipschitz global solutions.
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1. u- < L+c
2. w(Ty (u_)) = M.
A function uy : M — R is a forward weak KAM solution of (H-J) if

1. up < L+ec
2. w(Tg(ug)) =M.

4-8.2 Remark.

From the domination condition it follows that u is Lipschitz and that
the curve v is semistatic. From proposition 4-2.4, at an interior point
x of such a curve v, the function u is differentiable and H (z, d,u) = c.
Moreover, item 2 in proposition 4-2.4 shows that if u is differentiable
at an endpoint of a curve 7, then H(z,dyu) = c. By Rademacher’s
theorem [19], u is differentiable at (Lebesgue) almost every point in M.

So that u is indeed a weak solution of the Hamilton-Jacobi equation for
k=c(L).

4-8.3 Theorem.
Ifu € &1 (resp. u € &7 ) is a weak KAM solution, then

1. w is Lipschitz and hence differentiable (Lebesgue)-almost every-
where.

u<L+ec.
H(z,dyu) = c¢(L) at any differentiability point x of u.

Covering Property: n(I'f (u)) = M.

SRS

Graph Property: 7 : ' (u) — M is injective and its inverse is
Lipschitz, with Lipschitz constant depending only on L.

6. Smoothness Property: u is differentiable on T'"(u) and its
derivative d,u is the image of (7T|p+(u))_1(3:) under the Legendre
transform L of L. In particular, the energy of I'g (u) is c(L).
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Proof: Items 2 and 4 are the definition of u € &T. Item 1 follows from
proposition 4-2.1.1 and Rademacher’s theorem [19]. Item 3 follows from
proposition 4-2.4.2 and the fact that by item 4, u is one-sided realized
at every point. Item 6 follows from proposition 4-2.4 and remark 4-2.5.

We prove item 5. Let (21,v1), (22,v2) € I'"(u) and suppose that
dpyr(vi,v9) > Kdp(z1,22), where K is from lemma 3-8.2 and the A
that we input on lemma 3-8.2 is from lemma 3-2.3. Let 0 < & < &1, (with
g1 from lemma 3-8.2) be such that p_.(z;,v;) € T (u). Let y; = x, (),
i = 1,2, then u(y;) = u(z;) + Pc(z4,vi), @ = 1,2. Then lemma 3-8.2
implies that

De(z1,y2) + Pe(2,y1) < Pel(m1,91) + Pe(22, 92).
Adding u(y1) + u(y2) and using that u < L + ¢, we get that

u(z1) + u(w2) < @e(z1,92) + uly2) + Pc(w2, Y1) + u(y1)
< @c(z1,91) +ulyr) + Pe(w2, y2) + u(y2)
= u(21) + u(z2),

which is a contradiction. This proves item 5.

Y@

FIG. 1: GRAPH PROPERTY.
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4-8.4 Theorem (Fathi [23]).
If u e CYLP(M,R), M is compact and

H(x,dyu) =k, Vo € M. (4.10)

Then k = ¢(L) and u is a weak KAM solution u € &~ N &T.
Conversely, if u € 6T N &, then v € C1TEP,

Proof: From (4.10) we get that

max dyu-v— L(z,v) = k. (4.11)
UET(L'M

The strict convexity of L on T, M implies that the maximum is attained
at a unique vector {(z) € T, M. The implicit function theorem implies
that the vector field x +— £(z) is Lipschitz. Thus it can be integrated to
obtain a flow 1, on M.

From (4.11), w < L + k and the flow lines of ¢ realize L + k, i.e.

t
u(zbt(x)) = u(ws(a:)) +/ [L(wT(a:), %1/17(%)) + k] dr, Vs < t, Vo € M.
’ (4.12)
From (4.11), L + k — du > 0. This implies that

(L —du) =c(L) > k.

Let i be and invariant measure for the flow ;. Observe that the measure
v := &, (u) is holonomic and L + k = du on supp(v). Then

/(L+k)du:/(du)du:0.

Hence k < ¢(L) and thus k = ¢(L). Then by (4.12), u € & N&™.
Conversely, if u € &~ N &T, by 4-8.3.6, u is differentiable and
L7 (dyu) = £(x). Moreover, I'F(u) = M and by 4-8.3.5, ¢ is Lipschitz.
O
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4-9 Construction of weak KAM solutions

In this section we present three ways to construct weak KAM solutions:
when the Peierls set is non-empty (in remark 4-9.3.4), when the Peierls
barrier is finite (in proposition 4-9.2), and the general case (in proposi-
tion 4-9.7). In the horocycle flow (example 5-8), the Peierls barrier is
finite, but the Peierls set is empty. In example 5-7, h. = 400 and also
P=g.

When M is compact we characterize all weak KAM solutions in terms
of their values on each static class.

We begin by observing that

4-9.1 Lemma.

1. If U C &~ is such that v(z) := inf,ey u(x) > —o0, for all x € M;
thenv € 67

2. If U C &7 is such that v(z) := sup, ¢y u(z) < +oo, for allx € M;
then v € G7.

Proof: We only prove item 1. Since u < L + ¢ for all © € U, then

v(y) = inf u(y) < inf u(z) + Pe(z,y) = v(x) + Pe(z,y).  (4.13)

Thusv < L +ec.

Let z € M and choose u, € U such that u,(z) — v(x). Choose
wy, € ' (up) N Tp M. Since by lemma 3-2.3 |w,| < A, we can assume
that w, — w € T, M. By lemma 4-2.1.1, all the functions v € U/ have
the same Lipschitz constant K as ®.. For ¢t < 0, we have that

(x4 (1)) < limninf Un (T, (1)) + K dpg(24y(t), Zap,, (1))
= limninf Un () — Pe(xy(t), 2) + K dpg (24 (1), Tap, (1))
=v(x) — Pe(Tw(t), x) < v(xy(t)), because v < L + c.

Hence w € T'~ (v). O
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126 4. THE HAMILTONIAN VIEWPOINT.

4-9.a Finite Pelerls barrier.

4-9.2 Proposition. If h, < 400 and f : M — R is a continuous
function. Suppose that
v_(z):= inf f(2)+ he(z,z) > —o0,
zeM
v4(z) := sup f(2) — he(z, 2) > —o0.
zeM

Then v_ € &~ and vy € &T.

Proof: We only prove that v_ € &~. By lemma 4-9.1 it is enough to
prove that the functions u(z) — h.(z,x) are in &~ for all z € M.

By proposition 3-7.1.4, u < L + ¢. Now fix x € M. Choose Tonelli
minimizers 7, : [T},,0] — M such that ~, € C(z,z), T, < —n and

AL-{—C(’}%‘[T},O]) < hc(zax) + %

By lemma 3-2.3, |5, (0)] < A for all n. We can assume that #,(0) -
we T, M. If —n < s <0, then s > T,, and

Aptve(nli,,s) + Pe(vnls), z) <
< Apte(Wlim,s) + Arte(mlis0)
< he(z,2) + 1
< he(2,7(8)) + Pe(vn(s),z) + L, for —n <s<0.

Taking lim inf,,_, ., we get that
he(2, 70(s)) + AL+C($w|[s,O]) = he(z, 7).
Hence w € '~ (u). O

4-9.3 Remarks.
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1. Observe that, since ®.(z,x) =0,

u=<L+c<=u(zr) = 12{4“(2) + O.(2, 7).

2. Ttem 4-9.3.1 implies that the function h. in proposition 4-9.2 can
not be replaced by ®.. In fact, the function u,(x) = ®.(z,x)
satisfies u, < L + ¢, but in general u ¢ &, if z is not properly
chosen.

3. For any z € M the function u,(z) = he(z,2) € & and v,(x) :=
—he(x,2) € 6T,

4. If p € P then uy(x) := ®.(p,z) € &, because

De(p, ) < he(p, ) < he(p, p) + Pe(p, ) < Po(p, ).

Similarly, v,(z) := —®.(x,p) € GT.

4-9.b The compact case.

In the next theorem we characterize all weak KAM solutions when M
is compact. They are determined by their values on one point of each
static class.

Let I' = P/d. be the set of static classes of L. For each v € T' choose
pr €T and let P = {pr|I' € I' }. We say that a function f: P — R is
dominated (f < L+c)if f(p) < f(q) + P.(q,p), forall p, q€P.

4-9.4 Theorem.
If M is compact, the maps { f :P—-R|f<L+c} — &,

fr—up(z) == inf f(p) + Pc(p, 2),
peP
and {f:P—-R|f<L+c}— &7,
fr—=vp(@) == sup f(p) — Pe(z,p),
peP

are bijective isometries in the sup norm.
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Proof: We only prove it for f i+ uy.

The domination condition f < L + ¢ implies that u; > —oo. Then
remark 4-9.3./ and lemma 4-9.1.1 imply that uy € &™.

The injectivity follows from

uy(p) = min f(q) + ®c(q,p) = f(p)  VpeP,
q€eP

because f is dominated.

To prove the surjectivity, let v € &~ and let f = u|p. Given x € M
choose w € I'y (u) N T, M and let v(t) = m¢¢(w). So that

u(m) - u(’Y(t)) = AL+c(7‘[t,0}) = (IDC(’Y(t)PI) for ¢t <0. (4.14)

Choose ¢q € m[a-lim(v)] C P (by proposition 3-11.3), and t,, — —oo such
that v(t,) = q. Using t = t,, on equation (4.14), in the limit we have
that

u(z) = u(q) + Pc(g, ). (4.15)

Now take p € P such that d.(p,q) = 0. Since u < L + ¢, then
u(q) < u(p) + Pelp, @) < ulq) + (g, p) + Pelp, q) = ulq).

So that
u(q) = u(p) + Lc(p, q)- (4.16)

By the triangle inequality

Po(p, ) < @cp,q) + Pe(q, x)
< @ (p,q) + Pelq,p) + Pe(p,z) = Pe(p, ).

So that
P.(p,z) = Dc(p, q) + Pclq, ). (4.17)

Combining equalities (4.15), (4.17) and (4.16), we have that
u(z) = u(p) + Pc(p, ),
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with p € P. So that uy < u. But since u < L 4 ¢ and f = ulp, using
remark 4-9.3.1, we have that u < uy.

Now we see that f — uy is an isometry in the supremum norm || ||,.
Given z € M, choose p, € P such that u,(z) = lim, f(pn) + ®c(pn, x).
Since uy < L + ¢, we have that

uf(x) - ug(x) < li%inff(pn) + @c(pn, ) — 9(pn) — Pe(pn, )
<|f=gll-

Changing the roles of f and g we get that ||uy — uyll, < [|f — gll- Since
uglp = f and uglp = g, then |luy —uglly = |[f = gllo-
]

4-9.5 Corollary. There is only one static class if and only if &~ (resp.
&™) is unitary modulo an additive constant.

This characterization of weak KAM solutions allows us to recover
the following theorem: We say that two weak KAM solutions u_ € &~
and uy € & are conjugate if u_ = uy on P and denote it by u_ ~ u.

4-9.6 Corollary. (Fathi [20]) If M is compact, then

W) = sup {u_(y) —us(z) ).

ux escF
ul~ug

Proof: If uy ~ u_ and p € P, from the domination we get

uy(p) < u=(x) + ®c(z,p),
u_(y) < u_(p) + @e(p, y).

Adding these equations and using that u—(p) = u_(p), we get
u—(y) — us(z) < @e(2,p) + Pe(p,y).
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Taking inf,cp and then sup, ., we obtain

sup { u_(y) —ui(x) } <h(z,y).

Uy ~U—

On the other hand, let u—(z) := —h(z,y) and

u-(2) : = min { u—(q) + (¢, 2) } (4.18)
= g"éig{ —h(q,y) + Pc(q, 2) }
= Iqléig{ — ¢e(q,y) + Pc(g; 2) } (4.19)

From remark 4-9.3.3 and corollary 4-9.4, ux € &*. Since u, is domi-
nated, from (4.18) we get that uy ~ u_. From (4.19), u_(y) = 0 and
hence u_(y) — uy(x) = h(z,y).

U

4-9.c Busemann weak KAM solutions.

When h. = +00, we use another method to obtain weak KAM solutions,
resembling the constructions of Busemann functions in riemannian ge-
ometry. By proposition 3-10.1, ¥* # & and ¥~ # & even when M
is non-compact. We call the functions of proposition 4-9.7 weak KAM
Busemann functions.

4-9.7 Proposition.
1. If w € ¥ (L) and y(t) = xy(t), then

taz) = inf [2c(1(8),) — Dol (1), 7(0))]
= lm_[B(3(t),2) — Duly(t),7(0))]

t——o0
is in 6.
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2. Ifw e Xt(L) and ~(t) = 2 (t), then

() = sup [ (3(0). 1(1) ~ P, 7(1)]

= Jim_[@(7(0),7()) = @e(z,¥(1))]

is in 67,

Proof: We only prove item 1. We start by showing that the function

>0,

where the last inequality follows from the triangle inequality applied to
the triple (v(s),~(t),z). By the triangle inequality, §(t) < ®.(v(0),x),
hence limy|_ 6(t) = infy<¢ 6(¢) and this limit is finite.

Since
u(y) = inf @c(v(1), y) — Le(v(t),7(0))
< Inf @c(y(t), 2) + (. y) — Pe(1(£),7(0))
= u(z) + ®c(z,9),

then v < L +c.

Suppose that z € P # @. Let (z,v) € & and ¢ < 0. Let p = x(t)
and y € M. Since d.(z,p) = 0, then

(I)C(ya ‘T) = (I)(ya ‘7:) + (I)c(xap) + (I)c(pa x)
> Dc(y,p) + Pe(p,x) > Pe(y, ).
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Hence ®.(y,x) = @c(y,p) + Pc(p,z). For y = v(s) (and p = x,(t)), we
have that

u(z) —u(zy(t)) = lm [Pc(y(s),2) — Pe(V(8), 2y(1))] = Pe(w0(t), @)
= Apte (wolir0) -

Now let x € M \ P and choose y,, : [T},,0] — M a Tonelli minimizer
such that y,(T},) = v(-n), y»(0) = x and

3=

AL+c(yn|[Tn,0}) < ®.(y(-n),z) +
This implies that
AL+c(yn|[s,t]) < @c(yn(s), yn(t)) + %, for T,, < s <t <0. (4.20)

By lemma 3-2.3, |y,| < A. We can assume that y,(0) — v € T, M.
Then

Apve(®oli0) = Pe(v(t),z)  for liminfT;, <t <0. (4.21)

We prove below that lim,, 7;,, = —oco. Then v € ¥7(L). Observe that
for T;, < s < 0 we have that

q%(’)’('”)? ‘T) < (I)c(’Y(_n% yn(s)) + (IDC(yn(S)7 LL’)
< ApveWnlim, o) < @e(y(-n), w) + z.
Since y — ®.(z,y) is uniformly Lipschitz, we obtain that
u(‘r) = liTILIl (I)C(V('n)v ‘T) - (I)C(V('n)a 7(0))
=lm ®.(y(-n), zy(s)) + Pc(zy(5), ) — Pe(y(-n),7(0))

= u(xy(8)) + Pe(xy(s), ) for all s < 0.
= u(ry(8)) + ALye(Tolis,0)) because v € X
Now we prove that lim, 7, = —oo. Suppose, for simplicity, that

1
lim, T,, = Ty > —oo. Since ¥,(0) — v, then yn|[TmO] <, $v|[T070} and
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hence y(-n) = yn(Tn) — x,(Tp) =: p. Since by lemma 3-2.3 |¥| is
bounded, we can assume that lim, §(-n) = (p,w;). By lemma 3-11.3,
wy € a-lim(¥) € £. From (4.21), i (Tp) € 2¢. Since m(wy) = ,(Tp) =
P, thAen lemma 3-8.1 implies thz{c t,(Tp) € 3. Since ¥ is invariant, then

v € ¥ and hence z = m(v) € n(X) = P. This contradicts the hypothesis
x e M\P. O

4-9.8 Corollary. 6~ # & and G # &.

133



134 4. THE HAMILTONIAN VIEWPOINT.

4-10 Higher energy levels.

The method in proposition 4-9.7 allows us to obtain analogous weak
KAM solutions on energy levels k > ¢(L) when M is non-compact.

Let
2_(1€) = {?} eTM ’ AL+k(xv’[t,0]) = q)k(xv(t),xv(O)), Vvt <0 }
For u < L + k define

D™ (u,k) = {ve TM|Apir(zolpg) = u(2s(0)) — u(zy(t)), VE<O0}.
(4.22)
Let

S (k)={u:M —>Rlu=<L+kand (T (u, k) = M }.

Define similarly =% (k), T (u, k) and &% (k). Then the functions u € &F
satisfy Lipschitz, covering, graph and smoothness properties analogous
to theorem 4-8.3.

Observe that we are requiring that the global minimizers in (4.22)
are defined in the whole ray | — 0o, 0]. In the following lemma we show
that there are not such weak KAM solutions when M is compact and
k > c(L). If we look for weak solutions of (H-J) with realizing curves
defined only on finite intervals then the action potential u(z) = ®x(p, ),
v(x) = —Pk(p, x) give such examples.

4-10.1 Proposition.

If M is compact, then % (k) = & and hence *(k) = & for allk > ¢(L).
If M is non-compact then X% (k) # & for all k > c(L).

Moreover, if v € X (k), then w-lim(v) = & (resp. a-lim(v) = &).

Proof: Suppose that v € 1(k) # @ and that w € w-lim(v) # &.
Observe that the orbit of w can not be a fixed point (i.e. w # 0) because
by (3.18), k > ¢(L) > eg. Let p = m(w) and choose s > 0 such that
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q = m(ps(w)) # p. Then the same argument as in proposition 3-11.3
shows that

di(p,q) = ®x(p,q) + ®i(q,p) =0,
which contradicts proposition 2-1.1.4.

This proves that X (k) = @ when M is compact. Observe that if
uy € 6T (k) then @ # I't(u, k) C (k). Hence &% (k) = g when M is
compact.

Assume now that M is non-compact. We show that X7 (k) # 0. Let
x € M and (y,) € M such that dy(x,y,) — +oo. Let v, € Cp, (x,yn)
be a Tonelli minimizer such that

Apve(ym) < Pz, yn) + + (4.23)

Then by lemma 3-2.3, |4,,| < A, and hence T;,, — +o0. Let v be a density

point of {4, (0)}. Since vn |0 <, Ty|jo, for all £ > 0, from (4.23) we
obtain that v € X7 (k).
U

By corollary 4-4.7, there are no weak solutions of (H-J) for k < ¢(L).
We complete the picture with the following;:

4-10.2 Proposition.
If M is non-compact, then &*(k) # & for all k > c(L).
If M is compact, then &*(k) = & for all k > c(L).

Proof: Proposition 4-10.1 proves the case M compact.

Now we reproduce the proof of proposition 4-9.7. Let w € X7 (k) #
&, write y(t) := z,(t) and

up(z) = 1lim [®r(7(0),7(t)) — Pr(2,7(t))]

t——+o00

The limit exists because by the triangle inequality for ®;, the function

6(t) = @(7(0),7(t)) — Pi(z,7(1))
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is non-decreasing and it is bounded above by ®4(v(0),z). The triangle
inequality implies that v < L + k.

Now let € M and choose yy, : [0,T},] — M a Tonelli minimizer such
that y,(0) = z, yn(Ty) = y(n) and

3=

ALte(Wnlpr,)) < Pr(z,v(n)) +

This implies that for all 0 < t < T,

Dy (z,7(n)) < Atk (Ynlg) + Pr(yn(t),¥(n)) < g, ~v(n)) +

B S

(

By lemma 3-2.3, |g,| < A. Since y,(T,) = v(n) and by proposition4-
10.1, v(n) — oo, then liminf, 7,, = 4+o00. Let v € T, M be a density
point of 7,(0).

24)

1

Since yn [0, <, Ty|[0,¢), using (4.24) we get that
u(zy(t)) = lim @4 ((0),7(n)) — k(2 (t), v(n))
= lim @4 (7(0),7(n)) — Px(2,7(n)) + AL+k(Ynlj0,4)
=u(r) + Arsr(zolio,),

for all 0 < t < liminf,, T,, = +oo0.
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4-11 The Lax-Oleinik semigroup.

The Lax-Oleinik semigroup was used to obtain weak KAM solutions by
Lions, Papanicolaou and Varadhan [32] on tori T" and later by
Fathi [21] for compact manifolds.

Nahman and Roquejoffre

Roquejoffre

Through this section we shall assume that M is compact. The
Lax-Oleinik semigroup (T~ )¢>o is the semigroup of operators T,

CY%(M,R) — C%(M,R) defined by
T u(a) = inf (ur(0) + | La(s).4(3) + s}

where the infimum is taken on all piecewise differentiable curves v :
[0,7] — M with v(T') = x. Similarly, define

T u(z) = max {u(z) — ®c(x, 2;t) }.

4-11.1 Proposition.  If M is compact.

1. The unique ¢ € R for which the semigroup (I} )i>0 has a fizved
point is the critical value ¢ = ¢(L).

2. u € 6" <= uis a fized point of the semigroup (I} )i>0.

3. For all € > 0 there exists a Lipschitz constant K = K(g) > 0 such
that T, (C°(M,R)) C Lipg (M, R) for all t > ¢.

4. T is a weak contraction: For allt > 0 and all u,v € C°(M,R),
1T w =T, |y < lu—vllo-

5. For e > 0 there exists K(g) > 0 such that if u,v € CO(M,R) and
s, t> ¢, then || Ty u— Tt_vHo <lu—=v|lg+ K(e)|s —t|.
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Proof:

1. By proposition 3-4.1, limy_, ;oo ®p(z,y;t) = 00 when k # ¢(L),
uniformly in z, y € M. This implies that there are no fixed points for
Tti when ¢ # ¢(L). The existence of a fixed point is given by item 2.

2. Let u € &. For x € M take v € '™ (u) N T, M and let () :=
7 t(v). For t > 0 we have that

u(@) = u(y(=t) + Apte(Yl-e0)

u(y(—t)) + o(y(—t), 3 t).

But since u < L + ¢, then

u(z) < u(y) + Pe(y, r) < uly) + ey, ;1)

Hence T, v = u for all t > 0.
Now suppose that T; « = u for all £ > 0. Then

u(x) <u(z) + Pz, z;t) Vt >0, Vze M.
Taking the infimum on ¢ > 0, we get that u < L + ¢. Moreover,

< mi < mi .
u(z) < min u(z) + ®o(z,2) < min w(z) + he(z, x)

For t > 0 let z be such that u(z) = u(z) + ®c(zt, x;t). Let t, — +00
be a sequence such that the limit lim, z;, = y exists. Then

w() = uly) +lim Sz, 23 tn) > uly) + he(y, ),

where the last inequality follows from the definition of h. and the
Lipschitz property for ®.(x,y;t) in proposition 3-4.1.1. Thus u(z) =
min,eps u(2) + he(z, z), by proposition 4-9.2, u € &~

3. Using proposition 3-4.1, let K = K(e) be a Lipschitz constant
for (x,y;t) > ®c(x,y;t) on M x M x [g,+oo[. Given u € CY(M,R),
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xz,y € M and t > ¢, let z € M be such that T, u(y) = u(z) + D.(z, y; t).
Then

T, u(x) < u(z) + ®eo(z, x5 t)
<u(z) + Polz,y5t) + [Pe(z, 23 t) — Pe(z,y5t)|
< Ty u(y) + K(e) d(z,y)

Changing the roles of z and y we get that 7, u € Lipg (M, R).

5. Observe that item 5 implies item 4. Let u, v € CO(M,R), s, t > ¢
and € M. Let K = K(¢) be as in item 3. Choose z € M such that
T u(x) = u(z) + Pc(z,2;5). Then

T, v(z) < v(z) + Pz, ;1)
< Tgu(@) +[v(z) = u(2)| + [Pe(z, 7;1) — Pe(2, 25 5)]
ST u(@) + flu—vllg + K(e) [s —t].

Changing the roles of u and v we get item . O

4-11.2 Remark. Fized Points for the Lazx-Oleinik semigroup.
Another proof of the existence of a fixed point in 4-11.3
We sketch here another proof of existence of a fixed point for the

Lax-Oleinik semigroup using properties & and 4 of proposition 4-11.1.
Consider the semigroup A7, , with 0 < A < 1 acting on the

space CY(M,R)/g of continuous functions modulo an additive con-

stant. Then X7, 1is a contraction whose image is in the compact space

Lipg (M, R)/gr, independent of A or t. Let uy; be a fixed point for AT} .

Choosing a sequence A, — 1 and a subsequence such that u,,; con-

verges in Lipg (M, R)/g, one obtains a fixed point u; for T, . Now let

t, — 0 and choose a subsequence such that u;, converges to some v in

Lipg(M,R)/r. Fix s € R and let N,, € Z be such that lim,, N,t,, = s.

Since by the semigroup property, uy, is also a fixed point for Ty , ,

using proposition 4-11.1.5, we get that in the C°-topology,

T;v= hrILn Ty ut, = hrlln Ug, = V.
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So that v is a fixed point for the whole semigroup (7} )¢>0.

4-11.3 Theorem (Fathi [23]). If M is compact,
for all v € C°(M,R) the uniform limit , ligl T, u exists.
— T 00

To prove this theorem we shall need some lemmas.

4-11.4 Lemma. If M is compact then lim;_ 1 %@C(x, y;t) =0, uni-
formly on (xz,y) € M x M.

Proof: Write h(x,y) := ®.(x,y;t). Then

inf hy+2 inf hy < hyep < inf hy+2 h.
arar Ty S e S e s S T

Then, writing C' = 2 (sup h; — inf hy ), we have that

Vit >2, sup h; — inf hy <2C.
MxM MxM

Now let u be a weak KAM solution. Since T} u = u, we have that for
all ¢ > 0,

u(y) = min u(z) + Pc(z,y; t).
zeM

Thus, for all (z,y) € M x M and t > 2,

|Dc(x,y;t)] < sup u(x) — inf u(z)+2C.
xeM zeM

This implies the lemma.
O

4-11.5 Lemma. For all € > 0, there exists Ty > 0 such that if T > Tj
and v : [0,T] — M is a Tonelli minimizer, then |E(vy,%) — c¢(L)| < €.

Proof: Let T,, — 400 and let v, : [0,7,] — M be a Tonelli minimizer.
Then by lemma 3-2.2 there is A > 0 such that |[§,| < A for all n.
Then there exists a subsequence such that the probabilities yi,, converge
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weakly* to a limit p. Since L is bounded on |v| < A, and using lemma 4-
114,

Apte(p) = lim Apio(ps,) = lim 7-Be(70(0), 1 (Tn); Tn) = 0.

Hence p is a minimizing measure and E(suppu) = c¢(L). Thus
E(nsm) — (L), O

For f:T*M — R measurable and u : M — R Lipschitz, define

esssup f = inf sup f(p),
* ACT*M
pel*M Leb(T* M\ A)=0P€*

and

H(f) = esssup H(z,df).
zeM

4-11.6 Lemma. If u: M — R is Lipschitz, then uw < L + H(u).

Proof: Using a convolution argument as in lemma 4-4.5, we can approx-
imate both H(u) and u in the C° topology by a C* function. Hence we
can assume that u is C*. Then for all (x,v) € TM,

dyu-v < L(z,v) + H(z,dyu) < L(z,v) + H(u).

If v € C(x,y), then

u(y) —u(z) < ]idu < j{L + H(u).

4-11.7 Lemma. If u € C°(M,R), then . 1121 H(T; u) = c.
— 400
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Proof: By proposition 4-11.1.3, T} w is Lipschitz. If x is a differentia-
bility point for 7, u, then

do (Ty u) = Lo(7(1),¥(1)),

where v : [0,t] — M is a Tonelli minimizer satisfying v(¢t) = x, and

Ty u(x) = w(v(0)) + Ar+e(Vljog). Thus H(dx (T u)) = E(y(t),7(t)).
By lemma 4-11.5, E(vy,%) converges to ¢(L) uniformly on ¢. O

Proof of theorem 4-11.3:

Let u € C°(M,R). By proposition 4-11.1.2 the family (T} u);>1 is
equilipschitz. By Arzela-Ascoli theorem there exists a sequence t, —
+00 such that the uniform limit u = lim, T, u exists. By lemma 4-
11.6, T, u < L + H(7; u) and by lemma 4-11.7, H(7; u) — c¢. This
implies that us < L + c.

Now we prove that us is a fixed point of the semigroup 7, . Since
Uso = L+ ¢, then us < T us for all t > 0. Since T, preserves the
order, we get that us < Ty Uso < T} us for all s < ¢. It is enough to
show that there is a sequence s,, — 400 such that T, e — Uso. Write
Sp = tpy1 — tn, we can assume that s,, — +o0o0. Then, using 4-11.1.4,

HTsnuoo uOOHO HT Uoo — sn snuH0+ ||Tt uooHO

< oo = Ty ullo + 1|73, uooHo — 0.

n+1

It remains to show that the fixed point u., of T, is the limit of T, u.
But for all s > 0,

1T st = ooy = 170 T = Twoo g < | T30 = wocfly = 0.

The following corollaries are also due to A. Fathi.

4-11.8 Corollary. If M is compact, then tlim O (x,y;t) = he(z,y),
— 00
uniformly in x € M and also iny € M.
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Proof: The uniform limit on y € M follows from the equality
O.(x,y;t) = T,_yu(y), where u(z) = ®.(z,2;1). And the uniform
limit on * € M follows from —®.(z,y;t) = T, v, where v(z) =
—P.(z,y;1). O

Recall that a ray is a curve () such that it is a Tonelli minimizer
for all t > 0 (resp. t <0).

4-11.9 Corollary. If M is compact then the rays are semistatic.
Proof: For an a.c. curve v, and s < t in its domain, define
6(s,t) := Arse(Vsg) — Pe(v(s),7(1)).
Observe that (s, t) > 0. We show that
[s1,t1] C [s2,ta] = d(s1,t1) < (s2,t2).
Indeed, by the triangle inequality,
—®c(v(s2),7(s1)) = Pe(v(s1), 7(t1)) = Pe(v(t1), 7 (t2)) < —Pe(v(s2, t2)-
Adding the equality
ALte(Vsa,s1]) + AL+e(Wisi,t1) + ALVt t2) = ALte(Vs2,22))
and using that d(s,t) > 0, we get that
8(s1,t1) < 8(s2,81) + 0(s1,t1) + 8(t1,t2) < d(s2,t2).
Now suppose that 7 : [0,+00[— M is a ray. Observe that
6(s, 1) = @e(y(s),7(t);t — 5) = Pe(v(s),7(1))- (4.25)
By theorem 4-11.3, the map t — §(0,¢) is bounded. Define

d(s,+00) == t_l}gloo d(s,t) = §1>1p d(s,t) <0(0,1).
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Since the map s +— (s, +00) is increasing, we have that

lim §(s,+o0) = 0.

§——+00

Now we prove that the w-limit vectors of a ray are static. Write
v(t) = mpe(v), t > 0. Suppose that ¢, — +oo and ¥(t,) — w € TM.
Let n(t) = mei(w). Since v and n are solutions the Euler-Lagrange
equation, then |y, g 1. 44 =y Nl[—s,s5- We have that

AL+c(n‘[—s,s]) + (IDC(n(S)aT](_S)) =
= hgln{ AL+C(7‘[tn—s,tn+s]) + h?}v,n (I)c(’}/(tn + 3)7’7(tm - 3)) }

= hﬁn{ ALte(V[tn—s,tnts) T lim AL eVt +sitm—s) = 0(tn + 8,tm — 5) }
= lim lim Ay (Y, —s,tr—s) = O(tn + 55 tm — 5)
= ligln h,Hl D (Y(tn — 8),Y(tm — 8)) + 0t — Syt +8) — (tn + Syt — )
= ®.(n(—s),n(—s)) + ligln O(tn — 8, 4+00) — 0(ty + 8, +00)
=0.

Thus w € S(L).

Finally, we prove that v is semistatic. Let ¢,, — 400 be such that

~

the limit p = lim,, y(¢,) exists. Then p € P = n(X). Using (4.25), we
have that corollary 4-11.8, implies that

0(s, +00) = limd(s, tn) = he(7(s),p) = Pe(v(s),p) =0

for all s > 0. Thus 6(s,t) =0 for all 0 < s < ¢, i.e. 7 is semistatic. O
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4-12 The extended static classes.

The method in proposition 4-9.7 resembles the construction of Buse-
mann functions in complete manifolds of non-positive curvature. In that
case, Ballmann, Gromov and Schroeder [5] proved that the manifold can
be compactified adjoining the sphere at infinity that can be defined in
terms of Busemann functions.

Here we emulate that construction to obtain a compactification of
the manifold that identifies the points in the Peierls set which are in the
same static class and adjoins what we call the extended Peierls set PT.
By definition of Busemann function, the extended static classes in BF
correspond to the a-limits (resp. w-limits) of semistatic orbits in the
compactification. But as we shall see in example 4-12.4 the classes in
PT\ BT do not correspond to a or w limits of orbits in T'M.

On C°(M,R) we use the topology of uniform convergence on compact
subsets. Consider the equivalence relation on C°(M,R) defined by f ~ ¢
if f — g is constant. Let F := C°(M,R)/. with the quotient topology.

Let M~ be the closure in F of { f(z) = ®c(2,2)|2z € M }/~ and
T the closure in F of {g(z) = ®.(r,2)| 2 € M }. Fix a point 0 € M.
We can identify

Fr{feC'MR)|f(0)=0}.
4-12.1 Lemma. 9~ and M™ are compact.

Proof: Observe that the functions in 91~ and 9" are dominated. By
lemma 4-2.1.1 the families 91~ and 9" are equicontinuous. Since M
is separable by Arzeld-Ascoli theorem 9~ and 9™ are compact in the
topology of uniform convergence on compact subsets. O

Then 971~ is the closure of the classes of the functions
fo(x) == Po(z,2) — D.(0, ), Vze M
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and 9T is the closure of the classes of
g:(x) = Pz, 2) — (0, 2), Vze M.
4-12.2 Lemma.
1. If fu(x) = f.(x) for all x € M, then d.(w,z) = 0.

2. If guw(x) = g.(x) for all x € M, then d.(w,z) = 0.

Proof: We only prove item 1. Suppose that f. = f,. From f.(z) =
fuw(2) we get that

q)c(w7 Z) = <I>c(w7 0) - (I)c(zv 0)7
and from f,(w) = f,(w) we get
P (z,w) = —D.(w,0) + Pc(2,0).

Adding these equations we get that d.(z,w) = 0.
Conversely, if d.(z,w) = 0 and x € M, then

D (w,x) < dc(w,z) + Pe(z,2) = Pe(z,2) — Pe(z,w) < Pe(w, ).

Thus @.(w,z) = ®.(w, z) + Pc(z,z) for all z € M. This implies that
fz = fw- ]

Then we have embeddings M/4, — 9, by z — [f.] € F and
M/q4, — M by z — [g.] € F, where M/, is the quotient space under
the equivalence relation = = y if d.(z,y) = 0. Let B~ be the functions
defined in proposition 4-9.7.7 and BT those of 4-9.7.2. Let 3" =BT/
and 3~ =B /..

4-12.3 Remark. By proposition 4-9.7, if p € P # & then u_(z) :=
P.(p,z) € B and uy(z) := —P.(x,p) € BT (modulo an additive con-
stant).
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Observe that d.(z,w) = 0 if and only if 2z = w or 2z, w € P and
they are in the same static class. Under the identifications M — 9T
we have that 37 U (M \ P) C 9T respectively. But this inclusion may
be strict as the following example shows:

4-12.4 Example. 3~ U (M \P) # M.

Let M = R and L(z,v) := 2v? — cos(2mz), corresponding to the
universal cover of the simple pendulum lagrangian. Then ¢(L) = 1,

and the static orbits are the fixed points (2k + 1,0) € TR, k € Z.
Moreover, H(z,p) = %pz + cos(27x) and the Hamilton-Jacobi equation

H(x,dyu) = c¢(L) gives dyu = £24/1 — cos(2mz). The function
u(z) = / 24/1 — cos(27s) ds,

0

with dyu = 42+/1 —cos(27x), is in &7, is the limit of u,(z) :=
®.(—n,z) — ®(—n,0) but it is not a Busemann function associated
to a semistatic orbit v because if y(—o0) = 2k 4+ 1 € Z is the a-limit of
7, then the Busemann function b, associated to v satisfies

deb, — {+2 V1 —cos(2rx) if x> y(—00), (4.26)

—2/1 —cos(2rx) if x <~(—o0).

Similarly a function v : R — R with d,v = —24/1 — cos(17rz) is in &T
but it is not a Busemann function.

Observe that in the Busemann function in (4.26), at the point y =
7(—00)+3 the semistatic orbit n(t) with 17(0) = I'~(u)NT, M has o-limit
n(—o00) = y(—00) + 2 # y(—00). Moreover, the Busemann function b,
associated to 7 satisfies

db — +24/1 —cos(2mx) if x> y(—o0)+2,
Tl =21 —cos(2mz) if @ < y(—00) + 2

so that b, # b,. In fact, there is no semistatic orbit passing through y
with a-limit v(—o0). This implies that the Busemann functions can not

147



148

4. THE HAMILTONIAN VIEWPOINT.

be parametrized just by a (semistatic) vector based on a unique point
0 € M as in the riemannian case. In particular, it may not be possible
to choose a single point g, =0 € M, Va € B~ in the construction for
theorem 4-12.7.

The functions in B~ and BT are special among the weak KAM
solutions. They are “directed” towards a single static class and they are
the most regular in the following sense:

4-12.5 Lemma.
1. If w € X7 and uy, € B~ is as in proposition 4-9.7.1, then

Uy (z) = max{u(z)|u e &7, u(r(w)) =0, we I (u)}.

2. If we X% and uy, € BT is as in proposition 4-9.7.2, then

Uy (y) = min{ u(y) |u € 6T, u(r(w)) =0, w € T (u) }.

By the remark 4-12.3, this also holds for the functions
u_(x) = Po(p,x) and u4 (z) = —P.(x,p) (modulo an additive constant),
for any p € P.

Proof: We prove item 1. Let z := w(w) and v € &~ with v(z) =
uy(x) =0 and w € I'"(v). Let x4 (t) = m(P¢(w)). Since v < L + ¢ and
w € I'"(v), then for ¢ < 0, we have that

v(y) < v(@w(t)) + Pe(zw(t), y)
=0(z) — Pe(Ty(t), ) + Pe(zw(t),y).

Since v(z) = uy(z) = 0, letting ¢ | —oo, we get that v(y) < wuy(y) for

all y € M. On the other hand, u,, is in the set of such u’s, so that the
maximum is realized by . U
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Define

PT=m\(M-P) , pPTi=m\ (M —P).

4-12.6 Proposition.
The functions in P~ and P are weak KAM solutions.

Proof: Let u € M~ \ (M \ P). Since u is dominated, we only
have to prove the condition 4-8.1.2. Adding a constant, we can as-
sume that u(0) = 0. Then there is a sequence z, € M such that
u(z) = limy, ®e(2n, ) — Pe(2n,0). Let 2 € M and let v, € Cr, (2n, )
be a Tonelli minimizer such that T,, < 0, 7,(0) = x, v,(T),) = 2, and
Arte(Yn) < @e(zn,x) + % In particular

AL+c(’7n|[t,0]) < (I)c('yn(t),l') + %, vV T, <t<0.

Since u € P7, then we can assume that either dys(z,, ) — oo or z, —
p € P. Since by lemma 3-2.3 |¥,| < A and h.(p,p) = 0 for p € P, in
either case we can assume that T,, — —oo.

We can assume that 4,,(0) — v € T, M. Then for t <0
w(@y(2)) = u(wy(t)) = lim @e(zp, 2) — Pe(2n2y (1))
= lm @ (2, 2) = Pe(zn, V(1)) + K de(yn(t), 24 (1))
< 11H1AL+c(’Yn o) + 1
< Apte(@olipa),

where K is a Lipschitz constant for ..
O

For p € B and z € M let = — b, .(z) be the function in the class
p € B such that by, .(z) =0, i.e.

bp,2($) = 3}1127 @C(y,ﬂj‘) - q>c(y7 Z).
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We now give a characterization of weak KAM solutions similar to that
of corollary 4-9.4. For each @ € B~ choose ¢, € M such that there is
a unique semistatic vector v € ¥~ such that m(v) = ¢ and the a-limit
of v is in the static class a. This can be done by the graph property 4-
8.3.5. Moreover, choose them such that the map 3~ > a— ¢, € M is
injective. Let P := { ¢ | € B~ }. We say that a function f: P — M is
strictly dominated if

f(Qa) < f(QB) + bﬁ,qg(Qa)

for all @ # 3 in B~. And we say that f is dominated if f(qa) < f(qg) +
bg,q5(qa) for all a # 3 in B~.

4-12.7 Theorem.
The map {f : P — R|f strictly dominated} — {u €

&~ | ulp strictly dominated }, f +— uys, given by

ug(z) == ie]g* f(ga) + baga (@),

is a bijection.

Proof: We first prove that uy is bounded below. The domination con-
dition implies that u¢(¢n) = f(ga) for all @« € B~. Then the same
argument as in formula (4.13), shows that uy < L+c. Fix a € 37, then
for all x € M,

up(x) > uf(ga) = Pe(ga; ) = f(qa) = Pe(ga, ) > —o0. (4.27)

Since uy > —oo and it is an infimum of weak KAM solutions, from
lemma 4-9.1 we get that uy € &~. Since uf(ga) = f(ga) for all @ € 37,
the map f ~ u; is injective.

We now prove the surjectivity. Suppose that v € &~ and ulp is
strictly dominated. Let

v(z) := min u(ga) + baqg. (€)-
acB”
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Observe that the domination condition implies that
v(qa) = u(qy) forall € B . (4.28)

Given z € M, let § € ' (u) N T, M and let & € B~ be the a-limit of 6.
Then,

u(x) = u(zg(s)) + Pe(wo(s), x) for all s < 0.
Since u is dominated, u(qy) < u(zg(s)) + Pc(xg(s), ¢n). Hence
u(x) > u(qq) — Pe(ro(8), qa) + Pe(zp(s), x) for all s < 0.
Taking the limit when s — —oo, we get that

u(x) > v(x) for all x € M. (4.29)

Now we prove that u = v on the projection of the backward orbits of
vectors in '™ (u) ending at the points ¢o, o € B, Let £ € '™ (u)NTy, M
and let 8 € B~ be the a-limit of £&. From the definition of v(x) for all
e >0 and s < 0 there exists 7 = y(s,e) € B~ such that

v(ae(s)) 2 (@) + by, (2e(s)) — <.

Since £ € I'"(u) NT,, M, then for s <0,

u(qa) = u(we(s)) + Pe(ze(s), ¢a) (4.30)
v(@e(s)) + Pelwe(s), a) by (4.29) (4.31)

2 V(ay) + byg, (e(s)) — € + Pe(we(5), 4a)
= Jim 0(gy) + Pe(z(t), 2¢(s)) + Pe(e(5), da) — Pe(2e(t), 7) — €
> v(gy) + lim Pe(ze(t), ga) = Pe(e(t),47) — €
> U(qv) + bv ay (qa) —
> v(qa) — (4.32)
= u(qa) — by (4.28).
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Letting € | 0, from the equality between (4.31) and (4.32) we get that
V(ga) = v(xe(t)) + Pe(xe(t), ¢a) for all t < 0. (4.33)

But then

v(gp) < v(we(t)) + Pe(we(t), gs) = v(da) — Pe(e(t), ) + Pe(we(t), 48)-

Equivalently

U(qa) 2 U(QB) + q>c(x€(t)v Qa) - (I)c(xﬁ(t)v QB)'

Taking the limit when ¢t — —oco, we get that v(¢a) > v(gg) + bg,¢5(da)-
This contradicts the strict domination, hence 8 = «. Then, from the
equality between (4.30) and (4.31), we have that

u(xe(t)) = v(xe(t)) forallt <0, and & € ¥™ NT,, M, a-lim(§) = o

34)

Now let z € M and o € B~. Let £ € ¥~ NTy, M with o-lim(&) = a.
Then for ¢t < 0,

u(@) < u(ze(t)) + el (1), )
= v(@e(t)) + Pe(xe(t), 2) by (4.34)
= v(qa) — (I)C(‘Tﬁ(t)7 o) + CI)c(xg(t), (/E), by (4.33).

Letting t — —o0, we have that
u(z) < v(¢a) + baga () = u(qa) + bag. (€)-
Since o € B is arbitrary, from the definition of v we get that «w < v. O

4-12.8 Theorem.
Given v € &7, for all « € B (u) choose qo € w[Ay (o) N Ty (w)],
and let P(u) :={qo | € B~ (u) }. Then

u(xz) = inf u(qa) + ba,q. () for all x € M.
an]P’(u)
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Proof: Let u € &~. For all « € B3 (u), choose g, € (A () NT ().
Let P(u) := {qa|a € 37 (u) }. We show that u|p(,) is dominated. Let
a,3€ B (u) and let 0 € Ty, M NA~(8) NI~ (u). Then for t <0,

($0(t)) + q>c(x€ (t)v Qa)
(g8) — Pc(zo(t), q5) + Pe(0(t), ga)-
Letting ¢ — —o0, we get that u(ga) < u(gs) + bpq;(qa), for all o, 3 €
B (u).
Let

v(z) = inf u(qa) + bag. (). (4.35)
qa€P(u)

The same arguments as in equation (4.27) show that v > —oco and by
lemma (4-9.1) v e &

Given z € M, let 6 € I~ (u)NT,M and let @ € B~ (u) be the a-limit
of . Then,

u(zg(s)) + Pc(zo(s), z) for all s <0,
u(qa) — Pe(x9(8),qa) + Pc(zo(s),x) because u is dominated.
Since av € B~ (u), taking the limit when s — —oo, we get that

u(z) > v(x) for all z € M. (4.36)

Now let x € M and g, € P(u). Let £ € A(oe) NI~ (u) NT,, M. Then
for s < 0,

u(z) < u(ze(s)) + Pe(we(s), x)
= u(qa) — Pc(®e(8), ga) + Pe(ze(s), ), because £ € I'™ (u) N Ty, M.

Since £ € A~ (), letting s — —oo, we have that

w(x) < u(ga) + bag, ().

Since g € P(u) is arbitrary, we get that u < v. O
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Chapter 5

Examples

5-1 Riemannian Lagrangians.

For a riemannian lagrangian L(z,v) = 3 |v]|2, we have that
eg=c, =co=c(L)=0.

The static orbits are the fixed points (x,0), x € M. The only weak KAM
solutions are the constant functions and so are the only subsolutions
of (H-J) for k = ¢(L).

Nevertheless, since the « function is superlinear, from (??) when we
add some closed forms to L we obtain ¢(L —w) > ¢(L) = 0. Moreover,
the semistatic static orbits are not fixed points because by ?? they have
energy ¢(L —w) > 0. By the graph properties, the static set of L —w, the
support of it minimizing measures and the basins of weak KAM solutions
are geodesic laminations. Since semistatic geodesics are minimizing,
they don’t have conjugate points.

5-2 Mechanic Lagrangians.

For a mechanic lagrangian L(z,v) = 1 |vel|> = U(z), we have that

o(L) = co = cu = eo = min F(z,0) = max U(z),
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156 5. EXAMPLES

the maximum of the potential energy. The static orbits are the fixed
points (z,0), where U(x) is maximal. If U is non-degenerate at a
minimum 7z (i.e. d2U is non-singular), then x is a hyperbolic sad-
dle point. The constant functions are always subsolutions of (H-J) for
k= C(L) = €9.

5-3 Symmetric Lagrangians.

For a symmetric lagrangian L(z,v) = L(z,—v), and then H(x,p) =
H(z,—p). Since v — L(z,v) is convex, it attains its minimum at v = 0.
Thus, if M is compact,

L(z,v) +ey = L(x,v) — max L(z,0) >0,
S

and it is 0 exactly at the fixed points (x,0) which maximize L(x,0). This
implies that ¢(L) = ep. In fact, the constant functions are subsolutions
of the Hamilton-Jacobi equation (H-J) for k = ep. The static orbits are
the fixed points (x,0) where x maximizes L(z,0).

If M is non-compact, the constant functions are still subsolutions
of (H-J) for k = ep, and thus

¢(L) = cg = ¢y = e,

but there may be no maximizers of L(z, 0) and then the static set (L) =
& (see example 5-7).

95-4 Simple Pendulum.
The simple pendulum is the mechanic lagrangian L : T'S' — R given by
L(6,6) = i 0|2 — cosb,

identifying the circle S = [0,27] mod 27. Hence ¢(L) = ¢y = 1. The
static set is X(L) = {(m,0)}. Since there is a unique static class, there
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5-5. THE FLAT TORUS =". 157

are only one weak KAM solutions on & and &~ modulo an additive
constant. But &~ # &7 because the solutions are not differentiable.
Their cut locus is z = 0 € S!. For v € &7 its is the whole X(L) and it
is shown in figure 5-4.

TSt

E=c(L+6)

NS

FIG. 1: SIMPLE PENDULUM.

Ifw # 0 is a closed 1-form, ¢(L—w) > eo = 1 and the static set (L —
w) is a whole component of the energy level E = ¢(L), oriented by w > 0.
Again, there is only one static class and #6% = 1 modulo constants.
Since F(i(L —w)) = S, the functions on &F are differentiable.

5-5 The flat Torus T".

Also called the harmonic oscillator, it is the riemannian lagrangian for
T" = R"/Z" with the riemannian metric induced by the euclidean metric
on R™. The solutions of (E-L) are the projection of straight lines in R"
parametrized with constant speed. If w(z,v) = (4,v) with A € R”
fixed, then L — w is globally minimized at all the vectors (x, A). Since
the orbits of this vector field are recurrent, they must be static. These
vectors are sent to 0 by the Legendre transform. By the smoothness
property 4-8.3.6, du = 0 and thus any weak KAM solution must be
constant. By corollary 4-9.5, there is only one static class.
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5-6 Flat domain for the 3-function.

This example is a special case of those studied by Carneiro and Lopes [8].
Let L : TT? — R be the lagrangian

L((z,y), (u,v)) = 3(u? +v*) + v sin(z),

where T2 = [0,27] mod 2x- Then the lagrangian is minimized at the
vectors ¢ = —%, v=1and x = %, v = —1. These vectors are tangent
to the closed curves v : v = -5, y=landy. : =3,y =

—1. Since the curves 4 and vy_ are closed, they must be static curves.
Since their tangents are exactly all the vectors which minimize L, the
Peierls set is just P = ({—3} x [0,27]) U ({3} x [0,2n]). The invariant
measures [ly := [l , ji— = [i,_ supported on the closed orbits ., ¥_
are minimizing measures with homology p; = (0, %), p— = (0, —%)

Since Mather’s S-function is convex and attains its minimum at p4
and p_, then the line

lo—,p+] = {(0,t) € Hi(TR) ~ R?| — L <t <L}

must be a flat domain for the S-function, in fact 3;,_ ,,) = ¢(L). Since
the static set i(L) contains only the support of the measures p4, p—,
then for any homology h € [p—,py, h = tp— + (1 — t)p4, the unique
minimizing measure in homology h is M(h) = {tu— + (1 — t)u4}.

5-7 A Lagrangian with Peierls barrier h = +ooc.

Let L : TR?> — R be L(z,v) = 5 [v|> + ¢ (), where | - | is the euclidean

metric on R? and ¢(z) is a smooth function with ¢ (z) = ‘—glc‘ for |z| > 2,
¥ >0and (x) =2 for 0 < |z| < 1.
Then

¢(L) = —infy =0,
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5-7. A LAGRANGIAN WITH PEIERLS BARRIER h = +00. 159

because if v, is a smooth closed curve with length ¢(~,,) = 1, |,.(t)| > n
and energy E(7,) = 442 — t(3) = 0, then

T
o(L) > — inf Ap(mn) = - / 52 4 ()

"‘/n‘
== [l =t < =2 —0.

On the other hand,
(L) = —inf {AL(7) |~ closed } <0,

NO[—

because L > 0.

Observe that since L > 0 and on compact subsets of R?, L > a > 0,
then we have that

deo(x,y) = ®e(z,y) > 0 for all 2,y € R2.

Hence 3(L) = &.

Suppose that 1(0,0) < +oo. Then u(z) := h(z,0) is in &T. Let
¢ € T (w)NTHR? and write z¢ () = (r(t),6(t)) in polar coordinates about
the origin 0 € R?. Then liminf; ., r(t) = +o0o because otherwise the
orbit of £ would lie on a compact subset £ = 0 and then @ # w-lim(&) C

¥(L) = &, then
i (t)] = /25

Ligi &) = lic®)? = \/75 lae(t)]

Let T,, — +o00 be such that r(7},) — +oc0. Since L + ¢ = L > 0, then

“+oo “+oo
n0.0) > [ Do) ey = [\ [l +r 0] d
Tn r(Tn)
hmsup/ \/7:17 dt = hmsup/ \/7 dr = +o0.

and
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5-8 Horocycle flow.

Peterls barrier 0 < h < 400, S = 2 and differentiable Busemann
functions v with B~ (u) = BF(u) = {a}.

Let H := Rx]0, +oo[ with the Poincaré metric ds? = glg (d? + dy?).
Let L : TH — R be a Lagrangian of the form

L($,’L)) = % ||U||:2c +77I(U)7

where 7, is a 1-form on H such that dn(v) is the area form an |-|, is the
Poincaré metric. The Euler-Lagrange equation is

Diy =Y, (3) =dt, (5.1)
where Y, : TH — TH is a bundle map such that
dng (u,v) = (Y (u),v).

The energy function is F(z,v) = & [v]|2. On the energy levels E < :
the solutions of (5.1) are closed curves, and on FE = % the solutions are
the horospheres parametrized by arc length.

Choose the form n(z,y) = %x, where (z,y) € H = Rx]0, +oco[. Then
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5-8. HOROCYCLE FLOW. 161

Observe that the form 7 is bounded in the Poincaré metric, so that the
Lagrangian is superlinear and satisfies the boundedness condition.

It can be seen directly from the Euler-Lagrange equation that the
curves £ = —y, y = 0 are solutions with

L(i=—y,y=0)+1=0. (5.2)

The images of these curves are the stable horospheres associated to the
geodesic x = 0, y = y, parametrized by arc length.

We show that ¢(L) = % and h, < +oo. Observe that if v = (z,9),
& < 0, then

L=3 |[o* = [I(&0)] = 5 llol* = ol = 5. (5-3)

Hence L + % > 0 and then ¢(L) < %
Now fix x € H. For r > 0 let D, be a geodesic disc of radius r
such that z € 0D,. Let 7, be the curve whose image is the boundary

of D, oriented clockwise and with hyperbolic speed ||¥|| = a. Since
E(v) = % a?, then

/L—l—% 2=/v-Lv:/ [|v]|* + dA
T T T DT'

= a - length(~,) — area(D,),
= a - 27 sinh(r) — 27 cosh(r),
=2r[i(a—1)€e" —e "] +2m (5.4)

If a < 1, for r > 0 large, formula (5.4) is negative. Hence ¢(L) > %
and ¢(L) = . Moreover,

h(z,z) < liminf AL+%(%) = 21 < +o00.

r——400

We prove that S = . This implies that h > 0. First observe that
if T is an isometry of H, then d(7.n) is also the area form, so that T.n
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is cohomologous to 7. This implies that given any two points z,y € D,
there is a constant b = b(x,y) € R such that for all v € C(x,y),

Ap(y) = AL(T o) + b(z,y).

In particular, the map dT' leaves o(L) and i(L) invariant. Since a
horocycle h; can be sent by an isometry to another horocycle ho with
h1 N hy # &, then the horocycles can not be static because it would
contradict the graph property.

The constant function w : H — {0} satisfies v < L + % because
L+ 3 >0 and by (5.2) the vectors v = (—y,0) € I'*(u) = T~ (u) € £~
are semistatic. Its derivative du = 0 is sent by the inverse of the Legendre
transform v — L, = (v, ), + %x to

dx

% <U7 '>eucl = Ty

7
that is v = (—y,0). Also
H(d) = §Jdu— P = } 2] = 3.
Let T : H < be an isometry of the hyperbolic metric. Write n = %x.
Then dn = A is the hyperbolic area 2-form. Since T is an isometry, then
d(T"n) = T"(dn) = dn.

Hence the form T*n — n is exact on H and there is a smooth function
v : H — R such that
T n —n = —dv.

We show that v is a weak KAM solution. Observe that

LodT(w,0) = 4 [ol]2 + T*n(a,v)
=35 lloll3 + n(z.v) - do(z,v)
= L(z,v) — dv(z,v). (5.5)
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Since by (5.3) LodT + § > 0, then
dv< L+ 3. (5.6)

Hence v < L + % Moreover, the equality in (5.6) holds exactly when
LodT(z,v)+ % =0, ie when dl'(v) = (—y,0) € Ty H.

Since the isometries send horospheres to horospheres, they are self-
conjugacies of the hamiltonian flow and hence the curves v(t) = T~ (z —
ty,y) realize v, i.e.

v(1(8) = o0 (5) = o= P L+
v v

Here v is the Busemann weak KAM solution associated to the class
T'(0c0) € OH, on the sphere at infinity of H.

We now show a picture of a non-Busemann weak KAM solution. We

use the isometry T : H «, T'(z) = —%, z = x + iy € C. The isometry

T = T sends the line t — —ty + iy to a horosphere with endpoint
0 € C, oriented clockwise. Choose v : H — R such that dv = n — T*n.
Since T leaves the line Re z = 0 invariant and n = 0 on vertical vectors,
hence v is constant on Rez = 0.

Now we describe the weak KAM solution
w(z) ;== min{ u(z),v(z) } € 6~

Let v(t) = —ty + iy. Then, using (5.5),
o) =@+ § o
T—loy

t t
—o+ [ [Loaros+d]- [ [Log+]
0 0

t
:0+/ [LodT o4+ 1] —o0.
0
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Since by (5.6) L(z,v) + 3 > 0 when v # —y + i0, then v(z) > 0 on
Rez >0 and v(z) <0 on Rez < 0. Thus

_ )0=wu(z) if Rez>0.
w(z) = {v(z) if Rez <0. (5.7)

The cut locus of w is Re z = 0 and the basin of w is I'" (w) = AUdT'(A)
where A is the set of vectors (y,0) € Ty, H.
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Chapter 6

Generic Lagrangians.

In [38], Mané introduced the concept of generic property of a lagrangian
L. A property P is said to be generic for the lagrangian L if there exists
a residual set O on C*°(M,R) such that if ¢ is in O then L + ¢ has the
property P.

A set is called residual if it contains a countable intersection of open
and dense subsets. We recall which topology is used in C*°(M,R). Given
u € C*(M,R), denote by |u|, its C¥-norm. Define

HUHOO — Z arctagchqu)'

keN

Note that || - || is not a norm. Endow C*°(M,R) with the translation-
invariant metric ||u —v||,,. This metric is complete, hence the Baire
property holds: any residual subsets of C*°(M,R) is dense.

One of Mané’s objectives was to show that Mather’s the-
ory of minimizing measures becomes much more accurate and
stronger if one restricts it to generic lagrangians. In this chap-
ter we shall prove

6-0.1 Theorem.

For every lagrangian L there exist a residual set O C C*®°(M,R) such
that if v € O
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166 6. GENERIC LAGRANGIANS.

1. The lagrangian L + 1 has a unique minimizing measure [, and
this measure is uniquely ergodic.

2. supp(p) = (L +¢) = (L + ).

3. When u is supported on a periodic orbit or a fixed point, this orbit
(point) T' is hyperbolic and if its stable and unstable manifolds
intersect then they do it transversally.

Mané conjectures in [35] that there exists a generic set O such that
this unique minimizing measure is supported on a periodic orbit or an
equilibrium point.

Item 1 of theorem 6-0.1 was proved by Mané in [34]. Item 2 is proved
in [16] and item 3 in [13]. Th proof of item I presented here is extracted
from a more general result in [6] about families of lagrangian systems.

We will prove only the first part and give only the ideas of the proofs
of the last part.

6-1 Generic Families of Lagrangians.

In this chapter the manifold M is compact. Denote by 9t(L) the set of
minimizing measures of the lagrangian L:

ML) :={peM(L) : AL(p) +c(L) =0 }.

Observe that 9M(L) is a simplex whose extremal points are the ergodic
minimizing measures (see exercises 6-1.2). In general (L) may be
infinite dimensional.

In this section we shall prove the following
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6-1.1 Theorem. Let A be a finite dimensional convexr family of la-
grangians. Then there exists a residual subset O of C*°(M,R) such that

weO, LeA = dimM(L—u)<dimA.

In other words, there exist at most 1 + dim A ergodic minimizing mea-
sures for L — u.

6-1.2 EXERCISES:

1. Let V be a real vector space. A set Y C V is affinely independent if for
any finite subset F' = {vg,v1,- -+ ,v,} C Y, every point in the convex hull
of F' is uniquely expressible as a convex combination A\gvg + - -+ 4+ Ay Uy,
0 < A\; <1 of the elements of F. Show that a finite set F' is affinely
independent if and only if {v; — v, -+, v, — v} is linearly independent,
and in this case the dimension of the convex hull dim(conv(F')) = n.

2. Let K C V be a closed convex subset. An extreme or extremal point of
K is a point in K which is not in the (relative) interior of any segment
contained in K. Prove that K is the convex closure of its extremal points.
A simplex is a subset X C V such that the set of its extremal points is
affinely independent.

3. Show that if p and v are ergodic invariant Borel probabilities of a dynam-
ical system, then they are either equal or mutually singular (i.e. there is
a Borel set A such that u(A) =1 and v(A) = 0).

4. Prove any set of ergodic invariant Borel probabilities is affinely indepen-
dent.

5. Prove that the set of minimizing measures (L) of a lagrangian L is
a simplex in the vector space of signed Borel measures on T'M whose
extremal points are the ergodic minimizing measures.

Fix B > 0 and let Hp be the set of holonomic measures supported
on [|v| < BJ:

Hp:={peCM) : p(lv[>B]) =0}
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Consider a lagrangian L as a functional L : Hp — R given by L(u) =
AL(,LL). Let
My, (L) == argmin L

Hp
be the set of measures @ € Hp which minimize L|y,. Let P = P(M) be
the set of probability measures on M endowed with the weak* topology.
A compatible metric (cf. on P(M) is defined as follows: fix a countable
dense set { f, | n € N} in C°(M,R) and let

1) = gz o | [ dwi = [ g

Since M is compact, under this topology the set P(M) is compact Let
7y : Hp — P be the push-forward induced by the projection 7 : TM —
M. Let

Mp (L, B) := (M, (L)).

6-1.3 Proposition. Let A be a finite dimensional convex family of la-
grangians on M and let B > 0. There is a residual subset O(A, B) C
C*(M,R) such that

LeA uweOAB) = dimMp(L,B)<dimA. (6.1)

Proof of theorem 6-1.1:

The set O(A) := NpenO(A, B) is residual in C*°(M,R). By corol-
lary 3-6.3, E(OM(L)) = {c(L)}. Then inequality 1.6 implies that there is
By(L) > 0 such that M(L) C Hp for all B > By(L). From theorem 2-
4.1.2

M(L) = arg I;l_{inL = My, (L) for all B > By(L).
B
By the graph property 3-8.1 and 3-6.1
dimM(L) = dim 7, (M(L)) = dimMp(L,B)  for all B > By(L).
These remarks, together with proposition 6-1.3 prove theorem 6-1.1.
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O
Proof of proposition 6-1.3:

Define the e-neighbourhood W7 of a subset W C P(M) as the union
of all the open balls in P(M) which have radius ¢ and are centered in W.
Given D C A, k € N, € > 0, denote by O(D, ¢, k) the set of potentials
u € C®(M,R) such that for all L € D, the convex set Mp(L, B) is
contained in the e-neighbourhood of some k-dimensional convex subset
of P(M).

We shall prove that the proposition holds with

O(A,B) = [ O(4,¢,dim A).

e>0

Indeed, if u € O(A, B) then the inequality in (6.1) holds. Because
otherwise for some L € A the convex set Mp(L, B) would contain a
ball of dimension dim A 4 1, and, if € is small enough, such a ball is not
contained in the e-neighbourhood of any convex set of dimension dim A.

So we have to prove that O(A, B) is residual. It is enough to prove
that O(A,e,dim A) is open and dense for any compact subset D C A
and any € > 0. In 6-1.a we prove that it is open and in 6-1.b that it is
dense.

O

6-1.a Open.

We prove that for all k € N, ¢ > 0 and any compact D C A, the set
O(D,e,k) is open. We need a lemma:

6-1.4 Lemma.

The set valued map (L,u) — My, (L — ) is upper semi-continuous
on A x C®(M,R). This means that for any open subset U of Hp, the
set

{(L,u) € Ax C®(M,R) : My, (L—u) CU}CAxC>®M,R)
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is open in A x C®(M,R). Consequently, the set-valued map (L, u) +—
Mp(L — u, B) is also upper semi-continuous.

Proof: The lemma is a consequence of the continuity of the map
Ax C®(M,R) x Hp 2 (L,u, ) — (L —u)(p) = L(p) — [u dp.
O
Now let uy € O(D,e,k). For each L € D there is a k-dimensional

convex subset V' C P(M) such that Mp(L — ug, B) C V.. Then the
open sets in D x C*°(M,R) of the form

{(L,u) € D x C®(M,R) | Mp(L —u,B) C V. },

where V' is a k-dimensional convex subset of P(M), cover the compact
subset D x {ug}. This implies that there is a finite subcover of D x {ug}
by open sets of the form €; x U;, where €); is an open set in A and
Ui C O(Q,¢,k) is an open set in C*°(M,R) containing ug. We conclude
that the open set NU; is contained in O(D, e, k) and contains ug.

U

6-1.b Dense.

We prove the density of O(D,e,dim A) in C*°(M,R) for any ¢ > 0.
Let w € C*°(M,R). We want to prove that w is in the closure of
O(D,e,dim A). We consider a function w € C*°(M,R) as a linear
functional w : P(M) — R as w(v) = [wdv or w : Hp — R as

w(p) = [(wor)du.

6-1.5 Lemma. There is an integer m and a continuous map
T = (wi,...,wy) : P(M) — R™,
with w; € C*°(M,R) such that
Vo € R™ diam T}, {z} < e. (6.2)
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Proof: To each function w € C*°(M,R) we associate the open set
Up={(v,p) € P(M) x P(M) | [wdv # [wdp}.

The open sets U,, cover the complement of the diagonal in P(M)xP(M).
One can extract a countable subcover Uy, , kK € N. This amounts to say
that the sequence wy separates P(M). Defininig T,, = (w1, ..., wy), we
have to prove that (6.2) holds for m large enough. Otherwise, we would
have some ¢ > 0 and two sequences v, and p,, in P(M) such that

T (Vi) = Ton(tim) and AV, ) > €.

By extracting a subsequence, we can assume that the sequences v, and
i, have different limits v and p, which satisfy d(v, u) > . Take m large
enough so that T,,,(v) # T(u). Such m exists because the sequence wy,
separates P(M). We have that

To(vk) = Tn(p;)  for  k>m.

Hence at the limit 7,,(v) = T,,, (). This is a contradiction.

Define the convex function F, : A x R™ — R U {400} as

Fn(Lyz) = min (L —w)(p),
nEHB
Tmom(p)=x

when x € T,,(Hp) and F,,(L,x) = +oo if x ¢ T,,(Hp). For y =
(Y1, Ym) € R™ let

My (L,y) := argmin [F(L,z) —y - z] C R™
TER™

be the set of points wich minimize the function z — F(L,z) —y-xz. We
have that

Mp(L —w — yrwi — = YW, B) C Ty (M (L, ).
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Let
Onm(w) ={yeR™|VLe A : dimM,,(L,y) <dimA}.
From lemma 6-1.5 it follows that
YyE€Op(w) = wHyrwi+- -+ Ymwn € O(A,e,dim A).

Therefore, in order to prove that w is in the closure of O(A4,e,dim A) it
is enough to prove that 0 is in the closure of O,,(w), which follows from
the next proposition.

6-1.6 Proposition. The set O, (w) is dense in R™.

Proof: Consider the Legendre transform of F,,, with respect to the sec-
ond variable

Gn(L,y) = max -z — Fo.(L,x) (6.3)
:max/(w+y1w1—|—---+ymwm—L)d,u (6.4)
HEHB

It follows from the second expession that the function G,, is convex and
finite-valued, hence continuous on A x R™.

Let 0G,,, be the subdifferential of G,,, and let
S ={(L,y) € AxR™| dimdG,,(L,y) > dimA+1}.
By proposition E.1 the Hausdorff dimension
HD(Z) < (m+dimA) — (dim A+ 1) = m — 1.

Consequently, the projection ¥ of the set ¥ on the second factor R also
has Hausdorff dimension at most m — 1. Therefore, the complement of
Y. is dense in R™. So it is enough to prove that

y¢y = VLeA: dimM,(Ly) <dimA.
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Since we know by definition of 3 that if y ¢ X, dim 9G,,,(L,y) < dim A,
it is enough to observe that

dim M,,,(L,y) < dim 0G,(L,y).

The last inequality follows from the fact that the set M,,(L,y) is con-
tained in the subdifferential of the convex function

R™ 3z Gn(L,2)

at the point y.
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Chapter 7

Generic Lagrangians.

In [34], Mané introduced the concept of generic property of a lagrangian
L. A property P is said to be generic for the lagrangian L if there exists
a generic set O (in the Baire sense) on the set C°°(M,R) such that if v
is in O then L+ 1 has the property P. One of Mané’s objectives was to
show that Mather’s theory of minimizing measures becomes much more
accurate and stronger if we restrict ourselves to generic lagrangians. The
main purpose of this chapter is to proof the following

7-0.1 Theorem. For every lagrangian L there exists a generic set O C
C*(M,R) such that

(A) If ¢ is in O then L+ has a unique minimizing measure, p and
this measure is uniquely ergodic.

(B)Moreover supp(p) = S(L + 1) = (L + ).

(C) When u is supported on a periodic orbit or a fized point, this orbit
(point) T is hyperbolic and its stable and unstable manifolds if intersect
they do it transversally.

On Mané [35], it is conjectured that there exists a generic set O such
that this unique minimizing measure is supported on a periodic orbit or
an equilibrium point.
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The first statement of this was proved by Mané in [34]. The second
statement is proved in [16] and the third one in [13]. We will prove only
the first part and give only the ideas of the proofs of the last part.

7-1 Generic Lagrangians.

Proof of (A)
Given a potential ¢ on C*>°(M,R) define

m(y) = mig/L—l—?,Z)dl/,

veCl
M) = {vecC: /L+T,Z)dV:m(¢)}
Where C is the set of holonomic measures. For € > 0 let
O, = {v¢ : diam M(¢) < €}

This set is open, in fact if v, is in M (1),,) then
[ £ v <) + 200 s (7.1)

So by theorem 2-4.1 in chapter 2 if 1, — % then the sequence v, is
precompact and the limit is in M (). From this follows that O is open.

It remains to prove that it is also dense.

Given a compact convex set Ky on C and potential ¢ on C°°(M,R)
define

mo(w) = min [ v,

veKy

Mo(y) = {ueKo:/wduzmow»
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7-1.1 Lemma. Let Ky as before then if p is an extremal point of Ky,
for all € > Othere exists 1p on C*°(M,R) such that

diam My (1))
d(p, Mo(¥))

< €
< €

Proof

Denote by D the diagonal of K x K for each pair (u,v) in Kox Ko—
D take a potential v,y such that [, du # [ (,,)dv, then there
is a neigbourhood U (s, v) contained on Kg x Ko such that [ ), ,)du’ #
J Yuydv for every (p/,v') in U(p,v).

Take a covering {U(pin,vn)} of Ko x Ko — D and set 1, = ¥
then if (u,v) in Ko x Ko — D there exist n such that

Hn,Vn,)

/ww¢/ww (7.2)

Define T}, : C — R” as
7o) = ([ rdpses [

Using (7.2) and the compactness of Ky x K it is easy to see that
given € there exist § > 0 and n > 0 such that

S C R",diam S < § = diam T7'S < e (7.3)

Let B = T,(ko) then B is a compact convex set, let f: R” — R a
linear function such that its minimum restricted to B is attained in only
one point p.

Define ¢ = Y, A\jt); where f = >, A\;ip;, then

f0ﬂ=§:M/w
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and so

Then by (7.3) we get

diam My(¢) < e

The following lemma proves the density of O, and hence the first
part of (A).

7-1.2 Lemma. If 1) is on C*°(M,R) and p is an extremal point of

M () then for every neighbourhood U of 1 and every e > 0 there
exists 11 on U such that

diam M(¢q) =€

Proof

For Ko = M (%) applying the previous lemma, we can find given € a
11 such that f Y1 dy attains its minimum, say mq for all measures v on
Ky = M(v) on aset S = My(t1) such that d(u,S) < e. Set

mo = m(y)
fO(V) = /L+T,Z)—m0dy

filv) = /1/11—m1d1/

Then
fiv) = fo(v)ifves (7.4)
filv) >0if v e M(¥) (7.5)
ve M), filv)=0=ves (7.6)
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vel, folv)=0=ve M®) (7.7)

For A > 0 define
Ih=fo+ A1

and set

m(A) = min fy(v),
veC

M) = {vel:filv)=mN)}.

We claim that

,l\ii]% diam (M (\),{u}) <e (7.8)

This proves the lemma since
M(X) = M(¢ + A1)

Proof of the claim

Suppose otherwise that there exist A\, — 0 and uy,, vy, on M(\,) =
M (1) + A1) such that d(py,,, vy, ) > €. Then by (7.1) {uy, } and {vy, }
are precompact and as in the proof of the open property we may assume
that uy, — p € M(¢) and vy, — v € M(v). Naturally d(u,v) > e.
Now Because of (7.4) we have that m(\) <0

0

v

m(A,) =
= folun,) + Afi(pn,)
> Anfl(uAn)

So fi(uy,) < 0 and hence fi(u) < 0, since p € M(y) by (7.5)
fi(p) = 0 and then by (7.6) p is in S. Similarly v is in S. This is a
contradiction with the fact that the diameter of S is less than e.

The fact that p is uniquely ergodic follows from the fact that ergodic
components of a minimizing measure are also minimizing. And the proof
of (A) is complete.
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It is worth to remark that the proof presented here is a particular
case of Mané’s original [38] more general setting:

Let E, F be real convex spaces, K contained on F' a metrizable
convex subset and ¢ : E — F’, L : F — R linear maps satisfying

e (a) Themap ExF — R defined by (w, z) — ¢(w)(z) is continuous.

(b) For any « # y in K there exists w in E such that ¢(w)(x) #
P(w)(y)-

e (c) For all w in F and c in R the set
{x € K:L(z)+ ¢(w)(z) <c}
is compact.

Denote by

m(w) = min L(z) + ¢(w)(z)

which exists by (c). And

M(w) ={z € K : L(z) + ¢(w)(z) = m(w)

7-1.3 Proposition. If E is a Frechet space then there exists a residual

set O contained on E such that if w is on E then M (w) has only one
element.

The reader can verify that with the following choices, we get the
desired result.

e (1) Let E be the Banach space C*°(M,R)

e (2) As in section 2-3 let CY be the set of continuous functions

f on T'M such that sup %‘Uv‘) < 00, and C the set of holonomic

probabilities. Let K be C and F be the subspace of (C?)* spanned

by C.
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e (3) Finally let L : F — R is the linear map such that if p is in C
then L(p) = [ Ldy; and for ¢ in C*°(M,R) ¢(¢) is the restriction
to F of the linear map on (CJ)* such that w —< w, ¢ >.

This general setting has some other applications see theorems A, C
D in [35] and also [11]
Proof of (C)

Let O be the residual given by (A). Let A be the subset of O of
potentials ¢ for which the measure on M(L + 1) is supported on a
periodic orbit. Let B := O\ A and let A; be the subset of A on
which the minimizing periodic orbit is hyperbolic. We prove that A; is
relatively open on A. For, let ¢» € A; and

M(L + ) = {py}

where p, is the invariant probability measure supported on the hyper-
bolic periodic orbit v for the flow of L 4+ 1. We claim that if ¢, € A,
¢ — ¥ and M(L + ¢r) = {pn, }, then n, — . Indeed, since L is
superlinear, the velocities in the support of the minimizing measures
Lk = fin, are bounded (cf. corollary 3-6.3 and inequality 1.6), and
hence there exists a subsequence u, — v converging weakly™ to a some
invariant measure v for L + . Then if v # p.,

lim e, (k) = S (v) > Sprp(iy) - (7.9)

Thus if J; is the analytic continuation of the hyperbolic periodic orbit
v to the flow of L + ¢ in the original energy level ¢(L + 1), since
limyg, Sp4, (105, ) = Sp44 (), for k large we have that,

SL—i—qbk (:U(Sk) < SL+¢k (/‘771@) )

which contradicts the choice of ;. Therefore v = p.,. For energy levels
h near to ¢(L + 1) and potentials ¢ near to 1, there exist hyperbolic
periodic orbits 74 which are the continuation of v. Now, on a small
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neighbourhood of a hyperbolic orbit there exists a unique invariant mea-
sure supported on it, and it is in fact supported in the periodic orbit.
Thus, since n — =, then n; is hyperbolic. Hence ¢, € A; and Ay
contains a neighbourhood of ¢ in A.

Let U be an open subset of C*°(M,R) such that Ay =U N A We
shall prove below that A; is dense in A. This implies that Ay UB is
generic. For, let ¢ := int (C*°(M,R) \ U), then U U ¢ is open and
dense in C*°(M,R). Moreover, 1) N A = & because A C A; C U and
YNACA\U=g. Since O = AUB is generic and

UUY)N(AUB)=UNA) U (UUY)NB)
CAUB,
then A; UB is generic.

The perturbation to achieve hyperbolicity in a fixed point is easy. Is
very much as the mechanic case: L = % < v,v >, —U(x). The reader
can verify that if xg = max U then the Dirac measure supported on the
point (zg,0) is minimizing. And it is well known that this critical point
is hyperbolic if and only if the maximum has

non degenerate quadratic form.

In fact, from the FEuler-Lagrange equation (E-L) we get that
L,(x0,0) = 0. Differentiating the energy function (1.3) we see that
(x0,0) is a singularity of the energy level ¢(L). Moreover, the min-
imizing property of u implies that zg is a minimum of the function
x + Lyp(2,0). In particular, L,.(zg,0) is positive semidefinite in linear
coordinates in T, M. And it is hyperbolic if and only if it is positive
definite. So to achieve hyperbolicity we must just add a small quadratic
form.

The perturbation needed in the case of a periodic orbit the same
spirit; Because of the graph property the projection of the orbit T', = (T")
is a simple closed curve. We add a C'°°-small non negative potential ),
which is zero if and only if x is on 7(I") that is nondegenerate in the
transversal direction. It follows that I' is also a minimizing solution of
the perturbed lagrangian L + 1.
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To prove that it actually is hyperbolic is much more difficult. The
reason is that the linearization of the flow (the Jacobi equation) is along
the periodic orbit and hence non autonomous as in the case of a singu-
larity.

To explain the idea of the proof we need some definitions. Let H
be the associated hamiltonian by the Legendre transformation on 7% M
and v its flow. Denote by 7w : T*M — M be the canonical projection
and define the vertical subspace on 6 € T*M by 1)(0) = ker(dw). Two
points 1, 2 € T*M are said to be conjugate if 6o = 1p-(6;) for some
7 # 0 and dip, ((61)) N (0) # {0},

A basic property of orbits without conjugate points is given by the
following

7-1.4 Proposition. Suppose that the orbit of @ € T*M does not contain
conjugate points and H(0) = e is a reqular value of H. Then there exist
two p-invariant lagrangian subbundles B, F C T(T*M) along the orbit
of 0 given by

E(6) = lim_dy_(d(ux(6))) .
F(0) = lim_diy(4(-4(0))) -

Moreover, E(Q)UF(0) C TpX, E(0)N(0) = F(0)Ny(0) = {0}, (X(0)) C
E(0)NF(0) and dimE(f) = dimF(0) = dim M, where X (0) = (Hp,, —H,)
is the hamiltonian vector field and ¥ = H~1{e}.

These bundles where constructed for disconjugate geodesics of rie-
mannian metrics by Green [27] and of Finsler metrics by Foulon [24]. In
the general case where constructed in [13]

We will only sketch the proof;

Fix a riemannian metric on M and the corresponding induced metric
on T*M. Then TyT*M splits as a direct sum of two lagrangian sub-
spaces: the vertical subspace ¥ (6) = ker (dr(6)) and the horizontal sub-

183



184

7. GENERIC LAGRANGIANS.

space H () given by the kernel of the connection map. Using the isomor-
phism K : TyT* M — Trg)M x T o M, § — (dm(0)&, Vo(m€)), we can
identify H(0) ~ Tr(g) M x {0} and ¢(0) =~ {0} x Ty oM = Ty M. If we
choose local coordinates along ¢ — m(6) such that ¢t — a%i(ﬂ P(9)) are
parallel vector fields, then this identification becomes £ < (dg(&), dp(&)).
Let E C TpT*M be an n-dimensional subspace such that ENy(6) = {0}.
Then E is a graph of some linear map S : H(f) — (#). It can be
checked that E is lagrangian if and only if in symplectic coordinates S
is symmetric.

Take 0 € T*M and & = (h,v) € ToT*M = H(0) © ¥ (0) = TrpyM @
Trp)M. Consider a variation

as(t) = (QS(t)yps(t))
such that for each s €] —¢, ¢[, as is a solution of the hamiltonian H such
that ap(0) = 0 and %as(O)\Szo =¢.

Writing di¢(§) = (h(t),v(t)), we obtain the hamiltonian Jacobi
equations

h=Hyh+ Hypv,
b = —Hygh — Hypv, (7.10)

where the covariant derivatives are evaluated along (v, (%)), and Hgqg,
Hyp, Hpp and Hy, are linear operators on Ty M, that in local co-

ordinates coincide with the matrices of partial derivatives ( 8(?1- g}}),
104;

9*°H 9°H 52H : . . .
( D495 ), ( Bpi apj) and ( Dp: 90, ) Moreover, since the hamiltonian H is

convex, then H,, is positive definite.

We derive now the Riccati equation. Let E be a lagrangian subspace
of TyT*M. Suppose that for ¢ in some interval | — e,¢[ we have that
di(E) N (ye(0)) = {0}. Then we can write diy(E) = graph S(t),
where S(t) : H(40) — (1 0) is a symmetric map. That is, if £ € E
then

ar(€) = (A(t), S(t) h(t))
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Using equation (7.10) we have that
Sh+ S(Hpyh + HypSh) = —Hyyh — H,,Sh.
Since this holds for all h € H(14(6)) we obtain the Riccati equation:
S+ SHp,S + SHpy + HypS + Hyy = 0. (7.11)

Let K.(6) : H(#) — () be the symmetric linear map such that
graph(K.(0)) = dy_.(¢¥(¢.(0))). Define a partial order on the sym-
metric isomorphisms of T4 M by writing A > B if A — B is positive
definite.

The following proposition based essentially on the convexity of H
proves 7-1.4.

7-1.5 Proposition. For all e > 0,

(a) If d >c >0 then K_. ~ K4 >~ K..
(b) If d < ¢ <0 then K. < K4 < K,.

(c) dEToo K; =S5, dEglooKd =U.
(d) S=<TU.

(e) The graph of S is the stable green bundle E and the graph of U is
the unstable green bundle F

An example of the relationship between the transversality of the
Green subspaces and hyperbolicity appears in the following

7-1.6 Proposition. Let I' be a periodic orbit of 1y without conju-
gate points. Then I' is hyperbolic (on its energy level) if and only if
E@)NF(0) = (X (0)) for some 6 € T, where (X (0)) is the 1-dimensional
subspace generated by the hamiltonian vector field X (0). In this case E
and F are its stable and unstable subspaces.
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This proposition follows ideas of Eberlein [18] and Freire, [25].

It is known that minimizing orbits do not have conjugate points. So
by proposition 7-1.4 and 7-1.6 to prove the density of hyperbolicity it is
enough to perturb to make the Green bundles transverse. This is done
using two formulas for the index. Omne in the lagrangian setting and
another one in the hamiltonian setting.

Let Q7 be the set of continuous piecewise C? vector fields ¢ along
Yo,7)- Define the index form on Qr by

T . .
1(6,77)2/0 <£va'7+éLanréLmersLmn) dt, (7.12)

which is the second variation of the action functional for variations f (s, t)
with % € Q. For general results on this form see Duistermaat [17].

From this formula it is easy to compare the index of the original and
the perturbed lagrangian along the same solution I'.

Finally we use the following transformation of the index form. It is
taken from Hartman [29] and originally due to Clebsch [10] see also [13].
Let § € T*M and suppose that the orbit of 6, ¢,(0), 0 < ¢t < T does not
have conjugate points. Let £ C TpT*M be a lagrangian subspace such
that dy(E) N(1he(0)) = {0} for all 0 < ¢t < T.

Let E(t) := dyy(FE) and let H(t), 1(t) be a matrix solution of the
hamiltonian Jacobi equation (7.10) such that det H(t) # 0 and E(t) =
Image (H (t),1(t)) C Ty, (T*M) is a lagrangian subspace. For { =
H( € Qp, n= Hp € Qp, we obtain (see [13])

T
I(€m) = /0 (HCY ()™t (HY) db+ (HO (VAT (7.13)

Define N(0) := {w € Ty M |(w,7) = 0}. Then N(f) is the sub-
space of T (g)M generated by the vectors 6%2,. - %ﬂ. Let v, € N(0),

|vo| = 1 and let STN(t) = ZT(t) v,. Denote by Ip and Ir be the index
forms on [0, 7] for L and L respectively. Using the solution (Zp, V) on
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formula (7.13), we obtain that

Ip(€", €1 = —(Zp(0) vo)* (Vr(0) vo) = —v,* K7 (0) v, . (7.14)

Moreover, in the coordinates (z1,...,Zy; 8%17 e 887) on TU we have

that
~ T . ~ . . ~ ~
(€7, €7) = / (€7 Do €7 4 267 L € 4+ €7 Luw €7) dlt

0

T

=/ (6" Low&" + 287 Lo €7 + €7 Lya €7) dt (7.15)
0 vl
+/0 € Z;\gi\ dt .

We have that Zp(0) = I and for all ¢t > 0, limg o0 Zp(t) = h(t)
with h(¢) the solution of the Jacobi equation for H corresponding to the
stable Green bundle. Writing 7 (§) = (£2,&3, ... &y,) then ‘TI'NE(O) vo‘ =
|vo| = 1 because vy € N(f). Hence there exists A > 0 and Ty > 0
such that |mn&T(t)| = ‘WNZT(t) vo‘ >1forall0<t<Xand T > Ty.

Therefore
@

T

Let (h(t), v(t)) = diyy o (d7T|E(9))_1 be the solution of the Jacobi
equation for H corresponding to the stable Green subspace E and let
S(¢4(0)) = v(t) h(t)~! be the corresponding solution of the Riccati equa-
tion, with graph[S(¢:(0)] = E(¢(6)). Using formula (7.13), and writing
¢T(t) = h(t) ¢(t), we have that

Ir(€", &7 > Ip(¢", ) + (7.16)

T
Ir(E", €7) = /0 (h ) HyH (hC)dt+0 — (h(0) C(0))" (w(0) C(0))
Ir(€T, €7) > 03 S(0) v, (7.17)
From (7.14), (7.16) and (7.17), we get that

eA

05 S(0) vy > v Kp v, + T
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From proposition 7-1.5, we have that limz_ ;e K7(0) = S(6), where

graph(S(#)) = E(6), the stable Green bundle for H. Therefore

~ A
vy S(0) v, > v S(0) v, + EZ . (7.18)
Similarly, for the unstable Green bundles we obtain that
VEU(0) v+ Ae < vEU(0) v, for v, € N(6), 0] = 1. (7.19)

for some Ay > 0 independent of v,.

From proposition 7-1.5 we have that U(f) = S(#). From (7.18) and
(7.19) we get that Ulx > Uln = S|n > S|n. Since E(f) = graph(S(9))
and F(0) = graph(U(6)), we get that E() NF(#) C (X(F)). Then
proposition B shows that I' is a hyperbolic periodic orbit for L + ¢.

This proves that A; is dense in A.

Let As be the subset of A; of potentials ¢ for which the minimizing
hyperbolic periodic orbit I" has transversal intersections. The proof that

Aj is open and dense in A4, is similar to the previous proof, see [13].

7-2 Homoclinic Orbits.

Assume in this section that 3 contains only one static class. By theo-
rem 7-0.1.(A), this is true for generic lagrangians. By proposition 3-11.4,
the static classes are always connected, thus if we assume that there is
only one static class, 5 must be connected.

Given € > 0, let U. be the e-neighbourhood of T(i) Since ¥ is
connected, the open set U. is connected for ¢ sufficiently small. Let
Hy(M,U.,R) denote the first relative singular homology group of the
pair (M, U.) with real coefficients.

We shall say that an orbit of L is homoclinic to a closed invariant
set K C TM if its a and w-limit sets are contained in K.

Observe that to each homoclinic orbit x : R — M to the set of static
orbits & we can associate a homology class in Hy(M,U.,R). Indeed,
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since there exists tg > 0 such that for all ¢ with |¢t| > to, z(t) € U, the
class of x||_y, 4, defines an element in Hy(M, U, R). Let us denote by
H the subset of Hy(M, U.,R) given by all the classes corresponding to
homoclinic orbits to 3.

7-2.1 Theorem. Suppose that S contains only one static class. Then
for any e sufficiently small the set H generates over R the relative homol-
ogy Hi(M,U.,R). In particular, there exist at least dim Hy(M, U, R)
homoclinic orbits to the set of static orbits 5.

Let U. be an e-neighbourhood of supp(p). From theorems 7-2.1
and 7-0.1 we obtain:

7-2.2 Corollary. Given a lagrangian L there exists a generic set
O C C®(M,R) such that if ¥ € O the lagrangian L + 1 has a unique
minimizing measure ji in MO(L + 1) and this measure is uniquely er-
godic. For any € sufficiently small the set H of homoclinic orbits to
supp(p) generates over R the relative homology H1(M,U:,R). In partic-
ular, there exist at least dim Hy(M,U.,R) homoclinic orbits to supp(u).

To prove theorem 7-2.1 we consider finite coverings My of M whose
group of deck transformations is given by the quotient of the torsion free
part of Hi(M,U.,Z) by a finite index subgroup. Using that the lifted
lagrangian Ly has the same critical value as L, we conclude that the
number of static classes of Ly must be finite. Hence we can apply theo-
rem 3-11.1 to Ly to deduce that the group generated by the homoclinic
orbits to the set of static orbits of L coincides with H; (M, U.,R).

We note that the homoclinic orbits that we obtain in theorem 7-2.1
and corollary 7-2.2 have energy ¢ but they are not semistatic orbits of
L. However, they are semistatic for lifts of L to suitable finite covers.

Combining corollary 7-2.2, theorem 7-0.1 and lemma 7-2.4, we obtain

7-2.3 Corollary. Let M be a closed manifold with first Betti number
> 2. Given a lagrangian L there exists a generic set O C C*°(M,R)
such that if ¢ € O the lagrangian L+ has a unique minimizing measure
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in MO(L + ) and this measure is uniquely ergodic. When this measure
is supported on a periodic orbit, this orbit is hyperbolic and the stable
and unstable manifolds have transverse homoclinic intersections.

7-2.4 Lemma. Let M be a closed manifold with first Betti number
b1 (M,R) > 2. Then if A C M is a closed submanifold diffeomorphic to
St and U. denotes the & neighborhood of A, we have that Hy(M, U, R)
is non zero for all ¢ sufficiently small.

Proof: Since A is diffeomorphic to a circle, the singular homology of
the pair (M, U.) coincides with the singular homology of the pair (M, A)
and therefore the vector space Hy(M,U.,R) must have dimension >
by (M,R)—1>1. O

For the proof of theorem 7-2.1 we shall need the following lemma:

7-2.5 Lemma. Letp: My — My be a covering such that ¢(Lq) = ¢(Ls).
Then any lift of a semistatic curve of Lo is a semistatic curve of Ly.
Also the projection of a static curve of Ly is a static curve of Lo. If in
addition, p is a finite covering, then any lift of a static curve of Lo is a
static curve of L.

Proof: Observe first that for any £ € R we have that

O (2,y) > . (px, py),

for all x and y in M;. Hence if we write ¢ = ¢(L1) = ¢(L2) we have

Ol(z,y) > B2(pz, py), (7.20)

for all x and y in M.

Suppose now that zo : R — Ms is a semistatic curve of Lo and let
x1 : R — M be any lift of 29 to M;. Using (7.20) and the fact that zo
is semistatic we have for s <,
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D) (21(5),21(t)) < Apyte(@ilisg) = ALore(@2](s4)
= 2 (z2(s), 22(t)) < Bi(w1(s), 21 (1))

Hence x7 is semistatic for L.

Suppose now that x1 : R — Mj is a static curve of L and let
x9 : R — My be poxy. Using (7.20) and the fact that z; is static we
have for s <,

—®L(21(t), 21(s)) = @(21(5), 21(t) = AL 4e(@1|[s) = ALyve(22][5)
> B2 (wa(s), w2(t)) = —P2(wa(t), x2(s)) = —PL(21(t), 1(s)).

Hence x5 is static for Lo.

Suppose now that p is a finite covering and let zo : R — My be a
static curve of Ly. Let z1 : R — M be any lift of 2o to M;. Since x» is
static, given s < t and £ > 0, there exists a curve « : [0,7] — My with
a(0) = z9(t), a(T) = x2(s) such that

ALy ve(22lis ) + ALy re(a) < e

Since p is a finite covering, there exists a positive integer n, bounded
from above by the number of sheets of the covering, such that the n-th
iterate of x|, * a lifts to M; as a closed curve. Hence, there exists a
curve 3 joining x1(t) to x1(s) such that

AL1+C(‘T1‘[s,t}) + AL1+C(/8) < ng,

and thus z7 is static for L. O

Proof of theorem 7-2.1:

Let U & U. denote the e-neighborhood of W(i(L)), where i(L) is
the set of static vectors of L. Since we are assuming that i(L) contains
only one static class, the set U is also connected for small . Let ¢ : U —

M Dbe the inclusion map. The vector space Hy(M,U,R) is isomorphic
to the quotient of Hy(M,R) by i.(H1(U,R)).

191



192

7. GENERIC LAGRANGIANS.

Let H denote the torsion free part of Hi(M,Z) and let K denote

the torsion free part of i,(H1(U,Z)). Let us write G ey H/K =7Z®
k. @ Z where k = dim H{(M,U,R). Let J be a finite index subgroup
of G. There is a surjective homomorphism j : G — G/J given by the
projection.

If we take the Hurewicz map
m (M) — Hy(M,Z),

and we compose it with the projections Hy;(M,Z) — H, H — G and
j: G — G/J, we obtain a surjective homomorphism

7T1(M) — G/J,

whose kernel will be the fundamental group of a finite covering My
of M with covering projection map p : My — M and group of deck
transformations given by the finite abelian group G/J.

Since J is a subgroup of G = H/K, G/J acts transitively and freely
on the set of connected components of p~!(U) which coincides with the
set of connected components of p~!(w(S(L))). Therefore we have

7-2.6 Lemma. There is a one to one correspondence between elements
in G/J and connected components of p~t(w(X(L))).

Observe that to each homoclinic orbit x : R — M to fl(L) we can
associate a homology class in H/K. Indeed, since there exists ¢ty > 0
such that for all ¢ with [t| > to, 2(t) € U, the class of x|_y, 4 defines an
element in Hy(M,U,Z). Let us denote by H the subset of H/K given
by all the classes corresponding to homoclinic orbits to f‘,(L)

7-2.7 Lemma. For any J as above, the image of (H) under j is precisely
G/J.

Proof: Let Ly denote the lift of the lagrangian L to My. Observe first
that by proposition 2-7.2, ¢(L) = ¢(Lg) and therefore by lemma 7-2.5
we have

m0(E(Lo)) = p~ ' (((L))), (7.21)
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FIG. 1: Creating homoclinic connections with finite coverings.

where mg : T'My — Mj is the canonical projection of the tangent bundle
T My to M.

Let us prove now that L satisfies the hypothesis of theorem 3-11.1,
that is, the number of static classes of Lg is finite. In fact, we shall
show that the projection to My of a static class of Ly coincides with
a connected component of p~(m(2(L))). Using (7.21) and proposition
3-11.4 we see that the projection of a static class of Ly to My must
be contained in a single connected component of p~!(w(S(L))). Hence,
it suffices to show that if x and y belong to a connected component
of p~1(m(S(L))) then d%(x,y) = 0. Since we are assuming that S(L)
contains only one static class we have that d.(pz,py) = 0. Since p :
My — M is a finite covering there are lifts z1 of px and y; of py such
that dg(xl,yl) = 0. Since static classes are connected x1 and y; must
belong to the same connected component of p~ (7(X(L))) and thus there
is a covering transformation taking x; into x and y; into y which implies
that d%(z,y) = 0 as desired.
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Now theorem 3-11.1 and (7.21) imply that every covering transfor-
mation in G/J can be written as the composition of covering transfor-
mations that arise from elements in H, that is, j((H)) = G/J. O

We shall need the following algebraic lemma.

7-2.8 Lemma. Let G = Z @® .%. ® Z. Given a finite index subgroup
J C G let us denote by j : G — G/J the projection homomorphism.

Let A be a subgroup of G. If A has the property that for all J as
above j(A) = G/J, then A = G.

Proof: The hypothesis readily implies that
A/ANJ is isomorphic to G/J (7.22)

e If the rank of A is strictly less than the rank of G, one can easily
construct a subgroup J C G with finite index such that A C J and
G/J # {0}. But this contradicts (7.22) because A/AN J = {0}.

e If the rank of A equals the rank of GG, then A has finite index in
G and by (7.22) G/A = {0} and thus G = A.

O

Observe now that any set H of a free abelian group G of rank k
such that the group generated by H is G must have at least k elements.
Therefore if we combine lemma 7-2.7 and lemma 7-2.8 with (H) = A
we deduce that the set H of classes corresponding to homoclinic orbits
generates G and must have at least k£ elements thus concluding the proof
of theorem 7-2.1. O
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Appendix.

A Absolutely continuous functions.

A.1 Definition. A function f : [a,b] — R is absolutely continuous, if
Ve >0 36 > 0 such that

N N
Z|ti—8i|<5 = Z|f(ti)_f(3i)|<5a
i=1 =1

whenever |s1,t1[,...,]sn, tn[ are disjoint intervals in [a, b].

A.2 Proposition.

The function f : [a,b] — R is absolutely continuous if and only if
(i) The derivative f'(t) exists for a.e. t € |a,b].
(ii) f' € LY([a,b]).
(iii) £(t) = f(a)+ [} f'(s) ds.

Proof: Define
u([s,t]) = f(t) — f(s).

We claim that p defines a finite signed Borel measure on [a, b]. Indeed,
let A be the algebra of finite unions of intervals. The function y can be
extended to a o-additive function on A. Moreover, if B is a Borel set
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and {Ap}neny C A is a family with A,, | B, then p(B) := lim, u(4,)
exists because u(By, \ By) — 0 when n,m — +o00.

Observe that the properties of external measures and the absolute
continuity of f imply that p < m, where m is the Lebesgue measure.
Let g = 91 6 the Radon-Nikodym derivative. Then g € £ and

dm
¢
16~ @) = n(la.t) = [ g(s) ds.
By the Lebesgue differentiation theorem

t h _ t—l—h
}llir% w = }llinb E/ g=g(t) fora.e. tée]la,b].
— — t

Conversely, suppose that (i)-(iii) hold. Using (ii), let p(A) =
J4 f dm. Then by (iii),

u(ls,t]) = f(t) = f(s) for s, t € la,b].
Then p < m implies! that f is absolutely continuous. O

The Lebesgue differentiation theorem gives the following characteri-
zation.

A.3 Corollary.

The function f : [a,b] — R is absolutely continuous if and only if
there exists g € L1([a,b]) such that f(t) = f(a) + fj g(s) ds.

YIf 1 is finite, then p < m is equivalent, using the Borel-Cantelli lemma, to

Ve>0 36 >0, m(A) <d= |u|(A) <e.
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B Measure Theory

B.1 Riesz Theorem. [28]

Let X be a locally compact Hausdorff topological space and let Cy(X)
the vector space of continuous functions f : X — R with compact sup-
port. Then any positive linear functional I : P(X) — R defines a unique
Borel measure p on X such that I(f) = [ fdu for all f € Cy(X).
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C Convex functions.

A function f: R"™ — R is said convex if

fFAz+1=Ny) <Af(@)+(1—-A) fy)

for all 0 < A < 1 and z, y € R™. Equivalently, if the set {(z,r) €
R" xR |r > f(x)} is convex.
For zy € R™ the subdifferential of f at xg is the set

0f (o) == {p € R | f(x) = p (2 — z0) + f(20) }-

Its elementst are called subderivatives or subgradient of f at xg, and the
planes
{(z,r) eR" xR|r=p(z—a0)+ f(zo) }

are called supporting hyperplanes for f at zo. The functional p € R
is called the slope of the hyperplane.

For the proof of the following proposition see Rockafellar [62].
C.1 Proposition.

(a) Of(x) # & for every x € Dom(f).

(b) A finite convex function is continuous and Lebesgue almost every-
where differentiable.

(c) If Of (x) = {p} then f is differentiable at x and f'(x) = p.
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D The Fenchel and Legendre Transforms.

Given a convex function f : R® — R the Fenchel Transform (or the
convez dual of f is the function f : (R")* — R U {+o0} defined by

f*(p) = max [pz — f(z)] (D.1)

The function f admits a supporting hyperplane with slope p € R™" if
and only if f*(p) # +oo. If f is superlinear, then f* is finite on all R™.

D.1 Proposition.
1. If f is convex then f* is convex.
2. If f and f* are superlinear then f** = f.

3. f is superlinear if and only if f* is bounded on balls, more explic-
itly,

f(x) > Alz|-B(A), VzeR" < f*(p)<B(p|), VpeR™

4. If f is superlinear, the mazimum D.1 is attained at some point
x e R™

Proof:
1. Given 0 < XA <1 and p1,p2 € R” we have that
F*(Apr+ (1= X)p2)
<Amax[piz— f(2)]+(1-2A) xrg%g[pzx—f(w)]

z€R™

= A f(p1) + (1= A) f*(p2)-

max[()\pl +(1— )\)pz) T — f(ac)]

z€R™

2. From (D.1) we get that
flx)>px— f*(p) for all x € R", p € (R")*
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Hence,

f(@) = sup [pz—f"(p)] = f"(z).

peR™”
Let py € 0f(x) # &. Then

fly) > f@)+p. (y—x), VyeR™

Hence
f*(pe) = max [pyy — f(y)] = pox — f(a).
yeR

And
f@) =pax— f*(pe) < max [pa — f(z)] = [ (2).

peR

. We have that

fz(p) = max [pv — fo(v)]

< max [pv — |p|v]+ B(|p|)
’UGR"

= B(lp)-

Conversely, suppose that fX(p) < B(|p|). Given A € R and x € R"
there exists p, € R™ such that |p,| = A and p, v = |p,| |z| = A|z|.
Then
f(z) = max [pz — f*(p)]
peR™
2 pa v = B(|p2|) = Alz| — B(A).

. By item 3, f* is finite. Let p € R™". If b > 0 is such that f(x) >

(Ipl +1)[z] — b, then
pr—flz) <b—|z[< f*(p) =1 for|z|>b+1— f*(p)
Hence
f ) = [px — f(x)],

= max
|2|<b4+1—f*(p)
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and the maximum is attained at some interior point x, in the

closed ball |z| <b+1— f*(p).

O

D.2 Corollary.
If f : R* = R is convex and superlinear then so is f* : R — R. In
this case f** = f.

Observe that in this case we have

F0)=—min f(z)  and  f(0) = — min_f(p).

zER™ pER"*

If f:R" — R is convex and superlinear we define the Legendre
Transform L :R™ — 28" of f by

L(z)={peR" |pz = f(z)+ [*(p)}, (D.2)
D.3 Proposition. If f : R® — R is C? and there is a > 0, such that
y-f'(x)-y>aly? foralz,yecR",

then the Legendre transform L : R" — R™ is a C' diffeomorphism given

by L(z) =dxf.
Proof: The function f is convex and it is superlinear because
1
f(z) = £(0) —I-/O f'(sz) ds

1 1
:f(O)—I—/O /0 sz f"(tsz)x dt ds
> f(0) + 5 alzf.

201



202 APPENDIX.

From (D.1) we get that
px < f(xz)+ f*(p) for all z € R, p € R . (D.3)

By proposition D.2, f* is superlinear. Then item 4 in proposition D.2
implies that

£(x) = arg max {pr — f'(p)} # 2.
peR’!L

Moreover, from (D.3), if p € L(x) then x = argmax,crn{px — f(z) }.
Thus p = dyf = L(x). This proves that £ differentiable and singled
valued. Moreover since d,£ = f”(z) is non-singular, then £ is a local
C! diffeomorphism.

Since
1
(y—x)-[dyf —dof] = /0 f"(sz+ (1 —s)y) ds >0,

then = — d,f = L(x) is injective. We now prove that £ is surjective.
By item 4 in proposition D.1 the maximum

f*(p) = max [px — f(x)]

reR™

is attained at some z,, € R™. Then p € L(x)). O
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E Singular sets of convex funcions.

Let f : R™ — R be a convex function. Recall that its subdifferential at
x € R” is the set

Of(z) :=={€:R" — R linear | f(y) > f(zx)+¢(y —z), Yy € R" }.
Then the sets df(x) C R™ are convex. If k € N, let
Ye(f) ={z eR"| dimdf(x) > k }.

E.1 Proposition. If f : R® — R s a conver function then for all
0 < k <n the Hausdorff dimension HD(X(f)) <n — k.

We recall here an elegant proof due to Ambrosio and Alberti, see [3].
More can be said on the structure of ¥, see [2, 66] for example.

By adding |z|? if necessary (which does not change ¥j) we can as-
sume that f is superlinear and that

f) = f@) +Ly—2)+5 ly—a® Vo,yeR", VLedf(z). (B4)
E.2 Lemma. Ledf(x), Cedf(d) = |z—d|<|t-1].
Proof: From inequality (E.4) we have that

f@) > flx)+ (' —x) + % |a:'—a:|2,
> f

fl@)> f@)+ (@ —a)+ L |z — 2.
Then
0> (0 —O)(x—2')+ |z — o[ (E.5)
62| |z —2'| > (= )z —2') > |z — 2| (E.6)
Therefore ||[( — £'|| > |z — /). 0

Since f is superlinear, the subdifferential df is surjective and we
have:
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E.3 Corollary.
There exists a Lipschitz function F : R™ — R™ such that

tedf(x) = x=F().

Proof of Proposition E.1:

Let Ay be a set with HD(Ay) = n — k such that Ay intersects any
convex subset of dimension k. For example

A = {z € R" |z has at least k rational coordinates }.
Observe that
r €Y, = Of(z)intersects Ay = 1z € F(Ag).

Therefore ¥j, C F(Ag). Since F is Lipschitz, we have that HD(3) <
HD(Ag) =n—k.
O
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F Symplectic Linear Algebra.
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