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Presentation

The interconnections between partial differential equations, harmonic
analysis and probability provide original tools to explore open questions
by discovering new perspectives in analysis and its applications. This
has been the case since the formulation of classical models in potential
theory, and even today many profound interactions motivate and guide
cutting edge research.

At the heart of the workshop lies a mission to foster collaboration
between the harmonic analysis, partial differential equations, and prob-
ability communities, both within Mexico and globally. This event will
provide the opportunity for students to interact with international re-
searchers and graduate students establishing/strengthening connections
and increasing the flow of people and ideas.

This event will cover a wide class of models and applications includ-
ing free boundary problems, quantum computing, non-local phenomena,
and non-linear Schrodinger equations. The main mathematical methods
will concern the study of elliptic partial differential equations, convolu-
tion and decoupling inequalities, Markov processes, and stochastic partial
differential equations.

iBienvenidos a Guanajuato!

Organizing committee

HECTOR JUAN CARLOS CRISTINA ALBERTO
CHANG-LARA PARDO PEREYRA SALDANA
CIMAT CIMAT UNM IMUNAM

Mexico Mexico US Mexico



Plenary talk

Andrea Nahmod
University of Massachusetts Amherst, US

INVARIANT GIBBS MEASURES FOR 2D NLS AND 3D cusBic NLW

Waves arise in quantum mechanics, fiber optics, ferromagnetism, atmo-
spheric and water waves, and many other models. Such wave phenomena
are never too smooth or too simple, the byproduct of nonlinear interac-
tions. To accurately predict wave phenomena in nature, it is important
to understand and describe the dynamical behavior of such models un-
der certain noisy conditions or, given an initial statistical ensemble, and
have a precise description of how the inherent randomness built in these
models propagate.

In this talk, we will start by describing how classical tools from proba-
bility offer a robust framework to understand the dynamics of waves via
appropriate ensembles on phase space rather than particular microscopic
dynamical trajectories. We will continue by explaining the fundamental
shift in paradigm that arises from the “correct” scaling in this context
and how it opened the door to unveil the random structures of nonlinear
waves that live on high frequencies and fine scales. We will then discuss
how these ideas broke the logjam in the study of the Gibbs measures
associated to nonlinear Schrodinger equations (NLS) in the context of
equilibrium statistical mechanics and of the hyperbolic ®3 model (NLW)
in the context of constructive quantum field theory. We will end with
some open challenges about the long-time propagation of randomness
and out-of-equilibrium dynamics.



Abstracts of courses

Krzysztof Bogdan
Wroctaw University of Science and Technology, Poland

PROBABILITY MINI-COURSE
SELECTED METHODS OF POTENTIAL THEORY

Problem Sessions: Karol Szczypkowski

Wroctaw University of Science and Technology, Poland

In the series of three (3) lectures we will discuss a handful of techniques
which proved to be useful in Analysis, Probability and PDEs. We will
touch upon each subject and point out applications and possible further
developments. The prerequisite for the course is merely to understand in-
tegration and have a general exposure to Analysis (limits, series and esti-
mates), but it would be helpful to also have prior experience or knowledge
on semigroups of sub-Markov operators, their generators and quadratic
form, and Markov processes, their transition kernels, exit times, Green
kernels and harmonic functions.

Ground-state Representation and Hardy Inequality:

We will construct explicit supermedian functions for symmetric sub-
Markov semigroups and obtain ground-state representation and Hardy
inequality for their quadratic forms.

e K. Bogdan, B. Dyda, P. Kim.
Hardy inequalities and non-explosion results for semigroups.
Potential Analysis 44 (2016).



Schrodinger Perturbations and Nonlocal BVP:

We will delve into local and nonlocal Schrédinger perturbations of in-
tegral kernels. Relevant results will be reviewed, applied to nonlocal
boundary value problems using Markovian semigroups and processes.

o K. Bogdan, W. Hansen, T. Jakubowski.
Time-dependent Schridinger perturbations of transition densities.
Studia Math. 189 (2008)

e K. Bogdan, S. Sydor.
On nonlocal perturbations of integral kernels.
Springer Proc. Math. Stat., 113 (2015)

e K. Bogdan, M. Kunze.
The fractional Laplacian with reflections.
arXiv:2211.05511 (2022).

Limits in the Homogeneous Setting

We will explore cases where homogeneity leads to intriguing limiting be-
havior. Focus will be on Green functions and heat kernels of Markov
processes with scaling, like isotropic stable Lévy processes in cones.

e R. Banuelos, K. Bogdan.
Symmetric stable processes in cones.
Potential Analysis 21 (2004)

e K. Bogdan, Z. Palmowski, L. Wang.
Yaglom limit for stable processes in cones.

Electron. J. Probab. 23 (2018)

e K. Bogdan, T. Jakubowski, P. Kim, D. Pilarczyk.
Self-similar solution for Hardy operator.
arXiv:2203.02039.



José Ramoén Madrid Padilla
Virginia Tech, US

HARMONIC ANALYSIS MINI-COURSE
ANALYSIS ON THE HYPERCUBE AND BEYOND

Problem Sessions: TBD

In this minicourse we will discuss problems on analysis motivated by
quantum computing, lying at the interface of analysis, combinatorics
and probability. These problems are naturally closely related to con-
volution inequalities and decoupling inequalities. In recent years, these
have shown to be very useful in number theory and PDEs.
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Eduardo Teixeira
University of Central Florida, US

PARTIAL DIFFERENTIAL EQUATIONS MINI-COURSE
THE OBSTACLE PROBLEM: AN INTRODUCTION TO FREE BOUNDARY
PROBLEMS

Problem Sessions: Nicolo Forcillo
Michigan State University, US

In this mini-course we will delve into the rich mathematical theory of the
obstacle problem. Originating from a seemingly naive question, viz. the
equilibrium of an elastic membrane resting upon an obstacle, this versatile
problem serves as a unifying framework for a diverse range of phenomena
and applications. We will construct all the essential tools from scratch,
enabling a thorough understanding of the subject. Among the topics to
be covered are: the optimal regularity of solutions, non-degeneracy esti-
mate, weak geometric-measure properties of the free boundary, classifi-
cation of global profiles, and differentiability of the free boundary. While
the results themselves are relevant, our focus will be on the techniques
and geometric ideas. The ultimate goal of the mini-course is to equip
the students with a robust mathematical framework, which should allow
them to investigate a plethora of free boundary models.

11



Abstracts of talks

Octavio Arizmendi
CIMAT, Mezico

SOME PDE’S APPEARING IN NON-COMMUTATIVE PROBABILITY

In this talk I will give a brief introduction to Non-Commutative Proba-
bility from the Complex Analytical viewpoint and describe some of the
PDE’s appearing in this context. This includes complex Burgers equa-
tion. We also present some recent applications the distribution of roots
in random polynomials. This talk is based on joint works with Takahiro
Hasebe and with Jorge Garza and Daniel Perales.

Magali Folch
IMUNAM, Mexico

A GLIMPSE AT CALDERON-ZYGMUND THEORY

Starting with the Hilbert transform, we will discuss some of the most
classic aspects of the Calderon-Zygmund theory (the Calderon-Zygmund
decomposition, the Hormander condition).We will see why this theory is
not applicable to strongly singular integrals and hence some adaptations
are needed.
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Juraj Foldes
University of Virginia, US

WELL POSEDNESS AND SCATTERING OF CUBIC NONLINEAR SCHRODINGER
EQUATION WITH RANDOMIZED INITIAL CONDITIONS

During the talk, we will discuss the local solutions of the super-critical
cubic Schrodinger equation (NLS) on the whole space with general differ-
ential operator. Although such problem is known to be ill-posed, we show
that the random initial data yield almost sure local well-posedness. Us-
ing estimates in directional spaces, we improve and extend known results
for the standard Schrodinger equation in various directions: higher di-
mensions, more general operators, weaker regularity assumptions on the
initial conditions. In particular, we show that in 3D, the classical cubic
NLS is stochastically, locally well-posed for any initial data with regu-
larity in H® for any € > 0, compared to the known results € > %. The
proofs are based on precise estimates in frequency space using various
tools from Harmonic analysis. This is a joint project with Jean-Baptise
Casteras (Lisbon University) and Gennady Uraltsev (University of Vir-
ginia, University of Arkansas).

Sarai HernaAndez-Torres
IMUNAM, Mexico

UNRAVELING THE POTENTIAL: EXPLORING RANDOM METRIC SPACES
THROUGH RANDOM WALKS

Random metric spaces, constructed via simple random walks, provide
tractable models for investigating the complexities of random geometry.
This talk will introduce two random metric spaces: the uniform spanning
tree and random interlacements. We will emphasize the crucial role of
potential theory in facilitating the analysis of the inherent properties of
these random spaces.

13



Victor HernAndez Santamaria
IMUNAM, Mezico

NEW CONTROLLABILITY RESULTS FOR SOME SEMILINEAR SPDES

In this talk, I will present some results for the controllability of semilin-
ear parabolic SDPES that we have obtained in recent years. We begin
by introducing the controllability framework and then we will present
the main results for the case of globally Lipschitz nonlinearities where a
global control result holds by employing two controls localized in the drift
and the diffusion of the equation. Then, we will see that by reducing the
number of controls and allowing the nonlinearities just to be locally Lips-
chitz a new concept of controllability needs to be introduced. The talk is
based on joint works with Kévin Le Balc’h (Sorbonne Université-INRIA)
and Liliana Peralta (FC-UNAM.)

Irina Holmes
Texas AEM University, US

TwOo-WEIGHT BOUNDS FOR PARAPRODUCTS AND SPARSE OPERATORS

We discuss a sparse operator approach to Bloom-type bounds for para-
products, including a new type of Bloom-weighted sparse operator.
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Jessica Lin
McGill Unwversity, Canada

QUANTITATIVE HOMOGENIZATION FOR NONDIVERGENCE FORM
EQUATIONS

In this talk, I will first give an overview of stochastic homogenization for
nondivergence form elliptic equations (from the PDE perspective) and
quenched invariance principles for nonreversible diffusion processes (from
the probability perspective). I will then present new quantitative homog-
enization results for the parabolic Green Function (fundamental solution)
and for the unique ergodic invariant measure. This invariant measure is
a solution of the adjoint equation in doubly divergence form, satisfying
certain integrability conditions. I will discuss the implications of these ho-
mogenization results, such as heat kernel bounds on the parabolic Green
function, quantitative ergodicity for the environmental process, and reg-
ularity results for the adjoint equation. This talk is based on joint work
with Scott Armstrong (NYU) and Benjamin Fehrman (Oxford).

Isidro Munive Lima

Universidad de Guadalajara, Mexico

HIGHER ORDER BOUNDARY SCHAUDER ESTIMATES ON CARNOT GROUPS

The purpose of this talk is to present my recent work on I'*® Schauder es-
timates near a C*® non-characteristic portion of the boundary in Carnot
groups. Here I'*@ refers to Folland-Stein Holder spaces. Our proof is
based on geometric compactness arguments which are inspired by the
fundamental works of Caffarelli in the 90’s as well as some further rami-
fications of those in recent times due to De Silva and Savin. This is joint
work with Agnid Banerjee and Nicola Garofalo.
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José Luis Pérez Garmendia
CIMAT, Mezico

SOME PDES ARISING FROM OPTIMIZATION PROBLEMS DRIVEN BY LEVY
PROCESSES

In this talk, we provide some examples of PDEs associated with opti-
mization problems in finance, risk theory, and inventory models when
the source of randomness is given by one dimensional Lévy process. We
will show how probabilistic techniques, based on the fluctuation theory
for Lévy processes, allow us to obtain regular and semi-explicit solutions
that can be implemented numerically:.

Ricardo Saenz

Universidad de Colima, Mexico

STRONGLY SINGULAR OSCILLATORY INTEGRALS

We review some recent results on oscillatory integrals with strongly singu-
lar kernels. In particular, we discuss how to adapt the classical Calderon-
Zygmund theory to obtain weak 1-1 estimates with high oscillations. This
is a follow up to Magali Folch’s lecture "A glimpse at Calderén-Zygmund
theory".
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Alberto Saldana
IMUNAM, Mezico

APPLICATIONS OF THE LOGARITHMIC LAPLACIAN IN THE ANALYSIS OF
FRACTIONAL PROBLEMS

Fractional derivatives are commonly used to model a variety of phenom-
ena, but... what does it mean to have a logarithmic derivative? And
what would it be used for?

In this talk we focus on the logarithmic Laplacian, a pseudodifferential
operator that appears as a first order expansion of the fractional Lapla-
cian as the fractional exponent s goes to zero. This operator can also be
represented as an integro-differential operator with a zero-order kernel.
We will survey some recent results on how the logarithmic Laplacian can
be used to study the behavior of linear and nonlinear fractional problems
in the small order limit. This analysis will also reveal a deep and in-
teresting mathematical structure behind the set of solutions of Dirichlet
logarithmic problems.

This is joint work with Felipe Angeles (UNAM), Héctor Chang (Centro de
Investigacion en Mateméticas), Victor Hernandez-Santamaria (UNAM),
Sven Jarohs (Frankfurt University), and Tobias Weth (Frankfurt Univer-

sity).
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Mariana Smit Vega Garcia

Western Washington University, US

ALMGREN-TYPE MONOTONICITY FORMULAS

In this talk, we will explore the celebrated Almgren’s monotonicity for-
mula. This beautiful result with far-reaching consequences states that if
u is harmonic in the unit ball, then a certain frequency function N(r) is
non-decreasing. Moreover, N(r)=k for all r<1 if, and only if, u is homo-
geneous of degree k. We will then discuss some of the many applications
of this formula, and recent developments connected to it. This is joint
work with Blair Davey:.

Maria Soria-Carro

Rutgers University, US

THE RELLICH IDENTITY: APPLICATIONS IN PDESs AND HARMONIC
ANALYSIS

In 1940, F. Rellich introduced an integral identity while studying the
Dirichlet eigenvalue problem for the Laplace operator. This identity,
nowadays known as the Rellich identity, plays fundamental roles in ques-
tions on elliptic partial differential equations and inverse problems. In
this talk, we will discuss two of its applications within the context of
the Neumann problem in Lipschitz domains. The first application deals
with the invertibility of certain singular operators from potential theory,
proved by G. Verchota (1984) for bounded domains and subsequently ex-
tended to graph domains by C. Kenig (1985). In the second part of the
talk, we will present a new application of the Rellich identity in Harmonic
Analysis, involving the Hilbert transform and some “special” weights aris-
ing from conformal maps. This is joint work with M. J. Carro and V.
Naibo.
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Karol Szczypkowski
Wroctaw University of Science and Technology, Poland

STATIONARY STATES FOR STABLE PROCESSES WITH PARTIAL RESETTING

We consider a d-dimensional stochastic process X which arises from a
Lévy process Y by partial resetting at Poisson epochs. We mainly focus
on Y being a strictly a-stable process with o € (0,2], and we anal-
yse various properties of the transition density p(¢;x,y) of the process
X starting from = € R? First of all, we establish a representation of
p(t;x,y), we prove the convergence as t — +oo (ergodicity) and show
that the limit p(y) (density of the ergodic measure) can be expressed by
means of the transition density of the process Y starting from 0. This
allows us to provide a representation of p(y) (useful when analysing its
behaviour as |y| — +o00) and closed concise formulas for moments of
the ergodic measure. Furthermore, we confirm that p(¢; x, y) satisfies the
Fokker-Planck equation and that p(y) is harmonic with respect to the
adjoint generator. In certain concrete cases we establish asymptotic be-
haviour of p(t;z,y) as t — 400 and (¢,y) belongs to certain region of
0, 00) x R%
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