








Exercise I '

open & disjoint
.f. g : X → Y Assume

↳ if
;) Y is Hausdorff : '→

) ④ ptg .

Ii ) fact -

- glad I aced
,

-

where D is dense in X
.

iii ) f and g
are continuous .

proof :

If flat -tglxl , then t UN c- Ty 5. t
. Axtell

. glxlev
④

& Unv=¢ .
Then denote by A -

- forking .lv ) . since f. g are

continuous
,

then A is open .

Note : tf y EA is such that fly 's c- U and glylev ,

but by ⑦

⇒ flat # glut . tf yea ← open .

this contradicts the fact that they
• 941 coincide in a dense set

.

To justify this claim :

case I ) : if X only has one point , then X =D
,

and there is nothing to prove

case I ) : If X has at least 2 points
,

then A meets D

(since D is dense & A is open ) , then I PEAND
,

but then

it f- Ipl -- glpl since pf and g coincide in D
'

ii ) fcpltglpl since pea . to .



Exercise 2 :)
Let IX. 7×1 be a topological space .

By .

- fix,xl ; xex 's
.

We want to show : X is Hausdorff iff
.

Ax is a closed

subset of Xxx
.

proof :

Let's start with ⇐ ) : (B , closed ⇒ Hausdorff) .

If Bx is closed in X. X
,

then I D
, )
'

is open .

Then

what we have : ④
if lx ,NElD× )

'

,
we can find an element of the bas ,

←
uxv

° 't * × ( " " " "" t " " " "" "

form a basis of Xxx )
,

of the form

Uxv
,

with v.VET, and

be ,ulEU×V ⇒ ly KE
U

U EV

and such that luxvlntd
, =p .

( see picture :

what we need :

Take x. me X sit . x # y .

We want to find A.Beg
,

sit
. xttt

,
yeB and AAB ¢ .

Since xty
,

then p-tx.gg c- (Bx ) ? then
,

the statement

④ holds
,
namely

,
we can find v.VET, s !

.

peuxv ⇒ fxtu and lUxV1nd×=¢ .

14 EV

claim: unv -_ 0 .

Reason : if not
,

then f aeunv ⇒ p
-

- laical c- Ax

but ae⑥nVV ⇒ Ioa
,
• I c- U*V

⇒

g. Ya! !! :{ x. u contradicting the fact that 6v1nB×=¢ .



-

Let 's now prove ⇒ ) ( X is Hausdorff ⇒ Ax is closed )
.

What we have:

V-x.net/s.t.x-ty
,

then F U,VtTx sit
.

xeU
,

yet

and UN -- 0 .

What we need : ,uxv .

Fax closed ⇒ (Dx )
'

is open :

y%It suffices to show that t p=lx,meld×l
' /3- an element of the basis U*Ve Xxx
-

( with V.VEE ) S.t. p - ix. ale Uxv

and Oxvc ( Axl
'

⇒ lUxVlnAx=¢¥*
,

8

Take p - loyal C- ( Bx )
'

⇒ * y ⑧
Hausdorff property ⇒ I V. VET, set

. xtU
,
yell & UAV -_ ¢

.

Claim : these V.V are such that

i ) PEUXV ( since xeU & u EV )

Ii ) ( UxVlnD×=¢ Reason :
if not

,

then 7 ( a. a) c- Ax at
.

( a ,alEUxV ⇒ aeunv
,
which contradicts ⑧

By it & ii )
,

and the discussion at I (D. × )
'

is

open .



Comment : from Jean - Paul :

Using exercise IAI to prove I :

idea :

define Vi :X → YXY

xl→ ( flat
, glxll .

ND ) CD
,

when f g
in D

.

By continuity
,
41×1=4151 C D-

×

④

Since X is Hausdorff
, by Ex I

,

B
,

is closed ⇒ DI - D×

Thus
,
bu ④

, 41×1 CD, ⇒ flat -_ glad H XEX
.

Exercise III unit circle
t

Prove that if f :$
'

→ IR is continuous
,

then g. pes
'

s .t
.

fcpt.fi - pl

proof :

(hint : if flpl # ft - pl t pest ,

we consider the function g :S
'

→ 112
.

pi-fp-f-PL.se sign ( ftp ) - ft- pi ) )
Ifip) - ft- p ) )

IIF ftp.tftpl V PEE
,

then

the mapping g is well defined and furthermore
,

since ah I - signal is continuous in the domain 1121104
.

IN

so g is continuous
.

Then
,

in particular
,

i ) g-
'

k¥711 -

- g-
'

first :O is open .

in G
'

ii ) g 'll -Ei ;D -g'
'

H - *Hiv is open ins t.TT#ITMz
Furthermore

, UuV=§
' and UnV=¢

since 8
'

is connected
,

then
,
either U=¢ or V=¢

.

⇒ g is constant
.



From here we conclude that either

;) flpl > ft - pl tf pest
'

or Ti ) Flp) L ft - p ) V pts !

If Ftp > ft - p ) V. pas
'

,
we have that

by choosing p=i , fly > ft - ' l
,

but by choosing = - l
,

we get fl - it > fly
,

which is a contradiction
.

A similar conclusion holds when flpkfl- pl tf peg
.

Therefore
,
the assumption fcp) # ft - pl t p

doesn't hold
,

as required


