


Exercise I :

Prove that any
continuous map from a connected space X to a

space Y
,

endowed with the discrete topology is constant .

Solution :

Take f :X → Y continuous . Suppose that f is not constant
.

Then I a. BEY

S.f. da # b and Im#1349,b4
.

( i.e
.
I xa.BE/ls.t.fCxa)=a

and ftxbl - b )
.

continuity off

. fat is an open set ⇒ f'
'

Hat ) is open

continuity off f-
'

( yygaq ) is open
• 41794 is open ⇒
-

Now X connected implies that if I V.WET, 5. t
.

VnW=¢
,
and

X= Vow ,
then either V=¢ or W -

- ¢
.

④

Take V= f'
'

Kat) Notice thatjxoc.fi/fa41tiw-.ri'cxuag
,

I :c:c. .am ,

⇒ i'Haiti 'HbH±¢ .

But by connectedness of X
,

since

X=f" that ) ut 't fat )
-

- View

and V.WE Tx , then either )V=0 which contradicts ⑦

they
Therefore

,
f must be constant

.



Exercise I

prove that IX. Ty ) is connected iff every continuous function

f : X -7 10,14 is
constant

Note : 40,1 's is endowed with the discrete topology .

Solution :

⇒ I Done in the previous exercise

⇒ Assume that every continuous function f : X-sfo.it is constant.

We want to prove that if V. WET, are s .t . xnW=¢ I

vow :X ,

then either V=¢ or W=¢ .

Back to Jean-Paul 's idea :

Facts :.t
Take any

function I :X → to.it that is continuous
.

Then

x -- If 'uoHlu( E' lait )
x x

open since f continuous and 40,14 has the discrete topology .

The hypothesis ④ implies that f is constant .

⇒ either f
flat. ' V xex ⇒ f'

'

Hot )=¢

fix.ro V KEX ⇒ f'
'

chill - ¢

In particular , either f-
'

Hottel or filthiest -_ ¢ .

Next step :

Take V. WET, as before lie
.

V,nW=¢ I view -_ x ) .

Consider f to be given by f :X → to
,
if

Fisa - f
t if KEV ( Note : f is well defined

( O if xeW
( because VnW=¢ )

Observation: f-
'

(fit ) -- V and f-
'

( toy ) -_ W
.

Claim : f is continuous
.

Reason :

. f'
'

( lot ) = W open
-V

- f
'
'

( fig ) -_ V openV.
of
"

101=4 open
✓

. f-
'

( to,i4 ) -- X open
✓

so f is continuous . By the fact *④
,

f-
'

HoH =¢ or f-
'

ldiH=¢ ⇒ W -

- d or V=¢ .

Thus
,

X is connected
,

as required .



Exercise II :

Ket IX. 7×1 and 14,7×1 be two topological spaces . Consider Acx be

a subspace of X and Bc Y be a subspace of Y
.

Prove that the product topology on A. * B coincides with the

subspace topology inherited from Xxy
.

Solution :

•
E

,
= product topology on A. * B

. Ta -

-

subspace topology inherited from Xxy
.

We need to show

f. Tick shortcut #
Basis of 7

,
c 72

. Tac T,

Basis of 2
, C E

.

proving that . basis of 7
,
c Tai

• Take an element Z in the basis of 2
.
:

then z -- Vxw with VE Basis of A and W c- Basis of B
. (

c Open sets of A < Opens of B .

facts :

topology in ACX
,
then

"
"

in:!
" "

I
. .. .. . . I

•
similarly

,

W=hTnB
,

with Wn
an open set of Y

.

We want
"

Z is an open set of A- xD regarded as a s#bspae of xxx "

or equivalently,

we want
"

2- ⇐ LI,nlAxB )
,

where II, is an open set in Xxy
.

" #④

By the facts above
,

2- = Vxw -

- I Tnatxlwn Bl
,

( recall that IT
is open in x )

T is open in k
check

⇒
2-

'

I ITXWTNAXB)
,

which gives H ,
since Jiu is an open of Xx¥

.

This finishes the proof of

T , CTZ .

shortcut

Now let's prove 7
,
cc

. .

c-
Basis of 147 e 7

,

(recall Ta -

-

subspace topology inherited from Xxy!
.

If 2- c- Basis of 2h
,

then I E c- Basis of Xxx s
.

-1
.

-2 -

- INAXB )
.

I must be of the form

~

I=TxW~
,

where T is open in X and W is open in Y
.

⇒
Z = ( TXT ) nIAxBl=lTnAlxlWnB )

( Recall that : E
,
= product topology on A. * B)

Define v: TNA and W -

- TAB
,

so that

J
. V is open in A I w is open in B

.

and

2- = Vxw§
⇒ z is in the product topology of AaB = E

.
.



Exercise w :

show that the product of two Hausdorff spaces is Hausdorff
.

proof :
check proposition 168 in the notes

.


