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Consider a process of the form

t
gt:/ ns®st+Lt
0

- V is Gaussian with Var[V; , — V] behaving like h?H.
-n>0.
- ® is a notion of integration.

- L has low activity:

ILII} := sup (|Ay,nL[? + -+ + |AppL]P) < oo.
n>1

Goal: recover, only from discrete observations of &,

I[(e) = /0 s
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Canonical example

A classical high-frequency model is

t
Xt:X0+/[b](t)+/ o dWs + Jr.
0

- I[b] is a finite-variation drift term.
- o is a square integrable continuous adapted process.

- J an integral of a Levy, with finite (2 — ¢)-variation.

We observe X on a regular grid, and want to recover /[0?]
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Thresholding strategies

At the level of increments,

A} X = Brownian fluctuation + drift + jumps.

Heuristic

- Brownian increments are typically small.
- Jump increments are typically large.

- Removing large increments typically isolate the continuous
martingale contribution.

One keeps only increments satisfying
|ARX| < un,

and computes a truncated quadratic variation.
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Heuristic considerations

The signal of interest looks like

dft:Tlt@thJr 3

Discretizing and rescaling by n*':
Xnﬁk - Un,kzn,k + )
where Z,, ;o = nHAk,nV, and

— H
- nk = n An,kg
- On,kZnk = Riemann sum approximation

- = Increment of + scaled Riemann sum error.

Precise definitions for later
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Big blocks-small blocks methodology

We use blocks B; to pack indices.

§ 00 0 6§ 0 0 0 0§ o s o s s s s e s s s s o s s s s o oo o o ¢

0\ A 1
B B> o B

In each block By, we use the local approximation
Xn,k - UZn,k + Yn,k7
for k in By.

- o0 is a constant noise scale inside the block.

- Yn,k absorbs both the term Y?, and the approximation o, x with
the blockwise constant.



A change of coordinates?

Apply a transformation (change of coordinates) 7 to the block
X = (X, 1 k € By).
We want two design 7 with the properties:

- The vector T(X,[,Z]) is more predictable

- The equation X,[f] = oZ,[,l] + Y,EZ], induces a tractable equation
T(T(x1), Z1, vl =0 (1)

with Y} not being of big influence in (1).
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Detour: scale noise estimate in time series

For a vector (A k; k=1,...,m), we denote by /\1 ., the k-th order
statistic.

Lemma
Let p>1 and let A, B, C € R" satisfy Ax = By + Cx. Then

IAT = B, < IICll,

where || - ||, denotes p-norm.

We then obtain the key identity (Speaker note)

XI:n - UZkT,n + ?k;"’

with
1Y¥ ), < [1vi),.
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Heuristic considerations

The term XZ}H R~ O’ZkTm is easier to predict since

Zl = Ynk.
where
Yk =V (k/(n+ 1)),

for W denoting the standard Gaussian law. The approximation
X,I’n ~ 01k suggest to choose o so that minimizes the loss (Speaker
note)

6(s) = D |XE0 = sthn -
k=1
We define our estimator for o within a single block as

¥ (XI) := arg min 6(c).
>0



Detour for constant volatility estimate

For concreteness: Z,, , are the increments of a fBm (V is a fractional
Brownian motion).
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Detour for constant volatility estimate

For concreteness: Z,, , are the increments of a fBm (V is a fractional
Brownian motion).

Theorem (Gonzalez Cazares and Jaramillo)
If ) is constant equal to o > 0 and we have one single block, then,

(Speaker note)

o H X(Xn) 1H <c (nl/p]E [||Y,,|p} n n((lH)A1/2)) '
ag g

Interest connections with robustness
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Ingredients of the proof

First step

12(Xa) = ol [¢nlls = [IE(Xn)tn — o¢nlla
< E(Xn)ton = XT 1 + 11XT = oally
< 2||X] — o¢ulx

< 2|02} — ovalls + 2| Vall1.
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Ingredients of the proof

First step

1Z(Xn) — o 1¥nlls = IE(Xn)¥n — o1
< IE(Xa)on = XT 1 + [ XT = a¢pnlln
< 2||X} — apallx
< 2lloZ} — otpnll + 2| Yall1-

Second step

1Z} — ull = ndwa (L[ Za], e[hn])s

where ¢ denotes taking the empirical distribution. (speaker note)
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Details on the choices of the time series

The model: .
ft:/ 775®dvs+Lt-
0

Define

2 L -1 -1
Sin = Var(Ax V), Xen =5 ,Akn€, Zin = S s Din V.

Then
Xi,n = N1 Zi,n + Yiny

where

ti
Yin = S pBnl + s 7 (/ ns ® dVs — ntHAka)

t—1

Uk,n = ntkfl'
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Details on the choices of the blocks

We divide {1,...,n} into M, = [n/m,| consecutive blocks of size m,:

Bi={(¢{—1)m,+1,...,¢0m,}.

For each block, recall the notation

XY = (Xi,n: k € Be)
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Details on the choices of the blocks

We divide {1,...,n} into M, = [n/m,| consecutive blocks of size m,:

Bi={(¢{—1)m,+1,...,¢0m,}.

For each block, recall the notation

XY = (Xi,n: k € Be)

Integrated scale estimator

13



Assumptions for convergence

We assume low activity

sup ZE“Lm — Ly P] < 0.
n—oo k=1

The dependence of the noise is measured by

r
kn(r) = sup > |Cov (Zayin Zatjn)l -
220 p B

We assume that the integral satisfies the local approximation

for parameters v,¢ > 0.

< CJt — s|H+r—e,

t
/ U, ® dV, — Uy(Ve — V)
s 12(@)
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Theoretical guarantees

Theorem (Gonzalez Cazares-Jaramillo)
Under the previous assumptions,

.
ZV(m™)(X,) — / 7 ds
0

(1—p(H—¢)) H—e+n
< C (nH_FY 1i'yp +n 1+7:r/€n(mn)1/(29)) .
L)
where

H—e+y
m, ;= n~tt/e |
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Numerical illustration

local scale

cumulative integral

t t
gt:/ W52dWs+/ W2 ds + Jy,
0 0

gamma activity=2, gamma scale=0.25, terminal gamma=0.5028
Observed path and superposed components

— observed path x
Pigh-activity stochastc integral

— absolutly continuous Integral
gamma subordinator

— lomervariaton part AC + jumps.

time
Local scale reconstruction

N
P d. / 4
) \
0.0 0.2 04 0.6 08 1.0
time

Integrated volatility reconstruction with jump contamination

— true cumulative Integral
— = estimated cumulative, r=2, quadratic least-squares.

time
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Open problems and conjectures

Extend the method to noises with a-stable tails.

Formulate multidimensional versions of the estimator.

Study random fields, not only stochastic processes.

To what degree, can the scheme play similar roles as the quadratic
variation?
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