CHAPTER 1

Excursion theory for Markov processes.

The aim of this chapter is to describe the evolution of a strong Markov process in terms
of its behaviour between visits to a particular point in the state space. We first study the
right-continuous inverse of the local time, which is a subordinator (possibly killed) whose
jumps corresponds to the lengths of the excursion intervals. The study culminates with the
description of the process in terms of a Poisson point process.

1. The inverse local time.

The local time L of a Markov processes, introduced in the previous chapter, is described
most conveniently in terms of its right-continuous inverse:

L7\(t) = inf{s >0: L(s) > t}, t>0.
The following notation will be also useful,

L7Yt") =inf {3 >0: L(s) > t} = lim L(s), t>0.

s—t—

We start the study of L~! with the following elementary properties.

PROPOSITION 1. i) For everyt > 0, L™'(t) and L='(t~) are stopping times.
ii) The process L™ is increasing, right-continuous and adapted to the filtration (F. L-1(1))-
iii) We have a.s. for all t > 0,

L YL(t)) = inf{L_l(u) >0: L u) > t} = inf {s >t X, = O},
and
L™ (L(t)") = sup {L‘l(u) >0:L'u) < t} = sup {s <t:X,= O}.
In particular L™'(t) € L on {L7'(t) < oo}.
Proof: (1) For every, s,t > 0, we have
{L‘l(t) < s} - {L(s) > t},

since L is continuous. Hence L~1(t) is a stopping time because L is adapted to the right-
continuous filtration (F;). Since L~'(¢7) is a limit of stopping times and (F;) is right-
continuous, we deduce that it is also a stopping time.

(ii) From the definition of L1, it is increasing and right-continuous. The fact that it is
adapted to the filtration (F, Lfl(t)) follows from (i).

(iii) From the definition of L~!, it is clear that

L7Y(L(t)) = inf {s >0:L(s) > L(t)} — inf {L‘l(u) >0:u> L(t)}

= inf {L‘l(u) >0: L7 (u) > t}.
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Now, we define D; = inf{s > ¢ : X, = 0} and suppose that D; > t. By Theorem ??,
L is constant in the interval [t, D;), hence D; < L7'(L(t)). We may now assume that
D, < o0, since otherwise there is nothing to prove. Then, D; belongs to the support of the
measure d L and is isolated on the left. On the other hand, since L is continuous, D; cannot
be isolated on the right, that is to say that L(s) > L(D,;) = L(t) for all s > D,; and hence
Dy > L7YL(¢)).

Next, we suppose that D; = t, so that ¢ belongs to the support of d L and is not isolated on
the right. Therefore L(s) > L(t), for all s > ¢, and hence ¢ > L~*(L(t)). The converse
inequality is obvious.

The second identity in (iii) follows from similar arguments. Finally, on {L~!(¢) < oo},
there exist s such that L(s) = ¢ and the first identity shows that L~!(¢) isazeroof X. M

Before we characterize the law of L~!, we note that our previous result shows that
cl(£) has no isolated points as we remarked in Proposition ??. This is because L is con-
tinuous and the support of the measure d L coincides with cl(£). Another remarkable con-

sequence of Proposition 1 is that the excursion intervals are the open intervals of the type
(L7Y(¢t7),L7'(t)) whenever L™ (t7) < L™(t).

THEOREM 1. The inverse local time L~ is a subordinator with Lévy measure 11, drift
coefficient d > 0 and killed at rate 11(c0). One has for all t,\ > 0

E(exp {- )\L‘l(t)}> — exp {—t)\ (d + /OOO e‘”’ﬁ(r)dr> } :

Proof: We first suppose that II(co) = 0, in this case we know that there is no infinite
excursion a.s. (see Lemma 5). In particular d;(c) < oo and by iteration of the strong
Markov property, we deduce that d,,(c) < oo a.s. for every n > 1. From Proposition ??,
the strong Markov property and the additivity of the local time, L(d,(c)) can be expressed
as the sum of 7 independent exponential random variables with parameter 1. In particular,
L(o0) = lim,, L(d,(c)) = oo, a.s.

From Proposition 1 part (i), we may apply the strong Markov property at L~!(¢) and then
the process X o 011, has the same law as X and is independent of F;-1(;). From the
additivity of L, we have that the local time L of X ofp-1( is defined by L(s) = L(L7(t)+
s) — t, and the inverse local time of X o 0,1 is

L7Y(s) = inf {u >0 L(u) > 5} — inf {u >0: LIL7Y(t) +u) > s +t}
— inf {u > LNE) : L) > s +t} = LN (s+1) — L7Y(1),

which proves that L~! has homogeneous independent increments, and since its simple paths
are increasing and right-continuous, L' is a subordinator.

The Lévy measure IT of L~! is the characteristic measure of the Poisson point process of its
jumps, AL~'. For each a > 0, we define 7, = inf{t > 0 : AL; ' > a}, the instant of the
first jump with length ¢ > a. From Proposition 1 part (iii), we see that 7, coincides with
the local time evaluated on the right-end point of the first excursion interval with ¢ > a.
Then from Proposition ??, T, has an exponential distribution with parameter IT(a). Now,
from Lemma 3, we deduce that II(a) = II(a, o).

Recall that the excursion intervals are the open intervals which appear in the canonical
decomposition of the open set cl(£)¢. Using again the correspondence between the jumps
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of L~! and the length of the excursion intervals of X, we have

L)
L7Yt) = / M) (s)ds + Z AL
0

s<t

By Corollary 2, 0L(L~'(t)) = dt, which coincides with the integral of the right. That is
=0t + Z AL

which shows that the drift coefficient of L~ is 0.

Now, we suppose that IT(co) > 0. Using similar arguments as above, we see that for every
0 < t < t, the law of the inverse local time up to time t, (L7!(s),0 < s < t), is the same
conditionally on { L7!(¢) < oo} as conditionally on { L~1(#') < oo} and coincides with the
law of a subordinator o restricted to the time interval [0, ¢]. Since the events {L™!(¢) < oo}
and {L(o0) < t} are the same, we may rephrase the preceding assertion by claiming that
(L7'(s),0 < s < L(00)) has the same law as the killed subrodinator (oy,t < 7), where T
is independent of o and has an exponential distribution with parameter IT(cc).

We denote the Lévy measure of o by II. Let T, be as before and note that T, = L(d;(a)).
Therefore we have for every a > 0,

1 —exp{—tll(a,00)} =P(Is <t : Aos > a) =P(T, < t|L(c0) > t)
= exp{tIl(c0)}P(L(dy(a)) < t, L(c0) > t).
On the one hand, by Proposition ??, the law of L(d;(a)) conditionally on {d;(a) < oo}

is the exponential distribution with parameter II(a). On the other hand, Lemma 7 implies
that

H{oo)
(@)

P(di(a) < 00) =P(¢1(a) <o) =1—
Now applying the Markov property at d; (a) and Proposition ??, we see

) > 1) =P(L(di(a)) <t,L(o0) >t,di(a) < o0)
(IP ) 0 Oy >t — L(dy(a))); L(dy(a)) < t,dy(a) < oo)

ex 1 ())TT(00) }; L(di (a)) < t,di(a) < o)
) | @) exp{=sTT(a)} exp{— (¢ = s)TT(oc) s

P(L(d(a)) < t,L(co

— (T(a) - ﬁ<oo>> exp{~#T1()} | exp{=s(TT(a) ~TT(o0))}ds
= exp{—#1(o0)}(1 — exp{—#(Tl(a) — TI(o0))}).

Hence I1(a, o) = II(a) — II(co), finally we check as in the case II(o0) = 0 that the drift
of o is D.

The identity for the Laplace exponent follows from the Lévy-Kintchine formula (Theorem
3) by integration by parts. [ |
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2. Excursion processes.

In what follows, we will deal with the Skorokhod space of cadlag paths. Specifically,
take an isolated point 0 which will serve as cemetery point. Consider

O = D([O,oo), SU {a}),
the set of paths w : [0, 00) — S U {0} with lifetime
(=inf{t>0:w(t) =0}

which are right-continuous on [0, 00), have a left limit on (0, c0) and stay at the cemetery
point O after the lifetime . This space is endowed with the Skorokhod’s topology under
which the space (Y’ is a Pollish space.

In order to start with the description of the excursion process, we first introduce the
space of excursions. Let § > 0 and denote by U? the set of excursion with lifetime (or
length) ¢ > ¢, that is

U‘S:{wGQ’: C>(5andw(t)#OforallO<t<C},

and by U = Uy-oU? the space of excursions. These sets are endowed with the topology
induced by the Skorokhod’s topology.

For each a > 0 with II(a) > 0, denote by n(:|¢ > a) the probability measure on U®
corresponding to the law of the process (Xg, (4)1¢, 0 < t < ¢1(a)) under IP. This probability
is called the law of the excursions of X with lifetime bigger than a.

PROPOSITION 2. Let a > 0 such that 11(a) > 0. For any b € (0,a) and measurable
event A € U, we have

(a)n(Al¢ > a) = II(b)n(A|C > b).
Proof: From Proposition ??, we know

I(a)
=\ _ IP’(N a)) = o),
) b(g1(a))
which is in fact the probability that the first excursion with £ > b has ¢ > a. Hence, the law
of the first excursion with ¢ > a conditioned on {N,(g;(a)) = 0} is
11(b)
=—_nl-, > a > b .
(¢ > alc >
According to Proposition ??, the first excursion with ¢ > « is independent of N,(g1(a))
which implies that the previous probability is equal to n( |§ > a), which proves the result.
[ |

A natural consequence of the above result is the existence of a unique measure n on U,
called the excursion measure of X, such that

n(A) = (a)n(Al¢ > a) for every measurable A C U“.
In particular, n(¢ > a) = II(a). Another important consequence is that the excursion
measure 7 has the simple Markov property. More precisely, take a > 0 and note that
gi(a) +a=inf{t >a: X;#0forall s € [t —a,t]}

is a stopping time. The strong Markov property of X and the definition of the excursion
measure imply that under n, conditionally on {¢(a) = x,a < (} (where ¢ denotes the
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generic excursion and ( its lifetime), the shifted process (e(t + a),0 < ¢t < ( — a) is
independent of (¢(¢),0 < t < a) and is distributed as (X;,0 < ¢t < Ry) under P,.

Again our definition of the excursion measure depends on the constant ¢ > 0 but changing
such a constant would only affect the excursion measure by a constant multiplicative factor.
Now, we introduce the excursion process of X denoted by e = (e;,¢ > 0). The excursion
process e take values in U U {0} and is given by

(1.1) q::(XH¢4@1J)§s<iL_%ﬂ——L_%fﬁ> it LY (t) < L7Y1),

and e, = ¢ otherwise.

Before we establish our next result, we recall the definition of a stopped Poisson point
process. Let A = (Ay,t > 0) be a Poisson point process and define the random time
Tg = inf{t > 0: A; € B} for B measurable. The process (A;,0 < t < Tp) is called the
Poisson point process stopped at the first point in 5.

THEOREM 2. (Ito, 1970) i) If 0 is recurrent, then e is a Poisson point process with
characteristic measure n.
ii) If 0 is transient, then e = (e;,0 < t < L(00)) is a Poisson point process with charac-
teristic measure n, stopped at the first point in U, the space of excursions with infinite
lifetime.

Proof: We first prove the case when 0 is recurrent. From Proposition 1, we have that for
every t > 0, L7!(t) is a stopping time and hence (H;,t > 0), where H; = Fr-1p),is a
filtration. We may verify that for every ¢ > 0 and measurable B C U¢ the counting process

NP = card{0 < s < t;e, € B} t>0,

is an (H;)-Poisson process with intensity n(B). Indeed, let By, .. ., By, be pairwise disjoint
measurable sets, then their respective counting processes never jump simultaneously and
therefore will be independent. One then deduce that the associated random measure defined
by M = )", (e is a Poisson measure with intensity A ® n, where \ is the Lebesgue
measure on [0, 00).

Forevery s,t > 0, N2 . — N/ is the number of excursions of X in B which were completed
during the time interval (L~'(¢), L™'(t + s)]. Now, we consider the process X o 6,1
and note that it is independent of H; and has the same law as X (from the strong Markov
property and the fact that L=1(¢) is a zero of X). Denote by L and L~ for the local time
and the inverse local time, respectively. The additivity of L implies that for every u > 0,

L't +u) = L7 (t) +inf{s > 0: L(s) > u} = L7(t) + L7(¢),

and therefore N2, — NP = NP is the number of excursions of X in B which were
completed during the time interval (0, L~"(s)]. As a consequence N2, — N/ has the same
law as N7 and is independent of ;. This shows that NZ is a subordinator adapted to ()
which increases only by jumps a.s. equal to 1, hence a (H;)-Poisson process and hence e
is a Poisson point process.

Let v be the characteristic measure of e. We see from Lemma 3 that for every u > 0, the
conditional law v(-|U®) is the law of the excursions with lifetime ¢ > a, that is

v(-,¢>a)/v(C>a) =n(|C>a) =n(,(>a)/n(C>a)
On the other hand, the local time evaluated on the right-end point of the first excursion
interval with length ¢ > a, L(d;(a)), is the instant of the first point of e in U, and we
know from Proposition ?? that L(d;(a)) has an exponential distribution with parameter
II(a). Hence again from Lemma 3, we deduce that v(¢ > a) = II(a) and the measures v
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and n coincide on U*®. Since U = U,~oU?, the proof of part (i) is complete.
Part (ii) follows from similar arguments as those used above. Actually, we just need to
prove that the point process defined by
6/ . ) if e € UOO,
t ] e; otherwise,
is a Poisson point process with characteristic measure n(-, (U°)¢) and independent of

(T, 1, ), Where Ty is the intant of the first point in U>°. We leave the details to
the reader. u

We finish this chapter with some comments on the cases of holding points and of irreg-
ular points. Assume that O is a holding point and consider the sequence of successive exits
from 0 and returns to 0, Ry < F; < Ry,..., where Ry = 0, R, = inf{t > F,, : X; = 0},
F,.1 = inf{t > R, : X; # 0}. Note that the Markov property implies that X # 0 and
that /' has an exponential distribution and is independent of the first excursion (Xpg, 14,0 <
t < Ry — S1). Also note that on the event { R; < oo}, we have Xp, = 0 so iterating the
strong Markov property we see that

L= U[Rn—th)a

n>1

and there exist an obvious continuous additive functional which increases exactly on cl(L),

t
At = / ]I{XS:()}UCZS, t> 0.
0

We may define the local time at 0 as any process L = (L(t),t > 0) such that 0L (t) = Ay,
for all t > 0. It is not difficult to check that the right-continuous inverse L~! is continous
except at L(F;), 7 > 1 and also that it is a subordinator possibly killed with drift coefficient
0. Moreover, the excursion process is a Poisson point process possibly stopped at the instant
of the first point in U which characteristic measure is proportional to the law of the first
excursion (Xp 44,0 <t < Ry — 5Y).

The case when 0 is irregular is more simple to describe. Consider the sequence (R,,,n > 0)
of successive returns times to 0, defined by Ry = 0, R,,.; = inf{t > R, : X; = 0}. We
know that R; > 0 a.s. and on the event {R; < oo} the strong Markov property give us
that X o g, is independent of (X;,0 < ¢ < R;) and has law P. Note that (R,,,n > 0) is
in fact an increasing random walk possible killed at some independent geometric random
variable in the transient case. In order to define a local time whose right-continuous inverse
is a subordinator, we introduce the sequence of independent exponentially random variable
with the same parameter and also independent of X. We define the local time of X at 0 by

m(t)

L(t) = Zn, m(t) = max{i : R; < t}.

Clearly L increases exactly on £ but is not adapted to the filtration (F;) and is only right-
continuous. Discontinuity is not a problem and to circumvent the first problem, we simply
replace (F;) by (F;), with | = F,\/o(L(s),0 < s < t). Then, now we have that
the right-continuous inverse is a subordinator possibly killed in the transient caseand the
excursion process is a Poisson point process possibly stopped at the first point in the set U .
Finally, the excursion mesure is again simply proportional to the law of the first excursion
(X, 0 <t < Ry).



