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Fundamental Group

Let X be a topological space and let x,y € X. Define by P(X,x,y)
the set {7 :[0,1] — X : 7(0) = x, ¥(1) = y and 7 is continuous}. In
the case, x = y, we denote P(X, x, x) by Q(X, x). Next we define an
equivalence relation.

1.1 Definition (Homotopic paths). Two paths 7,6 € P(X,x,y) are
called homotopic (denoted v ~ ) if there is a continuous map F :
[0,1] x [0,1] — X such that

F(t,0) = (¢), YVt € [0,1], F(0,s) =x, Vs € ]0,1],
F(t,1) =4(t), vVt € [0,1], F(1,5) =y, Vs € [0,1].
s
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1.2 Lemma. The homotopy relation ~ is an equivalence relation.

Proof. o Reflexivity v ~ v with F(t,s) = y(t), Vs € [0,1].
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e Symmetry If ¢ L6 then s & v with F'(t,s) = F(t,1 —s).

e Transivity If ¢ Esands S @ then ¢ R @ with:

Also H(t,1/2) = F(t,1) = G(+,0) = 4(t). Hence H is well defined.

Question: Is H continuous?

1.4 Remark. If X = AU B with A, B both closed (or open) and if

f: X = Y is a map with continuous restrictions f|, and f|; then f
is continuous.

Hence H is the desired map, proving transivity.
O

1.5 Definition (Fundamental Group). The fundamental group of X
with base point x (denoted by 711 (X, x)) is the quotient of Q(X, x) with
respect to the homotopy equivalence relation on Q(X, x):

m (X, x)=Q(X,x)/ ~.

1.6 Definition (Concatenation of paths in X). We define concatenation
operator as the map * : P(X,x,y) x P(X,y,z) — P(X,x,z) given by
(7,0) — v+ where v % : [0,1] — X is defined by

sl {'y(Zt) f

0<t<
s2t—1) I<t<

—_ N

1.7 Remark. One can also define for fixed s € [0,1],
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1.8 Lemma. Concatenation of paths is consistent with the homotopy relation
(ie. ify~ and & ~ & then yx 6 ~ ' %),

Proof. Let us say 7y L4 and 6 £ &'. Consider: H : [0,1] x [0,1] — X
given by

F(2t, for0<t<1
H(ts) = § 34 ri=r=a
G(2t—1,5) forl<t<1
Claim: y ¢ A 7" % &', Proof is left as an exercise. O

1.9 Corollary. The operation, *, of concatenation of paths induces a binary
law on the set 11 (X, x) by [v] - [6] = [y * J].
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1.10 Theorem (Fundamental Group). (711(X, x), *) is a group.

Proof. We need to show that the group axioms hold for (711(X, x), *).
m1(X, x) is clearly closed under concatenation.

e Associativity We will show that for v,6,¢ € Q(X,x), we have
(Y*8) g =7*(5%9)
Hint: Recall from Remark 1.7 7 %6 ~ %4 for any s, s' € (0,1)
S/

and since concatenation is consistent with the homotopy equivalence
relation, we have:

5 ~ 5 ~ 5 - 5 .
(Y*0)*x @~ (v )3744) (7273 )37440 Tx(0x9), (1.1)

thus proving associativity of the concatenation operator. Note that
the equality in eq. (1.1) can be checked by simply expanding the
definition of concatenation. We refer the reader to * page 27, for a
visual demonstration of the idea.

¢ Identity Element We contend the constant map:
ex :[0,1] — X given by ex(t) = x

is the left and right identity elements of 771(X, x). Let v € Q(X, x).
We show that vy S ey x v where G : [0,1] x [0,1] — X is defined by:
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We have:

o<t<li
G(t,1) = g -2
y(2t-1) ;3<t<1

It is easy to check that G(0,s) = G(1,s) = x, Vx € [0,1]. The
continuity of G follows from Remark 1.4.

A similar proof shows that v ~ 7 *ey. Hence ey is the identity
element.

e Inverse Elements Let ¢ : [0,1] — X be a closed continuous path
with 7(0) = 9(1) = x. Consider ¥ : [0,1] — X given by ¥(t) =
¥(1 —t). Clearly ¥ is continuous. 7(0) = 9(1) = x. We contend that
e & v * ¢ where F : [0,1] x [0,1] — X is given by:

v(2t) 0<t<ls
F(t,s) = 4 7(s) Js<t<l1-1s
y(2-2t) 1-3s<t<1

It is easy to see that F is well defined. Continuity of F follows from
Remark 1.4. We have:

F(t,0) = v(0) = x = ey,
2t o<t< !
F(t 1) 7( ) e
y2-2t) J<t<1
=7*xy

1.11 Example. Fundamental groups of certain spaces:
1. If X = {x} (point space), Q(X, x) = {ex} and 11 (X, x) = ([ex]).

2. If X is a convex subset of R” and x € X then m1(X,x) = ([ex])
because if v € Q(X, x) then H(t,s) = sex(t) + (1 —s)y(¢) is a con-
tinuous map with H(t,0) = y(t) and H(t,1) = ex(t) = x. So 7y R e..

3. For n > 2, we will see 711(S",x) = ([ex]).
4. We will see that 771 (S', x) = ([y]) = Z where (t) = (cos(27tt), sin(27t)).

Base Point Independence: Question: How does 711 (X, x) change
under base point change? Assume that X is path connected. Take two
distinct points x,y € X where x # y.

Choose a continuous path « : [0,1] — X with «(0) = x, (1) = y. If
7€ QX,x) thenaxyxa € Q(X,y).
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1.12 Remark. If vy A 7 then & * v xa z ax*v' *xa where H' is a
reparametrization of H. Hence this operation is compatible with homo-
topies, and we get the map:

ag - (X, x) = m(X,y)

1.13 Theorem. If X is path-connected and w is a path from y to x, ay is an
isomorphism.

Proof. First we will show that ay is a homomorphism. Take [v], [¢] €
m1 (X, x), we have ay ([7v] - [7]) = ay ([y *y]) = [y 0] = [@xy %
eyxnxa] = [@xyxaxaxnxal = [@xy*ra]-[@xgxa] = ax([v])-
ay([n])]-

Secondly, a4 is an isomorphism with inverse map &y since Vv €
si (X X )I

Similarly Vv € 711 (X, y), we have (ax o ay)([v]) = [7]. O
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